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Abstract: We construct a Fock model of the minimal representation of the exceptional
Lie supergroup D(2, 1; «). Explicit expressions for the action are given by integrating
to group level a Fock model of the Lie superalgebra D(2, 1; «) constructed earlier by
the authors. It is also shown that the representation is superunitary in the sense of de
Goursac—Michel.

1. Introduction

The main result of this paper is the construction of a Fock model of the minimal repre-
sentation of the Lie supergroup D(2, 1; ). We do this by integrating to group level the
representation of the Lie superalgebra D (2, 1; o) considered in [1]. In that sense, this
paper can be seen as a sequel to [1]. We also show that this Fock model is superunitary
in the sense of [2].

Minimal representations of Lie groups have a long tradition and can be constructed
in many settings [3-9]. In the philosophy of the orbit method, minimal representations
correspond to the minimal nilpotent orbit of the coadjoint action of the Lie group on
the dual Lie algebra. They are ‘small’ infinite-dimensional representations, or more
technically, they attain the smallest Gelfand—Kirillov dimension of all possible infinite-
dimensional representations [5]. This implies that there are a lot of symmetries in their
realisations which leads to a rich representation theory.

Recently, there has been an effort to generalize the framework of minimal represen-
tations to the setting of Lie supergroups and Lie superalgebras [1,10-12]. Although this
is a logical next step, there are lot of technical and conceptual hurdles. For instance, a
lot of tools used for Lie groups are not yet developed or become much more complex in
the super setting. Another obstacle is the fact that in [13] it is shown that there are no su-
perunitary representations for a large class of Lie supergroups in the standard definition
[14] of a superunitary representation. This has lead to the development of alternative
definitions of what should be a superunitary representation [2,15,16]. However, at the
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moment no satisfactory definition has been found. Therefore it is important to construct
concrete models of representations that ‘ought’ to be superunitary, as we will do in this
paper.

For the orthosymplectic Lie supergroup O Sp(p, q|2n) a Schrédinger model of the
minimal representation was constructed in [11] using the framework of Jordan (su-
per)algebras developed in [6]. This generalizes the minimal representation of O (p, q)
considered in [7,17-19]. Later, also a Fock model and intertwining Segal-Bargmann
transform for O Sp(p, g|2n) were obtained in [12].

Recently, a Schrodinger model, Fock model and Segal-Bargmann transform of the Lie
superalgebra D (2, 1; o) were constructed [1]. The paper [1] works entirely on algebra
level. In particular it does not say anything about unitarity. It does, however, show that
there exists a superhermitian product for which the Fock model is invariant. The goal
of this paper is to integrate the Fock model considered in [1] to group level. We will
show that the superhermitian product can be extended to a Hilbert space and that our
representation extend to a superunitary representation in the sense of [2].

1.1. Contents. Let us now describe the contents of this paper. We start in Sect.2 by
recalling the definition of the Lie superalgebra D(2, 1; @) and giving an explicit expres-
sion of the Fock model considered in [1]. In Sect. 3, we introduce the Lie supergroup
D(2, 1; @) and deduce some properties we need to integrate the representation, while in
Sect.4, we recall the necessary properties of the polynomial Fock space considered in
[1] and complete it to a Hilbert superspace.

Section 5 contains the main content of this paper. We start by giving an explicit form
of the representation of the Lie supergroup D(2, 1; o) in Theorem 5.1. We also give two
alternatives way to present this representation (Corollaries 5.2 and 5.3). Note, however,
that for one generating element of D(2, 1; o) we were only able to give an explicit form
ifa > 0.

In Sect. 5.3 we recall the definition of a superunitary representation (SUR) as intro-
duced by de Goursac and Michel in [2] and show that the Fock model is such a SUR if
o < 0 (Theorem 5.10). The definition of a SUR of de Goursac and Michel has a major
drawback, namely too many representations become SUR in the non-super case. We do
not only recover unitary representations, but also Krein-unitary representations.

To remedy this situation, the authors in [2] introduce the concept of a strong SUR.
However, we show that the Fock model we construct is never a strong SUR (Theo-
rem 5.12).

1.2. Notations. The field K will always mean the real numbers R or the complex
numbers C. Function spaces will always be defined over C. We use the convention
N ={0, 1, 2, ...} and denote the complex unit by .

A supervector space is a Z/27-graded vector space V = V5 @ V1. An element
v € V is called homogeneous if v € V;,i € Z/27. We call i its parity and denote
it by |v|. When we use |v| in a formula, we are considering homogeneous elements,
with the implicit convention that the formula has to be extended linearly for arbitrary
elements. If dim(V;) = d;, then we write dim(V') = (d|d7). We denote the super vector
space V with V5 = K™ and V; = K" as K™ A superalgebra is a supervector space
A = Ay @ Ay for which A is an algebraand A;A; C Ajy;.
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2. The Lie Superalgebra D(2, 1; o)

2.1. The construction of D(2,1; a). We candeform D(2, 1) = 0sp(4|2) to obtain a one-
parameter family of (9|8)-dimensional Lie superalgebras of rank 3. We will define these
Lie superalgebras in the same way as we did in [1] using a construction of Scheunert.
‘We will use the same notations as in [20].

Consider a two-dimensional vector space V with basis u and u_. Introduce a non-
degenerate skew-symmetric bilinear form v by ¥ (u4+, u_) = 1. We will need three
copies (V;, ¥;),i = 1,2, 3 of (V, ¥) and the corresponding Lie algebra s[(V;) = sp(;)
of linear transformations preserving ;.

We use the following data to define a Lie superalgebra:

a Lie algebra gg,

a gg-module g7,

a gg-morphism p : 52 (97) — g5 with 52 (g7) the symmetric tensor power,
forall a, b, ¢ € gy the morphism p satisfies

[p(a,b), cl+[p(b,c), al+[p(c,a),b] =0, 2.1

where we denoted the gg-action on gi by [, -].

Then g = g @ gj is a Lie superalgebra [21, Remark 1.5].
We set

95 = sp (Y1) @ sp(¥2) @ sp(Y3)
gr=VieV,eV

and define the action of g; on gy by the outer tensor product
(A,B,C) xQ@y®Rz=Ax)®YyY®z+x QB ®7+xQ®y ® C(2).
The gg-morphism p is given by
px1 ® x2 @ x3, y1 ® y2 ® y3) = 01¥2(x2, y2)¥3(x3, y3) p1(x1, y1)

+ 023 (x3, y3)¥1(x1, y1) p2(x2, ¥2)
+ o391 (x1, yD¥2(x2, y2) p3(x3, ¥3),

where 0; € K and p;: V; x V; — sp(;) is defined by
pi(x, )z =vi(y, 2)x — ¥i(z, x)y.

Then g = gy @ g7 is a Lie superalgebra if the morphism p satisfies the Jacobi identity
(2.1). This is the case if and only if o1 + 02 + 03 = 0, see [20, Lemma 4.2.1]. If we
denote g by I'(o7, 02, 03) then we have

[(o1,02,03) = (0], 05, 03)
if and only if there is a non-zero scalar ¢ and a permutation = of (1,2, 3) such that

o/ = cog() [20, Lemma 5.5.16].
We set

l+4a -1 —«
D(2,1;a)::1"< T —>
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The Lie superalgebra D(2, 1; ) is simple unless « = 0 or « = —1. Furthermore, we
have the isomorphism

D2, 1;0) ZD(2,1; 8)

1

if and only if @ and B are in the same orbit under the transformations « — o~ and

at— —1—a.
Consider the matrices

01 00 10
f=(a0) n=(T0) m=(5.0)

They give a realisation of s[(V;) where the vector space V; is given by
uh= (1,00, u =,
We also obtain p from
piGl ut) =2E;, pi u')=—H;, pi@  u)=-2F.
For the odd basis elements u}. ® u3 ® u3. of D(2, 1; @) we introduce a more compact
notation
Uftt (= ui ® ui ® ui
We have the following realisation of s[(2) in D(2, 1; o)
{Ex+ E3, Hy + H3, F) + F3}.
The corresponding three-grading by the eigenspaces of ad(H> + H3) is given by
0+ =1{E3, Eo,u_yy,uyqy}
g ={F,hu _u___}
go={H\, Hy, H3, Ey, Fir,u o uyy Uy y,u_ 4} (2.2)

2.2. The Fock representation. In[1] a Fock representation dp depending on a parameter
A € {1, a} was constructed on the so called polynomial Fock space F;,. We will briefly
reconstruct it here and refer to [1, Section 4.3] for further details. Note that from now on
we will exclude @ = 0 and o« = 1 since for that case the picture becomes quite different.
Remark that « = 1 correspond to the non-deformed case D (2, 1; 1) = o0sp(4]2), while
for @ = 0, the algebra D(2, 1; 0) is not simple. See [1, Section 4.2] for a more detailed
explanation.

Let z1, z> and z3, z4 be the even resp. odd representatives of the coordinates on
P(C??). We define

Vo = {a(22122 + 2324) + b23 + c20z3 +dzoz4 | a,b,c,d € Ky C P, if A = o and
Vi :={aaz1z2 + 2324) +bz% +cz123+dz1z4 | a,b,c,d e K} CPr, if A =1.

Definition 2.1. Suppose A € {1, o}, then the polynomial Fock space is defined as the
superspace

Fy, == P(C*?)/1;,
with Z, := P(C22)V,.
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As shown in [1, Section 5.1], if p € Fy, then there exists p; x € C such that

o0
k—1
pP=piro+ E Zy (P21 + p2.kz2 + P3.k23 + P4kZ4)-
k=1

The explicit expression for the Fock representation dp on Fj, is as follows.
For g_ we obtain

l 1
do(F2) = _E(Zl + By (z1)) — 5(—)» + 2710z, + 23073 +240z,),
1 1 A
dp(F3) = _E(Zz + By (22)) — 5(—5 +2200;, + 23075 +240z,),
l l
do(u___) = 5(23 + By (z3)) + 5(23% + 2002007, + 2307, +2210z,),

1 1
dp(us——) = 1(24 +B.(z4)) + 1(14311 — 200220, + 2407, — 2210;3).

For g, we have

l l

dp(E2) = _E(Zl + B (z1)) + 5(—)»+2Z13zl +230z; +240z,),
1 1 A

dp(E3) = —E(Zz +B.(z2)) + 5(—& +2220;, + 230, +240,),

l l
do(u_yy) = _E(Z3 + B(z3)) + E(Z3az1 + 20220, + 230z, +2210z,),

l l
do(uss) = _Z(Z4 + By (z4)) + Z(Z4azl — 2022073 + 2407, — 221073).
For go we have

dp(F1) = 2238, dp(E1) =27 '248,,, dp(H)) = 248, — 2305,
dpo(H2) = z1 — B)(z1), dp(H3) = 22 — By (22),

dpu——y +u_y ) = —(z3 — Bi(z3)), dp(Us—y +u4y—) = —2_1(24 — B (z4)),
do(U——y —u_y_) = —230;, —20220;, + 230z, + 2219z,

dp sy — sy ) = 27" (—240;, + 20220, + 240z, — 2210z3).
Here 5, (z;) denotes the Bessel operator of z; and are expicitly given by

Bi.(z1) = (—A +210;; + 2305 +2402,)0;; — 20022030,
A
Bi(z2) = (—a +223z2 +Z3313 +Z4314)8z2 - 2118&314’

B).(23) = (=21 + 2210, + 201200, + 2(1 + ¢)230;3) 0z, + 2307, 025,
B;.(z4) = (2x — ZZlazl - a228zz -271 +a)Z48Z4)823 + Z48218Z2'
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2.3. Additional representations. As mentioned in Sect.2.1, we have the isomorphisms
D2, 1;x) = D(2, 1; ) if and only if 8 is in the same orbit as « under the transforma-
tionsa > o landa > —1 —a, ie.,

Bela,-1—a,—-1—a L a,(=1—a) !, (=1 —a™H ™}

These isomorphisms give rise to additional representations of D (2, 1; ). A straightfor-
ward verification shows the isomorphism between D (2, 1; @) and D(2, 1; oz_l) respects
the three grading introduced in Eq. 2.2, while the isomorphism between D (2, 1; «) and
D(2,1; —1 — @), in general, does not.

Let dp denote the Fock representation corresponding to D(2, 1; a) with parameter
A € {1, a}. The isomorphism between D(2, 1; «) and D(2, 1; «~!) induces an equiv-
alence between dp} with parameter A = « and d,oi‘_1 with A = 1. Therefore, without
loss of generality, we may choose A = o and set dp® := dp.

For an arbitrary & we now find that precomposing dpf with the isomorphism
D2, 1;x) — D(2, 1; B) for all possible values of 8 gives us

1 -1

d'ooz7 dp—l—oz7 dp—l—a_ d,Oa , dlo(—l—ot)_l7 dp(—l—oz_l)_]’

which are all possibly distinct representations of D(2, 1; «).

3. The Lie supergroup D(2,1; o)

In this section we define the supergroup D(2, 1; &) which has D(2, 1; @) as its Lie
superalgebra. We also give some basic results of SL(V), which we will need later on.
Note that in this section we will work over the field R of real numbers.

3.1. Definition of D(2, 1; &). We will use the characterisation of Lie supergroups based
on pairs, see for example [22, Chapter 7] for more details.

Definition 3.1. A Lie supergroup G is a pair (G, g) together with a morphism o :
Go — End(g) where Gy is a Lie group and g is a Lie superalgebra for which

o Lie(Go) = gg.

e For all g € Gy we have U(g)|% = Ad(g), where Ad is the adjoint representation
of Go on gg.

e Forall X € ggand Y € g we have

do(X)Y = ia(exp(r){))y =[X,Y].
dt t=0

Since o extends the adjoint representation of G on g we call it the adjoint represen-
tation of G on g and denote it by Ad.

Note that these Lie supergroups are called super Harish-Chandra pairs in [2]. The
term Lie supergroup is then used for a supermanifold endowed with a group structure
for which the multiplication is a smooth map. However, as is mentioned in [2] these two
structures are categorically equivalent.

Recall g = D(2, 1; @) and define G := SL(V}) x SL(V;,) x SL(V3), where V; is a
copy of the two dimensional vector space V with basis uy and u_. Then D(2, 1; &) :=
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(Go, g) is a Lie supergroup if we extend the adjoint representation as follows. For
AieSL(V)andx®y®z € g = V1 ® V2 ® V3 we define

Ad(A1, A2, A3)x @y @z := A1(x) ® A2(y) ® A3(2)
and for X; € {H;, E;, F;} we define
Ad(A1, Az, A3)X; = A X A

and extend it linearly.

3.2. Properties of SL(V). Define the following one-dimensional subgroups of SL(V;)
fori € {1, 2, 3}

. o . [cos(k;) —sin(k;) _
Ki = {K’(k‘) '_ (sin(k,-) cos(k;) ) | ki € IR} ’

. oy fexplai) 0 '
Aj = {A,(a,) = < 0 exp(—a,-)) | a; € IR}.

On the one hand we have the Cartan decomposition of SL(V;).

Theorem 3.2 (Cartan decomposition). We have a decomposition SL(V) = KAK, i.e.,
every g € sl(V) can be written as g = kak’ withk, k' € K and a € A.

This decomposition implies that a representation of SL(V;) is fully determined by
its restriction to K; and A;. On the other hand we have an explicit integration of s[(V;)
to SL(V;).

Lemma 3.3. Suppose A, B and C are three anticommuting variables. Then
j J 2a p2b ~2c¢
A+B+O)M = ) A% g2 2,
( ) <a, b, c)

a+b+c=j

forall j € IN.

Proof. This follows immediately from the multinomial theorem and the fact that (A +
B +C)? = A% + B% + C? is a sum of three commuting variables. O

Theorem 3.4. Suppose g € SL(V;). There exists an X € Lie(SL(V;)) such that g =
exp(X) if and only if g is the identity or

_ (cosh(p) +ap~!sinh(p) (I —k)p~"sinh(p)
o (I +k)p~'sinh(p) cosh(p) —ap~'sinh(p) )’

for some a,k,l € R such that p = ~/a? +12 —k? # 0. In this case we have X =
k(Fi — Ei) +aH,- +l(F,' + El‘).
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Proof. Any element X € sl(V;) can be written as X = k(F; — E;) +aH; +I(F; + E;)
fora, k,l € R. We will calculate exp(X) explicitly. Note that F; — E;, H; and F; + E;
anticommute with each other and (i (F; — E;))? = Hl.2 = (FF+E)? = 1. Using
Lemma 3.3 we find

exp(X) =) i,(k(Fi — Ej) +aH; +1(F; + E;)
- J:
]—0
—Zm( (Fi — E;) +aH; +1(F; + E;)))¥
+ (k(F, — El‘) +aH,- +l(Fl' + El))

o0

1 - CICF + BN
sz(k(ﬂ E))+aH; +1(F; + E}))

k2u 2v12w

= Z Z U (F; — E)*H (F; + E;))*”

2 ) ulvlw!
j=0 u+v+w=j ( J)

+ (k(F; — E;))+aH; +I(F; + E;))
k2u 2v12w i

o0
N\ 2u 21) . 2w
XZ Z m( i — E))TH(F; + E)

Jj=0 u+v+w=j
:IZ 3 a2 j!
Nulolw!
Jj=0 u+v+w=j (2]).u.v.w.

(1k)2” 2v12wj|

+(k(Fi—Ei)+aHi+l(Fi+Ei))Z Z 2j + Dlulvlw!

j=0 u+v+w=j
= cosh(p)I + (k(F; — E;) + aH; +[(F; + E;))p~ " sinh(p),
for p # 0. For p = 0 this calculation gives us exp(X) = 1. O

Note that in particular, we have
K; ={exp(ki(F; — Ei)) | ki e R},  A; ={exp(a;H;) | a; € R}.

This implies that from an explicit representation of s[(V;) we can obtain an explicit
action of elements in K; and A; when integrated to the group level. Because of the
Cartan decomposition this then defines an action of SL(V;).

Since we can write every element of SL(V;) as a finite product of exponentials of
elements of s[(V;), we obtain the following corollary for D(2, 1; «).

Corollary 3.5. Every element of Go = SL(V1) x SL(V,) x SL(V3) can be written as
a finite product of exponentials of elements of g, i.e., for all g € Gy we have

g =[Jexpx),

i=1

for some X; € gyandn € IN.
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4. The Fock space F

In this section we introduce the notion of a Hilbert superspace as defined in [2]. We also
extend the polynomial Fock space F), to the Fock space F and show it is such a Hilbert
superspace when combined with the Bessel-Fischer product.

From now on we will restrict ourselves to the case « € IR \ IN since only then the
Bessel-Fischer product will be non-degenerate. Furthermore, we also choose & = « and
denote the polynomial Fock space F) by F. Recall from Sect. 2.3 that the case > = 1 is
always equivalent to a representation with A = «.

4.1. The Bessel-Fischer product. In [1, Section 5], a non-degenerate, sesquilinear, su-
perhermitian form on F was introduced. This product is a generalization of the Bessel-
Fischer inner product on the polynomial space P(C™) considered in [23, Section 2.3].

Definition 4.1. For p, g € F we define the Bessel-Fischer product of p and ¢ as
(p. ) == p(B)q ().~

where g(z) = ¢q(z) is obtained by conjugating the coefficients of the polynomial ¢ and
p(B,) is obtained by replacing z; by By (z;).

From [1, Proposition 5.6.] we obtain the following explicit form of the Bessel-Fischer
product.

Proposition 4.2. Suppose p,q € {z’l‘, z'{zz, Z'fZ3, z']‘z4}, with k € IN. Then the only
non-zero evaluations of (p, q)p are

kk>__<k k>_k|_
FARR4 = 7122, 1% =K. )i,
<1 lB ]2]28 ( )k

<z'fz3, Z'fZ4>B =— <z'fZ4, Z]fZ3)B = 2kI(—0)k+1,

where we used the Pochhammer symbol (a);y = a(a + 1)(a+2)---(a+k —1).

From this explicit form we can easily see that the Bessel-Fischer product is degenerate
if and only if « € IN, which is why we assume @ € R \ IN.

4.2. Definitions.

Definition 4.3. A Hermitian superspace (H, (-, -)) is a supervector space H = Hy @
‘H7 endowed with a non-degenerate, superhermitian, sesquilinear form (., -). If the inner
product is a homogeneous form of degree o (H) € Z/27Z, then 'H is called a Hermitian
superspace of parity o (H).

According to the propositions in [1, Section 5], the polynomial Fock space F endowed
with the Bessel-Fischer product (-, -) 5 is such a Hermitian superspace.

Definition 4.4. A fundamental symmetry of a Hermitian superspace (H, (-, -)) is an
endomorphism J of H such that JA =1, J(x), J(¥)) = (x,y)and (-, -); defined by

(.X, y)] = ('xv J(}’)) )

for all x, y € H is an inner product on H.
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For F we find the following condition on its fundamental symmetries with respect to
the Bessel-Fischer product.

Proposition 4.5. For all fundamental symmetries of F we must have
J@E)x = erpsgn((—a). I (@22) 4, = —erk sgn((—ak),
J(Z’f23)z¢z4 = €34 sgn((—)k+1), J(Z§Z4)Z€Z3 = —eq s sgn((—a)is1),
for all k € IN. Here J(a)p denotes the coefficient of b in J(a) and €; > 0 for all
ie€f{l1,2,3,4}.
Proof. Suppose J is an arbitrary fundamental symmetry of F, then we have

(z’f, z’f)J - <z’f, J(z'f)>8 = I <z’f, z]f)B = 1) 4k~ > 0,

for all k € IN. Therefore, J(zllc)ler = e sgn((—a)g) for an € > 0. The other three cases
are similar. O

Based on this condition, we define the endomorphism § of F by the linear extension

of

SE) = sgn((-)nf,  S(Eiz2) = —sgn((—0))z\z.

S(Zhz3) = sgn((—es)Zhza.  S(2fza) i= — sgn((—a)s1)7 23,
for all k € IN. Then, one can easily verify that S is a fundamental symmetry of F with
respect to the Bessel-Fischer product.
Proposition 4.6. Suppose p,q < {zll‘, z’fzg, z’l‘z3, z’fz4}, with k € IN. Then the only
non-zero evaluations of (p, q)s are

@}, 2Ds = @z, Ziz2)s = kl(—ail,
(2123, 2123)s = (FYza, 2iza)s = 2k! (=) |,

where we used the Pochhammer symbol (a);y = a(a + 1)(a+2)---(a+k — 1).
Proof. This follows immediately from Proposition 4.2. O

Definition 4.7. A Hermitian superspace (H, (-, -)) is a Hilbert superspace if there
exists a fundamental symmetry J such that (H, (-, -);) is a Hilbert space.

Note that the choice of a fundamental symmetry does not matter for the topology,
thanks to [2, Theorem 3.4].

Denote by F the completion of F with respectto (-, -)g, then (F, (-, -)g) is a Hilbert
superspace, which we call the Fock space. Define || f||g := /(f, f)s, then we have

o0
k-1
F=1f=fio+ E 71 (frkzi + faxza + f3kzs + faxza) | flls < oo, fix € Cp.
k=1

The condition || f||g < oo on f is equivalent to the condition that the sums

D ORIkl fixl Y k= D=1l ol

k=0 k=1

D k= DNl fsul D k= D=l farl
k=1 k=1
converge.
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5. The superunitary representation p

In this section we explicitly integrate the differential action dp of D(2, 1; &) on F to
an action pg of ID(2, 1; @) on F. We also introduce the notion of superunitary rep-
resentations as defined in [2]. Then, we prove that our action defines a superunitary
representation on F for o < 0.

Recall from Sect. 4 that we assume o € R\ IN.

5.1. Definition and explicit form. We define po(exp(X)) := exp(dp (X)) forall X € gg.
Because of Corollary 3.5 this defines a representation of all of Gy. We will now describe
this representation more explicitly. Note that we omit the action of A;(ap) from our
explicit representation. This case will be discussed in Sect.5.2.

Theorem 5.1. The representation py acting on f = f(z1, 22, 23, 24) € F is given by
po(K1(k1)) f = f(z1. 22, cos(ki)zz — 27" sin(ky)za, 2sin(k)z3 + cos(ki)z4), (5.1)
po(K2(k2)) f = expiaka) f (exp(—2tk2)z1, 22, exp(—tk2)z3, exp(—ik2)z4),  (5.2)
po(K3(k3)) f = exp(iks) f (z1, exp(—21k3)z2, exp(—1k3)z3, exp(—1k3)z4), (5.3)
po(Ar(an) f = f(z1, z2, exp(—ai)z3, exp(ai)z4), (5.4)
po(Az(az)) f = (cosh(a3) + sinh(a3)z2)

X f(z1, tanh(az) + cosh(a3)72z2, cosh(a3)71z3, cosh(a3)7lz4),

(5.5)
Proof.
(5.1) We have

1
po(K1 (k1)) = exp(dp(ki(Fi — E1))) = exp(k (2230, — 5243z3))

N ki 1 ;
= E ,_(223814 - _Z4az3) ,
= i! 2

with
1
(2230, — 514813)2 = — (230 +2402,).
1 3 1
(22302, — 524823)° = — (22302, — 524z5),
and therefore
o0 2
po(K1(k1) = 1 — (230 +240z,) + Z(—w&(mam +240z,)
i=0 ’
o0 e 1
1
" 2(;(_1) @i+ 1)1 2930 — 5 7d)
1=

=1 — 2303 — 2409z, +cos(k1) (23023 +249z,)

. 1
+sin(k1)(2z39;, — §Z43z3)-
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This gives us

ol
po(K1(k) £ 1. 22,53, 24) = f(z1. 20, (;g;f(k,gj) 200326‘3"”) (“)»

24

(5.2) and (5.3) We have

po(K2(k2)) = exp(dp(ka(F2 — E2)))
= exp(arky — 21kpz10; — 1kp230;; — 1k22407,)
= exp(arky) exp(—21kaz1 9z, ) exp(—1k2z30;;) eXp(—1k2z40z,),

and

po(K3(k3)) = exp(dp(k3(F3 — E3)))
= exp(tk3 — 21k3220;, — 1k3230,; — 1k3240;,)
= exp(1k3) exp(—21k3z20;,) exp(—1k3z30;,) exp(—1k3z49;,).

Since exp(az;d;;) f(z;) = f(exp(a)z;) foralla € C we get

po(K2(ka)) f (21, 22, 23, 24) = €2 f(e72 K27y, 75, e 7R 73, e 7R gy),

and
po(K3(k3)) f (21, 22, 23, 24) = €3 f(z1, e P20, e 7R z3, 07 F02y),
respectively.
(5.4) We have
po(Ar(ar)) f = explaidp(Hy)) f = exp(ai(z49;, — 230:3)) f
= f(z1, 22, exp(—a1)z3, exp(a1)z4)
(5.5) We have

po(A3(az) f = explazdp(Hz)) f = exp(az(za + 0:,)) f = ) C;—?(zz +3,)" f
i=0 "

with

o0
@2 +0:)% f =Y 2\ (fikzr + fruz2).

k=0

o0 o0
2i—1 k k—1
(240" f = E 21 2.4 + E 2122 k-1

k=0 k=0

oo
k=1
=Y A (faknzr + frao122),

k=0
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for i > 1. Therefore

po(Az(az) f = f +(cosh(az) — 1) Y 2\ (fiaz1 + faxz2)

k=0

o
- k-1
+sinh(az) Y 247 (frrnizi + fiao122)
k=0

o0
=Y z}7 ((cosh(a3) f1 & + sinh(a3) fa.k+1)21
k=0

+ (cosh(az) f2,x +sinh(a3) f1,.k—1)22 + f3,k23 + f4,k24)
= (cosh(az) + sinh(az)z2)
X f(z1, tanh(as) + cosh(az) ~2z2, cosh(az) ~'z3, cosh(as) ~'z4)
O
We have two alternative ways to present this representation. The first one is as follows.
Suppose f € F and define

o [ee)
A=) A fix and  fiz) =) 2 fi,
k=0 k=0
fori € {2, 3,4}. Then we have f = f1(z1) + f2(z21)z2 + f3(21)23 + fa(z1)z4 and we can
view f as the vector

fi(z1)
F | 26D
f3(z1)
fa(zy)

The representation pg on F can now be given by matrices acting on f € F.

Corollary 5.2. The representation pg acting on f € F given by

10 0 0
01 0 0
po(Ki(k) f = 00 cos(kp) 2sin(k) f
00 —2~'sin(k;) cos(kr)
etkz(afZ]E) 0 0 0
0 elkz(oz72IE)) 0 0
po(Ka(ko)) f = 0 0 otha(@—1-2E) 0 /s
0 0 0 elkz((x—l—ZE)
et 0 00
0 etk 00
pKskaNf=| o 5 ol
0 0 01
10 0 O
01 0 O
po(At@Nf =100, o |F
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cosh(az) sinh(az) 00

po(Astas) f = [ )o@ T g

0 0 01
where It := z10;, denotes the Euler operator on f;(z1), i € {1,2,3,4}.

The second method is as follows. Denote by Py (C™") the space of homogeneous
superpolynomials of degree k in m even variables and n odd variables. Then

o0
¢ F i Peven(cllz) = @ PZk(Cllz)
k=0
(z1, 22,23, 24) > (2713, 0203, €103, £102),

defines an isomorphism between F) and the space of even degree superpolynomials in
the even variable £; and the two odd variables £», £3. Here the “even” in Peyen(C'1?)
refers to the degree and not the parity of the superpolynomial terms.

The representation pp on F can now be given as an action on f ({1, €2, £3) € ¢ (F).

Corollary 5.3. The representation py acting on [ = f(£1, €2, €3) € ¢(F) is given by

po(K1 (kD) f = f (¢, cos(ki)ls + 2 sin(ky) €3, —27 " sin(k;)€s + cos(ky)€3),

po(Ka(k2)) f = expQtaka) f(exp(—tk2)€y, L2, £3),

po(K3(k3)) f = exp(ik3) f (€1, exp(—tk3) {3, exp(—1k3)La),

po(Ai(ar) f = f(€1, exp(a)la, exp(—ar)ls),

po(A3(a3)) f = (cosh(as) +sinh(a3)203) f (€1, cosh(az) "' €2, cosh(az) ™' ¢3)
+sinh(a3)(f (€1, 1,1) — f(£1,1,0) — f(£1,0,1) + f(£1,0,0)
+tanh(a3)(f (L1, €2, €3) — f(£1,£2,0) — f(£1,0,€3) + f(£1,0,0))).

Note that the symbolic change of odd variables £, and {3 to the constant 1 is only well

defined if we use the convention that every instance of €34, in f is first rewritten as
—r 3.

5.2. The action of Az (ay). For the action po(A2(a2)) we were unable to find an explicit
form if @ < 0.

For o > 0 we can write F in terms of a Generalised Laguerre polynomial basis,

o0
F= {g = exp(—z1) (Z(gl,k + gLy Y 2z1)

k=0
o0
+Z(83,k23 +g4,k14)L,ﬁ__‘T)(2z1)> tlglls < o0, gik€C
k=1
Here

(— )k (—DF &

11
o Uka+ 1,20 =7 Z( )( —a — k)i(=k); 2x)ki

i=0

L @x) =
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are the generalised Laguerre polynomials and U(a, b, c) is the confluent hypergeometric
function of the second kind. Note that this does not define a basis of F if « < 0, since
then |lexp(—z1)llg # oo. We can now give the actions of Ay (a) with respect to this
basis.

Proposition 5.4. For « > 0 we have

po(A2(a2))g(z) = exp(—z1) <Z exp(az(2k — o)1k + g2422) L (221))
k=0

o
+ ) explaz(2k — o — 1))(g3.423 + g4,kZ4>L,§:°{>(2zm> :
k=1

Proof. We have

po(A2(a2)) = exp(azdp(Hr)) = exp(az(z1 — By(z1)))
=exp(ax(z1 + (o — Zlam - Z3az3 - 14814)3Z1))

S
Sy
i
i=0

with
D =z1+ (0 — 210;; — 23073 — 2407,)0;;.
Since
D(exp(—z) Ly " (221)) = 2k — @) exp(—z) Ly~ Q2z1)
and
D(exp(—z1)z; Ly} 2z1) = (2k —a — D exp(—21)z,; L{_ 221).
for j € {3, 4}, we obtain the desired result. O

Despite not having an explicit form o < 0, we can show that this action is unitary if
and only if @ < 0.

Proposition 5.5. The action po(Az(az)) is a unitary operator on (F,{-,-)p) for all
ar € Rifand only ifa < 0.

Proof. First assume o > 0. From Proposition 5.4 we see that the eigenvalues of
po(Az(az)) are of the form exp(a), with a € R. Since these eigenvalues are not roots of
unity, pg(A2(az)) can not be a unitary operator on (F, (-, -)5).

Now assume o < 0. In this case, we can easily see that the Fundamental symmetry
S commutes with pg(A2(a2)). Because of [1, Proposition 6.3] we have

(dp(H2)p,q)p = —(p,dp(H2)q)3,
for p, g € F. This implies
(po(A2(a2))p, 9)s = {po(A2(a2))p, S(q))p = (exp(a2dp(H2))p, S(q))5
= (p, exp(—a2dp(H2))S(q))g = (p, po(A2(—a2))S(@))
=(p, S(po(A2(=a2))q))g = (p, po(A2(—a2))q)s,

for p,q € F, i.e., pp(A2(az)) acts as a unitary operator when acting on F. Since F is
dense in F, we are finished. O
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5.3. Superunitary representations. The following definitions can be found in [2].

Definition 5.6. Let (Hy, (-, -);) and (H2, (-, -),) be Hilbert superspaces and suppose
T : 'Hi — 'H» is a linear operator. We call T a bounded operator between | and H>
if it is continuous with respect to their Hilbert topologies. The set of bounded operators
is denoted by B(H, H>) and B(Hy) := B(H1, Hy)-

Definition 5.7. Let (H1, (-, -);) and (H2, (-, -)») be Hilbert superspaces and suppose
T € B(H1, H>). The superadjoint of T is the operator T € B(H», H1) such that

(7700, y) = DT e, T,

forall x € Ha, y € H;.

Definition 5.8. Let (Hy, (-, -);) and (Hz, (-, -)2). A superunitary operator between
H, and H, is a homogeneous operator ¥ € B(H1, Hy) of degree 0 satisfying Ty =
YT = 1. The set of superunitary operators is denoted by U (H1, H>) and U(H}) :=
UH1, Hy).

Definition 5.9. A superunitary representation of a Lie supergroup G = (Go, g) is a
triple (H, mo, dm) such that

e H is a Hilbert superspace.

e 1y : Gop = U(H) is a group morphism.

e For all v € H, the maps rr(')’ : g — mo(g)v are continuous on Gy.

e dm : g — End(H) is a R-Lie superalgebra morphism such that dm = dm on gg,
dr is skew-supersymmetric with respect to (-, -) and

J'ro(g)dﬂ(X)m)(g)_1 =dmn(Ad(g)(X)), forallg e Gpand X € g7.

Here H is the space of smooth vectors of the representation o and Ad is the adjoint
representation of G on g.

Using this definition of a superunitary representation we can now prove the following
result.

Theorem 5.10. Assume o < 0. The triple ((F, (-, -)B), po, dp) is a superunitary rep-
resentation of D(2, 1; ).

Proof. Thanks to Corollary 3.5, we only need to consider the representation pg on
elements of the form g = exp(X1) - - - exp(X,,) € Go, with X; € ggandn € IN. We now
prove the different conditions of Definition 5.9.

e (F, (-, -)p) is a Hilbert superspace:
This follows from the definitions.
e po : Go — U(F) is a group morphism:
We wish to prove that pg(exp(X1) - - - exp(X,)) is a superunitary operator of 7. Because
of [1, Proposition 6.3] we have

(po(exp(X)) p, q)g = (—=DXIIPL(p po(exp(—X))q) g,

which implies that the superadjoint of pg(exp(X1) - - - exp(X},)) is given by po (exp(—X},)
---exp(—X1)) and therefore it is a superunitary operator of F.



A Superunitary Fock Model of D(2, 1; ) 467

e Forall f € F, the maps p({ : g — po(g) f are continuous on Go:
We need to prove the following

(Vg € Go)(¥Ye > 0)(3U neighborhood of g)(h € U = IIp({(g) - Péc(h)HS < €).

Since
3 3
U, = nKi(ki)Ai(ai)Ki(k;)g : Z kil + lai| + |k;| < r}
i=l1 i=l1
is a neighbourhood of g for all » > 0, it suffices to prove
(Vg € SL(Vi))(Ve > 0)38 > 0)(||po(Xi () f — flls <€),

fori € {1,2,3}and X; € {K;, A;}.

For A, we know from Proposition 5.5 that the actions is unitary if &« < 0. Since unitarity
implies continuity, we are done.

For K3 we have

(0.¢]
po(K3@®) f = ¢ > 2 (frazi+ e farza + e (f423 + fak24))
k=0

o0
k=118 15
=Y AN frazi+ e frrza + fraza + fakza)
k=0

and therefore

00 2
lpo (K3 f = fI5 = | D 27 (e = D firzi+ (7 = 1) faxz2)
k=0 S
— (2 _ el(S _ e—l(S)

< RN (=l fral® + k = DI(=e)i—1 [l frxl,

k=0

which goes to 0 as § goes to 0.
For A3 we have

po(A3@) f — f =Y 2i 7 (((cosh(8) — 1) fi & + sinh(8) fok+1)21

k=0
+ ((cosh(8) — 1) f2 x + sinh(8) f1 x—1)22)
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and therefore

lpo(A3@®) f = fII5 = Z |(cosh(8) — 1) f1.k +sinh(8) f2 k117 (—a )i [k!

k=0
+[(cosh(8) — 1) fa.x +sinh(8) fi k1 |*| (=1 |(k — 1)!

< 2(cosh(8) — 1) Y| fral* (e k!

k=0

oo
+25inh(8)* Y | f2.x41 P (—e)k k!
k=0

+2(cosh(8) — D> Y | faxlP (=11 — 1)!

k=1

+25inh(8)* Y | fia—1Pl(—e)k—1|(k — 1)!

k=1

which goes to 0 as § goes to 0.
For K, we have

po(K2(8) f = f =Y (€@ — )&} fik + 222} fraen)

k=0

o
S(a—2k—1 k k
+ (@D — D@32k faaen + 24z faken)
k=0

and therefore

lpo(K2(8)) f — [IIs
=Y 2(1 —cos(8(a — 20))) (| fikl” + | fans DIk (=]

k=0

+ D 41 —cos(8(ar — 2k — D) 3 a1 1” + [ fa g PIE! (—@)gs
k=0

<4 (Al + 1 st DRIkl +8 Y (| faet * + | faksr IR (—c0)an |

k=0 k=0
2
=41fls

Using Lebesgue’s dominated convergence theorem we now find

lim oo (K2(8)) f = /13

=2 lim (1 = cos((e = 20)) (1f1.l + | faket PRl (—a)i]
k=0
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o
£ 4lm (1 —cos@(@ — 2k = ) f3kn? + 1 fakrt IR (—@)isn]
k=0
=0,

as desired.
Lastly, the K| and A cases are analogous to the K3 and A3 cases.
e dp : g — End(F) is a R-Lie superalgebra morphism such that
(i) dp = dpo on gg,
(i1) dp is skew-supersymmetric with respect to (-, -) and
(iii) po(g)dp(X)po(g)~" = dp(Ad(g)(X)). forall g € Gp and X € gy
Item (i) follows from

d d
dpo(X)p = Epo(eXp(tX))p =7 exp(tdp(X))p| =dp(X)p,
=0 =0

forall p € Fand X € gg. Item (ii) follows directly from [1, Proposition 6.3] and item
(iii) follows from

poexp(¥))dp(X)po(exp(Y)) ™" = po(exp(¥))dp(X)polexp(—Y))
= exp(dp(Y))dp(X) exp(dp(—Y))
= dp(exp(¥) X exp(—Y))
= dp(Ad(exp(¥)) (X)),
forall X € grand Y € gj.
|

The assumption & < 0 is only used to prove the continuity of po(A2(§)). Note that
Proposition 5.5 only implies that the actions are not unitary if o > 0. It tells us nothing
about the continuity in this case. It is possible that Theorem 5.10 holds even without the
assumption o < 0.

From the discussion in Sect. 2.3, we can at least conclude that for every « there always
exists a superunitary representation of D(2, 1; ). Indeed, if @ > 0, we can look at the
Fock representation of D(2, 1; —1 — «) instead of the Fock representation of D(2, 1; «).

5.4. Strong superunitary representation. In[2, Section 4.4] the notion of a strong supe-
runitary representation is also defined. However, it is easy to prove that our superunitary
representation is not a strong superunitary representation.

Definition 5.11. A strong superunitary representation of a Lie supergroup G =
(Go, g) is a superunitary representation (7, 7o, dmr) such that

e ('H, o) is unitarizable,
e (H, mg, dmr) admits a restriction to (D(Gg), D(gR))-

Here D(Gy) is the connected Lie subgroup of G with Lie algebra [(gr)7, (gr)7] and
D(gr) = [(gr)T1. (GR)T] ® (IR)T-

Theorem 5.12. There does not exist a fundamental symmetry on F such that (F, (-, -)g),
po) is unitarizable. As a consequence ((F, (-, -)B), po, dp) is not a strong superunitary
representation.
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Proof. Let J be an arbitrary fundamental symmetry on F. Thanks to Proposition 4.5 we
may assume

J@) g = ersgn((—ap). I (@224, = —e2x sgn((—ak),

J(223) y, = Gasen((—a1), I @24k, = —€aksgn((—a)e),

withe; > Oforallk € INandi € {1, 2, 3, 4}. Suppose ((F, (-, -)5), po) is unitarizable,
then the inner product on F should be invariant under the derived action of py, i.e.,

(dp(X)p.q); = —(p.dp(X)q); (5.6)

forall X € D2,1;a)5, p,g € F. Set X = E3+ F3, p = z3 and ¢ = 1. Then
dp(X) = —1(zo — 9;,) and the left hand side of equation (5.6) becomes

dp(X)p,q); =, J(D))g =1€10

while the right hand side becomes
—(p,dp(X)q); = — (22, —1J(22)) g = —(—1)é20 = —1€20,
which implies equation (5.6) holds only if
€10+e,0=0.

Since both €10 and €3 ¢ are greater than zero, this gives us a contradiction. O

5.5. Harish-Chandra supermodules. We will end this paper by giving an alternative,
non-explicit, way to integrate the algebra representation of D (2, 1; &) to group level.
We do this by using the framework of Harish-Chandra supermodules developed in [24].
It would be interesting to know if this abstract integration gives the same representation
as the explicit integration of Theorem 5.1, but we were unable to verify this.

Definition 5.13. [24, Definition 4.1] Let V be a complex super-vector space, G =
(Go, g) aLie supergroup and K a maximal compact subgroup of G¢. Then V isa (g, K)-
module if it is a locally finite K-representation that has also a compatible g-module
structure, that is, the derived action of K agrees with the Lie(K)-module structure:

dmg(X)(v) = %ﬂo(exp(tX))(v) =dn(X)(v) forall X € Lie(K), ve V
1=0
and

mo(k)(dm (X)(v)) = dn(Ad(k)(X)) (7o (k)(v)), forallk e K, X e g,veV,

where g is the K-representation and dz the g-representation. A (g, K)-module is a
Harish—Chandra supermodule if it is finitely generated over U (g) and is K -multiplicity
finite.

The maximal compact subgroup of SL(V;) is K;. The maximal compact subgroup
of Gy is therefore the 3-Torus K := K| x K> x K3.

Proposition 5.14. The module F is a Harish—Chandra supermodule.
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Proof. That F is a (g, K)-module follows from

d d
dpo(X)(p) = EPO(CXP(IX))(P) = EeXp(ldp(X))(p) =dp(X)p,
t=0 t=0

and

po(exp(Y))(dp(X)p) = po(exp(Y))dp(X)po(exp(—Y))po(exp(Y))p
= (exp(dp(Y))dp(X) exp(—=dp(Y)))po(exp(Y)) p
= dp((exp(Y) X exp(—Y))po(exp(¥Y))p
= dp((Ad(exp(Y))X)po(exp(¥))p,

forall p € Fand X, Y € g. From the decomposition in [1, Theorem 6.4] it immediately
follows that F is locally K-finite. Using Proposition 5.1 we also see that F is also K-
multiplicity finite. O

Corollary 5.15. The (g, K)-module F integrates to a unique smooth Fréchet represen-
tation of moderate growth for the Lie supergroup D(2, 1; o).

Proof. This follows immediately from [24, Theorem 4.6]. O
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