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Abstract: We prove that if u is a finitely supported measure on SL»(R) with positive
Lyapunov exponent but not uniformly hyperbolic, then the Lyapunov exponent function
is not a-Holder around p for any « exceeding the Shannon entropy of u over the
Lyapunov exponent of u.

1. Introduction

The law of large numbers, stating that on average an i.i.d. process is close to its theoretical
mean, often used to describe the typical statistical behavior of a random sample, is the
basis for understanding general additive processes with applications in various branches
of mathematics such as probability, combinatorics or ergodic theory.

The multiplicative version of the law of large numbers for products of random ma-
trices is the classical theorem of Furstenberg and Kesten [1], which asserts that with
probability 1 the logarithmic growth rate of products of random matrices equals its
mean growth rate. More formally, a special case of this theorem states that for an i.i.d.
sequence of random matrices Ly, Ly, ..., with common law given by a compactly
supported probability measure ; on GL4(R), the following asymptotic equality holds
almost surely

.1 o1
lim —log||L,...L{|| = lim —E[log|L,...Lq|],
n—>o0o n n—>o00n

where the right-hand-side, denoted by L(u), is the so called Lyapunov exponent of the
law w. The investigation of how the Lyapunov exponent changes as a function of the
underlying measure u lies at the core of the multiplicative ergodic theory, with many
fundamental contributions during the last 60 years.
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The continuity of the Lyapunov exponent L () as a function of the measure p, with
respect to the weak™* topology, was established by Furstenberg and Kifer [2] under a
generic irreducibility assumption. A measure p is called irreducible if there exists no
proper subspace of R? which is p-invariant, i.e., invariant under all matrices in the
support of w. Otherwise w is called reducible, and any proper pu-invariant subspace
S C RY determines the Lyapunov exponent L(u|s) corresponding to the logarithmic
growth rate of the norms [|(L,|s) ... (L1]s)||. The continuity of Furstenberg and Kifer
actually holds under the weaker quasi-irreduciblity assumption. A measure u is called
quasi-irreducible if L(j|s) = L() for every proper ji-invariant subspace S C R¥. See
[3, Theorem 1.46].

In [4], Bocker and Viana proved that for measures supported in G L, (R) the Lyapunov
exponent u — L(u) is continuous with respect the weak* topology and the Hausdorff
distance between their supports. Avila, Eskin and Viana announced that the same result
holds for measures supported in GL4(R), any d > 2. See the remark after Theorem
10.1 in [5].

It is then natural to raise the question about the precise modulus of continuity of this
map.

A lower bound for this regularity was provided by Le Page in [6]. The Lyapunov
exponent is locally Holder continuous over an open and dense set of compactly supported
measures on G L;(R), namely the set of quasi-irreducible measures ¢ with a gap between
the first and second Lyapunov exponents. See also [7, Theorem 1]. Recall that a function
E +— f(E) is said to be Holder with exponent «, or o-Holder, if there exists a constant
C < oo such that for all E, E’,

|f(E) = f(EN| < CI|E - E'|".

A function which is Holder in a neighborhood of each point of its domain is called
locally Holder. Alternatively, we say thata function E + f(E) is point-wisely a-Holder
if for every Ej there exists a constant C < oo and a neighborhood of E(y where for all
E?

|f(E) — f(Eo)| < C|E — Eol”.

Notice that point-wise Holder is weaker than locally Holder. In fact the modulus of
continuity around a point of a point-wisely Holder function can be arbitrary bad.

In E. Tall and M. Viana [8] proved that for random G L;(RR) cocycles the Lyapunov
exponents are always point-wisely log-Holder, and even point-wisely Holder when the
Lyapunov exponents are distinct.

In the same direction, the quasi-irreducibility hypothesis was discarded in [9], where
it was established that for finitely supported measures in G L, (R) with distinct Lyapunov
exponents, the function p +— L () is either locally Holder or else locally weak-Holder.
Given positive constants «, 8 < 1, a function £ +— f(E) is said to be (&, 8)-weak
Holder if there exists a constant C < oo such that for all E, E’,

|f(E)— f(EN| < Ce™ (10g\EfE’\*1)ﬂ'

Notice that (¢, 1)-weak Holder is equivalent to a-Holder.

In the reverse direction, an example due to Halperin [10, Appendix 3A] provides
an upper bound on this regularity. The example consists of the following 1-parameter
family of measures on SLa(R), pap £ = % Sap + % 3p.E, Where

—E -1 b—E 0
= (7))
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It follows from [10, Theorem A.3.1] that the function E +— L(uq,p ) can not be

«-Holder continuous for any o > Wﬁj—bw) (see also Proposition 4.1). On the

other hand, it is not difficult to see that the measures (i, 5 g satisfy the assumptions of
Le Page’s theorem, which implies that the function E — L(u4 5 g) is indeed Holder
continuous, but with a very small Holder exponent &« when a — b is large.

In the same spirit, in [11], the authors provide the following example where the
Lyapunov exponent is not even weak-Holder continuous. They consider the measure

1 1 0—1 e 0
M.:§5A+§(SB, A:(l 0),B:<Oe_1>

and prove that there exists a curve fi; = %SA, + %83, through fip = p such that
t — Li(fiy) is not weak-Holder around ¢ = 0. Notice that u is not quasi-irreducible
and L(u) = 0 so that u does not satisfy any of the assumptions of Le Page’s theorem.

In contrast with this low regularity, a classical theorem of Ruelle proves the analiticity
of the Lyapunov exponent for uniformly hyperbolic measures with 1-dimensional un-
stable direction, see [12, Theorem 3.1]. A compactly supported measure u on G Ly (RR)
is said to be uniformly hyperbolic if the linear cocycle generated by w is uniformly
hyperbolic (see Sect.3.1).

From now on we focus on the class of finitely supported measures in SL;(R), where
the lack of regularity of the Lyapunov exponent can only occur outside of the class of
uniformly hyperbolic measures. In [13], Avila, Bochi and Yoccoz gave a characteriza-
tion of the uniformly hyperbolic cocycles generated by a finitely supported measure in
SL>(R) in terms of existence of an invariant multicone. With this characterization they
prove that the complement of the closure of the uniformly hyperbolic measures is the set
of elliptic measures, meaning the finitely supported measures such that the semigroup
', generated by the support of © contains a elliptic element, i.e., a matrix conjugated
to a rotation.

Given a hyperbolic matrix A € SL,(R) we denote by §(A), respectively #1(A), the
stable direction, respectively the unstable direction of A in the projective space P'. We
say that p has a heteroclinic tangency if there are matrices A, B, C € I';, such that
A and B are hyperbolic and C i(B) = §(A). In this case we also say that (B, C, A)
is a tangency for . If moreover A = B, we say that u has a homoclinic tangency.
Heteroclinic tangencies are referred to as heteroclinic connections in [13],'. If 1 is not
uniformly hyperbolic but L(i) > 0, i.e., if u is non-uniformly hyperbolic, then I';
contains hyperbolic matrices. By Theorem 4.1 of [13], in this case the semigroup I',
contains either a heteroclinic tangency or else a non hyperbolic matrix, i.e., an elliptic or
parabolic matrix. In each of these two cases we can produce heteroclinic tangencies with
an arbitrary small perturbation. See Proposition 7.8. Hence measures with heteroclinic
tangencies are dense in the class of non-uniformly hyperbolic measures.

1.1. Results. Let H () be the Shannon’s entropy (see Sect. 3.3) of the finitely supported
measure L.

Theorem A. Let i be a finitely supported measure on SLo(R). Assume that L(i) > 0,
w is irreducible and that u has a heteroclinic tangency. Then, there exists an analytic

1 In this work Avila, Bochi and Yoccoz characterize the boundary of uniformly hyperbolic cocycles. By
[13, Remark 4.2] heteroclinic connections can never be homoclinic connections for cocycles at the boundary
of the uniformly hyperbolic ones.
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one parameter family of finitely supported measures {ug}g such that uo = n and
for any a > H(u)/L(w), the function E +— L(ug) is not locally a-Holder at any
neighborhood of E = 0.

Remark 1. Our result implies a similar conclusion as in Halperin/Simon-Taylor example
with a less sharper threshold. For simplicity we consider the parameters a = 0 with
energy E = 0. In this example H (wo,p,0) = log?2 while

1 J2+bl+whm2+4
2

1
L <-1 Byl ==1
(10,6,0) < 5 log I Boll 5 log
1 |b|
< —arccosh |1+ — ).
2 2

The last two quantities are asymptotically equivalent, which implies that

H(110.6,0) 2 log2

I as b — oo.
5 log || Boll arccosh(1 + |b|/2)

Set

oy = sup{o > 0: L islocally «-Holder around i} .

Corollary A. Let  be a finitely supported measure on SLy(R) with L(i) > 0. Then,
either w is uniformly hyperbolic and L is locally analytic around ., or else

H(p)
CYM < m

As a consequence of the proof of A we have the following application in mathematical
physics (for precise definitions see Sect. 4).

Corollary B. Consider the Anderson model of the discrete Schridinger operators asso-
ciated with a finitely supported measure . Let o > % and Eq be an energy in the

spectrum. Then, the integrated density of states function E + N (E) and the Lyapunov
exponent function E — L(E) are not a-Holder continuous at any neighborhood of E.

1.2. Relations with other dimensions. See Sect. 3.3 for a precise description of the ob-
jects treated in this subsection.

The study of formulas relating (some type of) dimension, entropy and Lyapunov
exponent has a vast history with many contributions in different settings (see for instance
[14,15] for diffeormorphisms of a compact manifold and [16] for self affine measures).

For SL,(R) supported measures p with L() > 0, Ledrappier in [17], proved that
we have a dimension type formula for any (forward) stationary measures 7, associated
with u, namely

anzmm{lh”m}. (1)

" 2L(w)
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Dim is a different notion of dimension from dim given in Sect.3.3 (See [3, Remark
2.34]), but in the case that n is exact dimensional they coincide. The exactness of the
dimension of the stationary measures was established by Hochman and Solomyak in [18]
assuming additionally that u is irreducible. In particular, if n* and ™~ denote respectively
the forward and backward stationary measures then

dimnizmin{l hF(ni)}<min{1 M}
" 2L(w) |~ T2L(w) )

Moreover, in [18] they provided, among other things, conditions to obtain Ledrappier-
Young type formulas relating the dimension of the stationary measure, the entropy and
the Lyapunov exponents, i.e.,

H
dimni=min{1 G }

T 2L(w)

where hp(n*) is the Furstenberg entropy of n*. In light of the above discussion we
leave the following questions.

Question 1. Assume that @ > dim n* + dim ~. Under the assumptions of Theorem A,
is it true that the Lyapunov exponent is not «¢-Holder continuous in any neighborhood
of u?

Question 2. Is % a sharp bound for the regularity? In other words, is there an example

— H(H«)f)

where o, = 775

Halperin’s example above does not answer this question.

Question 3. In the case that % > 1, is it true that the Lyapunov exponent is Lipschitz

continuous function around p?

Question 4. Is it possible to express the lower bound for the regularity in terms of some
of the previous measurements?

1.3. Sketch of the proof and organization. In Mathematical Physics the Thouless for-
mula (5) relates the Lyapunov exponent of a Schrodinger cocycle with the integrated
density of sates (IDS) of the corresponding Schrodinger operator. It follows from this
identity (5) that the Lyapunov exponent and the IDS, as functions of the energy, share
the same modulus of continuity. See Proposition 4.1. The IDS is a spectral quantity that
measures the asymptotic distribution of the eigenvalues of truncation matrices of the
Schrodinger operator as the size of the truncation tends to infinity. The strategy to break
the Holder regularity of the IDS in Halperin’s example is to establish around a certain
energy a very large concentration of eigenvalues of the Schrodinger truncated matrices
which implies a disproportionately large leap of the IDS around that energy, see [10,
Appendix 3]. Then, as explained above, the loss of Holder regularity passes from the
IDS to the Lyapunov exponent.

Let 1 be an irreducible and finitely supported measure on SL,(R) with positive
Lyapunov exponent and A : 2 — SL>(R) be the associated locally constant cocycle.
In order to use the strategy described above, in Sect.5 we embed the cocycle A into a
family of locally constant Schrodinger cocycles over a Markov shift.
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We call matching to a configuration where the horizontal direction e; = (1, 0) is
mapped in n iterations to the vertical direction e; = (0, 1) in a way that that e is greatly
expanded in the first half iterations followed by a similar contraction in the second half
iterations. The number 7 is referred to as the size of the matching. A matching of size n
at some energy E( determines an almost eigenvector for an n x n truncated Schrodinger
matrix, which then implies a true nearby eigenvalue Ejj ~ E of the same matrix. Hence
matchings of size n for energies in some small interval / can be used to count eigenvalues
of a truncated Schrodinger operator of size n.

By Proposition 7.14, a heteroclinic tangency of the cocycle A = Aoy implies many
nearby matchings of any chosen large size n, spreading through a small interval of length
~ ¢~ " Because these matchings are still not enough to break the Holder regularity in
the stated form, we prove in Proposition 7.15 that a single tangency will cause many more
tangencies to occur at nearby energies, which are in some sense typical. Propositions 7.14
and 7.15 were designed to be used recursively in the sense that the output of the second
feeds the input of the first. They could be used recursively to characterize the fractal
structure of matchings and tangencies, a path we do not explore in this work. We do use
them in a single cycle to gather the matchings, of some appropriate size, associated to
a typical nearby heteroclinic tangency. The matchings coming from a typical tangency
are now enough to break the Holder regularity in the stated form.

Proposition 7.11 plays a key role in the proof of Theorem A, to estimate the number
of matchings and tangencies from Propositions 7.14 and 7.15. On the other hand the
proof of Proposition 7.11 relies on a characterization of the projective random walk
distribution in Proposition 7.10 and a few Linear Algebra facts on the geometry of the
projective action in Appendix A. See propositions A.3, A.6 and Lemma A.9.

Organization. This work is organized as follows. Section2 contains the general def-
initions that will be used throughout the paper. In Sect. 3 we define and state some
properties of locally constant linear cocycles and Furstenberg measures. We discuss
general spectral properties of Schrodinger operators in Sects.4 and 5 we show how to
embed a general locally constant cocycle into a Schrodinger family over a Markov shift.
In Sect. 6 we obtain a lower bound for the oscillation of the integrated density of states
in terms of counting matchings. Section 7 contains the core technical results of the work,
namely propositions 7.11, 7.14 and 7.15. Section 8 provides lower bounds for the mea-
sure of the set of matchings. In Sect.9 we give the proof of the results. The Appendix
A contains the linear algebra tools needed in this work and Appendix B describes some
of the formulas for derivatives of projective actions.

Logical structure Figure 1 describes the logical structure of the proof of Theorem A.

2. Basic Definitions and General Concepts

In this subsection we establish some of the general notation used throughout this work.

2.1. Preliminary definitions and notations.

e We denote by GL;(R) and SL4(R) respectively the group of d x d invertible
matrices and its subgroup of matrices with determinant one. Given a d X d square
matrix H we denote its spectrum by Spec(H) and by |Spec(H)| the number of
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Theorem A
Main theorem

N

Corollary 8.2 Corollary 6.4
Markov matchings Asymptotic IDS oscillation bounds
Lemma 8.1 Lemma 6.3

Bernouli matchings Finite scale IDS oscillation bounds

[

Proposition 7.16
Typical tangencies

/

—

Proposition 7.11 Proposition 7.15
Plenty hyperbolic words Unfolding tangencies
Proposition 7.10 Lemma 10.9 Proposition 7.13
Random walk distibution Directional Avalanche Principle Winding property
Proposition 10.3 Proposition 10.6 Lemma 11.3
Linear algebra Linear algebra Schrodinger winding

Fig. 1. Logical dependencies

elements in Spec(H) counted with multiplicity. Unless otherwise stated, || H || refers
to the operator norm of the matrix H.

e The projective space of R?, consisting of all lines in R?, is denoted by P!. Its points
are denoted by o € P'. After introducing a projective point 0, by convention the
letter v will stand for any unit vector aligned with the line 9. A natural distance in P!
is given by d(0, W) := |v A w| = sin £(0, W).

Each A € SL»(R) induces a projective automorphism A:P' — P!, where
Ad = Av is the line determined by the unit vector A v/ ||Av||. For the sake of
notational simplicity we often write A 9 instead of A 9.

e We use the standard classification for SL,(R) matrices as elliptic, parabolic or
hyperbolic meaning respectively that the absolute value of the trace is smaller than,
equal, or greater than two.

e Let X be a compact metric space. The space of all Borel probability measures on
X is denoted by P(X). This is a convex and compact set with respect to the weak*
topology. Given a sequence of measures 1, € P(X), we say that n,, converges weak*
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to n in P(X), and write 1, A n, if for every continuous function ¢ € C%(X),

/(pdn: lim [godn,,.
n— o0

e Given two probability measures 1, 2 € P(SL2(R)), the convolution between ¢
and ., is the measure

W % (o ::/ gxi2d j11(g).
SLy(R)

The n-th convolution power, u*", of a measure u € SL>(R) is defined inductively
by M*n = M*(nfl) % L.

e Let A be a finite set and ¥ = AZ. Given k € Z and a finite word a = (ag,ay, ...,
a,—1) € A™ the set

[k; al:={¢ €%: {juu=a;,Vj=01,....m—1}

is called the cylinder of ¥ determined by the word a and the position k. The integer
m is referred to as the length of the cylinder.

e Given a compact metric space (X, d), 0 < 8 < 1 and a continuous function ¢ €
CO(X), the H-Holder constant of ¢ is defined by

P U Co b 7 60]
. x,yeX d(x,y)e
x#y

The space of §-Holder continuous functions on X is
Co(X) = {<p e COX) : vy(g) < oo}
which endowed with the norm

lollg :== ll@llo + vole)

becomes a Banach algebra.
e Given sequences of real numbers (a,) and (b,) with a,,, b, > 0 we write
— a, = O(by) if there exists an absolute constant C > 0 and ng € N such that
a, < Cb, forevery n > ng;
- ap Sbyorb, 2 ayifa, = 0O(by);
- ay ~ by iflim,_ o a, /b, = 1.
— Fory, t > 0 we write y > t to indicate that ¢ is much smaller than y.
o Given some interval / C R or J C P!, we denote by |J| the length (size) of J.
Given a positive number ¢, we denote by ¢ J the interval with the same center as J
and size t |J|.
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2.2. Linear cocycles. Let X be a compact metric space, with Borel o -algebra 5. Con-
sider a homeomorphism 7 : X — X which preserves a probability measure & defined
on B3 and such that the system (7, &) is ergodic. The triple (X, T, &) is referred to as the
base dynamics.

Any continuous map A : X — SL>(R) defines a linear cocycle, over the base
dynamics (X, T,&), Fy : X x R2 — X x R? given by F4(x,v) := (Tx, A(x) v).
By linearity of the fiber action we can define the pr0]ect1V1zat10n of F4 as the map
FA X xP' - X x P! given by FA(x v) = (Tx, A(x) v). We also use the term
linear cocycle referring to the map A : X — SL,(R) when the base dynamics is fixed.

Note that for each n € Z, the n-th iteration of the linear cocycle F4 sends a point
(x,v) € X x R® to (T"x, A™(x) v), where

) AT %) ... A(Tx) A(x) ifn>0
Alx)y=11 ifn=0
AT"x)~V . AT 20) VAT ') Vifn < 0.

The Lyapunov exponent of the cocycle F4 can be defined as the limit

.1 n
L(A) = nl;rr;ozlog ||A

which exists and is constant for £-a.e. x € X asaconsequence of Kingman’s sub-additive
ergodic theorem. Notice that the Lyapunov exponent depends on the base dynamics
despite the fact that the notation L(A) does not refer to (X, T, £). The underlying base
dynamics should always be clear from the context.

2.3. Transition kernel and stationary measures. Let X be a compact metric space. We
call transition kernel to any continuous map K : X — P(X). Any transition kernel K
induces a linear operator K : cY(x) - CcY%x)

(Kp)(x) := / pdKy,
X

acting on the space C%(X) of continuous functions ¢ : X — R. This is called the
Markov operator associated to the transition kernel K. The adjoint of K, K*, in the
space of probability measures P(X) is given by

K*¢ ::fodg(x).

We say that a probability measure &y is stationary for K if &y is a fixed point of K*,i.e
if for every ¢ € CY(X),

/ o dto = / ( / o(y) de(y)) d50(x).
X X X

Consider the process e,: XN — X, e,(w) := w,. Given a probability measure
£ € P(X) there exists a unique measure & in the space X such that:
(a) éj(eo_ (E)) =§(E),VE € B;
(b) E(ey (E) |en—1 = x) = K. (E),YE € B, Vx € X.
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We say that the measure £ is the Kolmogorov extension of the pair (K, £). The following
statements are equivalent:

(1) & is K-stationary,

(2) £ is invariant under the shift map 7 : XN 5 XN T (o) nen = a1 neNs

3)e,: X N_ Xisa stationary Markov process with transition kernel K and common
law &.

When these conditions hold we refer to (K, &) as a Markov system. In this case the
Kolmogorov extension & admits a natural extension to X%, still denoted by &, for which
the two sided process e,: X — X, e,(w) := w,, is a stationary Markov process.
Moreover £ is invariant under the two sided shift map 7: X% — XZ,

T(...,X_I,XO,)CI,)C2, ) = (...,xo,Xl,xz,...),

where the bold term in the above expression indicates the 0-th position of the sequence.
The dynamical system (7', £) is then called the Markov shift over X induced by the pair
(K. 8).

We say that a Markov system (K, &) is strongly mixing if

lim HK"go—/godSH =0

n—0o0

with uniform convergence over bounded sets of C%(X). It is important to observe that if

a Markov system (K, &) is strongly mixing then the Markov shift (7, £)is mixing. See
[19, Proposition 5.1].

3. Random Product of Matrices

In this section we describe the base dynamics associated with random i.i.d. products of
matrices generated by a probability measure on SL;(R).

In the subsequent sections u is a probability measure on SL,(R) with finite support
given by supp u = {Ay, ..., A} C SLo(R). We write

K
n= ZIM da;s
i=1

where the components u; := uw({A;}) > 0.

Remark 2. The positivity requirements p; > 0 avoids discontinuities as in Kifer counter-
example. See [20] or [4, Remark 7.5].
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3.1. General locally constant cocycles.

Locally constant cocycles. Let Q = {1, ..., k}” be the space of sequences in the sym-
bols{l,...,k}, /i = (u1, ..., )% be the Bernoulli product measure on € and consider
o : Q —  the shift map. Note that the system (o, [t) is ergodic. We say that the triple
(2, 0, 1) is the base dynamics determined by u.

It is important to point out that the base dynamics (€2, o, ft) does not depend on the
k-tuple (A, ..., Ax) € (SL2(R))* but only on the values u; = u{A;}.

Consider the map A : Q — SL>(R) given by

A(..,o_1, w0, w1, ...) 1= Ay,.

Notice that for each sequence w € €2, A(w) only depends on the O-th coordinate of the
sequence w. Such maps are known in the literature as locally constant linear cocycles.
This is an agreed abuse of the term since for the standard topology in €2, locally constant
observables include a broader class of functions. Since the base dynamics is fixed,
(Aq, ..., Ay) determines the Lyapunov exponent L(A) and for that reason some times
we write L(A) = L(Aj,..., A;) to emphasize this dependence. This definition of
Lyapunov exponent of A agrees with the one given in the introduction for the distribution
law u, sothat L(uw) = L(A) = L(A; ..., Ay).

Uniformly hyperbolic cocycles. The measure u, or equivalently, the locally constant
cocycle A : Q — SL»(R) is said to be uniformly hyperbolic if there exist C > 0 and
y > 0 such that for every n > 1 and w € €2,

HA" (w) ” > Ce’". 2

It is known [5] that this is equivalent to the existence of two A-invariant continuous
sections F*, F* : Q — P! such that for every w F"(w) & F*(w) = R? and there exist
C > 0O and y > 0 such that

|A"(@)|Fs @) < Ce ™" and  ||A™"(@)|Fue) | < Ce 7™

Forward and backward stationary measures Consider the transition kernels Q. : P! —
PP and Q_ : P! — P(P') defined, respectively, by

Q.(0) =) pidap and Q_(D) =) pid,-1,.

i=1 i=1
Definition 1. A measure € P(P!) is called forward, resp. backward, stationary for p
if Q¥n=n,resp. 0* n =n,ie., if n is stationary for Q,, resp. for O_.

Notice that a backward stationary measure for p is a forward stationary measure for
the reverse measure /1,_1 = Z;‘:l i (SAfl.
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3.2. Irreducible cocycles. Throughout this section, unless otherwise explicitly said, we
assume that the probability measure u = > u; 84, has positive Lyapunov exponent and
is quasi-irreducible.

It follows that the Markov operator Q. : cO(Ply —» O (]P’]) defined by

(Q+)(D) =Y i p(A; D),

i=1

preserves the space of #-Holder continuous functions C?(P'), for some 6 > 0, and
O+leopry - c? (P — C?(P') is a quasi-compact and simple operator, i.e., it has a
simple largest eigenvalue, namely 1 associated to the constant functions, and all other
elements in the spectrum have absolute value strictly less than 1.

Proposition 3.1. There exist a unique forward stationary measure n* and a unique
backward stationary measure n~ for .

Proof. See [21, Proposition 4.2]. O
The operator Q4 contracts the Holder seminorm.

Proposition 3.2. There exist positive constants 0 < 6 < 1, C and c such that
vo(Qlg) < Ce “"uvp(p) VneN.
for every ¢ € CY(P).
Proof. See [21, Propositions 4.1 and 4.2]. O

Another consequence of the quasi-compactness is that the locally constant linear
cocycle A : Q — SL>(R), associated with u and defined on the product space
Q = {1,...,k}%, satisfies uniform large deviation estimates of exponential type in
a neighborhood of A.

Proposition 3.3. There exist constants § > 0, C > 0, t > 0 and ey > 0 such that for
every ¢ € (0, &), for all locally constant B : Q@ — SL>(R) with |B — Al|o, < 8, every

bePlandn eN,
—‘L'82ﬂ
>er | <Ce ,

> a}) < CeTn,

Proof. See Theorem 4.1 and its proof in [21]. O

i ({w eQ: ng |B" (@) v| — L(B)

and

n <{w €Q: ‘% log |B"|| — L(B)

Let 0 < 6 < 1 be the constant in Proposition 3.2.

Proposition 3.4. There exist constants C > 0 and ¢ > 0 such that for any interval
I C P! everyd € Pl andn > 1 we have,

—cn —cn

<a([A¥(iel]) <n*@n+CS

4 e
nE1/2) - C T

171



Upper Bound on the Regularity of the LE 841

Proof. Set ¢ = |I]/4 and consider piece-wise linear functions fei e CY(P") such that
w(fH) =e? 0<fr<y;<fr<1, f-=1lonl/2and f*=0outof2l. By
Proposition 3.2 we have that

< Ce Mvy(fs) = Ce "7,

‘Qﬁ(ff) - / £ dn*

Therefore,

A(A" @b el]) =0l = QL) = / £ dn*t — Cemne0
>nt1/2) —49ce" 1|77,

and
RA G 1]) = Qo = Q4 = [ frdi v e
<nt@D+4°Ce™" 177,
The argument for A™" is analogous. O

3.3. Entropy and dimensions.

Entropies. For a finitely supported measure € P(SL2(R)) the Shannon’s entropy
defined by

Hup :=- Y p(ghlogu(g) =—) wilogpu;.

gesupp(yL) i=1
A measurement of how far the semigroup generated by the supp(u) is from being free
is given by
. 1 *n . 1 kI
hwr(w) == lim —H(u™) = inf —H(u™),
n—00 n neNn

which is usually called the random walk entropy of . It holds that hrw (1) < H(u)
and the equality is equivalent to the semigroup generated by supp(u) being free. This is
the typical case.

The Furstenberg’s entropy, also known as Boundary entropy, is defined by

dg«n
hr () = / / log = () dn(v) diu(s).
We always have that,

hp() < hrw (@) < H(w).

See [3, Theorem 2.31] for details.
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Dimension. Let n be a probability measure on R (or P!). For any € R, the limits

I 1 t—368,t+96
dim(n, ) = lim sup ogn( D
§—0 log
log ([t — 5,1 +8])
log §

’

dim(n, t) = lim inf
dim(n, 1) im in

are called, respectively, the upper local dimension and lower local dimension of n at
the point ¢ € R. We say that n is exact dimensional if there exists a real number o > 0
such that dim(n, 1) = dim(7n, ) = «, for n-a.e. t € R. In this case, the number « is the
dimension of the probability measure n and is denoted just by dim 7.

As mentioned in the introduction the stationary measures of an irreducible cocycle
with positive Lyapunov exponent are always exact dimensional.

3.3.1. Entropy deviations. Consider p, : 2 — R, p,(w) := ]_[;?;(1) Pw;» the function

¢ : Q2 — Rep(w) := —log p,,, and notice that
n—1 4
/(pdﬂ =H(u) and (S,9)@) =Y p(o/w) = —logp,(®).
j=0

Proposition 3.5. Assuming L(u) > 0 let h := max|<j<. —logp; > 0. For every

neNandp >0,
2
>/3}> 526xp<—n2hi;).

Proof. The large deviation set in the statement is

R ({w € Q: ‘%logpn(wﬂH(u)

Ap = {w € Q: [(Snp) (@) — E(Sp9)| > n B}

and by Hoeffding’s inequality [22, Theorem 2]

_ 2’12 2 2 2
w(Ay) <2 exp (— nhf ) =2 exp <—n h_/32> .

4. Schrodinger Cocycles

In this section we present some background in the theory of Schrodinger cocycles. The
advantage in dealing with this family is the intrinsic relation with the spectral theory
of (discrete) Schrodinger operators which allow us, among other things, to analyze the
behaviour of the Lyapunov exponent in terms of properties of the spectrum of these
operators.
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4.1. Schrodinger operators and cocycles. Consider the base dynamics (X, 7, &), where
T : X — X is a homeomorphism on the compact metric space X and & is a probability
measure on X such that the system (7', &) is ergodic. Fix a continuous function ¢ : X —
R.

For each x € X, the (discrete) Schrodinger operator at x is the self-adjoint bounded
linear operator H, : 12(Z) — 12(Z) % defined, for u = (up)nez, € 12(Z) by

(Hy w)p == —Ups1 — Up—1 +¢(Tnx)un
or in short notation
H,u:=—Au+ ¢y u,

where A is the Laplace operator and ¢, is the multiplication by (¢ (7" x)),ez-
It is convenient to express the operator H, as a matrix in the canonical basis (e;);ez
of 1>(Z), where (¢;),, = 8;.,.

.o(Tx) =1 0 0 0
-1 o) -1 ... 0 0
0 -1 ¢(Tx) ... 0 0
H, = ) ) o
0 0 0 ...¢o(T" %) -1 ...
0 0 0 ... —1 @ 'x)...

A matrix with this structure where all entries outside the three main diagonals vanish is
usually called tridiagonal matrix.

Assume that there exists a sequence u = (u,),e7, N0t necessarily in 12(Z), which
satisfies the eigenvalue equation for some E € R, i.e.,

H.u=Fu. (3)

Using the definition of H,, Eq. (3) gives us a second order recurrence equation which
can be written in matrix form as

P(T" ') —E =1 (un—1) _ ( un
1 0 up—2)  \up—1)’
This implies that

¢(T"'x) — E —1 @) =1\ (uo\ _ ( un
() ) )

Hence, if we define the family of cocycles Ag : X — SLy(R)

Ap(x) = (“’(x)l‘ E ‘01),

2 12(Z) denotes the set of square-summable sequences (up);,c7,.
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then equation (4) can be rewritten as

e () =)

In other words, any (formal) eigenvector u = (u,) of the Schrodinger operator H,
associated with an eigenvalue E is completely determined by the orbit of the cocycle
Ag starting at (ug, u—_1) € IR2. This is one of the first indications of the close relationship
between the action of the cocycle Ag and the properties of the spectrum of Hy.

The cocycles Ag : X — SLa(R) are called Schrodinger cocycles with potential
¢ : X — R, generated by the dynamical system (X, T, &).

4.2. Integrated density of states and Thouless formula. For each n € N and for each
x € X, H}! € M, (R) denotes the truncated Schrodinger operator defined by

dp(x) —1 0o ... 0 0
-1 ¢(Tx) -1 ... 0 0
0 —1 ¢(T?x)... 0 0
H! = . ) . . ) .
0 0 0 ...o(T" %) -1
0 0 0 ... —1 @ 'x

For any interval / C R denote by | Spec(H}') N I| the number of eigenvalues of H}!
in I counted with multiplicity. With this notation, set for each x € X

1
Nux(t) = - |Spec(H}) N (—o0, ]| .

So, by definition A, . (¢) is a distribution function of a probability measure supported
in the spectrum of H.
It is known [23, Subsections 3.2 and 3.3] that for each r € R the limit

N(t) = nlingo-/\/n,x(t),

exists and by ergodicity of the base dynamics (X, T, &) is constant for §-a.e. x € X. The
function N : R — [0, oo) is called the integrated density of states.

The following equation, known as the Thouless formula, relates the Lyapunov expo-
nent of a Schrédinger cocycle with the integrated density of states.

L(AE)=/O° log|E —t| dN(t), VYEeR. (5)

—00

See [23, Theorem 3.16]. Integrating by parts the Riemann-Stieltjes integral on the right-
hand side of equation (5), we see that this equation expresses L(Ag) as the Hilbert
transform of N(¢). This fact implies, by the work of Goldstein and Schlag, see [24,
Lemma 10.3], that the Lyapunov exponent and the integrated density of states must share
all ‘sufficiently nice’ modulus of continuity. These nice moduli of continuity include the
Holder and weak-Holder regularities. In particular we have:

Proposition 4.1. N (E) is not B-Holder if and only if E — L(Afg) is not B-Hélder.
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4.3. Temple’s lemma. The Thouless formula allows us to shift the analysis of the regular-
ity from the Lyapunov exponent to the integrated density of states, and more specifically
to the counting of eigenvalues of the truncated Schrodinger operators H'. An important
tool is the next linear algebra fact, known as Temple’s lemma, which allows us to count
eigenvalues by counting instead orthonormal almost eigenvectors.

Lemma 4.2. (Temple’s lemma) Let (V, (-, -)) be a finite dimensional Hilbert space and
let H : V — V be a self-adjoint linear operator on V. Given 6 > 0 and Lo € R, assume
that there exists a orthonormal set {uy, ..., ur} C V such that

1. (Hu,-,uj) = (HM,',HMj) =0 lf i ;ﬁ j,

2. |Hu; — Aou;|| < 6 foreveryi.

Then |Spec(H) N (Ag — &, Ao +3)| > k.

Proof. See [10, Lemma A.3.2]. m]

We will say that u € V\{0} is a §-almost eigenvector associated with an almost eigen-
value g if condition 2 above is satisfied.

5. Embedding Cocycles Into Schrodinger Families

Let u, as in the previous section, be a probability measure on SL,(R) supported in
{Ar, ..., Ach
We use the notation S(¢) € SL,(R) to denote the Schrodinger matrix

0-(33)

The following lemma is the ground basis of the entire section. The fact that we can
decompose any given S L (IR) matrix as a product of four Schrodinger matrices provides
a way to embed our random cocycle in a Schrodinger cocycle over a Markov shift.

Lemma 5.1. For every B € SLy(R), there exists real numbers ty, t1, t» and t3 such that
B = S(13) S(12) S(11) S(to).

Proof. Consider first the map R? 5 (11, 12, 13) = S(13) S(12) S(t1) € SLy(R). A direct
calculation shows that the range of this map is the set SL>(R) \ M where

M::{(_;l 8) :A#0,1, and aeR}.

So, the range of the map R33 (11,00, 13) — S(0) S(13) S(1) S(t1) € SLo(R) is the set
SLy(R) \ S(0) M where

—1
S(O) M = {(ka 2) A #£0,1 and aeR}.
Another simple calculation shows that if
(1,00, 3,09) = (1, 1 =271 =2, a2 =27 —aa™)
then

-1
S(13) S(13) S(12) S(11) = (Aa g) .

Hence every matrix in SL>(R) is a product of four Schrodinger matrices. O
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5.1. Construction of the embedding. Foreachi =1, ..., x,by Lemma 5.1, there exists
th=(ty,....13) € R* such that
Ai = 5(55) S(th) S(t}) S(1). (6)
Consider the set A = {1,...,«} x {0, 1, 2, 3}. We define the following transition
kernel K : A — P(A), for each element (i, j) € A,
© 8, j+1) if j €{0,1,2}
@) = e
" Y it MkSk,0) if j =3,

where ui = w(Ag), forany k € {1, ..., «} and § ;) denotes the Dirac measure sup-
ported in (k, [). Note that the measure

1 3«
V= Z Z Z/’Lis(i,j)'

j=0i=1

defines a K -stationary measure on A. Let U be the Kolmogorov extension of (K, v) on
the product space & = AZ. This defines the base dynamics (£, o, D), where o : & — %
is the shift map and supp v is the set of K-admissible sequences.

5.2. Conjugating the embedded and original cocycle. Consider the real function ¢ :
¥ — R defined by

$() =10, where ¢ = ((in, ja))n,

where the numbers t;g were defined in (6). We can express the family of Schrodinger
cocycles, Ag : ¥ — SL,(R), with potential ¢, generated by the Markov shift (2, o, V),
by

Ap(6) =S@&) — E),

forevery E € R and ¢ € ¥. It is important to notice that iterating the cocycle Aq four
times we recover the locally constant cocycle A : Q2 — SL>(R). More precisely, for
each element ¢ = ((i,, ju))n € 2, with jo = 0, consider the sequence w = (i4,), € Q2.
By (6) we have that

AG(©) = Ao(” () Ao(0%(2)) Ao (0 (£)) Ao (2)
= S(18) S(13) S) S
= Aj, = Aw).
In this case, we say that Ag : ¥ — SL>(R) is the embedding of the cocycle A : Q@ —

SL>(R) into the Schrodinger family {Ag : ¥ — SLo(R)}ger over (X, o, V).
For each j € {0, 1, 2, 3}, set X := {(in, ju)n € X; jo = j}. Note that
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is a partition of the set ¥ and foreach j € {0, 1, 2, 3},0(X;) = X4+1 mod 4. In particular,
forevery j =0,1,2,3,X;1is o*-invariant. Denote by 77 : ¥ — € the natural projection
mapplng x> (il’ls jn)n = (i4n)n € Q.

Using the notation above we see that (2, o, [i) is afactor of (¥, o, V) in the following
sense.

Lemma 5.2. The map 7w : ¥ — Q is surjective, w4,V = L and 0 omr =T o0.
Moreover, for each j € {0, 1, 2, 3}, n|zj conjugates (X;, o?, 4v) (2, 0, 1), where 4v
is the normalization of V on X;.

For the linear cocycle we have:
Lemma 5.3. For every j =0, 1, 2, 3 the linear cocycle

i xR 3 (¢, v) > (0*(0), A5 v) € B, x R?
is conjugated to the linear cocycle

QxR? 3> (w,v) > (0(w),Alw)v) € Q x R

In particular, taking j = 0 we have that Fjo 1 Yo x R2 - =y x R? is conjugated to
Fp : Q x R? = Q x R2. The same considerations hold for the projectivized cocycles.
As consequence of the previous lemmas we have
Lemma 5.4. L(u) = L(A) =4 L(Ayp).

Using the conjugation in Lemma 5.2 we build the one parameter family of cocycles
Ay Q — SLo(R),

A (@) = A (0),

where ¢ = (7 |>;0)_1 (w). The cocycles of this family are locally constant and determined
by the probability measures ;g on SL>(R) defined by

K
ME = Z“"‘SA(D(D’

i=1

where i is any sequence @ € 2 such that wy = i, for every i = 1,..., «. This fam-
ily is the smooth curve of measures through © whose existence is claimed in Theo-
rem A. It depends analytically on E in the sense that the function £ +— [@dug =
Yo i (A (@) is analytic for every analytic function ¢ (A) on SL, (R). In particular
the curve E +— wg is continuous with respect to the weak™* topology.

Corollary 5.5. For every E € R, L(ug) = L(AE)) =4L(AE).
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6. Oscillations of the IDS

Consider the family of Schrodinger cocycles Ag : ¥ — SL»(R) with potential ¢ :
3 — R over the basis dynamics (X, o, V), as in the Sect. 5. The purpose of this section
is to get a lower bound on the oscillations of the finite scale IDS V,, ; in terms of counting
certain configurations along the orbit of ¢, referred to as §-matchings.

Let {e1, ey} be the canonical basis of R2.Given 8 > Oand k € N, we saythat € ¥
has a §-matching of size k at E, or a (8, k, E)-matching, if

[AE @ el

max Aj( ) eq
oo I AEC

Ab@yér=¢é and w(, E) =

For each ¢ € ¥ and k € N, we consider the truncated Schrodinger operator Hgk :
Rk — R¥ defined in Sect. 4.2, which can be described, for u € R, by

HEw = ((HEwo, .. (Hfwyr)

where
—u1+ ¢ (&) uo, ' if j=0
(Hfw)j = —ujm —uj 1+ ¢ (@) uj, if j#0,k—1
g2 + ¢ (@) up—1, if j=k-1

Let E € R and (vg, v_1) € R2. Define the sequence (v;);jez by the following

equation
. vi \ _ (vjs
Ag(a’(2)) <vjil) = < {);' )

which is equivalent to say that for every j € Z,

—vj—1 = Vs + () () v; = Ev;. (7
Leteg, ..., ex_; be the canonical basis of R¥.
Lemma 6.1. Given (v;) jez, solution of (7), the vector v* = (v, ..., Vx—1) € R¥ satis-

fies

Héc *— Ev* =v_1ep + vrer_1.

Moreover, AIE (¢) é1 = é> if and only if there exists a solution (v;) jez of (7) such that
v* is an eigenvector of Hé‘ with the eigenvalue E.

Proof. The first statement follows from (7). For the second part observe that A’fE (©)ey =
¢, if and only if there is a solution of (7) such that v_; = vy = 0. |
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Consider a large integer N = m (k+2) and split the interval [0, N — 1] into m disjoint
slots of length k, namely S; := [j (k+2), j (k+2)+k —1]for j =0,1,...,m — 1.
The integers j (k+2) — 1 and j (k +2) + k + 1 are referred to as the boundary points of

the slot S;. Notice that U;f’z_ol S has m k elements which exclude the boundary points of

the slots. We say that ¢ € X has a (6, k, E)-matching in the slot S; if ol ®+2(£) has a
(8, k, E)-matching. Next lemma says that when the sequence ¢ has a (8, k, E)-matching
in the slot §; we can construct a §-almost eigenvector for H N which is supported in
that slot S;. Moreover, because consecutive slots share no boundary points in common,
if ¢ admits several (8, k)-matchings in different slots then the corresponding §-almost
eigenvectors are pairwise orthogonal.

Lemma 6.2. Given ¢ € X and jo € N such that the sequence o0**2(¢) has a

(2’1/25, k, E)-matching consider the vector v* = (vg, ..., Vk—1) € R¥ with com-
ponents determined by
Vji ) _ AJ (ydok+2) Vo
(7)o (3
where v is fixed so that maxo<j<k—1|v;j| = 1. Then the vector vj, ({) € RN, with

all coordinates zero except those in the slot Sj, which coincide with the respective
coordinates of v¥, satisfies

|1 vpat0) - Eviaio)| <.

In other words, v, x(¢) is an §-almost eigenvector of H, gN in the sense of Lemma 4.2.

Proof. For the sake of simplicity let jo = 0 so that ¢ = o/0**2)(¢) is the sequence with
a (8/\/5, k, E)-matching. By definition of v}, x(¢) and Lemma 6.1 we have that

(H;N — E)vjy k({) = —vp—1€.

Therefore,
| H 00k©) = Evjos @] = ol < luol |Ab @ e < V2m By <

because vg—1 is one of the components of vy A% e and

Vo i
2 s [s4coa] <0,
=J=k—

j = | =

0<j<k—1
O

From the point of view of Mathematical Physics, a §-matching determines a §-almost
eigenvector of the Schrodinger operator.

Dynamically, these configurations correspond to stable-unstable matchings in the
following sense: let k = k| + k> be some partition of k such that both factors in the

decomposition A';: €)= A]g (ok1(2)) A]g (¢) are very hyperbolic with nearly horizontal
unstable direction and almost vertical stable one. If k1, kp are large then A]g (¢)eyisa
good approximation of the Oseledets unstable direction E*(c*1¢) at the point o¥1 (),
while Agkz (¢)é, is a good approximation of the stable direction E* (6*1 (¢)) at the same
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point. The condition A¥(¢) é; = é, is equivalent to the matching AkEl (O)e, = Agkz (&)er
between these two approximate stable and unstable directions at the middle point. This
nearly stable-unstable matching also explains why 7x (¢, E) should be very small.

The oscillation of the non-decreasing function NV and its finite scale analogue Ny
on some interval I = [«, 8] are denoted by

AN = N(B) — N(a), resp. A]./\/'N’; = ./V'N{(,B) — ./V.N,{(Oé).

Denote by X (8, k, I') the subset of ¥ formed by (8, k, E)-matching sequences { € X
with E € [.

Lemma 6.3. For any interval | C Rand ¢ € %,

m—1

1 .
_ J(k+2)
ApNn e > N jz—() Xz (0 )

where Is :== I +[—8, §] is the §-neighborhood of 1.

Proof. Letm € N and set
Znk(§) = {0 <jsm—1:0/"I¢rexnk, 1)}_

The set of vectors {v; () € RV : Jj € Zk.m(¢)} is orthonormal and by Lemma 6.2
these are §-almost eigenvectors. By Lemma 4.2 there is the same amount of eigenvalues
of H gN in I5 (counted with multiplicity). Whence,

m—1

> xsean@ ) =2 n(@)] < [Spec(HY) N Isl = N AN
j=0

O

Applying Birkhoff’s ergodic theorem sending m — o0 in the previous lemma we have
the following corollary.

Corollary 6.4. For any interval I C R,

1

A >
’5N—k+2

5 (S, k, 1)).

7. Variation with Respect to the Energy

This is the main technical section of the work.
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7.1. Trace property. The main purpose of this subsection is to prove that if Ry =

Ag"“ (&o) s elliptic then as we move the parameter E the rotation angle of Rg varies with
non-zero speed around E = 0. This will be a consequence of the following proposition,
which is a general fact about Schrodinger matrices. Recall that

t —1
“”‘(10)
denotes a Schrodinger type matrix. For a vector x = (xp, ..., x,) € R", write

S'(x —E) =8, —E) ... S(x1 — E).

Lemma 7.1. If E € C\ R then the matrix S" (x — E) is hyperbolic.

Proof. See[25, Lemma 2.4]. For the sake of completeness we provide a proof of this fact.
By induction the entries in the main diagonal of S”(x) are polynomials in the variables
X1, ..., X, of degrees n and n — 2, respectively, whose monomials have degrees with
same parity as n, while the entries on the second diagonal are polynomials of degrees
n — 1, whose monomials have degrees with same parity as n — 1. It follows that for all
x € R",

(8" (—=x)) = (=D" (5" (x)).

In particular tr(S" (x — E)) = &+ tr(S"(E — x)) and we only need to consider the case
ImE < 0. In this case the open set U := {z € C: Imz > 0} determines an open cone in
P(C?) = C U {oo}. The projective action of the matrices S”(x — E) with x € R” and
E € U sends U inside of U. In fact, if n = 1 and z € U\ {0} (possibly z = 00) then
—z7! € U and since ImE < 0,

Im(S(x; — E)-z) =Im <x1 —F — l) > —Im(E) > 0,
Z

for every x; € R. Otherwise if z = 0, then S(x; — E) - z = oo and the statement
follows iterating once again. The existence of this invariant cone implies that " (x — E)
is hyperbolic. Similarly, if InE' > 0 we consider the openset U™ := {z € C: Imz < 0}

and prove that, under the projective action, S (x — E) sends U~ inside of U ™. O
Proposition 7.2. For any n € N, if [ tr(§" (x))| < 2, then
ﬁ%ﬂﬂ&—E» # 0.
dE E=0
Proof. Define the analytic function ¢ : C — C given by
Y(E) =tr (S”(x — E)) .

Observe that ¥ is real in the sense that ¢ (E) € R for every E € R. By assumption
|¥(0)] < 2 and so there exists a radius r¢9 > 0 such that for every E in the disk centered
in 0 and radius ro, D, (0), we have that [y (E)| < 2.

Assume by contradiction that ¥'(0) = 0. By analiticity of ¥, we can write

Y(E) = (0) + EXW(E),
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in a neighborhood of 0, where kK > 2 and W(0) # 0. In particular, there exists E* €
Dy, (0)\R such that /(E*) € R. As a consequence, we conclude that if > and 1/ are the
eigenvalues of " (x — E*), then A+~ ! € R. But, that can only happen if either |A| = 1
or else |A| # 1 and A itself is real. The former can not happen since by Lemma 7.1 the
matrix §"(x — E*) is hyperbolic.

The latter implies that

1
|tr (8" (x — EM)| = ‘)\ =2
This contradicts the fact that [y (E*)| < 2 and proves the result. O

Lemma 7.3. If A (o) is an elliptic element for some &y € %, then

d m
—— tr(A(%0))

0.
dE 7

E=0

Proof. Direct consequence of Proposition 7.2. O

Proposition 7.4. Given a Schrodinger cocycle Ap : X — SLa(R) with continuous
potential ¢ : X — R and generated by the dynamical system (X, T, &), foralln € N,
p € (=2, 2) and x € X, the polynomial f, : R — R, f,(E) := tr(A’é(x)) — p, has n
distinct real roots.

Proof. This polynomial can not have a real root Eo with multiplicity > 2 because this
would imply that f,(Ep) = f [; (Ep) = 0, contradicting the conclusion of Proposition 7.3.
To see that it can not have complex non-real roots, assume that there exists Eg € C\ R
such that f,(Ep) = 0. By Lemma 7.1, the matrix $" (x — Eo) is hyperbolic. Denoting
by X and A2~ ! the eigenvalues of S (x — E() we have

p=tr(S"(x — Eg)) = A+ 17!

which implies that || = 1. Therefore the matrix S” (x — Ep) can not be hyperbolic. This
contradiction proves that f,(E) can not have complex non-real roots. O

Corollary 7.5. In the previous context, f : R — R, f(E) := tr(A%(x)), is a Morse
function, with f(E) > 2 at local maxima, and f(E) < —2 at local minima.

Proof. Since f has n different real roots, f” has n — 1 different real roots and for any pair
a < bofroots of f, there exists a unique ¢ € (a, b) root of f’. Moreover, by Proposition
7.4,if f”(c) <0, then f(c) > 2 and similarly, f”(c) > 0 implies f(c) < —2. O

7.2. Density of tangencies. In this subsection we prove that cocycles with heteroclinic
tangencies are dense outside the class of uniformly hyperbolic cocycles.

Let AgZO (2o) be an elliptic matrix and 89 > 0 be such that Ry = A‘go (¢o) is elliptic
for every |E| < o.

Lemma 7.6. There exist ¢ > 0 such that for every m > 1, every E € [—6, §o] and
every 0 € P! we have

>mec.

d
‘d—ERgﬁ
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3(Ag,)

Crua(B
CE, @(Bg,)e £ (B)

Cg, u(Bg,)

Fig. 2. Creation of tangencies

Proof. Take Eg € [—d0, o] and an inner product in R? for which R Eo 18 a rotation.
Then by Proposition B.1 and Lemma B.3

1

m

d
LR

1 & .
JE = — ZREO Vi1 A REO Vi—1

m

E=E)

j=1

is bounded away from 0. Notice that by compactness of [—4dp, dp], all norms associated
with inner products that turn the matrices Rg into rotations are uniformly equivalent. O

Proposition 7.7. Given ¢ € X, E € [0, dol and £ € N, ifA%o(g) is parabolic then
there exist E arbitrary close to Eq such thatA% (¢) is irrational elliptic.

Proof. Consider the function f : R — R, f(E) := tr(A[E(g“)). Assume A%O(g)

parabolic, i.e., f(Ep) = +2. When f'(Ey) # 0, all matrices A%({) are elliptic in
a 1-sided neighborhood of Ey. On the other hand, if f/(Eg) = 0 by Corollary 7.5 all
matrices A% (¢) are elliptic in a 2-sided neighborhood of Ej. |

Proposition 7.8. Assume L(jug,) > 0 and A‘go is not uniformly hyperbolic, then there
exist E arbitrary close to Ey at which g admits heteroclinic tangencies.

Proof. By [13, Thereom 4.1], either ug, has an heteroclinic tangency, or else the
semigroup generated by supp g, contains a parabolic or an elliptic matrix. Since
L(ug,) > 0, supp(ig,) admits hyperbolic matrices Ag, and Bg,. By Proposition 7.7
we can assume that Cg, = A‘}EZO (¢) is an irrational elliptic rotation, which implies
that the distance d(C %10 u(BE,), s(AE,)) gets arbitrary small for some large m. On the
other hand, the curves E — u(Bg), s(Ag) are smooth, see Proposition B.4, while by
Lemma 7.6 the projective curve E — C7 u(Bp) has large speed when m is large. Hence
the equation C} u(Bg) = s(Ag) has infinitely many solutions with E arbitrary close to
Ey. See Figure 2. O
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7.3. Projective random walk distribution. Inthis subsection we establish some estimates
on the distribution of the projective random walk, needed to prove Proposition 7.11.

Proposition 7.9. Assume that L(i1) > 0 and p is irreducible. There exist C > 0 and
t € (0, 1) such that

1 R
sup / ——-dnx) <C.
sept Jpt d(X, !
In particular, n is t-Holder, i.e., for every X € P! and r > 0
n (B()?, r)) <cr'.

Proof. Since u is an irreducible measure on SL>(R) and L(u) > 0 we have that u is
strongly irreducible (see [26, Theorem 6.1]). Thus the proof follows from [27] or [28,
Theorem 13.1]. |

The first item of the next proposition corresponds to (13.8) of Proposition 13.3 in
[28].

Proposition 7.10. Assume that L(jug,) > 0 and g, irreducible. Given B > 0, there
exist constants C, ci ¢y > 0 and kg € N such that for every £,n € N, n > kot and
directions v, w € P!, the sets

(1) [a) € Q: IE, |E — Eg| < ™", Al () 0 € B(d, e*ﬂ‘)];
) [a) € Q: 3E, |E — Egl < ™", A (@) b € B(d, e_’%)];
3) [(a), @) € Q: 3E, |E — Eo| < ™", (Al () D, A\ (@) #) < e—ﬁ‘f}.
have probability < Ce™<2¢,
Proof. By Lemma B.2, there exist constants C*, ¢}, ¢5 > 0 such that
d (A'gEO) (@) 0%, Alp) (@) ﬁ+) < CFecin, (8)
for every E with |E — Eg| < e, By Proposition 3.4 and Proposition 7.9, we have
that

i ([3 E,|E - Eol <e ", Al ()9 € B(d, e_ﬁl)D

cn

+ N Bt e
<n (B(w, e )) + Cefcuﬂ
—Cn
—1BL €
<e + C—e—ﬂﬂ ,

where n > ko £ with kg > B(t+6)/c and ¢y := tf. The argument to estimate the
probability in 2) is entirely analogous, making use of "~ instead of n™.

We now study the probability of the set in 3). We extend the Markov operators Q-+
to the product space P! x P! defining a new operator Q : C? (P! x PhH - Cc?(P! x P
by

K
Q) ) =Y winjo(Aigy %, AT, 9
i,j=1
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This operator is also a quasi-compact operator and there exists constants ¢, C > 0 such
that for every observable ¢ € C(P! x P') we have

ve(Q"p) S e vg(p).
Foreachr > 0, let A, := {(%, §) € P! x P': d(%, ) < r}and p, : [0, +o0[— [0, 1]
be a piece-wise linear function supported in [0, 3r] such that p,(t) = 1 for ¢ € [0, 2r].
Define the #-Holder observable v/, (%, ) = p,(d(%, $)), with vg(¥,) = (2r)~°

XA, < Y. Writing r = 2e™ 1" + e~Pt, we can use Markov’s inequality and Proposition
7.9 to conclude that

fix i ([3E1E = Eol < e d (Al () 8% A4 0 07) = e ])

= ix it ({(@.3) € Q% d (Alg @) %, AGL @ 7) =207 + e
=Q"(xa)@", 7)) = Q"(¥)(@*, 07)

Q= [ ndog,xg)

< e Mup(Y) + (7, X ngy) (A3r)

IA

+ d(nt xng
AIXP] Yy (TIEO 7750)

—cn

e
+3 Qe 1" 4Pt ’/ S
e—Pot ( ) Plxpl d(X, P)!

A

d (g, X )&, 9)
—Ccn

e 1
— 43 2e " + PG sup / — dnt %)
e—pot $epl JPIxP! d ( ) Eo

A

—cn
< —cin =B\t < ,—ct
N—e—ﬁ9€+(2€ +e ") Se .
In the two last inequalities we have used Proposition 7.9 and that we can increase kg

so that kg > B+6) (HQ) and decrease c¢; so that ¢ < B6t. This completes the proof of the
Proposition. O

7.4. Variation of the ‘hyperbolic’ elements. In this subsection we establish one of the
core proposition for the proof of the Theorem A, providing plenty of good hyperbolic
words. We will be using the notation introduced in the Sect.5.2.

From now on we also use the following notation: given A € SL,(R) with ||A|| > 1,
denote by 11 (A), vz(A) 1(A) and 6§(A) the unique projective points such that taking
unit vectors v; € 0;(A) and v] € 0;(A), with i, j = 1,2, {v1, v2} and {vl, vz} are
singular basis of A characterized by the relations A vy = ||A|| v} and A vy = ||A||_1 V3.

Take 81 = 81 (Ep) > 0 as in the Proposition 3.3, in the sense that the large deviations
hold uniformly for all cocycles A(g)y with [E — Ep| < 61 and also so that

A i=ming_gy<s, L)) > 0.

Proposition 7.11. Assume L(ug,) > 0 and g, irreducible. Given f > 0 there exist
constants T > 0 and No € N such that for every n > Ny and every 0, W € P!, the set
Gu(0,w, B, T, Eo) of all w € Q satisfying for all |E — Egy| < et

W) A7 @) v] 2 %P and [T 0"y w]| 2 et
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2) A(E)(a)) is hyperbolic and )L(A(E) () 2 eGP,
~ _p,l/8
(3) d(5] (A (@), D2(Al @) Z e P,
has measure i (g,l(ﬁ, w, B, T, Eo)) >1-— 8.
Proof. Split n into blocks of size ng =< n'/#. For the sake of simplicity we assume that

n = mno with ng = n'/* and Ey = 0. Consider the set Bp, of @ € Q such that there
exists 0 < j <m — 1 with

] <o [ - o

Write B;O = By, U Bay,, where Ba,, is similarly defined. By large deviations, Propo-
sition 3.3, there exists a constant 1 > 0 such that for all large enough n, [L(BZO) <

1/4 . . . .
2p3/4emmin / . By finite scale continuity, there exists 7 > 0 such that for all |E| <
1/4
e =™ and w ¢ By,

eA=5mo < }

A?%)(anow) H < g(k+§)no VO<j<m
and

62()\_%)”0 < HA?Z(;(O-]V!OQ))H < 62(}»+§)n0 1) < ] <m—1.

Consider (0, @) € P! x P!. We will apply Lemma A.9 with the data
° A]_A(E)(o’”oa)) j=0,...m—1;
e v =7vand w = W;
1/2 7. B
o t:=fny",y = 5/3110 and A := (A — g)no.
Notice thatif w ¢ B:O the assumptions (a)-(c) of Lemma A.9 are automatically satisfied.
Consider C, c1,c2 > 0 and ko given by Proposition 7.10 applied with n = ng
and ¢ = n(l)/ 2. Denote by Cp, (0, w) the set of sequences w € 2 such that for every
|E| < e ™0 (1 > cy).
~ 172
(a) min {d (A'zg) (o m=Dnog) p, w) ,d (v A ”0(0”0’”60) w)} > e P,

12

(b) min ’d (A?g)(w)ﬁ’ ﬁf)’ d( 0 (e"w) w)] > e P’
(c) d (A"o (o m=Dnogy) 5, A(E) (0"0) w) . gl

If ng/t = n(l)/2 > ko, then by Proposition 7.10 the set C,TO = Cpo (0, W)\ B,’;O satisfies

12
a(e\cr) < cean’ = cemn”,

Ifwe C;fo the above conditions (a—c) ensure that the hypothesis (d—f) of Lemma A.9
holds. Therefore items 1, 2, and 3 are direct consequence of Lemma A.9. This concludes
the proof of the proposition. O

Proposition 7.12. If the cocycle A (g, is not irreducible with L(A (gy)) > O then there
exists § > 0 such that for all 0 < |E — Eg| < 6, the cocycle A(g) is irreducible.
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Proof. The cocycle A(g,) has either one or two invariant lines, i.e., invariant under
all matrices in the support of pp. Since A(gy) is not uniformly hyperbolic there ex-
ist hyperbolic periodic points w; and w,, with periods n; and n;, respectively, such
that ﬁ(A?}EO)(wl)) = §(A:’1250)(w2)) or/and §(A'(11'50)(w1)) = LA‘(A?IZEO)(“)Z))’ for otherwise
a simple argument implies that the reducible cocycle is uniformly hyperbolic, see in-
equality (2). By Proposition B.4 the directions ft(A'gg) (w;)) and § (A;’g)(wi)) move in
opposite directions with the parameter E. Hence in any case, for E # E( close enough to
Ey, together the two matrices A?iE) (w;), i = 1, 2, have four distinct invariant directions.
This implies that the cocycle A g is irreducible. |

7.5. Variation of the heteroclinic tangencies. In this subsection we establish the core
Propositions 7.14 and 7.15 for the proof of Theorem A which allows us drive matchings
and typical tangencies from an existing tangency.

Consider a family of cocycles Ay : € — SL(R) as introduced in Sect.5.2.
This family has a heteroclinic tangency at E if and only if there exist periodic orbits

wp, w1 € 2 with periods £y, £1 > 1 such that Af%)(a)o) and Afg) (w1) are hyperbolic

matrices, and there exists a heteroclinic orbit @ € W} .(wp) N ok Wi (@) such that
N aal
Al (@) A(AE (@) = (A (@1)).

In this case we say that (Bg, Cg, Ag) is a tangency for A(g) where A = Af}s) (w),

Bg = Af%) (wp) and Cp = A’(‘E) (w) are respectively the target, the source and the
transition matrix of this heteroclinic tangency. See Figure 3. The size of the tangency is
by definition the size of the full word Bg Cg Ag determined by the tangency.

Before entering in the main technical results of this section we state a version of
Lemma B.3 suitable for our purposes. We identify the derivative of projective curves
such as E +—> A:‘E) (w) v with its scalar value.

Lemma 7.13. There exists cy, > 0 such that foralln > 2, w € Q, E € Rand v € P!
we have
d A . 0 d
TE (E)(w)v < =y <0<y < 1B
Proof. Recall that for each w € €, A?E>(a)) = A’ (¢) for some ¢ € ¥ and that the

cocycle Ag : ¥ — SL2(R) is a Schrodinger cocycle. Therefore, this lemma is a direct
consequence of Lemma B.3. O

A'(lE)(a)) v.

Definition 2. Given y, ¢, p > 0, we say that a tangency (Bg,, Cg,, Ag,) for acocycle
A(Ep) 1s (¥, p, t)-controlled if the following conditions are satisfied:

1. min{A(AEg,), A(Bg,)} > €”;

2. |CE, | < e

3. min{d (0] (BE,), 02(BE,)), d(V{(BEg,), V2(BE,y))} > e™".

Proposition 7.14. There exists c, > 0 such that for every B > 0 and R > 0 we
can find yy with the following property: for every y > yo, if (Bg,, Cg,, AE,) Is a
(v, v'72, y Yy -controlled tangency for Ag,, then defining

I:=[Eo—2c;'(1+B)Re™ P Eg42c, (1 +p)Re™ 2 17P),

for every pair of smooth curves 0, 0~ : I — P! satisfying
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B(a(Ag), B™Y)
Ag
CE:
a(By) (R - . . 4 5(An)
CE,
B(3(Br), B™Y) =
Co

Fig. 3. Unfolding the heteroclinic tangency. Vertical lines represent P!

Al. d(0*(Ep), §(By)) > R~V and d(0~(Ey), i(Ag)) > R™!;
A2. LY (E) > 0and 07 (E) <0, forevery E € I;

the equation
Ag Cg BE 0 (E) =07 (E),
has at least one solution E, € I.

Proof. We assume for the sake of simplicity Ey = 0. First observe that using triangular
inequality, condition A/, Proposition A.3 and the given control of the tangency, there
exists Ko > such that
d(0%(0), 12(Bo)) > d(*(0), §(Bo)) — d(5(Bo), v2(Bo))
-1 _ Ko
d(57(Bo), 02(Bo)) Il Boll*

— S
> R71 (1 _ KOR@ 2yl 21/6/7))

>R

and

d(¥7(0), 97(Ag)) = d(©™(0), $(Bo)) — d(5(Bo), 02(Bo))
-1 _ Ko
d(}(Ag), D2(Bo)) lAol?

— 1
> R—l (1 _ KORe 2y 2}/6/7)) )

>

Now using the previous inequalities jointly with item (b) of Lemma A.2 and the control
of the transition matrix,

d(Co By 9*(0), Co i(Bo)) < [IColl* d(Bo ©*(0), &(Bo))
1
d(5*(0), D2(Bo)) Il Boll?

-1
<R <1 — KoR e2y(12yé/7)) e~y =y™l/

2
= [ Coll
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and

d(Ay' 97(0), §(Ag)) < !

9 O —_— A A~
0 d(5=(0), 0%(Ap)) Il Agl>
1 _1
<R <1 — KoR ezy(lzy"”)) e,
Taking
_ _ 1 KoR(1+8)
Yo = max {ﬂ 2, e, log< )} :
21 -p) B
we conclude that for every y > yy
d(Co Bo 9*(0), Ay 97(0)) <2(1+B)Re 2717P), )

Choose appropriate projective coordinates in such way to preserve the natural orien-
tation. Consider the functions f,, f_ : I — P! given by

fe(E) = Cg Bp0*(E) and f_(E) = Ag' 0 (E).

By condition A2 and Lemma 7.13 we have that there exists ¢, > 0 such that f’ (E) <

—cx <0 < ¢ < fl(E)forevery E € I.Moreover, by inequality (9),d(f+(0), f-(0)) <
2(1 + B)Re=2¥1=P) Therefore, there exists |Ey| < 2(1 + ﬁ)c;lRe_zy(l_ﬁ) such that

J+(Ey) = f-(Ey), ie.,

Ag, Cg, B, V7 (Ey) = 07 (Ey).

O

We finish this section showing that if the cocycle A g, has a tangency we can perturb
the parameter to produce plenty of new tangencies which are typical with respect to the
Lyapunov exponent and the Shannon entropy in a finite scale. Recall the notation of
Sect.3.3.

Proposition 7.15. Assume the cocycle Ak, has a heteroclinic tangency and is irre-
ducible. Given B > 0, there exist constants C{, C5, c}, c5 > 0, a sequence (I)y C N,
Iy — oo, and ko € N such that for every k > ko we can find a set X () C Q
- w173
with W(Xx(B)) > Cfe_cllk with the following property: for every w € X () there
x71/3

exists Ex = Ep(w) with |E, — Eg|] < C;‘e“2lk such that Ag,) has a tangency
(Pey, T, SE,), of size Iy, satisfying

. 12 177 . I .
1. (Pg,, T, SE) is (Vk, V'~ v, )-controlled with y, = % (A — 38),

Ir—1

2.py (@) = 1_[ Pow; = e~ HW+B) I
=0
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Proof. To lighten notations assume Eg = 0. Fix § > 0 and let (By, Cp, Ag) be a
tangency for A(g,). Take integers py, g > 1 such that

P logi(Bo)| 1
qr  logi(Ao)| g}’
or equivalently
_1 1
M(Bo)™ AM(Ag) % < A(Ag)™* < A(Bo)™ A(Ag) %, (10)
and write A; = A(Ag)P* ~ A(Bo)%. Consider for each k > 1 the new tangency

(ng, Co, Ag")ofsizemk,alsoforA(EO).WeClaimthatthistangencyis (y, y1/2, y1/7)-
controlled with y := (1 — B) log A and k sufficiently large. Indeed, by inequality (10),

min{A(AJ"), A(BI*)} > ¢,

for every k sufficiently large. Furthermore, the upper bound for ||Cop| and the lower
bound for the distances d (0} (A5*), 12(AL*)) and d(0F(BI*), 02(B{)) can be taken
independently of k and so the conditions of Definition 2 are automatic satisfied for every
k large.

For each R > 0, consider the projective intervals J* := B(s(By), R~ and J* :=
B(ii(Ag), R™1) as well as

L = [Eo— 2 0+ BRA TP Eg+2¢, (1 4+ gyRAITO).

Denote by 7 the finite word of size mj determined by the tangency, i.e., for every

w € [0; 7], A['g;(w) = A} Co BY.

Since Ay is strongly irreducible, the forward and backward stationary measures n*
and n~ are non-atomic. Hence, we can choose R sufficiently large so that

g (6J°) <1/4 and ng(6J%) < 1/4. (11)

Given 0, w € P!, consider the set G, := G, (0, W, B, T,0) given by Proposition
7.11. For each n > 1, define

Gi = |we Gut Ay @) ¢20°)
and
Gy = {w € Gu: §(AY @) ¢ 27"].
Notice that by item 3. of Proposition 7.11
{a) € Gu: Alpy (@)D ¢ 313} c g and {a) €6 A (@)D ¢ 31“} cg.
Thus, by inequality (11), Propositions 3.4 and 7.11 we have that
. . . . 1
(Gy) = [1(Gn) — L([ATpy () D € 3J°]) = 1 — B —2n5(6J%) > 3~ B (12)

and similarly,

) . Y . _ 1
Gy = 1(Gn) — B(AG ()W €3J]) = 1 — B — 214 (6%) = ;B 13
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We define the set 7 of tangencies by
T = Gos N w1 o™ (G15).

where dj := mz + my. Take € 7Ty and define the functions 0+, 0~ : [y — P!

At A Ami A RN Ami dy
0*(E) = (A4 (@) and D (E) = §(A[f (0%w)).
Notice that by definition of 7,
0%(0) ¢ 2J° D B(5(By), R™") and 97(0) ¢ 2J* > B(ii(Ag), R™1).

Moreover, by the Lemma B.4,

d ., d ._
—0(E)>0 and —v (E) <0.
dE dE

Thus, we can apply Proposition 7.14, to guarantee that there exists Ey = Ex(w) € I,
satisfying

3
my

m3
(b (@) =3A (0% w)).

AL Ci, B (A

Set [ = Zmi + my, and consider the set
Fr(B) := {a) e Q: py(w) > ef(H(“)‘Lﬁ)l"} .
By Proposition 3.5 with n = [} and ¢ = B,

AFB) = 1 — 20 1 4P, (14)

where £ is a positive constant depending only on f.
For each w € 7; N Fi(B), define

3
My

(Ek)(od’(w).

3
Poi= A (@), Ti:=AY Cg B and S :=A

and observe that by Proposition 7.11, Py and S are hyperbolic and if y; := (A —38) %",

/2

then (Px, Ty, Sr)isa (yk, yk] , Y 1/7)—cont1r011ed tangency for the cocycle A (g, of size

l;.. Moreover,
(P 2 OB S 0208 and s (8p) 2 oL 5 (030K

which proves item 1. Item 2 holds because w € F¢(B).
To finish the proposition notice that by inequalities (12), (13) and (14)

AT N Fe(B)) = i(T) — (R Fi(B))
> (172 = B A(10; ) — 2¢ % = (172 = g2 e

for some constant ¢ > 0. Taking Xy (8) := 7x N Fx(B) completes the proof. O
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8. Counting Matchings

The purpose of this section is to give a lower bound for the v-measure of the set of
sequences for which we have a (8, k, I)-matching for some small interval of energies 1.
Throughout this subsection we assume that the cocycle Ag has a heteroclinic tangency
and is irreducible. We keep the notation used in the Proposition 7.15.

Recall that for a suitable §; > 0 we use the notation

A =ming|<s; L(ng) > 0.

8.1. Subset of matchings. Take B > 0 and let N’ be the set of sizes [ € N of the
heteroclinic tangencies of Ag,, (Pg,, Tk, Sg,), given by Proposition 7.15, applied with

Ey = 0, where E; = E;(») for some w € Q and |E;| < C} e~ 1" is such that
Ai E;)(‘”) = Sg, Tg, Pg,. Denote by 7; € €2 the finite word of length / associated with
the block Sg, Tg, Pg,, for a given size [ € N'. By item 3 of Proposition 7.15

A([0; 7l) = pi(w) > e~ HWAL (15)

To apply Proposition 7.14 with the tangency (Pg,;, Tg,, Sg,) we consider the balls J;

and J;" in P! centered respectively in §(Pg,;) and @ (Sg,) with radius R~! > 0. Consider
the interval

Li=[E —Ce ' P E+Ce! 0P
provided by this proposition with C := 2c;1 (1+ B)R. Choosing y := %()L — pB) by the
said proposition the heteroclinic tangency (Pg,, Tg,, Sg,)is (v, y!/ 2, y/Ty-controlled
so that the initial assumptions of Proposition 7.14 are automatically satisfied.

Fix T > 0 given by Proposition 7.11 and set G;3 := G (éy, é2, B, 7, 0). Define the
sets

of i={wegs: AL @é ¢ 257
and
$ = {a) cGp: A o ¢ 21,”} .
Notice that taking R sufficiently large and applying Proposition 7.10 we have
AO) = 1/2—p and [(O]) =1/2—B. (16)
Now, we finally define our subset of matchings as
M =0"n o ([0: gy N o@D (@)
Lemma 8.1. For everyl € N and w € M, there exists El* € 1; such that
1. A%g?)l(a)) &) = és;
2 90 < ] < ] =7

3 OB < “A(Eli)(0213+lw) ezH < ”A(éi)(oys”w)u < e(k+ﬁ)l3’.
l 1
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4 a2 @ e | < 80,

Moreover, il (M) > (1)2 — B)* et HUWB),

Proof. Fix v € M. By Proposition 7.14 we conclude that the equation
3 A N
AP e =, a7

has at least a solution E} € I;. In fact, as explained above the heteroclinic tangency
(Pg,, Tk, Sg)is(y, v 172y 1/T)-controlled so that the initial assumptions of Proposi-
tion 7.14 are automatically satisfied. Next consider the curves v*(E) := Alg (w) e; and
v (E) := Agl3 (0213+1a)) é2. Assumption A1 holds because w € O} and o2l e o).
Assumption A2 holds by Lemma 7.13.

The lower bounds in items 2 and 3 follow from item 1 of Proposition 7.11 and the
fact that w € Gj3(é1, €2, B, 7,0). From items 1 and 3 of the said proposition together
with conclusion 2) of Proposition A.3 we get the upper bounds in items 2 and 3.

Taking unit vectors w| € AP )(a)) er and wy € A(E )(o a)) wy, by 2 above,

(Ef

3 3 3
|t @] = At @ o] [tz 0 ]|

Al ()
(EH\P) €1

3 3 3 3
< e OB [CL OB  2BI+CL _ 3B

which proves item 4.
To finish, using the inequalities in (15) and (16) we have

AM)) = (O]) 1(O]) A(0; ) = (1/2 = p)* e HIHHD,
This completes the proof of the lemma. O

Now we can give a lower bound for the set of matchings. Recall the notation of
Sect. 6.

Corollary 8.2. For all large | € N/, if n; := 4213 +1) then
o (z(e—IS(A—4/5) n Il)) > 1(1/2 _ ’3)2 e_l (H(pn)+p)
9 9 pu— 4 .
Proof. Let mp := m|xg, : Lo — 2 be the conjugation given by Lemma 5.2. We claim

that 7, ' (M) C (e =B n;, I). Indeed, by Lemma 8.1 if 7o(¢) € M, there
exist E/ € I; such that

AL (@) e = ALY (m0(0) 61 = &
Moreover,

|ag.@ e _ [AF o
[aff@e| AL @yl

3 a3
T (¢ E}) < < FPI0PT,

This proves that any ¢ is a (e’l3 =48 E})-matching for some E* € I.
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To finish, since 4V is normalization of ¥ to X,

P (2P, 1)

v

1
By 'M)) = M)

v

L2 — gy et s,
4

This completes the proof of the corollary. O

9. Proof of the Results

We keep the notations of the previous section.

9.1. Proof of theorem A. We keep the notation of the previous section. Take o > %
and choose § > 0 such that A := min|g|<s L(ug) satisfies Ao — H(u) > 0. Then take

0 < B < X small enough so that Lo — H () > 2 B + o B, which implies that
—H(u) —p+a(—p)>p. (18)

By Proposition 4.1, to prove Theorem A it is enough to prove that the integrated
density of states N\ is not a-Holder continuous. By Corollaries 6.4 and 8.2, writing
3
8 1= e T —4B)

1. 1 _
A11+[*51,51]-/\[ et n_l‘) (2@, mi, 1) = %(1/2 — ,3)26 i(H(w+B),

Thus by inequality (18),

Agri=s, 50N > JHW-praG=p) > B
[ + [, &]11¢

Taking [ € N, [ — oo we conclude that A can not be a-Hélder continuous. O

9.2. Proof of corollary A. By [13, Theorem 4.1], if @ is not uniformly hyperbolic,
then the semigroup generated by supp p must contain a parabolic or elliptic matrix. In
either case, by Proposition 7.8 and Proposition 7.12, we can approximate ; by measures
with finite support admitting tangencies which are irreducible. The result follows by

continuity of the quotient E +— g;(jj;))' 0

9.3. Proof of corollary B. By Johnson’s theorem [29], if Ej is an energy in the almost
sure spectrum of the Schrodinger operator, then the associated Schrodinger cocycle A g,
is not uniformly hyperbolic. Therefore, we can again apply Propositions 7.8 and 7.12 to
find energies close to Eq such that the cocycle A, is irreducible and has heteroclinic

tangencies The result follows by continuity of the quotient E +— sz;(ﬁs)) . O
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Appendix A: Some Linear Algebra Facts

In this appendix we state and prove a few results about the geometry of the projective
action of a matrix A € SL(R) in the Euclidean space R2. Some of these results are
well know. Others like Propositions A.3, A.6 and Lemma A.9 play a key role in logical
architecture of our main results. For the reader’s convenience we also state here a version
of the Avalanche Principle for SL;(R) matrices.

If v = {v, vp} is a basis of R? then the dual basis of v is the unique basis v =
{v1”, v2"} of R? such that (v;”, v;) = &;, fori, j = 1, 2.

Asusual let J := |:0 -l

10 i| denote the 90° rotation matrix.

Lemma A.1. For a basis v = {vy, vz} of R2, its dual basis is given by o’ =

_Ju J vy
VIAV2’ V1AV

]. In particular, the trace of A € SL2(R) is given by

1
tr(A) = m (Avi A vy + v1 A Ap).

Proof. For the first part it is enough to check the following relations, where we make
extensive use the relation (x, y) = x A Jy.

Juo (Jvz, v1) Juy A Jug V2 A U] )
—_—, V = — = — = — =
V] A V2 V1 AV V] A V2 V] A V2

Juva (Jva, v2)
— )= =0
V] A V3 V1 A V2
Ju; (Jui, vr)
— U1 =_—=O
V] AN V2 v AV
Juq (Jvy, v12) Juvi A Jvy V1 AV |
—,U = = = =
V] A V2 V] A V2 V] A V2 V] A V2

Denoting the dual basis of v = {vy, v2} by 0" = {v1°, 12"}, we have

tr(A) = (v1”, Avy) + (12", Avy)
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Jv J
=<— 2 ,Av1>+< Yl ,Av2>
vl A U2 v A2

(JUz,AU1)+(Jv1,Av2) . ]Uz/\]Avl+JU1/\JAU2

V] AV v A V2 V] AV V] AV
vy A Avg v A Avp Avy A vy v A Avp
— + = + .
V1 AV V1 AV V] A V2 V] A V2

From Lemma A.2 until Proposition A.6, we consider the projective distance,

lx Ayl

= = |sin £(x, y)|
llxll Iyl

d(x, ) :

take a matrix A € SL>(R) and let {v, v2} and {v], v3} be singular orthonormal basis
of A characterized by the relations A vy = [|A|| v}, Av; = A" vy, vy = Jvy and
vy = Juj.

Lemma A.2. For any X € P!, if x € % is a unit vector,

(@) [[Ax]| = Al d(x, 1721),

(b) d(AZ, bF) < ——— .
VS ai 6) AR

Proof. Writing x = (x, v1) vy + (x, v2) V2,

lAxl = [ ex o) IAT v + (e v) 1417 o3
> [(x, o)l AL ol = 1x Aval A =d(&, Do) [IA]l.
Hence
Ax) A vF X,V All7Y [oE A vE 1
d(AJ?,f)l)=|( )AL _ I 2)|A||A|| [vs AvFl _ - 5
[l Ax|| d(x, 1) Al d(x,12) 1A

We denote by L(A) the absolute value of the unstable eigenvalue of A.

Proposition A.3. If a := |v] A v2] then

(D) [tr(A)| = a [Al.

Q) If allAll > 2 then A is hyperbolic and A(A) > % (a A]l +\/m) =
allAl as Al — oo.

(3) There exists a function k(A) :== 1+ O(ﬁ) such that

ﬁ and d(u(A), v)) < ﬂ
a

d(5(A), 1p) < .
allAl?

Moreover; for any % € P!,

dGiA), A %) < XA <1+ ! )

IAI? \a |x Awv
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Proof. Ttem (1): Consider the basis v = {v], v2}. By Lemma A.1,

[tr(A)| = |UT+UZ| |AvT A va + 0] A Aoy
= o A vl /l\ o] (v, v1) Avi + (0], v2) A Ava)) Ava + A" (vF A v3)
B m Wh o) @ A ) AL+ {0, u2) 05 A v2) + 05 AvD AT
= m [} Au? 141+ (1= 0F 02)%) NA1]

v

o Aol AN+ 10 A v (1= (. u2)?) 1417 Z a4l
Item (2): If a ||A]| > 2 then |[tr(A)| > a ||A]| > 2 and A is hyperbolic. Therefore
a |A|l < |tr(A)] =r+1~" with A = A(A).

Solving in A we get

1
bz (a 1Al ++/a? ||A||2—4>.

Item (3): Because vj = (v{, vi)v1 + (v}, v2)v2,
-1
Avy = (], v1) Al v] + (v, v2) A7 03
and whence

—1
[(of, v)LIAIT Top Aval

Va2 [AZ+ (1 —ad)|A]72 T allAl*

d@dF, AdY) =

Since near i (A) the projective map Aisa Lipschitz contraction with Lipschitz constant
of order A(A) 2,

d(i(A), 07) < T _ (1+0<;))
TV ET200A)7D) T allAf? a2 ||Al*) )"

The bound on d(§(A), ) follows from the previous inequality applied to A~!. By
Lemma A.2(b),

d(Ax,07) < _—.
VT AR, ) AR

Hence by the triangle inequality

AG(A), AR) < d(@(A), D) +d(DF, A %) < <A) (1+ ! >
T I VYL R PO

Lemma A4. If |w|| = 1 and d(W, 91) < /1 — A2, then |Aw]| > 1.
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Proof. By Lemma A.2(a),

lAw]l = |All d(, B2) = lAll V1 —d (b, 51)% = [A] |A]~" = 1.

Lemma A.5. If d(A?,0]) < IAI~Y, d(AD, @) >a>0and al|A| > 2 then
d(A™" D, By) < (1A
Proof. Note that d(w, 7)) > d(AD, W) — d(Av, 0}). By assumption this implies that
d@, 97) > a—[A|7" > | A", orequivalently d(, 935) < /1 — | All>. Applying
Lemma A.4 to A~! we conclude that || A lw H > 1. Therefore, writing
_ ; 2 2 _

V=X,V +Yyyv2, with x;+y; =1,

w = x, v} + y, 03, with x2 +y2 =1,

Av=1x, [All v +y, [A]7" v3

A7 w =xy AT o1+ yu Al v,
we have that

sy 1ATTw A Il AL
AATE D =TT T A

< A",

Proposition A.6. If d(AD, W) >a, d(A~'W,0)>a and allA| > 2 then
1

2
a |AIP+ 1Al Va2 AP =4 alAl*

Proof. Without loss of generality me may assume that

max{d(A 0, 97), d(A™" b, ﬁz)} <

a < d(Ad, W) <d(A™'D, D),

for otherwise we would replace the roles of o and ), respectively of A and A~!. To prove
the inequalities above we derive a system of recursive inequalities, which by iteration
lead to fixed point bound. For this scheme to work we need the following preliminary
inequalities:

d(AD, 07) < |AIIT" and d(A™'W, Bo) < A", (A1)

Choose v to have norm 1 and normalize w so that A~!'w has norm 1. There exist
coordinates (xy, y,) and (x,,, yy) in the unit circle such that
v = xyv] + Y3,
A lw = XypV1 + Yy V2,
-1
Av =y |Allv] + vy A7 03,

—1
w = Xy Al V] + yu A7 3.
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We have

|Av Avf] lyol A7
A B —
IAVIE a2 pai? + 52 1412

d(AD, bF) =

and similarly
X0 yw — Xw |
JRZIAIZ + 32 1417

This implies that x2 || A[|> + y2 | A= > 1 and whence

= d(AD, W) < d(A7'D, D) = |xyyw — Xwyl.

d(AD, 07) < |yl 1AI7" < 1AI7".

This proves the first inequality in (A1). The second follows from Lemma A.5.
We establish next the mentioned recursive inequalities. Since

a<d(A™'"%,0) <d(A™'D, t2) +d(D, D)
we have
d(,2) > a—d(A™", bp) = a — A7 = AT >
and by Lemma A.2 (b),

1
Al d(AD, b}) < —— < — : (A2)
d(®,02) Al ~ allAll —d(A~1d, Do) Al
Similarly,
a <d(, Ad) < d(W, 07) +d(0, AD)
implies that,
d(W, 0) > a —d(F, AD) > a — A" > |AI7" > 0
Hence, as before,
Db 1
1Al d(A™ 4, 2) < (A3)

—dW, 07) ||A|| T allAll - d(@F, AD) ANl
To solve the recursive inequalities (A2) and (A3), con51der the 1-parameter family

b—y’ b—x
ponent of Fj, is a well-defined contraction of the interval [0, 1]. Hence F}, leaves the
square [0, 1]2 invariant and is a strict contraction with unique fixed point (x4, y4) =

of partial maps Fj, : R*? — R2, Fjy(x,y) = ( 1 ) For b > 2, each com-

2 2 : 2
(b+ N m). Moreover, the maps Fj preserve the usual partial order of R-,
defined by

(x,y) >, y) if x>x"and y >y

Setting b := a || A]| and (xo, yo) := (I Alld(AD, 8}), | Al d(A™'d, 12)), (A2) and (A3)
are equivalent to (xg, yo) < Fp(xo, o), while (A1) ensures that (xp, yo) € [O, 112
Hence we obtain, inductively, that (xo, yp) < Flf (x0, yo) for all n > 1, and taking the
limit as n — 00, (X0, Y0) < (X4, ¥«). This concludes the proof. |
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Remark 3. By the previous lemma, if a* || A|| > 2 then A is hyperbolic and

a*||All +Va*2 |Al* — 4

A(A) = 7

Given A € SL>(R) with ||A]| > 1, denote by 01(A), 12(A), 0] (A) and D5 (A) the
unique projective points such that taking unit vectors v; € 0;(A) and v;‘ € Vj(A), with
i,j=1,2,{vy, v} and {v’f, v’zk} are singular basis of A characterized by the relations
Avy = ||Allv] and Avp = A~ v3.

Lemma A.7. Given A, A’ € SLy(R) with ||A|l, |A|| > 1,
[AA] | BT IAT s any < IAAL
A A ( JA’A]| )2 - — 1A A
TATTTAT
Proof. See [19, Propositions 2.23 and 2.24]. m]

Proposition A.8 (Avalanche Principle). There exist positive constants c;, i = 0, 1,2
such that given 0 < k < coe? and Ay, ..., A, € SLy(R), if
; 2 —1.
Loin 4=
. AjAi_
2. min; =0 > €.
T T A = €

Then, for A" := A,_1--- Ao,

max {d (07 (A"), 0} (Au—1)), d (D2 (A"), D2 (A0))} < cixe™.

and
ok ln _ lAn—1 - Ay Aoll 1ALl -+ [[Ap—2l < gk ln
- A1 Aoll -+ [An—1 An—2ll -
Proof. See [19, Proposition 2.42] or [21, Theorem 2.1]. O

Lemma A.9. Given 0, w € Pl and Ay, ..., A, € SL»(R) assume that:
@r>»>y >t
o ming 1] =

It
(e) min; iy = e

(@ min {d(A, 8, B, dAT D, §)] = e

(e) min {d(A, D, b), d(A,;' D, D)} = e™".

() d(Ay D, AT' ) = e7";

Thenforall j =1,...,n—1,

(1) d(3(A") 52(A™) 2 e

(2) A" is hyperbolic and L(A") = ¢*—2V)";

(3) ”An v” z e(A—Zy)n and ” (An)—l @H z e(A—Zy)n;



Upper Bound on the Regularity of the LE 871

Proof. Using the conditions (d), (e) and Proposition A.6 we have
d(An D, D5(A) S e and d(A7' W, D2(A))) S e P
By the AP (Proposition A.8) with k := ¢™2* and € := ¢77,
d(@D7(A"), D (An) < e 7 and d(D2(A"), B2(A)) < 7.
Applying triangular inequality with condition (f),
d(DF(A™) D2(A™)) = e — 2e™2MY 272 > o1 (A4)

which give us Item 1. The AP also implies that

” AN ” > exp (_e_z(x_y)> A2 Agll -~ [|An Ap—1l
A2l -« [An—1ll
Z e AL - Al = BT, (A5)

Item 2 follows from inequality (A4) and Proposition A.3 with A(A") > e~ || A"| =
(A=2y)n
e .

Using the bounds above for d(Al_1 w, 02(A1)), d(02(A"), 12(A1)) and condition
(d) we have

d(ﬁ, ﬁz(A”)) Z e*f _ 672)\.+I _672)»+)/ 2 e*l' (A6)

Hence, by Lemma A.2, |A"v| > ¢*77"~'. Using similar arguments we conclude

that, )(A")_l w H > =211 which proves item 3. O

Appendix B: Derivative of Projective Actions

We state and prove some general formulas for the derivatives of the action that will be
used throughout this section. Given a non-zero vector w € R?, let z(w) be the unique
unit vector which makes {w/ ||w]||, z(w)} an orthonormal basis.

Given A € SL»(R), the derivative of its projective action A : P! — P! is

_ (Aw A Av)

A@)v Z(Aw). (B7)

lAw]?

If w € W is a unit vector and v € T;P! is a unit and positive tangent vector then
Aw A Av=w A v =1 and the norm of the derivative DA (W) is equal to || A wll’z.

For a C! one parameter family {A;};e; of SLy(R) matrices, where I C R is an

interval containing 0,

d Aov A Agu
Zab = (O—Z")Z(Aou). (BS)
dt =0 | Agul|

More generally, given a one parameter family of cocycles A; : X — SL2(R), defined
in some interval I C R,
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Proposition B.1. [f v; (1) := A/ (x) v/[| A} (x) v|| for j =0, 1,....n, then

d Alx)v _”i 2(Af v) H2 (Vo A G ATHE" T 0w,

dtapono] = HA{(Tn—fx)vn,j

Proof. Since

d n P . .
AT = AT @) AT AT ()
j=1
we have

n

d A'(x)v AT v A AV (TIx) AT 1) AT o) w
t _ Z t

Z(A} v)

dr [aicoo] o | A7) o]
n J i i—1 j—1
_ Z Aj(x)v AN AT x2) Al (v (AT )
j=1 ”A?(x)v”

. 2 X . .
n ”A{‘l(x)vH ATy vy A AT x) vy

— z(A} v)
; |47 ool ’
. 2
" HAz](x)UH AT v A AT v
= 2 . ) Z(A[ V)
T At AT I=tx) v
" 1

= : . (v,» A (A, A;‘)(Tf*‘x)vj) 2(A" v)
= A @i v
A 1 .

=Y 5 (g A GAATHA 0w, ) 247 )
i HA{(T”*/x)vn_j H

O
Lemma B.2. Given a compact interval I C R, there exist C, ¢ > 0 such that for every
xeX, vePlandneN

d
’d—tAf(x) V| < Ce™".

Proof. Let My = sup,;

)A, A,_1 H and My = sup,¢; | At |l oo Then, forevery w € P!,
. o0
|A7(x)@| = M. Therefore, by Proposition B.1,

n—1

d N j My
’EA:'()C)U < MOZM1 = Mo = M =Ce,
j=0
where C = MAI"El and ¢ = log M. ]
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For Schrodinger cocycles more can be said.

Lemma B.3. Given a Schrodinger cocycle Ag : X — SL>(R) with continuous poten-
tial ¢ : X — Rand generated by the dynamical system (X, T, &), there exists a constant
¢y > Osuchthat foralln > 2, allx € X, all E € Rand all v € P!

d AL(x)v A LA (X)v
4y 5] = B0 A dEAFOY
aE A% oo
and
d A7) v A AT ()
—— A ()| = — £ WA dp g() > 4.
£ [az"co ]
Proof. For n = 1 a simple calculation gives
Ag(x)v A AE(x)v . v%
IAE (o) vl IAE (o) vl
while using Proposition B.1 withn = 2
ARV A FFATOY v (@) — Eyu — v
| A2y v | A2 v IAE(Tx) v])?

is positive and bounded away from O because the denominators are bounded and the
numerators add up to a positive definite quadratic form U12 +((¢p(x) — E)vy — v2)2, for
any x € X and E € R. The general case follows also from Proposition B.1 neglecting
all terms but the last two.

Finally, since A" (x) = A(T~"x)",ifw = A" (x)v then

A (xX)v A diEAEn (v=A"(x)vAAL" (x) <_C;LEA%(T_11X)) A" (x)v

=—v A (%A%(T‘"x)) A (x)v

d
= —A'}E(T_"x)w A EA%(T_nX)w < 0.

Therefore the projective curve E +— A."(x) 0 winds in the opposite direction, and a
similar argument gives that |%AE" (x) 13| is bounded away from 0. O

The space P! has a natural orientation. We say that a curve d : I — P! winds
positively, resp. negatively, when it is positively, resp. negatively, oriented.

Proposition B.4. If Mg is hyperbolic with A\(MEg) > Ao > 1 for all E in some compact
interval 1, then there exists a positive constant K < oo such that the projective curves
E — G(Mg) and E — $(Mg) wind around P! in opposite directions with non-zero
speed bounded from above by K. The unstable curve E — u(MEg) winds positively,
while the stable curve E v+ §(Mg) winds negatively. Moreover

iﬁ(ME) _ ME) w(E) N Mg u(E))

dE WEYZ -1 2 (M)
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and

d . _ ME) (S(E) A M s(E))
ap M) = - WE) —1

2(8(ME)).

Proof. Breaking the interval [ into finitely many sub-intervals, if necessary, we can take
é1 € P! such that &, # §(Mp), forall E € I. Hence A(Mg) = limg— oo Mf,g e1, with
uniform convergence of the functions and their derivatives over the compact interval /.

. M . .
Ask — oo, the unit vectors vi (E) := ﬁ converge geometrically and uniformly
E€I

to an eigenvector u(E) of Mg in i(Mg) and, denoting by A(E) the absolute value of
the corresponding eigenvalue, by Proposition B.1 we have

d k—1
—u(Mg) = 1

g Me) = lim 5 | ——
j=0 ”MEVk—j

1 . _ o
H2 (kaj A Mg ME1 qu) (M%&)

=3 () A b M (E)) (M)

1 . R
= ]ZO Topy e ) A M u(E) 2@(M))
_ ME) (u(E) A Mg u(E))
B ME)? — 1

z(U(ME)).

This concludes the argument for the unstable curve it(Mg). The stable curve s(Mg)
winds negatively because §(Mg) = limy_, Mgk é;, for any vector e such that &, #
u(Mg), forall E € I.See Lemma B.3. The bound for the derivative of this stable curve
is obtained in a similar way. O
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