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Abstract: We prove that the Hilbert scheme of k points on C
2 (Hilbk[C2]) is self-dual

under three-dimensional mirror symmetry using methods of geometry and integrabil-
ity. Namely, we demonstrate that the corresponding quantum equivariant K-theory is
invariant upon interchanging its Kähler and equivariant parameters as well as inverting
the weight of the C

×
�
-action. First, we find a two-parameter family Xk,l of self-mirror

quiver varieties of type A and study their quantum K-theory algebras. The desired quan-
tum K-theory of Hilbk[C2] is obtained via direct limit l −→ ∞ and by imposing certain
periodic boundary conditions on the quiver data. Throughout the proof, we employ the
quantum/classical (q-Langlands) correspondence between XXZBethe Ansatz equations
and spaces of twisted �-opers. In the end, we propose the 3d mirror dual for the moduli
spaces of torsion-free rank-N sheaves onP

2 with thehelpof a different (three-parametric)
family of type A quiver varieties with known mirror dual.
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1. Introduction

1.1. 3d mirror symmetry. 3dmirror symmetry is a relatively new phenomenon inmathe-
matics. Like thewell-studied case of 2dmirror symmetry, it assigns to a given space X its
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mirror dual X ! with certain relations to the geometric data of X . The 2dMirror symmetry
turned out to be very fruitful, first in attacking the problems in theoretical physics and
enumerative geometry via Gromov–Witten theory; later it expanded its value to other
parts of mathematics through several possible formulations. Similar success is expected
from the 3d counterpart.

Both 2d and 3d mirror symmetries originate in physics. While 2d mirror symmetry
has its roots in the topological string theory [HKK+], 3d mirror symmetry phenomenon
relates N = 4 supersymmetric 3d gauge theories [IS,dBHO+]. The moduli space of
supersymmetric vacua of such 3d theories can in general be represented as a union of two
hyper-Kähler cones which are called Higgs branch and Coulomb branch. The resolution
of the former is described as a holomorphic symplectic quotient and for a wide variety
of theories are known as Nakajima quiver varieties [N1]. They are parameterized by
vacuum expectation values of 3d hypermultiplets. The latter spaces describe the physics
of 3d vector multiplets and, unlike Higgs branches, they receive quantum corrections.
In the past several years a rigorous mathematical treatment of 3d N = 4 Coulomb
branches has been initiated by [N3,BFN]. They usually do not have a nice formulation
as a holomorphic symplectic quotient except for several rare but important situations
such as quiver varieties of type A, hypertoric varieties, Hilbert scheme of points in C

2

and its instanton generalizations, etc.
Both Higgs and Coulomb branches admit deformations by two families of complex-

valued parameters—masses and Fayet–Iliopoulos (FI) parameters that play the role of 3d
Abelian coupling constants. The 3dmirror symmetry is understood as the transformation
between two theories where Higgs and Coulomb branches are exchanged (together with
the corresponding parameters). In other words, if theories A and B are 3d mirror dual to
each other then the Coulomb branch of theory A is isomorphic to the Higgs branch of
theory B as hyper-Kähler spaces and vice versa.

There are several formulations of what quantities one would like to compare for 3d
mirror dual spaces X and X !. One may follow the “enumerative” path of 2d Mirror sym-
metry, which relates enumerative invariants counting rational curves of X and X ! through
Gromov–Witten theory. In this paper, we follow the enumerative approach applied to
the three-dimensional case. Intrinsically it is the closest to the physical interpretation of
3d mirror symmetry, stating that partition functions of the dual theories agree.

Assuming that X and X ! are both Nakajima quiver varieties, mathematically, 3d mir-
ror symmetry corresponds to the relations between vertex functions of the equivariant
quasimaps K-theoretic counts to Nakajima varieties. Given such variety X the FI param-
eters {zi }, in this case, are known as Kähler parameters which play a role of quantum
parameters in quantum K-theory, the mass parameters {ai } are known as the equivari-
ant parameters and correspond to the characters of the maximal torus A, acting on the
framing of X . Upon 3dmirror symmetry Kähler and equivariant parameters interchange.

For a given Nakajima variety X , vertex functions are analytic in {zi }. Moreover, it is
known that they are the solutions to the difference equations in both Kähler and equivari-
ant parameters, known as quantumKnizhnik–Zamolodchikov (qKZ) [FR2] and dynami-
cal equations correspondingly [TV1,TV2]. Upon 3d mirror symmetry, the equations are
interchanged and the vertex functions for X ! are analytic in {ai }. Thus these two solutions,
analytic in {zi } and {ai }-variables are known as z and a solutions of the qKZ equations.
The transitionmatrix between these solutions introduced geometrically byAganagic and
Okounkov [AO] is known as an elliptic stable envelope and their comparison for X and
X ! is crucial for the establishment of the full enumerative setup of 3d mirror symmetry.
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Fig. 1. Quiver family Xk,l

For a recent study of elliptic stable envelopes in the context of 3d mirror symmetry and
its flavors see [KS,RSVZ1,RSVZ2,SZ,D1,D2,KZ1,BLPW1,BDGH,BLPW2].

1.2. Quantum K-theory rings and 3d mirror symmetry. The vertex functions are not
the only objects that one could compare for mirror pairs of Nakajima varieties. Like in
Gromov–Witten theory in the 2d mirror symmetry case, where the counts of rational
curves produced the deformation of the cohomology ring of X , known as quantum
cohomology ring, the K-theoretic counts of quasimaps produce similar deformation in
the K-theoretic setting, namely the quantum equivariant K-theory ring K q

T (X), where
T = C

×
�

× A is an extension of the torus A by the algebraic torus C
×
�
scaling cotangent

directions in algebraic symplectic reduction producing Nakajima variety. One obtains
a classical equivariant K-theory ring of X , merely by sending all Kähler parameters to
zero.1

As it will be shortly explained below, the relations in the quantum K-theory ring are
defined by the asymptotic behavior of the solutions to qKZ equations and the statement of
the mirror symmetry on the level of quantum K-theory rings is simply the isomorphism
of algebras

K q
T (X) = K q

T ′(X !). (1.1)

In this paper, we shall prove this theorem in most generality when X and X ! are quivers
of type A.

The most important set of quiver varieties for us will be the two-parameter family
k, l ∈ N of quivers which we call Xk,l Fig. 1. Each representative of this family is 3d
self-mirror dual. This fact alone is not surprising—each quiver has k + l equivariant and
k + l Kähler variables which are exchanged under 3d mirror symmetry.

Our main theorem proves that the Hilbert scheme of k points on C
2 is self-dual in

the sense of (1.1), viewed as the simplest quiver variety with one loop. The idea of the
proof is presented in Fig. 2. First, we take the direct limit l −→ ∞ in the Xk,l family to
produce a one-parameter family of self-mirror quivers Xk,∞ shown on the left in (1.1).
Second, after imposing certain periodic conditions on the quiver data we connect its
K-theory with that of the quiver on the right of the figure. As a consequence, the latter
quiver variety is also a self-mirror dual.

In the last Section, we also indicate how to generalize the mirror map to the Atiyah–
Drinfeld–Hitchin–Manin (ADHM) instanton moduli spaces.

1 Wewant to emphasize that we are workingwith the equivariant quasimap quantumK-threory which treats
X as a GIT quotient and is motivated by calculations in 3d SUSY gauge theories in which the corresponding
gauge linear sigma models as well-defined.
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Fig. 2. Main idea of the proof of 3d self-mirror duality for ADHM spaces

1.3. Quantum K-theory rings of Nakajima varieties and bethe algebra. The difference
equations, which govern the quasimap enumerative geometry of quiver varieties, have
an intriguing connection with representation theory. Namely, the localized equivariant
K-theory can be identified with the weight subspace of the tensor product of certain rep-
resentations of the quantum algebra associated with a given quiver. In the case of quivers
of ADE type, these representations are the finite-dimensional representations of the cor-
responding quantum affine Lie algebras. For quivers with one loop these algebras are
known as toroidal quantum algebras [FT,SV]. The aforementioned identification comes
from the natural action of the quantum algebra in this space, the so-called R-matrix in
particular. The appearance of the qKZ equations governing the vertex functions natu-
rally emerges from this geometric realization of the R-matrix. Upon this identification,
the equivariant parameters correspond to the evaluation parameters for quantum affine
algebras and Kähler parameters parametrize the Cartan twist of the R-matrix. The de-
formation parameter of the quantum group � can be identified with the character of the
algebraic torus scaling the cotangent directions in the symplectic reduction that produces
the quiver variety.

At the same time, this representation space of the quantum algebra can be viewed as
the physical space of the integrable model, known as XXZ spin chain. The essence of
integrability is captured in the family of mutually commuting operators, known as Bethe
algebra acting on this space, which is constructed using quantum algebra generators. A
particular set of such operators naturally emerge from qKZ equations in the asymptotic
which sends the difference parameter to zero and converts the qKZ equation into the
eigenvalue problem for these operators. It is the question of simultaneous diagonalization
of these operators’ integrable family, which physicists address as finding the spectrum of
the integrablemodel. In the 1980s physicists invented a procedure called algebraic Bethe
Ansatz to solve this problem explicitly and diagonalize the elements of Bethe algebra
simultaneously. The eigenvalues were parametrized by the solutions of the algebraic
system of equations known as Bethe Ansatz equations. From the qKZ perspective, these
equations could be read off the asymptotics of its solutions, which is defined by the
so-called Yang–Yang function Y({ai }, {zi }, �) [NRS,NS2,NS1,NPS], which, in its turn
depends on Kähler and equivariant parameters. The Bethe equations emerge as the
critical conditions ai∂aiY = 0.

From a geometric perspective, Bethe algebra can be identified with the equivariant
quantum K-theory ring of a Nakajima variety, which we discussed above. The natural
generators of the quantum K-theory, the exterior powers of the tautological bundles are
the natural generators of the Bethe algebra as well—for each such tautological bundle
the generating function for its exterior powers is known as a Baxter Q-operator in the
theory of quantum integrable models [PSZ,KPSZ].
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That leads us to another point of view on Bethe Ansatz equations, which is crucial
for the following. Each such Q-operator associated with the tautological bundle has a
counterpart, which geometrically can be characterized as the generator of the exterior
powers of a “dual” bundle. Together they satisfy nonlinear difference equations for
its eigenvalues, known as the Q Q-system. Under mild non-degeneracy conditions, the
space of solutions of the Q Q-system is equivalent to the space of solutions of the system
of Bethe Ansatz equations.

The Q Q-system for semisimpleLie algebras canbeunderstood froma representation-
theoretic perspective: these are the relations between generators of the Grothendieck
ring of the extended category of finite-dimensional modules, obtained by adding certain
infinite-dimensional representations (known as prefundamenal representations) of Borel
subalgebra only (see [FH] for details). The Q Q-systems in various contexts has been
studied in [BLZ,MV1,MV2,MRV,MR].

This Q Q-system has another geometric realization from the difference version of
certain connections on P

1 known as Z -twisted �-opers, which we discuss in the next
subsection.

1.4. The (G, �)-opers and Q Q-systems. The Z -twisted (G, �)-opers (here G stands for
a complex semisimple Lie group) with regular singularities, producing the Q Q-systems
for ADE type as well as for cyclic quivers, can be viewed as a deformation of the oper
connections for principal G-bundles on P

1, playing an important role in the geometric
Langlands correspondence. In this example, studied in detail by E. Frenkel and his col-
laborators [F,FFTL], the opers with regular singularities and trivial monodromies were
identified with the solutions of Bethe Ansatz equations of the Gaudin model. The latter
is a certain scaling limit of the XXZ model. It turns out that (G, �)-opers, which are
certain �-connections in the sense of Baranovsky and Ginzburg [BG], produce a cor-
rect �-deformation of this correspondence replacing Gaudin model with XXZ model.
The �-connection is related to � multiplicative action on P

1: z → �z, so that locally
it is understood as a group-valued object A(z) ∈ G(z), with the �-gauge transforma-
tions A(z) −→ g(�z)A(z)g−1(z), g(z) ∈ G(z). The oper condition produces certain
constraints on A(z) related to Borel reductions of the corresponding G-bundle over P

1,
where this connection acts. In the case of G = SL(r + 1) one can pass to the associ-
ated bundles and replace the reduction by Borel subgroup with the full flag of vector
bundles. The Z -twisted condition is the statement that the oper is gauge equivalent to
a regular semisimple element Z ∈ H ⊂ G. Of course, it is defined up to the action
of the Weyl group. To fix the element Z , one requires the corresponding �-connection
to preserve another Borel reduction of G-bundle (in the case of SL(r + 1) another full
flag of vector bundles). The resulting object consisting of the following elements: (i)
principal G-bundle over P1, (ii) its reduction to Borel subgroup, producing (G, �)-oper
condition, (iii) the other Borel reduction which this (G, �)-oper preserves, and finally
(iv) the Z ∈ H twist, is known as Miura (G, �)-oper.

As it was proved in [FKSZ], there is a one-to-one correspondence between Z -twisted
Miura (G, �)-operwith certain non-degeneracy conditions and solutions of the equations
of the Q Q-system/XXZ Bethe Ansatz equations.

The framed quiver, which defines the quiver variety together with the equivariant
data, can as well define a class of Z -twisted Miura (G, �)-opers: we identify parameters
of framing with regular singularities, the Kähler parameters {zi } with the root data of
Z = ∏

i zα̌i
i and the degrees of the polynomials in the Q Q-system with the ranks of the

tautological bundles of quiver variety.
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Using the geometric interpretation, one can identify the algebra of functions on the
space of Miura (G, �)-opers associated with a given quiver with the algebra K q

T (X) for
a given quiver variety X .

An interesting feature of the introduced formalism is the following. In [FKSZ] we
developed the transformations, which we called quantum Bäcklund transformations,
between various Miura (G, �)-opers associated to a given (G, �)-oper. These various
Miura (G, �)-opers correspond to quiver varieties (provided that they exist) with isomor-
phic quantum K-theory algebras. The quantum Bäcklund transformations correspond to
the change of stability parameter. Thus functions on (G, �)-oper produce a family of
isomorphic algebras to a given (G, �)-oper.

We note, that the difference oper construction can be used similarly with additive
action on P

1. Then the related Q Q-system produces the Bethe equations for X X X
integrable model, which serves as an intermediate model between XXZ and Gaudin
integrable models. Instead of the quantum group, it is based on Yangians. Geometri-
cally, in the context of quiver varieties, Q Q-system produces relations for the quantum
cohomology ring.

Some of our primary targets in this paper are the Ar -quivers and their generaliza-
tions, A∞-quivers, closely related to ADHM instanton spaces. In [KZ2] we introduced a
notion of Z -twisted Miura (GL(∞), �)-opers, based on a completion of GL(∞) group,
described by the infinite Q Q-systems. One can impose periodic conditions on them
according to the natural translational symmetry of the A∞ Dynkin diagram, thereby
leaving us with a finite number of parameters. We refer to such (GL(∞), �)-opers as
toroidal �-opers. The resulting algebra of functions on toroidal �-opers coincides with
the equivariant quantum K-theory of ADHM instanton spaces treated as cyclic quiver
varieties.

In [KSZ] we introduced another system of parameters for an (SL(r + 1), �)-oper,
which corresponds to the roots of the polynomials defining the section of the line bundle
from the flag of bundles defining the Miura (SL(r + 1), �)-oper connection (cf. the
standardBethe parameters corresponding to the roots of polynomials of the Q Q-system).

These parameters, which we refer to as momenta of oper magnetic frame, allow
an interesting geometric formulation. For example, [GK,KPSZ], in the case of quiver
variety corresponding to cotangent bundle to full flag variety, momenta of magnetic
frame accompanied with Kähler parameters understood as the values of coordinates
in symplectic phase space, provide the interpretation of the algebra of functions on the
space of Z -twisted (SL(r +1), �)-Miura opers as algebra of functions on the intersection
of two Lagrangian subvarieties. One of those subvarieties is given by setting coordinates
equal to the Kähler parameters and another one is defined by setting Hamiltonians of
trigonometric Ruijsenaars–Schneider (tRS) integrable many-body system to be equal to
symmetric functions of the equivariant parameters. One can generalize that interpretation
to other quivers by using the degeneration of Kähler parameters in the case of a full flag
(which means we will consider degenerate Miura �-opers for the full flag). The resulting
momenta variables, in this case, will be referred to as momenta of the true magnetic
frame. They are in one-to-one correspondence with the oper magnetic frame.

This surprising relation between quantum spin chain integrable models of XXZ,
XXX, and Gaudin type, as well as some other variations, and multiparticle systems
which involve tRS systems and their various limits like Calogero model, is known as
quantum/classical duality [GK]. In the following, we will describe other incarnations of
the quantum/classical duality, their relations to 3d mirror symmetry, and string theory.
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Fig. 3. The network of bispectral and quantum/classical dualities with additive C and multiplicative C
×

dependence on momenta p and coordinates x between classical many-body systems (middle) and quantum
spin chains (right)

1.5. Quantum/classical duality and 3d mirror symmetry as bispectral duality. On the
level of integrable systems this puts 3d mirror symmetry in the network of the so-called
bispectral dualities (in fact, terms 3dmirror and bispectral can be used interchangeably in
this context). These dualities have been studied extensively in the literature on integrable
systems and representation theory [FK1,MTV2,FA,FK2,MTV1].More recentlyGaiotto
and the first author widely generalized these results by extending the network of dualities
(see Section 4 in [GK]). One can study bispectral dualities among tRS models which
live on the classical side of the quantum/classical duality as well as among XXZ spin
chains that belong to the quantum side. Thus at the trigonometric level (without invoking
elliptic functions) bispectral dualities and quantum/classical dualities together comprise
a closed network of dualities (see Fig. 3).

The acronyms in the figure are the following. rCM, tCM—rational and trigonometric
Calogero–Moser systems; rRS, tRS—rational and trigonometric Ruijsenaars–Schneider
systems; rGaudin, tGaudin—rational and trigonometric Gaudin models, XXX—
Heisenberg spin chain. The horizontal arrows are the bispectral dualities that interchange
momenta p and coordinates x in the corresponding classical systems in the middle of
Fig. 3. For instance, the Hamiltonians of the rRS model are trigonometric in momenta
and rational in coordinates, and in the tCM model, they are the opposite. The vertical
downward arrows show limits in the parameters [GK]. For instance, if we send the speed
of light c to infinity the tRS! model becomes the tCMmodel. In the former, the momenta
enter its Hamiltonians in the form exp(p/c) so they become rational in the nonrelativistic
limit.

In the right column of Fig. 3we see a similar pattern of dualities and limits for the dual
spin chains. As explained above there exists a quantum-classical duality between tRS and
XXZ chains. As part of the dictionary tRS coordinates become XXZ twists, tRS energy
levels translate into XXZ anisotropies (shifts of the spectral parameter), and the tRS
coupling constant is identified with the deformation parameter � on the spin chain. All
these variables take values in C

×. We can now take identical limits on these parameters
and express them on the spin chain side. Thusly XXZ can degenerate into XXX or into
a trigonometric Gaudin model depending on which parameter is downgraded from C

×
to C and so on.

The aspects of the bispectral duality for the toroidal setting were studied previously
in [FJMM,FJM]. It was shown that the Bethe algebras for quantum toroidal (gln, glm),
constructed from two sets of parameters—twists and evaluations parameters, commute
with each other. This provides a hint at the existence of the duality between the solutions
of the corresponding XXZ Bethe equations.

Let us describe the quantum/classical duality here for the case of XXZ Bethe equa-
tions for the cotangent bundle to the partial flag variety T ∗

Fln (more details to follow in
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Sect. 4). On the classical side, we have a pair of dual tRSmodels. TheHamiltonians of the
tRS model depend on coordinates χi and momenta pi , i = 1, . . . , n by taking traces of
powers of the tRS Lax matrix T . This Lax matrix together with another diagonal matrix
M built out of χi satisfy the defining relation for the Calogero–Moser space [O1] which
treats M and T on equal footing up to rescaling � −→ �

−1 (4.1) (for the tRS model �

plays the role of the coupling constant). The bispectral duality in this language consists
in merely exchanging M with T and � with �

−1. The dual model, tRS! is described by
a similar relation where T is diagonal and M plays the role of the tRS Lax matrix.

The explicit map from the tRS model to its dual tRS! can be implemented via the
Lagrangian correspondence. This also enables the connection with the dual XXZ chain
living on the quantum side. A Lagrangian subvariety L ⊂ M × M! in the product of
the phase spaces of tRS and tRS! respectively coincides with space of solutions of the
XXZ Bethe ansatz equations for T ∗

Fln where � plays the role of the Planck’s constant.
Moreover, this Lagrangian admits two distinct 3d mirror dual descriptions in terms of
a pair of T ∗

Fln varieties—in one description χi are the equivariant parameters, in the
other, they are the Kähler parameters.

By combining the magnetic frame and the oper frame formulations of the algebra
of functions on the space of Z -twisted (SL(r + 1), �)-Miura opers/quantum equivariant
K-theory, one obtains 3d mirror self-duality of the full flag variety T ∗

Fln .
This construction can be generalized to other quivers by degenerations of equivariant

parameters aswewill show in this paper. One needs to consider restricted tRSmodels and
their duals instead where certain constraints on their coordinates are implemented. For
instance, in the case of the cotangent bundle to partial flag variety, the algebra of functions
on the space of Z -twisted (SL(r + 1), �)-Miura opers as algebra of functions on the
intersection of two Lagrangian subvarieties, one of which is given by tRS Hamiltonians
being equal to symmetric functions of Kähler parameters and another one is obtained
by setting coordinates equal to equivariant parameters [BLZZ].

Another important version of this duality for the XXZ spin chain is as follows.We al-
ready discussed Baxter Q-operators and their relation to the generators of Bethe algebra.
There is, however, another system of generators, known as fundamental Hamiltonians of
the spin chain, emerging as coefficients in the polar decomposition of transfer matrices,
which are related to the Q-operators via a rational transformation. The eigenvalues of the
transfer matrix naturally emerge in the �-oper formulation as well. Namely, they serve
as generating functions for the coordinates on Z -twisted (SL(r + 1), �)-opers, and the
rational transformation from the Q-operators to transfer matrices is known as �-Miura
transform [FR1].

1.6. String theory origins. The set of ideas to relate quantum spin chains and classical
integrable systems in the way presented in this paper originates from string theory.
Physics interpretation of the quantum/classical duality between the XXZ spin chain and
tRS model was developed in [GK] using Type IIB brane configuration which we shall
briefly review in Sect. 5.

The first brane configuration describes (in the field theory limit) the ground state of
a 3d N = 2∗ quiver gauge theory whose color and flavor labels precisely correspond
to quiver data of X from (1.1). More specifically, the equations for the supersymmetric
vacua of this gauge theory are in one-to-one correspondence with the XXZBethe Ansatz
equations such that Bethe roots play the role of vacuum expectation values of twisted chi-
ral superfields, the equivariant parameters are mapped to the masses of hypermultiplets,
and twists are the Kähler parameters of X [NS2].
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The second brane configuration, which can be obtained from the first one by contin-
uous transformation, describes the moduli space of vacua of a four-dimensionalN = 2∗
theory compactified on a segment with BPS boundary condition on the left and the right.
This moduli space is described by the moduli space of flat connections on punctured
torus [DW], which in this work we shall treat algebraically as the Calogero–Moser space
[E]. The latter space is described by a relation that involves twomatrices M and T whose
size is equal to the number of particles in the dual tRS model. The left boundary condi-
tions of the gauge fields yield a Lagrangian submanifold described above which fixes the
eigenvalues of M in terms of the masses and imposes the so-called Slodowy structure
on T . The right boundary conditions give another Lagrangian submanifold which fixes
the eigenvalues of T in terms of the FI parameters and imposes a Slodowy structure on
M . The vacua of the quiver gauge theory described in the previous paragraph are the
intersection points of the two Lagrangian submanifolds.

1.7. Plan of the paper and main results. Section 2 is devoted to the structure of nonde-
generate Z -twisted (SL(r + 1), �)-opers. It is mostly a review, with the results adopted
to the needs of this paper (for a more detailed account see [KZ2,KSZ,FKSZ]). We
discuss the aforementioned notions of Z-twisted Miura � and their relations to the Q Q-
system/Bethe equations, quantum Bäcklund transformations, and the �-Wronskian for-
mulation which leads to the discussed above magnetic oper frame.

In Sect. 3 we discuss the relation between Q Q-systems and various Ar -quivers. We
discuss some concrete examples, including an important family of Xk,l quivers. They
generalize the quiver corresponding to the cotangent bundle of the full flag variety by
inserting a chain of extra l vertices with 1-dimensional framings. An important feature
of this example is that the oper magnetic frame coincides with the true magnetic frame
as in the case l = 0. That allows us to give a formulation of the algebra of functions on
the related space of Z -twisted Miura (SL(r + 1), �)-opers as the algebra of functions
on the intersection of two Lagrangian subvarieties as discussed above, one of which
is given by setting tRS Hamiltonians to be equal to certain symmetric functions of the
regular singularities.

In Sect. 4 we discuss the tRS system in more detail and introduce the notion of the
electric frame. We start from a quiver corresponding to a cotangent bundle of the partial
flag and then introduce the recursive procedure of how to degenerate it to obtain electric
frame formulation for other quivers, in particular for Xk,l family.

In Sect. 5 we first discuss Ar -quiver varieties and the interpretation of quantum K -
theory rings in terms of algebras of functions on (SL(r + 1), �)-opers corresponding
to given quivers and the notion of 3d mirror symmetry on the level of those algebras.
The second part of that section is devoted to the “D-brane arithmetic”: the string theory
interpretation of quantum K-theories on quiver varieties and the prescription on how to
calculate its 3d Mirror.

Section 6 provides a general prescription for proving the 3d mirror symmetry in
the case of Ar quivers using the quantum/classical duality, i.e. identifying electric and
magnetic frames of 3d Mirror objects. We prove the 3d mirror theorem in type A in full
generality and then discuss quiver 3d mirror self-dual family Xk,l .

Section 7 is devoted to the properly computed direct limit of the equivariant quantum
K-theory rings of Xk,l family, taken with respect to l. As a result, we obtain the 3d
mirror self-dual A∞-quiver with every vertex having a 1-dimensional framing. Imposing
a natural periodicity condition (so that a mirror map is equivariant with respect to it), the
resulting quantum equivariant K-theory ring turns out to be one of the Hilbert space of
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points on C
2. This we prove 3d-mirror self-duality of the moduli spaces of torsion-free

sheaves of rank 1 on C
2.

In Sect. 8 we propose the 3d Mirror dual varieties realized as Nakajima varieties
associated to cyclic quiver) to torsion-free sheaves of rank N , which on the level of
quantum equivariant K-theory emerge from A∞-quivers with periodicity conditions.
We show how the same method, using finite rank Ar -quivers will allow us to prove the
proposed duality.

2. (SL(r + 1), �)-Opers and Bethe Ansatz

2.1. Group-theoretic data and notations. Consider SL(r + 1) be the simple algebraic
group of invertible (r + 1) × (r + 1) matrices over C. We fix a Borel subgroup B−
with unipotent radical N− = [B−, B−] of lower triangular matrices and strictly lower
triangular matrices correspondingly. The maximal torus is the corresponding set of di-
agonal matrices H ⊂ B−. Let B+ be the opposite Borel subgroup containing H . Let
{α1, . . . , αr } be the set of positive simple roots for the pair H ⊂ B+. Let {α̌1, . . . , α̌r }
be the corresponding coroots. Then the elements of the Cartan matrix of the Lie algebra
sl(r + 1) of G are given by ai j = 〈α j , α̌i 〉. The Lie algebra sl(r + 1) has Chevalley
generators {ei , fi , α̌i }i=1,...,r , so that b− = Lie(B−) is generated by the fi ’s and the α̌i ’s
and b+ = Lie(B+) is generated by the ei ’s and the α̌i ’s. In the defining representation
α̌i ≡ Eii − Ei+1,i+1, ei ≡ Ei,i+1, fi ≡ Ei−1,i , where Ei j stand for the matrix with the
only nonzero element 1 at ij-th place. The fundamental weights ω1, . . . ωr are defined
by the condition 〈ωi , α̌ j 〉 = δi j .

2.2. Definition of Miura (SL(r + 1), �)-oper. Let’s consider the automorphism M� :
P
1 −→ P

1 sending z �→ �z, where � ∈ C
× is not a root of unity. For any bundle F over

P
1, we denote F� its pull-back under M�.

Definition 2.1. Ameromorphic (GL(r +1), �)-oper on P
1 is a triple (A, E,L•), where

E is a vector bundle of rank r +1 andL• is the corresponding complete flag of the vector
bundles,

Lr+1 ⊂ ... ⊂ Li+1 ⊂ Li ⊂ Li−1 ⊂ ... ⊂ L1 = E,

where Lr+1 is a line bundle, so that A ∈ HomOU (E, E�) satisfies the following condi-
tions:

(i) A · Li ⊂ Li−1,
(ii) There exists a Zariski open dense subset U ⊂ P

1, such that the restriction of the
connection A ∈ Hom(L•,L�• ) to U ∩ M−1

�
(U ), which belongs to GL(r + 1) and

satisfies the condition that the induced operator Ā : Li/Li+1 −→ L�

i−1/L
�

i is an

isomorphism on U ∩ M−1
�

(U ).
An (SL(r + 1), �)-oper is a (GL(r + 1), �)-oper with the condition that det (A) = 1
on U ∩ M−1

�
(U ).

Let us choose a trivialization so that Lr+1 is generated by the vector (0, . . . , 0, 1).
Then we obtain that locally the �-oper connection can be represented in the form
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A(z) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

� φ1(z) 0 0 . . . 0 0
� � φ2(z) 0 . . . 0 0
� � � φ3(z) . . . 0 0
...

... · · · . . .
. . .

...
...

...
... · · · . . .

. . . φr−1(z) 0
� � � . . . . . . � φr (z)
� � � . . . . . . � �

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(2.1)

where elements on the superdiagonal φi (z) ∈ C(z) and the rest matrix elements are such
that their zeros and poles are outside the subset U ∩ M−1

�
(U ) of P

1.
Now we extend further this definition, adding extra Miura structure.

Definition 2.2. AMiura (SL(r +1), �)-oper onP
1 is a quadruple (E, A,L•, L̂•), where

(E, A,L•) is a meromorphic (SL(r + 1), �)-oper on P
1 and L̂• = {Li } is another full

flag of subbundles in E that is preserved by the �-connection A.

These two flags of bundles have various relative positions, namely ifL• = g · L̂• and
g ∈ B−wB−, we say that they are in relative positionw, wherew is Weyl group element
of SL(r + 1). One can show that on a certain Zariski dense subset they are in generic
position, namely w = w0, the longest element from the Weyl group. It was shown in
[FKSZ] that Miura opers satisfy the following structural theorem:

Theorem 2.3. Every Miura (SL(r + 1), �)-oper associated with the oper connection
(2.1) can be written in the form:

∏

i

[gi (z)]α̌i e
φi (z)
gi (z)

ei
, gi (z) ∈ C(z), (2.2)

In other words, these are the matrices with nontrivial elements on the diagonal and
above the diagonal. The diagonal elements generate the abelian Cartan connection
associated to Miura oper, namely

AH (z) =
∏

i

[gi (z)]α̌i .

2.3. Z-twisted Miura �-opers. In this paper, we consider a class of (Miura) �-opers that
are gauge equivalent to a constant element of SL(r +1) (as (SL(r +1), �)-connections).
Moreover, we assume that such an element Z be the regular element of the maximal
torus H . One can express it as follows

Z =
r∏

i=1

ζ
α̌i
i , ζi ∈ C

×. (2.3)

Definition 2.4. A Z-twisted (SL(r + 1), �) -oper on P
1 is a (SL(r + 1), �)-oper that

is equivalent to the constant element Z ∈ H ⊂ H(z) under the �-gauge action of
SL(r + 1)(z), i.e. if A(z) is the meromorphic oper �-connection (with respect to a
particular trivialization of the underlying bundle), there exists g(z) ∈ SL(r + 1)(z) such
that
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A(z) = g(�z)Zg(z)−1. (2.4)

A Z -twisted Miura (SL(r + 1), �)-oper is a Miura (SL(r + 1), �)-oper on P
1 that is

equivalent to the constant element Z ∈ H ⊂ H(z) under the �-gauge action of B+(z),
i.e.

A(z) = v(�z)Zv(z)−1, v(z) ∈ B+(z). (2.5)

It follows from Definition 2.4 that any Z -twisted (SL(r + 1), �)-oper is also Z ′-
twisted for any Z ′ in the Weyl group orbit of Z . But if we endow it with the structure
of a Z -twisted Miura (SL(r + 1), �)-oper (by adding a flag L̂• preserved by the oper
�-connection), then we fix a specific element in this Sr+1-orbit.

Thus we have the following Proposition, which allows to characterize Z -twisted
Miura (SL(r + 1), �)-opers associated to Z -twisted (SL(r + 1), �)-opers.

Proposition 2.5. Let Z ∈ H be regular. For any Z-twisted (SL(r+1), �)-oper (E, A,L•)
and any choice of the flag L̂• preserved by the oper �-connection A, the resulting Miura
(SL(r + 1), �)-oper is Z ′-twisted for a particular Z ′ ∈ w · Z, where w is an element of
the Weyl group of SL(r + 1).

Now, if our Miura �-oper is Z -twisted (see Definition 2.4), then we also have A(z) =
v(�z)Zv(z)−1, where v(z) ∈ B+(z). Since v(z) can be written as

v(z) =
∏

i

yi (z)
α̌i n(z), n(z) ∈ N+(z), yi (z) ∈ C(z)×, (2.6)

the Cartan �-connection AH (z) has the form

AH (z) =
∏

i

yi (�z)α̌i Z
∏

i

yi (z)
−α̌i (2.7)

and hence wewill refer to AH (z) as Z -twisted Cartan �-connection. This formula shows
that AH (z) is completely determined by Z and the rational functions yi (z), namely:

gi (z) = ζi
yi (�z)

yi (z)
. (2.8)

We note that AH (z) determines the yi (z)’s uniquely up to scalar.

2.4. Miura �-opers with regular singularities and nondegeneracy. Let {
i (z)}i=1,...,r
be a collection of non-constant polynomials.

Definition 2.6. A (SL(r + 1), �)-oper with regular singularities determined by
{
i (z)}i=1,...,r is a �-oper on P

1 whose �-connection (2.1) may be written in the form

A(z) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

� 
1(z) 0 0 . . . 0 0
� � 
2(z) 0 . . . 0 0
� � � 
3(z) . . . 0 0
...

... · · · . . .
. . .

...
...

...
... · · · . . .

. . . 
r−1(z) 0
� � � . . . . . . � 
r (z)
� � � . . . . . . � �

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(2.9)
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A Miura (SL(r + 1), �)-oper with regular singularities determined by polynomials
{
i (z)}i=1,...,r is aMiura (SL(r +1), �)-oper such that the underlying �-oper has regular
singularities determined by {
i (z)}i=1,...,r .

The following theorem follows from Theorem 2.3 and gives an explicit parameteri-
zation of generic elements from the space of Miura opers.

Theorem 2.7. For every Miura (SL(r+1), �)-oper with regular singularities determined
by the polynomials {
i (z)}i=1,...,r , the underlying �-connection can be written in the
form

A(z) =
∏

i

[gi (z)]α̌i e

i (z)
gi (z)

ei
, gi (z) ∈ C(z)×. (2.10)

Now we introduce the notion of nondegeneracy of Miura (SL(r + 1), �)-oper. We
refer to [FKSZ] for a geometric interpretation of this condition and for its geometric
origin.

Definition 2.8. A Miura (SL(r + 1), �)-oper A(z) of the form (2.10) is called nonde-
generate if the corresponding (H, �)-connection AH (z) can be written in the form (2.7),
where

• yi (z) are polynomial
• for all i, j, k with i = j and aik = 0, a jk = 0, the zeros and poles of yi (z) and
y j (z) are �-distinct from each other and from the zeros of 
k(z).

If we apply a �-gauge transformation by an element h(z) ∈ H [z] to A(z), we get
a new Z -twisted Miura (SL(r + 1), �)-oper. The following proposition shows that it is
only nondegenerate if h(z) ∈ H . As a consequence, the 
k’s of a nondegenerate �-oper
are determined up to scalar multiples.

Proposition 2.9 [FKSZ]. If A(z) is a nondegenerate Z-twisted Miura
(SL(r + 1), �)-oper and h(z) ∈ H [z], then h(�z)A(z)h(z)−1 is nondegenerate if and
only if h(z) is a constant element of H.

2.5. Q Q-systems and Miura �-opers. In the previous section, we found the explicit
structure of the Z -twisted non-degenerate Miura (SL(r + 1), �)-oper with regular sin-
gularities defined by {
i (z)}i=1,...,r and associated with regular element Z = ∏

i ζ
α̌i
i .

The local expression, namely A(z) can be expressed as follows:

A(z) =
∏

i

gi (z)
α̌i e


i (z)
gi (z)

ei
, gi (z) = ζi

Q+
i (�z)

Q+
i (z)

. (2.11)

where Q+
i (z) are polynomials (here we changed the notation yi (z) ≡ Q+

i (z)). From now
on, we will assume that Z satisfies the following property:

r∏

i=1

ζ
ai j
i = ζ 2

j

ζ j+1ζ j−1
/∈ �

Z, ∀ j = 1, . . . , r, (2.12)

where ai j are matrix elements of the Cartan matrix for slr+1. Since
∏r

i=1 ζ
ai j
i = 1 is a

special case of (2.12), this implies that Z is regular semisimple.
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2.6. The SL(r + 1) Q Q-system. In [FKSZ] (see also similar result in [MV3] for the
XXX case) the following statement was proven (we specialize that result to the case of
SL(r + 1)):

Theorem 2.10. There is a one-to-one correspondence between the set of nondegenerate
Z-twisted Miura (SL(r +1), �)-opers and the set of nondegenerate polynomial solutions
of the Q Q-system

ξi Q+
i (�z)Q−

i (z) − ξi+1Q+
i (z)Q−

i (�z) = 
i (z)Q+
i−1(z)Q+

i+1(�z), i = 1, . . . , r (2.13)

subject to the boundary conditions Q±
0 (z) = Q±

r+1(z) = 1 and ξ0 = ξr+2 = 1 so that

ξ1 = ζ1, ξ2 = ζ2

ζ1
, . . . ξr = ζr

ζr−1
, ξr+1 = 1

ζr
.

Note, that ξi is the i th element on the diagonal of Z from (2.3).
We will say that a polynomial solution {Q+

i (z), Q−
i (z)}i=1,...,r of (2.13) is nonde-

generate if the following conditions are satisfied: relation (2.12) holds; for i = j the
zeros of Q+

i (z) and Q−
j (z) are �-distinct from each other and from the zeros of 
k(z)

for |i − k| = 1, | j − k| = 1.
For the convenience we will rewrite (2.13) as follows:

ξiφi (z) − ξi+1φi (�z) = ρi (z), (2.14)

where

φi (z) = Q−
i (z)

Q+
i (z)

, ρi (z) = 
i (z)
Q+

i−1(�z)Q+
i+1(z)

Q+
i (z)Q+

i (�z)
. (2.15)

2.7. Extended Q Q-system and Z-twisted (SL(r +1), �)-opers. As it was demonstrated
in [FKSZ] for a simply-connected simpleLie groupG the set of nondegenerate Z -twisted
Miura–Plücker (G, �)-opers includes as a subset the set of Z -twistedMiura (G, �)-opers.
The opposite inclusion was possible provided that Z -twisted Miura–Plücker �-opers are
in addition w0-generic.

In this section we shall demonstrate that when G is a special linear group then we
do not need this extra condition and that the corresponding Z -twisted Miura–Plücker
(SL(r + 1), �)-oper will be Z -twisted Miura (SL(r + 1), �)-oper, namely there exists
v(z) ∈ B+(z), such that the q-connection A(z) reduces to an element of the form (2.3),
or, equivalently

v(�z)−1A(z) = Zv(z)−1. (2.16)

Moreover, we will construct an explicit expression for v(z).
The following statement is a generalization of the result of [MV3] to Z -twisted �-

opers.

Theorem 2.11. Let A(z) be as in (2.11) and Z as in (2.3). Suppose Q−
i,i+1,..., j (z)

( i, j ∈ Z, i < j ) are polynomials, satisfying equations:

ξi φi (z) − ξi+1 φi (�z) = ρi (z), i = 1, . . . , r

ξi φi,i+1(z) − ξi+2 φi,i+1(�z) = ρi+1(z)φi (�z) , i = 1, . . . , r − 1
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. . . . . .

(2.17)

ξi φi,...,r−2+i (z) − ξr+i−1 φi,...,r−2+i (�z) = ρr−1(z)φi,...,r−3+i (�z) , i = 1, 2

ξ1φ1,...,r (z) − ξr+1φ1,...,r (�z) = ρr (z)φ1,...,r−1(�z) ,

where for all j > i

φi,..., j (z) = Q−
i,..., j (z)

Q+
j (z)

. (2.18)

Then there exist v(z) ∈ B+(z) such that (2.16) holds and is given by

v(z) =
r∏

i=1

Q+
i (z)α̌i ·

r∏

i=1

Vi (z), (2.19)

where

Vi (z) =
r∏

j=i

exp
(−φi,..., j (z) ei,..., j

)
, ei,..., j = [. . . [[ei , ei+1], ei+2] . . . e j ]. (2.20)

Notice that although the expression for v(z) in (2.19) is rather complicated, the inverse
v(z)−1 can be succinctly presented as

v(z)−1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
Q+
1 (z)

Q−
1 (z)

Q+
2 (z)

Q−
12(z)

Q+
3 (z)

. . .
Q−
1,...,r−1(z)

Q+
r (z)

Q−
1,...,r (z)

0
Q+
1 (z)

Q+
2 (z)

Q−
2 (z)

Q+
3 (z)

. . .
Q−
2,...,r−1(z)

Q+
r (z)

Q−
2,...,r (z)

0 0
Q+
2 (z)

Q+
3 (z)

. . .
Q−
3,...,r−1(z)

Q+
r (z)

Q−
3,...,r (z)

.

.

.
.
.
.

.

.

.
. . .

.

.

.
.
.
.

0 . . . . . . . . .
Q+

r−1(z)

Q+
r (z)

Q−
r (z)

0 . . . . . . . . . 0 Q+
r (z)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (2.21)

Using this Lemma we can rewrite the q-connection (2.11) such that the roots of
SL(r + 1) are placed in the decreasing order.

Lemma 2.12. Let

ρi (z) = 
i (z)
Qi−1(�z)Qi+1(z)

Qi (�z)Qi (z)
. (2.22)

Then the (SL(r + 1), �)-oper reads

A(z) =
1∏

i=r

Q+
i (�z)α̌i ·

1∏

i=r

e
ζi

ζi+1
ρi (z)ei ·

1∏

i=r

ζ α̌
i Q+

i (z)−α̌i , (2.23)
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or as a matrix

A(z) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

g1(z) 
1(z) 0 0 . . . 0 0

0 g2(z)
g1(z)


2(z) 0 . . . 0 0

0 0 g3(z)
g2(z)


3(z) . . . 0 0

...
... · · · . . .

. . .
...

...

...
... · · · . . .

. . . 
r−1(z) 0

0 0 0 . . . . . .
gr (z)

gr−1(z)

r (z)

0 0 0 . . . . . . 0 1
gr (z)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(2.24)

The first line of (2.17) is the SL(r + 1) Q Q-system (2.14). Let us rewrite the above
equations in terms of the Q-polynomials:

ξi Q+
i (�z)Q−

i (z) − ξi+1Q+
i (z)Q−

i (�z) = 
i (z)Q+
i−1(�z)Q+

i+1(z) ,

ξi Q+
i+1(�z)Q−

i,i+1(z) − ξi+2Q+
i+1(z)Q−

i,i+1(�z) = 
i+1(z)Q−
i (�z)Q+

i+2(z) ,

. . . . . . (2.25)

ξi Q+
r−2+i (�z)Q−

i,...,r−2+i (z) − ξr−1+i Q+
r−2+i (z)Q−

i,...,r−2+i (�z) = 
r−1+i (z)Q−
i,...,r−1+i (�z)Q+

r+i (z) ,

ξ1Q+
r (�z)Q−

1,...,r (z) − ξr+1Q+
r (z)Q−

1,...,r (�z) = 
r (z)Q−
1,...,r−1(�z) .

We shall refer to all equations of (2.25) as the extended Q Q-system for SL(r + 1). We
call its solution nondegenerate, if the resulting solution of the original Q Q-system is
nondegenerate.

Let us now show that starting from the solution of the nondegenerate Q Q-system,
we obtain solutions to the extended Q Q-system as well. To do that we need the result
(which is true for other simply laced groups) of [FKSZ]:

Theorem 2.13. The solutions of the nondegenerate SL(r + 1) Q Q-system are in one-
to-one correspondence to the solutions of the Bethe Ansatz equations for sl(r + 1) XXZ
spin chain:

Q+
i (�si,k)

Q+
i (�−1wk

i )

ξi

ξi+1
= − 
i (si,k)Q+

i+1(�si,k)Q+
i−1(si,k)


i (�−1si,k)Q+
i+1(si,k)Q+

i−1(�
−1si,k)

, (2.26)

where Qi = ∏mi
k=1(z − si,k), 
i (z) = ∏li

k=1(z − ai,k), i = 1, . . . , r .

This Theorem can be extended as follows.

Theorem 2.14. There is a one-to-one correspondence between the set of nondegenerate
solutions of the extended Q Q-system (2.25), the set of nondegenerate solutions of the
Q Q-system (2.13), and the set of solutions of Bethe Ansatz equations (2.26).

Remark 2.15. We note here that the equations (2.26) emerge as a critical condition on a
Yang–Yang function:

exp 2π
∂Y

∂σi,k
= 1, (2.27)
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where

Y ({σi,k}, {ai }, {xi }, ε) =
r∑

i=1

⎛

⎝
mi∑

a=1

li∑

b=1

�(σi,a − ai,b + ε) + �(−ai,b + σi,a + ε)

⎞

⎠

+
r∑

i=1

( mi∑

a=1

mi+1∑

b=1

�(σi,a − σi+1,b + ε) + �(−σi,a + σi+1,b + ε)

)

+
r∑

i=1

⎛

⎝
mi∑

a,b=1

�(σi,a − σi,b + ε) + �(−σi,a + σi,b + ε) + (xi+1 − xi )

k∑

a=1

σi,a

⎞

⎠ ,

(2.28)

where deg 
i (z) = li ,

si,b = e2πσi,b , ai,b = e2πai,b , � = e2πε, ξi = e2πxi ,

and �(u) be a multi-valued function, which can be written in terms of quantum diloga-
rithm Li2 (see [GK]), such that

exp 2π
∂�(u)

∂u
= 2 sinh πu.

In [FKSZ] Bäcklund transformations were introduced for Miura �-opers (see Propo-
sition 7.1) and were associated to the i-th simple reflection from the Weyl group:

Proposition 2.16. Consider the �-gauge transformation of the q-connection given by
(2.11)

A �→ A(i) = eμi (�z) fi A(z)e−μi (z) fi , where μi (z) = Q+
i−1(z)Q+

i+1(z)

Qi
+(z)Qi−(z)

. (2.29)

Then A(i)(z) can be obtained from A(z) by substituting in formula (2.11)

Q j
+(z) �→ Q j

+(z), j = i, (2.30)

Qi
+(z) �→ Qi−(z), ζi �→ ζi−1ζi+1

ζi
. (2.31)

It is possible that after the transformation the resulting operator gives rise to the non-
degenerate Q Q-system. Denoting the the Q Q-system after the Bäcklund transformation
as {Q̃±

i }i=1,...,r , we obtain:

{Q̃+
j } j=1,...,r = {Q+

1, . . . , Q+
i−1, Q−

i , Q+
i+1 . . . , Qr

+};
{Q̃−

j } j=1,...,r =
{

Q−
1 , . . . , Q∗−

i−1,−Q+
i , Q−

i,i+1 . . . , Q−
r

}
(2.32)

{̃ζ j } j=1,...,r =
{

ζ1, . . . , ζi−1,
ζi−1ζi+1

ζi
, . . . , ζr

}

The last line can be also rewritten in terms of ξ variables as follows:

{̃ξ j } j=1,...,r = {ξ1, . . . , ξi−1, ξi+1, ξi , ξi+2, . . . , ξr+1}
Here we placed Q−

i,i+1 in the position Q−
i+1, since the equation this new polynomial

satisfies, is the second one from the extended Q Q-system. At the same time, the new
polynomial Q∗−

i−1(z) does not belong to what we called the extended Q Q-system.
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2.8. Line bundles and Wronskians. In this subsection we describe Z-twisted Miura �-
opers with regular singularities, following [KSZ]. Namely, we have a complete flag
of subbundles L• such that �-connection A maps Li into L�

i−1 and the induced maps

Āi : Li/Li+1 −→ L�

i−1/L
�

i are isomorphisms for i = 1, . . . , r on U ∩ M−1
�

(U ), where
U is the Zariski open dense subset. Explicitly, considering the determinants

⎛

⎝
( i−2∏

j=0

(A(�i−2− j z)
)

s(z) ∧ · · · ∧ A(�i−2z)s(�i−2z) ∧ s(�i−1z)

⎞

⎠
∣
∣
∣
∣

iL�i−1

r−i+2

(2.33)

for i = 1, . . . , r +1, where s is a local section ofLr+1. From the definition we know that
(E, A,L•) is an (SL(r + 1), �)-oper if and only if at every point of U ∩ M−1

�
(U ), there

exists local section for which each such determinant is nonzero (see [KSZ]). When we
encounter the case of regular singularities, each Āi is an isomorphism except at zeroes of

i and thus we require the determinants to vanish at zeroes of the following polynomial
Wk(s):

Wk (s) = P1(z) · P2(�
2z) · · · Pk (�k−1z), Pi (z) = 
r 
r−1 · · · 
r−i+1(z). (2.34)

Recall that the Miura condition implies that there exists a flag L̂• which is preserved
by the �-connection A. The Z -twisted condition implies that in the gauge when A is
given by fixed semisimple diagonal element Z ∈ H such flag is formed by the standard
basis e1, . . . , er+1.

The relative position between two flags is generic on U ∩ M−1
�

(U ). The regular
singularity condition implies that quantum Wronskians, namely determinants

Dk (s) = e1 ∧ · · · ∧ er+1−k ∧ Zk−1s(z) ∧ Zk−2s(�z) ∧ · · · ∧ Zs(�k−2) ∧ s(�k−1z) (2.35)

have a subset of zeroes, which coincide with those of Wk(s). To be more explicit, for
k = 1, . . . , r + 1, we have nonzero constants αk and polynomials

Vk(z) =
rk∏

a=1

(z − vk,a), (2.36)

for which

det

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 . . . 0 ξ k−1
1 s1(z) · · · ξ1s1(�k−2z) s1(�k−1z)

.

.

.
. . .

.

.

.
.
.
.

.

.

.
. . .

.

.

.

0 . . . 1 ξ k−1
k sr+1−k (z) . . . ξk sr+1−k (�

k−2z) sk (�
k−1z)

0 . . . 0 ξ k−1
k+1 sr+1−k+1(z) . . . ξr+1−k+1sk+1(�

k−2z) sk+1(�
k−1z)

.

.

.
. . .

.

.

.
.
.
.

.

.

.
. . .

.

.

.

0 . . . 0 ξ k−1
r+1 sr+1(z) . . . ξr+1sr+1(�

k−2z) sr+1(�
k−1z)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= αk WkVk ; (2.37)

Since Dr+1(s) = Wr+1(s), we have Vr+1 = 1. We also set V0 = 1; this is consistent
with the fact that (2.35) also makes sense for k = 0, giving D0 = e1 ∧ · · · ∧ er+1.

We can also rewrite (2.37) as

det
i, j

[
ξ

k− j
r+1−k+i sr+1−k+i (�

j−1z)
]

= αk WkVk, (2.38)

where i, j = 1, . . . , k.
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Theorem 2.17 [KSZ]. Polynomials {Vk(z)}k=1,...,r give the solution to the Q Q-system
2.13 so that Q+

j (z) = V j (z) under the nondegeneracy condition that for all i, j, k with
i = j and aik = 0, a jk = 0, the zeros of Vi (z) and V j (z) are q-distinct from each other
and from the zeros of 
k(z).

The following theorem allows to relate the section s(z), generating the line bundle
Lr+1 with the elements of the extended Q Q-system using the transformation (2.16).

Proposition 2.18. Let v(z) be the gauge transformation from (2.16) and s(z) be the
section generatingLr+1 in the definition of the (SL(r +1), �)-oper. Then the components
of s(z) in the gauge when (SL(r + 1, �)-oper connection is equal to Z is given by:

sr+1(z) = Q+
r (z), sr (z) = Q−

r (z), sk(z) = Q−
k,...,r (z), (2.39)

for k = 1, . . . , r − 1.

It follows from the direct application of (2.21) Starting from (2.21) the Proposition
follows after acting with v(z)−1 on the basis vector er+1 = (0, 0, . . . , 0, 1).

One can show the extended Q Q-system can be obtained from various minors in q-
Wronskianmatrices. First, wewill rewrite the extended Q Q-system in amore convenient
way to relate it to the minors in the �-Wronskian matrix. Namely, we multiply Q-terms
by certain polynomials to get rid of the 
-polynomials on the right-hand side. This is
done in the following Lemma.

Lemma 2.19. The system of equations (2.17) is equivalent to the following set of equa-
tions

ξi D
+
i (�z)D−

i (z) − ξi+1D
+
i (z)D−

i (�z) = (ξi − ξi+1)D
+
i−1(�z)D+

i+1(z) ,

ξi D
+
i+1(�z)D−

i,i+1(z) − ξi+2 D
+
i+1(z)D

−
i,i+1(�z) = (ξi − ξi+2)D

−
i (�z)D+

i+2(z) ,

. . . . . . (2.40)

ξi D
+
r+i−2(�z)D−

i,...,r−1+i (z) − ξr+i−1,D
+
r+i−2(z)D

−
i,...,r−1+i (�z) = (ξi − ξr+i−1)D

−
i,...,r−2+i (�z)

D+
r+i−1(z) ,

ξ1D
+
r (�z)D−

1,...,r (z) − ξr+1D
+
r (z)D−

1,...,r (�z) = (ξ1 − ξr+1)D
−
1,...,r−1(�z) .

where index i ranges between the same values as in the corresponding equations in
(2.17), for the polynomials

D+
k = Q+

k Fk, D−
k = Q−

k Fk�

1
2
k , D−

l,...,k = Q−
l,...,k Fk�

1
2
l,...,k . (2.41)

where

Fi (z) = Wr−i (�
r−i z), �

1
2
l,...,i =

i−l∏

a=0

(ξl − ξl+a+1).

For the future, we shall refer to (2.40) as the extended DD-system for SL(r +1) and
to its first line specifically as merely the DD-system.

As we shall see below, one can express the solutions of the Q Q- and DD-systems
in terms of section s(z) of subbundle Lr+1. Following the discussion of [KSZ] (Sect. 4)
we consider the following matrices:

Mi1,...,i j =

⎛

⎜
⎜
⎝

ξ
j−1

i1
si1(z) · · · ξi1si1(�

j−2z) si1(�
j−1z)

...
. . .

...
...

ξ
j−1

i j
si j (z) · · · ξi j si j (�

j−2z) si j (�
j−1z)

⎞

⎟
⎟
⎠ ,
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Vi1,...,i j =

⎛

⎜
⎜
⎝

ξ
j−1

i1
· · · ξi1 1

...
. . .

...
...

ξ
j−1

i j
· · · ξi j 1

⎞

⎟
⎟
⎠ , (2.42)

where si are polynomials and Vi1,...,i j is theVandermonde-likematrixwhose determinant
is

detVi1,...,i j =
∏

i< j

(ξi − ξ j ). (2.43)

The extended DD-system can be recovered in the following way.

Proposition 2.20. There exist unique polynomials s1, . . . , sr+1 such that the polynomials
D−

i,...i+k from (2.40) read

D−
i,...,i+k = det Mi,i+k+2...,r+1

det Vi,i+k+2...,r+1
, i = 1, . . . , r, k = 0, . . . , r − i. (2.44)

In particular,

D+
i (z) = det Mr+2−i,...,r+1(z)

det Vr+2−i,...,r+1
and D−

i (z) = det Mr+1−i,r+3−i,...,r+1(z)

det Vr+1−i,r+3−i,...,r+1
, (2.45)

where matrix M, V are given in (2.42).

The proof of Proposition 2.20 partly based on Lemma 4.4 from [KSZ] which ensures
that polynomialsD±

i and Q±
i can be written as quantumWronskians. Later in the paper

we shall use this Lemma in the proof of 3d mirror symmetry for Xk,l .

Lemma 2.21. Suppose that γ1, . . . , γk−1 are nonzero complex numbers such that γ j /∈
qN0γk for j < k. Let f1, . . . , fk−1 be polynomials that do not vanish at 0, and let g be
an arbitrary polynomial. Then there exist unique polynomials f1, . . . , fk satisfying

g = det

⎛

⎜
⎝

f1 γ1 f (1)
1 · · · γ k−1

1 f (k−1)
1

...
...

. . .
...

fk γk f (1)
k · · · γ k−1

k f (k−1)
k

⎞

⎟
⎠ . (2.46)

3. Ar -Quivers, QQ-Systems and Magnetic Frame

3.1. Quiver data and Miura �-opers. For us, the framed Ar quiver means the graph of
Ar type with vertices labeled by natural numbers To each vertex, we may attach a box
labeled by a natural number as well. We will refer to the boxes as the framing of An
graph.

Thus we see that such quiver is entirely defined by two vectors with the components
v = (v1, . . . , vr ) and w = (w1, . . . ,wr ), so that {vi}, {wi} ∈ N, i = 1, . . . , r . In the
following, we will refer to quiver with this data as Yv,w and to wi as the rank of framing
of the i-th vertex. We associate a Q Q-system to such quiver in the following way. We
assign to each vertex i with the label vi (we count vertices from left to right) the Q+

i (z)
-polynomial of degree vi . At the same time, we associate the polynomial
i (z) of degree
wi to each vertex with the framing of rank wi .
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Fig. 4. Generic Ar quiver variety

We will refer to the resulting space of Z -twisted nondegenerate Miura (SL(r +
1), �)-opers, associated with such Q Q-systems and thus entirely defined by quiver as
�Op(Yv,w). Such opers are defined by the position of regular singularities, i.e. roots
{ak, j } j=1,...,r, k=1,...,deg(
 j ) of
 j (z) j=1,...,r ,monic polynomials {Q+

j (z)} j=1,...,r defined

by their Bethe roots {sk, j }k=1,...,deg(Q+
j )

j=1,...,r , and {ξk}k=1,...,r+1 parametrizing the Z -twist.
We will refer to the following algebra as the algebra of functions on the space

�Op(Yv,w):

Fun(�Op)(Yv,w) := S({ai }, {ξk}, �)({si,k})
(Bethe equations)

, (3.1)

i.e. rational functions (with coefficients being rational functions of {ai }, {ξk}, �) of the
elementary symmetric functions of Bethe root variables (with symmetrization is over
index k for all i) with the relations on variables are given by Bethe equations from (2.26).

Remark 3.1. From a perspective of the integrable XXZ spin chains, this is known as
Bethe algebra represented in terms of nonlocal Hamiltonians (coefficients of expansion
of the Baxter Q-operators, with coefficients being elementary symmetric functions of
Bethe roots), considered in the weight sector determined by the data of the quiver Yv,w.
Later we will see other expressions for Bethe algebra using another set of Hamiltonians.

The following Proposition is a crucial property of quantum Bäcklund transformations,
which directly follows from Proposition 2.16:

Proposition 3.2. Conisider the quiver Yv,w and the related Z-twisted Miura (SL(r +
1), �)-oper. Consider the quiver Yv′,w which corresponds to the Z-twisted Miura (SL(r+
1), �)-oper after the series of Bäcklund transformations. Then Fun(�Op)(Yv,w) ∼=
Fun(�Op)(Yv′,w), where the isomorphism is given by the transformations of the Q Q-
system are given in the Proposition 2.16.

At the same time, there is another presentation of the Miura (SL(r + 1), �)-opers,
namely using the section s(z) = (s1(z), s2(z), . . . , sr+1(z)), where si (z) = c̃i

∏
k(z −

pk
i ), where we labeled the roots of si (z) as pk

i . As we know from the definition of si ,
their degrees are determined from the data on the quiver.

Let us introduce the algebra

Wr(Yv,w) := S({ai }, {ξk}, �)({pk
i })

(Wronskian relations)
,
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where S({ai }, {ξk}, �)({pk
i }) stand for the rational functions of the elementary symmetric

functions of {pk
i } (with symmetrization over index k) so that the coefficients are rational

functions of {ai }, {ξk}, �. The Wronskian relations are given in (2.37). We will refer to
the variables {pk

i } and {ξ k
i ≡ ξi } as momenta and coordinates correspondingly.

Thus we have a theorem, which is a consequence of the results in Sect. 2.

Theorem 3.3. There is an isomorphism of algebras:

Fun(�Op)(Yv,w) = Wr(Yv,w).

Altogether, we call such represenation of Fun(�Op)(Yv,w) as oper magnetic frame.
Let us count the degrees of the components of the section of the �-oper line bundle

section s(z) from (2.39), which describes quiver in Fig. 4 using the extended Q Q-system
and Bäcklund transformations.

Lemma 3.4. Let the degree of si (z) in (2.39) be equal to ρi for i = 1, . . . , r . Then

ρi − ρi+1 = wi + vi−1 + vi+1 − 2vi , i = 1, . . . , r − 1 (3.2)

with ρ0 = ρr+2 = 0 and ρr+1 = vr .

Proof. The proof can be performed using explicit formulae for the D± and Q± poly-
nomials (2.44) to show that

ρi = vi−1 − vi +
r∑

a=i

wa, i = 1, . . . , r + 1. (3.3)

However, let us proceed combinatorially instead. Since the extended Q Q-system (2.25)
is nondegenerate, in order to calculate the degrees of the components of the Sect. (2.39),
we simply calculate them from the Q Q-system in an iterative manner.

Let deg Q+
i = vi and deg 
i = wi . Recall that Q+

r = sr+1 and ρr+1 = vr . Starting
from the extended Q Q-system (2.25) we perform Bäcklund transformation on the r th
node

ξr Q+
r (�z)Q−

r (z) − ξr+1Q+
r (z)Q−

r (�z) = 
r (z)Q+
r−1(�z).

In order to calculate the degree of Q−
r = sr which is equal to ρr = wr + vr−1 − vr . This

is consistent with (3.2).
Then we need to calculate the degrees of Q−

r−1,r and others and verify that they
satisfy (3.2). This is, however, a daunting combinatorial process and there is plethora
of cancellations of degrees. In order to navigate this process consider the diagram from
Fig. 5.

In this figure for each Q-polynomials there are incoming and outgoing arrows which
respectively designate adding or subtracting degrees of the polynomials from/to which
these arrows connect. For every down arrow we add the degree of the framing wi . Note
that there is a closed loop with orange arrows which suggests that the corresponding
degrees will cancel. Indeed, from the corresponding Q Q-relation

ξr−1Q+
r (�z)Q−

r−1,r (z) − ξr+1Q+
r (z)Q−

r−1,r (�z) = 
r (z)Q−
r−1(�z).

we get

ρr−1 = deg Q−
r−1,r = deg Q−

r−1 + wr − vr = vr−2 + vr − vr−1 + wr−1 + wr − vr

= vr−2 − vr−1 + wr−1 + wr .

We can proceed by induction to derive the remaining degrees ρi which satisfy (3.2).
��
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Fig. 5. Combinatorial proof of Lemma 3.4

Fig. 6. Self-mirror Ak+l−1 quiver variety

3.2. Specific families of quivers and their Q Q-systems. In this section, we will describe
families of quivers which will be the main examples in this paper.

First, we give an example of what we call a complete flag quiver family. It has only
one framing on the last vertex and it is labeled as shown in the picture:

1 2 n-1

n

n-2

Wewill denote the regular singularities for the corresponding quiver, i.e. the roots of the

L polynomial as a1, . . . , aL .

In [KPSZ] (see also [KSZ]) we proved that in this case the polynomials si (z) are of
degree 1.

Below we will give a more involved family of Ar − quivers, which we refer to as
Xk,l , so that r = l + k − 1 with the same property.

The regular singularity parameters a1, . . . , ak+l are labeled as it is shown in the
picture.
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Notice, that in the l → ∞ limit, we obtain the A∞ quiver (see Fig. 5). From this
standpoint, one can treat the quiver Xk,l as the “regularized” version of it.

k

1

k

1

k

1

k

1

3.3. Xk,l , FFlL and the Ruijsennars–Schneider Hamiltonians. Let us consider quiver
Xk,l (see bottom of Fig. 18) of rank and study the corresponding extended Q Q-system
in detail. It is described by the following polynomials

Q+
1(z) =

k∏

a=1

(z − s1,a), . . . , Q+
r (z) =

k∏

a=1

(z − sl,a),

Q+
l+1(z) =

k−1∏

a=1

(z − sl+1,a), . . . , Q+
l+k−1(z) = z − sl+k−1 , (3.4)

and framing polynomials


1(z) =
k+1∏

b=1

(z − a1,b), 
c(z) = z − ac, c = 1, . . . , l, (3.5)

All other polynomials are trivial.
The corresponding extended Q Q-system reads:

ξi Q+
i (�z)Q−

i (z) − ξi+1Q+
i (z)Q−

i (�z) = 
i (z)Q+
i−1(�z)Q+

i+1(z) ,

ξi Q+
i+1(�z)Q−

i,i+1(z) − ξi+2Q+
i+1(z)Q−

i,i+1(�z) = 
i+1(z)Q−
i (�z)Q+

i+2(z) ,

. . . . . .

ξi Q+
k+l−3+i (�z)Q−

i,...,k+l−3+i (z) − ξk+l−2+i Q+
k+l−3+i (z)Q−

i,...,k+r−3+i (�z) ,

= 
k+l−3+i (z)Q−
i,...,k+l−2+i (�z)Q+

k+l−1+i (z) ,

ξ1Q+
k+l−1(�z)Q−

1,...,k+l−1(z) − ξk+l Q+
k+l−1(z)Q−

1,...,k+l−1(�z) = Q−
1,...,k+l−2(�z) .

(3.6)

Let s(z) be a section of line bundle Lr+k which in a vector with r + k components as
in (2.38). As we have seen, the extended Q Q-system contains the components of s(z):

s1(z) = Q−
1,2,...,k+l−1(z), s2(z) = Q−

2,3,...,k+l−1(z), . . . ,

sk+l−1(z) = Q−
k+l−1(z), sk+l+1(z) = Q+

k+l(z). (3.7)

The following Lemma characterizes the structure of the components si (z) and their
roots for FFlL .
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Lemma 3.5. Given (3.7) we have

s1(z) = z − p1, , . . . , sk+r (z) = z − pk+l , (3.8)

where

pk+l+1−p = − Q+
p(0)

Q+
p−1(0)

. (3.9)

Proof. From Lemma 3.4 we conclude that all components of sp(z) are of the first order.
Nowwe need to prove (3.9). Let us denote the matrix inside the brackets on the left-hand
side of the expression (2.38) by Mp(z) and substitute z = 0. The following immediately
follows

Mp(0) = −diag(pk+l+1−p, . . . , pk+l+1) · Vp, (3.10)

since Mp(0)i, j = −ξ
p− j

k+l+1−p+i pk+l+1−p+i and (Vp)i, j = ξ
p− j

k+l+1−p+i . Therefore

− det
[

Mp(0) · V −1
p

]
= (−1)p pk+l+1−p · · · pk+l+1. (3.11)

Thus (3.9) follows if we define αp = detVp
Wp(0) . ��

For the Xk,l the components of the section have the following degrees. This Lemma
will be used in later sections in proving 3d mirror symmetry for Xk,l .

Corollary 3.6. Given (3.7) quiver Xk,l has the following degrees

deg sl+1 = · · · = deg sl+k = 1, deg sl−i+1(z) = i, i = 1, . . . , l. (3.12)

Proof. The statement directly follows from Lemma 3.4.
One can see from Fig. 6 that quiver Xk,l contains a ‘tail’ of FFlk . Using the previous

Lemma one can verify that the last k components of the section s(z) of the oper bundle
(3.12) are degree one polynomials. Moreoever, since the the rest of the quiver has dif-
ferent data the similarity with the complete flag ends and degrees of other components
of the section grow linearly according to (3.6). ��

Let us remind the reader that we gave a realization of the algebra Fun(�Op(Yv,w) as
Wr(Yv, w). It turns out that in the case of Yv,w = FFl L , Xk,l there is a more explicit
version of that algebra in terms of the variables {pk

i }.
Theorem 3.7. (i) There is an isomorphism of algebras:

Fun(�Op)(FFl L)) ∼= C({ξi }, {ai }, {pi }, �)

{Hi ({p j }, {ξ j }, �) = ei (a1, . . . , aL})i=1,...,L
, (3.13)

where

Hk =
∑

I⊂{1,...,L}
|I|=k

∏

i∈I
j /∈I

ξi − � ξ j

ξi − ξ j

∏

m∈I
pm, (3.14)

and {ei } are the elementary symmetric functions of variables {ai }i=1,...,L .
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(ii) There is an isomorphism of algebras:

Fun(�Op)(Xk,l ) ∼=
S({ξi }, {ai }, �)({pi })(

(Bi ({p j }, {ξ j }, �) = �i (a1, . . . , ak+l ))i=1,...,k+l , low. order Wronsk. relations
) , (3.15)

where Bi are coefficients of the characteristic polynomial of the left-hand side of (2.38)
and �i are elementary symmetric polynomials of the following k + l(l − 1)/2 variables:

a1,1, . . . , a1,k
a2,

a3, �a3,

a4, �a4, �
2a4

. . . . . . (3.16)

al−1, �al−1, �
2al−1, . . . , �

l−2al−1 .

For insatnce

�k+l(a1, . . . , ak+l)

=
k+1∑

a=1

a1,a + a2 + (1 + �)a3 + (1 + � + �
2)a4 + · · · +

l−1∑

l=0

�
l−1al . (3.17)

Proof. Relations in i) are the standard tRS equations that follow from the oper condition
(2.38).

The proof of ii) follows from calculating the coefficients in front of powers of z in
the right hand side of (2.38) applied to Fun(�Op)(Xk,l). The polynomial Wk+l has the
following form

Wk+l =
k∏

i=1

(z − a1,i ) · (z − a2) · (z − a3)(z − �a3)

·(z − a4)(z − �a4)(z − �
2a4) · · ·

l−1∏

j=0

(z − �
j al) (3.18)

��
In the next section, we will explain in full detail the full meaning of the rational func-

tions Hk . Here let us make an important remark concerning the geometric interpretation
of the Theorem above.

Consider a symplectic space with coordinates {χi }, {pi } with the symplectic form
ω = ∑

i
dχi
χi

∧ dpi
pi
. One can consider two Lagrangian subspaces. One is the natural

one, which sends the coordinate variables to a fixed value {χi = ξi }. The other one
is defined by setting the functions Hk to a fixed value, which in the theorem above is
given by �i ({ai }, �). The Lagrangian property is justified by the fact that with respect
to the Poisson bracket based on ω, thus giving rise to an integrable system known as
trigonometric Ruijsenaars–Schneider (tRS) integrable system.
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4. tRS System and QQ-System in Electric Frame

Let us describe the algebraic construction (see [O1]) which is very important for this
paper, which gives an algebraic formulation of the tRS system and the Lagrangian
subvariety we introduced in the previous section.

Definition 4.1. Let V be an N -dimensional vector space over C. Let M′ be the subset
of GL(V ) × GL(V ) × V × V ∗ consisting of elements (M, T, u, v) such that

�MT − T M = u ⊗ vT . (4.1)

The group GL(N ; C) = GL(V ) acts on M′ by conjugation

(X, Y, u, v) �→ (gMg−1, gT g−1, gu, vg−1), g ∈ GL(V ). (4.2)

The quotient of M′ by the action of GL(V ) is called Calogero–Moser space M.

Note that when � is not a root of unity the GL(V ) action above is free soM′ andM
are nonsingular.

The following Lemma is true.

Lemma 4.2. Let M and T satisfy (4.1). In the basis where M is a diagonal matrix
with eigenvalues χ1, . . . , χN the components of matrix T are given by the following
expression:

Ti j = uiv j

�χi − χ j
. (4.3)

One can define the tRS momenta pi , i = 1, . . . , N as follows:

pi = −uivi

∏
k =i (χi − χk)

∏
k (χi − χk�)

. (4.4)

Using the above formula we can represent the components of matrix T (4.3) by
properly scaling vectors u and v:

Tji ({pi }, {χi }) = χ j (1 − �)

χ j − χi �

∏

k = j

χ j − χk�

χ j − χk
p j =

∏
k =i (χ j − χk�)

∏
k = j (χ j − χk)

p j . (4.5)

Matrix T (4.5) is known as the Lax matrix of the tRS model [R] (see also [GN,FGNR]
for more details, where a slightly different gauge is used).

The coefficients of the characteristic polynomial of the Laxmatrix are the tRSHamil-
tonians

det (u · 1 − T (χi , pi , �)) =
L∑

k=0

(−1)l Hk(χi , pi , �)un−k, (4.6)

The corresponding tRS energy relations (or integrals of motion) can be obtained by
equating the above characteristic polynomials to

∏
i (u − ξi )

∑

I⊂{1,...,L}
|I|=k

∏

i∈I
j /∈I

� χi − χ j

χi − χ j

∏

m∈I
pm = ek(ξi ), (4.7)

where el is the l-th elementary symmetric function.

Remark 4.3. The tRSmodel can be regarded as relativistic deformation of the Calogero–
Moser model with a finite speed of light.
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Fig. 7. Partial flag quiver Xλ

4.1. Partial flag quiver Xλ in the electric frame. In this section, we consider a gen-
eralization of complete flag quiver, namely partial flag quiver Xλ defined by vector
λ = {v1, v2 − v1, . . . , vr − vr−1, L − vr }:

Below we will show that the algebra Fun(�Op)(Xλ) can be again described as an
algebra of functions on the intersection of Lagrangian subvarieties tRS Hamiltonians.
However, the choice of these subvarieties is different. Namely, we set the first as χi = ai ,
where {ai } define regular singularities for the Miura (SL(r + 1), �)-oper. The second
one is again defined via a commuting family of tRS Hamiltonians. We will show that
below directly by looking at the spectrum of the tRS Lax matrix (4.5). We will refer to
such description of Fun(�Op)(Xλ) as electric frame.

First, let us give an explicit answer, to how the electric frame tRS coordinates and
momenta variables are related to the parameters of regular singularities and Bethe roots:

χi = ai , i = 1, . . . , L ,

pi = ξr+1�
−vr

vr∏

j=1

�ai − sr, j

sr, j − ai
= (−�)−vr ξr+1

Q+
r (�ai )

Q+
r (ai )

, i = 1, . . . , L , (4.8)

Remark 4.4. One may notice that they emerge from the XXZ Yang–Yang function as
follows: pi = exp ∂log ai Y .

Let us have a look at the simplest nontrivial example to see how the construction
works.

Example. Xλ, L = 2 and vr = 1.
In this case the Lax matrix (4.5) reads

T =
⎛

⎜
⎝

a1 − a2�

a1 − a2
p1

a1(� − 1)

a1 − a2
p1

a2(� − 1)

a2 − a1
p2

a2 − a1�

a2 − a1
p2

⎞

⎟
⎠ (4.9)

We can immediately find its eigenvectors and eigenvalues, however, we are looking for
a convenient parameterization from which the relationship with Bethe equations will
become transparent. Let

pi = −ξ2

�

�ai − s

ai − s
, i = 1, 2 (4.10)

according to (4.8), then T has the following eigenvalues

ξ2,
ξ2

�

(s − a1�) (s − a2�)

(s − a1) (s − a2)
.
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If the denote the second eigenvalue ξ1/� we get the following Bethe equation for T ∗
P
1

ξ2

ξ1

(s − a1�) (s − a2�)

(s − a1) (s − a2)
= 1. (4.11)

Thus the above equation is equivalent to the fact that ξ1 and ξ2 are the eigenvalues of T ,
or to the two underlying tRS equations

a1 − a2�

a1 − a2
p1 +

a2 − a1�

a2 − a1
p2 = ξ1 + ξ2, p1 p2 = ξ1ξ2. (4.12)

Now let us consider a more general case of Xλ and formulate the main theorem. It is
equivalent to themain statement of [BLZZ].We shall give a different proof momentarily,
which is relevant for the following.

Theorem 4.5. There is an isomorphism of algebras:

Fun(�Op)(Xλ) ∼= C({ξi }, {ai }, �)({pi })
(det (u − T ({pi }, {ai }, �)) − f (u, {ξi }, �))

, (4.13)

where

f (u, {ξi }, �) =
r∏

i=1

vi+1−vi∏

l=0

(
u − ξi �

vi+1−vi −1−l
)

(4.14)

so that u is a formal variable and vr+1 = L.

In other words, Theorem 4.5 states that for the tRS Lax matrix M (4.5) to have
eigenvalues

ξr+1, . . . , ξr+1�
L−vr −1, ξr , . . . , ξr+1�

vr−1−vr −1, . . . , ξ1 . . . , ξ1�
v1−1 (4.15)

the following Bethe Ansatz equations for Xλ must be satisfied

�
2vI −vI−1−vI+1

ξI+1

ξI

vI−1∏

j=1

sI−1, j − sI,i

sI,i − �sI−1, j
·
vI∏

k =i

�sI,i − sI,k

sI,i − �sI,k
·
vI+1∏

b=1

sI,i − �sI+1,b

sI,i − sI+1,b
= 1, (4.16)

where i = 1, . . . , vI and I = 1, . . . , r , provided that tRS momenta in T are given in
(4.8).

Proof. Let g ∈ GL(L) be a matrix such that the first L −vr eigenvalues of T take values
ξr+1�

i for i = 0, . . . , L − vr − 1. Such matrix g can put T in a block-diagonal form

g−1T g =

⎛

⎜
⎜
⎜
⎜
⎝

ξr+1 0 . . . 0 0
0 ξr+1� . . . 0 0
...

...
. . .

...
...

0 0 . . . ξr+1�
L−vr −1 0

0 0 . . . 0 T ′

⎞

⎟
⎟
⎟
⎟
⎠

, (4.17)

with T ′ coincidingwith the Laxmatrix for vr particles which are parameterized by Bethe
roots sr,1, . . . , sr,vr .
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After that, we can use another gauge transformation in order to reduce T ′ to a block-
diagonal form (vr − vr−1, vr−1) similar to the above and proceed by induction until we
reach the left end of the quiver Xλ.

Consider gauge transformation from (4.17). Matrix g can be presented as
(g1, . . . , gL−vr , g′) where g1, . . . , gL−vr are columns and g′ is a L × (L − vr ) ma-
trix.

We have the linear equations for g coming from (4.17)

(T g1, . . . , T gL−vr , T g′) = (ξr+1g1, . . . , ξr+1�
L−vr −1gL−vr , g′T ′) (4.18)

From here we discover that g1, . . . , gL−vr are eigenvectors of T , with eigenvalues
ξr+1, . . . , ξr+1�

L−vr −1 and

L∑

b=1

Tab · g′
bi =

vr∑

j=1

g′
aj · T ′

j i , (4.19)

where T ′ is given by (4.5) with ai ’s replaced by sr,i ’s and pas replaced by ps
i .

The following Lemma provides an explicit formula for the above similarity trans-
formation in terms of Bethe roots. The relation (4.18) is satisfied provided that tRS
momenta can also be expressed in terms of Bethe roots. ��
Lemma 4.6. Let

g′
ai = δabi

aa − sr,i
, δa =

vr∑

k=1

γk
aa(aa − sr,k)

aa − sr,k
, (4.20)

where a = 1, . . . , L , i = 1, . . . , vr and bi and γk are some nonzero constants. Let

pa = ξr+1

�vr

vr∏

k=1

�aa − sr,k

aa − sr,k
, ps

i = ξr+1

�L−2vr

L∏

b=1

sr,i − �ab

sr,i − ab

vr∏

k =i

�sr,i − sr,k

sr,i − �sr,k
, (4.21)

for some nonzero sr,1, . . . , sr,vr . Assume sr,i = �
Zsr, j and ai = �

Za j for i = j . Then
(4.18) is satisfied.

Proof. Using (4.21) and (4.20) we can rewrite (4.19) as follows

L∑

b=1

paaa
1 − �

aa − ab�

L∏

c =a

aa − ac�

aa − ac
· δbbi

ab − sr,i

=
vr∑

j=1

δab j

aa − sr, j
· ps

j sr, j
1 − �

sr,i − sr, j �

vr∏

k = j

sr, j − sr,k�

sr, j − sr,k
. (4.22)

One can explicitly check that the above relations holds provided that δa is given by the
second relation in (4.20) and tRS momenta are as in (4.21). ��

At the next step of the recursion, we introduce the new set of Bethe roots
sr−1,1, . . . , sr−1,vr−1 and define the collection of momenta ps

i analogously to the first
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relation in (4.21) (with ξr+1 replaced by ξr , ai ’s replaced by sr,i and sr,i ’s replaced by
sr−1,i s)

ps
i = ξr

�vr−1

vr−1∏

j=1

sr,i − �sr−1, j

sr−1, j − sr,i
. (4.23)

This way the Lax matrix T ′ has the canonical form (4.5). We thus can get the first set of
Bethe equations from (4.16) for the sr,i roots by comparing the above expression with
the second relation in (4.21)

�
2vr −L−vr−1

ξr+1

ξr
·
vr−1∏

j=1

sr−1, j − sr,i

sr,i − �sr−1, j
·

vr∏

k =i

�sr,i − sr,k

sr,i − �sr,k
·

L∏

b=1

sr,i − �ab

sr,i − ab
= 1. (4.24)

The recursive application of this reasoning completes the proof in one direction.
It remains to be shown that for every solution of tRS equations with given degeneracy

of the right hand side there exists a solutions of Bethe equations (4.16). For simplicity
consider Xλ in the case r = 1, v1 = k, L = n. A generalization to other partitions λ is
straightforward. The eigenvalues read

ξ2, . . . , ξ2�
n−k−1, ξ1, . . . , ξ1�

k−1 (4.25)

Consider relations in (4.13) expanded in z

n∑

i=0

(−1)i zn−i Ti =
(

k∑

l=0

(−1)l zl−l el(ξ1, . . . , ξ1�
k−1)

)

(
n−k∑

m=0

(−1)m zn−k−mem(ξ2, . . . , ξ2�
n−k−1)

)

, (4.26)

where T0 = 1, T1, . . . Tn are the tRS Hamiltonians and el are elementary symmetric
functions of their arguments. We can impose ξ2 = ζ ξ1. Rescaling all momenta by ξ1
give the RHS of each of the equaltions for Ti in (4.26) expressed in terms of polynomials
of ζ degree k. That leaves at most k independent degrees of freedom for Ti and thus for
pi , since transformation from pi to Ti is generally non-degenerate. Thus formula (4.23)
provides a faithful change of variables.

��
To summarize, the relations for Fun(�Op)(Xλ) are as follows:

∑

I⊂{1,...,L}
|I|=k

∏

i∈I
j /∈I

ai − � a j

ai − a j

∏

m∈I
pm = �k(ξi ), (4.27)

where symmetric functions �k were introduced in Theorem 3.7. We will refer to the the
set of variables {pi }, {ai } as electric frame momenta and coordinates correspondingly.

Remark 4.7. It may seem that electric momenta pi are disconnected from the �-oper
formalism we described in the previous section. However, this is not the case. For the
(SL(r + 1), �)-oper the natural coordinate system is provided by the �-Miura transfor-
mation, which is given by the �-gauge transformation from B−(z) ⊂ SL(r +1)(z)which
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moves diagonal elements to the bottom row in the �-connection matrix. The elements
of the bottom row are known to coincide with the eigenvalues of the transfer matrices of
XXZ spin chain which correspond to fundamental representations. The �-Miura trans-
formation gives an expression of the eigenvalues of the transfer matrices via eigenvalues
of Baxter Q-operators. The transfer matrix corresponding to the defining representa-
tion of SL(r + 1) allows a polar decomposition with respect to {ai }. The coefficients in
that expansion are known as (fundamental) Hamiltonians (cf. nonlocal Hamiltonians,
se remark 3.1) of XXZ model. They coincide with the electric frame momenta [that
can be established from the formula (4.23)] and thus serve as natural coordinates for
(SL(r + 1), �)-opers.

4.2. Resonance conditions and degeneration of �-opers. So far we considered only
nondegenerate �-opers. We claim that special degenerations which involve relations
between Bethe roots and regular singularities, which we will refer to as we refer to as
resonance conditions, will lead to interesting correspondences between opers associated
to various quivers.

4.2.1. Recursive procedure for Bethe Ansatz In this section we will show that the ring
Fun(�Op)(Xk,l) (top of Fig. 18) can be obtained from Fun(�Op)(Xλ) for special λ by
imposing additional relations. We will define them in the recursive way, by chipping the
framing in the quiver Xλ and carrying it to the neighboring vertices as it is indicated on
Fig. 8. We begin with the Bethe equations (4.16) for the last node of quiver Xλ in Fig. 7

�
2vr −vr−1−L ξr+1

ξr

vr−1∏

j=1

sr−1, j − sr,i

sr,i − �sr−1, j
·

vr∏

k =i

�sr,i − sr,k

sr,i − �sr,k
·

L∏

b=1

sr,i − �ab

sr,i − ab
= 1, (4.28)

which can be written as

�
2vr −vr−1−(L−1) ξr+1

ξr
·
vr−1∏

j=1

sr−1, j − sr,i

sr,i − �sr−1, j
·

vr∏

k=2
k =i

�sr,i − sr,k

sr,i − �sr,k

· 1
�

�sr,i − sr,1

sr,i − �sr,1
· sr,i − �a2

sr,i − a2
· sr,i − �a1

sr,i − a1

·
L∏

b=3

sr,i − �ab

sr,i − ab
= 1 . (4.29)

If we impose the resonance conditions

a1� = sr,1 = a2 (4.30)

we can observe that the middle line of the above equation cancels off

1

�

�sr,i − sr,1

sr,i − �a2
· sr,i − �a2

sr,i − a2
· sr,i − a2

sr,i − a1
= 1

�

�sr,i − sr,1

sr,i − a1
= 1.

Meanwhile the Bethe equation for the r − 1st node

�
2vr−1−vr−2−vr

ξr

ξr−1

vr−2∏

j=1

sr−2, j − sr−1,i

sr−1,i − �sr−2, j
·
vr−1∏

k =i

�sr−1,i − sr−1,k

sr−1,i − �sr−1,k
·

vr∏

b=1

sr−1,i − �sr,b

sr−1,i − sr,b
= 1,
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Fig. 8. Quivers Xλ
λ′ and Xλ

λ′′

(4.31)

becomes

�
2vr−1−vr−2−vr

ξr

ξr−1

vr−2∏

j=1

sr−2, j − sr−1,i

sr−1,i − �sr−2, j
·
vr−1∏

k =i

�sr−1,i − sr−1,k

sr−1,i − �sr−1,k

·
vr∏

b=2

sr−1,i − �sr,b

sr−1,i − sr,b
· sr−1,i − �

2a1
sr−1,i − �a1

= 1 , (4.32)

where the last term in the left hand side corresponds to the framing on the r − 1st node
with equivariant parameter �a1. Thus the rank of the framing bundle on the r th node
decreases by two while the rank of the framing on the r − 1st node becomes one. Let us
call the resulting quiver variety Xλ

λ′ .

4.2.2. Recursive procedure for the tRS model Lemma 4.6 was proven under the nonde-
generacy assumptions, namely, sr,i = �

Zsr, j and ai = �
Za j for i = j . Once we impose

(4.30) and similar relations these assumptions are no longer valid so we need to modify
the proof which will lead to certain changes is the formulae for the tRS momenta in
terms of Bethe roots (4.21).

Let us see how implementing resonance conditions affects the formulae for pa . Con-
sider (4.22) for a = i = 1

L∑

b=1

p1a1
1 − �

a1 − ab�

L∏

c =1

a1 − ac�

a1 − ac
· δbbi

ab − sr,1

=
vr∑

j=1

δ1b j

a1 − sr, j
· ps

j sr, j
1 − �

sr,1 − sr, j �

vr∏

k = j

sr, j − sr,k�

sr, j − sr,k
. (4.33)

and for a = 2, i = 1

L∑

b=1

p2a2
1 − �

a2 − ab�

a2 − a1�

a2 − a1

L∏

c =1,2

a2 − ac�

a2 − ac
· δbbi

ab − sr,1

=
vr∑

j=1

δ2b j

a2 − sr, j
· ps

j sr, j
1 − �

sr,1 − sr, j �

vr∏

k = j

sr, j − sr,k�

sr, j − sr,k
. (4.34)

In order to consolidate poles in the left and right hand sides we define

p1 = ξr+1

�vr

vr∏

k=1

�a1 − sr,k

a1 − sr,k
· a1 − a2

�a1 − a2
, p2 = ξr+1

�vr

vr∏

k=1

�a2 − sr,k

a2 − sr,k
· �a1 − a2

a1 − a2
, (4.35)
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and

ps
1 = ξr+1

�L−2vr

L∏

b=1

sr,1 − �ab

sr,1 − ab

vr∏

k =i

�sr,1 − sr,k

sr,1 − �sr,k
· sr,1 − a2

sr,1 − �a2
. (4.36)

Now ifwe take simultaneous limits sr,1 −→ a2 and a2 −→ a1� all the above expressions
remain finite and become

p1 = ξr+1

�vr

vr∏

k=2

�a1 − sr,k

a1 − sr,k
, p2 = − ξr+1

�vr −1

vr∏

k=2

�a2 − sr,k

a2 − sr,k
, (4.37)

as well as

ps
1 = ξr+1

�L−2vr

L−1∏

b=1

a2 − �ab

a2 − ab

vr∏

k =i

�a2 − sr,k

a2 − �sr,k
. (4.38)

Effectively this amounts to rescaling the tRS momenta for the unconstrained parameters
ai from the proof of Lemma 4.6 by

p1 �→ p1
�a1 − a2
a1 − a2

, p2 �→ p2
a1 − a2
�a1 − a2

(4.39)

Proceeding along the lines of the proof of Lemma 4.6 and using (4.23) with sr,1 = a2
we shall arrive at XXZ Bethe equations (4.29) for the last node and to (4.32) for the
r − 1st node with other equations unchanged. In other words, we have realized in the
language of the tRS models in the electric frame how to perform the reduction from Xλ

to quiver Xλ
λ′ shown in Fig. 8 on the left.

Thus the following Lemma follows from the above calculations and from Theo-
rem 4.5.

Lemma 4.8. The algebra Fun(�Op)(Xλ
λ′) is given by the following quotient

Fun(�Op)(Xλ
λ′ ) ∼= C({ξi }, {ai }, {pi }, �)

(
det

(
u − T ({pi }, {ai }i =2, �)

) − f (u, {ξi }, �)
) |a2=�a1

(4.40)

If one imposes further resonance conditions in the form

�
2a1 = �sr−1,1 = sr,2 = a3 (4.41)

a similar transition in Bethe equations happens and these equations now correspond to
a quiver variety with rank-one framing on the (r − 2)-nd node and the framing of rank
L − 3 on the last node (right picture in Fig. 8).

Lemma 4.9. The algebra Fun(�Op)(Xλ
λ′′) is given by the following quotient

Fun(�Op)(Xλ
λ′′ ) ∼= C({ξi }, {ai }i =2,3, {pi }, �)

(det (u − T ({pi }, {ai }, �)) − f (u, {ξi }, �)) |a2=�a1, a3=�2a1

(4.42)

The correspondingmomenta variables p1 and p3 will acquire rescaling factors similar
to (4.39) such that the resulting rational functions of Bethe roots will be nonsingular
given by (4.41).

Remark 4.10. This process of imposing resonance conditions on the equivariant param-
eters will be later illustrated in Fig. 13 using moves of D-branes.



3D Mirror Symmetry for Instanton Moduli Spaces 1039

4.2.3. Quiver Xk,l in electric frame and degenerate Miura (SL(r + 1), �)-opers We
are now ready to describe the set of relations needed for the Xk,l family Fig. 6. Let us
consider the specific class of Xλ in Fig. 7 which depends on k, l ∈ N and r = k + l − 1

vi = i, i = 1, . . . , k, vk+m = k +
m(m + 1)

2
, m = 1, . . . , l − 1 (4.43)

L = k +
l(l − 1)

2
.

We denote the twist parameters ξ1, . . . ,ξk+l and L coordinates parametrizing regular
singularities are relabeled as follows:

ak,1, . . . , ak,k+1,

ak+1,1, . . . , ak+1,l−1,

ak+2,1, . . . , ak+2,l−2,

. . . . . .

ak+l−2,1, ak+l−2,2,

ak+l−1.

In order to describe the transition from Fun(�Op)(Xλ) to Fun(�Op)(Xk,l) we need
impose a family of resonance conditions. Let us consider the following constraints
imposed on the variables {ai, j }, thereby introducing new parameters {a j } for j = k +
1, . . . , k + l − 2

ak+1 := ak+1,1 = �ak+1,2 = �
2ak+1,3 = · · · = �

r−2ak+1,l−1,

ak+2 := ak+2,1 = �ak+2,2 = �
2ak+2,3 = · · · = �

l−3ak+2,l−3,

. . .

ak+l−2 := ak+l−2,1 = �ak+l−2,2. (4.44)

Additionally, according to the results of the previous section, one has electric mo-
menta {pi, j } to each of the above {ai, j } coordinates.

Remark. The reader may have noticed the similarity between the structures of (4.43)
and (3.16) from the previous section. This observation will play a role in proving self-
mirror duality for Xk,l later.

We denote the algebra Fun(�Op)(Xλ) with the resonance conditions imposed on
regular singularities as Funres

k,l (�Op)(Xλ). We obtain the following statement.

Theorem 4.11. Given Xλ with λ described byvi in (4.43). Then algebraFun(�Op)(Xk,l)

is the following quotient

Fun(�Op)(Xk,l) ∼= Funres
k,l (�Op)(Xλ), (4.45)

where the correspondence between the equivariant parameters of Xk,l and Xλ reads

ak+ j = ak+ j,l− j , j = 1, . . . , l − 2.
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Fig. 9. Quiver Xλ

λ(1)

Fig. 10. Quiver Xλ

λ(2)

Proof. The statement can be verified directly by iteratively applying Lemma 4.8 to two
selected equivariant parameters for each equality sign in (4.44) and the corresponding
Bethe roots.

In the tRS Lax matrix (4.27) one needs to rescale the momenta before imposing each
resonance condition from (4.44). For instance, for the first line of (4.44) we have the
following l − 2 conditions

�ak+1,1 = sk+l−1,1 = ak+1,2 ,

�
2ak+1,1 = �sk+l−2,1 = sk+l−1,2 = ak+1,3 ,

. . . . . . (4.46)

�
l−1ak+1,1 = �

l−2sk+l,1 = · · · = ak+1,l−1 .

We then apply the following rescaling for the first two momenta

p′
k+1,1 = pk+1,1

ak+1,1 − ak+1,2

�ak+1,1 − ak+1,2
, p′

k+1,2 = pk+1,2
�ak+1,1 − ak+1,2

ak+1,1 − ak+1,2
(4.47)

and take limits sk+l−1,1 −→ ak+1,2 and ak+1,2 −→ �ak+1,1. Then repeat this procedure
for the other variables in (4.46). After imposing these relations the space Fun(�Op)(Xk,l)

becomes isomorphic to Fun(�Op)(Xλ
λ(1) ) where Xλ

λ(1) is shown in Fig. 9. The Bethe
equations transform accordingly.

Here v′
k+ j = vk+ j − ( j − 1) for j = 1, . . . , l − 1.

On the next step we impose conditions analogous to (4.46) which enable the isomor-
phism between Fun(�Op)(Xλ

λ(1) ) and Fun(�Op)(Xλ
λ(2) ) where the latter quiver variety

is shown in Fig. 9.
Proceedingby inductionwearrive at Fun(�Op)(Xk,l) and the theoremfollows (Fig. 10).

��
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Fig. 11. Quiver X(3,2)

4.3. Example. It is instructive to show explicitly how the tRS Lax matrix in the electric
frame looks like in the presence of the resonance conditions. Consider r = 4, so that we
deal with the five-particle model, and impose

a3 = �a2 = a1�
2, a5 = �a4. (4.48)

Then matrix T has the following 3 × 2 block form:
⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

p1
(
�

2+�+1
)(

a1−a4�
2
)

(a1−a4 )�2 − p1
(
�

2+�+1
)
(a4�−a1 )

(
a4�

2−a1
)

(a1−a4 )�4 (a1�−a4 )
p1 (a1−a4�)

(
a1−a4�

2
)

�4 (a1�−a4 )(a1�2−a4)
a31 p1 (�−1)2 (�+1)

(
�

2+�+1
)(

a4�
2−a1

)

(a1−a4 )a4�2 (a1�−a4 )(a1�2−a4)
a31 p1 (�−1)2 (�+1)

(
�

2+�+1
)

(a1−a4 )a4�4 (a1�−a4 )

p2�
2 0 0 0 0

0 p3�2 0 0 0
a24 p4

(
a1�

2−a4
)(

a1�
3−a4

)

a21 (a1−a4 )�2 (a1−a4�)
− a24 p4 (�+1)

(
a1�

3−a4
)

a21 (a1−a4 )�4

a24 p4
a21�4

p4 (�+1)
(
a1�

3−a4
)

(a1−a4 )�2
p4

(
a1�

2−a4
)(

a1�
3−a4

)

(a1−a4 )�4 (a4�−a1 )

0 0 0 p5�2 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(4.49)

Notice that this matrix depends only on coordinates a1 and a4 and all five momenta.
Also the above matrix has the so-called Slodowy structure meaning that each diagonal
block has the form F + a, where F is the image of the lowering operator f from the sl2
triple under embedding ρ : sl2 ↪→ sl5, and a is the highest weight vector (top row) (see
[GW2] where the opposite convention was used: e instead of f ) (Fig. 11).

The corresponding tRS Hamiltonians are thus the coefficients of the characteristic
polynomial of this matrix and the tRS relations read

det(u − T ) =
5∏

i=1

(u − ξi )

These tRS relations describe space Fun(�Op)(Xλ) where partition λ = (3, 2).
In other words:

Fun(�Op)(X(3,2)) � Fun(�Op)(FFl5)

(4.48)
.

5. Ar -Quiver Varieties, 3D Mirror Symmetry and Branes

The goal of this section is to formulate the 3d mirror symmetry concept for An quiver
varieties.

First we explain what quiver varieties are and define their quantum equivariant K-
theory rings. Next we formulate the concept of the 3d mirror symmetry as a pair of
‘mirror dual’ quiver varieties with given properties and isomorphic quantum K-theory
rings.

The next subsection is devoted to the physical approach to 3d mirror symmetry and
combinatorial calculations involving D-branes, which allow to compute a “mirror” for
a given quiver variety.
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Our main goal is to show that quiver varieties associated to Xk,l are self-dual. Wewill
formulate what it means on the level of electric and magnetic frame tRS coordinates,
which we introduced. We will prove self-duality in the next section.

5.1. Ar quiver varieties, equivariant quantum K-theory and 3d mirror symmetry.

5.1.1. Definition of Ar quiver varieties Consider the quiver Yv,w. A representation of
Yv,w is a set of vector spaces Vi , Wi , where Vi correspond to original vertices, and
Wi correspond to their copies, together with a set of morphisms between these vertices,
corresponding to edges of the quiver. Let R = Rep(v,w)denote the linear space of quiver
representation with dimension vectors v andw, where vi = dim Vi ,wi = dim Wi . Then
the group G = ∏

i GL(Vi ) acts on this space in an obvious way. As any cotangent
bundle, T ∗ R has a symplectic structure. This action of G on this space is Hamiltonian
with moment map μ : T ∗ R −→ Lie(G)∗. Let L(v,w) = μ−1(0) be the zero locus of
the moment map.

The Nakajima variety X corresponding to the quiver is an algebraic symplectic re-
duction

Y = L(v,w)//θ G = L(v,w)ss/G,

depending on a choice of stability parameter θ ∈ Z
I (see e.g. [G1] for a detailed

definition). The group
∏

i

GL(Wi ) × C
×
�

acts as automorphisms of X , coming form its action on Rep(v,w). Here C� scales
cotangent directions with weight � and therefore symplectic form with weight �

−1. Let
us denote byT amaximal torus of this group. Choosing the set of characters, we describe
the maximal torus of GL(Wi ) as

∏wi
k=1 C

×
ai,k

.
A nontrivial example here is the partial flag quiver. The related quiver variety is the

cotangent bundle to the partial flag variety (for details, see e.g. [KPSZ]).

5.1.2. Description of the quantum equivariant K-theory We now will use this data to
produce the equivariant quantum K-theory ring. First, let us remind the construction of
the classical equivariantK-theory ring KT(Y ). For aNakajima quiver varietyY , withe the
set of vertices I one can define a set of tautological bundles on itVi ,Wi , i ∈ I , as bundles
constructed by applying the associated bundle construction to the G-representations Vi
and Wi . It follows from this construction, that all bundles Wi are topologically trivial.
Tensorial polynomials of these bundles and their duals generate KT(Y ) according to
Kirwan’s surjectivity theorem, which is recently proven in [MN]. One can represent the
corresponding K-theory classes as diagonal operators acting in the basis of fixed points
in the localized equivariant K-theory K loc

T (Y ).
The quantum equivariant K-theory is a deformation of this algebra by means of r

new variables, known as Kähler parameters. There are several ways of constructing this
deformation using the tools of enumerative geometry. The first one, obtained following
the traditional approach using the counts of holomorphicmaps is due toGivental and Lee
[GL], see also [G3,G4,G2,G7,G5,G6,G9,G8,G10,G12,G11] for recent developments
in permutation invariant quantum K-theory. The second one is specific to the setup of
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quiver varieties and uses the counts of quasimaps [KPSZ], [O2]: this is the approach we
address in this paper.

In [KPSZ] we defined quantum equivariant K-theory of Y as the so-called Bethe
algebra, using the symmetric functions of Bethe roots. Here we give an equivalent
definition.

Definition 5.1. ThequantumequivariantK-theory K q
T(Yv,w) of quiver variety associated

with quiver Yv,w is the algebra Fun(�Op)(Yv,w) with regular singularities described by
{
i (z) = ∏wi

k=1(z − ai,k)}i=1,...,r so that {ai,k} are the characters of the maximal torus
T = ∏r

i=1
∏wi

k=1 C
×
ai,k

× C� and Z -twist is related to the Kähler parameters ξ1, . . . , ξr

as follows: Z = ∏r
i=1 ξ

α̌i
i .

Here the Bethe root variables parametrizing theMiura (SL(r+1), �)-oper correspond
to the eigenvalues of the quantum tautological classes in the deformation of the basis of
fixed points.

Remark 5.2. We defined K q
T(Yv,w) as localized with respect to Kähler parameters ζi .

Without localization, in the limit {ζi → 0} one obtains the classical equivariant K-
theory KT (Yv,w).

Let us be more concrete about the relation between quantum K-theory generators
and the Q Q-systems. We have shown in [KPSZ,PSZ] that the Qi

+(z)-functions are
actually the eigenvalues of the generating functions for the quantum K-theoretic classes
corresponding to exterior powers of Vi :

Qi (z) =
vi∑

k=1

zk
n−kVi (q)

acting as operators in the space of K loc
T (Y ). This way, elementary symmetric functions

of Bethe roots of degree k are the eigenvalues of the quantum K-theory classes 
kV(q),
thus identifyingQi (z)with the Baxter operators acting in the appropriate weight section
of SL(r +1) XXZ spin chain isomorphic to the vector space K loc

T (Y ). At the same time,

i -functions are the products of Drinfeld polynomials defining the Hilbert space of the
X X Z spin chain and serve as generating functions of the exterior powers of the trivial
bundles Wi , capturing the data of equivariant parameters {ai } associated to torus T .

5.1.3. Quantum Bäcklund transformations and 3d mirror symmetry We already noticed
that there is n! isomorphic algebras Fun(�Op)(Yv,w) corresponding to various Miura
�-opers for a given �-oper. The isomorphism is given by Bäcklund transformations. One
may wonder what that means on the level of quiver varieties. It turns out the following
Proposition holds.

Proposition 5.3. Quivers Yv,w Yv′,w, with parameters related by Bäcklund transforma-
tions produce isomorphic algebras K q

T(Yv,w) ∼= K q
T(Yv′,w). The corresponding quiver

varieties can be produced from a single quiver by changing the stability parameter θ .

Remark 5.4. A classic example of this statement is the case of T ∗Gr(k, n) correspond-
ing to the quiver with one vertex carrying label k and framing with label n. The quantum
Bäcklund transformation sends it to T ∗Gr(n − k, n). On the level of Q Q-system that
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corresponds to the transformation Q−(z) → Q+(z) and Z → Z−1. Thus in the nonlo-
calized quantum K-theory,

lim
Z−→0

K q
T(T ∗Gr(k, n)) = KT(T ∗Gr(k, n)), lim

Z−→∞ K q
T(T ∗Gr(k, n)) = KT(T ∗Gr(n − k, n)),

where by limits we understand keeping the terms in the algebra which remain finite
with respect to that limit. In general, one picture the ring K q

T(Yv,w) as a polyhedron,
symbolizing the moduli space of parameters ζi . At the faces we put classical equivariant
K -theories of quiver varieties corresponding to quantum Bäcklund transformations ap-
plied to the quiver Yv,w. These classical equivariant K -theories emerge by sending part
of the Kähler parameters to 0 and ∞ correspondingly.

Now we are ready to formulate the statement of 3d mirror symmetry. To do that, it
is convenient to use ξi variables for parametrization of Z -twist/Kähler parameters. We
will call them modified Kähler parameters.

Definition 5.5. Two quiver varieties Y , associated to quiver Yv,w and Y ! associated to
Y !
v!,w! form a 3d mirror pair if

K q
T(Yv,w) ∼= K q

T(Y !
v!,w!) (5.1)

so that there is 1-to-1 correspondence between the sets of equivariant and modified
Kähler parameters:

{ξi }i=1,...,r ↔ {a!
i,k}i=1,...,r !;k=1,...,w!

i
;

{ξ !
i }i=1,...,r ! ↔ {ai,k}i=1,...,r;k=1,...,wi , � −→ �

!. (5.2)

We remark here that as before, we did not specify the order of parameters ξi in the
correspondence, since we are talking about the classes of quiver varieties (each related
to Miura �-opers) corresponding to a given �-oper.

It is not a priori clear that a dual for such quiver variety exists. 3d-mirror symmetry
(and related to it symplectic duality) is a conjecturewhich claims that for every symplectic
variety, there exists a dual variety. Note, however, that the dual variety does not have
to be a Nakajima quiver variety (albeit in the current paper it always will be). See
[AO,RSVZ1,DS,K1] for more details and references.

Our main goal is to show that Xk,l varieties are self-dual as full flag varieties are
[KPSZ]. Notice that most of our methods, which have to do with the transition to tRS
variables can be expanded further for more general Ar quivers. That will be explained in
the next section. In this section, we will outline the D-brane approach, which provides
a useful tool for finding such mirror pairs.

5.2. D-branes, quivers, linking numbers and 3d mirrors.

5.2.1. D-branes and quivers The notion of 3dmirror symmetry inN = 4 supersymmet-
ric gauge theories appeared in physics literature [IS] and can be universally understood
as a manifestation of S-duality transformation in Type IIB string theory [HW]. Below
we shall only review the necessary part of the material which is required for this paper.

We shall only use the formal prescription itself without reviewing its physical mean-
ing: an interested reader iswelcome to consult the original physics literature, in particular
[GW1,GK].



3D Mirror Symmetry for Instanton Moduli Spaces 1045

Let us introduce the main characters in the corresponding D-brane arithmetic, which
describe the Nakajima varieties in type A and their 3d duals.

Superstring theory contains strings and branes in ten spacetime dimensions. The
latter are extended objects on which open strings and other branes may end. In order to
engineer a quiver variety we will need:

• NS5 branes, drawn as vertical lines
• D3 branes, drawn as horizontal line segments connecting NS5 branes
• D5 branes expressed as red circles between NS5 branes

The resulting picture can be viewed as a projection on the two-dimensional space of this
systemof three andfive-dimensional objects. Let us first describe how this systemdefines
a framed quiver together with its enumerative data, namely equivariant parameters,
Kähler parameters.

• rank of quiver= number of NS5 branes +1. One can associate with the vertex of the
quiver the space between NS5 branes.

• integral label vi = number of D3-branes between the i-th and (i + 1)-st NS5 branes
• integral label wi for the framing for a given vertex = number of D5 branes between
i-th and (i + 1)-st NS5 branes

• equivariant parameters are associated with the horizontal coordinate of D5 branes
• Kähler parameters correspond to the ‘distance’ parameters between pairs of NS5
branes

Such diagrammatic prescription and the way how it defines quiver variety is due to
Hanany-Witten [HW]. One can look at the first and the second picture in Fig. 12) for the
quiver X2,4 with its brane interpretation.

Remark 5.6. As a matter of fact, all branes coincide with each other along two spatial
directions and the time direction. Thus in the field theory limit, this brane construction
engineers a supersymmetric 3-dimensional gauge theory with eight supercharges. The
matter content of this theory, and therefore the data of the quiver variety (which serves
as a description of its Higgs vacua) is described by the mutual orientation of branes
in the other seven directions. For reference, D3 branes occupy directions 0123, D5 lie
in 012456, while NS5 branes span 012789. In the two-dimensional figure, the third
direction is horizontal, while the vertical direction is one of 789. D5 branes are thus
points (red circles) on this two-dimensional plane.

The linear algebra data of a quiver variety is encoded via open strings which end on
various branes. Open strings may not end on an NS5 brane, however, on other branes,
like D3 branes, can. The dictionary between the quiver variety data and the branes works
as follows:

Hom(Vi , Wi ) Hom(Vi , Vi+1) Hom(Vi , Vi )

In other words, in order to describe Hom(A, B) the left end of the string needs to be
attached to a brane which corresponds to space A, while its right end to be attached to the
brane which stands for space B. Since strings are oriented Hom(A, B) is distinguished
from Hom(B, A).
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5.2.2. Linking numbers and 3d mirror map In order to define the 3d mirror map we
have to to introduce the following concept of linking numbers.

Definition 5.7. The linking number r !
i for an NS5 brane can be defined as the number of

D3 branes ending from the right, plus the number of D5 branes on the left of it, minus
the number of D3 branes emerging from the left

r !
i = #D3(R) − #D3(L) + #D5(L). (5.3)

The linking number ri for a D5 brane is defined as

ri = #D3(L) − #D3(R) + #N S5(R). (5.4)

The precise positions of the branes along the horizontal direction in Fig. 12 do not
affect the quiver data, but the relative order of the NS5 branes is important. A D5 brane
and a NS5 brane can be transported across each other only if the number of D3 branes
in the system is changed appropriately, in order to keep constant the linking numbers
of each NS5 brane. The linking numbers can be realized through the movement of D5
branes to the to the right. When a D5 brane passes through an NS5 brane a D3 brane
(horizontal segment) is created. One can then interpret r !

i as a linking number associated
to an NS5 brane, counting the number of D3 branes that end on it on the right minus
the number of D3 branes ending on it on the left. The number ri could be thought of as
a linking number associated with a given D5 brane, counting the number of D3 branes
attached to it upon moving this D5 brane to the very right.

The two sets of linking numbers λ! of NS5 branes and λ of D5 branes can be thus
arranged as a set of natural numbers defining the Young tableaux.

Example. As an example consider again the family Xk,l for k = 2 and r = 4. When a
D5 brane passes through an NS5 brane a D3 brane (horizontal segment) is created as in
the bottom picture in Fig. 12. This quiver gives rise to two sets of linking numbers for D5

branes λ = (4, 3, 2, 1, 1, 1) and for NS5 branes λ! = (4, 3, 2, 1, 1, 1) .
For the self-dual family Xk,l these sets are identical. For a general type A quiver variety
there will be two distinct Young diagrams λ and λ!, which are interchanged under the
3d mirror symmetry, as discussed below.

Given the definition of linking numbers, we obtain that the sum of all NS5 link-
ing numbers equals the sum of all D5 linking numbers. The linking numbers of the
neighboring NS5 branes are related in the following way:

r !
i − r !

i+1 = wi + vi−1 + vi+1 − 2vi , (5.5)

and are thus positive and nondecreasing to the left from rL !+1 = vL ! if the right-hand side
of the above relation is nonnegative: this is automatically satisfied if the corresponding
quiver variety exists. We also assume v0 = w0 = vL !+1 = wL !+1 = 0. In other words,
by starting from the right-most NS5 brane we can calculate all NS5 linking numbers by
iteratively applying (5.5).

For a generic Type A quiver varieties the mirror map works as follows. Let X be a
quiver variety of rank L ! − 1 and X ! have rank L − 1 with labels

v1, . . . , vL !−1, w1, . . . ,wL !−1, v!
1, . . . , v

!
L−1, w

!
1, . . . ,w

!
L−1 (5.6)
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Fig. 12. Quiver X2,4 (top) and its brane presentations, its Hanany–Witten brane description (middle), and its
description in terms of 4d BPS boundary condition (bottom)

respectively. In order to express the dual labels via the original labels we first convert
them into the linking numbers parameterized by two Young diagrams λ and λ!, which
are then simply exchanged by the 3d mirror symmetry. The linking numbers for the D5
branes are given by ra = L ! − i , where a = 1, . . . L ! and i = 1, . . . , L − 1 if the a-th
D5 brane is positioned between i th and (i + 1)st NS5 branes in the brane picture. We
can order the labels ra so that they are non-decreasing so they form columns of a Young
diagram. The second set of linking numbers r !

i reads

r !
i = v1, r !

i = wi + vi−1 + vi+1 − 2vi . (5.7)

In the mirror frame, we interchange the linking numbers

ri = v!
a, ra = w!

i + v!
i−1 + v!

i+1 − 2v!
i , (5.8)
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and r !
i = L − a if the i th D5 brane belongs to interval between ath and (a + 1)st NS5

branes which can be used to compute the labels of the dual quiver variety {v!,w!}.
At this moment the reader may find an obvious similarity of the NS5 branes linking

numbers r !
i and degrees of the components ρi of the section s(z) in the oper magnetic

frame (3.2).

Proposition 5.8. The linking numbers of the NS5 branes for quiver X are equal to the
degrees of the components of the section on the �-oper bundle describing Fun(�Op)(X).

5.2.3. 3d mirror symmetry for quiver varieties We are now ready to define the 3d mirror
for quiver X and formulate the main theorem about 3d mirror duals for a generic type
A quiver variety Yv,w.

Definition 5.9. Let A-type quiver varieties X and X ! have labels as in (5.6). Then we
say that X and X ! are 3d mirror dual to each other if the labels satisfy (5.8) and (5.7).

The following Theorem will be proven in the next section.

Theorem 5.10. For all quiver varieties of type A associated with quiver Yv,w, which
satisfy the condition vi−1 + vi+1 +wi ≥ 2vi , quiver variety associated to quiver Y !

v,w is
its 3d mirror dual in the sense of the Definition 5.5.

Remark 5.11. Alternative Definition via Stable Envelopes. In recent literature, an alter-
native definition of the 3d mirror symmetry was given.

We say that quiver varieties X and X ! are 3d mirror dual to each other if:

1. There is an isomorphism between Kähler and equivariant tori

A
∼−→ K !, K

∼−→ A!, C
×
�

∼−→ C
×
�! ; (5.9)

2. There is a bijection between the fixed points

X A ∼−→
(

X !)A!
. (5.10)

Additionally one may require the existence of the line bundle (Mother function) M
over scheme EllT ×T !(X × X !) which reduces to elliptic stable envelopes on both X and
X !. We will not study elliptic stable envelopes here and refer the interested reader to
[RSVZ1].

5.2.4. Resonance conditions and relations in QKT (Xλ) from branes In this section,
we discuss how the resonance conditions from Sect. 4, i.e. (4.30), which we used to
degenerate the quantum K-theory ring Xλ to Xk,l , can be illustrated using branes using
examples in Figs. 13 and 14.

Consider Xλ!
on the left of Fig. 13 in which case λ! = (2, 2, 1, 1). Let us impose

a1� = s3,1 = a2. According to Fig. 8 and the equations in that subsection quiver Xλ!

transforms into Xλ!
λ depicted on the right of Fig. 13 where λ = (2, 1, 1, 1, 1).

In terms of branes the following phenomenon is occurring (see [GK] formore details).
The two D5 branes and one D3 brane align in the same position in the vertical direction.
Then the segment of the D3 branes which is stretched between these two D5 branes
can be ‘pulled’ out towards the reader in the direction perpendicular to the picture off
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Fig. 13. Imposing resonance condition a1� = s3,1 = a2 on quiver variety with labels v = (2, 3, 4),w =
(0, 0, 6)

Fig. 14. Imposing resonance condition �
2a1 = �sr−1,1 = sr,2 = �a3 on quiver variety with labels v =

(2, 3, 3),w = (0, 1, 4)

to infinity. According to Type IIB string theory such an operation does not change the
spectrum of open strings which end on these branes. After the intermediate segment
of the D3 brane is removed one can move one D5 brane past the NS5 brane on the
left and another D5 brane past the NS5 brane on the right. Due to the Hanany-Witten
phenomena, the pieces of D3 branes connecting the above NS5 and D5 branes disappear
and we obtain the brane picture on the right in Fig. 13.

As we discussed earlier, this step can be repeated further if we impose the condition
�
2a1 = �sr−1,1 = sr,2 = a3, cf. (4.41) (see Fig. 14). In this case, we need to align twoD3

branes and two D5 branes along the vertical direction and then ‘pull out’ two segments
of D3 branes stretched between one D5 and the NS5 brane and another D5 and the NS5
brane between them. The result of this operation is quiver Xλ!

λ′′ with λ′′ = (3, 1, 1, 1).
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6. Mirror Maps via Electric and Magnetic Frames

6.1. tRS variables and Ar quivers. To summarize the results of the previous sections,
now we produced two sets of variables for the quantum equivariant K -theory ring for
Nakajima varieties.

We called the first set the “oper magnetic frame coordinates’, they are related to the
parametrization on Z-twistedMiura (SL(r+1), �)-opers corresponding to a given quiver
via the section of the line bundle. The roots of the polynomials si (z), determining the line
bundle, denoted by {pk

i }k=1,...,deg(si )

i=1,...,r+1 determine a subvariety in the space of variables pk
i ,

parametrized by {ξi }, {ai }. The quantum equivariant K-theory algebra can be interpreted
as the algebra of functions on this family of subvarieties.

In a particular case of the full flag quiver (this is the case when deg(si ) = 1), this
family of subvarieties turns out to be a family of intersections of two Lagrangian sub-
varieties in the symplectic space with the coordinates {χi , pχ

i } with a canonical 2-form.
One of them is given by setting χi = ξi and another is given by setting tRSHamiltonians
to be equal to the elementary symmetric functions of equivariant parameters.

Clearly, one would like to construct a similar set of coordinates for a general quiver.
We will call such a set of coordinates a true magnetic frame. The key to constructing it
is through the “dual” system of coordinates which we called an electric frame, directly
related to tRS model.

For the electric frame, we started with a partial flag quiver. In this case, we established
the isomorphism between the algebra of functions on the space of Miura (SL(r +1), �)-
opers and the algebra of functions on the intersection of two Lagrangian subvarieties in
the symplectic space with coordinates {ρi , pρ

i }i=1,...,L . where the first one is determined
by {ρi = ai }1,...,L and the second one is deterimined by the tRS Hamiltonians set to
be equal to the elementary symmetric functions of {χi = ξki �

li }i=1,...,L , where {ki , li }
are determined by partial flag labels. Of course, this is a degeneration of the algebra
corresponding the full flag quiver, where we imposed the condition χi = �

ki j χ j for
some integers ki j .

Remarkably, one can reproduce this tRS realization of the equivariant quantum K-
theory by means of the recursive procedure of Sect. 4 by imposing degeneration condi-
tions on the {ai } parameters.

Given all this information, wewill define amap from electric frame to a truemagnetic
frame using the explicit structure of tRS model (as was suggested in Sections 3 and 4 of
[GK]).

6.2. tRS variables, the mirror map and the true magnetic frame. As we know, the Lax
matrix of the tRS model admits two different realizations—it can be either matrix M or
matrix T in (4.1). This can be achieved by diagonalization of each of the matrices so we
can pick a g such that M is diagonal with eigenvalues χ1, . . . , χN or T diagonal with
eigenvalues ρ1, . . . , ρN . Assume for now that ρi = �

Zρ j for i = j . As we discussed
above, upon diagonalization of M , T can be written in the form of Lax matrix: (4.5).
Notice that the same can be done for M matrix, the only difference is that one has to
exchange � → �

−1. Let us reformulate this nontrivial relation in the following way.
Consider the symplectic spacesMe with coordinates (ρi , pρi ) andMm with coordi-

nates (χi , pχi ). The tRS relation between M , T matrices produces a Lagrangian subva-
riety Le

χ ⊂ M described by setting the tRS Hamiltonians to be the symmetric functions
of χ variables. On the other hand, it produces a Lagrangian subvariety Lm

ρ ⊂ M with
tRS Hamiltonians under the transformation � −→ �

−1.
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Lemma 6.1. The transformation of the tRS system with

det(u − T ) =
N∏

i=1

(u − ai ), det(u − M) =
N∏

i=1

(u − ξi ),

which maps

iem : M −→ T, T −→ M, � −→ �
−1. (6.1)

corresponds to the following symplectic map

Me −→ Mm : (ρi , pρ
i ) → (χi , pχ

i ),

which produces a one-to-one correspondence between the intersections of the pairs of
Lagrangian subvarieties:

iem : {ρi = ai } ∩ Le
ξ −→ {χi = ξi } ∩ Lm

a . (6.2)

We refer to (χi , pχ
i ) as electric frame for tRS system and (ρi , pρ

i ) as its magnetic
framewe call themap i em the electric-magnetic map. Notice, that we already established
the isomorphism of Lemma 6.1 in a different manner, when we discussed the ring
KT (FFlL) in its electric an oper magnetic frames formulation, which coincide with the
electric and magnetic frames of tRS systems. As a consequence we obtain the following
statement, previously discussed in [GK,KPSZ]:

Theorem 6.2. The contangent bundle to the full flag variety is 3d Mirror self-dual.

Remark 6.3. Consider the product of two N -body tRS model phase spaces M × M!.
Recall that tRSmomenta can be obtained from theXXZYang–Yang function for full flag
variety: Y = Y ({si,k}, {ai }, {ξi }, �), which depends on Bethe variables, which provides
the relation

pξ
i = exp

∂Y

∂ξi
, pa

i = exp
∂Y

∂ai
. (6.3)

It turns out the Yang–Yang function serves as a generating function on Lagrangian
subvariety L ⊂ M × M! which is specified by the choice of eigenvalues of tRS Lax
matrices T and M above with the symplectic form

� =
N∑

i=1

dpξ
i

pξ
i

∧ dξi

ξi
− dpa

i

pa
i

∧ dai

ai
(6.4)

vanishes. From this geometric viewpoint transition from M to the dual phase space M!
is a canonical transformation of type I.

We will describe mirror maps for quiver varieties from this statement by applying
degeneration constraints on Kähler and equivariant parameters. Previously we described
the recursive procedure how to effectively degenerate the electric frame version of the
K q

T (FFlL) to produce K q
T (Yv,w). The first step in that procedure is to degenerate it to

the partial flag Xλ by imposing the relations on Kähler parameters ξi . One can use the
map i from Lemma 6.1 to produce what we call a ‘true magnetic frame’ for the partial
flag. Namely, we have
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Proposition 6.4. Consider the electric frame formulation of K q
T (Xλ), i.e. using matrix

T as a Lax matrix. Let Funλ(�Op)(FFlL) be the space of Z-twisted Miura �-opers
corresponding to the quiver FFlL with Z-twist components given by the eigenvalues of
the tRS matrix M and regular singularities given by the equivariant parameters of Xλ.
Then we have the following isomorphism:

K q
T (Xλ) ∼= Funλ(�Op)(FFlL). (6.5)

Proof. Indeed, let us apply map i in the case of M with these degenerate eigenvalues. It
still works, since tRS Hamiltonians do not produce any singularities upon the degenera-
tions produced by the electric frame for partial flag. Then throughWronskian realization
in the Theorem 3.3 we obtain the corresponding oper space �Op(FFlL). ��

We call the roots of the monomials of section s in the Wronskian formulation of
�Opλ(FFlL) as true magnetic momenta. Then one can interpret the space
Funλ(�Op)(FFlL) as the space of functions on the intersection of two Lagrangian sub-
varieties in the space with coordinates (pχ

i , χi )i=1,...,L by setting χi to be equal to the
eigenvalues of matrix M for the electric frame formulation of K q

T (Xλ) and the sec-
ond is given by the tRS Hamiltonians set to be equal to the symmetric functions of the
parameters of regular singularities.

Certainly, there is a question about how the oper and true magnetic momenta for
the partial flag are connected with each other. Consider the Wronskian matrix for
�Opλ(FFlL) ∼= Wrλ(FFlL). The Z -matrix is diagonal with the following eigenval-
ues

ξr+1, . . . , ξr+1�
L−vr −1, ξr , . . . , ξr �

vr−1−vr −1, . . . , ξ1 . . . , ξ1�
v1−1. (6.6)

We can immediately construct the minors Di (2.41). For instance, Dvr+vr+1 is the deter-
minant of the following matrix whose components are degree-one polynomials

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ξ
vr−1+vr −1
r �

vr−1(vr−1+vr −1) s̃L−vr−1−vr (z) · · · ξr �
vr s̃L−vr−1−vr (�

vr−1 z)
.
.
. · · ·

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
. . .

.

.

.

ξ
vr−1+vr −1
r �

vr−1(vr−1+vr −1) s̃L−vr −1(z) . . . ξr �
vr s̃L−vr −1(�

vr −1z)
.
.
. · · ·

.

.

.

. . . . . . . . . ξ
vr −1
r+1 �

vr−1 s̃L−vr (�
vr−1 z) · · · s̃L−vr (�

k−1z)

.

.

.
. . .

.

.

.

.

.

.
. . .

.

.

.

· · · · · · · · · ξ
vr −1
r+1 �

vr−1(vr −1) s̃L (�vr−1 z) · · · s̃L (�k−1z)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(6.7)

This automatically guarantees that these minors have the same degrees as the cor-
responding minors for �Op(Xλ). At the same time, using the Lemma 2.21, we can
reconstruct polynomials si (z) = ci

∏
k(z − pk

i ) for the partial flag, e.g. the minorD2 for
partial flag corresponding to the minor of true magnetic momenta above is as follows:

D2 = det

(
ξr �sr−1(�z) sr−1(�z)
ξr+1�sr (�z) sr (�z).

)

(6.8)

Thus we have the following statement.
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Proposition 6.5. The isomorphism

Funλ(�Op)(FFlL) ∼= Wrλ(FFlL) −→ Fun(�Op)(Xλ) ∼= Wr(Xλ)

is realized by identifying minors in the Wronskian formulation of both algebras as de-
scribed above.

The generalization of this identification between minors and will be used below in
the explicit formulation of the 3d Mirror map.

Now we are ready to formulate the 3d mirror map from this point of view. Let us
denote the electric frame coordinates of K q

T (Xλ) and its degenerations to K q
T (Yu,w)

as {(ai , pi )}, while {ξ j } stand for the corresponding Kähler parameters. Let us denote
the true magnetic frame coordinates of K q

T (Y !
u,w) as {(ξi , pi )} and the corresponding

framing torus parameters as {ai }.
For instance, the tRS equations in the electric frame for Xλ (cf. (4.27)) will read

∑

I⊂{1,...,L}
|I|=k

∏

i∈I
j /∈I

� ai − a j

ai − a j

∏

m∈I
pm = �k(ξi ). (6.9)

Then, according to the consideration from the previous section, the following theorem
about 3d mirror duals holds:

Theorem 6.6. Upon identification of parameters

j : (ak, pk) → (ξk, pk), ξl → al , � −→ �
! = �

−1 (6.10)

we have the following isomorphism:

K q
T (Yu,w) ∼= K q

T (Y !
u,w). (6.11)

Remark 6.7. In other words, given a Nakajima quiver variety Xλ!
λ of type A such that for

each vertex

2vi ≤ vi−1 + vi−1 + vi+1 + wi (6.12)

Then its 3d mirror dual variety is Xλ
λ!.

Proof. Let us consider the electric frame formulation of K q
T (Yu,w). It is obtained by

degenerations of the full flag quiver as prescribed in Sect. 4.2. Namely, we impose
ai = a j �

ci j . Let us apply mirror map j and write down the relations (6.9) using the
Wronskianmatrix with polynomials {s̃i } of degree one, as in (6.7), so that its determinant
is equal to

W (z) =
r+1∏

k=1

vr −vr−1∏

lk=0

(z − ak�
−lk ), (6.13)

which corresponds directly to the degeneration of {ξi } in the partial flag. Now we con-
struct the minors Dk according to the prescribed degeneration procedure of ai and ξi as
it is done in the Proposition 6.5. Thus we obtain the minors and polynomials {sk} thanks
to Lemma 2.21. At this step we have the partial flag oper with regular singularities given
by the polynomial W . At the same time, from electric frame degeration procedure, we
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know that tRS system produces Bethe equations for quivers with no relations ai = a j �
ci j

between singularities. That means that we have to pick the appropriate reduction of the
Bethe equations for partial flag. This means that minors Di are divisible by the appro-
priate multipliers of W (z), thus producing the Q Q-system with regular singularities
given by 
i with distinct roots )producing appropriate framing of quiver). Counting the
degrees of sk we obtain that they are defined by the linking numbers of the quiver Y !

u,w,
thus producing the �-oper �Op(Y !

u,w) and thus the isomorphism (6.11).
��

Remark 6.8. Essentially the 3d Mirror map from a point of view of tRS system gives
different realizations of the algebra of functions on the family of the intersection of
Lagrangian submanifolds {ρi = ai } ∩ Le

ξ withe some degenerations {ai = �
ci j a j } and

{xk = �
klξl}. In one formulation it produces function on �Op(Yu,w) in the electric frame

on the other hand it produces functions on �Op(Y !
u,w) in the magnetic frame.

6.3. Examples of 3d mirror pairs. In this section, we will look at the first nontrivial
examples of 3d Mirror symmetry studied in the literature in various contexts. In the end,
we take a look at the most important example, the self-mirror quiver Xk,l , which we
will need in the next Section. Since under the mirror map parameter � gets inverted, in
what follows, for the brevity of exposition, we shall write magnetic relations with � and
electric relations with �

−1.

6.3.1. Complete flag Let Xλ!
λ = FFln . In this case, the linking numbers are λ = λ! =

(1, . . . , 1). In the electric frame T = diag(ξ1, . . . , ξn) and M has a canonical form of
the tRS Lax matrix (4.5). The energy equations are thus complete (unrestricted) tRS
relations

∑

I⊂{1,...,L}
|I|=k

∏

i∈I
j /∈I

� ai − a j

ai − a j

∏

m∈I
pm = ek(ξ1, . . . ,ξn), (6.14)

where ek are elementary symmetric polynomials.
In the magnetic frame, the tRS relations are

∑

I⊂{1,...,L}
|I|=k

∏

i∈I
j /∈I

ξi − � ξ j

ξi − ξ j

∏

m∈I
pm = ek(a1, . . . , an). (6.15)

The mirror map is straightforward

ai = ξi , ai = ξi , pi = pi , i = 1, . . . , n. (6.16)

Notice that the 3d mirror dual to FFln is the same quiver variety that underwent an
Z2 outer automorphism.

Recall that in general, if quivers X and X ! are 3d mirror dual to each other we have
in fact two dualities simultaneously—electric frame of X vs. magnetic frame of X ! and
magnetic frame of X vs. electric frame of X !. In the case of X = FFln , as well as for
all self-dual quivers, all four descriptions are equivalent (Fig. 15).
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Fig. 15. FFln and its 3d mirror dual quiver

Fig. 16. T ∗Grk,n and its 3d mirror dual An−1 quiver

6.3.2. The cotangent bundle to the Grassmannian Letλ = (k, n−k) andλ! = (1, . . . , 1).
It means that λ! is generic. Let us denote Xλ = T ∗Grk,n . On the mirror side quiver Xλ

is the An−1 quiver with the following data

v1 = 1, v2 = 2 . . . , vk = k, . . . , vn−k = k, . . . , vn−2 = 2, vn−1 = 1, (6.17)

and framing

wk = wn−k = 1, (6.18)

with all other framings trivial, see Fig. 16.
Below we list all four sets of relations for the tRS models in question

• Magnetic frame for T ∗Grk,n . The relations are

det(u − T ) =
n∏

i=1

(u − ai ). (6.19)

Matrix T has Slodowy form which is obtained from the unrestricted Lax matrix by
imposing ξ2 = �ξ1 , ξ3 = �ξ2, . . . , ξk = �ξn−k and ξn−k−2 = �ξn−k−1 , . . . , ξn =
�ξn−1.

• Electric frame for T ∗Grk,n . The relations are

det(u − M) =
k∏

i=1

(u − �
i−1ξ1)

n−k∏

i=1

(u − �
i−1ξ2). (6.20)

Matrix M is the unrestricted tRS n-body Lax matrix written in terms of ai and pi .
• Magnetic frame for Xλ. The relations are

det(u − T ) =
k∏

i=1

(u − �
i−1a1)

n−k∏

i=1

(u − �
i−1a2), (6.21)

where T is the n-body Lax matrix in terms of ξi and pi .
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Fig. 17. 3d mirror dual quivers with their labels

• Electric frame for Xλ. The relations are

det(u − M) =
n∏

i=1

(u − ξi ), (6.22)

where M hasSlodowy formaccording toλ, namelya2 = �
−1a1 , a3 = �

−1a2, . . . , ak =
�

−1an−k and an−k−2 = �
−1an−k−1 , . . . , an = �

−1an−1 (see example (4.49) for
T ∗Gr2,5).

We can see that (6.19) coincides with (6.22) and (6.20) coincides with (6.21) via the
3d mirror map

ai �→ ξi , aa �→ ξa, pa = pa, � �→ �
−1,

where a = 1, . . . , n and i = 1, 2.

6.3.3. Mirror for general Ar quiver Let Xλ!
λ be an A3 quiver with labels v = (1, 4, 3)

andw = (1, 2, 2). Then the linking numbers are λ = (3, 2, 2, 1, 1) and λ! = (4, 2, 2, 1).
After swapping them and recalculating the dual labels we find the 3d mirror dual A4
quiver Xλ

λ! with labels v
! = (1, 1, 2, 1) and w! = (1, 0, 2, 1) (see Fig. 17).

In this example both partitions have sizes nine |λ| = |λ!| = 9 thus the tRS description
of both quiver varieties involves a 9 × 9 Lax matrix. The breakdown of the four frames
goes as follows.

In the magnetic frame of Xλ!
λ (left of Fig. 17) we have relations

det(u − T ) = (u − a1)(u − �a1)(u − �
2a1) · (u − a2)(u − �a2)
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Fig. 18. Xk,l (top) and its mirror X !
k,l (bottom)

·(u − a3)(u − �a3) · (u − a7)(u − a8)(u − a9), (6.23)

where T has Slodowy form for λ!, namely in the presence of constraints

ξ1 = �ξ2 = �
2ξ3 = �

3ξ4, ξ5 = �ξ6, ξ7 = �ξ8.

According to the mirror map (6.23) also describes the electric frame of Xλ
λ! where ξi

are mapped to ai , ai are sent to ξi , and � is inverted.
In the electric description of Xλ!

λ we get

det(u − M) = (u − ξ1)(u − �
−1ξ1)(u − �

−2ξ1)(u − �
−3ξ1)

·(u − ξ5)(u − �
−1ξ5) · (u − ξ7)(u − �

−1ξ7)(u − ξ9), (6.24)

and where M has Slodowy form for λ:

a1 = �
−1a2 = �

−2a3 = �
−3a4, a5 = �

−1a6, a7 = �
−1a8.

According to the mirror map (6.24) also describes the magnetic frame of Xλ
λ! where

ξi are mapped to ai , ai are sent to xi , and � is inverted.

6.3.4. Self-dual family Xk,l Consider quiver variety Xk,l with Kähler parameters ζi =
ξi

ξi+1
, equivariant parameters ak, . . . , ak+r−1 and ak+r,1, . . . ak+r,k+1, and scaling weight

of the cotangent fibers is � (see top of Fig. 18). On the bottom of Fig. 18 we see quiver
variety X !

k,l has equivariant parameters a1,1,, . . . , a1,k+1 and a2 . . . ar as well as Kähler

parameters zi = ξi
ξi+1

and �
! for the weight of the C

× action.
Thus we have the following Theorem.

Theorem 6.9. Under 3d mirror symmetry quiver varieties Xk,l and X !
k,l are dual to each

other. Moreover

KT (Xk,l) � KT !(X !
k,l), (6.25)

where the Kähler and equivariant tori parameters of Xk,l and X !
k,l are mapped to each

other as follows

ξ j = ak+l, j , j = 1, . . . , k + 1, ξk+i = ai , i = 2, . . . , l

ak+l, j = ξ j , j = 1, . . . , k + 1, ai = ξk+i , i = 2, . . . , l , (6.26)

as well as �
! = �

−1.
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Remark 6.10. Geometrically the conjugate momenta correspond to the following quan-
tum K-theory classes of Xk,l (see [KPSZ]) in the magnetic frame:

pi =
k+r∏

m=i

Mm∏

l=1

am,l · Q+
i−1(0)

Q+
i (0)

=
k+r+1⊗

m=i

Wm � ̂
i−1Vi−1 � 
̂i V ∗
i (6.27)

and in the electric frame:

pa
j = (−�)k

j∏

l=1

ξl · Q+
j

(
�a j

)

Q+
j

(
a j

) , j = r, . . . , k + l − 1,

pa
k+l, j = (−�)k

k+l∏

l=1

ξl · Q+
k+l, j

(
�ak+l, j

)

Q+
k+r, j

(
ak+r, j

) . (6.28)

As for the mirror dual variety X !
k,l we get the following formulae for the electric

frame

p1,c = (−�
!)−k

j∏

l=1

ξ1 · Q+,!
1

(
�

!a1,c
)

Q+,!
1

(
a1,c

) , c = 1, . . . , k + 1,

pb = (−�
!)−k

b∏

l=1

ξl · Q+,!
b

(
�

!ab
)

Q+,!
b (ab)

, (6.29)

and for the magnetic frame

p
ξ
i =

r∏

l=i

al · Q+,!
i−1(0)

Q+,!
i (0)

=
k+r+1⊗

m=i

W !
m � ̂
i−1V !

i−1 � ̂

i V !,∗

i , (6.30)

Upon 3d mirror symmetry �
−1 = �

!.

7. The A∞ Quivers and 3d Mirror Self-duality of the Hilbert Scheme

7.1. A∞ quiver as a direct limit. In this section we will use the algebras K q
T (Xk,l)

quivers and consider the appropriate reduction to produce the algebra K q
T (Xk,∞). Here

Xk,∞ is the A∞ quiver with one-dimensional framing for each vertex (see the top picture
in Fig. 20).

Consider the Q Q-system for Xk,l and impose the following conditions on some
equivariant and Kähler parameters

ξ1 = · · · = ξk = ξk+l = 0, ak+l−1,1 = · · · = ak+l−1,k+1 = 0. (7.1)

Then the system becomes

Q+
k (z)Q−

k (�z) = z Q+
k−1(�z)Q+

k+1(z) ,

. . . . . .

ξk+i Q+
k+i (�z)Q−

k+i (z) − ξk+i+1Q+
k+i (z)Q−

k+i (�z) = 
k+i (z)Q+
k+i−1(�z)Q+

k+i+1(z) ,

(7.2)
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Fig. 19. Truncated Xk,l quiver

. . . . . .

sξk+l−1Q+
k+l−1(�z)Q−

k+l−1(z) = zk+1Q+
k+l−2(�z) ,

for i = 2, . . . , l −2. Notice that polynomials Q+
k−1(z), Q±

k (z) and Q−
k+l−1 can be found

from the first equation in (7.2) and polynomial Q−
k+l−1(z) can be found from the last

one. The rest of the equations look alike. The truncated Q Q-system (7.2) is describes
quiver in Fig. 19.

We can define the reduced algebra as follows

K red,q
T (Xk,l) := S(ak+2, . . . ak+l−2; ξk+2, . . . ξk+l−2, �)({si,k})

(Bethe Ansatz for (7.2))
, (7.3)

where we take quotient over the Bethe ansatz equations which correspond to the reduced
Q Q-system (7.2).

This algebra remains self-dual, since the eliminated variables are mirror map to each
other according to the homomorphism which was described in Theorem 6.9. Moreover,
this algebra is significantly simplified thanks to the reduced Q Q-system (7.2).

Remark 7.1. The first k − 1 equations of the Q Q-system for Xk,l become trivial in
the limit when ξ1, . . . , ξk go to zero if the coefficients of the corresponding polynomials

i (z) are equal to (ξi −ξi+1). This limit corresponds to the classical equivariant K-theory
for the full flag, which is a ‘tail’ of Xk,l .

Thus, there is a natural homomorphism

ik : K red,q
T (Xk,l) −→ K red,q

T (Xk+1,l). (7.4)

Now one can take a direct limit of K red,q
T (Xk,l) with respect to l. As a result we obtain

the algebra, which can be characterized as follows:

K q
T (Xk,∞) := S({ai }, {ξk}, �

±1)(si,k)

(Bethe equations)
, (7.5)

where, as usual {si,k} are the Bethe roots, i.e. roots of Q+
i (z), which satisfy Bethe equa-

tions, or equivalently the following infinite Q Q-system:

ξi+1 Q+
i (�z)Q−

i (z) − ξi Q+
i (z)Q−

i (�z) = 
i (z)Q+
i−1(�z)Q+

i+1(z) , i ∈ Z , (7.6)

where 
i (z) = z − ai . Thus we arrive to the following theorem:

Theorem 7.2. The following is true:

(i) K q
T (Xk,∞) ∼= lim→ K red,q

T (Xk,l).

(ii) The algebra K q
T (Xk,∞) is 3d-mirror self-dual, i.e.
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Fig. 20. Xk,∞ and its mirror X !
k,∞

K q
T (Xk,∞)|{ξi =ai },{ai =ξi },�!=�−1 ∼= K q

T (X !
k,∞), (7.7)

so that the quivers Xk,∞ and X !
k,∞ are given in Fig. 20.

Remark. As we have seen the nondegenerate solutions of the finite Q Q-systems of
rank r were naturally related to the nondegenerate Z -twisted Miura (SL(r + 1), �)-
opers. The infinite Q Q-system can be related in a similar fashion to the Z-twisted Miura
(GL(∞), �)-opers, where GL(∞) is a certain completion of GL(∞). Wewon’t discuss
this object here and refer the reader to [KZ2] for more details.

Note that there is a natural action of the additive group:

Proposition 7.3. The algebra K q
T (Xk,∞) is invariant under the action of a symmetry

group generated by the overall shift of vertices in Xk,∞ quiver:

si,k −→ si+m,k, ai −→ ai+m, ξi −→ ξi+m, m ∈ Z. (7.8)

The 3d Mirror map (7.7) is equivariant with respect to this symmetry.

7.2. Periodic boundary conditions for the Q Q-systems and 3d mirror self-duality for the
Hilbert scheme. The symmetry transformation from Proposition 7.3 for the Q Q-system
associated with the quiver Xk,∞ has a fixed point if the following periodic conditions
are imposed:

ξi = ξ0ξ
i , Q±

i (z) = Q±(t i z), 
i (t
i z) = ξi
(z), (7.9)

where 
(z) = z − a0 and t ∈ C
× is the new parameter. We note that we introduced the

constant coefficients in Qi± and 
i (z), which do not change the Bethe equations which
produce the relations for the algebra KT (Xk,∞). The following Proposition holds.
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Proposition 7.4. Upon the periodic conditions 7.9, the infinite Q Q-system (7.6) reduces
to the following equation:

ξQ+(�z)Q−(z) − Q+(z)Q−(�z) = 
(z)Q+(t z)Q+(t−1
�z). (7.10)

The condition (7.9) translates into the following conditions:

ai = a0t i , si,a = sat i , a = 1, . . . , k, 
i (z) = ξ0

(ξ

t

)i
(z − a0) (7.11)

where sa are the roots of Q+(z).

Remark 7.5. This reduction, on the level of Z-twisted Miura (GL(∞), �)-opers leads to
what we called toroidal �-opers. The resulting Bethe equations, see below, appear in rep-

resentation theory of toroidal algebra ̂̂gl(1). They have an explicit geometric realization,
which we will talk briefly later.

We will refer to K q
T (Xk,∞) with imposed periodicity conditions as

K q,per
T (Xk,∞) := S(ξ, t, �)({sa})

(Bethe equations)
, (7.12)

where Bethe equations read (for the Hilbert scheme N = 1)

N−1∏

l=0

sa − al

�−1sa − al
·

k∏

b=1
b =a

tsa − sb

t−1sa − sb

�
−1sa − sb

�sa − sb

t−1
�sa − sb

t�−1sa − sb
= ξ−1, (7.13)

for α = 1, . . . , k. These equations are produced by the roots of Q+(z) in the Q Q-system
(7.10).

For the dual X !
k,∞ quiver with parameters ai , ξi we have the followingmapping upon

3d mirror symmetry:

ai := ξ0ξ
i , ξi = a0t i , �

! = �
−1. (7.14)

Because the translations along the Xk,∞ quiver act equivariantly with respect to the
3d mirror map, the periodicity condition for Bethe roots of the dual algebra transform
into s!

i,a = s!
aξ i .

Thus we obtain the following theorem.

Theorem 7.6. The following two algebras are isomorphic:

K q,per
T (X !

k,∞)|{ai =ξ0ξ i },{ξi =a0t i },�!=�−1 ∼= K q,per
T (Xk,∞). (7.15)

The algebra K q,per
T (X !

k,∞) characterized by the Q Q-system from (7.10) is known as
the quantum K-theory of the quiver variety, corresponding to the quiver with one loop,
one vertex and one-dimensional framing Fig. 21 [KZ2]. This variety is also known as a
Hilbert scheme of points in C

2.
Theorem 7.6 can be understood as the 3d mirror self-duality of the quantumK-theory

of the Hilbert scheme of points, which is the main result of this paper.
In the next section we will remind the reader of this variety and its generalizations,

known as ADHM spaces.
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Fig. 21. Quiver description of Hilbk [C2]

Fig. 22. The Xk,N ,r quiver family

Fig. 23. The X !
k,N ,r quiver family contains r + 1 framing bundles separated by N − 1 nodes

8. 3d Mirror Symmetry for the MN,k Quiver

In this section we discuss how the quiver variety MN ,k , which describes the moduli
space of sheaves of rank-N C

2, is transformed under 3d mirror symmetry.

8.1. The ADHM spaces. Let MN be the moduli space of rank-N torsion-free sheaves
on P

2 with framing at infinity which forces its first Chern class to vanish. The second
Chern class ranges over integers thus the space can be represented as a direct sum of
disconnected components of all degrees MN = ⊔

k MN ,k [FT,N5].
There is an action ofmaximal torus TN := C

×
t ×C

×
�

×T(GL(N )) on each component
MN ,k . The first two C

× factors act on P
2, while the rest acts on the framing with

equivariant parameters a1, . . . aN . The TN -equivariant K-theory of MN ,k is formed by
virtual equivariant vector bundles on MN ,k . The space Kt,�(MN ,k) is a module over
C[t±1, �

±1, a±1
1 , . . . a±1

N ] (Figs. 22 and 23).
The relations in the quantum K-theory ofMN ,k are given by Bethe equations (7.13),

where ξ is the Kähler (quantum) parameter (see i.e. [K2], Section 5).
The spaceMN ,k can also be described as the moduli spaces of stable representations

of the ADHM quiver (left in Fig. 26). For N = 1 this quiver variety describes Hilbert
schemes of k points on C

2 Fig. 21. The two descriptions in terms of sheaves and the
ADHM are equivalent [N2,N4].

8.2. Approximation by A-type quivers. Consider the following families of quiver varieties—
Xk,N ,r and X !

k,N ,r :
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Fig. 24. The Xk,N ,∞ quiver family

Fig. 25. The X !
k,N ,∞ quiver family

The following statement we leave for the enthusiastic reader to prove. The proof goes
along the way of the proof of Theorem 6.9.

Theorem 8.1. Under 3d mirror symmetry quiver varieties Xk,N ,r and X !
k,N ,r are dual

to each other.

8.3. Approximation by A∞ quivers. The next step is to take limits r −→ ∞ for both
Xk,N ,r and X !

k,N ,r families along the lines of our derivation above.

The Kähler parameters of Xk,N ,∞ and X !
k,N ,∞ are given by

ζi = ξi+1

ξi
, zi,b = ξi+1,b

ξi,b
, i ∈ Z, (8.1)

while the equivariant parameters are

a j,1, . . . , a j,N , a j , j ∈ Z, (8.2)

respectively (see Figs. 24 and 25).

Theorem 8.2. Under 3d mirror symmetry quiver varieties Xk,N ,∞ and X !
k,N ,∞ are dual

to each other. Under the mirror map

ξi = ai ai,b = ξi,b, i ∈ Z, b = 1, . . . , N . (8.3)

8.4. MN ,k and its mirror dual. Finally we can impose periodic boundary conditions on
the data of quivers Xk,N ,∞ and X !

k,N ,∞ to obtain the desired mirror pair.
The Q Q-system for the magnetic frame of Xk,N ,∞ reads

ξi+1 Q+
i (�z)Q−

i (z) − ξi Q+
i (z)Q−

i (�z) = 
i (z)Q+
i−1(�z)Q+

i+1(z) , i ∈ Z , (8.4)
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Fig. 26. TheMN ,k quiver (left) and its 3d mirror dual ÂN−1 quiver

where
i (z) = ci
∏N−1

b=0 (z−ai,b). The periodic boundary conditions (see [KZ2], section
10.3)

ξi = ξ0ξ
i , ai,b = abti , Q±

i (z) = Q±(t i z), 
i (z) = ξ0

(
ξ

t

)Ni


(z).

(8.5)

lead to the following equation

ξ Q+(�z)Q−(z) − Q+(z)Q−(�z) = 
(z)Q+(�t−1z)Q+(t z) , (8.6)

were
(z) = ∏N−1
b=0 (z−ab) provided that we scaled Bethe roots as si,a = sat i . TheKäh-

ler parameter of theMN ,k quiver X N is ξ and the equivariant parameters are a1, . . . , aN .
Notice that when N = 1 we arrive at (7.10).

Analogously we consider electric frame of the X !
k,N ,∞ quiver.

ξi+1 Q+,!
i (�−1u)Q−,!

i (u) − ξi Q+,!
i (u)Q−,!

i (�−1u) = 
!
i (u)Q+,!

i−1(�
−1u)Q+,!

i+1(u) , i ∈ Z , (8.7)

where


!
i (u) =

{
ci (u − ai ), i = k N , k ∈ Z

1, otherwise
(8.8)

After imposing periodic boundary conditions

ξi+N−1 = ξi−1t i+N−1, ai = a0ξ
i+N ,

Q±,!
i+N (u) = Q

±,!
i (ξ N u), 
!

i (u) = ξi

(
t

ξ

)Ni


!(u), (8.9)
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where 
!(u) = u − a0.
The resulting Q Q-system will contain N coupled equations

ξi+1Q
+,!
i (�−1u)Q

−,!
i (u) − ξiQ

+,!
i (u)Q

−,!
i (�−1u) = Q

+,!
i−1(�

−1ξ−1u)Q
−,!
i (ξu) , i = 1, . . . , N − 1

t N ξ0Q
+,!
1 (�−1u)Q

−,!
1 (u) − ξN−1Q

+,!
1 (u)Q

−,!
i (�−1u) = 
!(u)Q

+,!
N (�−1ξ−1u)Q

−,!
1 (ξu) , (8.10)

where 
!(u) = u − a0. The Kähler parameters of the ÂN−1 quiver X !
N are ξ1

ξ0
, . . . ,

ξN−1
ξN−2

, ξ0
ξN−1

, while its sole equivariant parameter is t .
Again we can see that for N = 1 we get back the Q Q-system for the Hilbert scheme.
We can formulate the final theorem

Corollary 8.3. Under 3d mirror symmetry the ADHM quiver varieties X N is dual to the
ÂN−1 quiver variety X !

N (right quiver in Fig. 26) Upon this duality the torus parameters
of X1 and X !

1 are mapped to each other as follows

{�, ξ, t, a0, . . . , aN−1} ←→ {�−1, t, ξ,ξ0, . . . ,ξN−1}. (8.11)
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