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Abstract: We consider a notion of divergence between quantum channels in relativistic
continuum quantum field theory (QFT) that is derived from the Belavkin—Staszewski
relative entropy and the concept of bimodules for general von Neumann algebras. Key
concepts of the divergence that we shall prove based on a new variational formulation
of that relative entropy are the subadditivity under composition and additivity under
the tensor product between channels. Based on these properties, we propose to use
the channel divergence relative to the trivial (identity-) channel as a novel measure of
complexity. Using the properties of our channel divergence, we prove in the prerequisite
generality necessary for the algebras in QFT that the corresponding complexity has
several reasonable properties: (i) the complexity of a composite channel is not larger
than the sum of its parts, (ii) it is additive for channels localized in spacelike separated
regions, (iii) it is convex, (iv) for an N-ary measurement channel it is log N, (v) for a
conditional expectation associated with an inclusion of QFTs with finite Jones index it
is given by log(Jones Index).

1. Introduction

A problem of both theoretical and practical interest in quantum information theory is
to assess the “complexity” of a quantum state- or operation. A natural approach is to
take as a measure of complexity the minimum number of operations from an underlying
set considered as “basic” [1-3]. Typical results in this context include bounds on the
growth of complexity under time evolution, see e.g. [4,5]. There are also proposals in
the context of the AdS-CFT correspondence, linking the growth of complexity of a state
in the boundary quantum field theory (QFT) to various geometric quantities in the bulk,
see e.g. [6-8].

One may ask how to define a notion of complexity directly in a relativistic continuum
QFT without reference to holographic ideas. In QFT, one faces the immediate problem to
identify a suitable set of basic operations relative to which the complexity of a composite
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operation is to be assessed. If one wants to maintain a close analogy to ideas such as [4,5],
it appears that one would have to specify a preferred set of local quantum field operators,
possibly within some lattice regularization of the theory. For instance for Gaussian field
theories, concrete proposals include e.g. [9,10], whereas e.g. [11-13] emphasize the
role of symmetry operations — especially in theories with very large symmetry algebras.
For sufficiently generic QFTs it seems to us that both the operator basis and/or lattice
regularization would be highly non-unique.

One approach to this issue is to take a broader view of the problem, departing from
the notion of basic operation and focussing attention instead on a suitable notion of
“distance”, D(S||T), between two channels S, 7. Complexity would then be defined as
c(T) = D(id||T), the distance to the trivial (identity) channel. Of course, one would like
specific properties from D to connect to the idea of complexity. Natural requirements
would be:

e Subadditivity: ¢(T1 o T2) < c¢(T1) + c(T») expressing that the complexity of a
composite channel is not bigger than the sum of its parts. In particluar, for a 1-
parameter (Markov-) semi-group 7;, t > 0 of channels, we automatically get at most
linear growth in time, ¢(Tyy) < CoN.

e Locality: ¢(T} o T2) = ¢(T1) + ¢(T») if T1 and T, are localized in spacelike related
parts of the system. This expresses that the complexity ¢ respects Einstein causal-
ity/locality.

e Convexity: Thinking about performing operations 7; randomly with some proba-
bilities p; it is natural to ask that c(}_ p; T;) < Y pic(Ty).

One way to obtain a notion of channel divergence, hence c, is to start with a corresponding
divergence D(¢||v) in the ordinary sense (see e.g. [14]) between quantum states' ¢, 1/,
by considering how much the actions of T and § on a state can deviate as quantified by
this divergence. With this idea in mind, a naive guess might be to consider sup,, D(}/ o
Sllvr o T), where the maximization is over all normalized states of the system and
¥ o T is the action of the channel on the state v, viewed in this paper as an expectation
functional on observables, see footnote 1. However, as is well-known, this notion is
actually inadequate for quantum systems because one can obtain refined information
about the action of channels by coupling the systems in question to an ancillary system
and considering states that have a suitably engineered entanglement between the original
system and the ancillary system. So one should define instead”

D(S|T) = ZUED(I/I 0 (S®id )Y o (T ®ida)) 6]

where the maximization is now over all states of the original observable algebra M
tensored with the ancillary algebra .A. This is the definition that we shall also adopt, up
to some technical caveats related to the fact that we will be dealing with von Neumann
algebras of a sufficiently general type as appropriate for QFT: in such a setting, it is
most natural to model the ancillary system by another von Neumann algebra, A, and
it does not seem natural to restrict the nature of that system, e.g. by imposing that A
should have a particular type such as I,,. Then we must also have an enlarged Hilbert
space on which both the original von Neumann algebras as well as the ancillary algebra

U In this paper we follow the conventions in operator algebras that a state ¥ is a positive functional on the
observable algebra. For matrix algebras, ¥ (m) = Tr(mpy,), where py, is the corresponding density matrix,
see Sect. 2.1 for our conventions.

2 The role of ancillary systems for complexity has also been discussed in a different context e.g. by [15].
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A acts, i.e. we must consider bi-modules of von Neumann algebras, see e.g. [16,17] and
references therein.

Of course the main question is what D we should start from. One possibility might
be a geometric approach along the lines of [2,3]. In [18], on the other hand, the authors
propose to use a particular quantum version [ 19] of the classical “Wasserstein-distance”,
see e.g. [20], and derive several convincing properties of the corresponding notion of
complexity, including the ones listed above. The quantum Wasserstein distance as defined
by [19] is for finite dimensional systems with Hilbert space of the form (CH®N While
it may be possible to generalize it to von Neumann algebras of type III appearing in QFT
[21], we proceed differently here and work with the so-called Belavkin—Staszewski (BS)
divergence [22] Dps. That divergence has been considered® recently in the context of
channel discrimination by [24] and is

Dgs(pll¥) = Tr(p, loglp,* 0, £/*D) )

for matrix algebras. Here, py, is the density matrix representing the expectation functional
¥, ie Y(m) = Tr(mpy) for all m € M. A generalization to arbitrary von Neumann
algebras is possible [25,26]. Our reason for considering Dpg is that [27] (see also [28])
have shown in the finite dimensional setting that it gives rise to a channel divergence with
a subadditivity property under composition and an additivity property under the tensor
product of channels.* This would not be the case for other well-known divergences
such as, say, the more commonly used Araki-Umegaki relative entropy [29]. The classic
works [30,31], while somewhat similar in spirit to ours, use that relative entropy to
define an entropy-like quantity for the inclusion channel ¢ : N — M between two von
Neumann algebras possessing a corresponding conditional expectation E : M — N.
Though this quantity has many useful properties, it does not therefore seem to have the
above-mentioned (sub-)additivity properties (at least not in total generality, see Remark
4.5 of [31]).

In this work, we analyze the channel divergence based on the BS divergence in the
context of general von Neumann algebras, and prove that the corresponding notion of
complexity ¢ has the above properties in QFT. While we have to leave for future investi-
gations the question how our c is related to conventional notions related to computational
cost a la [2,3], or even to holographic proposals such as [6—8], we prove a number of
further properties of our complexity c:

1. If T(a) = uau* is the channel corresponding to a non-trivial local unitary, then
c(T) = o0.

2. If T(a) = p(a) is the channel corresponding to a non-trivial representation of the
QFT (“charge superselection sector”), then c¢(p) = oo.

3. If M(a) = ZIN=1 e;jae; is the channel corresponding to a local N-ary von Neumann
measurement, then c(M) = log N.

4. Let E, be the (minimal) conditional expectation from A(O) to p(A(O)) where p is
a charge superselection sector (charged representation), then

c(E,) = log(Jones Index) = log d?, 3)

where we mean the Jones index [32] of the inclusion p(A(0O)) C A(O), and where
d, is the statistical (or “quantum-") dimension of the sector.)

3 Divergences of this type have also been considered in the context of QFT in [23].

4 In fact, these authors study the corresponding Renyi-type “geometric divergences”, of which the BS-
divergence arises as a limit.

5 The last equality is a direct consequence of the index-statistics theorem [33].
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Items (1), (2) are basically negative results, but perhaps not totally unreasonable if we
remember that any local operation in a continuum QFT (i.e. an operation in a finite
spacetime region) must still involve an infinite number of degrees of freedom. The
channels in items (3), (4) are conditional expectations. This suggest that these are to be
regarded as the basic operations in QFT.

Particular measurements in (3) implementing the idea of “setting individual g-bits”
can be constructed trivially as follows. Imagine the QFT has a “basic” real scalar field ¢
and consider a cube of side-length § in a time slice. Let f be a non-negative testfunction
supported in the cube, let S = [ ¢ (0, x) f (x)d"~'x, where n is the dimension of space-
time, and let p+ be the projectors corresponding to a positive/negative measurement of
S. Shifting the cube periodically in the n — 1 spatial directions we can obtain a finite
lattice A with corresponding projections pxo,0 = *,X € A associated with each
point x of the (dual) lattice. Then we can define projections e({o'}) = er A Px.0(x)>
each corresponding to measuring a particular lattice configuration {c}, e.g.
+—==|+]=
+|+ |+

4]

—|+]+ ||+
—|+]+ ||+
The complexity of the corresponding measurement channel is clearly

vol(A)

As an example of item (4), consider the QFT of a real N-component free complex
Klein-Gordon quantum field ¢;(x),I = 1,..., N. We consider as observables the
SU(N) singlet operators (gauge invariant observables) under the SU (N)-symmetry.
Consider a state W in the Hilbert space which is in some non-trivial representation R of
SU(N). Then W cannot be generated from the vacuum €2 by the action of any charge
neutral operator a, so the representation of charge neutral operators built on W is not
unitarily equivalent to the vacuum representation. In fact, by DHR theory [34,35], there
exists an endomorphism p of the local algebra generated by SU(N) singlet operators
such that

(2, p(a)2) = (¥, aW) forall SU(N) singlet operators a, ®))

and p implements the charged sector with representation R. The statistical dimension d,,
of this p equals the dimension dg of the representation R in this case, e.g. d, = N 21
if R is the adjoint representation. Details of this construction are given in Example 4.10
below. For low dimensional QFTs, d,, does not have to be integer.

In fact, the Jones index in (4) (= df)) is restricted to the set {4cos2(7/n) : n =
3,4,5,...} U[4, oo] by Jones’ theorem [32], the smallest non-trivial value of which
is 2, realized e.g. by the sector p of the (4, 3) minimal (Ising) model with quantum
dimension d, = +/2. We conjecture that for any localized channel 7°

Either ¢(T) >1log2 or T =id (conjecture), (6)

which is reminiscent of the Landauer bound [17,36].
This paper is organized as follows. In Sect. 2, we first recall the theory of f-
divergences and operator means for states on von Neumann algebras and introduce

6 This would imply in particular that for any 1-parameter Markov semi-group 7; of channels c¢(77) is
necessarily discontinuous at t = 0.
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our main technical tool, a variational characterization of Dpg (Proposition 2.17). In
Sect. 3 we introduce Dpg for channels of von Neumann algebras of general type, and
prove some basic properties. In Sect. 4, we apply these results to QFT.

2. Preliminaries

2.1. Von Neumann algebra terminology and basic objects. See e.g. [37] as a general

reference.

e Von Neumann algebra: A von Neumann algebra M is a closed x—subalgebra of
the algebra of bounded operators B(7¢°) on a Hilbert space .7 in the weak oper-
ator topology. The weak topology is defined by the matrix elements, i.e. the open
neighborhoods are N (§;, ni, e,a) ={b: [{&,(b—a)n;)| <e&,i =1,...,n}, where
a € B(J),&,n € s,e > 0. All Hilbert spaces appearing in this paper are as-
sumed to be separable. The squared norm ||m ||2 of an operator m € M is defined to
be the supremum of the spectrum o (mm*) of the positive operator mm*. The subset
of all such operators is denoted by M. (positive part).

e Any finite-dimensional von Neumann algebra is isomorphic to @lg\/: 1M, (C) for
some n;, where M, (C) is the algebra of complex n x n matrices.

e (Bi-)Commutant: An equivalent characterization of von Neumann algebra is M” =
M,where M’ := {x € B(S¢) | xm = mx Vm € M}isthe commutantof a x—algebra
Min B(5),and M" = (M’)’ is the bicommutant. A von Neumann algebra is called
a factor if M N M’ = C1. One denotes by A v B = (AU B)” the von Neumann
algebra generated by x—algebras of bounded operators A, B.

e States: A state is a linear, positive, normal, normalized functional ¥ : M — C,
where positive means v (mm™) > 0 for all m € M and normalized means v (1) = 1.
A linear functional ¥ is called normal if it is ultra-weakly continuous, and a positive
linear functional v is called faithful if ¢ (mm™) = 0 = m = 0. The set of normal
states is also denoted by M., ;. The existence of a normal faithful positive linear
functional is guaranteed since we are assuming that 7 is separable. On a matrix
algebra every state is of the form

Y (m) = Tr(mpy,) (N

for a unique density matrix py;.

e Channels: Generalizing the notion of state, a channel T : M — N is a normal,
positive, unital (meaning 7'(1) = 1) linear map which is also completely positive,
meaning that T ® id : M © B(¥) — N © B(J¢) is positive, where © means
the algebraic tensor product and where %  is any Hilbert space. If ¢ is a state on
N, then ¥ o T(m) := (T (m)) is a state on M, and ¥ — o T corresponds to
the dual action of channels on states (Schrodinger picture). In much of the quantum
information theory literature, the Schrodinger picture is considered, but of course this
is just a matter of convention. For finite dimensional von Neumann algebras A/, M,
the action of T in the Schrédinger picture may also be thought of as an action 7+ on
density matrices (7),

Te(T* (py)m) = Tr(py T (m)) = ¥ o T(m) m € M. (8)

Then T7 is completely positive and trace preserving (corresponding to T'(1) = 1).
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e Standard form: A vector Q € .77 is called cyclic if M is dense in .77 in the strong
topology, and it is called separating if m2 = 0 = m = 0. Such a representation
on S of M and vector can always be obtained by the GNS-representation of a
faithful normal state w. A cyclic and separating vector is also called standard and
a representation of M on a Hilbert space with standard vector is called a standard
representation. Associated with € is an anti-linear involution J on ¢ such that
JQ = Qand JMJ = M’ called the modular conjugation. The closure of the set of
vectors of the form aJaJ2, a € M is called “natural cone” and is also denoted as
L*(M, Q), C .

e Conditional expectations: If N C M is a von Neumann subalgebra, then a con-
ditional expectation E : M — N is a channel such that E(nymny) = niE(m)na
forallm € M, n; € N. The index Ag € [1, 0o] of a conditional expectation is the
infimum over all positive real numbers A such that the E(mm*) > A~ 'mm* for all
m e M.

e Jones-index: Assume that N/, M are factors such that there exists a conditional
expectation £ : M — N.If Ag < 00, there exists a unique Eq called “minimal
conditional expectation” [38] such that A g, is minimal, and in such a case Ag, =:
[M : Nis called the Jones-Kosaki index [32,39] of the inclusion. Otherwise we set
M : N] = oo.

e [P-space: One can construct so-called “non-commutative L? spaces” (p € [1, oo])
interpolating between the space of normal functionals on M and M itself. They
are defined relative to some standard vector 2 and denoted as L” (M, 2), see [40,
41]. One has L*(M, Q) = 4. Beyond this, we will only need L>°(M, Q) which
is a linear subspace of J#. We will mainly use the following characterization of
this space [40]: As a vector space L°°(M, Q) = M. The Banach space norm is
ENlLoe (M. @) = llm]l where m € M is the unique element such that £ = m<Q.

e Opposite algebra: The opposite algebra M°P of a von Neumann algebra M is
identical as a vector space with x-operation, but has the reversed product m‘ljp m;p =
(mam1)°P.

2.2. Maximal f-divergence for bounded operators. See [25,42-44] as general refer-
ences. Central to the concept of operator mean and the divergences studied in this paper
are the notions of operator monotone- and operator convex functions.

Definition 2.1. Let / C R be an interval. f : I — R is said to be

e operator monotone if f(A) < f(B) whenever A, B € B(J¢) are self adjoint opera-
tors on a Hilbert space such that A < B and that their spectra satisfy 6 (A), o (B) C I;
e operator convex if f(AA+(1—X)B) < Af(A)+(1—X1)f(B), YA € (0, 1) whenever
A, B € B(s0),witho (A),o(B) C I.

Remark 2.2. Let ty € (0,00] and f : [0, 7)) — R. Then (f is operator convex and
f(©) < 0) if and only if (@ is operator monotone on (0, #p)). Furthermore, if f :
[0, 7o) — R is operator monotone, then it is also operator concave. While the converse
is not true, it is the case that (f operator concave and f(¢) > 0 for all ¢+ € [0, c0))
implies (f is operator monotone on [0, 00)).

Example 2.3. On [0, 00), the function ¢ is operator monotone if and only « € [0, 1].
t% is operator convex if and only if & € [—1, 0] U [1, 2]. The function log(¢) is operator
monotone on (0, 00).
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The following well-known representation (9) allows one to reduce many constructions
involving operator monotone functions to certain weighted averages of a special operator
monotone function. Consider a continuous operator monotone function f on [0, 00), let
a= f0), b= f'(c0) := limy_ o @ There exists a unique finite positive Radon
measure p on [0, 00), such that

f(t):a+bt+/ A+

du(s). )]
0,000 [+

Definition 2.4 (Kubo—-Ando means, [45]). Consider a binary operation o on B(J¢),
(non-negative self-adjoint bounded operators), i.e. o : B(J¢), X B(5¢); — B(J€);.
We write 0 (A x B) =: Ao B € B(5¢),. o is called a Kubo—Ando connection if, for all
A, B, C, D € B(J¢)4, the following hold

1. Joint monotonicity, i.e. A < C, B < D, then AcB < Co D;

2. Transformer inequality, i.e. C(Aoc B)C < (CAC)o(CBC);

3. Upper semicontinuity, i.e. whenever A, | A, B,, | B strongly, then A,,0 B,, | Ao B,
strongly.

Moreover o is called a (Kubo—Ando operator) mean if the above hold and

4. Normalization, i.e.
Lypoly = 1.

The Kubo—Ando theorem establishes a one-to-one correspondence between operator
connections and non-negative operator monotone functions on [0, 00), see [45, Theorems
3.3, 3.4]. The isomorphism is provided by o +— f, where f(¢)p := Lo (t1y). Its
inverse f > o is defined by taking the integral expression (9) of a non-negative operator
monotone function f on [0, 00), f(t) = a + bt + f(o,oo) “t:i)’ du(s), and then defining
the corresponding o as

1+1¢
—

AocB :=aA+bB +/ (tA) : Bldu(t) (10)

(0,00)

Here, A : B is the parallel sum operator connection which is defined as the bounded
quadratic form (see e.g. [43, Lemma 3.1.5])

(6. (A: B)§) :=inf{(;, AC)+(§ — ¢, B(E — ) ¢ € A} an
If A and B are positive operators with bounded inverses, then
A:B=(A""1+BHL (12)

Example 2.5 (Left and right trivial means). The left trivial mean o7 is induced by the
function f(x) = 1 and gives Ao1B = A. The right trivial mean oy is induced by
f(x) = x and gives Aoy B = B.

Example 2.6 («—geometric means). The a—geometric means are defined in terms of the
operator monotone function

o Sinam [t ds
Ja(t) =1 = - T sa t>0,a€(0,1). (13)
0
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The corresponding measure (4, and constants a,, by as in (9) are therefore
sinawr  t*dt
T tit+1)’

Particular examples are the left- and right trivial means (for « = 0, 1) and the geometric
mean for which o = 1/2.

duy, = ag = by = 0. (14)

Example 2.7 (Logarithm). The logarithm f(¢) = log? is operator monotone on (0, co)
and formally has a = —00, b = 0 and dujey = =11 + 1)~ 'dr. We will typically
consider the approximation f,(¢) := log(z + %), n € N which is operator monotone on
[0, o0) with @, = —logn, b, = 0.

Consider two bounded positive operators such that B < AA for some A < oo.
Then f(A~Y2BA~1/2) < f(A)I is a bounded operator and the Kubo-Ando mean
o corresponding to the operator monotone function f can also be expressed as [45,
Theorem 3.3]

AocB = A2 F(A™V2BAT2) A2, (15)

as one may see using the integral representations (9), (10) as well as the expression for
parallel sum (12). The following divergences first appeared in [46] and were developed
further in [47,48].

Definition 2.8. Consider a non-negative operator monotone function f : [0, c0) —
[0, oo) characterized by (9) and positive trace class operators A, B such that B < LA
for some A > 0. Then the “maximal quantum f—divergence” of A with respect to B is
defined by

Dy¢(A|B) := —logTr (Ao B), (16)
where o is the operator connection corresponding to f.

Remark 2.9. For general positive trace class operators A, B such that B < AA possibly
does not hold for any A < oo, one defines

Df(A|B) := “f& D (A +¢C||B +&C) € (—00, +00]. (17)
&

Here C is any bounded positive operator such that =1 (4 + B) < C < A(A + B) for
some A < oo. By the monotonicity property of operator connections, the limit exists
because the sequence is monotone decreasing. The limit is independent of the particular
choice of C as a special case of Lemma 2.12 below.

2.3. Maximal f-divergence for von Neumann algebras. Operator connections and max-
imal f-divergences can be generalized from bounded operators to more general settings
such as to suitable classes of unbounded positive quadratic forms [49-51]. In this work,
we will mainly be interested in the notion of operator connection and maximal f-
divergence between two positive normal functionals ¢, ¥ on a von Neumann algebra
M. This setting is investigated in great detail in [25,26] to which we refer as general
references. Based on the results [25, Appendix D] one can for instance obtain quite easily
a variational characterization of the maximal f-divergence which will be the basis of
most developments in this work.

The starting point in the von Neumann algebra setting is the Connes cocycle together
with the following well-known result [52], see e.g. [40] for the definitions of the modular
operators Ay and Connes cocycles [Dyr : Dg];.
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Lemma 2.10. Let v, ¢ be normal, positive functionals on M, assume that y < Lo for
A > 0. Then the Connes cocycle derivative [ Dy : D], admits an extension to a weakly
continuous (M-valued) function [DYr : D), for 7 in the strip —1/2 < Jz < 0 which
is analytic in the interior. The generator [Dyr : Dol_;» € M has norm less than Vi,

and A)* = (DY : Dgl_ipAy.

Using this and the next lemma, one can define [26]:

Definition 2.11. Consider an operator monotone function f : [0, c0) — [0, c0), and
normal, positive functionals ¢, ¥ be on M such that there exists A > 0 such that 1 "1¢p <
¥ < Ag. Then we have the positive invertible operator T(;// = (DY : Dol_ip)*[ DY -
D¢]_;» € M. Define the maximal quantum f—divergence of ¢ with respect to v by

Dy(plly) == —log(e(f(T)))). (18)

Lemma 2.12. (See [26]) Let ¢, ¥ be normal, positive functionals on M. For every
¢ ~ @+, ie. there exists & > 0 such that 2~ (¢ + V) < ¢ < (@ + V), the limit

liir(} Dy(p+ed|l¥ +e¢) € (—00, +00]

exists, and it is independent on the choice of ¢ above.

It therefore makes sense to make the following definition [26].

Definition 2.13. Let ¢, ¥ let normal, positive functionals on M, and let f : [0, c0) —
[0, o0) be an operator monotone function. The maximal quantum f-divergence of ¢
with respect to i is defined as

Dy(plly) == }3%ng(</>+8¢||1//+8¢) (19)

where ¢ is any positive normal functional on M satisfying ¢ ~ ¢ + . Note that we
may chose ¢ = ¢ + ¢.

Remark 2.14. If M = B(¢) is a type I von Neumann factor (or more generally, direct
sum of factors), positive normal functionals on M are in one to one correspondence
with positive trace class operators on .7Z°. Under this identification, the above definition
of maximal f-divergence reduces to Definition 2.8 and Remark 2.9.

Remark 2.15. The attentive reader will notice that compared to [26], we require f in
Definition 2.11 to be operator monotone rather than operator convex, the order of the
states is reversed and we have a logarithm. The presence of the logarithm is just for con-
venience to make the entropy additive under tensor products. If we ignore the logarithm
then our definition reduces to —S'_f (¥ |l@) of [26] for non-negative operator monotone
functions noting that — f is operator convex. Of course, the definition of [26] works for
the larger class of all operator convex functions.
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2.4. Properties of maximal f—divergence. Many properties of Dy and Dpy, and of the
corresponding connections o between states,’ in the setting of von Neumann algebras
are known, see e.g. [25, Theorem 4.4, Proposition 4.5]. In the present work, a variational
formula for Dy and the BS divergence Dpg will take center stage and from this, many
of these properties could be seen directly in retrospect. First, one defines an analogue
of the parallel sum (12) for two normal positive functionals ¢, ¥ on the von Neumann
algebra M by (z € M)

(¢ : ¥)(z2") == infloxx™) + Yy (yy") | x+y =2z,x,y € M}. (20)

Then ¢ : ¢ is a positive normal functional on M, which is extended to all of M by
writing a general element as a difference of elements from M. Using the notion of
parallel sum, one can next define a notion of operator mean ¢o i/ associated with an
operator monotone function f : [0, co) — [0, co) with representation (9) between two
positive normal functionals on M by an analogue of the formula (10):

1
(po ) (m) := ap(m) + bp(m) +/ TH[(W)) Sy l(m) dp(r), 2

(0,00)

where a, b, dpu with a,b < oo correspond to the operator monotone function f :
[0, c0) — [0, 00) as in (9). By combining [25, Theorem D.7, D.§8, D.10], it follows that

Dy(elly) = —log (Wp(l) +by (1) +/

(0,00)

1+¢
T[(tfp) : tﬁ](l)du(t)> . (22)

From this relation and (20) one can obtain the variational formula with ease, see also
[44, Remark 9.5] for a closely related formula in the case of M = B(J¢):

Proposition 2.16. Let f : [0, 00) — [0, 00) be an operator monotone function with
representation (9) where a,b < 00. Let V¥, ¢ be normal, positive functionals on M.
Then we have

Dy (elly)

1
=—log(a<o<1)+bw<1>+ inf f«) )(1+t>[go(x,x;*>+;w<y,y;*‘)]du<t)>,

(0,00)-> M
(23)

where the infimum is taken over all step functions x : (0, 00) — M with finite range
such that x; = 1 for sufficiently small t, such that x; = 0 for sufficiently large t, and
where y; =1 — x;.

Proof. Note that since 0 < [(t¢) : ¥](1) < min(y¥ (1), t¢(1)) we can choose a § > 0,
and a K < oo such that

o | ST +DeMdu — [ig 5 H109) s y1(Ddpl < &

o | ik ooy U (Ddi — [ix o0y EL9) s Y1(Ddpl < e

7 In this paper, we shall often use the somewhat imprecise terminology “Kubo-Ando mean” for this, even

though a Kubo-Ando mean usually refers to the case when f : [0, c0) — [0, 00) is an operator monotone
function with f(1) = 1.
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Then we define y; = 0, < 6, and y; = 1,7 > K. Next we build a step function
x : [6, K] - M with finite range such that f[a K](l +1) [(p(xtx,*) + %w(y,yt*)] du

1+¢

approximates f[a k1 L@e) : ¥](1)du to within tolerance e. This can be done by
using the inner regu]larity of the Radon measure p; for details on this standard procedure
see [53]. O

The above proposition does not cover the operator monotone function f (¢) = log(?)
(formally a = —oo0 in the representation (9)). Since this case underlies the Belavkin—
Staszewski (BS) divergence and is particularly interesting for us, we treat it explicitly.
Consider first a pair of positive normal functionals on M such that ¢ ~ . Define the
BS divergence as

Dps(elly) = —p(log(T))) (24)

For a general pair of positive normal functionals such that ¢ ~ i does not hold, we
define Dps(¢||v) analogously to Definition 2.13. The BS divergence can be seen as
the limit « — 1 of the maximal geometric «-divergence corresponding to f, (t) = t*,
a e (0,1).

Proposition 2.17. We have

e¢]

1 d
Dps(¢lly) = supsup {(ﬂ(l)logn - /1 [(ﬂ(X,X,*) + ;w(y;yt*)} TI} . (25

/n

where the first sup is taken overn € N, while the second is over finite range step functions
X on (%, o0) as in Proposition 2.16.

Proof. First we assume ¢ ~ v and consider the approximating sequence f;,(¢) :=
log(t + %), t > 0 of operator monotone functions, which have the integral representation

fu@®) = —logn + flo/fl L d5 Define F,(¢||¥) = —w(fn(Tww)). The spectral theorem

t+s s
implies that the operator in Lemma 2.10 has a spectral representation 1) = foA AMNdE;
where A < oo. Thus as f;, () 1 log(z) for all t+ > 0, by the monotone convergence
theorem we have that F,, (¢||¥) 1 Dps(¢l||¥). On the other hand, the same argument of
Proposition 2.16 applies to F, (compare the definition of F,, with Definition 2.11), i.e.

o0

Falpll) = sup {¢<1>1ogn - /

1/n

w1 | dt
[q)(x,xt )+ 2Oy )] 7} : (26)

Here the sup is, as usual, over finite range step-functions. Thus, the claim follows.

Next, let ¢, 1 be an arbitrary pair of normal and positive functionals on M. Following
Definition 2.13, we notice that as Dpgs(¢ + || + ep) > F,, (¢ + ||y + e¢) for all
neN,

Dps(olly) = lsif(} Dps(p +edlly +e¢) = 18%1 Fa(p + 2@l +e9) = Faloll).
27)

Using the variational formula (26) for F,, (¢ +e¢ || +e¢), since we may take ¢ = ¢+,

Fo(p +eo|lY +e9) < Fu(elly) +e(Fu(plle) + Fu (¥ [1¥). (28)
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Therefore

Dps(p +e@llyy +e¢) = sup Fu(p + ¢ +£9)

< sup Fy(@ll¥) + e sup(Fu(ollo) + Fa (U llY)) . (29)

As sup,, (Fu(¢ll@) + F, (¥ ||¥)) is bounded, we have

lsiﬁ)l Dps(p +ed|ly +e¢) = 181?(} sup Fy (¢ + e@ ||y + &) < sup F(¢ll¥). (30)

The proof is completed by combining the inequalities (27), (30). O

We now list some of the main properties of Dy and Dpg, see [25, Theorem 4.4,
Proposition 4.5].

1. (Data processing inequality) Let 7 : A’ — M be a positive, normal, unital linear
map between von Neumann algebras M and N satisfying the Schwarz property
T (nn*) > T(n)T (n)* for all n € N'.3 Then Di(poT|¥oT) < Dr(pll).

2. (Lower semi-continuity) Let ¢, ¥, be sequences of normal positive functionals con-
verging pointwise to normal positive functionals ¢, ¥ asn — oo. Then D ¢ (¢||y) <
liminf, D 7 (@[ ¥n)-

3. (Martingale property) Consider a von Neumann algebra M and an increasing se-
quence of von Neumann subalgebras {M,,} such that M = (|, Mn)//. Then

Dy@ltm, ¥ Im,) 7 Drlply). €1V

D
4. (Joint convexity and subadditivity) The functional M, + x M, . It (—00, +00]
is jointly convex and subadditive.

The analogous properties hold for Dpg.

Remark 2.18. Item 2 is not provided in [25, Theorem 4.4, Proposition 4.5]; indeed it is
presented as a conjecture for general von Neumann algebras [25, Problem 4.13]. The
variational expressions given in Propositions 2.17 and 2.16 provide an immediate proof
of this for Dy and Dpsg, see for example [54] for the analogous argument for the (Araki)
relative entropy.

3. Bimodules and f-Divergences for Channels

3.1. Definitions.

Definition 3.1 (Bimodules). Given von Neumann algebras ', M, a A" — M bimodule

. . N . Ly A

isatriple (J#, £y, r ;) where 7 is a Hilbert space, and RN B(7) L Marea
normal representation, and a normal anti-representation, respectively, such that £ s (N)
and 7y (M) commute.

When it is clear from the context, we will denote a bimodule by the underlying Hilbert
space ¢ . For more details on bimodules see e.g. [16,17].

8 By Kadison’s theorem, this property follows if T is a 2-positive or even completely positive normal linear
map.
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Remark 3.2. We will use the natural notation ném := £_pm)rpm)é, n € N,m €
M, & € s, when the bimodule Hilbert space is the identity bimodule L?(M, ),
which is the bimodule arising from a standard representation and standard vector €2 of
M, so it is unique up to unitary equivalence. As a vector space, L2(M, ) is realized
up to unitary equivalence as the GNS Hilbert space .7 of some chosen faithful normal
state w with associated cyclic and separating GNS vector €2. The right- and left action
defining the M — M bimodule structure of LZ(M, ) are defined as

(M) =mé, rypm)E=Jm"J§, (32)

where J = Jq is the modular conjugation associated with €2 that sends M anti-unitarily

to M.
The following proposition [17, Proposition 2.6] will be referenced below:

Proposition 3.3. Let T : N' — M be a channel and let ¢ be a normal state of M with
vector representative € € L*(M), in the natural cone. There exists a N' — M bimodule
Hr and a vector n € A7 such that

(&, T Im*J&) = (n, Ly (W)r (1), (33)

and 1 is cyclic for £y, (N) V 1 4, (M). Moreover, such a bimodule and unit vector are
unique up to unitary transformations.

In the following, f : [0, co) — [0, 00) is an operator monotone function (such that
a, b < oo in its representation (9)).

Definition 3.4. Consider a pair of channels S,7 : N' — M, and a von Neumann
algebra A. We extend the channels to S ® id 4, T ® id 4 : N © A%? — M © A°. Let
7 be any binormal representation of M © A . Then for every vector & € J#; in the
M — Abimodule given by 77, we can consider the states s ;¢ = @ om o (S®id 4) and
1,76 = @gomo(T ®id 4). Consider D s (¢s, ¢ lloT,7,¢) as defined by Proposition 2.17,
now involving the supremum over finite range step functions x with values in ' © A.
Then we define

Dy(SIT) := sup Dy(@s.neller.ae), (34)
(A.8)

where the supremum is over the triples (A, 7, &) consisting of a von Neumann algebra
A, bimodule 7 as above and normalized & € J#. We make the analogous definition for
the BS divergence.

Remark 3.5. When M is finite-dimensional, our definition for Dpg agrees with that of
[27]. This follows from Proposition 2.17 and the part of Proposition 3.7 referring to
finite dimensional type I algebras. In fact [27] also consider the channel divergence for
the function f(¢) = t%, « € (1, 2]. That case is not considered in the present work since
this function is not operator monotone but operator convex, and it is not obvious to what
extent the variational formula in Proposition 2.16 still applies in this case.

Remark 3.6. Consider a normal homomorphism 6 : A — M. Then a new bimodule
) can be constructed by mwisting the identity bimodule L?(M) on the right by using
6. More explicitly, % = L*(M) as Hilbert space, the left action of M is the one
coming from the structure of L2(M) as a left M—module, while the right action of A
is defined rg(a)n := n6(a), n € L>(M), a € A. In this case, the bimodule is denoted
by L3(M, 2).°

9 Analogously, one may define g L2(M).
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Even though we will stick with the above definition in what follows, one may ask
to what extent it is necessary to consider all bimodules in the definition of the channel
divergence (34).

Proposition 3.7. If M is properly infinite (direct sum of factors of types Iso, Il or I1I)
or a direct sum of type I,, factors then we have

Dy(SIT) = sup  Dy(psnglloras)- (35)
EeL? (M),

If M is infinite dimensional and finite (direct sum of factors of type 11 ) then

Dy(SIT) = sup Dy (@s.nzllorms)-
Ee(L2MIBLA (2 (N),

where by L*>(¢% (N)) we mean the Hilbert-Schmidt operators on the separable Hilbert
space £*(N) and by L>(M) ® L2 (¢? (N)) we mean the associated M — M Q B(¢*(N))-
bimodule. The same holds for the BS divergence.

Proof. By definition D¢(S||IT) >  sup  Dy(¢s,zellor,ze). To prove the reverse
§€L2(M)+

inequality, we can assume for the sake of simplicity that A/, M, A are all factors; the

general case may be treated by performing the usual decomposition into a direct sum of

factors.

Case (1) M is of type 1o, oo, I1I. Then the sup in Definition 3.4 can always be real-
ized for a properly infinite .A because we can take the tensor product A ® B(.7) and the
corresponding bimodule if necessary. Consider a M — .4 bimodule .57 . In this case, [17,
Corollary 2.7] implies that there exists a normal homomorphism 6 : A — M, such that
F 1s isomorphic to Lg (M). In other words, there exists a unitary U : # — L*(M)
intertwining the right representation of .7# with the right representation of Lg (M). For
a vector § € J, denote n := U&. Then D¢ (¢s xellor.ne) = Df(@08.m0. 09T 70,0
where 7y is the bimodule representation relative to Lg (M). Now, using the variational
formula in Proposition 2.16

Df(SOS,ng,n ”(pT,m),n)

= sup —log (a%((5®9)(1))+b<pn((T ® 0)(1))
0,000 =>NOA

1
+/ A +D{e, (SN (x,x) + - (T ® 9)()’7)’:))}07#)
(0,00) t (36)

< sup —log (awn((S ®idag) (1)) + b, (T ®idag)(1))
(0.00)—=>NoM

1
+ /(0 )(1 +D{ey((S ® idpg) (v, 7)) + 7T ® idM)(w,wf))}dM>,

where the inequality follows because the second sup is over a larger set which is easily
seen by setting v, := (idy®0)(x;) and w; = 1—v;. Therightsideis D ¢ (¢s 7 5 1197,7,7),
again by our variational formula. Taking the supremum over unit vectors 7 in the natural
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cone then demonstrates the reverse inequality D ¢ (S||T) < sup Dy (@s,ztllor,7,8)
EeL2(M)s
and we are done.

Case (2) M isoftypel,,i.e. M = M, (C). Let (§, 7, A) be a nearly optimal triple in
Definition 3.4 with corresponding bimodule .77, up to tolerance . By replacing r -~ (.A)
if necessary with the potentially larger von Neumann algebra £ 5 (M)’ (which is type
I), we can assume that r 3 (A) = B(%), as well as 77 = C" ® £ . Now let P be the
orthogonal projection on ¢ with range £ ;7 (M)&. Then P € £ (M) so P = r 4 (p)
for some orthogonal projection p € A, and by the Schmidt-decomposition theorem, p
has rank < n. Going through the definitions, we then have forn € N, a € A:

¢sre(n®a) = (& Sn)éa) = (§, S(n)épap)
= ¢s2e((ln®p)(n®@a)(l, ® p)) (37

Let x be a step function valued in M © A such that the infimum in Proposition 2.16 is
achieved up to tolerance ¢. Observe that

(pS,n,é(xtx;k) = @s7e((1;, ® P)xtx;*(ln ® p))
= (pS,n,S((ln®p)xt(1n®p)xt*(1n®p))v (38)

and we get a similar relation for § — T and x; — y; = 1 — x;. Therefore, setting
3=U,Q px:(1, ® p), ¥ = (1, ® p)y:(1, ® p), we have that

Dy(S|T) —2¢

IA

1
—log <a +b+ / (1 + ) {5 76 (xex]) + —wr,n,s(yty,*)}du)
(0,00) !

IA

R 1 .
—log <a +b+ / (1 + ) {@s 7,e (X:5]) + _(PT,JT,S()’Z)’[*)}dM>
(0,00) t
39

Now observe that 1, ® p is the unitin M © pAp and that X, + y, = 1, ® p,so x; €
M © pAp is an admissible step function in the variational principle of Proposition 2.16.
Furthermore p.Ap is naturally isomorphic to a subalgebra of M, (C") = M (since the
rank of p is < n), and that P.5Z (which contains & = P§) is isometric to a subspace of
C" ® C" (since P = r_y(p)). Therefore, the right side of (39) is less than or equal to
Dy(p sk | P75, é)’ where 7 is the representation associated with the standard M — M-

bimodule C" ® C”, and where £ is the unit vector in that bimodule corresponding to &.
Thus, if M = M, (C") it is sufficient in the variational Definition 3.4 to consider only
M — M bimodules.

Case (3) M is of type II;. Consider a M — A-bimodule #. Then 7 ® L*(¢*(N))
is naturally a M ® B(¢*(N)) — A ® B(¢*(N))-bimodule. Both algebras M ® B(£?(N))
and A ® B(¢%(N)) are properly infinite. Thus, by the same reasoning as above in (1),
we know that the maximizing bimodule can be taken to be a standard bimodule for
M ® B(£*(N)). Restricting this standard bimodule to a M — M ® B(¢2(N))-bimodule
gives a bimodule whose associated f-divergence as in Definition 3.4 is not smaller than
that of the original M — A-bimodule.

For the BS divergence, we consider the variational principle given by Proposition 2.17
instead of Proposition 2.16. O
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3.2. Basic properties of channel divergence. We will now prove some basic properties
of the channel divergences. In the next lemmas, D is the divergence associated with a
non-negative operator monotone function f : [0, co) — [0, co) with the representation
(9) such that a,b < oo and Dpg is the BS divergence (basically corresponding to
f () = logt). In our proof of the next theorem, we cannot use directly the proofs [25,
Theorem 4.4, Proposition 4.5] for D ¢ (¢||1/) because our definition of D ¢ (T || S) is based
fundamentally on a variational principle for testfunctions valued in M © AP, which is
not a von Neumann algebra. Fortunately, it is well-known [53] (see also [54, Chapter
5]) that variational principles can provide alternative proofs.

Theorem 3.8 /. (Lower semi-continuity). Let T,,, S, be channels such that T,(m) —
T (m), S,(m) — S(m)weakly foranym € M.Then D¢(S||T) < liminf, D¢ (S,|T,),
and similarly Dpg(S||T) < liminf,, Dps(S,||Tn)-

2. (Data processing inequality) Let S1, S8, : N - M, T : R — N be channels
between von Neumann algebras. Then D y(S111S2) = Dy(S1 0TSz 0 T). Similarly,
Dps(Sil1S2) = Dps(S10T|[S20T).

3. (Joint convexity) Let p;, q; be probability distributions over a finite set and T;, S; :
N — M channels. Then

Dy piSil Y a;T) <Y piai D (SillT)), (40)
i J i,j

and similarly for Dpg.
4. (Dilation) Given channels S, T : N'— M, then D¢ (S||T) = Dy (S®idpp2myIT®
idp2(ny))- The same holds for Dps(S||T).

Proof. (1) Consider an M — A bimodule 7 and unit vector & € %, that achieves the
supremum in the variational definition (34) up to a tolerance ¢. Then

Dy(SIT) —2e = Dy(ps,nellorne) — €
< llmnlnf Df(QOS,,,n,s lor, ¢) 1)
< liminf D ¢ (S, || T,).
n

The first inequality is proven as follows. Consider an admissible step function
x : (0,00) - M O A in Proposition 2.16 such that D is achieved up to the
tolerance ¢, we see

D¢ (ps.nellorne) — €

1
= —log (a +b+ /(o )(1 +0{@s 7,6 (X, x7) + ;(pT,n,s(y,yt*)}du(t)>
, 00

. 1

= —log (a +b+1lim (1 +0){eps, 7 (x,x]) + —son,n,s(y,y;")}du(t))
nJ(0,00) !

< limninf D¢ (¢s, x.el9T, 7.)s 42)

using again the variational principle in the last line. The statement for the BS diver-
gence likewise follows from the corresponding variational formula, see Lemma2.17.
(2) Let (¢, m, A) be a nearly optimal triple as in definition (34) for D¢ (S; o T||S2 0 T)
up to tolerance ¢. Consider a step function x, € A’ ® A as in Proposition 2.16 that
is nearly optimal in the variational characterization of D s (¢s,07,7,¢ |0550T,7,&) Up



Channel Divergences and Complexity 943

to a tolerance ¢ > 0. Then clearly (T ® id)(x;) € M © A is an admissible step
function in the variational characterization of D ¢ (¢s, x.¢ l¢s,,x,£), and so we have,
using Kadison’s theorem (T ® id)(n*n) > (T ® id)(n)*(T ® id)(n) and the unital
property T(1) = 1,

Di(S1oT|S20T) — 26 < Dy (¢s,0T, .t 10807, 7,6) — €

1
< —log (a +b+ /<o )(1 +0){gs, 76 o T(xx7) + TPk O T(y,y,*)}du(t))
1
< —log (a +h+ /(0 )(1 +0){@s,72,6 (T )T () + ;sé’sm,s(T(y,)T(y,*))}dM(t))
=

. 1
—log (a +b+  inf / A+ 0){@s) 7,6 (6, X)) + =955 7.6 (v ¥} ()
(0,00)~> M J (0,00) ?

D (¢si nell@syne) < Dr(S11$2), (43)

and therefore the statement follows because ¢ was arbitrary. The proof for the BS
divergence is similar and now based on Proposition 2.17.

(3) The variational principles expressed in definition (34) and Proposition 2.16 display
D¢ (S||T) as a double supremum of affine functionals of §, 7. Joint convexity
follows. The details are similar to (2).

(4) Let # be a M ® B(£%(N)) — A bimodule. Since a left representation is a right
representation of the opposite algebra, this is also a M — B(£?(N))°” ® A bimodule,
hence included in the maximization in Definition 3.4 of D (S||T). Thus, we have
Df(S”T) > Df(S ® ldB(fz(N)) ||T ® ldB((ZZ(N))) On the other hand, let (7'[, ./4., s)
be a nearly optimal triple in the Definition 3.4 of Dy(S||T), up to tolerance &,
where 7 corresponds to some M — A bimodule 7. Then H = 2(N)®@ H
is a M ® B(*(N)) — A bimodule. Let 5 be any unit vector in £>(N) and set
E=tQnaswellas § = SQ® idg2ay)- If x¢ is a step function achieving
the supremum the variational formula (Proposition 2.16) of Dy (¢, s.¢ l¢x,s,¢) up
to tolerance &, it follows that X; := x; ® 1,2 is a valid step function in the
variational definition of D f((pﬁ’ ¥ oz, . é;) achieving the same value. So we have
Dy(SIIT)—2e < Df(S® idB(ZZ(N)) IT® idB([z(N))), and (4) is proven for Dy. In
the case of Dpg we use instead Proposition 2.17.

O

Our basic proof strategy to prove certain more profound properties of the channel
divergence below will be to reduce the statements to those for finite dimensional matrix
algebras obtained recently in [27], and to do this we will need to restrict attention from
now on to hyperfinite von Neumann algebras. [A von Neumann algebra A/ on a Hilbert
space 7 is said to be hyperfinite if there exists a sequence (“filtration”) {\,, }pen C N of
finite dimensional subalgebras, increasing, i.e. N, C N,41, such that N = (U, Nn)//.]

Examples of hyperfinite factors are all type I factors, i.e. B(5¢), M,,(C), but there
also exist hyperfinite factors of types II and III. Let A, M be hyperfinite factors, let
S, T : N'— M be channels, and let \V,;, M,, be filtrations of A/, and M, respectively.
Following [55] one can construct for each n a “generalized conditional expectation”
E, : M — M, as follows. Let w, = w[M,, be the restriction of the faithful normal
state w on M, with GNS representation 7,,, GNS Hilbert space 7%, and GNS vector
;. Let J,, be the modular conjugation associated with €2, and define a partial isometry
Vo @ g — by Vi (x)Q2y := xQ where x € M,,. One can check that V) M'V,, C
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7, (M,,) . Tt is therefore consistent to define E,, (m) to be the unique element x,, € M,
such that

T (xp) = L,V ImJIV, Jy, (44)

where J is the modular conjugation associated with 2 and M. By construction, each
E, is a channel.

Lemma 3.9 (see [56]). E, (m) — m strongly as n — oo for allm € M.
We get:

Proposition 3.10 (Martingale property). We have D ¢ (S||T) = sup, D¢ (SIar, IIT [ Ar,)-
Similarly, Dps(S||IT) = sup, Dps(STn, IIT I n,)

Proof. Consider first the case Dy. Let (&, 7, A) be a nearly optimal triple as in the
definition (34) of D¢ (S||T). We let p, be the abstract units in M, which from an
increasing net of projections in M. By the von Neumann density theorem, p, — 1
strongly. By monotonicity, i.e. by the data processing inequality applied to the inclusion
channel M,, C M, we have limsup, D¢ (S| am, 1T I am,) < Dr(SIT).

Let B := |J, M, which is a x-subalgebra of M whose weak closure is B” =
M. By the von Neumann density theorem, B is strongly dense on M. Let x; be an
admissible step function as in Proposition 2.16 valued in M © A°? which approximates
D ¢ (¢s,7,£1l9T,7,¢) up to an arbitrary chosen tolerance ¢. Because x; has finite range and
because 3 is strongly dense in M, we can construct a sequence the step functions x;, ;
in M, ® A such that x, ; is constant on each interval where x; is constant, such that
Xn: = pp for any ¢ which is so small that x, = 1, and such that moreover x,, ; — x;
strongly on each such interval as n — oo. Then ¢s 7 £(x,, X, ;) — @s.7.6(x,x;) and,
letting yn,r = pn — Xn,r € Mo, 97,76 V1 Vi) = ©7,7,6(y,¥) as n — oo, uniformly
in z. We insert the step functions x;, ;, ¥, ; and the unit p, instead of x;, y; and 1 into the
right side of the variational formula Proposition 2.16.

The convergence properties of the step functions x, ;, y,,; and the unit p, mean that
the right side converges to Dy(¢sncllorne) — € as n  — 00, thus
liminf, D (ST, IT Pan,) = Dr(@sxellorng) —e > Dy(S|T) — 2e. We can take
¢ smaller and smaller, proving that liminf, D ¢(STam, IT T m,) = Dyr(S|IT), which
demonstrates the proposition.

For the BS divergence, we proceed in a similar way now using variational principle
Proposition 2.17. O

Combining the previous lemma and the martingale property we get:

Lemma 3.11. We have D¢ (S||T) = limy, sup, D s (Ey o ST 1Em o T T y,), and sim-
ilarly for the BS divergence.

Proof. Consider the channels E,, 0 S, E;; o T : N = M,, and an M,,, — A bimodule
S, representation 1,,, and vector &,, € %, as in the definition of D¢ (E,;, o T || Ey 0 5)
such that the supremum (34) is achieved. By Lemma 3.7, we may assume the bimodule
in question to be the standard M,, — M,, bimodule L?(M,,). From the channel E,, :
M — M,, and the functional (§,,, .&,), we then get an induced M — M,,, bimodule in
view of Proposition 3.3. It immediately follows that D ¢(S||T) > D¢ (Ey; o S||Epy o T)
because in the variational definition (34) of D¢ (S||T), we take the supremum over
the larger set of all bimodules whereas D¢(Ey o S||E;, o T) corresponds precisely
to the induced bimodule M — M,, just described. Thus, we see that D (S||T) >
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lim sup,, D¢ (Ey;, o S|E;n o T), whereas D¢ (S||T) < liminf,, D¢(Ey o S|E;y o T)
follows in view of the lower semi-continuity of the channel divergence because E,;, is
pointwise strongly — hence weakly — convergent by Lemma 3.9. Therefore, we see that,
simply D¢ (S||IT) = lim,, Dy(Ey o S||E;; o T). The statement now follows from the
martingale property. The proof for the BS divergence is similar and based instead on
Proposition 2.17. O

The following property, observed and proven first in [27] for matrix algebras, is
crucial for this work.

Proposition 3.12 (Internal subadditivity). Let S, T» : N' — R, 81, T : R — M be
channels between hyperfinite von Neumann algebras. Then we have

Dps($2081TaoT1) < Y Dps(SilTh). (45)
i=1,2

Proof. Let E,; : R — Ry, Fr, : M — Mj, be sequences of generalized conditional
expectations as described above.

Dps(S1082(T1 o T2)
< liminf Dgs(S1 0 E;;; 0 $2||T1 0 Epyy 0 T)
m

< liminflimkinf Dps(FroSio0Ey, o8| FroTioEyoTp)
m

= lim inf lim inf sup Dps(F 0 S1 0 Ep 0 Sy IN, || Fx 0 Ty 0 Eyy 0 To [ Ny)
m k n (46)

< lim inf lim inf sup (DB s(Fi 0 S1 1Rl Fr o Ty 1Ry)
m n

+ Dps(En 0 21Nl En 0 T2 1N )
= Dps(S1[T1) + Dps(52|T2)

In the first two lines we used lower semi-continuity, in the third line we used the mar-
tingale property, in the fourth line we used the result by [27] in the context of finite-
dimensional von Neumann algebras, and in the last step we used the martingale property
and Lemma 3.11. O

Remark 3.13. A noteworthy special case of the proposition arises when M = C, i.e.
S1, T are states. In this case the subadditivity corresponds to the “chain rule” of [27].

Consider channels S;, T; : N; — M; between hyperfinite von Neumann algebras
represented on Hilbert spaces ¢/, where i = 1, 2. We can form the weak closure of
N1ON; in B(#4 ® .74) and denote this (hyperfinite) von Neumann algebra by A1 QN>
and we proceed similarly for M;. Then it follows that $; ® S> : N1 ON2 — M@ M,
can be extended to a channel §; ® S, from N1®N> — M @My, and similarly for
T1 ® T,. Then we have:

Proposition 3.14 (External additivity). Let S;, T; : N; — M, be channels between the
hyperfinite von Neumann algebras N;, M;,i = 1,2. Then Dgs(S1 @ S>||T1 ® T») =
> Dps(SiIT).
i=1,2
Proof. Similar to the proof of internal subadditivity using again Lemma 3.11 and that
Dps is additive under the tensor product in the finite dimensional case by results of [27].
O
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3.3. Channel divergences for Kraus channels. Let M be a von Neumann algebra in
standard form acting on the Hilbert space .7 with cyclic and separating vector 2. We
consider a class of channels 7', S : M — M of so-called “Kraus type” investigated
in the context of general von Neumann algebras by [57]. By definition, these are of the
form

N

N
S(m) = Zal-*ma,-, Za;‘ai =1,
i=1

i=1

47)
M M
T(m) = Zbl*mb,, Zb;kbz =1,
i=1 i=1

with m,a;,b; € M and N, M € N. Our aim is to give a formula for Dgs(S||T) for
the channel divergence of two Kraus channels in terms of their “Choi operators” also
introduced in this context by [57]. To this end, we define the Choi operators Cs, Ct €
B(?) for such channels as, respectively

N M
Cs =Y a|Q)(Qlaf, Cr = blQNQIb} . (48)

i=1 i=1

By construction Cs € B(%) is anon-negative operator of finite rank such that Tr j»Cs =
SN 114l = 1, and similarly for Cr.

LetC C B(J7) be the x-subalgebra of all operators of the form ZlN: 1 €i1R2)(2|d; for
some N € N, ¢;,d; € M. By [57, Theorem 4], the spectral projections of the operators
Cs, Cr are in C and consequently this algebra is closed under the spectral calculus.
Now suppose o is the Kubo-Ando connection associated with a non-negative operator
monotone function f : [0, c0) — [0, 00) with a, b < oo in (9). It follows from (15)
that the expressions under the limit in

CsoCy = lim (cs +&(Cs + CT))U (CT +&(Cs + CT)> (49)
e—0

are non-negative elements from C. Since the arguments of the mean o are decreasing
and strongly convergent as ¢ — 0, the limit not only exists by the properties of the
Kubo-Ando connections, but is also in Csa Ct € C, see the proof of [57, Theorem 4].
Hence Cso Cr is in particular a non-negative finite rank operator in B(5¢).

For the operator monotone function f(t) = logt on (0, 00), similar arguments show
that the operators [Cs+&(Cs+Cr)]o[Cr+e(Cs+Cr)] are still in C for ¢ > 0. The limit
& — 0 of this decreasing sequence exists but possibly only in the sense of an unbounded
quadratic form. In fact, as long as ¢ > 0, one can see e.g. from (15), ||Cs|, |IC7|| < 1
together with V* f(A)V < f(V*AV) for contractions V, positive A € B(J¢); and
operator monotone functions f : (0, co) — R (see e.g. [58]), that

[Cs+e(Cs+Cr)]o[Cr +&(Cs +Cr)]
< max{l, (1 +&)[|Cs[l +&[|Cr [} log[Cr +&(Cs + Cr)] (50)
< (1+2¢)log(1 +2¢6) =% 0.

Thus, for f(¢) = logt, the corresponding Kubo-Ando mean Cso Cr defines a negative
possibly unbounded quadratic form given by a finite rank operator in C on its domain. As-
sume that Cgo Cr is bounded, hence in C. Then the positive finite rank operator —Cgo C1
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may be written as a linear combination of its eigenprojections as Z;;l cjl2) (Q|c;’f for
some c; € M, K € Ny, which gives, for m" € M’
K K
(Qs.r.m™*m'Qsr) =Y (Q.m*c;cim'Q) < | Y llej 17 | (. m"*m'Q). (51)
j=1 j=1

Definition 3.15. Let o be the Kubo-Ando mean for f(t) = logt and assume that Csa Ct
is bounded (hence in C). Then we define Qs 7 € L*(M, Q), as the unique representer
of the positive normal functional on M’ associated with the non-negative finite rank
operator —Cgo Ct for the operator mean associated with f(t) = logt,

(2.7, m'Qs.7) = —Trjf[m/(csacT)], m e M. (52)

Remark 3.16. By the Connes—Radon-Nikodym theorem and (51), there mustbe m € M
such that Qg 7 = mQ € MQ. We therefore have Qg 1 € L*(M, Q) = MQ by the
well-known characterization of this space.

Proposition 3.17. For two Kraus channels S, T on the finite dimensional or properly
infinite hyperfinite von Neuwmann algebra M standardly represented on L*(M, Q) we
have

2
Ds(S|IT) = HQ H 53
w17 = |25 Lo (53)

with the convention that the right side is +00 if Cso Cr is unbounded.

Proof. First assume that Cso Cr is bounded, so Q57 € L®(M, Q) = MQ by the
preceding remark. By Proposition 3.7 we can restrict attention to the standard bimodule
A = L*(M, Q) in the variational definition (34) of channel divergence. Furthermore,
since M’ is strongly dense in J# as € is standard, it is sufficient to restrict to vectors
& € A of the form & = x'Q, x’ € M’ in the variational definition. We get using the
definitions and the notations m’ = Jm°*J € M’,x’ = Jx°P*J and X := 7 (1 ® x°P),

@s.7.6(mQ@mP) = (€, w(S(m) ® mP)E)

(&, L(aimay)rp(m)E)

Il
AMZ

Il
-

Il
AMZ

I
_

(x'Q, afma,m'x'Q) (54)

(x'a; 2, mm'x'a; Q)

Il
.MZ

I
_

= Tr%)[XCSX*n(m ® m””)]
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We also have a similar formula replacing S by T and a; by b;. The variational principle
for the maximal B S-divergence (Proposition 2.17) thereby gives us

Dps(@s,z,:197,7,6)

00 _ dt
= sup sup (log” B /1/ {ps.meuy) +1 lwr‘”’f(w’w;k)}T) (55)
n

o dt
= sup sup (logn — / {Trop (VFXCsX*V,) + t_lTr(;f(Wt*XCTX*W,)}T)

1/n

by (54), where the first supremum is over n € N, the second supremum is over the

finite range step functions (1/x, c0) 5 M O M such v, = 0 for sufficiently large
t, and where we use the abbreviations V; = w(v;), w;, = 1 — v;, Wy = m(v;). Since
the strong closure of 7 (M © M“P) is strongly dense in B(5¢), the step functions V;
can be used to approximate in the strong topology any given finite range step function
(0, 00) — B(J#) which is zero for sufficiently large 7 and 1 for sufficiently small 7. Let
P be any orthogonal projection onto a finite dimensional subspace of 7 containing the
(finite dimensional) ranges of X CsX* and X C7 X*. Then it follows that we may further
replace V; by PV; P and W; by PW; P and the variational formula [44, Remark 9.2] (or
our Proposition 2.17) therefore tells us that

Dps(@s zellor,ne) = —Trypy (XCSX*)U(XCTX*)P]
- —Tr:;g;-(XCSX*)a(XCTX*)]
— Ty _X(CSUCT)X*]

- (56)
= “Tryp|7(1 ®x)(Cso Cr)n(1 ® x”P)*]

= —Tr -x/*x/(CsacT):I

where we used that P was arbitrary so long as its range ranges of XCgX* and XC7 X*
to go the third line, and where we used the transformer equality (see e.g. [25, Lemma
D.3]) to go to the fourth line. The last step is admissible if we assume that x’, hence

X, is invertible, which we assume momentarily is the case. Since we know that Qs 7 €
L (M, Q), there is m € M such that Qg 7 = m<, therefore

2

’

X/QS,T‘

2 2
Das@s.nslerns) = |¢me| = |ms|". (57)

If we could show that x'Q2 with x” € M’ ranging over the invertible elements is dense
in 2, then this formula would hold on for all & € 7. This follows, in fact, from the
hyperfinite property because invertible elements are norm dense in a finite-dimensional
von Neumann algebra, and M is the strong closure of hyperfinite algebras. Thus, we get
a strongly convergent sequence x, — x with x,, invertible for any x € M. Applying
this to x := Jx'J and choosing x;, = Jx,J gives the statement. Taking the supremum
over our strongly dense set of vectors £ with unit norm now gives the statement of the
proposition because [|m|| = 125, 7 | Lo (M, 0)-
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Let us now assume that Cso Cr is not bounded. The completely positive maps T :=
T+e(S+T),S: :=8+¢e(S+T) do not suffer from this problem for ¢ > 0 and are
(non-normalized) increasing (as ¢ — 0) sequences of Kraus channels. By monotonicity
of the operator mean o, Cs, 0 Cr, is an increasing sequence of self-adjoint operators in C
whose range remains in a fixed finite dimensional subspace of H. Hence it is convergent
to the unbounded operator Cso Cr in norm from which we can see that there must be
x" € M such that —Tr y[x"*x’(Cs, 0 Cr,)] diverges to +00, hence so does Dps(Se || %)
by (56). However, since T, S are decreasing sequences of channels, by monotonicity
Dps(SIT) = Dps(SellTe) — oo. 0

3.4. Examples. As a simple special case of Kraus channels we consider S, T in (47) of
the form

N
> aaf =1, afaj =81, be*:L bib; =6 ;1. (58)

In other words, {a;} respectively {b;} each generate algebras isomorphic to the Cuntz
algebras on N respectively M isometries.

Corollary 3.18. Let M be a finite dimensional or properly infinite von Neumann algebra
and let S, T be Kraus channels such that (58) holds for some N, M € N. Then either
N=MandT =S, orwe have Dgs(S||T) = oo, or N < M and Dgs(S||T) = 0.

Remark 3.19. In particular, note that if T (m) = umu™ with u € M unitary and S = id,
we have Dps(id||T) = Dps(T||id) = oo unless u = Al.

Proof. 1t follows from the Cuntz algebra relations that the corresponding Choi operators
are Cr = Q and Cg = P are orthogonal projections of rank N respectively M on 7.
Denote by P A Q the orthogonal projection onto the intersection of the ranges of P and Q.
Consider the operator monotone functions f; () := log(¢+ % ), t > 0, which have integral
representations f, (r) = —logn + | lo/on tjr—v%, and let o, be the corresponding operator
means. By the proof of [45, Theorem 3.7], we have (¢t P) : Q = ¢(t + D=YP A 0).By
the integral representation (10) for this mean, we therefore get

| o0 dt
Po,Q = Plog, + [(tP) : Q]—2

_Plog +(P/\Q)//n [+ D) 59)

=[(PAQ)— Pllogn— (P A Q)[logn — (logt — log(1 + t))]°7n:|
=[(P A Q) — Pllogn + (P A @) log(l + 1)

As n — 00, the operator means Po, Q are decreasing (hence convergent) to the po-
tentially unbounded quadratic form Po Q = [(P A Q) — P]oo, where o corresponds
to the operator monotone function f(¢) = logt. Therefore, if Po Q is to be bounded,
we must have (P A Q) — P = 0, so P must be a subprojection of Q, or otherwise
Dps(S||IT) = oo by Proposition 3.17. If P = Q, then N = M, and there must be

R;j € C such that ¢;Q2 = Z;v:l R;jb;, and since 2 is separating, we must have
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a; = Z?]:l R;jb;. The Cuntz algebra relations then show that (R;;) is a unitary matrix
and then clearly S = T. If P < Q, then clearly N < M and it follows that Po, Q is
decreasing (hence convergent) to 0 and Dps(S||T) = 0. |

Another very simple but conceptually relevant example is:
Proposition 3.20. Let M be a finite dimensional or properly infinite, hyperfinite von

Neumann algebra and let e; € M be N mutually orthogonal projections such that
> .ei =1,0 < e < 1. We consider the Kraus channel

M(@m) = eymey +---+eymey (60)
corresponding to an N -ary measurement. Then
Dps(id||M) = log N (61)

Proof. The Choi operator associated with M is Cy = ) ¢;|R2)(Q|e; and that for
the identity channel id is Ciy = |2)(€2|. We begin by working out the parallel sum
(&, [(tCig) : Cy)€) using the variational definition (11). A minimizer ¢ in that defini-
tion has to satisfy

HQ, 00)Q = ) (iR, E — (o)ei =0. (62)

1

The vectors e; 2 are non-zero and linearly independent because 2 is separating and
because the ¢;’s are orthogonal and non-trivial. We therefore see that

(2, ¢o) = (€i$2,§ — &o) (63)

foralli =1, ..., N and any solution ¢y is a minimizer for the variational problem (11).
To find a solution we consider the ansatz {o = ), a; llei 211~ 2e; 2, leading to a linear
system for the unknown complex coefficients a;. A solution is

aj = (€2, §) —

e s 2 6) (64)

Substituting the corresponding &g into the variational definition (11) yields

(¢, [(Cia) : Cmlé) = €, )%, (65)

Nt +1

noting that the dependence upon e; has cancelled. In other words [(Ciy) : Cy] =

;1 |€2)(€2|. Next we use the integral representation (10) for the Kubo-Ando means

Nt+
o, associated with the functions f, () = log(% + ). The corresponding measures d
are read off from the integral representations f, (1) = —logn + [ lo/on %% This gives

for the Kubo-Ando mean C;y0 Cys associated with f(¢) = logt as required for the BS
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divergence,

—CidO’CM = lim —C,’dUnCM
n

. dt
= lim <(logn)C,~d — / [(tCiq) : CM]_2>
n (1/n,00) !

o t dt
= 11’£n1111{n ((logn)lQ)(Q| — /(WK) (N[ 1 |52><52|) 72)

dt (66)
= lim lim (logn - / —) [€2)(€2]
no K (/n.k) LNt +1)
K K
= limlim | logn — log(?) +log(Nt +1) |2) (2]
noK 1n 1/n
= (log N)[€2)(S2].
Next we use the definition (52) for S =id, T = M, giving
Qia.m = (log N)'/?Q. (67)

By Proposition 3.17, we therefore have Dpgs(id||M) = log N as we wanted to show. O
Our final example concerns finite index inclusions of von Neumann factors.

Proposition 3.21. Let N' C M be a finite index inclusion of von Neumann factors
with associated minimal conditional expectation E : M — N. Then Dps(id||E) =
log[M : N].

Proof. a) We let d> = [M : N] and we first show Dps(id||E) > logd? using the
variational definition (34) for the channel divergence in the case of the BS divergence.
We let e be the Jones projection for the inclusion, i.e. M is generated by N and e. Then
E(e) = d~?1. Let 7 be the representation of M © M coming from the standard
bimodule L?(M) with underlying Hilbert space .7#. Recall that for & € .7# we have by
definition @¢ £ » (m @ m°P) = (£, E(m)J (m°P)* J&) for the quantity appearing in (34)
for the channel E : M — N. We use this bimodule in the variational characterization
of Proposition 2.17 involving a supremum over n € N and admissible step functions

(1/n, 00) 5 MO M (as well as y; := 1 — x;). We obtain a lower bound by
constructing a specific step function x, for each n € N and show that the limit n — oo
of the variational expression in Proposition 2.17 tends to a quantity that is at least log d>.

For this, we choose a standard vector Q € 57 for M and let £ := ¢Q2/|eS2]|. We
also let

l—Hd;,ze(X)l 1/n <t <n,

= 68
A 0 t>n (68)
and we let y; = 1 — x,. Since e = & and E(e) = d 21, we get
252 4
t°d d
P En (YY) = a2 Qeid,x (X7 x;) = C1d? (69)
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in the range ¢ < n. This gives us

o . 1 L dt
{0gidn (X x) + —0e B (¥ y)} —
1/n t t
n d=—* d=2t dr 1
= G+d 22 " a+a )T T
1/n (70)

1 _2/"0 dt
—+d JE—
n 1/n l([+d_2)

1, g2y, L
=logn+log(n™" +d ")+ —.
n

IA

Then it follows from the variational characterization of the BS divergence (Proposi-
tion 2.17) that

Dps(¢zid,x llog E.7)
o0 N 1 L dt
> sup logn - {wé,id,f[(x[ x[) + —YeEm (y[ yz)}_
n 1/n t t

. o 1 dt (71)
> lim <logn = {@e.ia n (x;x,) + _(ﬂS,E‘n(yt*yt)}_)
n 1/n t t

1
> lim <logn — (logn + log(rf1 +d %)+ —)) = logdz.
n n

By the variational characterization of the channel divergence as a supremum of
Dps(@e,id = ll@e E,x) over triples (A, , £) we therefore have Dps(id||E) > log d2.

b) The conditional expectation satisfies the Pimsner-Popabound £ > d —2;{d [38,59].
Let ¢ > 0. Then we can choose a triple (7, A, £) (consisting of a von Neumann algebra
A, binormal representation 7t on . of M ©® A°, and unit vector & in ) ann € N,
and an admissible step function (1/n, co) 5 M © A% such that the supremum in the
variational definition (34) is saturated up to tolerance &:

Dps(id||E) — ¢

o0 . 1 N dt
< logn - {<P§,id,n(x; x;)+;<ﬂ§,E,n()’; y[))}T
1/n

* . 1 o4t (72)
< 103” - {(Ps,id,n (Xt xt) + _2§0$,id,71 (yt yt)}_

1/n td t
o0

_ 1 dt
= 10gd2 +log(nd 2) - / {(ﬂé,id,n(xt*xf) + ;(ﬂé,id,n(}’t*yt)}T

1/(nd=?)

The right side is < logd? + Dps(id||id) = log d? using the variational definition again.
Since ¢ > 0 can be as small as we like we have shown Dps(id||E) < log d?. We have
already shown Dps(id| E) > logd? in a) so the proof is complete. O

4. Applications to QFT

4.1. Algebraic QFT. We recall the axioms in the algebraic approach to QFT, see [60]
as a general reference. In the preceding sections we have described properties of the
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channel divergence Dpg in the general context of von Neumann algebras. In the context
of local QFT, one has additional structure due to spacetime localization, and it turns out
that this structure plays very nicely with the notion of channel divergence. We restrict
to the setting of Minkowski spacetime (R”", n) forn > 2.

A causal diamond O is the causal completion of an open, simply connected subset U
with compact closure of a Cauchy surface, where the causal structure is induced by the
Minkowski metric. A QFT in the algebraic setting (‘AQFT”) is an assignment of simply
connected causal diamonds to von Neumann factors O +— A(O) represented on the
same Hilbert space J¢, subject to the following conditions:

(al) (Isotony) A(01) C A(0y) if O1 C 02. We write A = |, A(O) with comple-
tion in the operator norm.

(a2) (Causality) [A(O1), A(02)] = {0} if Oy is space-like related to O;.

(a3) (Relativistic covariance) For each g € P covering10 a Poincaré transformation
(A,a) €e P=S0,(n — 1, 1) x R", there is an automorphism «g on A such that
ag A(O) = A(AO + a) for all causal diamonds O and such that gy = oo/
and «(1,0) = id is the identity.

(a4) (Vacuum) There is a strongly continuous positive energy representation g — U(g)
on JZ implementing oy (a) = U(g)aU(g)* foralla € A. There is a vector 2 (the
vacuum) which is cyclic for A and such that U(g)Q2 = Q for all g € P. Positive
energy means that if x € R” C P is a translation by x, we can write

U(x) = exp(=in(P, x)), (73)

and the vector generator P = (PO, Pl ..., P”’l) has spectral values p in the
forward lightcone p € V* = {p e R" | n(p, p) = 0, p° > 0.

(a5) (Additivity) Let O; be a family of causal diamonds such that O = U; O;. Then
(Ui A(0)" = A(0).

For technical purposes, we also impose a “nuclearity condition.” The main purpose
of that condition is to ensure a certain regularity on the theory, and several closely related
versions of such a condition have been proposed. In so far as we can see, many of these
would more or less all be equally good for our purposes. For definiteness, we impose
[61]:

(a6) (BW-nuclearity) Let A be a ball of radius » in Cauchy surface, and let O, be the
corresponding causal diamond. Consider the map

Op, t A0,) = A ars e PHaQ (74)

where 8 > 0 and where H = PY is the Hamiltonian, i.e. the time-component of P
initem (a4). It is required that there exist positive constants s > O andc = ¢(r) > 0
such that for r > 0, 8 > 0 we have [|Og |l < ¢/P)"  Here we use the nuclear
I-norm discussed further e.g. in [62].

‘We now comment on two well-known important consequences of these results for our
analysis, see [60] for further details and references. First, by the Reeh—Schlieder theorem,
Q is cyclic and separating for each A(O), so the vacuum automatically provides a
standard form for each local von Neumann algebra. Secondly, each A(O) is a hyperfinite
factor of type Il [63] which is a unique object up to von Neumann isomorphism by [64].

10 The covering group is needed to describe non-integer spin.
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As a consequence, we can apply all of our results on the channel divergences Dpg to
the local algebras A(0O).

It is important to stress that a priori, .A(O) is defined only for causal diamonds
associated with simply connected subsets of a Cauchy surface. If K is any open, causally
complete subset of R”, we could define either

A(K) = (Vock A(0)", or B(K) = (VorckAO)). (75)

In either case, a prime on a region O or K means the causal complement. For topologi-
cally trivial causal diamonds O with compact closure it is a result that A(O’) = A(O")
(Haag duality), so by (a5), A(O) = B(0) for topologically trivial causal diamonds.
Either A or B gives a net in the above sense with the possible exception of condition
(ad) in the case of B. B(K) is in general strictly bigger for topologically non-trivial
regions K than A(K).

DHR-Representations: See [34,35,60,65]. The Hilbert space 7 may be considered
as the defining (vacuum) representation of the net, but it is physically relevant to also
consider other representations. We shall consider representation 7 of .4 on a Hilbert
space 4, which are ultraweakly continuous when restricted to any .A(O) and which
satisfy:

o (DHR-selection criterion) [34,35] 7| 4(0)yn.4 is unitarily equivalent to the vacuum
representation for some O.

o (BF-selection criterion) [65] The automorphisms o, in (a3) are unitarily imple-
mented in 7, i.e. there exists a strongly continuous positive energy representation
Uy (g) such that 7w (g (a)) = Ur (g)m(a)Ux (g)* such that the generator Py of trans-
lations Uy (x) = exp(—in(Py, x)) on 7 has an isolated mass shell in its spectrum,
i.e. spec(Pr) C {p : n(p.p) = M*, p° > 0} U {p : n(p. p) = m?, p° > 0} for
some m> > M? > 0.

If we let V be a unitary implementing the unitary equivalence in the first item, then
p(a) := V*r(a)V is an endomorphism of A such that

elawoyna =id. (76)

One says that p is a localized endomorphism (in O) for this reason. Furthermore, p is
transportable in the following sense. Let O1 := O, p; := p and let O3 be another causal
diamond. Then there exists a unitary up; € A(O1) vV A(O>) such that Adusj o p1 =: p2
is an endomorphism satisfying the DHR- and BF- selection criteria that is localized in
0;. We will refer to the endomorphisms arising from the selection criteria above as a
localized, transportable endomorphism.

Let p be a transportable irreducible endomorphism localized in some O. As is known,
the selection criteria imply a considerable amount of further algebraic structure associ-
ated with p. First, we have a so-called conjugate transportable endomorphism p together
with solutions r, 7 € A(O) and d,, > 1 to the intertwining

pp(a)yr =ra, ppl@r=ra (a€A (77)
and conjugacy relations
r'r=d,1, rr=d,l, r'pF)=1=r"p(r). (78)

Aleftinverse of p is givenby W, (a) := dp_ 1% p(a)r. The Jones projection for the exten-
sion A(O) of p(A(O))isgivenbye, = d;] rr* and the minimal conditional expectation
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isE, : A(0) — p(A(0))isgivenby E, = poW,.d, isreferred to as the “statistical di-
mension” of p. By the index-statistics theorem [33], d, = [A(O) : p(AON]V? < 0.
Similar constructions apply to reducible endomorphisms/representations.

For a variant of this theory for conformal field theories in n = 2 spacetime dimensions
see [33,60].

4.2. Complexity of channels in AQFT. Let T be a completely positive map of the quasi-
local algebra A such that, for some sufficiently large causal diamond O, it restricts
to a channel of A(O). By [17, Theorem 2.10], we may write

T(a) =v*8(a)v, a € A(O) (79)

where v is an isometry of A(O) and 6 is an endomorphism of A(O). This motivates the
following definition.

Definition 4.1. A channel T : A — A s called localized and transportable if it is of the
form (79) for some localized (in some causal diamond O) transportable endomorphism
0 and some isometry v € A(O).

Remark 4.2. (1) Note that by definition, T'| 40yn4 = id, i.e. T is the identity in the
causal complement of O.

(2) It is easy to see that the set of localized and transportable channels is stable under
composition, i.e. the composition is again of the form (79). It is also closed under
convex combinations: Let 7; be localized, transportable channels of the form (79)
with v;, 6;, and p; a probability distribution on a finite set. Since A(O) is type III
[21], there are isometries a; in A(O) satisfying the Cuntz algebra relations (58). Then
set v = ) /piajv; and O(m) = ) a;0;(m)a}’,m € A(O). It follows that 6 is a
localized, transportable endomorphism of .4, that v is an isometry of A(O), and that
> piT; is of the form (79).

(3) One may generalize the definition to channels between two nets A, B.

Let x € R", let O + x be the translate of O and let «,(a) = U(x)*aU (x) be the
translate of an elementa € A(O) to A(O +x) asin (a3). We consider Ty, = oy 0T oy
as a channel of A(O + x). Then

Ti(a) = ax(v)*U (x)8(a—x (@)U (x)*ax (v). (80)

Since 0 is by assumption an endomorphism satisfying the DHR- and BF selection cri-
teria, translations are implemented in the sector 6 by a strongly continuous group of
unitaries Uy(x), x € R" so we have 0(a_y(a)) = Uy(x)*0(a)Uy(x). Furthermore
u(x) = U(x)Up(x)* is an element of A(O) v A(O + x) transporting 6 to an endomor-
phism 6, = Ad,(x) 00 localized inin O +x, and we have, with v, = o, (v) € A(O +x),

Ty(a) = v}6, (a)v,,a € A(O +x), (81)

i.e. it has the same form as (79) but with 6, v, now localized in O + x.
We now make a proposal for the complexity of a channel in algebraic quantum field
theory.

I Note that A is a C*- and not a von Neumann algebra, but the notion of completely positive map is still
defined.
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Definition 4.3. The complexity of a localizable and transportable channel 7 is defined
as

c(T) = Dps(id| 40)lIT] A0)) (82)
where O is any sufficiently large causal diamond such that T'| 4.0yn4 = id.
To be precise, we should demonstrate:

Lemma 4.4. The definition of c¢(T) does not depend on the sufficiently large causal
diamond O chosen in (82).

Proof. Let O1, O be causal diamonds such that T'| 40,yn4 = id and let O be the
causal completion of 01 U O;. Let A(O))¢ := A(01)' NA(O), let M, be a net of finite
dimensional type I algebras exhausting A(O1)¢, and let M, be anet of finite-dimensional
type I algebras exhausting A(O1), which exist as a consequence of requirement (a6),
see [21]. Then (U, M§ v M,)” = A(O) and by the martingale property for Dpgs we
have

Dps(id| a0)IT1Ac0) = lim Dps(id| pmgyvm, 1T | rmgvm,)

=1im Dps(id|pm, @ id|ne 1T, @ id|pe)
" (83)
= hrlzn DBS(idlM,, ||T|M,,)

= Dps(id| aoplIT]Ac0))-

In the second equality, we used that M, v M¢$ = M, ® M, as von Neumann algebras
because M, and M€ are finite-dimensional and that T acts trivially on M¢ by locality.
In the third step we used external additivity of Dpg. In the last step we used again the
martingale property. The same could be shown for O; — O,. Thus the definition of
¢(T) is independent of whether we take O or O3 in (82). |

Theorem 4.5. The complexity ¢ has the following properties (T, T; localized, trans-
portable channels):

1. (Identity) c(id) = 0.

2. (Internal subadditivity) c(T o T») < c(T1) + c(T7).

3. (Convexity) Let {p;} be a probability distribution on a finite set. Then c¢(}_ p;T;) <
3 pie(T)).

4. (Locality) Let T\ and T, be channels localized in spacelike related causal diamonds
with strictly positive distance. Then c(Ty o Tp) = c(T1) + c¢(T3).

5. (N-ary local measurement) Let M(a) = Y, ejae; be the channel describing an
N-ary local measurement associated with the N mutually orthogonal non-trivial
projections e¢; € A(O), Y e; = 1. Then M is localized and transportable and
c(M) =logN.

6. (Net extensions) Let B be a net extending A [67] with corresponding conditional
expectation E. Then

c(E) =1og[B(0) : A(O)]. (84)

7. (Localized transportable endomorphisms I) Let p be a transportable localized trans-
portable endomorphism with conditional expectation E, and statistical dimension
dp. Then E, is a localized transportable channel and

c(E,) = logd,. (85)
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8. (Translations) If Ty is the translate of T by x € R" as in (81), then c(Ty) = ¢(T).
9. (Localized transportale endomorphisms II) If p # id is a localized transportable
endomorphism of A(O), then c(p) = oo.
10. (Local unitaries) Letu € A(O) be a unitary and U (a) = u*au be the corresponding
channel on A(O). Then if U # id, we have ¢(U) = oc.

Proof. (1)-(3), (6), (10) are taken from Sect. 3.

(4) Let T; be localized in O;, where O and O, are spacelike related with strictly
positive distance. By locality T} o Ty (aja2) = Ty(a1)Tz2(az), a;i € A(O;). Then the BW-
nucelarity assumption (a6) implies the split property for the algebras A(O1) and A(O3),
see [21] or [60, Chapter V.5.2] as a general reference. So there is a unitary W : 7 —
€ ® S such that W*(a) ® a2)W = ajay and consequently T o T2| 4(0,)v.A(0,) =
Ady o (T) ® T») o Adw~, where T| ® T is the tensor product channel on A(01) ® A(O3)
and AdwX = W*XW. In particular, the map T} o T3 is normal on A(0) Vv A(O»).
Then, by applying internal subadditivity twice

Dps(id||Ty o T2) > Dps(Adw||Adw o (T1 ® T2)) > Dps(id||T1 ® T2)  (86)

Since W is unitary, we have the reverse inequality by the same argument backwards, so
c(Ty o Tr) = c(T1 @ Tr) = c(Th) + c(T>), by external additivity.

(5) This follows from Sect. 3; we only need to show that H is localized and trans-
portable. Since A(O) is properly infinite, there are isometries a;,i = 1,..., N in
A(O) satistying the Cuntz algebra relations (58). Then we set v* = ), e;a’ and
O(m) = Zj ajma;‘.‘, m € A(O). It follows that v*v = 1, that 0 is a localized, trans-
portable endomorphism, and that M (m) = v*0(m)v, as desired.

(7) The formulas E,(a) = d;]p(r)*,o,é(a),o(r) and r*r = d,1 show that E, is
localized and transportable (with 6 = pp, v = d, 12 p(r)). The formula follows from
Proposition 3.21 because d, = [A(0O) : p.A(0)]'/? by the index-statistics theorem
[33].

(8) We only need to show ¢(Ty) = ¢(T). By applying internal subadditivity twice
we see Dps(id|jaxy o T oa_y) = Dps(o—x||T ov—y) > Dps(id||T). We can also get
the reverse inequality by running this argument backwards, thereby proving the claim.

(9) We view E,, ¥, p as maps on some .A(O) such that p is localized within O. By
using subadditivity and the formula W, o p = id twice:

Dps(id||p) = Dps(WylWy 0 p) = Dps(Wyllid) = Dps(V, o plip) = Dps(id| p).
(87)

So we must have equality in each step.

a) We first assume d,, > 1. To get a lower bound (actually +o00) on Dps(W,|lid), we
proceed as in the proof of part a) of Proposition 3.21, noting that the Jones projection is
ep =d,'Fi*, and W, (a) = d; 'r*p(a)r, with r, 7, 5 as in the conjugacy relations (78).
Then, as is well-known, W, (e,) = dp_2 1, again by the conjugacy relations. As our trial
function, we now choose

!
——e, @1 1/n <t <n,
1=14dy? P / (88)

Xt =
0 t>n
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and welet y; = 1—x,. Therestis similar asin as in the proof of part a) of Proposition 3.21:
We see that with this trial function
L1 i} ==, forl/n<t<n,
(pé,‘l/,ﬂ(xtxt ) + _(pf,id,n(ytyt ) = ]ﬂ (89)
t Z t>n

and thereby:

Dps(id|lp) = Dps(¥,llid)

o w1 o dt
sup sup logn - {(ps,‘l/,ﬂ (x[x[ ) + —Qtid,w (yzy[ )}_
nox§ 1/n t t

S o /” 1 dt /"0 dt
u n— — - —
np g 1/n d%) +1t n tz (90)

1 ) 5 dg 1 dg
supd—2 (dp—l)logn—logdp+log(l+—)—10g(1+T)——
n d; n d;n n

v

=0

sinced, > 1.

b) If d, = 1, then p(A(O)) = A(O) and p is an automorphism. Viewed as an
automorphism of .4, we have p(b) = b for any b € A(K) so long as the causal diamond
K iscontained in O’. Define the state v = wop~! on . A(O), where w is the vacuum state,
and let W be the representer of 1 in the natural cone of Q2. Then Ua2 := p(a)V defines
a unitary U and if b € A(K) then clearly bUa2 = bp(a)¥V = p(ba)V = UbaQ2. It
follows that U € (Ugxco' A(K)) = A(O’) = A(O) by Haag duality. Thus p is inner
when restricted to .A(O) and hence ¢(p) = oo unless p = id by item (10). |

Remark 4.6. The specific local structure of QFT enters in an indirect way in Theorem 4.5
because it entails that the local algebras .A(O) are hyperfinite, satisfy the split property,
are properly infinite (in fact type III;), and have a cyclic and separating vector — the
vacuum by the Reeh—Schlieder theorem. This is used in various combinations in the
proofs of these properties. Nevertheless the given specific forms of the axioms are
probably not totally essential; in particular it seems unlikely that the specific properties of
Minkowski spacetime are crucial. What is missing in Theorem 4.5 is a property linking
the complexity of a channel to notions of energy transfer/cost.

Example 4.7. The simplest setting for an inclusion of nets as in (6) in Theorem 4.5 is
when A = BY is the fixed point net under some finite “internal gauge” group G, say
Zy for definiteness. Zy is acting by unitaries U(g), g € Zy on a common Hilbert
space .7 for both nets and each U(g) commutes with the unitaries implementing the
spacetime symmetries. The conditional expectation is just the group average E(b) =
Nt Zg U(g)bU(g)*. Let x be a character on Zy. Then P, = Zg x:(g)U(g) is a
projection and %, = Pys¢ is an invariant subspace for each A(O) which can be seen
as an irreducible representation my of .77

Example 4.8. A more complicated class of examples for (6) in Theorem 4.5 arises in
n = 2 conformal CFTs. Start with a conformal net V, on circle S!, e.g. the Virasoro
net for some central charge ¢ < 1. The conformal net A is obtained as V. ® V¥
identifying causal diamonds on R? with Cartesian products of intervals. Then one can
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obtain an extension for .4 from the set of highest weight representations 1, (which
give transportable irreducible endomorphisms , v, ... on the Virasoro net on the real
line) by starting from the representation Z Zuwh Qv of Ve ® VP, with Z v the
multiplicities in the torus partition functlons If B is the corresponding net extending .A,
the index is given by [B : A] = Z For details, see [68].

Example 4.9. A situation similar to to the previous example arises in local gauge theories
of Yang-Mills type in n = 4 dimensions based on a compact local gauge group G: Take
K to be the causal completion of a solid torus in a Cauchy-surface. Then we have
A(K), B(K) as in (75). As argued in [69], we should have [B(K) : A(K)] = dimZ(G)
where Z(G) is the center of the gauge group (e.g. Zy in the case of G = SU (N)). Thus
we relate a property of the gauge group to the complexity of the conditional expectation
E : B(K) — A(K). An intuitive reasoning for what E does in terms of ‘t Hooft and
Wilson loops is given in [69].

Example 4.10. An example for localized endomorphisms p as in (7) in Theorem 4.5
in a free field theory is the following [70, Section 4.7]. Consider a real N-component
free complex Klein-Gordon quantum field ¢;(x), I = 1,..., N in n = 4 dimensions.
We get a net A of all observables that are invariant under the obvious action of the
SU (N)-symmetry. Consider atensor 771/ T j =1,..., N whose symmetry properties
under index permutations are characterized by some Young-tableau A = (A1,..., Ay)
where A1 > --- > Ay and where A; is the number of boxes in the i-th row. Next, take
testfunctions f; with support in a causal diamond O. Define

N
v=C Y ThRen(f).. ¢ (fOR O1)
1,..., Ir=1
where ¢;(f) = f ¢1(x) f(x)d*x are the smeared KG quantum fields and €2 the vacuum
vector and C is a factor such that ||| = 1. Let dim(}) be the dimension of the space of

tensors with Young-tableau symmetry A. By DHR theory [34,35], there exist a localized
(within O), transportable endomorphism p of the net such that

(Q, p(@)Q) = (¥, aW) fora e A 92)

and the statistical dimension d,, of this p equals the Young-tableau dimension dim(1). It

is given by a standard formula in terms of the shape of the Young tableau, see e.g. [71],

so we obtain from (7) in Theorem 4.5 in this example,

[Lw+N =D, —2; —i+))
(N —1)!

} } [J withk = 13 and N = 10, the right side

c(E,) = logdim(x)? = 2log (93)

In the following example diagram A :

is 2log 135.

5. Conclusions

In this work we have proposed a notion of complexity of a channel based on a specific
information theoretic notion of distance to the identity channel. It would clearly be
interesting to understand better the uniqueness of our definition within the axiom scheme
that we proposed. It would also be interesting to understand better the relation of our
proposal, if any, to holographic approaches.
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