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Abstract: We study a class of one-dimensional full branch maps admitting two indiffer-
ent fixed points as well as critical points and/or unbounded derivative. Under some mild
assumptions we prove the existence of a unique invariant mixing absolutely continuous
probability measure, study its rate of decay of correlation and prove a number of limit
theorems.

1. Introduction

The purpose of this paper is to study the ergodic properties of a large class of full branch
interval maps with two branches, including maps with two indifferent fixed points (which,
as we shall see below, affects both the results and the construction of the induced map
which we require). We also allow the derivative to go to zero as well as to infinity at
the boundary between the two branches, and we do not assume any symmetry, even the
domains of the branches can be of arbitrary length. Such maps are known to exhibit a
wide range of behaviour from an ergodic point of view and many of them have been
extensively studied, we give a detailed literature review below.

In Sect. 1.1 we give the precise definition of the class of maps we consider, which
includes many cases already studied in the literature as well as many cases which have
not yet been studied; in section 1.2 we give the precise statements of our results; in
section 1.3 we give a literature review of related results and include specific examples
of maps in our family; in Sect.2 we give a detailed outline of our proof, emphasising
several novel aspects of our construction and arguments. Then in Sect.3 we give the
construction and estimates related to our “double-induced” map and in Sect.4 apply
these estimates to complete the proofs of our results

1.1. Full branch maps. We start by defining the class of maps which we consider in this
paper. Let I, I_, I, be compact intervals, let I , I _, i+ denote their interiors, and suppose
that/ = I_ Ul and I_ N1, = @.
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(A0) g : I — [ is full branch: the restrictions g_ : [~ — [ and g+ ¢ I, - 1
are orientation preserving C? diffeomorphisms and the only fixed points are the
endpoints of 7.

To simplify the notation we will assume that
I:[_lsl]» I_ =[_170]1 I+:[Ov 1]

but our results and proofs will be easily seen to hold in the general setting.
(A1) There exists constants £1, £» > 0, ¢, k1, ko, a1, a>, by, bo > 0 such that:
(1) if €1, £y # 0 and k1, kp # 1, then

x+b(1+x)*  inU_,

1 —ap|x|® in Up_,
= 1
8(x) -1+ agxkz in Uy, M)

x—by(1=x)"*2 inU,,
where
Up— :=(=1,0], Uos+ :=1[0,0), U_1:=gWos), Uty :=gWo). (2)
(i1) If £1 = 0 and/or ¢> = 0 we replace the corresponding lines in (1) with
glugy ()= 1+ A +b)(x+1) F &), 3)

where £ is C2, £(£1) =0, &'(+1) =0, and £”(x) > 0 on U_; and £”(x) < 0 on
U+1 .

If k1 = 1 and/or k; = 1, then we replace the corresponding lines in (1) with the
assumption that g’(0_) = a; > 1 and/or g’(04) = a; > 1 respectively, and that g
is monotone in the corresponding neighbourhood.

Remark 1.1. Tt is easy to see that the definition in (1) yields maps with dramatically dif-
ferent derivative behaviour depending on the values of £1, €3, k1, k2, including having
neutral or expanding fixed points and points with zero or infinite derivative, see Re-
mark 1.3 for a detailed discussion. For the moment we just remark that the assumptions
described in part ii) of condition (A1) are consistent with (1) but significantly relax the
definition given there as in these cases (1) would imply that the map is affine in the cor-
responding neighbourhood, whereas we only need expansivity. In particular this allows
us to include uniformly expanding maps in our class of maps. In the calculations below
we will explicitly consider the cases £; = 0 and/or £, = 0, which correspond to assum-
ing that one or both the fixed points are expanding instead of neutral, since they yield
different estimates (several quantities decay exponentially rather than polynomially in
these cases) and different results, and still include some maps which, as far as we know,
have not been studied in the literature. For simplicity, on the other hand, we will not
consider explicitly the cases k; = 1 and/or k; = 1, which just correspond to assuming
the derivative at one or both sides of the discontinuity is finite instead of being zero
or infinite. These correspond to much simpler special cases and the required estimates
follow by arguments which are very similar to arguments and calculations we give here,
and which are essentially already considered in the literature, but treating them explicitly
would require a significant amount of additional notation and calculations.
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Our final assumption can be intuitively thought of as saying that g is uniformly
expanding outside the neighbourhoods Up+ and Uy ;. This is however much stronger
than what is needed, and therefore we formulate a weaker and more general assumption
for which we need to describe some aspects of the topological structure of maps satisfying
condition (AO). First of all we define

Ay =g 0, DNI- and A}:=g '(-1,00NL. 4)
Then we define iteratively, for every n > 1, the sets
Ay =g A pNI- and Ali=gNAr_ DN (5)

as the n’th preimages of A, A inside the intervals I_, I,. It follows from (A0) that
{A; }a>0 and {A}},>0 are mod O partitions of /_ and I, respectively, and that the
partition elements depend monotonically on the index in the sense that n > m implies
that A,ﬂf is closer to £1 than Ai, in particular the only accumulation points of these
partitions are —1 and 1 respectively. Then, for every n > 1, we let

S, =g NAr_pDNA; and & =g (A DNA] (6)
Notice that {8, },>1 and {5;}},>1 are mod O partitions of A and A{ respectively and
also in these cases the partition elements depend monotonically on the index in the sense
thatn > m implies that 8,% is closer to O than 831:, (and in particular the only accumulation
point of these partitions is 0). Notice moreover, that

g"6,)=Af and g"()) =A,.

We now define two non-negative integers n+ which depend on the positions of the
partition elements S,jf and on the sizes of the neighbourhoods Up+ on which the map g
is explicitly defined. If A, € Up- and/or Ag C Upy, we define n_ = 0 and/or n, =0
respectively, otherwise we let

ny :=min{n : §; C Ups} and n_ :=minfn:§, C Up_}. 7

We can now formulate our final assumption as follows.

(A2) There exists a A > 1 such that for all 1 < n < n4 and for all x € 8,% we have
(€M) (x) > A

Notice that (A2) is an expansivity condition for points outside the neighbourhoods Uy
and U4 but is much weaker than assuming that the derivative of g is greater than 1
outside these neighbourhoods, which would be unnatural and unnecessarily restrictive
in the presence of critical points. This completes the set of conditions which we require,
and for convenience we let

o~

§:={g : I — I which satisfy (A0)-(A2)}

The class § contains many maps which have been studied in the literature, including
uniformly expanding maps and various well known intermittency maps with a single
neutral fixed point. We will give a more in-depth literature review in Sect. 1.3. Here we
make a few technical remarks concerning these assumptions before proceeding to state
our results in the next subsection.
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Fig. 1. Graph of g for various possible values of parameters

Remark 1.2 (Remark on notation). To simplify many statements which will be made
through the paper, it will be useful to recall some relatively standard notation as follows.
Given sequences (s,) and (f,) of non-negative terms, we write s, = O(t,), or s, < 1,
if s, /1, is uniformly bounded above; s, = t, if s5,,/t, is uniformly bounded away from
0 and oo; s, = o(ty) if 5,,/t, — O0asn — ooy and s, ~ t, if 5,/t, = 1 +0(1), i.e.if
Sp/t, converges to 1 asn — oo.

Remark 1.3. Changing the parameter values £1, £2, k1, ko gives rise to maps with quite
different characteristics. For example, if £; > 0, we have

v, ) =1+b A+ +x) and  g"|y,(x) = bi(1+£)€(1+x)171 (8)

Then g’(—1) = 1 and the fixed point —1 is a neutral fixed point. Similarly, when £, > 0
the fixed point 1 is a neutral fixed point. On the other hand, when £; = 0, from (3) we
have

gluy)=1+b1+&x) and gy (x) =&"(x) €))

and thus the fixed point —1 is hyperbolic repelling with g'(—1) = 1+ b. When k; # 1
we have

¢ luy. (x) = artkix[ 7 and  g"y,_ (%) = arki(ky — Dx[F 72 (10)

Then k; € (0, 1) implies that |g’|y,_(x)| — oo as x — 0, in which case we say that
glu,_ has a (one-sided) singularity at 0, whereas k; > 1 implies that |g’|y, (x)| — Oas
x — 0, and therefore we say that g|y,_ has a (one-sided) critical point at 0. Analogous
observations hold for the various values of ¢, and k5 and Fig. 1 shows the graph of g for
various combinations of these exponents.

For future reference we mention also some additional properties which follow from
(Al). First of all notice that if £; € (0, 1) we have g”(x) — oo butif £; > 1 we
have g”(x) — 0, as x — —1 and, as we shall see, this qualitative difference in the
higher order derivative plays a crucial role in the ergodic properties of g. Analogous
observations apply to g|y, when £2 > 0. Secondly, notice also that for every x € U_|
we have

¢ (0)/g (x) S (1 +x)0! (11)

and an analogous bound holds for x € Uj. Similarly, in Uy we have

lg” O1/1g' )1 S x 7L, (12)
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and notice that in this case the bound does not actually depend on the value of k; or k>
and in particular does not depend on whether we have a critical point or a singularity.
Finally, we note that when £; = 0, it follows from (9) and from the assumption that
£"(x) > 0 that

E'(x) > £() /(1 +x) 13)

for every x € U_;. Indeed, notice that 1 + x is just the distance between x and —1 and
thus £(x) /(1 + x) is the slope of the straight line joining the point (—1, 0) to (x, £(x)) in
the graph of &, which is exactly the average derivative of £ in the interval [—1, x]. Since
&” > 0, the derivative is monotone increasing and thus the derivative £’ is maximal at
the endpoint x, which implies (13). The same statement of course holds for £, = 0 and
forall x € Uy;.

1.2, Statement of results. Our first result is completely general and applies to all maps
ing§.
Theorem A. Every g € § admits a unique (up to scaling by a constant) invariant

measure which is absolutely continuous with respect to Lebesgue; this measure is o -
finite and equivalent to Lebesgue.

This is perhaps not completely unexpected but also certainly not obvious in the full
generality of the maps in §, especially for maps which admit critical points (which
can, moreover, be of arbitrarily high order). Our construction gives some additional
information about the measure given in Theorem A, in particular the fact that its density
with respect to Lebesgue is locally Lipschitz and unbounded only at the endpoints £1.
We will show that, depending on the exponents k1, k>, £1, £2, the density may or may
not be integrable and so the measure may or may not be finite. More specifically, let

Br:=kaly1, Ba:=kily, and pB:=max{f, B}

We will show that the density is Lebesgue integrable at -1 or 1 respectively if and only
if B1 and B, respectively are < 1. In particular, letting

F:={geFwithp <1}
we have the following result.

Theorem B. A map g € § admits a unique ergodic invariant probability measure jiq
absolutely continuous with respect to (indeed equivalent to) Lebesgue if and only if

gEeST.

Notice that the condition 8 < 1 is a restriction only on the relative values of k| with
respect to £ and of k» with respect to £;. It still allows k1 and/or k; to be arbitrarily
large, thus allowing arbitrarily “degenerate” critical points, as long as the corresponding
exponents £, and/or £ are sufficiently small, i.e. as long as the corresponding neutral
fixed points are not too degenerate.

We now give several non-trivial results about the statistical properties maps g € §
withrespect to the probability measure .. To state our first result recall that the measure-
theoretic entropy of g with respect to the measure u is defined as

B (g) = Jim I
w(®) =sup ) lim > —1t(@n) In p(ey)

wp €Py
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where the supremum is taken over all finite measurable partitions P of the underlying
measure space and P, := PV f~IP Vv ... v f7"P is the dynamical refinement of P

by f.

Theorem C. Ler ¢ € §. Then i, satisfies the Pesin entropy formula: h,,(g) = [
log |g'|dug.

For Holder continuous functions ¢, ¥ : [—1,1] — R and n > 1, we define the
correlation function

Color ) = waog”du—/wdu/wdu‘.

It is well known that i, is mixing if and only if C,, (¢, ¥) — 0 as n — oo. We say that
g 18 exponentially mixing, or satisfies exponential decay of correlations if there exists
a A > 0 such that for all Holder continuous functions ¢, v there exists a constant Cy, y
such that C, (¢, ) < CW/,e_)‘”. We say that u, is polynomially mixing, or satisfies
polynomial decay of correlations, with rate « > 0 if for all Holder continuous functions
@, ¥ there exists a constant Cy, y such that C, (¢, ) < Cy yn™?.

Theorem D. Let g € §. If B = 0 then g is exponentially mixing, if B € (0, 1) then g
is polynomially mixing with rate (1 — B)/B.

Notice that the polynomial rate of decay of correlations (1 — )/ itself decays to
0 as B approaches 1, which is the transition parameter at which the invariant measure
ceases to be finite. Intuitively, as 8 — 1, the measure, while still equivalent to Lebesgue,
is increasingly concentrated in neighbourhoods of the neutral fixed points, which slow
down the decay of correlations.

Our final result concerns a number of limit theorems for maps g € §, which depend
on the parameters of the map and, in some cases, also on some additional regularity
conditions. These are arguably some of the most interesting results of the paper, and
those in which the existence of two indifferent fixed points, instead of just one, really
comes into play, giving rise to quite a complex scenario of possibilities. We start by
recalling the relevant definitions. For integrable functions ¢ with [ ¢du = 0 we define
the following limit theorems.

CLT ¢ satisfies a central limit theorem with respect to p if there exists a o2 > 0and
a N(0, 02) random variable V such that

(Z’“’jg ¢ §x>=M(V§x),

lim p
n—oo

for every x € R for which the function x — u(V,2 < x) is continuous.
CLT_ns ¢ satisfies a non-standard central limit theorem with respect to p if there exists
ac?2>0anda N (0, 02) random variable V such that

. Zk 090 g
1 < = V < s
nggo'u( J/nlogn — * V=)

for every x € R for which the function x — w(V,;2 < x) is continuous.
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SL, ¢ satisfies a stable law of index « € (1, 2), with respect to a measure p, if there
exists a stable random variable W, such that

(Zk 0¥° g

lim e < x) = pu(Wy < x),

n—>oo

for every x € R for which the function x — u(W, < x) is continuous.

Finally, we say that an observable ¢ : [—1, 1] — R is a co-boundary if there exists a
measurable function x : [—1, 1] — R such that ¢ = x o g — x. We are now ready to
state our result on the various limit theorems which hold under some conditions on the
parameters and on the observable ¢. In order to state these conditions it is convenient to
introduce the following variable:

0 ifg(—1)=0andg() =0
Byim Bi ?fw(—l)annd¢(1)=0 (14)
B2 if o(—1) =0and (1) #0

B ifo(=1) # 0and ¢(1) #0,
We can then state our results in all cases in a clear and compact way as follows.

Theorem E. Let g € § and ¢ : [—1, 1] — R be Holder continuous with [ ¢dp = 0
and satisfying

(H)vi > (B1 —1/2)/ka and vy > (B2 — 1/2)/ ki,

where vy, v, are the Holder exponents of ¢|[—1,01 and ¢|(0,1] respectively. Then

1. if By € [0, 1/2) then ¢ satisfies CLT,

2. if By = 1/2 then ¢ satisfies CLTys,

3.if By € (1/2, 1) then ¢ satisfies SL1,p,.

In case 3 we can replace the Holder continuity condition (H) by the weaker (in this
case) condition

(H') vi > (B1 — Bp)/ k2 and vy > (B2 — By)/ k1.

Moreover, in all cases where (CLT) holds we have that o> = 0 if and only if ¢ is a
coboundary.

Remark 1.4. Our results highlight the fundamental significance of the value of the ob-
servable ¢ at the two fixed points, and how the fixed point at which ¢ is non-zero, in some
sense dominates, and determines the kind of limit law which the observable satisfies. If
@ is non-zero at both fixed points, then it is the larger exponent which dominates.

Remark 1.5. Note that (H) and (') are automatically satisfied for various ranges of
B1, B2, for example if B < 1/2 then (H) always holds and if 8 = B, then (H') always
holds. These Holder continuity conditions arise as technical conditions in the proof and
it is not clear to us if they are really necessary and what could be proved without them. It
may be the case, for example, that some limit theorems still hold under weaker regularity
conditions on .

Remark 1.6. We remark also that the compact statement of Theorem E somewhat “con-
ceals” quite a large number of cases which express an intricate relationship between the
map parameters and the values and regularity of the observable. For example, the case
By = 0 allows all possible values B1, B2 € [0, 1) and the case B, = B allows all pos-
sible values of > € [0, 1). We therefore have a huge number of possible combinations
which do not occur in the case of maps with just a single intermittent fixed point.
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1.3. Examples and literature review. Thereis an extensive literature on the dynamics and
statistical properties of full branch maps, which have been studied systematically since
the 1950s. Their importance stems partly from the fact that they occur very naturally,
for example any smooth non-invertible local diffeomorphism of S! is a full branch map,
but also, and perhaps most importantly, because many arguments in Smooth Ergodic
Theory apply in this setting in a particularly clear and conceptually straightforward
way. Indeed, arguably, most existing techniques used to study hyperbolic (including
non-uniformly hyperbolic) dynamical systems are essentially (albeit often highly non-
trivial) extensions and generalisations of methods first introduced and developed in the
setting of one-dimensional full branch maps.

Our class of maps § is quite general and includes many one-dimensional full branch
maps which have been studied in the literature as well as many maps which have not
been previously studied. We give below a brief survey of some of these examples and
indicate for which choices of parameters these correspond to maps in our family.'

Arguably one of the very first and simplest general class of maps for which the
existence of an invariant ergodic and absolutely continuous probability measure was
proved are uniformly expanding full branch maps with derivatives uniformly bounded
away from 0 and infinity, a result often referred to as the Folklore Theorem and generally
attributed to Renyi. Some particularly simple examples of uniformly expanding maps
are piecewise affine maps such as those given by

ax for x € [0, 1/a]

g(x): a ()C—l

1) forx € (1/a,1] (15

a—1

for parametersa > 1, see Fig. 2a. These are easily seen to be contained in the class § with
parameters (Zl ) 52, kl ) k27 a, az, bl ) b2) = (07 05 17 17 a, a/(a - 1)5 a— 17 a/(a - 1)_
1).

In the late *70s, physicists Maneville and Pomeau [PM80] introduced a simple but
extremely interesting generalisation consisting of a class of full branch one-dimensional
maps g : [0, 1] — [0, 1], which they called intermittency maps, defined by

gx)=x(1+x% mod 1 (16)

for @ > 0, see Fig.2b (notice that for & = 0 this just gives the map g(x) = 2x mod 1,
which is just (15) with a = 2). These maps can be seen to be contained in our class §
by taking the parameters (¢1, £2, k1, kz, ar, az, b1, b2) = («,0,1,1,a,a, 1, 1), where
a = g'(xp),and xo € (0, 1) is the boundary of the intervals on which the two branches of
the map are defined. The Maneville-Pomeau maps are interesting because the uniform
expansivity condition fails at a single fixed point on the boundary of the interval, where
we have g’(0) = 1 Their motivation was to model fluid flow where long period of stable
flow is followed with an intermittent phase of turbulence, and they showed that this
simple model indeed seemed to exhibit such dynamical behaviour. It was then shown
in [Pia80] that for « > 2, the intermittency maps failed to have an invariant ergodic
and absolutely continuous probability measure and satisfies the extremely remarkable
property that the time averages of Lebesgue almost every point converge to the Dirac-
delta measure 8¢ at the neutral fixed point, even though these orbits are dense in [0, 1]
and the fixed point is topologically repelling.

1 Recall that we have fixed the domains of the branches of our maps as [—1, 0) and (0, 1] for convenience.
In the examples below, when listing parameters, we slightly abuse notation and assume an affine change of
coordinates which transforms the given domains into the ones used in our class.
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(a) (b)

Fig. 2. a Graph of (15) witha = 5. b Graph of (16) with « = 9/10. Graphs of a piecewise affine, Manneville—
Pomeau, and Liverani—Saussol—Vaienti maps

Various variations of intermittency maps have been studied extensively from various
points of views and with different techniques yielding quite deep results, see e.g. [LSV99,
You99,Sar01,Mel09,PS09,FL01,Gou04a, Gou04b,NTV18,CHT21,Fre+16,Kor16,BS16,
Ter16,SS13,Zwe03]. One well known version is the so-called Liverani-Saussol-Vaienti
(LSV) map g : [0, 1] — [0, 1] introduced in [LSV99] and defined by

x(1+29%) forx € [0,1/2]

gx) = 2y — 1 forx € (1/2,1)

A7)

with parameter « > 0, see Fig. 3a. This maintains the essential features of the Maneville-
Pomeau maps (16), i.e. it is uniformly expanding except at the neutral fixed point at the
origin, but in slightly simplified form where the two branches are always defined on the
fixed domains [0, 1/2] and 1/2, 1) and the second branch is affine, both of which make
the map family easier to study, including the effect of varying the parameter. The family
of LSV maps (17) can be seen to be contained in our class § by taking the parameters
(€1, 402, k1, ky,ar,az,b1,b2) = (,0,1,1,2,2,2% 1).

In an earlier paper [Pik91], Pikovsky had introduced the maps g : S! — S!, defined
(in a somewhat unwieldy way) by the implicit equation

L +g1(x))“ for x € [0, 1/2a] (18)
g(x) + 55 (1 — g(x)* forx € (1/2w, 1)

for x € [0, 1), and then by the symmetry g(x) = g(—x) for x € (—1, 0], see Fig.3b.
These maps have a neutral fixed point at the left end point, like in (16) and (17) but with
the added complication of having unbounded derivative at the boundary between the
domains of the two branches. On the other hand the definition is specifically designed
in such a way that the order of intermittency is the inverse of the order of the singularity
and, together with the symmetry of the two branches, this implies that Lebesgue measure
is invariant for all values of the parameter « > 0. Ergodic and statistical properties of
these maps were studied in [AA04,Cri+10,BM14] and they can be seen to be contained
within our class § by taking the parameters (¢1, £, k1, k2, ar, a2, b1, b2) = (¢ — 1, ¢ —
1, e, 1o, Q)% Qa)'7*, 1/2a, 1/2a).

Finally, [In0o92, Cui21] consider a class of maps, see Fig.3c for an example, with
a single intermittent fixed point and multiple critical points with each critical point
mapping to the fixed point. These include some maps which are more general than those
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(a) (b) (c)

Fig. 3. a Graph of (17) with « = 9/10. b Graph of (18) with @ = 3. ¢ An example from [Cui21]. Graphs of
previsously studied generalisations of the Manneville-Pomeau map

we consider here as they are defined near the fixed and critical points through some
bounds rather than explicitly as we do here, but are also more restrictive as they only
allow for a single neutral fixed point. Under a condition on the product of the orders of
the neutral and (the most degenerate) critical point which is exactly analogous to our
condition § < 1, the existence of an invariant ergodic probability measure is proved
which exhibits decay of correlations but no bounds are given for the rate of decay and
no limit theorems are obtained.

2. Overview of the Proof

We discuss here our overall strategy and prove our Theorems modulo some key technical
Propositions which we then prove in the rest of the paper. Our argument can be naturally
divided into three main steps which we describe in some detail in the following three
subsections.

2.1. The induced map. The first step of our arguments is the construction of an induced
full branch Gibbs-Markov map, also known as a Young Tower. This is relatively standard
for many systems, including intermittent maps, however, the inducing domain which we
are obliged to use here due to the presence of two indifferent fixed points is different
from the usual inducing domains and requires a more sophisticated double inducing
procedure, which we outline here and describe and carry out in detail in Sect. 3. Recall
the definition of A in (4) and, for x € A, let

(x):=min{n > 0: g"(x) € Ay}
be the first return time to A,. Then we define the first-return induced map
G:Ay — Ay by Gx):=g"™(x). (19)

We say that a first return map (or, more generally, any induced map), saturates the
interval [ if

n—1
UUg dr=nh=Je"dr > n) =1 (mod0). (20)
n>0i=0 n>0
Intuitively, saturation means that the return map “reaches” every part of the original

domain of the map g, and thus the properties and characteristics of the return map
reflect, to some extent, all the relevant characteristics of g.
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Remark 2.1. If G 1is a first return induced map, as in our case, then all sets of the form
g' ({t = n}) are pairwise disjoint and therefore form a partition of / mod 0.

The first main result of the paper is the following.

Proposition 2.2. Let g € 3. ThenG : Ay — A isafirst return induced Gibbs-Markov
map which saturates 1.

We give the precise definition of Gibbs-Markov map, and prove Proposition 2.2,
in Sect.3. In Sect.3.1 we describe the topological structure of G and show that it a
full branch map with countably many branches which saturates / (we will define G
as a composition of two full branch maps, see (37) and (40), which is why we call
the construction a double inducing procedure); in Sect.3.2 we obtain key estimates
concerning the sizes of the partition elements of the corresponding partition; in Sect. 3.3
we show that G is uniformly expanding; in Sect.3.4 we show that G has bounded
distortion. From these results we get Proposition 2.2 from which we can then obtain our
first main Theorem.

Proof of Theorem A. By standard results G admits a unique ergodic invariant probability
measure (i, supported on A, which is equivalent to Lebesgue measure /m and which

has Lipschitz continuous density ho=d fi_/dm bounded above and below. We then
“spread” the measure over the original interval / by defining the measure
oo
=Y gl(i-|{r = n}) 1)
n=0

where g% (i_|{t > n})(E) := _(g7"(E) N {tr > n}). Again by standard arguments,
we have that [ is a sigma-finite measure which is ergodic and invariant for g and, using
the non-singularity of g, it is absolutely continuous with respect to Lebesgue. The fact
that G saturates I implies moreover that fi is equivalent to Lebesgue, which completes
the proof. O

Remark 2.3. We emphasize that we are not assuming any symmetry in the two branches
of the map g. It is not important that the branches are defined on intervals of the same
length and, depending on the choice of constants, we might even have a critical point
in one branch and a singularity with unbounded derivative on the other. Interestingly,
however, there is some symmetry in the construction in the sense that for x € AY, we can
define the firstreturnmap G : Aj — Ajinacompletely analogous way to the definition
of G above (see discussion in Sect.3.1). Moreover, the conclusions of Proposition 2.2
hold for G and thus G, admits a unique ergodic invariant probability measure [t
which is equivalent to Lebesgue measure m and such that the density hy :=dj, /dm is
Lipschitz continuous and bounded above and below. The two maps G and G are clearly
distinct, as are the measures i and fi, but exhibit a subtle kind of symmetry in the
sense that the corresponding measure [i obtained by substituting (i by ji+ in (21) is,
up to a constant scaling factor, exactly the same measure.

Corollary 2.4. The density h of ji| AGUAY is Lipschitz continuous and bounded and
la|A6 = /:L

Proof. Since G is a first return induced map it follows that the measure i defined in
(21) satisfies i Ay = i and so the density & of f is Lipchitz continuous and bounded
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away from both 0 and infinity on A, . Moreover, as mentioned in Remark 2.3, ji| A is
equal, up to a constant, to the measure fi+ and so the density of ji| A is also Lipschitz
continuous and bounded away from O and infinity. O

Remark 2.5. We have used above the notation G rather than G_ for simplicity as this
is the map which plays a more central role in our construction, see Remark 3.3 below.
Similarly, we will from now on simply use the notation /i to denote the measure [i_.

2.2. Orbitdistribution estimates. The second step of the argument is aimed at establish-
ing conditions under which the measure fi is finite, and can therefore be renormalized
to a probability measure u := fi/f(I), and aimed at studying the ergodic and statis-
tical properties of p. Our approach here differs even more significantly from existing
approaches in the literature, although it does have some similarities with the argument
of [Cri+10]: rather than starting with estimates of the tail of the inducing time (which
would themselves anyway be significantly more involved than in the usual examples of
intermittency maps with a single critical point due to our double inducing procedure),
we carry out more general estimates on the distribution of iterates of points in /_ and I
before they return to A ;. More precisely, we define the functions ™ (x) Ay — Nby

T =#l<i<t:g(x)el), and 7 (x)=#1l<j<t:8/(x)el}.
(22)

These functions count the number of iterates of x in I_ and I, respectively before
returning to A . Then forany a, b € R we define weighted combination t, p A - R
by

Tap(x) = at*(x) + bt~ (x) (23)

As we shall see as part of our construction of the induced map, both of these functions
are unbounded and their level sets have a non-trivial structure in A? and, moreover, the
inducing time function T : Ay — N of the induced map G — corresponds exactly to 7y
so that

() =111(x) =t (X) + 77 (). (24)

The key results of this part of the proof consists of explicit and sharp asymptotic
bounds for the distribution of 7, ;, for different values of a, b, from which we can then
obtain as an immediate corollary the rates of decay of the inducing time function t, and
which will also provide the core estimates for the various distributional limit theorems.
To state our results, let

By :=a; "M (aby)" P> and By :=a) P (01by) VP, 25)

(the expressions defining the constants By, By will appear in the proof of Proposition 3.5
below).
Recall from Corollary 2.4 that the density & of fi is bounded on A; U Aj and let

fz(O’) and l;(O+) denote the values of this density on either side of 0. Then, for any
a,b >0, we let

Cuo:i=h(07)B1a'/?>, and Cp:=h(0%)Byb'/P1. (26)

Then we have the following distributional estimates.
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Proposition 2.6. Let g € § Then for every a, b > 0 we have the following distribution
estimates.
For every y € [0, 1)

Cpt= VB 4 Cot VB2 4 o177 =VBY if 1,02 >0

. _ Cpt= VP o(r—7—1/Br) ift; >0,6,=0
*+b ) = ’
PETT DT> =\ 0 1By 1B ife1 =0, >0
O ((1+b) R4 A+b)™5)  ift;=0,6,=0
(27)

Cat VP 4 o(t=7=VPBY ift) >0

O ((1+by)~/hk), iftr =0 ()

alat™ —br” > 1) =

Cpt VB 4 o=y ifey >0

O ((L+by)~1k), ift; = 0. @9

palat™ —bt” < —1t) =

Remark 2.7. We have assumed in Proposition 2.6 thata, b > 0 to avoid stating explicitly
too many cases, but one can easily read off the tails for 7, ;, for arbitrary a, b € R. For
example, ifa < 0 and b > 0 we can write fi(—at™ +bt~ > 1) = fi(at* — bt~ < —1)
and get the corresponding estimate from (29). Notice moreover, that the estimates for
£1 = 0 and/or £, = 0 are exponential.

Recall from Corollary 2.4 that i = [i on the inducing domain Ay- and therefore
all the above estimates hold for i with exactly the same constants. In particular by
Proposition 2.6 and (24), we immediately get the corresponding estimates for the tail
a(t > 1) = p(t >1).

Corollary 2.8. If 8 = 0 then [i(t > t) decay exponentially as t — +00. If B > 0 then
there exists a positive constant Cy (which can be computed explicitly) such that

AT > 1) ~ Cpt VB,

Proposition 2.6 will be proved in Sect.4.1, here we show how it implies Theo-
rems B, C, D.

Proof of Theorems B, C, and D. From the definition of /& in (21) and since g7" (/) = [
we have

A=) A" D N{e>nh) =) AU N{t>n) =) ji(r>n).

n=0 n=0 n=0

By Corollary 2.8, if 8 = 0, the quantities i (t > n) decay exponentially and, if 8 > 0
we have

A=Y n T +o(l)),

n=1

for some C > 0. This implies that (/) < oo if and only if 8 € [0, 1), i.e. if and
only if ¢ € §. Thus, for g € § we can define the measure o = [t/ji(I), which is
an invariant ergodic probability measure for g, and is unique because it is equivalent to
Lebesgue, thus proving Theorem B. Theorem C follows from Theorem A in [AM21] by
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noticing that P = {(—1, 0), (0, 1)} is a Lebesgue mod O generating partition such that
H, (P) < oo and hy, (g, P) < oo, and therefore /), (g) < oo. Finally, Theorem D
follows by well known results [ You99] which show that the decay rate of the tail of the
inducing times provides upper bounds for the rates of decay of correlations as stated. O

2.3. Distribution of induced observables. The last part of our argument is focused on
obtaining the limit theorems stated in Theorem E. When 8 = 0 the decay of correlations
is exponential and the result follows from [ YouRecurrenceTimesRates1999]. Similarly,
after having established Proposition 2.2 and Corollary 2.8, the case that only one of £1, £»
is positive implies that there is only one intermittent fixed point, and thus essentially
reduces to the argument given in [GouO4a, Theorem 1.3] for the LSV map. We only
therefore need to consider the case that both £1, £ > 0, which implies in particular that
B e(0,1).

Given an observable ¢ : [0, 1] — R, we define the induced observable ® : Ay — R
by

T(x)—1
O(x):= Y  gogt.
k=0
Definition 2.9. We write ® € D, if dcy, ¢ > 0, with at least one of ¢, ¢; non-zero,
such that
WD > =cit ™ +0o(t™) and (P < —1t)=crt ¥ +o(1@™Y), (30)

In certain settings, limit theorems can be deduced from properties of the induced
observable ®. In particular, it is proved in Theorems 1.1 and 1.2 of [Gou04a] that,
precisely in our setting?:

if ® e Lz(/l) then ¢ satisfies (CLT), 31
if ® € D, then ¢ satisfies (CLTys), 32)
if ® € D, with @ € (1, 2) then ¢ satisfies SL. 33)

We will argue that in each case of Theorem E, the induced observable ® satisfies one of
the above. To prove this, we first decompose a general observable ¢ : [—1, 1] — R by
letting a := ¢(1) and b := ¢(—1) and writing

¢ =g@ap+¢ where @, p:=bxi—1,0)+axpo,1 and ¢g:=¢ — @4 p, (34)

where x[—1,0). x[0,1] are the characteristic functions of the intervals [—1, 0) and (0, 1]
respectively. The induced observable of ¢ is the sum of the induced observables of ¢, 5,
and ¢ giving

T(x)—1 T(x)—1
P(x)= D gapog M+ Y Fogtx) =1+, (35)
k=0 k=0

2 The assumptions of [GouO4a, Theorems 1.1 and 1.2] are that ¢ is Holder continuous and G is an induced
Gibbs-Markov map with invariant absolutely continuous probability measure /i and return time satisfying
(t >n) = O(n~7) for some y > 1, which holds in our case by Corollary 2.8 and the fact that 8 € (0, 1).
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where ® denote the induced observable of ¢, and 1, p is defined in (23), indeed, ¢, 5, ©
gX(x) takes only two possible values, a or b, depending on whether g*(x) € (0, 1] or
gk (x) € [—1, 0), and therefore the corresponding induced observable is precisely t, p.

To prove Theorem E we obtain regularity and distribution results for the induced
observables 7, 5 and ® and substitute them into (35) to get the various cases (31)-(33).
The motivation for the decomposition (34) is given by the observation that ¢(—1) =
¢ (1) = 0, which allows us to prove the following estimate for the corresponding induced
observable .

Proposition 2.10. Let g € § with B € (0,1) and let ¢ : [—1,1] — R be a Holder
continuous observable such that (—1) = ¢(1) = 0. Then

(H) = ®eLl? and (H) = (Fd >1) =0 /P). (36)
Proposition 2.6 gives results for 7, .

Corollary 2.11 (Corollary to Proposition 2.6). If at least one of a:=¢(1), b:=¢(—1) is
non-zero then:

By €10,1/2) = tap € L* (1), and By €[1/2,1) = 14 € Diyp,.

We prove Corollary 2.11 and Proposition 2.10 in Sect.4.2. For now we show how
they imply Theorem E.

Proof of Theorem E. If ¢(—1) = ¢(1) = Othen 7, = 0 and so ® = D, Proposi-
tion 2.10 implies that & € L?(fv) and so (31) holds. If at least one of ¢(—1), (1) is
non-zero, we have two cases. If 8, € (0, 1/2), Proposition 2.10 and Corollary 2.11 give
that both 7, p, ® e L%(f1), which implies that ® € L2(jt) and therefore (31) holds. If
By € [1/2,1) then 745 € Dysp, by Corollary 2.11 and (£ > 1) = o(t~/P¢) by
Proposition 2.10, and therefore & = 7, 5 + P € D /B, since the tail of ® is negligible
compared to that of 7, ,. Whence, (32) holds when B, = 1/2 and (33) holds otherwise.
O

Remark 2.12. The relation between ® and 7,5, is given formally in (35) but it can be
useful to have a heuristic idea of this relationships. Given a point x € §; ; with 7, j both
large we know that most of the first i iterates x, g(x), ..., g"_1 (x) will lie near the fixed
point 1. Similarly, most of the next j iterates g’ (x), ..., g'*/~! will lie near the fixed
point —1. Thus, if we assume that ¢ is “sufficiently well behaved” near 1 and —1 (in a
sense that is made precise by conditions (H) and (H")), it is reasonable to hope that the
induced observable @ at the point x will behave like ® (x) = Z;(l) pogh~ai+bj=
74,5(x) when a = ¢(1), b = ¢(—1) are not both zero.

3. The Induced Map

In this section we prove Proposition 2.2. We begin by recalling one of several essentially
equivalent definitions of Gibbs-Markov map.

Definition 3.1. An interval map F : I — [ is called a (full branch) Gibbs-Markov map
if there exists a partition P of I (mod 0) into open subintervals such that:

1. F is full branch: for all w € P the restriction F|y, : @ — int () is a C' diffeomor-
phism;



1860 D. Coates, S. Luzzatto, M. Muhammad

2. F is uniformly expanding: there exists A > 1 such that | F’(x)| > A for all x € w for
allw € P;

3. F has bounded distortion: there exists C > 0,0 € (0, 1) s.t. for all ® € P and all
X,y € w,

F'(x)

g |—— <C95(X’}')’
F'(y)

where s(x, y):=inf{n > 0 : F"x and F"y lie in different elements of the partition

Z}.

We will show that the first return map G defined in (19) satisfies all the conditions
above as well as the saturation condition (20). In Sect. 3.1 we describe the topological
structure of G and show that it is a full branch map with countably many branches which
saturates [; this will require only the very basic topological structure of g provided by
condition (A0). In Sect.3.2 we obtain estimates concerning the sizes of the partition
elements of the corresponding partition; this will require the explicit form of the map g
as given in (A1). In Sect.3.3 we show that G is uniformly expanding; this will require
the final condition (A2). Finally, in Sect.3.4 we use the estimates and results obtained
to show that G has bounded distortion.

3.1. Topological construction. In this section we give an explicit and purely topological
construction of the first return maps G~ : Ay — A, and G : A; — A, which
essentially depends only on condition (A0), i.e. the fact that g is a full branch map with
two orientation preserving branches. Recall first of all the definitions of the sets A,jf and
8ni in (5) and (6). It follows immediately from the definitions and from the fact that each
branchof gisa C 2 diffeomorphism, that for every n > 1, the maps g : 6, — A;_l and
g:8" — A, are C 2 diffeomorphisms, and, for n > 2, the same is true for the maps
g A, — Ay, and g" !
maps

: AY_, — A{, which implies that for every n > 1, the

g":8, > Ay and g":8; — Ay
are C? diffeomorphisms. We can therefore define two maps
G : Ay — Ay and G*: A} — Ay by 5i|5ni =g". 37)
Notice that these are full branch maps although they have different domains and ranges,
indeed the domain of one is the range of the other and viceversa. The fact that they are
full branch allows us to pullback the partition elements 8,% into each other: for every
m,n > 1 we let

S =8 "@HNS, and &, , =g "(,)NS,.

Then, form > 1, thesets {8,, ,},>1and {5, ,}»>1 are partitions of §,; and &, respectively
and so

P = {3;;,n}m,n21 and 2% = {S:ﬂ,n}mﬂzl (38)
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are partitions of A, Af respectively, with the property that for every m,n > 1, the
maps

g"" 8, =~ Ay and g"TM sy — A (39)

are C? diffeomorphisms. Notice that m + n is the first return time of points in 8, and

8m.n to Ay and A respectively and we have thus constructed two full branch first return
induced maps

G i=G'oG :A; > A; and G =G oG':Aj— Af.  (40)

for which we have G~ |- = g™ and G*ls+ = g"*".

Lemma 3.2. The maps G~ and G* are full branch maps which saturate I

Proof. The full branch property follows immediately from (39). It then also follows
from the construction that the families

{8/ G} ma=1  and {g/ (8}, )} man=1

0<j<m+n 0<j<m+n

of the images of the partition elements (38) are each formed by a collection of pairwise
disjoint intervals which satisfy

m+n—1 m+n—1
U U &= U U &6n=1 modo
SmneP~ J=0 Snn€P j=0
and therefore clearly satisfy (20), giving the saturation. O

Remark 3.3. Notice that the map G~ is exactly the first return map G defined in (19)
and therefore Lemma 3.2 implies the first part of Proposition 2.2.

3.2. Partition estimates. The construction of the full branch induced maps G* : A(:)IE —
Aa—L in the previous section is purely topological and works for any map g satisfying
condition (A0). In this section we proceed to estimate the sizes and positions of the
various intervals defined above, and this will require more information about the map,
especially the forms of the map as givenin (A1). Before stating the estimates we introduce
some notation. First of all, we let (x;),>0 and (x;}),>0 be the boundary points of the
intervals A", A} so that Ay =(x,0), Ar = (0, xa') and, for every n > 1 we have

Aa = (x(;a O)a Aa— = (Oa xa—)’ A; = (xn_a xnif])ﬂ A:—l = (x;_l’xr-:—)' (4’1)
The following proposition gives the speed at which the sequences (x;}), (x,) converge

to the fixed points 1, —1 respectively and gives estimates for the size of the partition
elements Af for large n in terms of the values of ¢ and £;. To state the result we let

C1 — (@11)1)71/[] , C2 — (€2b2)71/£2 , C3 — Zf(1+1/41)brl/€' C4 — Z;(1+1/£2)b;1/62‘
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Proposition 3.4. [f ¢{ = 0, then

(I+b+e) " <l+x; SU+b)™ and A1 S A +b)7" (42)

If ¢y > 0, then
L+x; ~Cin VY and |A;| ~ Can~0H/0D, (43)

If €, =0, then
(I+by+e)" <1—xF < (U +b)™" and |AH <A +b)™" (44)

If €y > O, then
1—xt~Con V% and |AY| ~ Cqn= 1+, (45)

Proof. We will prove (44) and (45) and then (44) and (45) follow by exactly the same
arguments. Notice first of all that from (7) we have §} C Uo+ for all n > n, and, since
from (2) we have that U_; := g(Up4), this implies that A~ | := g8 c U_ forall
n > ny, and thus A7 C U_y for all n > n, which, by the definition of x, in (41),
implies that x,” € U_; forn > n,.

Now suppose that £; > 0. For n > n,, by definition of the x,, we have that
g(x, ) =x,,andso I +x, = 1+x,,,+b(l +xn+1)1+€1. Setting z, = 1+x,, we can

write this as z, = z,41(1 + blzﬁlﬂ) and, taking the power —¢ and expanding we get

1 e ] 201 !
5= —(1 +hizl) T = ( — by 0(zn+1)> — b +o(D).
Zn Zn+] Zn+l Zn+1
From the above we know that z,, b= Z,_1 +bi£1 + o(1) and applying this relation

recursively we obtain that z,; ! = £,bn +0(n) which yields x,7 +1 = (£1byn) /41 (1+
o(1)), thus giving the first statement in (45). Now, by definition A, =[x, ,x, ;) =
[x,, g(x;)), so, for all n large enough, | A, | = g(x;) —x, = by (1+x;,)!**1. Inserting
x, +1 ~ Cyn~/*1 into this expression for | A, | thenyields | A, | ~ EI_(IH/Z‘)bln’l’l/el,
completing the proof of (45).

Now, for £; = 0, since g(x, ) = x,,_;, the mean value theorem implies (1 + by) <
(x,_+1/(x, +1) < (1+b1+o(1)) which can be written as (1+b1+0(1))~! (x,_+D =<
x, +1 <1+ b))~} (x,_ + 1). Iterating this relation we obtain the claimed bounds for
x, + 1. As in the previous case we may calculate using (3) that |A,[| = g(x,;) — x,, =
—1+(1+b)(1+x,)+E(x, ) —xp—1 = b1 (1+x,)+0(1) S (1+b1)~", which concludes
the proof. O

To get analogous estimates for the intervals 8, 8, we let (y, )n>0 and (y;}),>0 be

the boundary points of the intervals §,, 8,7 respectively, so that for every n > 1 we have

8}1 :(yn__]7 y;) and 8+ (ynvyn 1)

In particular, y, = x,, yj = x3.and g(y,) = x;_,, g(yy) = x,_, forn > 1. Then
we let

—1/k — —1/k _
Bi =a; M (b, By =a; /2 @0)TVP, By =Bi/Br. Bi=Ba/pi.
Recall that By, B; have already been defined in (25).
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Proposition 3.5. If £ = O, then for every ¢ > 0

LV o ()Y s () e
T+hh+e) ~ " ~\T+n, andon s\ T4, ) -

If ¢y > 0, then

_ 1L _ 1
y, ~—Bin P2, and |8~ Bsn (”/’z>. 47

If €5 = O, then for every ¢ > 0

n

1 ) ) n
2 . 1 2 + 1
—— ) Swm = . and 18,1 5 . (43)
1+b+¢ 1+ b 1+b

If €y > 0, then

_ 1 _ 1
y; ~ Bon A1, and |5;:| ~ Bun <1+ﬁ1)’ (49)

Proof. We will prove (48) and (47), as (48) and (49) follow by analogous arguments.
Suppose first that £; > 0. As x; — 1, and as g_(y, ) = x,_, we know that for all n

sufficiently large we have g_(y,,) =1 —ai1(—y, K= xt_,. Solving for y, this gives

v =— (0 =x_/a)"" = —a;7 R @aban)TVER (14 0(1))

which is the first statement in (47). Now we turn our attention to the size of the in-
tervals §, . First let us note that for any y > 0 we have that n™7 — (n +1)77 =
n[1-0+1/n)"]=nV[I=(1—y/n+0n™?)] = yn= 1 + 0(1/n))
and therefore

B
|3n| — y; _ yn—+] — Bl(nfl/zzkl _ (l’l + 1)71/@2/(1)(1 +0(1)) — Eil

n~ /LD (1 4 o(1))
2k

which completes the proof of (47). Now for £, = 0 we proceed as before, and by (44)
we get

(L+by+e)™M S =y = (1= x_p/a) ™ S A+ ™78

For the size of the interval § -

., » we may use the mean value theorem to conclude that

xt o —axt |AT |
g'uy) = 22l = el
V-1~ In 65 |

for some u, € §, . As g’ is monotone on U, we know, from the above and (44), that
8,1 S 1AL 1/ i) S U+ by+e) ™M1 +by)™ < (1 +b) ™"

which concludes the proof. O
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¢
6n+1 — &

ool
A, —2— AL

Fig. 4. Definition of the map ¢ : AJ\ST — A}

3.3. Expansion estimates.

Proposition 3.6. For every g € § the first return map G : A, — A is uniformly
expanding.

It is enough to prove uniform expansivity for the two maps G~, G*, recall (37),
since this implies the same property for their composition G = G, recall (40). To
simplify the notation we will only prove the statement for G*, i.e. we will prove that
x €85 = (") (x) > . The fact that x € §; = (g")'(x) > A follows by an identical
argument.

Notice first of all that if ko € (0, 1), the derivative in A{ is greater than 1 and
therefore the uniform expansion of G* is immediate. So throughout this section we will
assume that ky > 1 which means that g has a critical point and the derivative of g in A§
can be arbitrarily small. For points outside the neighourhood Uy on which the map g
has a precise form, more precisely for 1 < n < n, and for x € §;, the expansivity is
automatically guaranteed by condition (A2), but for points close to O where the derivative
can be arbitrarily small the statement is non-trivial. It ultimately depends on writing
G*(x) = g"(x) for x € &, so that (G+) (x) = (g"'(x) = (") (g(x))g' (x), and
then showing that the small derlvatlve g’ (x) near the critical point is compensated by
sufficiently large number of iterates where the derivative is > 1. This clearly relies very
much on the partition estimates in Sect. 3.2 which provide a relation between the position
of points, and therefore their derivatives, and the corresponding values of n. A relatively
straightforward computation using those estimates shows that we get expansion for
sufficiently large n > 1, which is quite remarkable but not enough for our purposes as it
does not give a complete proof of expansivity for G* at every point in Aj. We therefore
need to use a somewhat more sophisticated approach that shows that the derivative of
G* has a kind of “monotonicity” property in the following sense. Define the function
¢ : AF\ST — A{ given implicitly by g = g o ¢ and explicitly by

d:=(glup.) " o glu, o glu,, (50)

Notice that ¢ is the bijection which makes the diagram in Fig.4 commute.
The key step in the proof of Proposition 3.6 is the following lemma.

Lemma 3.7. For all n > n* and x € &}, we have

€)' () > g (@)).
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Remark 3.8. Lemma 3.7 is equivalent to (g%)'(x)/g’ (¢ (x)) > 1 which is equivalent to

g'(x)
g (@(x))

Notice that the ratio g’(x)/g’(¢(x)) is < 1 and measures how much derivative is “lost”
when choosing the initial condition x instead of the initial condition ¢ (x) (since ¢ (x) >
x and the derivative is monotone increasing), whereas g’(g(x)) > 1 measures how much
derivative is “gained” from performing an extra iteration of g. The Lemma says that the
gain is more than the loss.

g'(g(x)) > 1. (51)

Proof. To simplify the notation let us seta = ap, b = by, k = kp, and £ = £;. Notice
first of all that by the form of g in Uy, given in (A1) we have

g'(x) _( x )kl _ <¢(X))lk (52)
@) \ox) U

Recall that k > 1 and x < ¢ (x) and so the ratio above is < 1. To estimate g’(g(x))
we consider two cases depending on £. If £ > 0, using the form of g given in (A1) and
plugging into 50 we get

1/k
o(x) = [x +ba'x k(e“)] and therefore <¢(x)> =1+ ba’x*t
x

and, therefore, using the form of G in U_1, this gives

k
g(gx) = g (=1 +ax*) =1+ba’x* + beax* = <@> +bea’x*. (53)

From (52) and (53) and the fact that x < ¢ (x) we immediately get

1 k
) £ (e()) = (¢(X)> <M> wbea k| = &) |
g’(¢>(x)) X X X

which establishes (51) and completes the case that £ > 0. For £ = 0, proceeding as
above we obtain

1/k
p(x) = [(1 +b)xk + S(g(x))/a] and therefore
(¢(X)) —(1+b)+ 5(5,’(;))' (54)
X ax

Since g(x)=— I+ax*, from (13) we have £'(g(x)) > &(g(x))/(1+g(x))=&(g(x))/ax*)
and so

§'(g(x) = (1+b) +&'(g(x)) = (1 +b) + T

S(g( ) <¢(x>>k.

Together with (52), as above, we get the statement in this case also. O

As an almost immediate consequence of Lemma 3.7 we get the following.
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Corollary 3.9. For alln > n* and x € 8, we have
(G (x) > (G (¢(x)).
Proof. By Lemma 3.7 and (51), for any 1 < m < n we have

T &)@ > @@

(35)

") = g'(0g'(g(x) - g'(g" () =

O

Proof of Proposition 3.6. Condition (A2) implies that (G*)(x) > Aforall x € 8t for
1 <n <n*. Then, forx € 8;++1 we have ¢ (x) € 8}, and therefore

(G (x) > (GY (p(x)) = A

Proceeding inductively we obtain the result. O

3.4. Distortion estimates.

Proposition 3.10. For all g € T there exists a constant © > 0 such that for all 0 <
m <nandallx,y € §E,

(g"™) (g (x))
og— 77— <
(g"=) (g™ ()

As a consequence we get that G is a Gibbs-Markov map with constants C = DA and
R

DIg" (x) — g"(W)I.

Corollary 3.11. Forall x, y € §; j € P with x # y we have

‘G'(X)
og|—;

G'(y)
Proof. Letn:=s(x, y).Since G isuniformly expanding, wehave 1 > |G"(x)—G" (y)| =
(G 1Y W)|G(x)=G(y)| = A"~ 1|G(x)—G(y)| and therefore |G (x)—G (y)| < 27"+
By Proposition 3.10 this gives log |G'(x)/G'(y)| < D|G(x) — G(y)| < DA~ =
DAL O

< @)\‘—s(x,y)+l.

Proof of Proposition 3.10. We begin with a couple of simple formal steps. First of all,
by the chain rule, we can write

(&) ") _ T ) K, g )
(g"™) (g™ (») * ,.g, g () l;ﬂ )

log

Then, since g’ (x), g’ (v) are both in the same smoothness component of g, by the Mean
Value Theorem, there exists u; € (g'(x), g'(y)) such that

=logg(g (x)) — log g'(g' () = g/(—ui)lgi(x) —g' Wl
8 (ui)

g'(g' (x)
g'(g ()



Doubly Intermittent Full Branch Maps with Critical Points 1867

Substituting this into the expression above, and writing ®; = g”(u;)/g’(u;) for sim-
plicity, we get

(&) (") A
og —————" =) Dlg' ) —gMI <) Dilg'x)—g I (56)
(&"™) (g™ (») l;n 12(;

We will bound the sum above in two steps. First of all we will show that it admits
a uniform bound D independent of m, n. We will then use this bound to improve our
estimates and show that by paying a small price (increasing the uniform bound to a larger
bound ® := D2 /1Ay |) we can include the term |g" (x) — g" (y)] as required. Ultimately
this gives a stronger result since it takes into account the closeness of the points x, y.
Let us suppose first for simplicity that x, y € §;, the estimates for §, are identical.

Then for 1 < i < n we have that g’ (x), g'(y), u; € A, and therefore we can bound
(56) by

n—1 n—1 n—1

D Dilg' (@) = &' ] < Dolx =yl + ) Dilg' (1) — 8" (I < Dody + ) Dil A, |-

i=0 i=1 i=1

(57)

From (12) and using the relationship between the y; and the x,, we may bound the first
term by

1/k

1+x-

Dolst] < ug'15t] < 2 ~ Vi < *n —1oc<o00 (58)
n+1 1+x +1

where we have used the fact that that for some sequence &, — —1 we have (1 +x,,)/

(IT+x,,) = g’ (&) which converges to 1 if £ > 0 (and therefore ¢ = 0) or 1 + by
otherwise (and therefore ¢ = by). If £; = 0 then D; is uniformly bounded for i > 0, if
£1 > 0, then from (11) and (45) we know that

—1
DA, IS A+up) A IS (=) 1@1 (n —i) (10 )=<n—i>—2. (59)
Then by (58) and (59) we find that

o0 o0
5:=exp ICD()B; + Z@iAn_i} < exp {@0 + Z@iAn_i} < 0. (60)

i=1 i=l1

Substituting this back into (57) and then into (56) we get

log‘( g" ™) (8" (x))
(&™) (g™ (v))

which completes the first step in the proof, as discussed above. We now take advantage
of this bound to improve our estimates as follows. By a standard and straightforward
application of the Mean Value Theorem, (61) implies that the diffemorphisms g" : §} —
Ay and g"7" @ A, — A all have uniformly bounded distortion in the sense that
forevery x, y € 5; and 1 < m < n we have

<log® (61)

|x — ¥ §5|g (x) —_g D] 62)
157 Ay
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and

lg" (x) +— g" <% lg" (g™ (x)) —ig”””(g’"(y))l _3 lg" (x)) ig"(y)l_ 63)

Therefore

~ ~

D )
lx —y| < mlg (x)—g"WMIIsy] and |g"(x) — g™ (V)| < ﬁlg ) =" WMNA_l-
0 0

Substituting these bounds back into (56) (with i = m), and letting ® := D2 /1Aq |, we
get

(g™ ") _ =
log =—=—=—— < ¥ D¢ (x) — ¢’ () =Dolx — y|+ ) Dilg' (x) — ¢' )|
(g"™) (g™ (»)) ,X(‘: ;
5 n + n -
TOOﬁlg (x) =g " Mg, |+Z’Dz| |Ig (x) —g" WA, _l
i=1 )
6 n—1
= [@maw +> DA, l'} 8" (x) — g" ()
0 i=1
D2
< mlg () ="M =DIg"(x) = "W).
Notice that the last inequality follows from (60). This completes the proof. O

We state here also a simple corollary of Propositions 3.5 and 3.10 which we will use
in Sect. 4.

Lemma 3.12. Foralli, j > 1 we have

i_(l+1/ﬁ2)j_(l+l/ﬂl), ifﬁ], £2 -0
- (1+b2)7, ift1=0,0,>0
HOD S +b1)7, iflr =00, >0 (64)

min{(1 +b1), (1+b2)} 77/, ift; =0,£,=0

Proof. Proposition 3.10 implies that |§;;| ~ |8;||8;T| uniformly for all 7, j > 1. In-
deed, more precisely, it implies D" [g" (8;)1/1g"(8:)] < 18:;1/18:] < Dlg" Si)1/1g" (8]
whichimplies|8;||8}'|/33|A6| < 18;j] < ®|8;||8;|/|A8|.As/lisequivalenttoLebesgue

on Ay U Aj we obtain the Lemma immediately from Proposition 3.5. O

4. Statistical Properties

In Sect.4.1 we prove Proposition 2.6 and in Sect.4.2 we prove Proposition 2.10 and
Corollary 2.11. As discussed in Sect. 2.3 this completes the proof of Theorem E.
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4.1. Distribution and tail estimates. In this section we prove Proposition 2.6. We will
only explicitly prove (27) and (28) as the proof of (29) is identical to that of (28). For
a, b > 0 consider the following decompositions

ilat* +bt™ > 1) = ji(att > )+ bt > 1) (65)
—jatt > t, bt > t)+ji(att +br” > t, max{art, bt} <1t) (66)

and
aatt —br™ > t) =f(att > 1) (67)
—jatt > t,att — bt <1). (68)

We can then reduce the proof to two further Propositions. First of all we give precise
asymptotic estimates of the terms w(at* > ), u(bt~ > t) which make up (65) and
(67).

Proposition 4.1. For every a, b > 0 and for every y € (0, 1)

Cut™ VB2 po(t=7=VPy ife; >0
i(att = “ 69
/“l’(af > t) {0 ((1 +b2)—t/ak1) lf‘gl =0 ( )
and
o Cpt VB 4 o(r=v=1/BYy ife, > 0
b = 70
H’( T >t) {0((1+b1)—t/bk2) l‘f€2=0 ( )

Then, we show that the remaining terms (66) and (68) in the decompositions above
have negligible contribution to the leading order asymptotics of the tail.

Proposition 4.2. If at least one of L1, £2 are not zero, then for everya,b > 0, y € (0, 1)
we have

flatt >, bt~ > 1)+ ji(att + bt~ > t, max{far™, bt~} < 1) = otV V) (71)
and
fatt >t att —bt” <t) =0V VP) (72)

As we shall see, (72) actually holds for all y € (0,1/8) (where 1/8 > 1 since
B € (0,1) by assumption) but we will not need this stronger statement. We prove
Proposition 4.1 in Sect.4.1.1 and Proposition 4.2 in Sect.4.1.2, but first we show how
they imply Proposition 2.6.

Proof of Proposition 2.6. To prove (27), first suppose that least one of £, £> is non-zero.
Substituting the corresponding lines of (70) and (70) into (66) and substituting (71) into
(68) we obtain (27) in this case. If £; = ¢, = 0 we only need to establish an upper
bound for fi(at* + bt~ > 1) rather than an asymptotic equality and therefore, instead
of the decomposition in (65) and (66), we can use the fact that

aat*+bt” > 1) < j(att > )+ bt > 1) (73)

The result then follows by inserting the corrsponding lines of (70) and (70) into (73).
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To prove (28), if £2 > 0 the result follows by substituting the corresponding line of
(70) into (67) and substituting (72) into (68). Again, if £2 = 0 we only need to establish
an upper bound for fi(at* — bt~ > t) rather than an asymptotic equality and therefore,
instead of the decomposition in (67) and (68), we can use the fact that

palatt — bt~ > 1) < filatt > 1) (74)

The result then follows by inserting the corresponding line of (70) into (74). O

4.1.1. Leading order asymptotics We prove Proposition 4.1 via two lemmas which show

in particular how the values 2(07), 2(0*) of the density of the measure i turn up in the
constants C,, Cp, defined in (26). Our first lemma shows that the tails of the distributions
a(t* > r)and fi(r~ > r) have a very geometric interpretation.

Lemma 4.3. For every t > 0 we have
AT >0 = iy, 0) and i > 1) = 10, ). (75)

Remark 4.4. While the first statement in (75) is relatively straightforward, the second
statement is not at all obvious since T is defined on A and there is no immediate
connection with the interval (0, yFﬂ) in Ag. As we shall see, the proof of Lemma 4.3
requires a subtle and interesting argument.

Remark 4.5. Since i is equivalent to Lebesgue measure on A and Afj, we immediately
have that [L(yfﬂ, 0) ~ |yl and /2 (0, yFﬂ) ~ yFﬂ, and we can then use (47) and (49),
and Lemma 4.3, to get upper bounds for the distributions f(z* > ) and (z* > 1).
This is however not enough for our purposes as we require sharper estimates for the
distributions, and we therefore need a more sophisticated argument which yields the
statement in the following lemma.

Lemma 4.6. For every t > 0 we have
(Vi 0) =y A7) + Oy Y and iy, 0) = yinh(0%) + O((G)7).
Before proving these two lemmas we show how they imply Proposition 4.1.

Proof of Proposition 4.1. Let us first show (70). Recall from the definition of C, in (26)
thata = 0 = C, = 0, so if @ = 0 there is nothing to prove. Let us suppose then that
a > 0. By Lemmas 4.3 and 4.6 we have

ilat® > 1) = 3" > t/a) = yg 0 hO07) + 05707

Then, using the asymptotic estimates (48) and (47) for y, in Proposition 3.5; and since
O~ Py = o(r—7~ VB for every y € (0, 1); and by the definition of C, in (26), we
obtain

Bih(07)(t/a) P2 + 0= 2/F2) = Cot =V P2 4 01—V 1/P2) if £y > 0

+ —
:U«(af > 1) = 0 ((1 +b2)—t/ak1) ife; =0

yielding (70). To show (70) we can proceed similarly to the above. As before, if b = 0
there is nothing to prove so we assume b > 0 in which case Lemmas 4.3 and 4.6 we
have (bt~ > t) = fi(r™ > t/b) = yﬁ/mﬁ(o_) + 0((yﬁ/b])2). Now using (48) and
(49), and arguing as above we find that (29) holds for every y € (0, 1). O
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We complete this section with the proofs of Lemmas 4.3 and 4.6.
Proof of Lemma 4.3. By definition, recall (22), t*(x) =i, 7 (x) = j forall x € i js
and therefore
oo o
AT 0= %A@y ad GG >0=3 % A6, (76)
i>t j=1 j>t i=1

We claim that for every i, j > 1 we have

] oo
DA = A7) and YA = @) (77)
j=1 i=1
Then, substituting (77) into (76) we get
oo
AT >0 =) @) =) A6 = A0y 0), (78)
i>t j=1 i>t

and

AT =0 =33 @@, =Y A6 = w0, yi)

j>t i=1 j>t

which is exactly the statement (75) in the Lemma.

Thus it only remains to prove (77). As already mentioned in Remark 4.4, despite the
apparent symmetry between the two statements, the situation in the two expressions is
actually quite different. Indeed, from the topological construction of the induced map,
for each i > 1 we have

57 =Jsu; (79)

which, since the intervals §; ; are pairwise disjoint, clearly implies the first equality in
(77). The second equality is not immediate since, for each fixed j > 1, the intervals
8;,j are spread out in A, with each §; ; lying inside the corresponding interval §,”, and
indeed the §; ; do not even belong to 8 and therefore we cannot just substitute 7 and j to
get a corresponding version of (79). We use instead a simple but clever argument inspired
by a similar argument in [Cri+10, Lemma 8] which takes advantage of the invariance of
the meaure fi. Recall first of all from the construction of the induced map, that g~ (8;7)
consists of exactly two connected components, one is exactly the interval 6; ; and the
other one is a subinterval of A}. So for any j > 1 we have

g7 (6 =81, Ufx: AT : g(x) €87}

By the invariance of the measure j&, and since these two components are disjoint, this
implies

A7) = (g~ (6)) = 1) + ifx : AT g(x) € 87} (80)
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The preimage of the set {x : A7 : g(x) € 8;7} itself also has two disjoint connected
components

g {x e AT:g(x) €8T} =62 U{x € AT : g*(x) €6})
and therefore, again by the invariance of [i, we get
(g™ (x € AT 1 g(x) € 8T)) = (82, ) + i({x € A : g*(x) €8T}
and, substituting this into (80), we get
AT = (g7 = A1) + i(2.)) + Allx € AF : g2(x) € 55)).
Repeating this procedure n times gives
n
AT =Y (6 )) +i{x € A : g"(x) € 53
i=1
and therefore inductively, we obtain (77), thus completing the proof. O

Proof of Lemma 4.6. From Lemma 4.3 we can give precise estimates for ji(z* > 1) in
terms of the yr,7 by making use of the fact that 4 is Lipschitz on A(j)E (see Corollary 2.4).
Indeed,

i . ~ i . ~
A > 1) = 10, yiy) :/ " hodx :yFﬂh(O+)+/ ") — h(O0YYdx.
0 0
Using the fact that the density is Lipschitz we have

i -, i + 2
h(x) —h(OMdx| < xdx S (i)
0 0

andso i(t™ > 1) = yF'ﬂfz(O") + 0((yF'ﬂ)2). The statement for u(t* > t) follows in
the same way. O

4.1.2. Higher order asymptotics In this subsection we prove Proposition 4.2. For clarity
we prove (71) and (72) in two separate lemmas. We will make repeated use of some upper
bounds for the measure /i(8;, ;) of the partition elements which are given in Lemma 3.12

Lemma 4.7. If at least one of £1, > are not zero, then for every a,b > 0
alatt >t, bt > 1)+ f(att + bt~ > t,max{at™, bt7} < 1) = otV "/F) (81)
foranyy € (0, 1).

Proof. First note that if one of a, b is 0 then (81) is automatically satisfied.
Now suppose that a, b > 0. For the first term in (81), from Lemma 3.12 we get

oo oo oo oo
Alatt > 1bt” >0= ) Y AG )< Y, Y )P <P 82

i=t/a j=t/b i=t/a j=t/b
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which is o(t=7~1/#) for every y € (0, 1/8) and therefore in particular for every y €
0, 1).

For the second term in (81) we obtain from Lemma 3.12 that

t/a t/b t/a t/b
datt +bt~ > t, max{at*, b7} <1) = Z Z i) < Z Z e
i=1 j:t—zLiH i=1 j=t—zzi+l

t/a -1/ -1/8
eiyp | (t—ai+] e
sy |(=5) -
v ai — 1\ /¢
S5 SR [(REESy R
i=1
(83)

Making the change of variables k = [ai — 17 and using that the first term in the sum is
0 we obtain

i—1 1/p
k
fiat* + bt~ > t,max{att bt} <) S VPN kTP [(1 + ;> — 1} .

k=1

Let us set ay (1):=k—1~V/F [(1 + ]7‘)1//3 — 1] and use the binomial theorem to get

st SO - E G ()

As (% — 1) /m is uniformly bounded above by some constant depending only on 8 we
obtain

B 1/,3 k m—1 B B k —1/B8
1/8 12 _r — /B~ -
() S kT (m—l)( t> =k (1 [> ’

Using the fact that n/(n — 1) < 2 and that 1 /8 > 1 we may conclude

1/8 t—1 ¢
i(at +bt™ > t, m bty <) < 1VP Semite
filat® +bt” > t, max{at’, br"} <1) ; k(t—k) ~ k;kafk)

t—1
Stil*l/ﬁ/‘ ! d)cSJfl*w3 log(t):o(tf’/fl/ﬂ)
1 x(t —x)

forany y € (0, 1). -
Lemma 4.8. If {1, {5 are not both zero, then for every a,b > 0, y € (0, 1/8) we have
alat™ >t,att — bt~ <t)=o@ VP,

Proof. By Lemma 3.12 we get

alatt > tatt —bt” <1t) = Z Gt =i bt >ai —1t) = Z Z i ;)

i>t/a i>t/a j>(ai—t)/b

[0¢)
< Z i~ B (g — 1)~ V/B < Z(l 1) WH/B =1/,

i>t/a i=1
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We claim that

(0.¢]
Z(t +i) 1 TV/Bi-/B < P
i=1

for every 0 < y < 1/, which is equivalent to showing that

tV‘H/ﬂ

; @+ iyEE = ©
1=
for some C > 0 independent of ¢. Indeed, for every i,
(v+1/B (t +,')y+1/f3 1 1 1

G+ DFUBITE = (4O WUBE — G+ i) Vil — (t)i+ ) 7il=7+1/B = [I-7+1/p

which is summable for every 0 < y < 1/8. This implies the claim and thus the lemma.
]

4.2. Estimates for the induced observables. In this section we prove Corollary 2.11 and
Proposition 2.10. We recall (see paragraph at the beginning of Sect. 2.3) that we will only
explicitly treat the case that £1, £, > 0 (and thus in particular 8 > 0). Throughout this
section we will assume that ¢ is a Holder obervable and define a = ¢ (1), b = ¢(—1).

4.2.1. Proof of Corollary 2.11 We first consider the case where 8, = B. Recall from
(14) that B, = B occurs when ¢ is non-zero at a fixed point corresponding to the
maximum of By, B2; and that B, # B occurs when B; # B and ¢ is zero at the fixed
point corresponding to the minimum of 81, 8>.

Lemma 4.9. If B, = B, then 14, € D1p,. In particular, if B, € (0, 1/2) then 4, €
L*(Q.
Proof. Notice first of all thatif 7, ;, € 'D]/lgw then, in particular, fi(£t, 5 > 1) S = 1/Be

and so, if B, € (0, 1/2) we obtain that 7, ; € LZ([L). Thus we just need to prove that
Tah € Dl/ﬂw'

Suppose first that a, b do not have opposite signs, i.e. either a,b > O ora,b < 0,
in which case the distribution of 7, j is determined by the first case of (27). Therefore,
taking y = 0 we get

f(tap > 1) = Cat VP2 4 Cpt =V 4 017 VB = c17VP 4 0(s=V/P)

for some constant ¢ > 0, which may be equal to C,, Cp, or C, + Cp, depending on
the relative values of B, 2. If a, b > 0, and exactly the same tail for fi(t,, < —1) if
a,b < 0. By (30) and the fact that 8, = B we get that 7, , € Dl/ﬂ(p, thus proving the
result in this case. If @ > 0, b < 0 the distribution of 7, 5 is given by (28) and (29) and
so, taking y = 0 gives

f(tap > 1) = Cat VP2 107 VPy = 117 VP 1 011/
and

f(tap < —1) = Cpppt VP4 07 VPy = cor7VP 4 0171/
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where ¢; = C4 and ¢ = Cpp if B2 = B and B; = B respectively, and equal to 0
otherwise. At least one of the ¢y, ¢; has to be non-zero as B, = B implies that ¢ is non-
zero at a fixed point corresponding to the largest of 81, 82 and so if 81 = max{8i, B2}
we know from (26) that ¢c; = Cjp; > 0 and if 8o = max{B, B2} we know from (26)
that c; = C, > 0. Thus, since 8 = B, we get 7, € D]/ﬂw' Ifa <0,b > 0 the same
argument holds exchanging the roles of the positive and negative tails. O

Proof of Corollary 2.11. We have already proved the result for 8, = B in Lemma 4.9
so we can assume that B, # B. This implies that 81 # B, and that ¢ is only non-zero
at the fixed point corresponding to the smallest of the 81, B>. This situation can arrise
in two ways: either () a # 0, b = 0 and B, = B < Bi;or (i) a = 0, b # 0 and
By = B1 < B2. We will assume (i) and give an explcit proof of the Lemma. The proof
of the Lemma in situation (ii) then follows in the same way.

Under our assumptions we know from Proposition 2.6 that the tail of t, p is deter-
mined by (27), and we recall from (26) that C, = 0.If 8, = B> = 0 then we know from
the second line of (27) that

f(ETap > 1) StV

Since B = B1 < 1 by assumption, we may choose y € [0, 1) such that y + 1/8; > 2
yielding 7, 5 € Lz(ﬁ). If B, € (0, 1/2) then the first line of (27) gives that

fi(£Tap > 1) S max{t™V/Pe 177 =1/By

for any y € [0, 1). Choosing y as before so that y + 1/8; > 2 we again obtain that
Tap € L2(/fc). If B, = B2 € [1/2, 1) then, choosing y € [0, 1) sothat y +1/81 > 1/B2
we know from (27) that the non-zero tail of 7, ; is given by

f(FETap > 1) S Cat VP 4077V = Cut VP2 4 07V
yielding Ta,b € Dl/ﬂw’ 0O
4.2.2. Proof of Proposition 2.10
Proof of Proposition 2.10. For a point x € §;” jwe know that t(x) =i + j and that
Fx)yeAf, Vi<k<i; and g (x)e A7, Vi<sks<j—1. (84

Recall that by Proposition 3.4 we have 1 — x} < n=1/% and |Af| < n~H/0) «
1 — x;7, which means that we can use the fact that (1) = 0 and the Holder continuity
of ¢(0,1] to obtain

1§ oghx) < —xf ) < (i —k)~/b, (85)

forall 1 <k <i— 1. Similarly, using the fact that ¢(—1) = 0 and the Holder continuity
of ¢(—1,0),

1§ o g™ @IS U+xt " < (G-, (86)
forallfor 1 <k < j— 1. Forx € §; ; we know from (85) and (86) that

i1 b, Il "
PWISD =k 2+)Y (j—k 0. (87)

k=1 k=1
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We now consider two cases. Suppose first that £; < v; and £» < vo. Then |®(x)] is
uniformly bounded in x, as both (85) and (86) are summable in k and therefore the sums
in (87) both converge. Therefore ® € L9 (1) for every ¢ > 0, in particular ® € L%(j1)
giving the first implication in (36), and by Chebyshev’s inequality, A (+® > 1) =
O (t71) for every g > 0, giving the second implication in (36). Notice that we have not
required in this case the conditions (H) and (H').

Now suppose that £ > v and/or £, > v, and suppose also that

Br1—1/q B2—1/q
> ——— and >

88
= %) A (88)

Notice that for g = 2 this gives exactly condition (H) and for ¢ = 1/, this gives
exactly (H'). We can also suppose without loss of generality that in fact £; > v; and/or
£7 > vy since we can decrease slightly the Holder exponent while still satisfying (88).
In this case the sums in (87) diverge but admit the following bounds:

"

i—1

|d><x>|<2<z—k> e’z+2<]—k> TgilTE

We can then bound the integral by
_vNg
| 1écoran ZZM( Eay)
Ao i=1 j=1

Then, since |§; ;| = O (i~ I+1/B2) j=(+1/BDy we get

qv2 qV]

s > iTn j e S
/ D) %dm < | > T+ Z P <Yt e TR
- +L 1+ L R S i
) ij=11 P2 j i ij=11 P2 j Ai i=1
o0
_av L
+qu 4 A1

The latter sums are bounded exactly when (88) holds. As mentioned above, for g = 2
this is exactly condition () and therefore we get that € L2(2). Forg = 1/ By this
is exactly condition (H’) and therefore we get that d e L4 (f1). In fact if (88) holds for
q = 1/B, then there exists some & > 0 such that (88) holds forall g € [1/8,, 1/B, +¢)
and therefore ® € L1(j) for every ¢ € [1/ By, 1/By + ). From this and Chebyschev’s
inequality we get A(£® > 1) = o(r~/P¢). O
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