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Abstract: The singular behaviour of quantum fields in Minkowski space can often be
bounded by polynomials of the Hamiltonian H. These so-called H-bounds and related
techniques allow us to handle pointwise quantum fields and their operator product ex-
pansions in a mathematically rigorous way. A drawback of this approach, however, is
that the Hamiltonian is a global rather than a local operator and, moreover, it is not
defined in generic curved spacetimes. In order to overcome this drawback we investi-
gate the possibility of replacing H by a component of the stress tensor, essentially an
energy density, to obtain analogous bounds. For definiteness we consider a massive,
minimally coupled free Hermitean scalar field. Using novel results on distributions of
positive type we show that in any globally hyperbolic Lorentzian manifold M for any
f. F € C°(M) with F = 1 on supp(f) and any timelike smooth vector field #* we can
find constants ¢, C > O suchthat w (¢ (f)*¢(f)) < C(w(Tlf}“(t”“t"Fz)) +¢) for all (not
necessarily quasi-free) Hadamard states w. This is essentially a new type of quantum
energy inequality that entails a stress tensor bound on the smeared quantum field. In
1 + 1 dimensions we also establish a bound on the pointwise quantum field, namely
(¢ (x))] < C(o (TN (t# 1" F?)) + ), where F = 1 near x.

1. Introduction

Quantum fields are typically very singular objects. Not only must we treat ¢ (x) as
an operator-valued distribution [31], rather than an operator-valued function, but for
bosonic fields the averaged expression ¢ (f) = f ¢ (x) f (x)dx with some test function
f normally yields an unbounded operator, so its action is not defined on all vectors in a
Hilbert space.

In Minkowski space and in the vacuum representation, this singular behaviour can
typically be controlled using bounds on the quantum field in terms of the Hamiltonian
operator H.Indeed, under quite general conditions there hold polynomial H-bounds, i.e.
expressions of the form ¢ ( f)(1+ H) % determine bounded operators for all sufficiently
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large k, cf. [16] and Sec.14.3 of [7]. Moreover, even pointlike quantum fields can be
handled using the boundedness of quadratic forms of the form (1+ H) _kq) xX)(1+H )_k
for sufficiently large k. The use of H-bounds for theories with sufficiently good phase
space behaviour gives rise to operator product expansions, that are a useful tool to
investigate interacting QFTs [2,3].

One major drawback of these H-bounds is that the operator H is of a global nature
and only well-defined on stationary Lorentzian manifolds. L.e., for quantum fields in a
general curved spacetime the singular behaviour of quantum field cannot be controlled
by an H-bound in this way. This is a major obstruction for attempts to extend structural
results about pointlike fields and operator product expansations to a generally covariant
setting.

In this paper we will investigate whether this drawback can be overcome by replacing
the Hamiltonian operator H by an average of a suitable component of the quantum
stress tensor, essentially an averaged energy density. For definiteness we will consider a
massive minimally coupled free scalar field, for which the quantum stress tensor is well
understood, including its renormalization and all remaining renormalization freedom
[17]. In this case the stress tensor is a local and covariant quantum field, so replacing H
by a component of the stress tensor should give rise to bounds that behave in a local and
covariant way. Our emphasis, however, will be on a single Lorentzian manifold and for
convenience we will renormalize the stress tensor by subtracting a reference Hadamard
two-point distribution, rather than a local and covariant Hadamard parametrix.

Using an apparently new mathematical result on distributions of positive type (as
defined in Sect. 2 below), we will establish a polynomial bound on the smeared quantum
field ¢ (f) in terms of the averaged stress tensor ﬂiﬁn(t“t"F 2), where f, F are test
functions on a globally hyperbolic Lorentzian manifold M such that F = 1 on supp(f)
and ¢ is any smooth time-like vector field. This stress tensor bound essentially takes
the form of a new kind of quantum energy inequality (QEI) [13,23],

o @ (f)* (1)) < Clo(T 1" F?)) + )

for some constants ¢, C > 0 and all (not necessarily quasi-free) Hadamard states w.
Here the constants ¢ and C are independent of the state w. In the GNS-representation
of any Hadamard state this bound leads to the analogue of an H-bound, where H + 1
is replaced by the operator T, (1#1" F 2) + ¢ (or rather by the Friedrichs extension of
its representative). Analogous local energy bounds have been studied for chiral CFTs in
1 + 1 dimensions, cf. [8,9] and references cited therein.

In 1 + 1 dimensions we will also establish a bound on the pointwise quantum field,
namely

(@ (x))] < Cl@(TL ("1 F?)) +c)

where F = 1 in a neighbourhood of the point x and the constants ¢, C > 0 may be
different than before. We conjecture that a similar result involving higher powers of the
stress tensor is valid in higher dimensions.

This paper is organised as follows. Section?2 describes the mathematical results on
distributions of positive type that we need. It uses some results about Sobolev wave front
sets, which are relegated to Appendix A. Section 3 establishes the stress tensor bound
for the smeared massive free scalar field. The stress tensor bound for pointwise fields in
1 + 1 dimensions is contained in Sect.4. We conclude with a brief discussion in Sect. 5.
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2. On Distributions of Positive Type

In this section we will prove some results on distributions of positive type that we will
need later in Sect.3. We will prove these in the following general setting. Let M be a
smooth manifold of dimension d € N with a smooth volume form p. A distribution u
on M x M is said to be of positive type when u(u f @ uf) > 0 forall f € CSQ(M).1
We will assume that M is orientable and p is nowhere vanishing.

In the following theorem, Z denotes the zero section of the bundle 7 M *?.

Theorem 2.1. Let uy, ur be distributions on M*? of positive type such that for all
(x, &) € T*M*?\ Z there are 51,55 € Rwiths) +s3 > 0, (x,€) &€ WF®) (uy) and
(x, —&) & WF (up). Then uy - uy is also of positive type.

Proof. A product of distributions is not always well-defined in a natural way. Ober-
guggenberger [25] considers the product of distributions in R” as defined by Ambrose
under suitable hypotheses and compares it with several alternative definitions. In par-
ticular, Cor. 3.1 loc.cit. shows that the Sobolev wave front set condition on 1« and u,
ensures that the product uju» is a well-defined distribution. This result can be gener-
alised to distributions on the smooth manifold M using local charts and a partition of
unity argument.

We fix an arbitrary f € C§°(M) and we choose F' € C°(M, R) such that F = 1
on supp(f). The distributions u} := (F ® F) - uj and uy := (f ® f) - u» are again of
positive type and (u1 - u2)(u f ® puf) = uy ((u ® ) - ub). The u are also compactly
supported and they satisfy the same wave front set estimate as the u;. Replacing u; by
u; it then suffices to show that u;((u ® w) - u2) > 0, where we may assume that both
u; have compact support.

Let B C R? denote the open unit ball. Because F has compact support, we can
choose a finite number of charts k; : Oy — B, k = 1,...,n such that the union
of the domains O; C M covers the support of F. Furthermore, we can choose i €
C°(Or, R) such that ), sz = lonsupp(F).Forallk,l € {1, ..., n} we define the
distributions vy g := (kx X k7)«((xk ® x1) - u1) and the distribution densities v x; 1=
(kk X kD)5 (Ot it @ xi ) - u2) in R24, which are supported in B*2. Using Y ;_; sz =1
we then have u;((u ® @) - uz) = 22,1:1 v1 k1 (v2,k1) and the positive type property of
the u; now means that

n
> vin(fi® f)=0 (1)
k, =1
forall fi,..., fu € C§° (]Rd). For the distribution densities vy 4; this follows immedi-

ately from the definitions. For v ;; we use the fact that we can write fi = pxgr with
gk € C5°(B) and ju such that (kg )« (1) = prd?x.

Now let n € C(‘)’O(Rd) with n > 0 and fr] = 1. For each A > 0 we let n,(x) =

A_dn(k_lx) and 7, (x) = ny(—x) and we define the convolutions v();{)l = () @ M) *

l
vi k1. Note that the vl()}()l are compactly supported and smooth and they also satisty (1).

Indeed, because the functions vi();{)l are smooth, we even find

S Ge® f) =Y viaix* fi) ® Gia* i) 20 2)

k,l=1 k,=1

1 Throughout this paper, test functions are allowed to be complex-valued, unless indicated otherwise.
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for all distributions fi,..., f, on R4, For any A > 0 we may view the matrix of

functions (vé ,Zl>kl | as the integral kernel of a linear operator X on Lz(Rd, C",

defined by (Xf)x = Y.J_j vsq, fi. where f = (fi..... f) € L2(R?, C"). Because

@Nr,_, € LA(R C") the operator X is Hilbert-Schmidt (cf. [22] Prop.2.6.9).
Equation (2) shows that X is also a positive operator, so we may write

X=) xj¥;j®v;

j=1

for some orthonormal basis {{/;} jen of L*(R4,C") and xj > 0 (cf. [26], Thm.VL.16).
Note that the series

v?;il(x, y) = ijWj,k(X)llfj,l(y)

j=1

converges in L?(R??). Because also vip ,21 e L*(R2?) for all p > 0 we then have

Z viplzl 5)\/2[) = ij Z v1 kz(l/’j k® Wj >0 3)

k.i=1 j=1 ki=I

by Eq. (2).
The comparison of various notions of products of distributions in [25] shows that the
Sobolev wave front set condition also implies

: *) (. (A
vi k(2 ) = lim v v
K1 (V2,11) e 1k (V2 k)

and hence
ur (@ p) - uz) = Z Vi (2,p) = lim, Z v wa) = 0
k=1

by (3). This completes the proof. O

Next we want to give a construction of a certain distribution of positive type that we
will need in Sect. 3. We will use the following lemma.

Lemma 2.2. Forl € Nlet v € D'(R) such that

ey e ifk>0
”(k)‘_{ La+ky)lifk <0

Then WF“ (v) C {0} x Rg forall s < 2] — %
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Proof. Foru € D'(R) with &i(k) = (1 + k%)~ we note that u is smooth on R \ {0} and
WF® (u) = @iff s —21 < —% (cf. Cor.8.4.7.in [20]). Because u is real and even it then
follows that W F® () = {0} x (R\ {0}) iff s — 2/ > —1. Now define uy by % (k) =
(k)0 (£k), where 6 is the Heaviside function. Because iy is supported on k > 0 we must
have WF® (uy) C R xR.qforalls € R. Similarly, W F) (u_) C R x R_g and hence
WFES ) = WF® (uy) UWF® (u_) as a disjoint union, so W F® (u,) = {0} x R-q
iff s > 21 — % Analogously, defining v+ such that v (k) = 0(k)0(%k), we also have
WF® ) = WF® (v,) UWF® (v_) as a disjoint union. vy = %u+ proves the result.
(We only require an estimate on the part of the wave front set contained in R x R. ¢, so
we don’t need to determine W F®) (v_) for all s.) O

The construction in the lemma below makes use of the delta distribution §,, supported
on the diagonal of M*?, defined by 8, (g, nh) == f ghuforall g, h € C3°(M).

Lemma 2.3. Assumed > 2andlet f, F € Cgo (M) suchthat F is real-valuedand F > 0
on supp(f). Let s € R and t a smooth vector field on M such that t # 0 on supp(F).
Then there is a compactly supported distribution u on M*? and a constant C > 0 such
that Cu(x,y) — f(x)f(y) is of positive type, u(x,y) + u(y,x) = F(x)F(y)d,.(x,y)
and WF® ) C {((x,y), (p.q)) € T*M*?| p(t) <0 < q(1)}.

Proof. We can cover supp(F’) by a finite set of open coordinate charts {(O;, k j)};?zl
on which the vector field ¢ is the first coordinate derivative ¢+ = dy,. We then have
w=nun jfc}'fddx for a smooth non-vanishing function 1 ;. Because d > 2 we can change
the sign of x if necessary to ensure that p; > 0.

We may choose x; € C3°(0;) such that x; > 0 and Z?Zl ij = 1 on supp(F). We
then define the distribution u on M *? by setting

u(x,y) = (Zn)—d/ddkz F(x)xj(x)uj(x)_%e""-/(x)‘k
Jj=1

FO)xj (01 (5) " 2e 0Kk

with v as in Lemma 2.2 for some [ > % + le. Note that u(x, y) is well-defined, because
x;j = 0 outside the coordinate neighbourhood O;. It is also compactly supported and
because v (k) + 0(—k;) = 1 we have

n
u(x,y)+u(y,x) = Z FX)xj ) FDMxi(éu(x, y) = F)F(y)du(x,y),
j=1
where the factors of 1y in the definition of u are needed to produce the correct measure
for §,.

To show the wave front set estimate we consider the distribution 1 on R?¢ defined
by uo(x,y) = 2n)~¢ [dk ¢!*~*{(k;). Using the linear change of coordinates
(X,Y) = (x — y, x + y), which acts on covectors as (P, Q) = (£5£, 51), we find
that ug(x, y) = v(X1) ® §(X’) ® 1(Y), where X = (X1, X’). Hence, ((x, y), (p,q)) €
W F®) (ug) exactly when (X, Y), (P, Q)) € WF® (v ® § ® 1), which implies Q = 0
and (X, P) € WFW (v ®$6) by Lemma A.1. By our choice of / we can combine Lemma
A.2 and Lemma 2.2 to see that P; < 0 and X’ = 0. We therefore find

WF® (ug) € {((x,y), (p, —p)| x' =y, p1 < 0}.
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Because p; < Oexactly when p(#) < 0 we mustalso have WF(S)(u) C {((x,y), (p,q)
Ip1(H) <0 < q1(1)}.
It remains to show that Cu(x, y) — f(x) f (y) is of positive type for a suitable C > 0.

For this purpose we define f € C3°(M) by f(x) = ,ﬁg; when F(x) # 0and f(x) =0

otherwise, so that f = f F. For any g € C§°(M) we can estimate

2
n

(f, &) 21 X;f F)u <n2|x,f Fe)ul> =n) 1 fr xiFe)ul

Jj=1 Jj=1 Jj=1

using Z?:l X]Z = 1, the Cauchy—Schwarz inequality and the inner product (, ), of
Ly(M, w). Using the charts «; and denoting the usual L inner product on «;(O;) by
(, ) we can rewrite this estimate as

1F@hul® < n ) G} xj ), Gep)aia? xj FOP
j=1
2

= f (e x DY) - 106 (e 2, F)T () dk

2

(h D)2k ) (u,x,f)] ) - (1+k) 7 (k) (u, X Foltd'k

where [X]" denotes the Fourier transform of X Another application of the Cauchy—
Schwarz inequality and the estimate v(k1) > 3 (1 + kz) — (c¢f. Lemma 2.2) then yield

n n
I(f, @hul® < o ;

1 ~ 2 1 2
/(Hk%)’ (e} % O d"k-f(1+k%)*l (CHREP? 'k
2n -
= (2m)H ;
T 2 1 2
[+ e o rao] alk- [ o160 x; a'k
< Cu(ug, ng) .
where we used the definition of # and we introduced
" max /(1 ) ity Proo| .
(zn)d ’’’’ J
This proves that f(x) f(y) < Cu(x, y), as desired. |
Remark 2.4. When d = 1 the analogous conclusion of Lemma 2.3 still holds if we

additionally assume that @ (f) > 0, because this ensures that the w; are still positive
functions. if u(z) < 0 we could replace ¢ by —¢, which leads to a change in the estimate
for WF® (u).
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3. Stress Tensor Bounds on Smeared Free Scalar Fields

Consider a smooth globally hyperbolic Lorentzian manifold (M, g) with dimension
d = n+1 > 2. We assume that M is time-oriented and we consider a massive, minimally
coupled real linear scalar field of mass m > 0 on M. Le., we consider the Klein—Gordon
equation P = 0, where P = [0+ m? and we let E™, respectively E*, denote the
advanced, respectively retarded, fundamental solutions for P, viewed as distributions
on M*2. A classical field configuration is a solution ¢ of this equation. Its stress tensor
is given by

1
Tule] = Vg - Voo = S (IVel® = m?¢?). “)
To be specific, we describe the quantized theory by the Weyl-algebra A, which is
a complex *-algebra generated by operators W(f), f € C{°(M,R), subject to the
relations

i) W) =W(=1),
(i) W(Pf) = W(0),

(iii) W(/)W(h) = e BEEDW(f 4 h),

where E = E~ — E™*. Note that W(0) = 1 is the identity operator and each W () is a
unitary. The Weyl-algebra A can be endowed with a norm and completed to a C*-algebra
[1]. We can formally interpret W(f) as '), where ¢ (f) = [ ¢ (x) f (x)dvol, is the
averaged quantum field. The relations above then express the reality of ¢, the equation
of motion and the canonical commutation relations, respectively.

A state of the quantum field is a linear functional w : A — C which is positive,
w(A*A) > 0, and normalized, w(1) = 1. Given any state we can construct its GNS-
representation, which consists of a Hilbert space H,,, a unit vector Q2 € H,, and a
representation 1, : A — B(H,) such that w(A) = (2, 7,(A)Q), forall A € A
and 7, (A)Q2 C H,, is dense. The latter two properties uniquely determine the GNS-
representation up to unitary equivalence. We call (7, H, 2) the GNS-triple.

We will call a state w regular when it has well-defined n-point distributions for all
n € N, i.e. there are distributions w,, on M *" such that

On(flo-eos fo) = (=)', -+ D, @ (W (s1 £1) - Wsn )]

for all fi, ..., f,. In the GNS-representation of a regular state, s +— 7, (W(sf)) is a

unitary group which is strongly continuous on the dense domain 7,,(A)H,, and hence

everywhere. The self-adjoint generator of this group will be denoted by ¢,,( f). Because

f = ¢u(f) is real linear we may extend this notation by linearity to complex test

functions and interpret ¢, ( f) as the smeared quantum field ¢ in the representation .
We will call a state w quasi-free (or Gaussian) when it is regular and

sp=+=5,=0

O(W(f)) = e 1200,

Note that the two-point distribution w, € D’(M*?) of any state is of positive type, it
is a solution to the Klein—Gordon equation in each argument and it satisfies wo (x, y) —
wy(y, x) = iE(x, y). Conversely, every distribution w, € D' (M %2y with these three
properties is the two-point distribution of a unique quasi-free state, cf. [30].

We will call a state @ Hadamard when it is regular and its two-point distribution has

WF(w2) =Cy
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in the notation of Theorem A.3 in Appendix A, where W F denotes the smooth wave
front set. That theorem then gives us the Sobolev wave front set W F ) () foralls € R.
We note that for any Hadamard state @ any normalized vector in the dense linear space
7, (A)Q in H,, again defines a Hadamard state (cf. [14] Thm.4.2 and Thm.A.1 and its
proof). Furthermore, the two-point distributions of any two Hadamard states differ by a
smooth function.

Using Hadamard states one can define a local and covariant renormalization proce-
dure for renormalized and time-ordered products of quantum fields, cf. [19] for a detailed
discussion. In particular one can define a Wick square : ¢ : (x) and a renormalized
stress tensor 75" (x). For our purposes it will be sufficient to know that these are quan-
tum fields with the following properties. For any two Hadamard states w, @ on M we
have

(71 (0) =B ¢7 1 (1) = lim (@ — &) (x. 2) 5)
(T ) = BT () = lim D (@2 — @) (x, x) 6)

where the operator Dpr‘}it is defined near the diagonal in M *? by
spli 1
D;valt = V/L ®V, — Eglfw((g/)pgvp ® Vs — m2) .

Here g”*(x) gl’w (x, x") is the parallel propagator from T,» M to T, M along a geodesic
between these points. For x” and x in a sufficiently small neighbourhood of the diago-
nal there is a unique geodesic in that neighbourhood, which allows us to define D;pvm
unambiguously near the diagonal, cf. [24]. Furthermore, in the GNS-representation of
a Hadamard state , the smeared operators : ¢> : (f) and Tlﬁ“ (h*V), with f and h
compactly supported and smooth, define quadratic forms on the dense domain 77, (A) 2
in H,, (cf. [4]).
We are now ready to establish a new QEI, which is our main result.

Theorem 3.1. Let t be a smooth, timelike vector field on M and f, F € Cgo (M, R) such
that F = 1 on supp(f). Then there are constants ¢, C > 0 such that for all Hadamard
states @

@(@(f)?) < Cl(TM " FA) +c).
For f = 0 the result reduces to a known QEI [15].

Proof. We choose s € R large enough that W F =% (w,) = ¢ for all Hadamard states,

i1e.s > % when d is even and s > % when d is odd, cf. Theorem A.3. We then let

C > 0 and the distribution # on M *? be as in Lemma 2.3 for this s, fit, F = tuthF
instead of F' and the metric volume form ug, = dvolg on M. As a matter of notation,
we treat w; as a distribution density on M*?, so wy(f, f) = w2 (f ® f) and when the
distributional product of a compactly supported distribution v on M *? and w; is defined
(using the wave front set condition of Theorem 2.1), we write wy(v) = (v - wp)(1). It
then follows from Theorem 2.1 that

0<w(Cu— f®f)=Cwr(u) —w(f, f),
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where the right-hand side is finite due to the wave front set properties of # and w;. The
last term is w (¢ (f )2). We fix a Hadamard reference state @, so that cg := wa(u) > 0
by Theorem 2.1. Setting u(x, y) := u(y, x) we also have

1
wr(u) —co = (w2 — w2)(u) = 5(602 — ) (u+1it)

1 - -
= 5 (@2 = &)((F ® F)3y,)
= %w(: ¢* 1 (F?)) — %d)(z ¢% 1 (FY)

by (5), where we used the fact that wy —@; is symmetric due to the canonical commutation
relations. Thus we find

_ I PR R N UL ST,
2 (f, f) < Cawn(u) = Ccg zcw(-ff’ S (F ))+2Cw(.¢ L (F7)).

Replacing C by % we obtain
1
w(f. ) =C (w (Emz L7 (gwt“r”ﬁ)) + cl)

forsome ¢; > Osuchthate; > com?®— %mzc?)(: ¢% : (F?)). The right hand-side involves
one of the terms in the renormalized stress tensor. It is well-known that the remaining
terms can be estimated from below by a constant [15], leading to the final result. For
convenience we reproduce the argument.

We use the notations of Lemma 2.3 and assume that the local coordinate neighbour-
hoods {0}, k;} are contractible. For each j we choose an orthonormal frame {e’/.f a}gzl

for the tangent bundle 7 O; such that e?’ | = (tvt”)_%t“. We then define a distribution
w on M*? by

n d
w(x,y) = (Zn)—d/ddkzZe;{a(x)axuF(x)xj(x)uj(x)—%eikj(x)-k

j=la=l
~ L e () kA
e (M F ) xj ()72 IO 5 ky)

In our choice of v (cf. Lemma 2.2) we choose [ > 5 + % + 1 here, where the +1 allows

us to conclude that W F*2 (w) c {((x, y), (p,q)) € T*M>*? | p(t) < 0 < q(1)}
as in Lemma 2.3, despite the presence of derivatives. w is compactly supported and of
positive type and the wave front set estimate entails that ¢; := @w>(w) > 0 is finite.
Furthermore, writing w(x, y) := w(y, x) and using Theorem 2.1 and (6),

_ 1 _ -
0<ww)=c+(w —w)(w) =c2+ §(w2 —w)(w+w)
1
=c+w (T,ﬁin(t“t”Fz) — Emz : (]52 : (g,wt“t”Fz))

1
— & <Tlﬁn(t“t”F2) — Em2 D97 (g,wt"t”Fz)> .

Adding this inequality C times to the right-hand side of the previous estimate and
increasing c if necessary we find we find the desired estimate. O
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Remark 3.2. Tt is clear from the proof of Theorem 3.1 that the result extends to adiabatic
Hadamard states w of sufficiently high order that the stress tensor is well-defined, because
such states satisfy W F &) (wy — @p) = ¥ for some sufficiently large s, cf. [21].

Now let w be any Hadamard state of the free scalar field. There is a quadratic form
(T o (tHtV F 2) on the GNS-representation space H,, such that

W (TNt F2)) = (, (™) 0 (01" ) ) 3¢

if ¥ € m,(A)L is a unit vector and «’ is the Hadamard state defined by . By Theo-
rem 3.1 with f = 0 it is known that the quadratic form (7)., (t*t" F 2) is bounded
from below, so it has a self-adjoint Friedrichs extension, which we will denote by
(T, (t"1" F?).? Theorem 3.1 then implies

W 90N, = C (T F) +¢) Y,

for all ¥ € 7, (A)S2. Because 7, (A)S2 is a form core for (T({)en)w(t“t”Fz) it is also a
core for the operator ((71"),,, (t*t" F 2y +¢) % This leads to the operator inequality

1

(T F +¢) 7 gu(P? (T FH+c) “=c. ()

=

1
which entails | ¢, (f) ((ﬁ)w(t“t”Fz) +c) 2| < V/C. This is the desired stress
tensor bound on the smeared quantum field. It is interesting to note that the constants
c and C are independent of the Hadamard state chosen, so they apply equally to all
GNS-representations obtained in this way.

Remark 3.3. We consider the Rindler spacetime, M = {x € R? | x! > |x°|} as a subset
of Minkowski space My = (Rd, n) in inertial coordinates x*. We denote the Weyl-
algebras for the massive free scalar field on the Rindler and Minkowski spacetimes by
Ay and Ay, respectively, and note that Ay C Ap. If wg denotes be Minkowski vacuum
state with GNS-triple (;rg, Ho, L20), then wq restricts to a (regular, quasi-free) Hadamard
state w on A4y, whose GNS-triple is (77, H, Q) = (7ol 4,,, Ho, R20).

There is a self-adjoint Hamiltonian operator Hy in Ho which implements the inertial
time flow and for a smeared field ¢ (f) there is an H-bound of the form | ¢o(f)(Ho +

1)_% || < oo (because H > m N, where N is the number operator on the Fock space H),
cf. [7] Sec.12.5.4.). Similarly, M is static w.r.t. the time flow of the uniformly accelerated
observers and there is a self-adjoint Hamiltonian H in H which implements this time
flow. Clearly H # Hy. Indeed, it is known that w is a thermal (i.e. KMS) state w.r.t. the
time flow [6] and hence the spectrum of H is unbounded from below as well as from
above. An H-bound of the same form, involving negative powers of H + 1 oreven H +c¢
for some positive ¢, cannot even be properly formulated.

Nevertheless, the stress tensor bound (7) holds on M and we are free to choose for t#
either the inertial time flow, the flow of the accelerated observers, or any other smooth
timelike vector field.

2 Itis known that one can define (T v (tH Y F 2) as an operator, but it is unknown whether this operator
is essentially self-adjoint on the domain 7, (A)<2. See [28] and Thm.5.2 in [29] for related essential self-
adjointness results when w is quasi-free.
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4. Bounds on Pointwise Free Scalar Fields in 1 + 1 Dimensions

We now turn to stress tensor bounds on the pointwise quantum field ¢ (x). It is clear
that when the test function f in Theorem 3.1 approaches a Dirac delta distribution, then
the constant ¢ must diverge, because w; is divergent on the diagonal. However, we can
obtain the following elementary estimate on the one-point distribution.

Proposition 4.1. Let (M, g) be a globally hyperbolic Lorentzian manifold, t* a smooth
timelike vector field and F € CSO(M ,R). Then there is a ¢ > 0 such that

(TN F?) = —c + / Tywlalee" F2dvol, .
M

for all Hadamard states w of a minimally coupled free scalar field, where the right-hand
side integrates the classical stress tensor of the classical field configuration w.

Proof. w is areal-valued solution to the Klein—Gordon equation, which is smooth due
to the Hadamard condition, cf. Prop.4.1 of [27]. The truncated two-point distribution
a)ZT (x,y) = wa(x,y) — w1 (x)w1(y) has the same singularity structure as w, and it is
again a solution to the Klein—Gordon equation in each argument. Moreover, wQT is of
positive type, because

S (f, ) = oo f, 1) = o1 (H)F = (90 ()R, 0(FIR) — {2, ¢ (£)Q)? >0

using the Cauchy—Schwarz inequality in the GNS-representation. Thus, a)ZT itself is a
Hadamard two-point distribution and it defines a quasi-free quantum state, which we
will denote by w” .

Comparing the expectation values of the stress tensor we immediately find from (6)
and (4) that

o (TS 1" F?) — o' (T4t F?) =/MTW[w1]t“t"F2dvolg.

Applying the QEI of Theorem 3.1 with f = 0 to the term with »’ yields the result. O

Proposition 4.1 is a QEI which, roughly speaking, compares the quantum energy
density with the classical one. This is interesting, because the classical stress tensor
plays in important role in the study of classical solutions to semi-linear wave equations
through the use of energy estimates.

In 1 + 1 dimensions we can exploit Proposition 4.1 to estimate pointwise quantum
fields.

Theorem 4.2. For every x € M and F € C;°(M) such that F = 1 on an open neigh-
bourhood of x there are ¢, C > 0 such that

w1 ()] < C(TEN 1" F) +¢) .

Proof. w; is a real-valued solution to the Klein—Gordon equation and it is smooth due
to the Hadamard condition. We can choose a chart (O, x = (x°, ..., x")) on a (small)
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open neighbourhood O of x such that t* is the coordinate derivative w.r.t. x’, F = 1 on
O, x =0and g,,(0) = an,, for some a > 0. For R > 0 we define the open sets

W= [|x0| <R > ()< 9R2]

i=1

Vi = {x | £x" € (0.R). Y (x)? < (R +2|x°|)2}

i=1

in RY. We may choose R small enough that W C O and the boundary of each Vi
consists of three smooth, spacelike surfaces. For t < O we let V; = V_ N {x0 =1} (so
V: = @ when t < —R) and we recall the standard energy estimate

/ Too[wr]dvolg, < Co/ Too[wr]dvolg, ,
Vo

Vi

where g; is the Riemannian metric induced on V; and Cp > 0 is independent of w; and
t € (=R, 0], cf. [10] App. 111, especially Eqn. (3.15). The analogous estimate holds
for t > 0 with V, = V, N {x* = r}. Because the integrand on the right-hand side is
non-negative it follows that

R
/ Toolwi]dvolg > C]/ / Toolwi]dvolg, dt > Cz/ Toolw11dvolg,
w —RJV, Vo

for some Cy, C2 > 0. Since Tyo[w;] = T,w(t“t"Fz) on W we find from Proposition
4.1 that

w(T;iin(t#tqu)) > —c+ Cz/ Too[wi1dvolg,
Vo
for some ¢ > 0.

Note that w; and its derivatives restricted to the ball V| are (in local coordinates) all
in L?. If d = 1 + 1 we can use a Morrey’s Inequality, [12] Sec.5.6 Thm.4, to find

w1 (X)|* < Cy / Toolw1]dvoly, < Co (TS (t*1"F?) +¢).
Vo

Increasing ¢ by C~! if necessary we find that the right-hand side is less than or equal to
its own square, so taking square roots yields the result. O

If w is any (not necessarily quasi-free) Hadamard state of the massive minimally
coupled scalar field in a 1 + 1 dimensional Lorentzian manifold, then Theorem 4.2
implies

(VG0 )V)3, | < COL (TN (1" F) + ),
for all ¢ € m,,(A)SQ2, where we use the notations of Sect.3. Consequently,
—C < (T, (11" F?) + ) 2 g ) (T, (1" FH +0) 2 <C - (8)

for suitable ¢, C > 0. This is the desired stress tensor bound for pointlike fields. Once
again it is interesting to note that ¢ and C are independent of w.
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5. Discussion

In Egs. (7) and (8) we have shown that the unboundedness of smeared quantum field
operators and the singularity of pointwise quantum field operators in 1 + 1 dimensions
can be controlled by polynomials in an averaged quantum stress tensor. This is true in
general globally hyperbolic Lorentzian manifolds, which is a significant improvement
over pre-existing H-bounds that necessarily require a ground state representation and
hence a static metric. Before we discuss the possible implications of these stress tensor
bounds for more general (possibly interacting) theories, let us first point out some of
their general features.

Firstly, Theorems 3.1 and 4.2, from which the stress tensor bounds are derived, are
formulated as new types of QEIs. Whereas QEIs have previously mostly been investi-
gated with a view to applications in GR [13,23] (e.g. singularity theorems for quantum
matter) or the stability of matter [14], these new QEIs change the perspective and provide
information about the structure of the quantum field theory itself. To prove these QEIs
we used an apparently new result on distributions of positive type, Theorem 2.1.

Secondly, the reader will have observed that the new aspects of Theorem 3.1 are
essentially about a quantum inequality for the Wick square, which appears in the stress
tensor when m > 0. If the claim remains true in the massless case, the proof will
need substantial modification. Similarly, 4.2 relies heavily on the low dimension. We
conjecture that a similar result involving higher powers of the stress tensor is valid in
higher dimensions, but it will require a substantially modified proof involving higher
n-point distributions.

Thirdly, the stress tensor bound (7) on smeared quantum fields requires the same
power of the stress tensor, regardless of the dimension. For chiral CFTs in 1 + 1 dimen-
sions, however, the analogous local energy bounds of [8,9] may involve different powers
of the energy density, depending on the scaling dimension of the field. This suggests
that stress tensor bounds for Wick polynomials and other smeared quantum fields may
also require different powers of the stress tensor, depending on their scaling degree.

Finally, the stress tensor bounds that we found involve constants ¢, C > 0 that
are independent of the representation, as long as we consider GNS-representations of
Hadamard states. This suggests that the bounds tell us about some intrinsic properties of
the theory and they could potentially be used to define a topology on the Weyl algebra
(in a local and covariant way), which is weaker than the C*-norm topology and which
allows us to recover smeared field operators by taking a completion. This idea is similar
to the Hormander topology that can be used to extend the *-algebra of smeared fields in
order to include e.g. Wick polynomials [4,11]. However, there are two key differences.
Firstly, the analytic structure we envisage here targets bounded operators and therefore
connects to the good spectral properties that such operators have. Secondly, there may
be advantages to using the stress tensor to define such a topology instead of resorting to
the Hormander topology. These ideas will be the subject of a future investigation.

If one takes the point of view that a good quantum field theory should be local,
covariant and have a quantum stress tensor, then one has all the ingredients necessary
to formulate QEIs like those of Theorems 3.1 and 4.2 and the ensuing stress tensor
bounds (7) and (8). This would open up a way to connect the perspective of bounded
operator algebras and their spectral theory [5] to the perspective of field operators with
their geometric meaning and differential equations [18]. So far, the connection between
these perspectives is only well-understood in Minkowski space, cf. [2,3,7]. The main
obstruction to generalising results about this connection to general Lorentzian manifolds
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is the need to have a Hamiltonian operator. Our results indicate that this obstruction can
potentially be overcome by using stress tensor bounds.
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A. Sobolev Wave Front Sets and the Hadamard Parametrix

In this appendix we recall the definition of Sobolev wave front sets and give a few
results that will be needed in the main text. For further properties and results we refer
to Appendix B of [21].

We consider a smooth orientable manifold M of dimension d € N with a smooth
non-vanishing volume form p. We will freely identify smooth functions u € C°°(M)
with distributions in D’ (M) using u(f) = fM ufuforall f e C(M).

Foranyu € D'(M),s € Rand (x, £) € T*M with & # Owe will writeu € H® (x, &)
iff there is a coordinate chart k : O — R? withx € O,a f € Cg°(0) with f(x) #0

and an open convex cone I' C R9 with (DK(X)K*I)t & € T such that
/ Ak (1 + kP 1(fu) o k=1 (K2 < 00
r

If this inequality holds, it still holds when we replace f by fh for any h € C®(M).
Furthermore, the definition of H®) (x, £) can be shown to be independent of the choice
of local chart k. The Sobolev wave front set is then defined as

WFS () = {(x,&) e T*M| & #0, u ¢ HY (x,&)}.

By definition W F®) (1) is a closed subset (possibly empty) of 7*M \ Z, where Z is the
zero section of T*M. The smooth wave front set of a distribution u can be defined as
the closure WF (u) = Jseg FW® (u) in T*M \ Z.

The following lemma is a special case of Prop.B.5 in [21], where we note that
WF®(1) =¢forallt € R.
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Lemma A.1. For any two smooth orientable manifolds X and Y with smooth non-
vanishing volume forms jux and [y, respectively, and any distribution u € D'(X), the
distributionu ® 1 on X x Y (with volume form ptx ® wy) has

WFOu®1) S WF® W) x (Y x {0}).
We will also need the following variation of this result.

Lemma A.2. Ford € N, d > 2, let vy € D'(R?) such that vg = v ® § with v € D'(R)
and § € D'(RY~1). Then

WF® () N {0, k) € R | &y #0) = WFOHED () x ({0} x R,

Proof. Writing x = (x1, X) we note that vy vanishes outside supp(v) x {0}, so it is
clearly smooth there. We now fix x = (x1, 0) € supp(v) x {0} and choose f € C§° (RY)
with f(x) = 1. We let f1(x1) := f(x1,0), so that fva(k) = fro(ky).

Let p = (p1, p) € RY with p; # 0. We can choose « # 0 such that ap; > |p| and then
define the open cone I' = {k = ki, k) € R4 | aky > |I€|}, sothat p e I'.Fork € I" we
have 1 + k12 <1+ |k|2 < (1+ad)d+ k12) and hence the convergence of

ﬁa+w%ﬁﬁﬁwﬂk )

is equivalent to the convergence of
[ sy ok Py
0

where the sign is the sign of p; and the factor kf_l comes from integrating the coordi-
nates k over a ball of radius ak;. The convergence of the latter integral is equivalent to
(x1, p1) & WF(H'%)(U). This proves the lemma. O

When M is a globally hyperbolic Lorentzian manifold and p the metric volume form,
then we can consider the Sobolev wave front set of a Hadamard two-point distribution
wy on M*2. As in Lemma 5.2 of [21] one can show

Theorem A.3. Let M be a globally hyperbolic Lorentzian manifold. Then any Hadamard
two-point distribution wy € D'(M x M) satisfies

W ifdisevenands < %, ordisoddand s <
Cpy if diseven and s > %, ordisoddand s >

7
&

Im|
QU

Wmeﬁz{

)
9

where

Cu = {((x',x), E",£) e T*(M x M)| (x, §') ~ (x, —£), & null and future pointing} ,

and (x',&") ~ (x, &) means that there is a geodesic y between x' and x to which &'
and —& are cotangent and each other’s parallel transports. When x' = x this reduces
to &' = —& which must be a future pointing null vector.
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