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Abstract: We study the g-difference sixth Painlevé equation (¢Pvr) through its asso-
ciated Riemann—Hilbert problem (RHP) and show that the RHP is always solvable for
irreducible monodromy data. This enables us to identify the solution space of gPyy with
amonodromy manifold for generic parameter values. We deduce this manifold explicitly
and show it is a smooth and affine algebraic surface when it does not contain reducible
monodromy. Furthermore, we describe the RHP for reducible monodromy data and
show that, when solvable, its solution is given explicitly in terms of certain orthogonal
polynomials yielding special function solutions of gPyj.
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1. Introduction

Despite widespread knowledge of how a Riemann—Hilbert formulation allow us to de-
scribe the solutions of the Painlevé equations, the corresponding description remains
incomplete for discrete Painlevé equations. In this paper, we provide such a formula-
tion for an important equation known as the g-difference sixth Painlevé equation and
show that (under certain conditions) the corresponding Riemann—Hilbert problem is
solvable, the resulting monodromy mapping is bijective, and the monodromy manifold
is an algebraic surface given by an explicit equation.

Assuming g € C,0 < |¢g| < 1, and given nonzero parameters k = (ko, Kz, K1, Koo) €
C*, the system known as the g-difference sixth Painlevé equation is

—  @—KkoDE@—Ky'D)

ff - E)
(E_Koo)(g_qillfo_ol) (1.1)

g YD ey '
q(f —k)(f =y h)’

qPvr :

where f, g : T — CP' are complex functions defined on a domain 7' invariant under
multiplication by ¢ and we have used the abbreviated notation f = f(¢), g = g(1),
f = f(qt),g = g(qt), fort € T. We will refer to Eq. (1.1) by the abbreviation ¢Pyy.

qPv1 was first derived by Jimbo and Sakai [20] as the compatibility condition of a pair
of linear g-difference systems. They showed that this formulation could be interpreted
as a g-difference version of isomonodromic deformation, in close parallel to the role
played by the classical sixth Painlevé equation as the isomonodromic condition for a
rank-two Fuchsian system with four regular singular points at 0, 1, oo, ¢, where ¢ is
allowed to move in C \ {0, 1} [12,21].

The sixth Painlevé equation (Pyp) plays an important role in many settings in mathe-
matics and physics. We mention the construction of self-dual Einstein metrics in general
relativity [33], classification of 2D-topological field theories [7], mirror symmetry, and
quantum cohomology [24] as noteworthy examples.

Letting g — 1in gPyy, withk; = qk-/ for j = 0,1, 1, 0o, under the assumption that
f—uand g — (u —1)/(u — 1), the system reduces to Pyy:

1 1 1\ u? 11 1
Uy = — + + — |-+ —+ Uy
u u—1 u—t) 2 t t—1 u-—t

w( — ) (u — 1) <a Bt y(t—1) (St(t—l))

— + +
t2(t — 1)2 w2z -2 (u-—1)?
where
koo + 1)? 1 — 4k?
a:%’ ’3:_2](8, y:2k2’ 8:Tt



On the Monodromy Manifold of g-Painlevé VI 99

Due toits relation to Pyy, the g-difference equation gPyy has drawn increasing interest
in recent times. Mano [25] derived the generic leading order asymptotics of solutions
near t = 0 and t+ = oo and gave an implicit solution to the corresponding nonlinear
connection problem. Jimbo et al. [22] extended Mano’s asymptotic result near t = 0
to an explicit asymptotic expansion beyond all orders for the generic solution. They
obtained this asymptotic representation through an interesting connection of gPyy with
conformal field theory, analogous to the one for Pyt established by Gamayun et al. [13].

In this paper, we study gPyj via the Jimbo—Sakai linear problem [20]. Using Birkhoff’s
theory [1], we define an associated Riemann—Hilbert problem (RHP), which captures the
general solution of gPy7. The jump matrices of this RHP across a single closed contour
form a corresponding monodromy manifold that is a focal point of this paper.

Recently, this monodromy manifold was the object of an extensive study by Ohyama
et al. [27], who showed that such a manifold forms an algebraic surface. Furthermore,
they conjectured, see [27, Conjecture 7.10], that the algebraic surface is smooth, under
additional conditions. In this paper, we prove a stronger version of this conjecture, see
Theorem 2.17 and Remark 2.18.

Consider the general class of solutions ( f, g) of gPvyr defined on a domain 7' given by
adiscrete g-spiral,ie., T = qzto, for some ty € C*. The deformation of the Jimbo—Sakai
linear problem (see §3.2) yields an auxiliary equation associated with gPyy

L (12)

w g — Koo

We refer to (f, g) as a solution of gPvi(«, 7o) and call the triplet (f, g, w) a solution of
aux
1 (i, 10).
Startmg with an initial value of (f, g) in C* x C*, and iterating in #, g Pyy can become
apparently singular when ( f, g) takes the value of one of the following eight base-points,

b1 =(0,q 'k{'t), b3=("'1,0), bs=(kj',00), b7 =(0c0,k2),
by = (0,7 %y '), by =(1,0), b= (k" 00), bg= (00, kgD

Each of these can be resolved through a blow up, so that the iteration is once again
well-defined [31]. There are, however, formal solutions of equations (1.1), which never
take a value in C* x C*. We exclude such solutions from our consideration.

1.1. Main results. The main results of this paper are given by Theorems 2.12,2.15,2.17
and 2.20 in Sect. 2. Throughout the paper, it is assumed that the parameters « and #
satisfy the non-resonance conditions,

iig k2 ks ¢ gt () EL (/) ¢ 1og” (1.4)

As in Ohyama et al. [27], the non-splitting conditions
Kokt ey kS & g7 (1.52)
Ko'kSs & tog”, (1.5b)

wheree¢; € {£1}, j = 0,1, 1, 00, also play an important role. The monodromy manifold
contains reducible monodromy when one or more of these conditions are violated — see
Lemma 2.10.
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The RHP corresponding to gPyp is given by Definition 2.7. Our first main result,
Theorem 2.12, shows that the RHP with irreducible monodromy is always solvable.
This has important ramifications for the mapping that sends solutions of gPy7 to points
on the monodromy manifold, which we will refer to as the monodromy mapping. In
particular, Corollary 2.13 shows that the monodromy mapping is bijective when the
non-splitting conditions are satisfied.

The RHP may be solvable in some cases of reducible monodromy. In Sect. 4.2, we
show that in such cases, the RHP is solved explicitly in terms of certain orthogonal
polynomials yielding special function solutions of gPvyj.

Our second main result, Theorem 2.15, constructs an embedding of the monodromy
manifold into (CP')* /C*, where the quotient is taken with respect to scalar multiplica-
tion. The image of this embedding is described as the zero set of a polynomial, given
explicitly in Definition 2.14, minus a curve.

This embedding allows us to study algebro-geometric properties of the monodromy
manifold. Our third main result, Theorem 2.17, focuses on the singularities of the mon-
odromy manifold and proves that it is smooth if and only if it excludes reducible mon-
odromy, i.e., if and only if the non-splitting conditions hold true.

Finally, our fourth main result, Theorem 2.20, identifies the monodromy manifold
with an explicit affine algebraic surface when the non-splitting conditions are satisfied.

1.2. Notation. Here, we briefly describe the notation used in this paper. The symbol o3
is the well-known Pauli matrix 03 = diag(l, —1). The g-Pochhammer symbol is the
(convergent) product

(z:9)o0 = 1_[ (1-4¢*2) (ze€Q).

k=0

Note that the entire function (z; q)eo satisfies

1
9z; @)oo = 1—(1; q) oo
—Z

with (0; ¢)oo = 1 and, moreover, possesses simple zeros at ¢ —. The g-theta function
04(2) = (23 9)oo(q/7: Poo (2 € C*), C*:=C\ {0}, (1.6)
is analytic on C*, with essential singularities at z = 0, co, and has simple zeros on the

g-spiral g7. Tt satisfies

1
0q(q2) = _Eeq(z) =0,4(1/2). (1.7)
For n € N*, we use the common abbreviation for repeated products of these functions

04215 -5 20) = 04(21) - .. - Oy (2n),
@1 Zni oo = (215 Qoo -+ -+ (Zns @oo-
We will refer to the complex projective space CP! as P! and, for positive integer k,

denote the k-fold direct product Pl x ... x P! by (PHK. (We remind the reader that
P! x P! is not the same space as P2.)
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1.3. Outline of the paper. In Sect. 2, we give the precise statements of the main results of
the paper. Section 3 is devoted to the Jimbo—Sakai linear system. Here, we renormalize
the linear system of [20] and describe the outcomes of Birkhoff’s classical theory [1]
for this system. In Sect. 4, we study the solvability of RHP I, defined in Definition 2.7,
and prove Theorem 2.12. Section5 concerns the monodromy manifold and proofs of
Theorems 2.15, 2.17 and 2.20 are given there. We conclude the paper with a conclusion
in Sect. 6.

2. Detailed Statement of Results

In order to state our main results, we recall the Jimbo—Sakai linear problem for gPyy and
define the corresponding monodromy manifold and mapping in Sect. 2.1. In Sect. 2.2, we
formulate the associated RHP via Birkhoff’s theory. In Sect. 2.3 we state our first main
result, Theorem 2.12. Then, in Sect. 2.4, we state our main results on the monodromy
manifold, that is, Theorems 2.15, 2.17 and 2.20.

2.1. The Jimbo—-Sakai linear system. Suppose k = (ko, k¢, K1, Koo) € C*, all nonzero,
are given and ¢ € T lies on a discrete g-spiral T = g%ty. Consider the linear system

Y(qz) = Az, DY (2), 2.1)
Az, 1) = Ao(D) + ZA1 (D) + 2 Aa, (2.2)
where A(z, ) is a2 x 2 matrix polynomial with determinant given by
Az, )] =z — &)@ — k7 ')z — k(i — /cl_l), (2.3)
and assume that
aot = o) () Z)Eo =5 L) e

foran H = H(t) € GL,(C). This is the Jimbo-Sakai linear problem [20], which we
have scaled to remove redundant parameters (see Sect. 3.1 for details). Throughout this
paper we assume that the parameters k and 7 satisfy the non-resonance conditions (1.4),
which ensure that the linear problem is fully non-resonant (see [23, Definition 1.1]).

By Carmichael [2], the linear system (2.1) has solutions Yy (z, #) and Y (z, t) respec-
tively given by convergent series expansions around z = 0 and z = oo of the following
form,

o
Yo(z, 1) = %% Wy (z, 1), Wo(z, 1) = H(t)+ Y 2"My(1),  (2.50)
n=1
o
Yoolz, 1) = %907 0 (2, 0*7, Wz, ) =T+ ) _27"Nu(1),  (2.5b)
n=1

where qk-/ = kj for j =0, co. The matrix functions W (z, t) and Wy (z, 1)~ ! extend to
single-valued analytic functions in z on P! \ {0} and C respectively. Furthermore, their
determinants are explicitly given by

qt  _1qt q 19
|\I/oo<z,r>|=<x,“—,x, N SR 1—;q) , (2.6a)
Z b4 z b4 0
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otz 07" = 1HI™ (61567 ek ) (2.6b)
t t o)
A central object of study in this paper is the connection matrix
Clz 1) 1= Wo(z, ) Weo (2, 1).
This matrix is single-valued in z on C* and is related to Birkhoff’s connection matrix
P(z,1) = Yo(z, ) Yoo(2, 1),
by
P(z, 1) = 718 &40 ;7 7koo3 0 (7 1) 7Koo0s

For our purposes, it is more convenient to work with C(z, ), rather than P (z, t), duetoits
single-valuedness. We will also refer to the connection matrix C(z, t) as the monodromy
of the linear system (2.1).

For any fixed ¢, C(z, t) has the following analytic characterisation in z.

(1) Itis a single-valued analytic function in z € C*.
(2) It satisfies the g-difference equation
t
C(gz,t) = Z—zlcg3C(z, DK,
(3) Its determinant is given by

#1212 41 -1
CGDl =ty (26 w2k '2).

for some ¢ € C*.
We correspondingly make the following definition.

Definition 2.1. We denote by &(«, t), for any fixed ¢ € C*, the set of all 2 x 2 matrix
functions satisfying properties (1)—(3) above.

Next, we consider deformations of the linear system (2.1), ast — gt, which leave the
matrix function P(z, t) invariant, i.e. such that P(z, gt) = P(z, t), which is equivalent
to

C(z,qt) =zC(z,1).

We call such a deformation isomonodromic.
Jimbo and Sakai [22] showed that, upon introducing the following coordinates'
(f.g,w)on A,

Az, 1) = kg w(z — f), (2.7a)
An(f, 1) = q(f —k)(f —«; De, (2.7b)

isomonodromic deformation of the linear system (2.1) is locally equivalent to (f, g, w)
satisfying gP{;" («, ). Building on this, we prove the following lemma in Sect. 3.2.

1 See Eqgs. (3.7) for a full parametrisation of A with respect to {f, g, w}.
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Lemma 2.2. Let (f, g, w) be any solution of qP{}f* (k, ty) and denote
M= {meZ:(f(g"n0)gq"0)) # (00, kx)} . (2.8)

Then, the linear system A(z, t) is regularint on qmto and the corresponding connection
matrix is given by

C(z,t) =7"D()Co(z), (t =q"ty,m €M), (2.9)

for a matrix Co(z) € C(k, to), unique up the left-multiplication by diagonal matrices.
Here D(t) is a diagonal matrix which may be eliminated from Eq. (2.9) by rescaling
H(t) — H()D(t) in Eq. (2.4).

In Lemma 2.2, we have the freedom of rescaling the auxiliary variable w by w +— W =
dw, d € C*, which is equivalent to gauging the linear system by a constant diagonal
matrix,

» (1 0
A1) - D™'AG, DD, D—(o d>,

and thus rescaling the matrix Co(z) € €(«, fy) as
Co(z) — Co(z)D.
Hence, Lemma 2.2 provides us with a mapping

(f, &) = [Co()], (2.10)

which associated to any solution (f, g) of gPvi(k, tp) the equivalence class of Cp(z)
in €(k, ty) quotiented by arbitrary left and right-multiplication by invertible diagonal
matrices. This warrants the following definition.

Definition 2.3. We define M («, fp) to be the space of connection matrices €(k, ty) quo-
tiented by arbitrary left and right-multiplication by invertible diagonal matrices. We refer
to M(«, ty) as the monodromy manifold of ¢gPyi(«, to).

Correspondingly, we call the mapping (2.10), which associates with any solution
(f, g) of gPvi(«, tp), a point on the monodromy manifold, the monodromy mapping.

Remark 2.4. The space M(«k, tp) was first introduced and studied in Ohyama et al.
[27][§4.1.1], where it is denoted as F. Ohyama et al. [27] showed how this space can
naturally be endowed with the structure of a complex algebraic variety, under certain
assumptions of genericity including the non-resonance (1.4) and non-splitting condi-
tions (1.5). Compatible with this structure, we endow M («, fg) with the structures of a
complex manifold and algebraic variety, in Theorems 2.17 and 2.20 respectively. The
proof that these structures are compatible with those in [27] is postponed to the end of
the paper, see Remark 5.6.

In Sect. 3.3, we prove the following lemma concerning injectivity of the monodromy
mapping.

Lemma 2.5. The monodromy mapping, defined in Definition 2.3, is injective.
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2.2. The main Riemann—Hilbert problem. In this paper, we analyse the monodromy
mapping through the, via Birkhoff’s theory [1], corresponding Riemann—Hilbert problem
(RHP).

To introduce this RHP, we return to the single-valued matrix functions Wy (z, #) and
W (z, 1), defined in Eq. (2.5). Let us denote t,, = g™t for m € Z. By Lemma 2.2, we
may choose H such that

Vo (z,ty) = \I}()(Z,tm)ZmCO(Z)a (2.11)

form € <M.

Next, we need to choose Jordan curves y™, m € Z, which separate the points
in the complex plane where W, (z, t,,,) and Wo(z, t,,) are respectively non-invertible
and singular. These points are precisely the zeros of the determinants (2.6a) and (2.6b)
respectively. We thus make the following definition.

Definition 2.6. Consider a family (y“"),,<z of positively oriented Jordan curves in C*
and denote by D" and D" the inside and outside of y ™™ respectively, form € Z. Then
we call this family of curves admissable if, for m € Z,

qZ>0 : {Kltms Ktiltma Kls Kl_l} g Dfn)v

g2 Aicrt, ke s k1, kT € DOV,

where we use the notation U - V = {uv : u € U, v € V} for compatible sets U and V,
and

D(m+l) c p™
see Fig. 1.
We can always construct an admissible family of curves and it follows that

Uoolz, tm) z € DY",

v = Wo(z, ) ze€ D™

(2.12)

defines a solution of the following RHP, with C(z) = Cy(z), for m € 9.

Definition 2.7 (RHP I). Given a connection matrix C € €(«, t9) and a family of admiss-
able curves (y"),ez, for m € Z, find a matrix function W (z) which satisfies the
following conditions.

(1) ¥ (z) is analytic on C \ y ™.
(ii) W™ (') has continuous boundary values V"' (z) and W™ (z) as 7’ approaches z €
y™ from D" and D" respectively, related by
U (2) =" (2)"C(z), z€y™.

(iii) W (z) satisfies
UM =1+0 (z‘l) 7 — 00.

The matrix function ¥ (z), defined in Eq. (2.12), is uniquely characterised as the
solution of RHP I. Indeed, we have the following lemma, which we prove in Sect. 3.3.
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—1
Kyt

Fig. 1. Anexample of two contours y ™ and y "*+1 satisfying the conditions in Definition 2.6, where 1 = ¢™ 1

and the red lines denote the four spirals qIR “X,X € {K,il 10, l(]il }

Lemma 2.8. For any fixed m € Z, if RHP I in Definition 2.7 has a solution V"™ (z),
then this solution is globally invertible on the complex plane and unique.

From here on we say that W (z) exists if and only if RHP I has a solution for that
particular value of m, as justified by the uniqueness in the above lemma.

If RHP I is solvable, then we can construct a corresponding isomonodromic linear
system, by setting

22U (g W™ ()~ ! ifz € g (DI Uy™),
Az, q™10) == { ¢" oV ™ (q2)ky> C(Y™ ()~ ifz e D" Ng~'D™,  (2.13)
q" oY ™ (q2)k W™ (2)7! ifze D™ Uy™.

This defines a matrix polynomial of the form (2.2) and the values of (f, g, w) may be
read directly from the solution of the RHP as follows (details are given in Sect. 3.3). Let

V™ (z) = H(tw) + O(2) (z—0), (2.14)
WM(2) =1+ Uty) + O(z?) (z — 00), 2.15)
and denote H = (h;;) and U = (U;;), then

w=(g"" =Kk u, (2.16a)
hih
—1 11112
f = tmkoo (KO — Ky ) m, (2.16b)
g=q "k (f —kitw)(f — &7 ta)gy ", (2.16¢)
h t
g1= 2+ f (@7 = Dup+ 2 )+ 2 (2.16d)
hi1ks, Koo
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2.3. Solvability of the main RHP. The notion of reducible monodromy, given in the
following definition, plays an important role in our main results.

Definition 2.9. We call a connection matrix C(z) € €(k, fy) irreducible when none of its
entries are identically zero, otherwise we call it reducible. Similarly, we call monodromy
[C(z)] € M(«, ty) irreducible when C(z) is irreducible and reducible otherwise.

Lemma 2.10. The monodromy manifold M(x, ty) does not contain reducible mon-
odromy if and only if the non-splitting conditions (1.5) hold true.

Remark 2.11. This lemma can be inferred from Ohyama et al. [27][Theorem 4.3]. We
give a proof in Sect. 4.1.

We are now in a position to state our first main result, which we prove in Sect. 4.1.

Theorem 2.12. Consider RHP I defined in Definition 2.7. If the connection matrix
C(z) € C(k,ty) is irreducible, see Definition 2.9, then this RHP is solvable. More
precisely, for any m € 7, at least one of the solutions W™ (z) and W™*V(z) of RHP I
exists.

Let (f, g, w) be the unique corresponding solution of qPy;* (k, to) via Eq. (2.16).
Then, for m € Z, V" (z) fails to exist if and only if (f (ty), g(tm)) = (00, kKxo)-

Corollary 2.13. If the non-splitting conditions (1.5) hold true, then the monodrony
mapping is bijective.

Proof. Due to Lemma 2.5, the monodromy mapping is injective. Take any monodromy
in the monodromy manifold. Then, by Lemma 2.10, it must be irreducible. Theorem 2.12
thus shows that there exists a solution of gPy1 with that monodromy. So the monodromy
mapping is also surjective and the corollary follows. O

For reducible monodromy, solvability of RHP I is more subtle than in the irreducible
case handled in Theorem 2.12. We discuss this in Sect. 4.2, where we show that the
RHP with reducible monodromy can be transformed into the standard Fokas-Its-Kitaev
RHP [8,9] for certain orthogonal polynomials. We further show that the corresponding
solutions of gPyr can be expressed in terms of determinants containing Heine’s ba-
sic hypergeometric functions. We thus see that special function solutions occur when
the monodromy of the linear problem is reducible, a phenomenon well-known for the
classical sixth Painlevé equation [26].

2.4. Results on the monodromy manifold. Our second main result is the identification
of the monodromy manifold with an explicit surface. To state this result, we define a set
of coordinates on the monodromy manifold M («, ty), using a construction introduced
in our previous paper [23].

Firstly, we require the following notation: for any 2 x 2 matrix R of rank one, let R
and R» be respectively its first and second column, then we define 7 (R) € P! by

R =n(R)Ry,

with 7 (R) = 0 if and only if R; = (0,0)” and 7 (R) = oo if and only if Ry = (0, 0)7.
Take a connection matrix C(z) € €(«k, fo) and denote

-1 —1
(.XI, x27x3a-x4) = (Klt01 Kl tOv K1, Kl ) (217)
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Let 1 < k < 4, then |C(z)| has a simple zero at z = x; and thus C(xi), while nonzero,
is not invertible. We define the coordinates

ok =1m(C(xp), (I =k=4.

Note that (o1, p2, p3, p4) are invariant under left multiplication of C(z) by diagonal
matrices. However, multiplication by diagonal matrices from the right has the effect of
scaling

(o1, P2, P3, P4) — (cp1, CP2, CP3, CP4), (2.18)

for some ¢ € C*.
Therefore, the coordinates p naturally lie in (P')*/C* and we obtain a mapping

P Mk, tg) — (PHY*/C*, [C(2)] + [p], (2.19)

which is easily seen to be an embedding (see Lemma 5.1).
We proceed in giving an explicit description of the image of the monodromy manifold
under P. To this end, we make the following definition.

Definition 2.14. Define the quadratic polynomial

T(p:«, t0) =Tip102+ T130103 + T140104 + 1230203 + T240204 + T3403 04,

with coefficients given by
2 2 -1 -1, -1 2
T, =0, (Kt ,K1>9q (K()Koo 10, Ky Koo to) K3os
T34 =0, (2, k7) 6 10, K Kool
34 = q K[ ) K] q K0Kool0, K() Kool ) »
Tia— —0 -1, -1 0 —1, -1 -1\ 2
13 = g \ Ktk 10, K K110 ) Og \ KtK1Ky Koo » KOKtK1K 5o | Koo
—1 —1 -1
Ty = -0, (K;Kl to, K, /c]to) 0y (K()K,K]Koo, KiK1Kook ) ,
Tis =0 ~1,.~1; ) g -1, -1 -1\ 2
14 = 0g \KeK1l0, K, K| 10 ) Og | K1KooKy Ky~ KOK1KooK; K¢y
Tor — 0 1.1\ g -1,-1 -1\ 2
23 = Og \KiK1l0, K, Ky 10) Og \ KiKooKy Ky 5 KOKtKooK | Ki-

Note that T is homogeneous and multilinear in the variables p = (p1, p2, 03, P4).
Therefore, if we denote its homogeneous form by

Pl Py P3P
) , v N ) )
Th()m(pi‘v p]}a 1057 p%a pgc’ péapz{v pz‘)zpi‘p%}p%}piT Ty Ty Ty Ty 7(220)
1 P2 P3 Py
then, using homogeneous coordinates p; = [p,f : p,f] ePl, 1 <k<4,the equation
T‘h()m(ﬂf» p‘rv p;» p%/’ P;» )03y, 104)167 pZ)ZOs (221)
defines a surface in (P')*/C*. We denote this surface by

S, 10) = {[p]l € BH*/T* : T(p : k, 19) = 0}.
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Our second main result is given by the following theorem, which is provenin Sect. 5.1.

Theorem 2.15. Denote by « the tuple of complex parameters i after replacing kg — 1.
Then the image of the monodromy manifold Mk, ty) under the mapping P, defined in
Eq. (2.19), is given by the surface S(k, ty), minus the curve

X(k, 10) := S(k, to) NSK, to). (2.22)
Let us denote
S*(k, 19) = S(k, 19) \ X (k, to), (2.23)
then, the mapping
Mk, t0) = S*(k, t0), where [C(2)] = P(C ()],

is a bijection.

The curve X (k, tp) in the above theorem has a geometric interpretation, which is
described in the following remark.

Remark 2.16. The curve X = X (k, ty) does not depend on ko and can be written as the
intersection

X =) SGo. ki k1. Koo: 10)- (2.24)
LoeC*

Informally, one can think of points on the curve X in S(«, fg) as corresponding to
connection matrices C(z) € €(«k, fp) whose determinant is identically zero, i.e. they
satisfy properties (1) and (2) of Definition 2.1, but property (3) with ¢ = 0. Therefore,
these coordinate values do not lie in the image of P. In the proof of Theorem 2.15, we
obtain an explicit parametrisation of X, see Eq. (5.20).

We note that, any point [p] € S(«, #p) with more than two coordinates zero or more than
two coordinates infinite, necessarily lies on the closed curve X, defined in Eq. (2.22),
and is thus not a point on the surface S*(«, fy).

However, when one of the non-splitting conditions (1.5) is violated, one of the co-
efficients of the polynomial 7 (p), in Definition 2.14, vanishes. In that case, there exist
points [p] € S(«, tp) with precisely two coordinates zero or two coordinates infinite.
Such points cannot lie on the closed curve X’ (as this would imply that ko € ¢%), and are
in one to one correspondence with reducible monodromy on the monodromy manifold.

For example,

{[(0,0, p3, p4)1 : p3, p4 € P\ {0}} if T34 =0,

{[p] €S ip=p= 0} = {@ otherwise,

and

{[p]ES*:p3=p4:oo}=

{[(p1, p2,00,00)] : p1,p2 € C} if T34 =0,
] otherwise.
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If ko = kooto, so that T34 = 0, then these two subspaces correspond respectively to
the equivalence classes of the collection of upper-triangular connection matrices

(iet) onls)
C(Z) _ 94 \ ko’ 1y q UZI() K0Koo (C c C, v e (C*),
0 04 w0 2Kl

and the equivalence classes of the collection of lower-triangular connection matrices

0 (i %) 0
Ciz) = ato” 1o (c e C,veCH),
cty \)ZT() zwco/coo) 04 (Kz—l z/q)

in the monodromy manifold.

Furthermore, these two subspaces intersect at the single point [(0, 0, 0o, 00)] €
S*(«, t), which corresponds to the equivalence class of the diagonal connection matrix
in the monodromy manifold given by setting ¢ = 0 in any of the above two formulas.

By Theorem 2.15, the monodromy manifold inherits any topological properties of the
space S*(k, to) via the mapping P. Diagonal monodromy, or anti-diagonal monodromy,
form singularities on the monodromy manifold, which is the content of our third main
result, proven in Sect. 5.2.

Theorem 2.17. If the non-splitting conditions (1.5) hold true, then the monodromy man-
ifold M(k, ty) is a smooth complex surface.

On the other hand, if one or more of the non-splitting conditions are violated, then
the set

Miing :={[C(2)] € M(«k, to) : C(z) is diagonal or anti-diagonal},

is non-empty (but finite), its elements form singularities of the monodromy manifold and
away from them the monodromy manifold is smooth.

Remark 2.18. We note that the above theorem implies the assertion in Conjecture 7.10
of Ohyama, Ramis and Sauloy [27]. This conjecture is made under the conditions (1.4),
(1.5) and additional assumptions on the parameters, but our proof shows that the result
holds without these additional assumptions.

In our fourth and final result we identify the monodromy manifold with an explicit
affine algebraic surface via an embedding into C°. To construct this embedding, let us
denote by

T'(p) = T{p102 + T{30103 + T{4p104 + Ta30203 + Tayp204 + T34034,

the quadratic polynomial 7' (p) = T (p; k, to) after replacing ko — 1.
Take 1 <i < j < 4 and consider the coordinate
Tijpip;

— 5 (2.25)
04 (0, kg )T'(p)

Nij =
So, for example, 717 is given by

1 Ti207 P3 P30}
0, (k0, kg 1) To0T 03 3 03 + T30 P2 P304 + -+ 3401 p3 P3P
q\K0, K¢ 12F1 P23 M4 131 FP2F3F4 0 - 341 P23 14

n2 =
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in homogeneous coordinates.

Note that 7;; is invariant under scalar multiplication p +— cp, ¢ € C*. Further-
more, the denominator of 7;; does not vanish on §*(«, 1), as any such point [p] would
necessarily lie on the curve &, see Eq. (2.22).

This means thatthe n;;, 1 <i < j < 4, are six well-defined coordinates on S*(k, t9),
and thus on the monodromy manifold M («, t), which lie in C°. Furthermore, by con-
struction, they satisfy the following four equations,

M2 +ni3+na+n23+n24+m34 =0, (2.262)
apniz +ainiz + aianis + asns +axna +azanzs = 1, (2.26b)
n131m24 — N12n3ab1 =0, (2.26¢)
n141m23 — Ni2n3ab2 = 0, (2.26d)

where the coefficients a;; = Ti/j/T,-j, 1<i<j<4,read

0, (k)6 (k2 0, (k&) 1

a1 b= | oy

e=x1 Yq\KpKoo 10 e—t1 q\Kokoo

B Qq(KS)Qq(K[KllCO_OI) B Qq(KS)Qq(KﬂqKOO)

= 0 (k§ %) ' a4 = Oq (kSrikiko)

e=+1 Yq\KoKtKlKeo c—t1 Ya\KoKiK1Keo
wy= ] )l ae) oy Gl )

e=+1 Qq("o"t K1Koo) e=+1 O (ic§rcrc "OO)

and

_ T13T>4 b T\4T23

by = , 2 .
T12T34 T12T34

Definition 2.19. We denote by F(«, tp) the affine algebraic surface in

{(12: 1132 M142 23, M2 M3a) € CO)
defined by Eq. (2.26). We correspondingly denote by
O : S*(k, to) = Fk, 1), [p] — n,
the mapping defined through the n-coordinates (2.25) and write
Py =PoP: Mk, ty) - Flk, to), [C(2)] — n,
where P is the mapping defined in Eq. (2.19).

Our fourth and final main result is given by the following theorem, which is proved
in Sect. 5.3.

Theorem 2.20. Let k and to be parameters satisfying the non-resonance conditions (1.4)
and the non-splitting conditions (1.5). Then the mapping ® »4, given in Definition 2.19,
is an isomorphism between the monodromy manifold Mk, to) and the affine algebraic
surface F (i, tg).
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Remark 2.21. We note that the algebraic surface F (k, ty) is invariant under the transla-
tions

fo—~>qty, kj—>qKk;j (j=0,¢1,00),
since the coefficients in Eq. (2.26) are invariant under them.

The surface F («, tp) can be identified with the intersection of two quadrics in C*. This
can be seen by using Eq. (2.26a) and (2.26b) to eliminate any two of the six variables.

For example, consider eliminating {724, 1734} from (2.26) using (2.26a) and (2.26b).
The relevant determinant is given by

1

04 (k5)?
ax4  as4

Oq (K Koolo, KGKiK1Koo)

-1, -1 2
= KiK1Kooly (K, K| 10, KiK1K5010) l_[
e==1

Let us assume that KtK]I{goto ¢ qZ. If not, then we can instead choose another
pair of coordinates to eliminate. The non-resonance conditions (1.4) and non-splitting
conditions (1.5) now guarantee that the above determinant is non-zero. Upon eliminating
{n24, n34}, Egs. (2.26¢) and (2.26d) respectively become

uonfz +u1n12M13 + UaN12M14 + U3N12123 + Uan14123 + usnyz = 0, 2.27)

2
VN3 + V1012013 + V2013014 + U3 N13123 + van1an23 +vsn13 =0,

with coefficients given by
to 0q (x5)
2.2 q \Ko

uy = —K; Kllc 04 <t0/<,/q, —2) 1_[ _—,

Uy = KtzKlz 0y <I€t2K12, K§o>

0, (k§
Uy = KIZICgO 04 (/(12/(2 Kf) S S LV ( O)

u3_/ct/c 0y (2 2 IC]2>

2 € Il €
4 by (K[2,K2) 6 (tol(,l(ll(go) 1—[ Oq \ o ICOOK())

2 K1Kxo , € KtKoo , € ’
04 (tok K1)~ Oy (Km> e=+1 0 ( =52k, = K0>

K,K]KOOKO)
. ,

e==1 (

Uy = —K

and

2 €
toK, 6, (k,
vy = —I{t2K12 0,1 <IOK[K1, B OO> | | 4307 ( O)

tK1
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0, (KG)
2 2 q \"0
V] = lokiK1 Oy (to,/coo> 1_[ A
e==+1 eq (&K())
2 €
— 22 0 fok; 1oK1K5 Oy ("0)
V2= Kk Y \ T T KiKoo €
! ! e=+1 Yy ( KtOOK )
2
s o o [tok1 tokekl 0y (k5)
V3 =K K5, 64 ,
Kt K1

2
6, (452, 1) 6, (torrn k2)

K1’ Kt

[

2 Kikoo € Kikoo €Y
0, (tokek1)2 0, (Km) i1 eq( oo ¢ Kk K0>

fOKooKO
V5 = K1K1Koo H ( ) s
e=+1 q Ko

V4 =K

Thus, for generic parameter values, the monodromy manifold of ¢gPyy is isomorphic
to the intersection of the two quadrics defined by Eq. (2.27) in C*. Intersections of two
quadrics in P* are known as Segre surfaces and it is well-known that they are isomorphic
to Del Pezzo surfaces of degree four, see e.g. [15].

It is interesting to contrast this with the monodromy manifolds of the classical
Painlevé equations. They are isomorphic to affine cubic surfaces [35]. In particular,
their corresponding projective completions are Del Pezzo surfaces of degree three [15].

We further note that Chekhov et al. [3] conjectured explicit affine Del Pezzo surfaces
of degree three as the monodromy manifolds of the g-Painlevé equations higher up in
Sakai’s classification scheme [31] than gPy;.

From Corollary 2.13, Theorems 2.17 and 2.20, we obtain the following corollary.

Corollary 2.22. Let k and ty be such that the non-resonance conditions (1.4) and non-
splitting conditions (1.5) are fulfilled. Then, composition of the monodromy mapping
with ® \4, defined in Definition 2.19, yields a bijective mapping from the solution space
of qPyi(k to) to the smooth algebraic surface F(k, to),

{(f, &) solution of qPyi(k.t0)} = F(k, tp). (2.28)
In particular, we may write the general solution of qPy;(k, ty) as

f@® = ft; 6,10, ),
gt) = g(t; Kk, 10, 1),

witht € tho and n varying in F (k, ty).

Remark 2.23. By identifying the domain of the mapping (2.28) with the initial value
space of gPyy att = 1, the mapping becomes a bijective correspondence between com-
plex (algebraic) surfaces. One can show that this correspondence is a biholomorphism
using standard arguments. Namely, one observes that the matrix functions W¥;(z, fo),
j = 0, oo, defined in Eq. (2.5), can be chosen locally analytically in (f, g) as long as
one stays away from the exceptional lines above the base points b7 and bg. The corre-
sponding connection matrix is then locally analytic in (f, g) and, consequently, so are
the n-coordinates. To prove the latter statement around points on the exceptional lines
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above b7 and bg, one simply applies the argument with ¢t = ¢ g rather than t = 1y,
recalling that the time-evolution is a biholomorphism beween the initial value spaces at
t = 1o and t = q ty. It follows that the mapping (2.28) is a bijective holomorphism and
thus biholomorphism.

Remark 2.24. By specialising to the parameter setting
_ 1
Ko=Ki, Keo=p ki, p=qZ, (2.30)
the gPv1(x) equation collapses to its symmetric form

P W (h— i) (h — k7 '1)
T ==k

where
h=h(t), K=h(pt), hL=h(t/p),
and & is related to (f, g) as
h(p*10) = f(q"t0), h(p*™ 1) = g(g"t0) (m € 7).

As both the non-resonance and non-splitting conditions (1.4) and (1.5) are generically
not violated by (2.30), all the aspects of our treatment of gPy; can be carried over to
qSPy1. We further note that gSPyy is also known as ¢Pyyy in the literature [14].

Remark 2.25. Regarding Painlevé VI, and its associated standard linear problem, the
corresponding monodromy mapping was thoroughly studied by Inaba et al. [17]. The
associated monodromy manifold can be identified with an explicit affine cubic surface,
a fact which first appeared in Fricke and Klein [11] and was rediscovered by Jimbo
[19] in the context of Painlevé VI. Our construction of the surface F(k, fg), in Theorem
2.20, may be considered as a g-analog of this. Iwasaki [18] studied the smoothness
of the Painlevé VI monodromy manifold and associated cubic. Theorem 2.17 can be
considered a g-analog of [18, Theorem 1] in the non-resonant parameter regime.

3. The Linear Problem
Consider the linear system
Y(qz2) = A(2)Y (2), (3.1
where A(z) is a complex 2 x 2 matrix polynomial of degree two,
A(z) = Ag+2A| + 22 As,

with both Ag and A invertible and semi-simple.

Jimbo and Sakai [20] showed that isomonodromic deformation of such a linear sys-
tem, as the eigenvalues of Ag as well as two of the zeros of the determinant of A(z)
evolve via multiplication by ¢, defines an evolution of the coefficient matrix A(z) which
is birationally equivalent to gP{;".

In Sect. 3.1, we show that the linear system (3.1) can always be normalised to the
standard form (2.1) we use in this paper. Then, in Sect. 3.2, we formulate the main results
of Jimbo and Sakai [20] regarding isomonodromic deformation of the linear system (2.1)
and prove Lemma 2.2.

Finally, in Sect. 3.3, we show how the linear system (2.1) can be recovered from RHP
I, defined in Definition 2.7, yielding in particular Lemma 2.5.
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3.1. Normalising the linear system. In this section we normalise the linear system (3.1)
to the standard form (2.1).

Recall that Ap and A; are semi-simple and we denote their eigenvalues by {07, 02}
and {u1, o} respectively. By means of gauging the linear system with a constant matrix,
Y(z) = GY(z), so that A(z) — GA(z)G~', we may ensure that Ay = diag(u1, i)
is diagonal.

We further denote the zeros of the determinant of A(z) by xx, 1 <k < 4, so that

A = mip2(z — x1)(z — x2)(z — x3)(2 — x4). (3.2)
Evaluating this determinant at z = 0 gives the identity
0102 = [L]U2X]1X2X3X4.
By means of a scalar gauge as well as a scaling of the independent variable,
Y(2) > g(2)Y(c2), g) =7 ¢ seC*
so that the linear system transforms as A(z) — sA(cz), we may ensure that
mip2 =1, x3x4 =1, o102 =x1x2.

We introduce a time variable ¢, satisfying t2 = o109, and four nonzero parameters
Kk = (ko, K¢, K1, Koo), through

o1 :Kglt, X1 :K,“t, X3 ZKiH, I :K;Ol,
02=K61t, x2=K,_1t, x4=Kf1, /L2=Ko_ol,

and note that the linear system (3.1) has now been normalised to the form (2.1).

3.2. Isomonodromic deformation of the linear system. In this section we state important
results by Jimbo and Sakai [20] on the isomonodromic deformation of the linear system
(2.1). Here we recall that isomonodromic deformation stands for deformationast — g ¢
such that P(z, gt) = P(z, t), or equivalently, such that the connection matrix satisfies

C(z,qt) =zC(z,1) (3.3)

Theorem 3.1 (Jimbo and Sakai [20]). Considering the linear system (2.1), Eq. (3.3)
holds if and only if both Yy(z, t) and Yoo (2, t), defined in Eq. (2.5), satisfy

Y(z,q1) = B(z, )Y (z, 1), (3.4
for an (a posteriori unique), rational in z, matrix function B(z, t), which takes the form

221 + zBy(t)

(z — gtz —qi; ')

B(z,t) =



On the Monodromy Manifold of g-Painlevé VI 115

We proceed in making the time-evolution defined by (3.4) more explicit. Note that
compatibility of the linear system (2.1) and time deformation (3.4) amounts to the
following evolution of the coefficient matrix A,

A(z,qt)B(z,t) = B(qz,1)A(z, 1), (3.5)
as well as the following evolution of the diagonalising matrix H (¢) in (2.4),
H(gt) = Bo(t)H (7). (3.6)

We use the standard coordinates f = f(t),g = g(¢) and w = w(¢), defined by
Eq. (2.7), on the linear system, whose definition we repeat here for convenience of the
reader,

Az, 1) = kg w(z — f),

An(fit) = q(f —.)(f =Ky Dg. 3.7
Then the linear system is given in terms of { f, g, w} by
A1) = <Koo((z—f)(z—a)+g1) Koslw(z = f) )
’ KooW ! (yz +8) K (= z—B)+g))’
where
g1=q i (f =it (f =i, D87,
82 = qkoo(f —kD)(f — K7 e, (3.8)
and, temporarily using the notation & =k +x !,
1 2 . o o 2
= m (Koogl — KooKot + g2+ (Kt + K1) f —2f ) ,

1 . o o
B = o7 (K — kot + g4t k0] =26 12).
o0

y=g1+g+ fA+2a+B)f +ap — (2 + kit +1),
8= f711? — (g1 +af) (g2 + BS)),

Equation (3.5) is equivalent to the following conditions on the matrix By(¢),

AgreE't, qt) (g1 + Bo(1)) =0,
(g1 + Bo(t) A(kEe, 1) =0,
Ao(gqt)Bo(t) = qBo(t)Ao ().

The first two equations follow from the fact that both the left and right-hand side of (3.5)
are necessarily analytic in z € C and the third follows from equating the degree one
terms in z of both sides of Eq. (3.5).

These equations form an over-determined system for By = By(¢). They allow one to
express By explicitly in terms of { f, g, w}, for example

T (F+B—f—B) —
fo= £ (2-1)  LFra-f-w)
Kgo—q w w 1—q
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and Jimbo and Sakai [20] showed that Eq. (3.9) are then equivalent to the qP‘\‘,’fx time
evolution of (f, g, w).

Furthermore, by means of a direct computation, one can check that Egs. (2.4) and
(3.6) translate to the elements of the diagonalising matrix H = (h;;)1<;, j<> satisfying

hit _ qt keo(g — Kot)

a2 ©° 7, (3.92)
hi1 f ko(g — koo)
hia qt (g —1/x0)
ho _ 4t &1/ (3.9b)
he (G — ko)
h + —t
har _ | KooS1+keofar —IKo. (3.9¢)
hi Sfw

—1
@ e Koo81 + Koo f o — Lk ' (3.94)
hi2 Sw

We are now in a position to prove Lemma 2.2.

Proof of Lemma 2.2. We start by showing that the linear system A = A(z, t) isregularin
t away from values where (f, g) = (00, ko). To this end, consider the parametrisation
of A = A(z, t) with respect to (f, g, w). By direct inspection, one can see that this
parametrisation is regular for all values of (f, g) € C* x C* and w € C*. The same is
true near each of the six basepoints by, 1 < k < 6, defined in Eq. (1.3).

For example, consider the basepoint b3 = (k;, 0). We apply a change of variables,

f—KttZFG, gZG,

so that {F € C, G = 0} lies on the exceptional line above b3, after a local blow up. The
parametrisation of the matrix polynomial A is regular at G = 0, and takes the form

_ (Koo((z — kit)(z — ) + g1) Kk w(z — K4t)
AGD= < Koo ™' (yz +9) Koo (2 — Kkit) (2 —ﬁ))’

with
g1 =q 'k Ky —Kl_l)tF.

Geometrically, the line {FF € C, G = 0}, above b3, parametrises coefficient matrices A
whose second column vanishes at 7 = «;¢. The one remaining point on the exceptional
line above b3, which does not lie on this line, is an inaccessible initial value. Namely,
the corresponding formal solution of ¢gPyy never takes value in C* x C* and is thus not a
genuine solution. We conclude that A is regular for (f, g) near b3. Similarly, it is shown
that A is regular near the other basepoints by, 1| <k < 6, k # 3.

The situation is slightly more involved for the remaining base-points b7 and bg, as
the auxiliary equation (1.2) is singular at these points. Firstly, as (f, g) approaches
bg = (00, Ko_olq_l), g approaches k, and consequently w vanishes, due to the auxiliary
equation. Consider thus the change of variables

f=F' g—«il¢g'=FG, w=FW.

In the local chart { F, G, W}, the coefficient matrix A is regular at F' = 0. Geometrically,
the line {F = 0, G € C}, above bg, parametrises coefficient matrices A for which the
entry A12(z) is constant. In particular, A is regular near bsg.
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Finally, by the same reasoning, it follows that w — oo, as (f, g) approaches b; =
(00, Kxo), and that the coefficient matrix A is thus singular there.

We conclude that A(z, ) is singular att = ¢, if and only if (£ (z,), g(t«)) = (00, Koo)-
Correspondingly, we write

M= {meZ:(f(g"n),gq"n0)) # (00, koo)}} . (3.10)

For every t € g™y, we choose any H (¢) satisfying (2.4), but not necessarily (3.6),

and let C(z, t) denote the corresponding connection matrix. We proceed with proving
Eqg. (2.9) in the lemma.
To prove (2.9), it is enough to show that, for any m € 9,

C(Za qtm) = ZAC(Za Z‘m)v
for some diagonal matrix A, if m + 1 € 9, and
C(z.¢%tm) = Z2AC(z, tw), 3.11)
for some diagonal matrix A, if m + 1 ¢ 91 (so that necessarily m + 2 € IN).
The first case is a direct consequence of Theorem 3.1. We may further ensure that
A = I by imposing Eq. (3.6) att = t,,.
As to the second case, we note that, analogues to the proof of Theorem 3.1 by Jimbo

and Sakai [20], one can show that P(z, qzt) = P(z,t)ifandonlyif Yo(z, t) and Yo (2, 1)
both satisfy

Y(z.q*1) = Fz. DY (2. 1),
for an (a posteriori unique), rational in z, matrix function F(z, ) which takes the form

M+ Fi()+ 22 Fo(r)
@ =g @ — i g0 — D@ — 17D

F(z,t) =

The corresponding time evolution of the coefficient matrix
Az, g’ = Flqz, DA DF (2,07,
is equivalent to two iterations of gP{;*, and
F(z,t) = B(z,qt)B(z,1).

By specialising to t = t,,, we obtain (3.11). We may further ensure that A = I, by
imposing

H(qtn) = Fo(tw) H (tn).

This establishes Eq. (2.9).
The last statement of the lemma, follows from the fact that, rescaling H(t) +—
H(t)D(t), yields Wo(z, t) — Wo(z,t)D(t) and thus C(z, t) — D)~ 'C(z, 1). O
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3.3. On the qPy; RHP. In Sect. 2.2, we formulated the main Riemann—Hilbert problem
for the g Py equation, RHP I, in Definition 2.7. Let ( f, g) be a solution of gPvyy(k, tp) and
[C(z)] beits corresponding monodromy in the monodromy manifold via the monodromy
mapping, see Definition 2.3. Then Eq. (2.12) defines a solution of RHP I. In this section,
we show now we may reconstruct the solution ( f, g) from the solution of RHP I, giving
in particular formulas (2.16). This furthermore yields a proof of Lemma 2.5.

Firstly, we prove Lemma 2.8.

Proof of Lemma 2.8. Note that the determinant of z” C(z) may be written as

— Z 1< —
Z2m|C(Z)| = leeq <Kl+1_7K[ 1_7KT1Z9K1 IZ) ) tm = qmt()v
tl’ﬂ tm

forsomec,, € C*. Assume we have a solution ¥ (z) of RHPI, defined in Definition 2.7.
Then its determinant A" (z) is analytic on C \ y“™, it satisfies the jump condition

-1 12 1% 1, -1
AP (z) = A" (2) ¢,y by (K,Jr K t—,Kf 2z, K] z> (z€y™),

m m

and A™(z) = 1+ Oz ") as z — oo.
This scalar RHP is uniquely solved by

+1 g1t

—1gt 1 ~1q. .
KT K q—,/cfr %,Kl %,q)oo ifz € Dg,

A™(Z) = ( ) o (3.12)
Cm (lc;rlf,/(fl%,Kflz,Kflz; q)oo ifze D_.
Indeed, the right-hand side satisfies this scalar RHP and, denoting the quotient of the
left- and right-hand side of (3.12) by g(z), it follows that g(z) is an entire function on
the complex plane satisfying g(z) — 1 as z — oo. By Liouville’s theorem, g(z) = 1,
which yields Eq. (3.12). In particular, the solution W (z) is globally invertible on C.
Suppose we have another solution ¥ (z) of RHP I, then the quotient

R(z) = U™ (2)w™(z)~!,

is analytic on C\ y ™. Furthermore, R(z) has a trivial jump on y ", i.e. R+(z) = R_(2).
Therefore, R(z) extends to an analytic function on the entire complex plane. Finally, we
know that R(z) = I + O(z ') as z — o0, thus R(z) = I, again by Liouville’s theorem,
and the lemma follows. O

Starting with a solution of gPyy, we showed how to obtain a connection matrix in
Sect. 2.2. Therefore, we obtain a solution of RHP I — see (2.12). We now describe how
conversely, any solution of RHP I leads to a solution of gPyr.

Take a connection matrix C(z) € €(k, fy) and suppose RHP I has a solution for at
least one m € Z. We write

M :={m € Z: V™ (z) exists}.

For m € 9, define A(z, g"t9) by Eq. (2.13). Due to the jump conditions of W™ (z) in
RHP I, the matrix A(z, ¢"1) has trivial jumps on y” and ¢~y and thus extends
to a single-valued function on the complex z-plane. Furthermore, it follows from the
global analyticity and invertibility of W™ (z), see Lemma 2.8, that A(z, g"t9) is entire.
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Finally, as W™ (z) = I + O(z!) as z — oo, it follows that A(z, g™1p) is a degree two
matrix polynomial satisfying

Az, q™10) = 22k B+ O(z) (z — o0),
A(0, ¢"t0) = H(q"t0)q"tok§  H(q"t0)™",  H(q"t) := W™ (0),
and, due to Egs. (3.12) and (2.13),

1Az, ¢"10) = (z — kg™ 10) (z — &7 g™ 10) (z — k1) (z — &7 1).

Thus, A(z, ¢"tp) is a coefficient matrix of the form (2.2), for m € 901. By construction,
the connection matrix associated with A(z, g™ to) is given by 2" C(z), m € M.
For all m € 9, assume that

An2(z, q"10) # 0. (3.13)

Then the corresponding coordinates (f, g, w) are well-defined on A, via Eq. (2.7), and
they form a solution of gP{;*(«, 19). Furthermore, we can read the values of (f, g, w)
directly from the solution \-IJ‘””(z) of the RHP through formulas (2.16).

These formulas are derived as follows. By expanding Eq. (2.13) around z = oo, and
considering the (1, 2) and (1, 1) entry, we respectively obtain

w= (g "= «Xup, a=1-qg Huy - f. (3.14)

The first equation is precisely Eq. (2.16a) for w. The formula (2.16b) for f follows by
subtracting (3.9¢) from (3.9d) and solving for f. By substituting @ = (1 —g~"uy; — f
in Eq. (3.9¢) we obtain Eq. (2.16d) for g;. Finally formula (2.16¢) for g now follows
from Eq. (3.8).

We are now in a position to prove Lemma 2.5.

Proof of Lemma 2.5. We have shown that, for any solution ( f, g) of ¢Pvi(k, f9), there
exists a connection matrix C(z) € €(k, ty), such that the values of (f, g) may be read
directly from the solution W (z) of RHP I in Definition 2.7, via Eq. (2.13). Here
[C(z)] = M € M(«, tp) is the monodromy attached to (f, g) via the monodromy
mapping.

To prove the lemma, it remains to show _be shown that these formulas are invariant
under choosing a different representation [C (z)] = M of the monodromy, so that (f, g)
indeed only depends on the class M. We proceed in proving this statement.

As [C(2)] = [C(2)], there exist invertible diagonal matrices D > such that

C(z) = DIC(2)Da.
Thus, the solution W™ (z) of RHP I, with C(z) — 5(1), is related to W (z) by

Dy W™D, ifz e Dy,

T () —
@ Dy (DY ifz e D™,

Consequently, the matrix function H and U, defined by Egs. (2.14) and (2.15) for
W (z), are related to H and U by
H@t)=Dy'HnDT', U@)=D;'U@)Ds.

The formulas (2.16b) and (2.16c) for f and g are invariant under such rescaling and the
lemma follows. a
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We finish this section with some remarks on assumption (3.13). Firstly, note that this
is a necessary assumption for the coordinates ( f, g, w) to be well-defined. Now, suppose
that A12(z, ¢"t9) = 0, for some m € 9, and write 1, = g™ ty. Then, we have

A2, tw) = Koo(z —V1)(Z — 12),  A2(Z, tw) = K (2 — v3)(z — va),

where, by Eq. (2.3),
1 -1 1 -1
{v1’v27v37v4}:{’c[+ tm’K; tm,KT 9K] }
Furthermore, as the eigenvalues of A(0, t,,) are Koiltm, necessarily

{KooV1V2, kg v304} = {A11(0, 1), A22(0, 1)} = (K0T, Ko_ltm}-

By comparing the different possible values of vy, ..., v4 in the above two equations, it
follows that the parameters must satisfy

Kok kS =1 or Kk kS tm =1,
forsome €; € {1}, j =0, ¢, 1, 00. So, at least one of the non-splitting conditions (1.5)
is violated.

Furthermore, from the defining equations of Wy and W, Eq. (2.5), it follows that
W (z, 1) is lower-triangular and either (Wp); (z, tn) or (Wo) 2 (2, 1) is identically
zero. In particular, either C12(z) = 0 or C22(z) = 0, which means that C(z) is reducible,
see Definition 2.9.

We discuss RHP I with reducible monodromy in further detail in Sect. 4.2.

4. Solvability, Reducible Monodromy and Orthogonal Polynomials

In this section we study the solvability of RHP I, defined in Definition 2.7, and con-
sequently the invertibility of the monodromy mapping introduced in Definition 2.3. In
Sect. 4.1, we prove Lemma 2.10 and Theorem 2.12. In Sect. 4.2, we discuss RHP I with
reducible monodromy.

4.1. Solvability. We start this section by proving Lemma 2.10. To this end, we briefly
recall some fundamental properties of g-theta functions, i.e. analytic functions 6(z) on
C* such that 6(z)/6(qz) is a monomial. For ¢ € C* and n € N, we denote by V,,(«) the
set of all analytic functions 0(z) on C*, satisfying

0(qz) = az "0(2). 4.1)

We note that V,,(«) is a vector space of dimension n if n > 1, see e.g. [29].
For r € R,, we call

Dy (r) :={lqlr < |z| <r},

a fundamental annulus. As described in the following lemma, g-theta functions are,
up to scaling, completely determined by the location of their zeros within any fixed
fundamental annulus.
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Lemma 4.1. Let @ € C*, n € N and 6(2) be a nonzero element of V,,(«). Then, within
any fixed fundamental annulus, 6(z) has precisely n zeros, counting multiplicity, say
{ay, ..., ay}, and there exist unique ¢ € C* and s € 7 such that

0(z) = cz’0y(z/ar, ..., z/ay), a=(=1)"¢’ar-... ay. (4.2)
Conversely, for any choice of the parameters, Eq. (4.2) defines an element of V,(x).
Proof. See for instance [29]. |
We proceed in proving Lemma 2.10.

Proof of Lemma 2.10. Take a connection matrix C(z) € €(k, to) and suppose that C(z)
is reducible. Then C(z) is triangular or anti-triangular.
Assume C(z) is triangular, then

Cl1(@C2 @) = [C@)| = by (zaty ', 2 1 2, zip
for some ¢ € C*, where the second equality follows from Definition 2.1. Writing
(x1, X2, X3, X4) = (K¢, ke to, ke, k),
it follows from Lemma 4.1 that
C11(2) = enby (z/xi, 2/x))2",  Cn(z) = 2004 (2/xk, 2/x)2 ", (4.3)

for some labeling {i, j, k, 1} = {1,2, 3,4}, c11,¢cn € C*and n € Z.
Furthermore, by Definition 2.1,

Ci1(q2) _o K0 C22(q2) o Koo
— = — 1o, =z “—1o,
C11(2) Koo C»(2) Ko
which implies
04 = xixjq", Fop = xrxiq ", (4.4)
Koo Ko

violating the non-splitting conditions (1.5).
Similarly, if C(z) is anti-triangular, then

1

KoKoolo = Xixjq", to = xkx1q” ", 4.5)

K0Koo
for some re-labeling {i, j, k, [} = {1, 2, 3,4} and n € Z, again violating the non-splitting
conditions (1.5).

Conversely, if the non-splitting conditions (1.5) do not hold true, then either equalities
(4.4) or equalities (4.5) can be realised by a re-labeling {i, j, k, 1} = {1, 2, 3,4}, for
some n € Z. In the former case, Eq. (4.3) with C12(z) = C»1(z) = 0 define a reducible
connection matrix in €(k, ).

It follows similarly that €(«, #p) contains reducible monodromy in the latter case and
the lemma follows. O

To study the solvability of RHP I, in Definition 2.7, it is helpful to consider the
following slightly more general RHP.
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Definition 4.2 (RHP II). Given a connection matrix C € €(«, fg) and a family of ad-
missable curves (y™),,ez, form, n € 7Z, find a matrix function ¥ (z) which satisfies
the following conditions.

(i) w7 ™(z) is analytic on C \ y ™.
(ii) W™ (z') has continuous boundary values W™ (z) and W{"""V(z) as z’ approaches
z € y™ from D" and D{" respectively, related by

W (2) =W (2)2"C ), z e y™.
(iil) W™ (z) satisfies

W (z) = (I +0 (z_1)> "%z — oo

By comparison with RHP I in Definition 2.7, we can identify w0 (z) = W (),
More generally, for any fixed n € Z, RHP Il is equivalent to RHP I, with C(z) replaced
by C(z)z7". In particular, we have the following analog of Lemma 2.8.

Lemma 4.3. For any fixedm, n € Z, if RHP Il in Definition 4.2 has a solution V"'V (z),
then this solution is globally invertible on the complex plane and unique.

Proof. The proof is analogous to that of Lemma 2.8. O

Given the uniqueness in the above lemma, we say that W' (z) exists if and only if
RHP II has a solution for that value of m, n € Z.

The main reason for considering the more general RHP above, is that we have the
following result due to Birkhoff [1].
Lemma 4.4. For any fixed m € Z, the solution V"'V (z) to RHP II, in Definition 4.2,
exists for at least one n € Z.

Proof. See Birkhoff [1][§21] or the proof of Lemma 4.4 in [23]. |

Our next step is to study the dynamics of W'V (z) as n varies, with the ultimate goal
to obtain criteria for the existence of W™ (z) at n = 0, as these will allow us to prove
solvability of RHP I and thus prove Theorem 2.12.

To this end, if W™ (z) exists, we denote its expansion around z = oo by

\I,(m,n)(z) — (I + Z—IU(m,n) + Z—Zv(m,n) + Z—3W(m,n) + 0(2_4)> Zno’3’ (46)

as z — 00, and associate a coefficient matrix A"’V (z) as in Eq. (2.13),

W (g (@) 7! ifz € g~ (DI Uy™),
A" (2) = { Mg ¥ ™ (g2)kg  C() W™ ()~ ifz e DY NgTID™, (47)
gtV ™ () W (2) 7 ifze D™ Uy™,

Then A" (z) is a degree two matrix polynomial of the form (2.2) except for a generally
different normalisation at z = 00,

AT(2) = 22(g"Ko0) ™ + OR) (2 00).

In particular, the corresponding coordinates ™ (¢™ty), g™ (q™to) and w™ (g™ to) define
a solution of gPvy1(k™, t9) with

k"™ = (ko ki, K1, q"Koo),

if RHP II is solvable in m for that value of n.
We have the following lemma regarding solvability of RHP II as n varies.
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Lemma 4.5. Fix m, n € 7Z and suppose that the solution V™" (z) of RHP II in Defini-
tion 4.2 exists. Then, recalling the definition of the matrices U = (u;;) and V = (v;j)
in Eq. (4.6), either

(i) u({;’") # 0, in which case W™D (z) exists.
(ii) u{s™ = 0 but v{5™ # 0, in which case W™ "™V (z) does not exist but W2 (z)
does exist.
e (MLN) m,n) __ . . m,n+k) :
(iii) ujy" = 0 and vi,"™" = 0, in which case ¥V () does not exist for any k > 0
and necessarily C12(z) = 0 or Cx2(z) = 0.

Similarly, either

(I) u5;™ # 0, in which case wn=h () exists.
(I) uy™ = 0 but v5\"™ # 0, in which case ¥ ™"~ (z) does not exist but W™"~2(z)
does exist.
() ug'f’n) = 0 and vg;z,m = 0, in which case ™"~ (z) does not exist for any k > 0
and necessarily C11(z) =0 or C21(z) = 0.

Proof. We start with the fundamental observation that, for any k£ € Z, the solution
Wb 7y exists if and only if there exists a matrix polynomial R(z) which satisfies

R@W™™(z) = (I + Oz~ 1))z "0, (4.8)

Indeed, if such a matrix R(z) exists, then W™-"*5 (z) = R(z)W™ ™ (z) solves RHP 1.
Conversely, suppose W ""+5) (7) exists, define

R(Z) — \I,(m,n+k)(z)\lj(m,n) (Z)_l ,

then R(z) has a trivial jump on y” and consequently extends to an analytic matrix
function on the whole complex plane, satisfying

R() = +O0@E NF2U+0E ™) (z— ).

It follows that R(z) is a matrix polynomial and Eq. (4.8) follows directly from the
normalisation of W™+ (7) at z = oo.
By the above observation, the existence of W% (z) can be studied through exam-
ining the solvability of Eq. (4.8), which is how we proceed in establishing the lemma.
Firstly, we consider k = 1. The matrix R(z) must take the form

_ (1 0 FiL T2
R(z)—z(o 0>+<r21 0>,

and Eq. (4.8) reduces to the following linear system of equations,

0 1 0 11 —M({Z'n)
m,n) amn,n) _ m,mn)
U Uy 0 ="'
0 0 ujy™ ) \ra 1
This system is solvable if and only if u{5" # 0. Consequently, wmnth 7y exists if and

m,n)

only if u(,"" # 0. This establishes part (i) of the lemma.
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Next, assume u(]";’"’ = 0 and we proceed in studying the solvability of Eq. (4.8) with

k = 2. The matrix R(z) must take the form

1 0 0
RG) = 22 10 + ry 0 + TR
) =2 0 0 4 S 0 0 o)
"1 "1
and (4.8) reduces to

)

o 1 0 0 0\ (mi e
0 gg,n) 0 (lr;l,m 0 r(]%) _w;r;,m
o o o o wp"|lay]=| o
N S T ) B
0 0 v(1n21,n) 0 w({;,m r§11> 1

It follows from direct computation that the above linear system has a solution if and only
if v}3"™ # 0. We therefore conclude that, if u{5"™ = 0, then WD (7) exists if and
only if v{5™ # 0. This establishes part (ii) of the lemma.

Finally, consider the case when both u{5™ = 0 and v{5™ = 0. Then it follows
directly from Eq. (4.7) that the entry A‘I";’"’(z) of the matrix polynomial A" (z) is
identically zero, by considering its expansion around z = oo. Furthermore, as

\Ij(m,n)(qz) — Z_ZA(m’m(Z)\I/(m’n)(Z)K(;O@,

for z € g~ D™, it follows that W{5"(z) = 0 on D{".
Now, consider Eq. (4.8) for any k > 0. Its (2, 2)-entry reads

Rn(@)W5 " (2) = 27" *(1+ Oz, (4.9)
as z — 0o. However, recall that
(@) =271+ 0ETh),

and thus Eq. (4.9) has no polynomial solution R2>(z). It follows that W+ (z) does
not exist, for any £ > 0.

Finally, we prove that one of the entries of C(z) must be identically zero. To this end,
note that

W (qz) = g" g AT )W (kg (4.10)
for z € D" There are two options, either

ATT"(0) = q"toko, A3 (0) = ¢" 10wy

an,n)

in which case it follows from (4.10) that W5 (z) = 0 on D" and consequently that
Ci2(z) =0; or

ATP0) = g™ toky ', ASy™(0) = g™ toko,

in which case it follows from (4.10) that ¥{1""'(z) = 0 on D" and consequently that
C2(z) = 0. This proves part (iii) of the lemma.
Parts (I)—(II1) of the lemma are proven analogously. O
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Note that we have the following immediate corollary from Lemmas 4.4 and 4.5.

Corollary 4.6. Consider RHP Il in Definition 4.2 and assume C (z) is irreducible. Then,
for any m, n € Z, the solution W™ (z) or W""+V(z) exists.

We now have all the ingredients to prove Theorem 2.12.

Proof of Theorem 2.12. Take an irreducible connection matrix C(z) € €(«, tp). In RHP
I, see Definition 4.2, we have an additional integer parameter n and we denote its solution
by W™ (z), when it exists. For n = 0, this RHP is precisely RHP I. Proving the first part
of Theorem 2.12, is thus equivalent to showing that, for any fixed m € Z, the solution
w0 (z) or W10 (7) of RHP II exists. We do this via a proof by contradiction.

Take m € Z and suppose that neither W9 (z) nor W™*+.0(z) exists. As C(z) is
irreducible, Corollary 4.6 implies that W ~1(z) and W+ =D (z) necessarily exist.

To deduce a contradiction, we define the following matrix function

\p(m+1,71)(z)q,(m,fl)(z)fl ifz € D-(i—m) U y(m)’
B(z) = { wmtl=byz=me ()~ twen=b)=1 ifz e D™ N DY, (4.11)
Z\I,<m+l,—1)(Z)lytm,—l)(z)—l ifz e Dzﬂ+1) U J/(m+1)'

The jump conditions of RHP II that W+l =Dy and wor-—b(z) satisfy imply that B(z)
has only trivial jumps on ™™ and y"*1. Consequently, B(z) extends to a meromorphic
function on the complex plane.

The only possible source of singularities (i.e., poles) on the right side of Eq. (4.11),
is the term C(z)~!. (Note that W™ are analytic functions of z, which moreover are

invertible for all z, see Lemma 4.3.) In D" N DL_mH’, we know that the determinant of

C(z) only vanishesatz = K;H q’"Jrl fo, so that C(z) ! has (simple) poles there. Therefore,

B(z) has simple poles at z = /clilq”’*lto. This, combined with the fact that B(0) = 0
and B(oo) = I, yields
221+ zBoy

B(z) = ,
(z — kg™ 10) (z — K7 g™ ¥ 1)

for a constant matrix By.2

We now turn our attention to the coefficient matrices A™ ~D(z) and A”*L—D(z)
related to W~ D (z) and W1~ D(z) via Eq. (4.7). It follows from the defining equation
of B(z), Eq. (4.11), that these coefficient matrices are related by

A=) B(2) = Bg) A™ (). (4.12)
To deduce this, it suffices to note that, for z € ¢~' D", compatibility of the first rows of

the right-hand sides of Eqs. (4.7) and (4.11), yields Eq. (4.12). By analytic continuation,
Eq. (4.12) holds globally.

Now, recall that W (z) has an asymptotic expansion at infinity, see Eq. (4.6), of
the form

\U(m’")(z) — (I +Z—1U(m,n) +Z—2V(m,n) +O(Z_3)) chs’ U = (uij)a V = (Uij)'

2 Note that this is essentially the derivation of the forward implication of Theorem 3.1.
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Due to part (i) of Lemma 4.5, we know that u(lmz’fl’ = 0 and u(]'g”’*]’ = 0. We will
proceed in showing that also v‘l";’fl) = 0, which, due to part (iii) of Lemma 4.5, means

that C(z) is not irreducible, giving us the desired contradiction.
To get there, we first note that, by considering the expansion of B(z) as z — 00 in
the first row of Eq. (4.11), we obtain (Bgp)12 = 0.

Similarly, as u‘lm2’_l) = 0, it follows from the first row of the right-hand side of

Eq. (4.7) that the (1, 2) entry of A satisfies A(l";’_l)(z) = O(1) as z — oo. Namely
Al @) =e, (4.13)

where c is a constant.
We now show that, Eqs. (4.12), (4.13) and the fact that (Bp);2 = 0 imply that

m,—1)
Vi =0.
Firstly, by comparing the determinants of the left and right-hand sides of Eq. (4.12),

we obtain

—1_m+l

")z — ;7 g™ o).

|21 + Bo| = (z — kg

As (Bp)12 = 0, this implies the following dichotomy: either

—K[qm+]t0 0
) By = ,
( ) 0 < b21 _thlqm+lt0 or
—1_m+l
—Kk; @™ 1o 0
II) By = t ,
D Bo < by —Kzf]m+1t0>

for some by € C.
Secondly, the left-hand side of Eq. (4.12) is analytic at z = K,ilqmto, but B(gz), on
the right-hand side, has a pole at those two points. This means that

g™ ol + Bo) A"V (kEl g™ 1) = 0. (4.14)

We now consider the (1, 2)-entry of Eq. (4.14) for the two choices of the sign 4. The
positive choice leads to a tautology in Case (I), while the negative choice gives

(k7 — kg™ pe = 0.

On the other hand, the positive choice in Case (II) gives
(e — i, g™ toe = 0,

while the negative choice is a tautology. Due to the non-resonance conditions (1.4),
k2 # 1, and so it follows from the above results that ¢ = 0. Therefore, A}’g’fh(z) is
identically zero, by Eq. (4.13).

Since A is lower triangular, it follows from Eq. (4.7) that ¥ ~D(z) must be lower
triangular for z € D{". In particular, u‘lrg’_h = U‘S’_l) = 0, which, due to part (iii) of
Lemma 4.5, means that C(z) is not irreducible, giving us the desired contradiction.

We conclude that solution W (z) or W™*D(z) of RHP I exists for any m € Z,
establishing the first part of the theorem.

Let (f, g, w) be the corresponding solution of g P{{* (, #o) via (2.16). The second part
of the theorem asserts that form € Z, V" (z) fails to existif and only if (f (#,,), g(tn)) =

(00, Koo)-
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So, suppose m € Z is such that W (z) fails to exist. If (f(t,,), g(tn)) # (00, kKso),
then it follows from Lemma 2.2 that the coefficient matrix A(z, t,,) is well-defined. But
then Eq. (2.12) would yield a solution of RHP I, that is, """ (z) exists, which contradicts
our assumption. Thus (f(t,), g(tm)) = (00, Keo)-

On the other hand, if ¥ (z) exists, then A(z, t,,) is well-defined, via Eq. (2.13), and
consequently (f(ty), g(tm)) # (00, ko), by Lemma 2.2. So, indeed, W (z) fails to
exist if and only if (f(,,), g(tn)) = (00, koo)- This completes the proof of the theorem.
O

4.2. Reducible monodromy, orthogonal polynomials and special function solutions. In
the case of Py, it is well-known that reducible monodromy yields special function
solutions — see Mazzocco [26]. Furthermore, in such case, the solution of the standard
RHP for Pyj, when solvable, can be solved explicitly in terms of certain orthogonal
polynomials [6, 10].

In this subsection, we show that the same phenomenon occurs for gPy;. Recall that
the monodromy manifold contains reducible monodromy if and only if conditions (1.5a)
or conditions (1.5b) are violated. We discuss one example from each of these two sets
of non-splitting conditions.

Firstly, we consider the case where

KO0 = KiK1Koo,

violating one of the conditions in (1.5a), and consider RHP II, defined in Definition 4.2,
with the following upper-triangular connection matrix C(z) € €(k, 1),

9 (LL) cO (L’ v )
Cz) = q \ kit K| q 1;;0 K0Koo . (4.15)
0 0y #’ZK]

Here ¢ € C and v € C* are two monodromy datums that can be chosen at pleasure.
Writing #,, = g™ ty, the jump matrix of W' (z) in RHP II can be written as

m 2 2 m 2 v
1 Ky Q‘I(Kt ’K_) cv 9‘1(1}! ? KoK )
ZmC(Z) — (_1)mq2m(m+l)l6n ttm 1 . Zr':l(t 0Koo
O Kl eq Hy K1

We bring RHP 1I into the standard Fokas-Its-Kitaev RHP form [8,9] for orthogonal
polynomials, by applying a transformation

ymm sy _ | DTV @FL @Dy ifz e DI
Dl—l\I,(m,m(Z)Fém)(Z)—lD2 ifz € Dim,

where D) and D; diagonal matrices and F(()m’(z) and F{V(z) analytic and invertible
matrix functions on respectively D™ and D{" .
After such a transformation, the jump matrix of Y""'"(z) reads

J™(2) = Dy F{"(2)2" C(2) F" (2) 7' Dy,
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and we wish to choose Dj 2 and Fp o such that this jump matrix is upper-triangular
with diagonal entries constant and equal to 1. To this end, we choose Fj o so that they
cancel the g-theta functions on the diagonal,

gkitm  gK1 .
F(m)(Z) — ( z ' z ’q>oo 0
o qm 4. ’
(KtZ > K12’ q)oo
Z <.
Fy"'(z) = <"f’m’ K1’ q)oo 0
0 0 (m ztc1'61> ’
t’l’l 9 9 00

and we choose D1 and D; to normalise the now constant diagonal entries so that they

equal 1,
vtoo0 1 1 V™0
D1 — <O K[m) , D2 — (_l)qum(m+ )t(’)’l‘l < Ol 1) .

Then the jump matrix reads

J(M)(Z) — <é U)(Z], tm)) ,

where

z _av

Ce‘] (vt’ K()Koc)

2z z. qt g . ’
(K,t’ K1’ q)oo (K,z’ K12’ q)oo

and Y™ (z) solves the following RHP, if it exists.

w(z, t) = (4.16)

Definition 4.7 (RHP III). For m, n € 7Z, find a matrix function Y (z) which satisfies
the following conditions.

(1) Y™™ (z) is analyticon C \ y"™.
(ii) Y™™ (Z) has continuous boundary values Y"""(z) and Y{"""(z) as 7’ approaches
z € y™ from D™ and D" respectively, related by

V() = Y ) ((1) v tm)) @ey™),

where w(z, t) is the weight function defined in Eq. (4.16).
(>iii) Y™ (z) satisfies

Y™ (z) = (I +0O (z_1)> "%z — oo

RHP 1III is the standard Fokas-Its-Kitaev RHP for orthogonal polynomials on the
contour y " with respect to the weight function w(z, t,,). We refer to Deift [4] for more
background information on the theory of orthogonal polynomials and corresponding
RHPs.

We proceed to draw some immediate conclusions from the equivalence between
the RHPs II and III, given in Definitions 4.2 and 4.7 respectively, and the theory of
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orthogonal polynomials. If n < 0, then RHP III is unsolvable for every m € Z and thus
the same holds true for RHP II.

When n = 0, RHP 11l is solvable for every m € Z and the solution is explicitly given
by

Ym0 () — ((1) —C™ L 1)) (z)> ’

where C" denotes the Cauchy operator on y ™,

CM IR () = — ¢ )
27 ym X —2

dx (h(-) € L*(y™)).

When n > 0, RHP III is solvable if and only if the Hankel determinant of moments

Mo Mmoo Hp—1
M1 M2 .. H“n 1 s
ANp(tw) =1 . . Co = Zw(z, ty)dz (k € Z),
: : .. : Tl V(m)
Mn—1 Mn .. HU2p-2

is nonzero, in which case the solution of the RHP is explicitly given by

1 ( Pn(@tm)  —C™[puCs )W, 1) (2) )
A, (ty) P12 ty) —C™ [pn—l(‘? m)w(., tm)] @)’

where p, (z; t,), for n > 0, denotes the (generically) degree n polynomial

Yo (z) =

Mo [ M“n
M1 M2 .o Mp+l

Pn(Z; t) = : .l
Mn—1 HMn cee M2p-1

1 z ... b

The latter polynomials satisfy the orthogonality condition

1
i Pz, ty) pn (2, t)w(zZ, ty)dz = An(tm)An+1(tm)8l,n (,neN),
-y(m)

and thus form a sequence of orthogonal polynomials with respect to the complex func-
tional

1
Clz]l - C, p@ = z— p(Rw(z, ty)dz, 4.17)
27‘” y(m)

when none of the Hankel determinants vanish.
‘We denote

M, = {m € Z: V™" (z) exists},
and assume ¢ # 0. We may employ a similar argument as in the proof of Theorem 2.12,

to show that, for any m € Z, m € I, or m + 1 € IM,,. We thus obtain a corresponding

solution (w’™, f, g™) of gP{*(x"™, t9), where

n __ —— n —
K = (Ko, Kt, K1, Koo,n)s Koo = Koo, KO = KiK1Koo,
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forn > 0.
We proceed to derive explicit formulas for £ and g . To this end, we note that the
next to highest order coefficient, in the asymptotic expansion

Y™m(z) = (1 +z_1Y{m’”’ +0 (z_2>) "% 7 — o0,
can be written explicitly as

_ Ly (tm) Apt1(tm)
Y<m*n> o Ay (lm; An([m)
1 Ap—1(tm L (tm) ?

Ap (tm) Ap (tm)

where A, (t,,) denotes the n-th Hankel determinant of moments and

Mo M“1 cee Mn-2 Mn
n1 n2 R Mn+1
Ly(ty) = - ’
MUn—-2 Mn—-1 ... M2p—4 HU2n-2
Mn—1 Mn cee M2n—-3  M2n—1

with "1 (#,) = w1 and T'o(2,) = 0.
By direct substitution of the corresponding asymptotic expansion of W™ (z) around
z = oo into Eq. (2.13), we find

_ v\ Aps1(tn)
W (tn) = =4 gk, = 1) (K—) A
t n\tm
and
Kgo,n -1 @) _ qugo,n -1 Ch1 (@)
quo,n —1 An(t) quo,n —1 An+1(l‘)

P = +L(1), (4.18)

where t = t,, and the linear term L reads

k(K3 — 1)+ (2 — 1t

Kik1(qk2, , — 1)

L(t) = kst + k1 +

Upon substituting the explicit formula for w’ into the auxiliary Eq. (1.2), and solving
for g, we obtain

VA (/@) Ana1 (1) — ke A (D) At (t/9)qK 2,
VAL(/q) D1 (1) — i A (D) A1 (1 /q)qK2,

8" (1) = koon (4.19)

Note that, by the above formulas, A, (¢) = 0 if and only if f™ () = oo and g™ (¢) =
Koo,n, consistent with Theorem 2.12.

Furthermore, the moments py = g (¢) canbe expressed explicitly in terms of Heine’s
basic hypergeometric functions. Indeed, a residue computation yields that the k-th mo-
ment equals

me =381+ 82,
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2
1+k 9%q .
1= CK(% gq(thv) <q K q)oo
(@: Doo(@/kF: D)oo (4G q)

2 1+k 2
Ki-g Ko qt
X 20 q2+kK_0 g, — |

,
«2 KtK1

2
29 | a2 1+k 9%0 .
o CK() q (K(%) (q Klz B q)oo (i)k+l eq (K]U[)
v (@ Doo(@/kE: Do (¢ q), \ki1 , (K_n)
1+kK2

2
Ky q 0 q
X 201 q2+kﬁ 0 g, .
2

P Kik1t

Sakai [30] first derived special function solutions of gPyy, written in terms of Casorati
determinants of Heine’s basic hypergeometric functions, which correspond to setting
V= K,_l orv = /cg /k; in the above, so that S; = 0 or S» = 0 respectively.

Ormerod et al. [28] related a family of semi-classical orthogonal polynomials to
qPvy1, via the Jimbo—Sakai linear system, and derived formulas similar to (4.18) and
(4.19) above. To relate the orthogonal polynomials in this section to those in [28], we
write the complex functional (4.17) in terms of g-Jackson integrals. Assuming that

1 . . .
|ko| < |g|™ 2, aresidue computation gives

-1

1 qK; tm

i P )p(z)w(z, tm)dz =o) (tm; C, V)/ pP@W(z, tm)dyz
ym O

—1
qK,

+ o (tw; C, V)/ P@W(z, tm)dyz,
0

for any entire function p(z), where the right-hand side integrals are standard Jackson
integrals, W (z, t) is the weight function

Kz .
(. kiz )
—’

2 Z.

(K’t’ K1’ q)oo

and the dependence of the integral operator on the monodromy data {c, v} is hidden in
the coefficients in front of the Jackson integrals,

W(z,t):=2° o = 2log, Ko,

K1vt
iy (qK’”’ >
_ -2 P ’
A=) 9z gq(L)

ay(t;c,v) =

Kt

6, Iql)l‘,M
ckf 9\ 4 g

1-0@ D% g, (&)

op(t;c,v) =

K1t
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Note that both coefficients satisfy a(gt) = Ktl—voz(t) and the orthogonal polynomials in
Ormerod et al. [28] then coincide with the polynomials p, above, up to scalar multipli-
cation, in the case when v is chosen such that o1 (f) = —a (7). In other words, v = v(zy)
is chosen such that

6 Kpv, Ko
<K1t0>1+0 ! (q g

p .
' Oy <61VK1t0, KK’—;)
0

Next, we briefly consider an example coming from one of the conditions in (1.5b)
being violated. Namely, we set

Ko = KOOt07

and consider RHP I, defined in Definition 2.7, with a corresponding upper-triangular
connection matrix of the form,

z  zK z z ,,—1
C) = 0 (7 %) cluGnEvh

0 ACEINA

where the monodromy datums ¢ € C and v € C* can again be chosen at pleasure.
We note that the jump matrix z” C(z) can be rewritten as

Kilm* tm ’ Ko

qm(’””)tg’”Gq (L ﬂ) ceq(KZ—Ov )
z ,
0 Oy (,f—l le)

7"C(z) =

where we denoted t,,, := g™ 1.
We apply the transformation

yom sy = | DTV @FD @7 Dy iz e DY,
' DM () FY (2) 7! ifze D",
where
qKtlm M
F(Wl)(Z) — < z Kz’ Q)OO O
U (g
z K1z’ 00 ’
_Z Kz
0 (G,
and
—2m  —m(m+1)
t, g 0
Dy = (" ,
! ( 0 1)

Then the jump matrix for Y (z) reads

J(m)(z) — <(1) W(Zl, fm)) ,
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where

-1
c&,(%v, KZ—OV )

b
2z Kz, g« 9 .
(K,z’ t ’q)oo< z K]Z’q)oo

and Y "™ (z) solves the following RHP, if it exists.

w(z, t) =

(4.20)

Definition 4.8 (RHP V). For m € 7Z, find a matrix function Y (z) which satisfies the
following conditions.

(i) Y™™ (z) is analyticon C \ y"™.
(ii) Y™ (z') has continuous boundary values Y (z) and Y™ (z) as z’ approaches z €
y™ from D" and D{" respectively, related by

Y_:_m)(z) _ Y(_m>(z) ((1) U)(Zl, tm)) (z € J/(m>)’

where w(z, 1) is the weight function defined in Eq. (4.20).
(>iii) Y™™ (z) satisfies

Y™ (z) = (I +0 (Z*I)) "% 7 — oo.

This RHP takes the form of the Fokas-Its-Kitaev RHP for orthogonal polynomials,
but with the contour y ™ and weight function w(z, ,,,) scaling with the ‘degree’ m of the
corresponding orthogonal polynomials. In particular, RHP IV is unsolvable for m < 0
and thus so is RHP I in Definition 2.7.

For m = 0, RHP 1V is solvable and its solution is given by

On_ (1 —COTw(, 10)](2)
W (z)—<0 1 )

From Eq. (2.13) it follows that the corresponding linear system A(z, t) at t = fy takes
the upper-triangular form

Kooz = Kit0)(z — K 1) A2(z, 1)
A(z,to)—( )= Kgol(z—m)(z—xrl)>' (“21)

Form > 0, RHP IV is solvable if and only if the mth Hankel determinant of moments
for the weight function w(z, t,,), with respect to the contour y ™, is nonzero. We denote

M :={m € Z : V"™ (z) exists},

then M C N and, if ¢ # 0, then, by the same argument as in the proof of Theorem
2.12, we may show that, for any m > 0, m € 9t or m + 1 € 9. Thus the domain of the
corresponding solution ( f, g) is given by the semi g-spiral ¢"1.

Note that, by Eq. (4.21), the value of g at t = 7 is given by

1 1

-1, -1 -1, -1
§(t)) =q Koo =q kg lo,

and thus Eq. (1.1) has a singularity at r = ¢~ 'y which cannot be resolved. In particular,
there exists no isomonodromic continuation of the solution past t = fg, see also [S][Prop.

4.1].
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This phenomenon has also been observed for solutions of other discete Painlevé
equations associated with orthogonal polynomials, see e.g. Assche [34].

We emphasise that, also in this case, one can derive explicit expressions for f(g™ty)
and g(¢"™ty), m > 0, in terms of determinants of moments, but with the sizes of the
determinants growing with m.

Finally, note that, if we set ¢ = 0, so that C(z) is diagonal, we have w(z,t) = 0
and A12(z, tp) = 0. In this singular case, 9t = {0} and there is no solution ( f, g) of
qPvi(k, tp) corresponding to this monodromy.

We finish this section by noting that, in general, the domain where RHP I, defined in
Definition 2.7, is solvable,

M :={m € Z: V"™ (z) exists},

can take one of five particular forms when C(z) is reducible, characterised by

(Hh)VmeZ,meMorm+1eMN;

(2) 3mg € M such that M C Z>, and Vm > mo:m € Morm + 1 € M;
(3) Imp € N such that M C Z<,,, and Vm < mo:m € Morm — 1 € M;
(4) Img € M such that M = {mop};

S) Mm=4a.

In the first example of this section, we saw cases (1) and (5). In the second example, we
saw cases (2) and (4) with mg = 0.

5. The Monodromy Manifold

This section is devoted to the monodromy manifold defined in Definition 2.3.In Sects. 5.1,5.2
and 5.3 we prove Theorems 2.15, 2.17 and 2.20 respectively.

5.1. On the embedding of the monodromy manifold. In Sect. 2.4, see Eq. (2.19), we

defined a mapping P of the monodromy manifold to (P')*/C*. In this section we show

that this mapping is an embedding and determine its image, proving Theorem 2.15.
Firstly, we have the following lemma.

Lemma 5.1. The mappings ‘P, defined in Eq. (2.19), is injective.

Proof. Take any two connection matrices C(z), c (z) € €(k, tp) and suppose that their
respective coordinate values p and p are identical up to scaling, i.e. o = cp, for some
¢ € C*. Then the matrix function

~ 1 0 _
D(z) =C() (O C) c@™
is analytic on C*. But D(z) satisfies
D(qz) = ky’D(2)ky 7,

and, as Kg ¢ g”, it follows from the general theory of ¢-theta functions, see e.g. Lemma

4.1, that D(z) = D must be a constant diagonal matrix. Therefore, [5 (z)] and [C(2)]
represent the same point on the monodromy manifold. The thesis follows. O
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To determine the image of the monodromy manifold under P, it is convenient to
consider a related embedding into (IP’I)4 of a finer quotient of the space €(«, fy), given
in the following definition.

Definition 5.2. We define M («, fy) to be the space of connection matrices €(k, fy) quo-
tiented by arbitrary left-multiplication by invertible diagonal matrices. We denote the
equivalence class of C(z) € €(k, tp) in M («, 1p) by [C(z)] and denote by

i 2 Mk, to) = Mk, 1), [C ()] — [C(2)],
the quotient mapping of M (k, tp) onto the monodromy manifold.
Note that the coordinates p = (o1, 02, p3, p4) introduced in Sect. 2.4, i.e.
p=m(Cx), (1 <k<4), (x1,%2,x3,x2) = (elo, ke o, k1,61,

are invariant under left-multiplication by diagonal matrices and are thus well defined on
equivalence classes in M (x, fy). We thus obtain a mapping

P: Mk, 1) — (PH* [C@)] — p. (5.1

This mapping is an embedding, by the same argument as given in the proof of Lemma 5.1,
with ¢ set equal to 1.
Let tp denote the quotient mapping

wp o (PHY - PH*/C*. (5.2)
The proof of Theorem 2.15 revolves around the diagram

Mk, tg) —L— (P4

J,LM ll]}) (5.3)

Mk, 19) 25 (P1)*/C*,

which is commutative, because right multiplication by a diagonal matrix translates to
scalar multiplication of p as shown in Eq. (2.18). We first determine the image of M («, o)
under P, following the technique developed in our previous paper [23], and then obtain
Theorem 2.15 by projecting this image into (P')*/C* via (p.

To describe the image of M (k, tp) under P, we make the following definition.

Definition 5.3. Recall the definition of the quadratic polynomial T'(p : k, ty) as well
as its homogeneous form T}, in Definition 2.14. Using homogeneous coordinates
ok = Loy : ,o,f] e P!, 1 < k < 4, the equation

Thom (0T, P1+ 052 03 P32 03, P4+ P3) =0
defines a threefold in (P!)#, which we denote by
S(e, 10) = {p € ®H*: T(p : x, 10) = 0}.

Regarding the image of M (k, tp) under P, we have the following result.
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Proposition 5.4. Denote by« the tuple of complex parameters k after replacing ko — 1.
The image of M (k, to) under the mapping P, definedin Eq. (5.1), is given by the threefold
S(k, ty) minus the codimension one subspace

X (k, to) = S(c, 10) N S®, 10) = (] SCho, ks, K1, Koo, 10)- (5.4)
LoeC*

We denote by S*(k, tg) the space obtained by cutting this subspace from S(k, tg), then
the mapping

M (i, to) = S* (k. o), where [C ()] = P([C(2)]),
is a bijection.
Proof. Let us take a connection matrix C(z) € €(k, tfp). It will be convenient to work
with the following uniform notation,
(01, 02) = (Koto, kg ' 10), (1, 12) = (Koo, K30, (5.52)

—1 ~1
(x1, x2, X3, x4) = (Ktlo, K, T, K1, Ky ). (5.5b)

For any 1 < i, j < 2, the matrix-entry C;;(z) is an element of the two-dimensional
vector space

Vij = {analytic functions 0 : C* — C satisfying 6(gz) = ﬂ1_29(Z)} ,
M

see Eq. (4.1), and we know that
C11(2)C22(2) — C12(2)C2(2) = Oy (z/x1, 2/x2, 2/X3, 2/X4), (5.6)

for some ¢ € C*.
For each 1 < k < 4, the equation 7 (C (xx)) = px translates to

P C11(xk) — P Cra(xk) =0,  p; Ca1(xx) — pj Coz(xx) = 0, (5.7)

where we used homogeneous coordinates oy = [pj, : p,f 1.
We proceed in studying Eq. (5.7) by choosing explicit bases of the vector spaces V;;,
1 < i, j <2.To this end, we introduce the following eight g-theta functions,

uil(z) = 04 (Z/Xl, ZXIZ—11> ’ u'(2) = % (Z/xz’ szZ_ll) ’
ui(z) = 6, <Z/x3, ZX3Z_12) ’ 0@ = by (Z/M’ ZMZ_f) ’
w(z) =6, (z/xl, zx1 ’;—;) » w3 (2) = b (Z/xz’ mi_i) ’
ui?(z) = 04 (Z/x3, Zx3l;—§> J 43 (@) = K (Z/M’ ZM%) '

For any 1 < i, j < 2, the collection {uij (2), uéj (z)} forms a basis of V;;. We may thus
write

Cij(2) = & uf (2) + o u (2), (5.8)
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for some coefficients o)/, &5’ € C.
Equation (5.7) now translate to eight equations among the coefficients in (5.8), which
we group into the following two homogeneous systems,

0 pruy (x)  —pfupin)  —pfun)\ o 0
pgvuil(xz) S0 —pu) =y (x) a%‘ _[°]. 9
pyupt(x3)  pyuy' (x3) 0 —pyuy () | | e of’
pyur'(xa)  pjuzt(xa)  —pyu*(xa) 0 a,? 0
and
L0 pruy (x1)  —pfupin)  —pfuz(n)\ (o 0
péui‘(m 0 —pui () —pgu%z(xz) a%‘ )
pyuy (¥3)  pug (x3) 0 —puy’(xa) | | e 0
pyut (xa)  pyuz'(xa)  —pjui*(xa) 0 a3 0

As the determinant of C(z) cannot be identically zero, we know that both vectors
on the left-hand side of Egs. (5.9) and (5.10) are nonzero. This in turn implies that the
determinants of the 4 x 4 matrices on the left-hand side are zero. By means of a lengthy
calculation, one can check that both determinants, coincide, up to some nonzero scalar
multipliers, with the equation

Th()m(pic9 in’ piC? ,Oiv’ p:);C? 10_;:7 pjlc9 ’Oi) = 07

where T}, is defined in Definition 2.14. We refer the interested reader to our previous
work [23][Appendix B] where an analogous computation is given.

It follows that P embeds M («, tp) into the threefold S(«, tg).

We proceed to determine those coordinate-values in S («, fo) which cannot be realised
by any connection matrix C(z) € €(«, fp).

Take any p € S(«, tp), then we know that both homogeneous equations (5.9) and
(5.10) have non-trivial solutions. Let us take a solution of each respectively,

T T
1 11 12 12 21 21 .22 .22
(al N R T ) ) , (al N R TS ) , 5.11)

and let C(z) denote the corresponding matrix function via Eq. (5.8).
Then we know that C(z) is analytic on C*, it satisfies

C(qz) = 2 2ok C(Dk >, (5.12)
and |C(xg)| = 0 for 1 < k < 4. Furthermore, by construction,

Cii(z) #0 or Ci2(z) #0, and (5.13a)
Ca1() £0 or Ca(z) 0. (5.13b)

There are two options, either Eq. (5.6) holds for some ¢ € C*, which means that
C(z) € €(k, tp) and thus p lies inside the range of P; or the determinant of C(z) is
identically zero,

Ci1(@)C2(2) = C12(2)C21(2). (5.14)
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In the latter case, p does not lie inside the range of P. To show this, suppose on the
contrary that there is a C(z) € C(k, tp) with w(C(xx)) = px for 1 < k < 4. Then, by
the same argument as in the proof of Lemma 5.1, we have

C(z) = DC(2), (5.15)

for some diagonal matrix D. However, as the determinant of C(z) is identically zero,
we must have | D| = 0. Consequently, Eq. (5.15) contradicts equations (5.13). It follows
that, in the case when the determinant of C(z) is identically zero, p indeed does not lie
in the range of P.

Therefore, to prove the proposition, it remains to be shown that the determinant of the
matrix C(z), constructed above, is identically equal to zero if and only if the coordinate-
values p lie in X = X(«, tp), and that this space X is a codimension one subspace of
Sk, t).

To this end, let us note that Eqgs. (5.13) and (5.14) imply that either

(i) C11(z) =0and C21(z) =0,
(i) C12(z) =0and Cy(z) =0, or
(iii) C11(2)C22(z) = C12(2)C21(2) # 0.

Case (i) corresponds, via Egs. (5.9) and (5.10), to the four lines
loe®Y :ipi=pi=pm=0} (I1<i<j<k<4. (5.16)

Indeed, C11(z) = 0 implies that the coefficients 0‘1 , oc2 in Eq. (5.9) are zero. A non-
trivial solution of (5.9) with these constraints exists if and only if the coordinate-values
o lies inside one of the above four lines.

Similarly, case (ii) corresponds to the four lines

loe®Y ipi=pj=p=o00} (1<i<j<k=<4. (5.17)

Note that the eight lines, defined in (5.16) and (5.17), indeed lie inside X.
Finally, in case (iii), C(z) must take the form

Cz) = (Clleq(Z/ul)eq(Z/Ul) 6129q(Z/M1)9q(Z/M2)>
7T\ e2104(2/v1)0y (2/v2) €220, (2/u2)04(2/v2)

with

up = KotoT, u2=Koor_l, V=K T , vzzx()_ltor,

for some 7 € C* and nonzero constant multipliers satisfying c11c22 = c¢j2¢21. The
corresponding p-coordinates of this matrix are given by
0y (XKoo) i

pr=coxy) (1<k=<4), ¢kx):= eq(x—/K), ‘= n eC*. (5.18)
q 00

Consequently, for any choice of ¢, 7 € C*, Eq. (5.18) defines a point on the three-
fold S(k, tp). We now make the important observation that formulae (5.18) are ko-
independent. That is, Eq. (5.18) defines a point on S(Xg, k¢, K1, Koo, 1), for any value of
Ao. Thus these points lie in the subspace X.

To prove the proposition, it suffices to show that, conversely, any pointin X lies either
on one of the eight lines (5.16) and (5.17), or is given by (5.18) for a choice of ¢, T € C*.
To this end, let us take a point p € X which is not on one of the eight lines. Construct a
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corresponding matrix C(z) via Egs. (5.9) and (5.10), see Eq. (5.11). So C(z) is analytic
on C*, it satisfies (5.12) and Eq. (5.13) hold true. N

As p € X € S(1, k4, k1, Koo, 19), We can similarly construct a matrix C(z) via
Egs. (5.9) and (5.10), which satisfies

Clg2) = 2 21C (.

This matrix function is also analytic on C*, and satisfies (5.13).

Now suppose, for the sake of obtaining a contradiction, that p is not given by (5.18)
for some ¢, 7 € C*, so that |C(z)| # 0. Consider the quotient D(z) = C(z)C(z)~". As,
by construction, C(z) and C(z) have the same p-coordinate values, it follows that D(z)
is an analytic function on C*. However, D(z) satisfies the g-difference equation

D(qz) = D(2)ky 7,

and therefore, by Lemma 4.1, D(z) = 0 and consequently c (z) = 0, which contradicts
the fact that C(z) satisfies (5.13).
We conclude that the subspace X is explicitly parametrised by

X =cl({(cp(rx1), cPp(rx2), cp(rx3), cp(tx4)) 1 ¢, T € C*}), (5.19)

where ¢ is the function defined in (5.18) and the closure is taken in (P')*. Thus X is a
codimension one closed subspace of S(k, #y). Furthermore, we have shown that X con-
sists precisely of the points in the threefold S(«, #p) that cannot be realised as coordinate-
values p of any connection matrix C(z) € €(«, fp). Thus the image of M (k, tp) under
the embedding P is given by S(k, #p) \ X and the proposition follows. O

Proof of Theorem 2.15. Recall from Definition 5.2 that elements of M (k, fy) are con-
nection matrices C equivalent under left multiplication by a diagonal matrix, while the
entries of M («, tp) are those equivalent under right and left multiplication by diagonal
matrices. Note that the desired bijection is already proved for M (k, #p) in Proposition 5.4.
So the proof of the present theorem will follow under an appropriate quotient mapping
M (k, tg) to M(k, to) and the corresponding quotient from S*(k, fp) to S*(k, tg). Recall
that Definition 5.2 denotes the former quotient by ¢);. The latter quotient is denoted by
tp, defined in Eq. (5.2).

Now, consider the commutative diagram (5.3). By Proposition 5.4, the image of P is
given by S*(k, tg). Therefore, the image of the composition tp o P is given by $*(«, tp).
As 1y is surjective, it follows from the commutativity of diagram (5.3) that the image
of P is given by S*(«, ).

InLemma 5.1, it was shown that P is injective and it thus follows that P is a bijection,
which proves the theorem. O

Proof of Remark 2.16. We note that, by Eq. (5.19), we have the following explicit
parametrisation of the curve X = X' («, 1),
X =cl({(p(tx1), p(tx2), p(Tx3), p(Tx2)) : T € C*}),
0, (xKxo) (5.20)
P(x) = A=
Oy (x/Ko0)

where the closure is taken in (]P’l)4/(C* and xx, 1| <k < 4, are as defined in Eq. (2.17).
Note that this parametrisation is kp-independent, which implies

X< [ SCo. ki k1. Koo t0).
AoeC*
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By the definition of X', Eq. (2.22), the right-hand side is also a subset of A" and they are
therefore equal, yielding the desired result, Eq. (2.24). O

5.2. Smoothness of the monodromy manifold. In this subsection, we study the smooth-
ness of the monodromy manifold M («, tp) and prove Theorem 2.17.

The monodromy manifold does not naturally come with a topology. However, due
to Theorem 2.15 and Proposition 5.4, we have the following refined version of a com-
mutative diagram (5.3),

Mk, tg) —2— S*(k, 10)
Jow Lise (5.21)
Mk, t0) —L S*(k, o),

where both P and P are bijective, and 5+ denotes the quotient mapping ¢p restricted to
S*(k, t9). The monodromy manifold inherits a topology from S*(k, #p) via P. Similarly,
M (kq, tp) inherits a topology from the threefold S*(k, o).

To prove Theorem 2.17, we first study the smoothness of the space S*(«, fp). We
then deduce corresponding results for the surface S*(«, tp), by taking the quotient with
respect to scalar multiplication. Finally, we translate the results for S*(k, fg) to the
monodromy manifold.

The following proposition describes the singular set of the space S*(k, f9) and shows
that it is empty if and only if the non-splitting conditions hold.

Proposition 5.5. The space S*(k, ty) is a complex 3-manifold singularities at points in
the finite set

ving =5, 10) N O, (5.22)

where
® :={(0, 0, 0o, 00), (0, 00, 0, 00), (0, 00, 0, 0), (5.23)
(00, 0,0, 00), (00, 0, 00, 0), (00, 00, 0, 0)}. (5.24)

Furthermore, all these singularities are ordinary double-point singularities.
In particular, the following statements are equivalent.

(i) The space S*(k, to) is smooth.
(ii) The set S‘fing is empty.
(iii) The non-splitting conditions (1.5) hold true.

Proof. Recall that the space S*(k, to) is defined as S(«x, 1) \ X («, 1), where S(k, fp) is
the zero locus of the polynomial 7 (p; «, fg) in (PHY* and X (x, 1p) denotes a subspace of
S(k, ty), defined in Eq. (5.4). From here on, we will often suppress the explicit parameter
dependence on (x, fp) of T (p), S, X and S* = S\ X.

Firstly, as X is, by definition, the zero locus of two polynomials, it is closed in S.
Hence, S* is open in S. To prove the first part of the proposition, we study whether the
gradient of T (p) vanishes anywhere on the open subset S* of .

We start by considering whether S* has any singularities in its affine part S*NC*. The
zero locus of the gradient of T (p1, p2, p3, pa) is characterised by the linear equation

H - (p1,p2, p3, p4)" =0, (5.25)
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where H is the Hessian matrix of 7', i.e.

0 Tip Tz Ty
T, 0 Tz Ty
Tz Trs 0 Tay
Ty T Ts O

H = (5.26)

We proceed to show that the determinant of H is nonzero. This implies that Eq. (5.25)
has only one solution 0 := (0, 0, 0, 0) € X, which does not lie in S$*. In particular, $*
has no singularities in its affine part.

In fact, we will prove that the determinant of H is given explicitly by

2 2
-2.2.2 2 2 .2 2 2 —1 ~1 -1, -1
|H| = ko "k K{K504 (KO, ki, Ki, K ) 04 (Kﬂqto, Keky to, K, K1f0, Kp Ky t0> ,

(5.27)

so that |H| # 0, due to the non-resonance conditions (1.4).

To this end, we first note that | H| depends analytically on each of the parameters
kj € C* j=0,t1,00, and tp € C*. We begin by studying the dependence of the
determinant on ko and denote

h = h(kg) == |H]|.
Since each of the entries of H satisfies the g-difference equation
Tij(q ko) = g~ ' *Tij (ko)
1 <i < j<4,wehave
h(g ko) = q kg S (ko). (5.28)

It follows from Lemma 4.1 that & has precisely eight zeros, counting multiplicity, in
{ko € C*}, modulo g%. We further note the following helpful symmetries,

hicg D) = hiko),  h'(ky") = —kd B (ko). (5.29)

A direct calculation yields that %, evaluated at kg = 1, formally factorises as

Dy =[] [+kooby(. k7. k3 0. Kooto)
€1,60e{£1}
_ —1 _
+ €1K00lg (KK 1K g s KiK' Kooy Kek i to, K1k 0)
-1 -1 —1,_—1

+ €akrk104 (K, K1Koo, Ktk| Koo, KtK110, K1 K, to)].
The factor withe; = € = —1 vanishes identically by the addition law for theta functions,
hence A(1) = 0. it furthermore follows from symmetries (5.29) that 4’(1) = 0, so that

ko = 1 is at least a double zero of A.
An analogous computation shows that k9 = —1 is at least a double zero of 4.

Similarly, it follows that kg = q% is a zero of h. To show that it is at least a double
zero, we take the derivative of Eq. (5.28),

qh'(q K0) = q iy Bh' (o) — 844y h (o).
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By evaluating this identity, and the second equation in (5.29), at kg = q_%, it follows
that 4’ (q%) = 0 so that kg = q% is at least a double zero of h. The same statement
follows analogously for kg = —¢q 2,

In conclusion, we have found four zeros of h, ko = %1, £g %, each at least of degree
two. But 4 is a degree 8 theta function. It follows from this, and Eq. (5.28), that

~

ERAGIE

where 1 is a function independent of k.
By following the same procedure with respect to the variables k;, k1, K, We obtain

2 2
h = CKO_2K[2K12K§OQL] (Kg, K,Z, K12, KC%O) 04 (K,/qto, Kt/cl_lto, Kt_lKll‘(), Kt_ll(l_lt0> ,
for some constant ¢ which may only depend on 7y and ¢.

At this point, one simply evaluates both sides at kg = k; = K| = koo = i, t0 Obtain
¢ = 1, which yields Eq. (5.27).

We now return to the proof of the proposition. We have already established that S*
has no singularities in its affine part. It remains to study whether S* has singularities
with one or more of their coordinates equal to co. Note that we only have to check the
cases where one or two of their coordinates are equal to oo, as points, with more than
two coordinates equal to co, lie in X and thus not in S*.

Let us start by considering whether there are any singularities in

S* N {(p1, p2, p3,00) : pr € Clor 1 <k < 3}. (5.30)
To this end, we evaluate the gradient of

, 1
F=piT<pf,p§,p§‘,?)
4

at ,oglV = 0, yielding
VE|y_og = (T1a, T4, T34, Tiapt + Toaps + Tap3)" .

For this gradient to vanish, it is required that 714 = Th4 = T34 = 0, which cannot be
realised without violating one of the non-resonance conditions (1.4). Therefore, S* has
no singularities with p4 = co and the remaining coordinates finite. Applying the same
argument in the three other cases, it follows that the manifold S* has no singularities
with precisely one of their coordinates equal to co.

Next, we consider the existence of singularities on $* with two of their coordinates
infinite. Let us for example consider p3 = ps = oo with p; and p, finite. Setting
py =p, =0in

X X X X
y vy vy [PL P2 P3 Py _
PP T | =5 =5 o 5 | =0,
P Py P3 Py
reduces it to

Taap) 3 P35 = 0.
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Therefore,

_ o1, p2,00,00) 1 p1, p2 € €} if T34 =0,

5.31
] otherwise. ( )

{p€5*: p3s=ps =00}

In turn, 734 = 0 if and only if K(')”Kooto € qZ or KO_IKOOI() € qZ. Thus T34 # 0 when the
non-splitting conditions (1.5) hold true.

More generally, if the non-splitting conditions (1.5) hold true, then all of the coeffi-
cients T;;, 1 <i < j <4, are nonzero and consequently there are no points on S* with
two coordinates equal to co. Thus we can conclude that §* is smooth when conditions
the non-splitting conditions hold true.

Returning to the example above, i.e. p3 = ps = 00, under the assumption that
T34 = 0, evaluation of the gradient of

1 1
F =P3yPZT (,Of»/)f, ,O_y’ ?>
3 4

at ,0'3y = p‘{ = 0, yields

9

VF|p§"pi':o = (0,0, Tiap} + Taup}, Tizp7 + Tr3p3)"

which vanishes at p7 = p; = 0, and only at this point, as
2
Ty T

=|H 0,
Ty T 1 #

where H the Hessian of 7' defined in Eq. (5.26).

The determinant of the Hessian of F at the point (o7, p3, ,03y , pZ ) = 0 equals |H|,
which is nonzero, and thus this point is a non-degenerate saddle point of F'. In particular,
{F = 0} has an ordinary double point singularity at 0, by the complex Morse lemma.
Therefore, the manifold S* has an ordinary double point singularity at p = (0, 0, co, 00),
when K(J)rl/cooto e q”or Ko_lKoolo e q¢%.

More generally, if some of the non-splitting conditions (1.5) are violated, then the
intersection S7;, g of ® and §* is non-empty, and at each pointin S};, oS * has an ordinary
double point singularity and S* is smooth elsewhere. Otherwise, Sy, p is empty and in
that case we have already shown that S* has no singularities. This completes the proof
of the proposition. O

‘We now proceed to prove Theorem 2.17 by using Proposition 5.5.

Proof of Theorem 2.17. The first part of the proof is to show that the smoothness prop-
erties of the 3-manifold S*(«, #y), established in Proposition 5.5, are preserved by the
quotient map to S*(k, fp). The second step will be to translate these results to the mon-
odromy manifold M (k, tg).

Recall that S*(«, ty) is the zero set of the polynomial T (p; k, fg), given in Definition
2.14. Due to Proposition 5.5, it can be singular only at points in the finite set ®, given
in Eq. (5.23). Recall also that S7; < refers to the subset of singular points lying on the
3-manifold S*(«, tp). Consider the smooth complex 3-manifold

§*(kc, 19) = S*(ic, 10) \ Ssing-
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We denote the image of ® under the quotient map ¢ g+ by ©, so that the image of S (k, to)
under ¢+ is given by

S*(k, tg) = S*(«k, t())\S:l-ng, :ing = S*(k, t9) N O.
As (non-zero) scalar multiplication acts smoothly on S* («,19), and no element of
S*(k, tp) is invariant under this operation, it follows that S*(k, #p) is a smooth com-
plex surface.

Now, consider a point p9 € Sying. Since this point is invariant under the smooth
action p — c p, ¢ € C*, it is easy to see that the quotient space S* is not Hausdorff
near its image [po]. In fact, near points in Sy;,,, the space S* even fails to locally be a
T1 space. In particular, the smooth structure on S* (x, tp) cannot be extended to include
points in Ssing.

To complete the proof of the theorem, we translate the results on S* (k, fg) to M («, tp)
via the mapping P. To this end, recall that 77 maps the finite set M;,, onto Sipg.

We have shown that S*(k, 0)\S;ing is a smooth complex surface. Hence M (k, o) \
Msing is a smooth complex surface. Furthermore, elements of Mj;,,¢ form singularities
on the monodromy manifold, as points in Sy;,, are singularities on S*(«, o).

Finally, we note that M;,, is non-empty if and only if Sy, is non-empty, and the
latter holds true if and only if some of the non-splitting conditions are violated, by the
equivalence in Proposition 5.5. The theorem follows. O

5.3. The monodromy manifold as an algebraic surface. In this section, we prove Theo-
rem 2.20, which allows us to identify the monodromy manifold with an affine algebraic
surface embedded in C°. Furthermore, we describe how the monodromy manifold can
also be embedded in (P')3.

Proof of Theorem 2.20. The mapping ® 5, is composed of two parts: P : M — S*
and ® : §* — F. The mapping P is a (topological) isomorphism due to theorem 2.15.
Hence, it only remains to show that the mapping ® is an isomorphism. To prove this,
we construct a continuous inverse, which we denote by W, of ®.

We start by recalling that S*, defined in Eq. (2.23), is locally described by coordinates
[p] in the ambient space (P')*/C*. Similarly, F is described by the coordinates 7; s
1<i<j < 4,1in C°.

The mapping ® is a continuous mapping from S* to F, described by Eq. (2.25)
with respect to the above coordinates. In particular, note that, due to Eq. (2.25), for any
labeling {i, j, k, 1} = {1, 2, 3, 4}, we have

nij =0 <= pi=00rp; =0o0r px =00 or p = o0. (5.32)
This means that ® maps the open subdomain Sy € S§*, given by
So:={[pl € S*: px #0,00for1 <k <4},
into the subspace
Fo = FN(CHP,

of the co-domain.
We proceed by defining an inverse of @ on this subdomain and co-domain, and
subsequently extending this inverse to one on the full domain.



On the Monodromy Manifold of g-Painlevé VI 145

The relevant mapping on Fy is the following,

T T T
Uir, : Fo— BT n > [( iy Taamos Tams. 1>:| .
Tisnza T2snza Toznoa

which we now show to be an inverse of ®|s,. By Egs. (2.26a), (2.26¢) and (2.26d), the
image of W|z, is contained in S. Furthermore, due to (2.26b), any point in the image
cannot lie in X It thus follows that the image of V|, is contained in S*. Furthermore,
as Fo by definition excludes any of the n-coordinates to equal zero, |z, maps F into
So. Finally, note that, for any point p € S,

T34n13 T3amaz Toan2s
V|5, o @ls, ([p]) = [( , , , 1
Ti3nsa Toanza Taznoa
= [(p1/p4, p2/ P4, p3/ P4, D]
= [(p1, 02, 3, P4)],

where, in the second equality, we used Eq. (2.25).

Similarly, it can be seen that ®|g, o W| £, is the identity map on Fo. It follows that
V| £, is a (continuous) inverse of ®|g,.

The set Sp is an open dense subset of the domain S and, similarly, Fy is an open
dense subset of the co-domain. It remains to deal with the special cases where one or
more of the o, 1 < k < 4, is zero or infinite, and equivalently one or more of the 7;;,
1 <i < j<4iszero.

We handle each of these cases separately. The cases are described by

S = {[p] €S ipi =0,pk ¢ {0, oo} for k # i},
= {[/0] €8 pj =00, pr ¢ {0, 00} fork # j}, (5.33)
={lp 63*-pz =0, pj =00, pr ¢ {0, 00} fork # i, j},

for1 <i,j <4 withi # j. Note that S?’I.oo provides the boundaries of Sl.o and S;?o.
Since no point on Sp can have two or more components all zero or all infinite, the sets
defined in Eq. (5.33) glue together to provide all the boundaries or limit sets of Sp within
S*.
We now express the surface S* as a disjoint union of all of these cases with Sy, that
is,
S*=SuSlusSiusius)
LS uSTusSeusSy®
USSP US) P uSy U, Sy Sy,

where the last line indicates disjoint union of all SO X 1<i,j<4 withi # j.

We correspondingly decompose the codomain }' mto disjoint components. Motivated
by Eq. (5.32), we define these components by

ﬁ%:mejﬁie%J}@:rmzomm15k<zg@,
=neF:jglkl} & nu=0, forl <k <l <4}, (534

f”w- meF:ielklandj ¢ {k,1} < nu =0, '
forl <k <l <4}.
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Equation (2.26) imply that any element 7 of F has either zero, three or four components
equal to zero and the components in (5.34) indeed cover all of F \ Fp.
Then, inspired by (5.32), we correspondingly decompose F as a disjoint union,

F=FouF uFuFyuF)
U F° U U P u Ry
u]—'lo’go u ]-"lo'gx’ uf?’jo ufglo" u... uff’fo uff’gx’,
Due to (5.32), ® maps each component in the decomposition of S* into the corresponding
component in the decomposition of F. We extend W to a global inverse of ® on F, by
locally defining it on each of the components in the decomposition of . The arguments
for each of the three types of components are similar, and so we give the details for one

of each type below to illustrate the details.
For example, for

F)=1{neF :ma=mni3=mna=0and n3, nu, 131 # 0},
we set
T T
Wipo: FO > Sy [(0 a3 Tams. 1)}
! To3n34 To3noa

which defines an inverse of ®| 50 Similarly, for

Fr°={n€F 03 =mna=n3 =0and ni2, N3, ni4 # 0},

we define

Uipe : Fi° > S0 > [(oo UERUIEY m)]
l T, T3 Tia

which is an inverse of ®|s. For the third and final example

f?goo ={neF :n2=m3=n4=mn4=0and n3, nu # 0},

we take

1n23 124
W oo FOX 5 802 0,00, —, — ||,
|,7—'ﬁ*2 12 71Nk o0 Tos’ To

which is an inverse of P| S0
1,2

This extends W to a globél inverse of ® on F. W is continuous on each of the separate
components and it is straightforward to check that its continuations to common boundary
points of different components agree with each other. O

We finish this section by describing an embedding of the monodromy manifold into
(P1)3. We assume that the non-splitting conditions (1.5) hold true. In particular, all the
coefficients of the polynomial T'(p : «, f9) are nonzero and, therefore, there are no points
p € S*(k, ty) with two or more components all zero or all infinite. Thus,

Pi 1 . .
pij=—e€lP, (I<i<j=<4,

Lj
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form six well-defined coordinates on the surface S*(k, #y) and thus also on the mon-
odromy manifold M (k, tg).

Ohyama et al. [27] study the gPy; monodromy manifold using these coordinates.’
Theorem 2.15 yields explicit algebraic relations among them. For example, p12, 023 and
034 are related by

Ti2p120%; + Ti3p12023 + T14/012p23,03_41 + Ta3023 + T24,023,03_41 + T34;03_41 =0.
(5.35)

Analogously to the proof of Theorem 2.20, we can show that these three coordinates
yield an embedding of the monodromy manifold into (P')3,

Mk, t9) — (P, [C(@)] = (p12, 023, p34),

with range given by the surface (5.35) minus a curve. This curve is defined by the
intersection of (5.35) as kg varies over C*.

Remark 5.6. Assuming the non-splitting conditions (1.5), the six coordinates p;;, 1 <
i, j <4, are analytic rational functions from F (k, fg) to CP! , which together embed the
surface into (CP")°. The same statements holds true for these coordinates, as functions on
the monodromy manifold M (k, ty), with respect to the structure of a complex algebraic
variety defined in Ohyama et al. [27]. It follows that this structure is compatible with
the one induced by Theorem 2.20.

6. Conclusion

In this paper, we studied the gPy1 equation through its associated linear problem. Assum-
ing non-resonant parameter conditions, we defined the corresponding Riemann—Hilbert
problem, which captures the general solution of gPyy. This problem was shown to be
solvable for irreducible monodromy, leading to a one-to-one correspondence between
solutions of gPyy and points on the corresponding monodromy manifold, when the
non-splitting conditions are satisfied.

In turn, we constructed an explicit embedding of the monodromy manifold into
(CP")*/C*, whose image is described by the zero locus of a single quadratic polynomial,
minus a curve. This allowed us to show that the monodromy manifold is a smooth
complex surface, when the non-splitting conditions hold true. We further proved that
it can be identified with an affine algebraic surface, under the same assumptions. This
surface can be described as the intersection of two quadrics in C* and its projective
completion is thus a Segre surface.

The results of this paper suggests a possible framework for tackling several open
questions. These include, for example, the classification of algebraic or symmetric so-
lutions of gPvr, the construction of (classes of) special transcendental solutions via the
geometry of the monodromy manifold, and the derivation of solutions with distinctive
(e.g. bounded) global asymptotic behaviours.

3 Tobe precise, in [27][§5.1.1] the ‘dual’ coordinates I1;; := ﬁ—} e P! are used, where p,’{ = r[(C(xk)T)

J
for 1 < k < 4. These coordinates are bi-rationally equivalent to the p;; coordinates and we note that
(pi, pé, pé, p:‘) lies on the threefold S*(Ko_ol, Kty K1, Ko_l, 10).
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