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Abstract: The black hole rigidity theorem asserts that a rotating stationary black hole
must be axisymmetric. This theorem holds for General Relativity with suitable matter
fields, in four or more dimensions. We show that the theorem can be extended to any
diffeomorphism invariant theory of vacuum gravity, assuming that this is interpreted in
the sense of effective field theory, with coupling constants determined in terms of a “UV
scale”, and that the black hole solution can locally be expanded as a power series in this
scale.

1. Introduction

Consider a stationary black hole spacetime of dimension d > 4. The orbits of the
asymptotically timelike Killing vector field (KVF) ¢ must leave the horizon invariant
and are either everywhere tangent to the null-generators of the horizon, or not. It is known
in standard Einstein gravity coupled to a wide range of standard matter models that in
the first case, the metric and matter fields are actually static [7,15-17,27,28,45-47]. In
the other case, the black hole horizon is said to be rotating. In such a case, it is known,
again for a fairly general class of standard matter models but assuming that the spacetime
is real analytic and non-degenerate, that there necessarily exists another KVF x¢ that
is tangent to the null-generators of the horizon. Furthermore, it is possible to show that
1= x4+ 1Y j w;’ , Where the 1,0;? are commuting KVFs each of which has closed orbits
with period 2. Thus, the black hole is necessarily stationary and axi-symmetric. This
theorem is originally due to Hawking [22,23], who considered d = 4 dimensions. Later
improvements include [13,40-42] (partially eliminating the analyticity assumption) as
well as [1] (eliminating the analyticity- but under a smallness assumption). For higher
dimensions d > 4 see [20,21,35].! These results are often called “rigidity theorem”,
because they imply among other things that the black hole must be rotating rigidly with
respect to infinity with angular velocities 2.

1 See also [25,36,37] for closely related work on Cauchy horizons with closed generators.
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In d = 4, the rigidity theorem is an important stepping stone for the proof of the
uniqueness—or “no hair”’—theorems [6,8,9,34,44] for Kerr-Newman black holes. Even
though no uniqueness theorems of comparable strength are known in d > 4, or in
a number of Einstein-matter theories even in d = 4, the rigidity theorem is of major
structural importance not least because it is a prerequisite for the zeroth- and first laws of
black hole mechanics. It is therefore natural to ask whether the rigidity theorem remains
valid for example in the presence of higher-derivative terms in the action as expected
from an effective field theory (EFT) perspective.

In this paper, we will prove an extension of the rigidity theorem in dimensions d >
4 for general, local, covariant purely gravitational EFTs extending standard Einstein
general relativity. Our approach is to order the terms in the EFT action/equations of
motion by the numbers of derivatives that they contain and to study, so to speak, the
effects of these terms to increasing accuracy. Each term in the action is multiplied by
a suitable power of some length scale £ that one may think of as a cutoff scale for UV
physics if desired. For example, the standard Einstein-Hilbert Lagrangian R has two
derivatives; the next possible terms would be linear combinations of quadratic curvature
invariants with four derivatives, R?, Ry, R*” and Rypcq R*P?, each multiplied by £2, and
so on. Roughly speaking, the EFT approach is to restrict attention to solutions varying
over a typical length scale L such that /L < 1, and this means, roughly speaking,
that for such solutions the higher curvature terms are always smaller than the leading
Einstein Hilbert term in the action. More precisely, one may say (see def. 4.1 of [24])
that the EFT condition is valid near the horizon, , if considering a 1-parameter family
of solutions to the theory with parameter L (in our case thought of roughly as the size
of the black hole), any quantity of dimension n built from coordinate components of
the metric in a suitable class of coordinate systems will remain bounded by C,,/L" in
absolute value. Then, if £ < L, a higher derivative term of dimension D will, intuitively,
locally make a very small correction of order (¢/L)? to the solution. Thinking of the
length scale L as fixed and making ¢ small instead, this motivates that we should ask
whether the expansion coefficients in £ of a family of solutions g, (€, x) labelled by the
UV length scale £ locally satisfy the rigidity theorem order by order. This is what we
shall actually do in this paper.

The result of this analysis in the rotating case is Theorem 3 (and its local version
Theorem 1) and it assumes, just as the rigidity theorem in ordinary Einstein gravity,
that the family of metrics is real analytic in the domain of outer communication and
non-degenerate. Furthermore, it appears that we additionally need to assume a certain
genericity requirement in d > 4 which however does not impose a major restriction
physically. Even though Theorem 3 is an order-by-order statement for the expansion
in /—and thus already a good approximation in view of the EFT hypothesis near any
horizon cross section—if the metric was known to be jointly analytic in £ and x, it is
plausible that the rigidity theorem, i.e. existence of the further KVFs x¢, w;‘ would
actually hold for finite ¢ sufficiently close to zero.

The proof of Theorems 1 and 3 is inductive, with the induction ascending in the
power of £. For vanishing ¢, the usual rigidity theorems in standard Einstein gravity of
course apply. To make the induction step, we follow the ideas used in standard Einstein
gravity [20] up to a point. However, we cannot at higher orders in ¢ parallel a key step
employed in [20] which is using the Raychaudhuri equation, because it gives insufficient
information in the presence of higher derivative terms in the action. As is well known,
the Raychaudhuri equation plays a key role in the proof of the area- and singularity—and
also the rigidity—theorems in ordinary Einstein gravity (see e.g. [23,49]). It is useful
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because the stress energy tensor ordinarily comes with a definite sign. By contrast, in
the EFTs that we consider, the higher order derivative terms in the equation of motion
produce terms in the Raychaudhuri equation which are not sign-definite in general.
However, we are able, within our inductive scheme, to replace the arguments normally
based on the Raychaudhuri equation and the horizon area with an argument involving an
entropy current-density in EFTs recently analyzed in [24] (for previous works on such
entropy current-densities see [3-5,29,30,50]); for an example see e.g. (83). Furthermore,
for higher derivative theories, the treatment of the rotational Killing fields seems more
subtle than for Einstein gravity.

A corollary of our proof is that the surface gravity, «, which can be defined thanks to
the existence of the additional KVF x¢ tangent and normal to the horizon, is constant,
i.e. that the zeroth law of black hole mechanics holds. It is interesting to note that if one
assumes the existence of x¢, the zeroth law can be demonstrated in the EFTs that we
are considering by an independent argument [2,18].

This paper is organized as follows. In Sect.2 we present in detail our assumptions
and recall Gaussian null coordinates and related constructions required in the proof of
the local rigidity theorem Theorem 1, which is presented in Sect. 3. In Sect. 4 we analyze
for completeness the situation regarding KVFs for non-rotating horizons summarized
in Theorem 2, and in Sect.5, we present our main result Theorem 3. Some technical
material is relegated to various appendices. Our conventions and notations are the same
as in [49]. Lower case Roman indices a, b, c, ... are abstract spacetime indices whereas
Greek indices i, v, o, ... refer to specific spacetime coordinates clear from the context.
Upper case Roman indices A, B, C, ... refer to coordinates on the horizon cross section,
C. We work in units such that 167G = 1. £ is a length scale.

2. Setup

2.1. Standing assumptions. We consider a generic covariant parity even’ gravitational
theory describing corrections to Einstein gravity. Such a theory has an action of the form

I1gl = / (R+CLy+ Lg+--+ P2 Lyp)y/—gd’x (1)
M

where the Lj; are covariant local functionals of the metric containing 2 j derivatives>.
By the Thomas replacement theorem [29], each term in L;; is therefore a contraction
of the (inverse) metric with a tensor product of V, ...V, Rupcq and in each tensor
product, 2 j is equal to the total number of covariant derivatives plus twice the number of
Riemann tensors. We could add a cosmological constant term Ly = —2A, which would
result in an obvious change in the asymptotic conditions on the metric, but not in a major
change in our proofs. We will briefly comment on this in remark 1) below Theorem 3.
The Euler Lagrange (Einstein-) equations for (1) can be written in the schematic form
as
Gap = CHaah+- -+ P2 Hap ap 2)

with local covariant tensors H» 45 containing 2 j derivatives of the metric. The standing
assumptions on the solutions to (2) considered in this paper are:

2 This assumption is made only for simplicity and there is no difficulty in principle to generalize our proofs
to theories with parity odd terms.

3 If we drop the parity even requirement, we can use the volume element €4, ..., to obtain terms with an
odd number of derivatives in odd d.
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1. We have a 1-parameter family of d-dimensional (d > 4), stationary, asymptotically
Minkowskian solutions (M, g,p) to (2) with asymptotically timelike KVF ¢ with
complete orbits, see defs. 2.1, 2.2 of [10] for the precise asymptotic and causality
conditions. Both t%, g, are functions of the parameter ¢ and (M, g,;) contains a
black hole. We require that the manifold structure of M is independent of £ and,
as a gauge condition, we require that the location of the (future) horizon,* H, is
independent of £. We also require that 7 is smooth.

2. gap (€, x)and (£, x) arejointly smooth in (£, x), meaning that we have an asymptotic
expansion of the form

2M
2ab(€,x) = ) g0 (x) + O (M) (x) (3)
n=0

where each g;';)) is smooth on M and where M can be as large as we like, and similarly
for t*. We assume w.l.0.g. that only even powers of ¢ appear, the same goes for all
similar expansions below. Here and in the following, O (¢") denotes a term such that
for each coordinate neighborhood I/ of H with compact closure and each k& > 0,
there exists a sufficiently small £y = €o (U, k) and a constant ¢, = ¢, (U, k) such that
[0y .. 0, O (x)] < ¢y €7 forall [£] < Lo, allx € U.

3. We assume that H has topology H = R x C, where C is compact and that H is
non-degenerate for £ = O [for the precise definition see below Eq. (15)].

We note that the asymptotic expansion in £ postulated in item 2) is not required
to be uniform in x, e.g. we allow that the metric for finite £ could deviate from the
¢ = 0 solution in standard Einstein gravity by an ever increasing amount as time goes
to infinity, no matter how small £. In other words, we allow the corrections from the
higher derivative terms, while locally small, to pile up in an unbounded manner over
asymptotically large times. In a sense, we are therefore allowing secular effects.

While in the case of d = 4 dimensions, the above requirements will be sufficient
for the proof of Theorem 1, our method of analysis appears to necessitate a further
“genericity” assumption in higher dimensions d > 4, unless the horizon is non-rotating.
Since the analysis of both cases is rather different anyhow, we shall distinguish them in
the following:

(I) Rotating Case: 1 is not tangent to the null generators of H for sufficiently small
|€].
(II) Nonrotating Case: t is tangent to the null generators up to arbitrary order in £.

There is of course also the possibility that ¢ is tangent to the null generators of H
only up to a finite order in £. The treatment of this case would require a combination of
the methods in cases (I) and (II), depending on the order in £ in the induction procedure.
Since it is only case (I) that should be considered generic anyhow, and since the analysis
would be rather repetitive, we will not give it here. In case (II), it could also in principle
happen that ¢ is not tangent to the null generators for a sequence {¢, } tending to zero if
t?, gqp and/or the manifold structure of M is not analytic, in which case the terminology

4 Itis defined as the future boundary of the domain of outer communication. More precisely, as in [10],
we assume that M contains an acausal hypersurface ¥ with possibly several asymptotic ends X1, X, ...
each = R4~! \ Bg. The slice must satisfy either def. 2.2(a,b) of [10], which precludes it from “not reaching
the event horizon”. Then the domain of outer communication D with respect to the end X is defined as the
causal completion of U;crpr[21] [see Eq. (63)] where ¢ is the flow of % and the future/past horizon is
defined as HE = 9D N 1= (D).
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‘nonrotating’ is misleading. However, this case will not be relevant for our analysis since
we will only obtain results order by order in £ for Theorem 1 or assume analyticity for
Theorem 3. The rotating case is treated in Sect. 3 whereas the non-rotating case is treated
in Sect.4.

In order to state the “genericity” assumption in the rotating case, we need to recall—
and will demonstrate again below—that for £ = 0, i.e. Einstein gravity, already the
above assumptions (1)—(3) imply that the projection of the flow generated by 7%|,—9 to
any cross section C of H is a Killing vector field, S¢, of the metric g,p|¢=¢ restricted to
C.Let {¢; T € R} be the flow of $* on C. It is an abelian subgroup, A, of the isometry
group of the compact Riemannian manifold C (with the metric induced from g,p|¢=0).
Its closure, G = A, therefore is an abelian compact Lie-group, hence isomorphic to a
torus G = TV for some N > 1. The N generators of this torus correspond to N KVFs

of C, ¥{, ..., ¥y, each generating a flow of isometries with period 277, and we have,
onC,
N
a __ a
§4=>"Qul. 4)
j=1

4. (Genericity) We assume that the flow of S generates the full isometry group of
the cross sections C of H for the restriction of the metric gq4p|¢=0. In particular, the
isometry group must be the abelian group T .

Note that the genericity property is trivially fulfilled in d = 4 dimensions since in
that case, the stationary black holes in question are provided by the Kerr-family, which
has only one rotational KVFE. The Myers—Perry black holes [38] in d dimensions have
isometry group R x TV, where N = | (d — 1)/2], unless some of the spin parameters a j
happen to vanish. The genericity requirement imposes that the orbit of S on a horizon
cross section is dense in T¥, and this will be the case if the a ; are such that all non-trivial
ratios €2;/€2; are irrational numbers. Thus, 4) amounts to a genericity requirement on
the values of the spin parameters a; which is satisfied for almost all values of these
parameters because the rational numbers have measure zero in the real numbers.

2.2. Gaussian null coordinates (GNCs). We begin by picking an arbitrary compact
cross section C of H and flow it with the 1-parameter group ¢, of isometries generated
by the KVF ¢ by an amount v and set C(v) := ¢,[C]. Using the global structure of
spacetime expressed in assumption 1) and prop. 4.1 of [10], we may assume without loss
of generality that C has been chosen so that each orbit of ¢ on H intersects C precisely
once, so 1 is everywhere transverse to each C(v). On each C(v) we can therefore
decompose

14 =k + 5 5)

where s¢ is tangent to each C(v), not identically zero on C(v) for rotating horizons, and
k“ is tangent and normal to H and nowhere vanishing, see Fig. 1.
By construction, we have

Lk = L5 = s =0, Lv=1 (6)

on H, where .Z is the Lie derivative. The family of cross section C(v) defines a foliation
of H which we now use to set up an adapted Gaussian null coordinate (GNC) system
in an open neighborhood of H; see Appendix A for further explanations about GNCs.
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Fig. 1. Illustration of 14 = k% + s for a given cut C. If a different cut C is chosen, we get a correspondingly
different k¢ and §¢

To this end, we consider at each point of H a second null vector [* normalized such that
[“k, = 1 and such that [ is perpendicular to the corresponding cut C(v). We extend /¢
off of 1 imposing the geodesic equation [*V,I” = 0 and let r be an affine parameter
on each such geodesic such that r = 0 on H. Finally, we may locally pick a coordinate
system (x“) on C, which is transported off of C demanding that Zx4 = Zx4 =0
where defined. Then, in the coordinates (v, r, xA), the metric takes the Gaussian Null
Form:

g = 2dv(dr — radv — rﬂAdxA) + yAdeAde 7

By construction we have
a a a a 8 a
ka Y , la N , a _ Al _~ , 8
<8v) <8r> v (axA> ®

Vab = yap(dx?)a(dx®)p,  Ba = Ba(dx?), 9)

Even though we will of course need more than one coordinate chart (x4) to cover C,
these coordinate charts can be patched together so that the above tensor fields are defined
globally and invariantly in an open neighborhood of H, depending only on the initial
choice of C. By construction, we have

and we set

LiYab = Zifa = Lio = Zir = 0. (10)

In particular, since [k, s]* = 0 on H by (6), it follows that the GNC components of s¢
are independent of v on H. Also, by construction, we have

k*V, kb = ak? onH. (11)
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We can think of the tensors «, B, Ya» as living on the foliation C(v, r) of surfaces
of constant r, v, and it will be useful to define a corresponding intrinsic covariant
derivative operator and projections. For this purpose, we set p%, = (94)*(dx*);,, and
q°? = (y~HAB(3,4)%(3p)". Then g%, is the orthogonal (with respect to g,p) projector
onto TC(v, r), and we have y,,q? = p¢,. p“p is another projection onto TC(v, r)
characterized by p%,l® = 0 = p?ykP. Note that p?, is not an orthogonal projection
where rf, is non-vanishing and therefore not equal to g5 nor to Yy}, at such points. But
on H,i.e. for r = 0, the quantities ¢, y“p, p“p all coincide. By construction, we have

PbBa = Bbs P bP dVac = Voas P s’ = s (12)

where these quantities are defined, and on ‘H we could replace p“;, in these expressions
by qp.

For a covariant tensor field 7, 4, ~bs intrinsic to the foliation C(v, ), i.e. such that
it coincides with its projection by ¢,” for any index and any (v, r), we define

b

DpTay.a " = 4506," -+ 0e,% 00, ™ -+ G0, " Ve Tuy. a1, (13)

and we will denote by R[y]abcd the curvature of D, which is an intrinsically defined
tensor field on each C(v, r). The contractions of R, into [¢, k%, pba as expressed in
terms of Dy, yub, Ba, o etc. are given in Appendix A.

3. Rotating Case

Assume that we are in the rotating case (I) of Sect.2.1. We will give in this section a
proof that there exists a KVF x“ tangent to the null generators of H in the sense that x¢
Lie derives g, modulo terms of order O (¢"*) where n can be chosen as large as we like,
and modulo terms that vanish to arbitrarily high order in any coordinate transverse to
H. x® is constructed such that it commutes with /% and on H satisfies x?V, x? = « x?,
where k > 0 is constant on . If the solution is jointly real analytic in (x, £), we will
argue in the next section that x“ has an analytic continuation to the entire domain of
outer communication which Lie-derives g, exactly, i.e. without any error terms.

The basic idea is to define x¢ := k“ where k“ is the vector field (VF) tangent to
the horizon generators defined by fixing a cross section C of H in our construction of
GNCs, see (8). The cross section C is arbitrary in our construction of GNCs and different
choices will lead to different k. We are going to find the right C by demanding that for
the k“ defined by that C, we have @ = « = constant on H. A generic C will not do for
this purpose, so we will have to pass to a new C, to be determined. The determination
of this C will be made order by order in £. To organize the powers of ¢, we define the
expansion coefficients in

a(x, 0) ~ Ze"a<n>(x)

n=0

Ba(x, )~y "B (x) (14)

n=0

o
Vab(x, £) ~ Y €y (x)
n=0
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[T
~

where means an asymptotic expansion in the sense described below (3). Similar
expansions are made for other tensor fields on M, and we note that due to the structure
of the action (1), only even powers of ¢ can appear in such expansions. The conditions
Livarl, x) = LB, x) = ZLa(l, x) = 0 may then be expanded out in powers of £
to obtain conditions on the expansion coefficients. We define k to be the average of «
over C,

_ 2
K= A[C]/ca\/?d x (15)

where A[C] is the area defined w.r.t. ;5. Then we have k ~ ZEO:() 0™ and the
precise form of assumption 3) is that ¥ ?) so defined is > 0. We now make the following

Inductive hypothesis at order ¢": There exists a cross section C with corresponding
GNC system (v, 7, x4) such that

L (Livw) _ = 0w

4" (Liba) = 0w (16)

for any m € Ny. Furthermore, «/) = x/) = constant on  for all j < n in that GNC
system, and the expansion coefficients of s¢ satisfy

54 are KVFs of yup|¢—o forall j <nonC. 17)

Remarks: (1) By the genericity assumption 4) of Sect. 2.1, the sWa, j=0,...,nare
commuting KVFs of the zeroth order in £ horizon metric y,p|¢—0, and we can write, on
C’

N
s9(Lx) = Y QOUE () + 0", (18)
i=1
(2) The facts that ¢ Lie-derives «, B, y,p for all £ together with r* = k“ + s* and (16)
give
L (L) _ =0

r=|

4" (%pa) _ = 0w (19)

for any m € Np.

3.1. Induction start n = 0. The argument in this section has been presented in [20] but
we go through some of its steps as a preparation for the induction step to familiarize the
reader with the basic logic of our argument. Let A be an affine parameter for the null
geodesic generators of H whose future directed tangent we denote by n¢. Then we have
the corresponding expansion and shear 6, o, on H, given by

0 =y Vanpy, oab = Va (Viena) — 758caVen®). (20)
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We consider the v-derivative of the area (with respect to y,p):
d oA
—A[C(W)y—o = | —0O./7d9%x. 21
o [C(V)]v=0 /c 30 VydiTx (21

For convenience, we will take A = 0 on C. We know %A[C (v)] = 0, because the
flow generated by ¢ is isometric by assumption 1) and because the area A of a cut C
is covariant, i.e. only dependent on the metric structure and on C. The Raychaudhuri
equation gives

1
ab _ 92 _ Rpn®n® (22)

000 = —oup0 =

and the Einstein equation (2) gives Rypn?n® = 0(¢?). By the same argument as for the
area theorem [23] for the ¢ = 0 solution, we cannot have 6© < 0 on H. Combining
this statement with %A[C (v)] = 0 evaluated at order O (¢°) therefore gives 0O =0

on H. In view of (22) evaluated at O (¢£°), we conclude that aég) =00 =0onH.

Thus, we have the first equation in (16) for n = m = 0. Combining .,Z”kya(g) = 0on
H with t% = k% + s and the fact that .%;y,» = 0, this also shows that $¢ = s%|,—¢ Lie
derives Va(}?)’ i.e. is a KVF. These conclusions hold no matter how we chose the initial
cut C = C(0) to set up our GNC system.

However, the other equations in (16) for n = 0 are in general not satisfied for an
arbitrarily chosen initial cut C. We now wish to find the appropriate new cut Cand thereby
the appropriate decomposition 14 = k? +§ (see fig. 1) and GNC system (7, 7, ¥4) with
associated tensors ¢, Ba, Vab satisfying (7). For this, we consider the v A-component of
the Ricci tensor on H, see (69). Using that we now know % y,p = 0 (¢£2), this gives

: 1
Rpck? p¢u = Dy — z.fkﬂa +0(?) onH. (23)

Using the Einstein equation on H, we have R,.k%p¢, = O(£?), so sending £ — 0
we find that D,a©® — 192” ,3(0) = 0 on H, which implies D a©® + 1,,2” ,3(0) =0
on C, where §¢ = s%|y—g. We see from this equation that if we can deﬁne a new cut
C with corresponding new &, Bq, 7a» in such a way that @© is constant on H, then
.i’j(ﬂéo) = 0, and we will have all the equations in (16) for n = 0 for m = 0 for the tilde
fields. Additionally, we will have learnt that @® = k(0) = constant.

Let us determine the conditions that the new cut C would have to satisfy. It is clear
that k% must be proportional to k%, so it must be the case that k% = fk“ for some
positive function f. Since £k% = Zk% = 0, we must have %, f = 0 and therefore
L f = —%, f. Since on H we know that k*V,k” = «k? and that k9V, kP = @k?. This
means that o and & are related through f by

Lf+raf =—-%f+af =a. 24)

Demanding & = «© + 0(¢£?) means in view of the last relation that f should be taken
to be a solution of

~Zsf+aQf =x© (25)
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using as before the notation S = s%|;—o. Equality (25) provides a condition that must
be necessarily be satisfied on C, cf. eq. (23) of [20]. We must additionally have .Zjv = 1
on H by (6), and since k¢ = (9/00v)“,
N 1 . 1
L= L0 =—. (26)
f f

Using t* = k“ + s and taking ¢ = O for all the quantities shows that

1
1 — st = 7 27)

Therefore v must on C satisfy the equation

Lt =1+— - (.zs log f — a(0)> (28)

cf. Eq. (38) of [20]. It is easy to see that (25) and (28) have a solution on C for d = 4:
In that case, by the horizon topology theorem [23], C = S?, so by standard results on
isometric actions of spheres, the orbits of $¢ must close after a certain period 27/ 2.
It is then easy to see from this fact that (25) and (28) have a solution on C. In d > 4,
even though S¢ need not have closed orbits on C, (25) and (28) have a solution on C
b)(/O)Lemmas 1 and 2 of [20] since we are assuming to be in the non-degenerate case,
k™ > 0.

This gives v as a function on C, and then we extend it to a function on H by demanding
that %7 = 1, see (6). Given ¥, we define a new initial cut C by v = 0, and then we
obtain a new GNC system (9, 7, 4) from the foliation 4 (v) with corresponding ke, 54
etc.

At this point we have shown £ @0, g; 3O ~(0)) =0onHand @ = x© on H.
So we have all the equations in (16) forn = 0 and m = 0 for the tilde fields. Now we
wish to show the same for m = 1 then m = 2, and so on. To do this, we perform an
induction in m. First, we consider the v-derivative of the AB Ricci tensor component
(72) which gives, on H

Le(Reap©ap?y) = L L LrVap + @ LiVap) + O(€2). (29)

Since the tensors in this equation are Lie-derived by 1 = k% + §¢, and since the Ricci
tensor is 0(62) by the Einstein equation, this gives, on C,

0= 202279 — O £7] (30)

see Eq. (56) of [20]. “Integrating” this equation along the orbits of $¢, it can be shown
[20] that ‘,2”5.,2’”[)7:2) = 0, and then .Z7(.Z; Vab))r —o = 0. This is the first equation of (16)
forn =0and m = 1.

Let M > 1. We inductively assume that the first equation in (16) is satisfied forn = 0
and all m < M whereas the second and third equations in (16) is satisfied for n = 0 and
allm < M — 1 (we have seen that this is true when M = 1). Now we apply .L’%M _1%
to the vr component of the Ricci tensor (68) and evaluate the result at ¥ = 0 = r, i.e.
on H. Using the inductive hypothesis, we find

M (zﬁ(Rabi"/Eb));:O =M (%a) +0(?) G1)
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and then using that the Ricci tensor is itself of order O (£2) by the Einstein equation, we
obtain sz (Dsﬂ,;&<0>);=0 = 0, which is the third equation in (16) forn = 0 and m = M.

Now we apply .i”iM -1 d; to the A7 component of the Ricci tensor (71) and evaluate the
result at 7 = 0, i.e. on H. We find

LN Ly RuciPal)) = LM (L5.) 0@ (32)

=0 F=
which gives ,ZiM (,,2”,;,3‘50));:0 = 0. This is the second equation in (16) for n = 0
and m = M. Thus we see that all equation of (16) are satisfied for n = 0 and all
m > 0 equations for the tilde GNCs. For ease of notation, we finally replace the tilde
cross section C and the tilde tensor fields &, Ba, Vab IE“, 59,19 so obtained by untilde
quantities.

3.2. Induction step n —2 — n, (n > 2). The induction step follows roughly the same
path as the induction start:

1. We demonstrate that .%; Y., = 0 on H up to order O (£"+?),

2. We adjust C — c by an order O (£") correction in such a way that the new tensor
fields «, Ba, Yab still satisfy 1) and in addition that & is constant, and .,?j; Ba =0on
H, up to order O (£"*2).

3. We go through an additional induction loop in m € N showing that
Diﬂlf"i”,;{d, Ba, 7ap} = 0 on H, up to order O (£"+2).

The details of step 1) are different however from the induction start because the Ray-
chaudhuri equation will have to be replaced by the “modified IWW entropy current-
density” (see Appendix B). The arguments for step 1) will be broken down into Lemmas
1-3. The details of step 2) are likewise different because we need to first bring the vector
field 5¢ into a suitable form [see (17)] by applying a gauge transformation that needs
to be found at each induction order n. The arguments for step 2) will be broken down
into Lemmas 4 and 5. Step 3) will then not require essential innovations compared to
the induction start n = 0.

We now go through the details. As mentioned, we would first like to show in parallel
with the induction start that %y, = O (£"*?) forr = 0, i.e. on H. A first idea might be
to consider again the v-derivative of the area functional, %A[C(v)] = 0, which vanishes
due to stationarity. Again, let A be a parameter of affine null geodesics ruling H with
tangent n“. In parallel with the induction start, it seems natural that we seek to combine
the Raychaudhuri equation (22) and the Einstein equation (2) as in

1
9.0 = —oap0" — deez — CHygonn” — -+ = P2 Hyp onn®  (33)

in order to gain information on 6 (N aa(';) at the induction order n. Indeed, the Raychaud-
huri equation is implicitly used in the corresponding argument for the induction start
n = 0 because it is the basis of area theorem used there [23,49]. In the present case, the
induction hypothesis gives Z1928 chi) =0forall j <n—2onH,s00,0, = OU").
This means that the aa;,(rab, 62 terms in the Raychaudhuri equation (33) are of order

O (£*"). However, the other terms on the right side of (33) are potentially only of order
O (£"*2)! This is because it is merely known at this stage that each term H i apn®n? is at
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least linear in positive boost weight quantities in the sense of [24], but when combined
with Lemma 2, the induction hypothesis, and the explicit £/ =2 powers, this still leaves
room for a term only of order O (¢"*/ ~2) which could e.g. be as bad as 0 (£"*?) (for
j = 4). So it appears that unlike for n = 0, we cannot get useful sign information on
3,0™ from the Raychaudhuri equation as the sign-definite term is no longer leading in
£ in the case n > 2 considered now. As a consequence, it is not easy to see how we could
conclude 6™, ‘%EZ) = 0 [equivalent to the statement that y,;, is Lie derived by k“ up
to order O (£"*?)] on H by some sort of argument along the lines of the Raychaudhuri
equation/area functional. Thus, it appears unclear how to take the first step in closing
the induction.

Below in Lemma 3, we shall circumvent this problem by replacing the Raychaudhuri
equation and cross section area by an equation for an entropy current-density and the
corresponding generalized entropy of the cross section considered in [24]. However,
before we come to this construction, we observe that the Raychaudhuri equation still
gives the following preliminary result.

Lemma 1. Under the inductive hypothesis, we have 8 = 0 on C.

Proof. Remember that combining the Einstein equation with the Raychaudhuri equation,
we get (33). Now we expand H apn®n? in terms of “primitive monomials” with definite
“boost weight” as described in [24] which is recalled in Appendix B. By the results of
Sect.2 of that paper, each summand in H; apn®n? is at least linear in a positive boost
weight primitive monomial. By Lemma 2 below, such a term is of order O (£"*), and since
each H; apn®n? is accompanied by £/=2 with j — 2 > 2 we see that the corresponding
terms on the right side of the above equation are of order at least O (¢*?). By the inductive
hypothesis 6, o, are of order O(£"), so since n > 2, the right side Raychaudhuri’s
equation (33) is of order O (¢"*?). This shows that 3,60 = 0 on H.
Now, since n? = (%)~ 1k?, and since .4 [(ZA1)0] = O because [, k]¢ = 0, it
follows that
Ll (L0 = —Zs[(L2 @)™ (34)
where §¢ = 5%|¢—o. By the usual relationship between affine- and Killing parameters

at order O (£°), we can say that Z A = e~ @ (using the induction hypothesis and

applying a rescaling to the affine parameter if necessary), which is constant on C. Since
we have already seen that %6 = 0, this gives

(ZLs +k ™ =0 (35)

on C. Let ¢, be the flow of $¢ on C. The previous equation can be rewritten as
d @) gm o4
— +K 0" og,=0 (36)
dv

Integrating this, we see that 0® o ¢, = e~V X™ where X™ does not depend on v.
However 6 o ¢, is clearly bounded uniformly in v because C is compact, so letting

v — —oo and using that «(© > 0, we see that X" = 0. We therefore conclude that
6 =0 onC. ]

The following Lemma and its proof again refer to the notions of “primitive monomial”
and “positive boost weight” from [24] which are recalled in Appendix B.
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Lemma 2. Let X be a primitive monomial of positive boost weight. Then we have X =
O (") locally near C.

Proof. Let us apply Lemma 2.2 of [24] to X. Then we eliminate any occurrence of
the GNCs (with respect to the affine parameterization of ) of the Ricci tensor or its
covariant derivatives using the Einstein equation (2) and its covariant derivative. The new
terms arising from the substitution process are decomposed into primitive monomials,
and then Lemma 2.2 is applied again, and the Einstein equation is used again etc.,
repeating this process n/2 times. Thereby, X is written as a sum of terms which either
have an explicit pre-factor of at least £", or terms which are products of the monomials
described in Lemma 2.2 of [24] without the occurrence of the Ricci tensor. The terms
of order O (£") can be ignored for the purposes of the proof, whereas each of the other

terms contains at least one factor of D, - - D¢, ZNoap o De, -+ - D¢, £N6 for some
N, r. However, on H, we can replace .£;, = (fkk)_l.fk, so such a term clearly is of
order O (£") in view of the induction hypothesis. O

Lemma 3. We have %y, = O("*?) on 'H.

Proof. In order to get around the problem described before Lemma 1, we recall that
the area is the black hole entropy for Einstein gravity £ = 0, so it is natural to try an
appropriate entropy functional for the higher derivative theory. We chose the “improved
IWW entropy” S[C] defined in’ sec. 3.3 of [24] because its properties are suitable for our
purposes—in particular it is covariant. S[C] is defined in terms of an entropy-current-
density 0¢ = Zn“ + J4(d4)* on H as in

S[C] = / > /ydi2x (37)
C

For further explanations regarding the definition and properties of ¥ and J¢, see
Appendix B.

By property (1) of ¥ in Appendix B, since ¢ is a KVF, since S[C(v)] is a covariant
functional that does not depend on the arbitrary choice of affine parameter, and since
the flow of #* by an amount v moves C to C(v), we learn that S[C(v)] is independent of
v. Taking the first derivative in v we get

d Y
0=—S[CW=o = | — I (Z/y)d4 2. 38
= SIC@)oms /cav (5 V7) d12x (38)
Taking the second derivative in v we get
0= ¢ S[C(v)] —/z o (SJy) | di (39)
) vv:()—c k| 5y O Y x.

We will now use these two identities to prove the Lemma.

First, since k?V,k? = ak?®, and since k% = (ZA)n?, we obtain @ = % log %A
Integrating this equation using & = « + O(£") gives LA = ae*’[1 + O(L")] where
a(x*) may be chosen to be = 1 by a suitable choice of the affine parameter A, giving

D, % = 0" (40)
onC.

5 The difference between the “improved IWW entropy” and its antecedents [4,50] is a specific choice for
the ambiguities in that construction which are designed to render S[C] covariant, see prop. 1 of [24].
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Next, we look at ,/y RN 4/V)- By property 3) in Appendix B, we know that this
is equal to 6+ terms at least linear in positive boost weight with an explicit prefactor of
at least £2. Combined with Lemmas 1, 2 and the induction hypothesis, we get that

1
——0(57) = 0(U"?) (41)
Y

onC.
Finally, we use %, log ZxA = « which is used to write (39) as

0:/0[(,%,\) (VY d”l—2x+f(.,zﬂkx)zaA (Lak(\/?z)u),lj“) Jy a2
c c Nsa
+ / (0 J)Da (L0 v A4 %x + / 0(L0)*0,. (V¥ E) d?2x
C C

- / JUD0)(Lir)? fy 447 2x
C

(42)
where we have added and subtracted D,J¢ under the integral and performed a partial
integration. The terms on the right side are now treated as follows. On the first term, we
use that « is, by induction, constant on C up to terms of order O (£"*). The constant does not
contribute in view of (38). The O (¢£")-terms combine with (41) to terms order O (£2+2)
in total. On the second term on the right side we use the analog of the Raychaudhuri
equation (79), see property 2) in Appendix B. On the third term on the right hand side
we use (40) and the fact that J¢ is of order 0(2’”2): it has an explicit prefactor of 22
and is linear in positive boost weight, see property 3) in Appendix B. By the induction
hypothesis a positive boost weight term is of order O (£") at least. Thus, the third term
is of order O (£2*?). The fourth term on the right side is treated using that 6 = O (¢£"+?)
by Lemma 1 which is combined with (41). Thus, the fourth term is of order O (024,
The last term is estimated using J¢ = O("?2), 0 = O(L"*?) and is therefore of order
o( e2n+4) .

Combining these results, we see that (42) implies

f (LW F Jyd?=2x = 062, (43)
C

At this stage, property 4) in Appendix B gives together with the induction hypothesis
that

and so (43) yields O’;Z) = 0 on C because .Z; A > 0. Note that we already know 8 = 0
by Lemma 1, and that ) = 0 = oa(i) for j < n — 2 by induction. Then, using the

definitions of 6, o4, on H we see that %5y, = O("*?) on C and since .. % yap = 0
on H it follows that %} y.» = O (£"*?) everywhere on H. O

Using 1* = k% +s% and %}y, = 0, we learn from Lemma 3 that %y, = 0 (£"+2).
We now want to use this result to establish the induction hypothesis (17) at order n, i.e.
that 5% are KVFs of the zeroth order metric y,p|¢—o for all j < n. This is in question
only for j = n. It does not seem possible to deduce this merely from %5y, = 0(Z”+2)
and the fact that 59, j <n — 2 are KVFs of the zeroth order metric. But we will now
show that it can be achieved if we simultaneously redefine ¢ = ¢*t%, gup = ¢*gup by
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a suitable diffeomorphism ¢ preserving the horizon cross sections C(v). We will now
construct such a diffeomorphism. The corresponding tensor fields &, Bq, 745, §¢, k% will
clearly still satisfy .2y = 0 ("2, .f,;/ga = O("), Za = O(L"). Furthermore,
if ¢ is the identity up to order O (£?), then the zeroth order metric will be unchanged,
Yable=0 = Vable=0, and if §¢ = ¢p*s? = §¢ + O(£") where S¢ := Z;;g ¢is(Da then
sWa = 5Wa i < — 2 so the induction hypothesis (17) will still hold for 5 up to
order j < n — 2. Finally, if we even have ¢*s¢ = S¢ + £* + O (£"*2) where £ is of
order O (£") and at the same time a KVF of the zeroth order metric y,p|¢—0, then all of
the previous will still hold and in addition the induction hypothesis (17) will hold for 5¢
up to order j < n.

We are going to construct ¢ = ¢ as the flow ¢, at parameter value T = 1 of a vector
field ¢ that is to be determined. First of all, the diffeomorphism should preserve the
horizon cross sections C(v), and this will be achieved choosing a ¢¢ that is tangent to
C and such that %¢% = 0. In fact we will construct ¢¢ initially on C and then define
it in a neighborhood of H by the condition that %% = 0 = Z¢“. Next, ¢ should be
the identity up to order O (£%), and we will achieve this by choosing ¢* = O (¢£?). To
analyze what requirements on ¢“ are imposed by the remaining conditions, we consider
the Taylor series for ¢;s%|;=1 = s with remainder around 7 = 0:

M j 1 M+1
- 1 d/ 1 d
§¢ = ﬁ@gﬁjsa"[:o-'-ﬁfo (l —T)Mdfw(p:jsa dr
j=0
’ (45)
< 1 i 1 : M 4% coM+1 a
= —'fcs +M (1_T) ¢T$§' s dr.
N J: - Jo
j=0

Clearly, since ¢¢ = 0(62), the integral remainder term in the last line will be of order
0 (£2M+1)) "o if we choose 2M > n, then it will be of order O (¢"*2). Furthermore, if
we knew that £ S = O(£"), then it would automatically follow that each term in the
sum for j > 2 would also be of order O(E”"z), whereas the j = 1 term can be written
as —Zsc% up to order O (£*%). Thus, we would know that

5% =59 — LT+ 0. (46)

From this equation, we see that we would have grgma — gngma _ Lt + O (02,
Since we would like to satisfy the induction hypothesis (17) at order j < n, we must
achieve that £"s — Zsr® is a KVF, called &9, of order O (£") of the zeroth order
metric ya(g) on C, up to an error term of size O (¢"+?). That a ¢¢ with all these properties
exists is established in the following Lemma.

Lemma 4. There exists a smoothvectorfield {* = O (£*) anda KVFE% = O (L") of y (2),

a

both tangent to C, such that €"s ™ = £%+ L5+ 0 (£"*?), where S* = Zkgn—z ghga,
Proof. See Appendix B O

We relabel the fields and coordinates thus obtained by the untilde ones. Then we
know at this stage that %y, = 0™, L4Ba = O™, Lo = O(L"), and we
know that (17) holds up to and including order j = n. We now proceed to the vA-
component of the Einstein equation (2) on H, which using the induction hypothesis (16)
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and L yap = O (£"*2) and the expression (69) for the corresponding Ricci-component

reads
2D

1 . .
Doct = 3% = ) U7 Hjepk" pa+ O(E"™) on . 7
j=4

By Lemma 2 the right side is of order O (¢"+?). Using ¢ = k% + s, we therefore find
1
Dao + 5.,2% Ba = OL™?) (48)

Following the same reasoning as in the induction start, we have to consider next a higher
order version of (24), i.e. —%, f + af = &, demanding now that & = k + O(£"*?),
where « is the average of o over C with respect to the volume element of y,;,. Since we
inductively know thato =) , _, Ekfc(k) + O(L"), it follows that « — k = O (£"). By
analogy with the induction start, we next seek to define a smooth function f on C such
that

-4 f+af =«. (49)
Let dAJT be the flow of s on C. We define

fx) =« /00 exp |:— /U oo d; (X)dti| do. (50)
0 0

Using the relationoe = ) ", _,,_» e ® 1 0™ and @ > 0, we see that the do integral
converges absolutely for sufficiently small |£|, and furthermore, that f = 1+ O (£"). By
analogy with the induction start, the new coordinate v should now satisfy [see (28)]

Lt = 1+%(.,zﬂslogf—a)+0(z"+2). (51)

a smooth solution for which exists by the following Lemma.
Lemma 5. The equation %, = a—k+0 ({"*%) on C has a smooth solution ¢ = O (£").
Proof. See Appendix B. O

Using the solution ¢ given by Lemma 5, we set

1
D= ;(—go +log f) (52)

as a function on C. Then it follows that v = O (£") on C and then we extend v to a function
v = v+ 0 (¢") on 'H by demanding that %0 = 1, see (6). Given v, we define a new initial
cutC by ¥ = 0, and then we obtain a new GNC system (9, 7, 4) = (v, r, x4) + O (£")
from the foliation C (%) with corresponding k¢ and §%. By construction, & is constant on
C modulo O(¢"*?), and then .%; B, = 0 modulo O (¢"*+?).

So at this point we have shown .2 (&, Ba, Tap) = O™ ) onHand & = «k+ 0 (£"+?)
on H and we can still assume the induction hypothesis (16) for the tilde tensors up to
and including order n — 2 when m > 1. Furthermore, we have the induction hypothesis
(17) for 5 on C.
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Now we wish to show that we have .i”i’” (L@, Ba Tab))ieo = O L") for all m.
To do this, we again perform an induction in m similar to the induction start. First, we
consider the v-derivative of the A B Ricci tensor component (72) which gives

Lr(ReaP aba) = LLLiVab + & LiVap] + O(L"2) (53)

on H. Since the tensors are Lie-derived by ¢ = k? + §, we can effectively replace
Z; = —%; and since the Ricci tensor is O (£"*?) by the Einstein equation (2) and the
induction hypothesis (£} produces at least one primitive monomial (see Appendix B)
appearing on the right side of the Einstein equation resulting in an O (¢£") term by Lemma
2, which is multiplied at least by £), this gives, on C,

LelLsLap — K Lap] = O(4™?) (54)

where §¢ = Zj<n 27504 which is a Riemannian isometry of y,p|¢=0 by (17), and
where iub = .iﬂﬂah. “Integrating” this equation along the orbits of Sa gives Zgiab =
O (£"*2) by the same kind of argument as around eq. (56) of [20] but carrying around
now the potential O (¢£"+?) “error terms”. This results in L L Vab)i=0 = 0 (£"+2),
where we have replaced again . = —.%5, so we get the first equation of (16) for our
induction order n and m = 1.

Let M > 1. We inductively assume that the first equation in (16) is satisfied for all
m < M whereas the second and third equations in (16) is satisfied forallm < M —1 (we
have seen that this is true when M = 1). Now we apply .Z}M _192”]; to the v7 component

of the Ricci tensor (68) and evaluate the result at 7 = 0, i.e. on H. Using the inductive
hypothesis and the Einstein equation, we find

F=
and then using that a D-derivative of the Ricci tensor is itself of order O (¢£"+2) by the
Einstein equation (. hits at least one primitive monomial of non-negative boost weight

appearing on the right side of the Einstein equation resulting in an O (£") term which
is multiplied at least by ¢%), we obtain ,%iM (L @)i=0 = O (£"+?), which is the third

equation in (16) for our induction order n and m = M. Now we apply DS”iM 71% to the
Ar component of the Ricci tensor (71) and evaluate the result at 7 = 0, i.e. on H. We
find

LN LRl 5 0) _ =L (Lha) _ + 0w (56)

7=0 F=
which similarly gives .,?ZM (% Ea);=0 = O(¢"*?). This is the second equation in (16)
form = M. Thus we see that all equations of (16) are satisfied for all m > 0 for the tilde
GNCs. We relabel the tilde GNCs and corresponding tensors by the untilde (v, r, x4) to
simplify the notation. This closes the induction loop.

Setting x¢ := k% where k¢ is the vector field that is defined in a neighborhood of
‘H by going through  iterations of the induction step as described above, we obtain the
following theorem.

Theorem 1. Suppose that we have a family of spacetimes satisfying the assumptions
(1)—(4) in Sect.2.1 and let n € Ny. Then there exists a vector field x* tangent to the
null generators of H which Lie derives gq, modulo terms of order O (£"*%) and modulo
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terms that vanish to arbitrarily high order in any coordinate transverse to ‘H. In other
words, if I? is a VF transverse to H (such as [* in the GNC above), then

L Ly gabl = O(L"?) (57)

for any m € No. x¢ commutes with t* and on H satisfies x*Vax? = k x?, where « is
constant up to terms of order O (£"*2). The vector field s* = t* — x% is tangent to a
Soliation of cross sections C(v) of H and on 'H satisfies

L Ligaplr = O(L™?) (58)

for any m € Ny.

4. Non-rotating Case

Now we assume that we are in the non-rotating case II) of Sect.2.1: t¢ is tangent to the
null generators of H for sufficiently small |[£|. We will show order by order in £ that
(M, gap) is spherically symmetric.

First, for £ = 0 it follows from the staticity theorem [47] in combination with [10]
and the uniqueness theorems for static vacuum black holes in Einstein gravity [7,15—
17,27,28,45,46] that the metric g,p := gap|e=0 1S the Schwarzschild metric i.e. there is
a coordinate system in which

g=—fdi?+ fld2 42, f=1- (rr—o)d Pns0 (59)
with dgﬁ—z the metric of the round sphere SY~2. By applying a suitable ¢-dependent
diffeomorphism to the family g, (¢, x) which is the identity to zeroth order in ¢, we
can ensure that the timelike KVF 7 is independent of £. We assume that such a dif-
feomorphism has been applied and continue to call the family of metrics g45 (¢, x). In
particular, g, is still given by the above formula. By assumption ¢ is null on H.

Let Y be one of the KVFs of the Schwarzschild metric generating a rotation. We
will now construct a formal series Y¢(€,x) = > ;- 25y ®a(xy in ¢ which is tangent
to H*, which is commuting with ¢, which Lie-derives g5 (£, x) to all orders in £, and
such that Y*(¢ = 0, x) = Y“(x). For this, we assume inductively that the terms in this
expansion for Y have been constructed up to and including order O (¢"~2) in such a
way that Zygapy = O(") and £ Y4 = O"). If we now take .Zy of the Einstein
equation, evaluate this at order ¢", then we see that h,p, defined as the O (£")-term
in %y gap, satisfies the homogeneous linearized Einstein equation in Schwarzschild.
Furthermore, since the linearized Einstein operator of Schwarzschild commutes with
%, since Y = O") and since % g.p = 0, we have Zhy, = 0. Thus, hyp,
is a stationary perturbation of Schwarzschild which is asymptotically flat, i.e. falling
off roughly as |h,,| = O(1/ r73) as r — oo in a suitable asymptotically Cartesian
coordinate system (x*), and regular on the horizon, see def. 2.1 of [10] for the details
on such asymptotic conditions.

Proposition 1. Let hyy, be a linearized, smooth, asymptotically flat solution to the lin-
earized Einstein equation off of Schwarzschild spacetime which is regular on 'H and
Lie-derived by t*. Then

hab = Zap + o%gab (60)

where £ is a smooth vector field which is an asymptotic symmetry at null infinity and
where zqp is a perturbation towards a Myers—Perry black hole [38].
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Proof. This proof is based on the analysis of master variables for gravitational pertur-
bations given in [26,33], see Appendix B for the full argument. O

We learn from Proposition 1 that
Ly gab = " (Zab + LeZap) + O™ 1)

where z,5 1s an infinitesimal perturbation to a Myers—Perry black hole and where £¢ is a
gauge vector field which is smooth as r — rg, and which is an asymptotic symmetry at Z*
and 77, i.e. has one of the asymptotic forms Ila,b,c, IIL, IV of [20]. From £ Ay, = 0 =
L zap it also follows that %} #1845 = 0 so n := [t, £]* must be a linear combination
of % and a rotational KVF of Schwarzschild. By inspection, the only asymptotic forms
for £€% giving rise to a non-trivial asymptotic symmetry n¢ are type III, i.e. asymptotic
boosts, in which case n“ is an asymptotic spatial translation. This, however, is not a
KVF of Schwarzschild, so we conclude that [#, £]¢ = 0, in fact. It follows that g,;,t%& b
is Lie-derived by ¢ on H, and since the latter vanishes on the bifurcation surface B, we
must have g€ = 0 on H meaning that £¢ is tangent to H because ¢ is null with
respect to ggp.

Now we redefine Y¢ — Y? + £"£¢ which is tangent to H. Then still [#, Y]* = 0,
Ly gap = O butnow Ly gup = £"zap + O (£"*?). Furthermore, since by assumption
Se i= gant*pPcl3¢ = 0 to all orders in £ by the non-rotating assumption, since % does
not depend on ¢, and since Zyt¢ = 0, we get N, := zabt“p”c = 0 on 'H, so z4p cannot
be an infinitesimal perturbation towards a rotating black hole, for which N, would be
the perturbed shift vector on H which is not zero. Thus, z,, must be a perturbation
towards another Schwarzschild black hole. Consider now the pull-back of the equation
Ly gap = U"zap + O(£7+?) to the bifurcation surface BB. Since Y¢ is tangent to 3, we get
DaYp+ DpY, = 0"z24p + O (£"2) on B. Taking a trace of these equation and integrating
over 3 shows (in our gauge where the location of B is independent of ¢)

0= Z/BDaYaﬁdd—Zx =€'1/;3Zabyab«/7dd_2x+ 0(€n+2) (62)

and this implies that z,, = 0 because a non-trivial perturbation to another Schwarzschild
black hole will result in a change of the area of 3. This closes the induction loop, showing
the existence of a KVF Y“(¢, x) commuting with 7, to all orders in €.

In the above argument we can start with any rotational KVF of Schwarzschild, so
we obtain from the above construction not only one, but in fact %(d —2)(d — 1) KVFs
Y]? e, x),j=1,..., %(d —2)(d —1) commuting with #%, to all orders in £. Generalizing
the usual argument, see e.g. [49], Appendix C, that the space of KVFs on a pseudo-
Riemannian manifold is finite-dimensional to formal series of VFs and metrics (in £2) we
learn that the Y;‘ (¢, x) generate a finite dimensional Lie-algebra under the commutator
of VFs. This Lie algebra must be a deformation/extension of the Lie algebra so(d — 1),
and such extensions are classified by the cohomology ring H?(so(d — 1), V) where V
is a finite-dimensional representation of so(d — 1), see e.g. [48]. As is well-known, that
ring is trivial for any simple Lie-algebra and finite-dimensional representation. Thus the
Yj‘.‘ (€, x) generate the Lie-algebra so(d — 1).

We therefore have shown:

Theorem 2. In the non-rotating case, gqp(x, £ = 0) is a Schwarzschild metric. If Y (x)
is one of its rotational KVFs, there is a formal series Y (£, x) = Zkzo tky®axy in ¢
which is tangent to HE, which is commuting with t*, which Lie-derives gqp (€, x) to all
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orders in £, and such that Y* (£ = 0, x) = Y%(x). The Killing vector fields Y* (¢, x) (in
the sense of formal series) represent the Lie algebra of SO (d — 1) under the vector field
commutator.

5. Existence of Global Rotational Killing Field(s)

Consider the rotating case (I) of Sect.2.1 and assume in addition to (1)—(4) in Sect.2.1
that the manifold M is real analytic and the metric g, (£, x) and stationary KVF 14 (¢, x)
are jointly real analytic in (¢, x) for some atlas of analytic coordinate systems (depending
possibly on £). Let us go through the proof of Theorem 1 with an eye towards analyticity
of x“ in x at the various orders in £.

First, we may pick the initial cut C to be an analytic submanifold of the analytic man-
ifold 7. This means that initial GNCs (v, r, x4) give analytic charts in neighborhoods
of M covering H. As we have described, the vector field x* = k% = (3/87) described
in Theorem 1 is constructed as a coordinate vector field for a suitable new GNC system
(0, 7, ¥4), and this coordinate system is analytic as we will now argue. At n-th order
in £", the function v is defined by (52) in terms of functions f, ¢. The function f is
defined by (50), and easily checked to be analytic [20]. The function ¢ is defined to be a
solution to an elliptic equation (89) with analytic coefficients on C, hence also analytic
by standard results on elliptic regularity [19]. Thus v is analytic. Likewise, the coordi-
nates ¥4 are constructed using the vector field ¢4 in Lemma 4, and this vector field is
analytic because it is also defined as the solution to an elliptic equation with analytic
coefficients. The coordinates (7, ¥4) are propagated by Lie-transport with the analytic
vector field 7%, and so are analytic functions on the respective coordinate patches of .
Finally, 7 is defined as a parameter along affine geodesics off of C with analytic initial
condition, hence it is also analytic. Thus, the coordinate systems (7, 7, %) successively
determined at the various orders in ¢ are all analytic. Since x“ is a coordinate vector
field in this coordinate system, it is analytic, and we have %, g, = O (£"*2) identically
in an open neighborhood of H for the given n that we fix, by Theorem 1.

At this stage, we can extend x¢ globally onto the domain of outer communication

D:=1* (U ¢r[21]> ni- (U ¢T[21]) (63)

TeR teR

of M (where X is the asymptotic region of the acausal surface and ¢, the flow of %, see
[10] def. 2.1 and footnote 4) by the usual method of analytic extension on overlapping
neighborhoods. Because that domain is simply connected 771 (D) = 0 by the topological
censorship theorem [12,14] the analytic continuation is single-valued. The vector field
s¢ = 1% — x“ is then also globally defined on D and single valued. On H, s can
be written as (18) where each 1//7 has closed orbits and is independent of £. We Lie-

drag each 1/f1“. off H using /¢, which is analytic up to the order O (£") considered. Then

proceeding precisely in the same way® as in Sect. 3 of [20], one shows that each w]“.

can be analytically continued on D to a single valued which Lie derives the metric up
to order O (¢£"*%). We therefore get:

Theorem 3. Assume (1)—(4) as in Sect.2.1, that M is real analytic and that g, =
gap(€, x), t* = t%(L, x) are jointly real analytic in (£, x) with t* not tangent to the null

6 This part of the argument does not use the Einstein equations, and so is applicable in our context, too.
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generators of H. Then for any fixed n € Ny, there exist an analytic VF s = s*(€, x)
on D tangent to a foliation of H by spacelike cross sections, and a VF x* = x*({, x)
on D tangent and normal to 'H, such that s®, x* commute with t%, such that £sg.p =
02 = Ly 8ab and such that we have

19 = x4 +5° (64)

The vector field x“ has an acceleration (surface gravity) k on 'H that is constant up to
order O(£*%) and s® can be written as

N
sh =)l (65)
j=1

where 1//}’ = 1//}‘ (£, x) are commuting VFs on D whose orbits are closed with period 21
such that £y; gab = O (£"*?), and where the Q; = Q;(£) are constants that are defined
up to order O (£"*?).

Remarks. (1) A similar argument will work with a cosmological constant A < 0,
because the asymptotic structure is used in our proofs only to show that the domain of
outer communication is simply connected and to show that t* does not vanish on H.
Both will work if (M, g,p) is asymptotically AdS. In the case A > 0, one has to make
suitable assumptions on how ¢ behaves on Z~ because this is spacelike now. To stay
within the realm of effective field theory, the cosmological constant should in either
case be so small that |AL?| < 1, where L is the typical scale over which the solution is
varying, as explained in [24], def. 2.1.
(2) Note that the VFs in the theorem s, 1//;.‘, x“ in principle depend on the order n in £
up to which the Killing vector field property holds. It should also be possible to establish
the existence of s¢, w;‘, x ¢ with the properties stated in this theorem up to arbitrary order
in £. This would be tantamount to showing that the successive changes of coordinates
to (7, 7, ¥4) defined order by order in £ can be summed within a non-zero radius of
convergence |£| < £o. We expect that this should be possible, but it would be a rather
tedious bookkeeping exercise. We will not carry this out here because in the effective
field theory spirit, the action /[g] is only valid up to a finite order in £ anyhow.
(3) It is natural to ask to what extent the (approximate) KVFs %, x¢, w}l can be made
independent of ¢ by applying a diffeomorphism to all quantities, i.e. by “changing the
gauge”. First we consider the rotational KVFs wj“.. By (18) each W? is independent of £
on H. But since w;‘ is obtained off of H by Lie-dragging it along the vector field /¢ =
[“(¢, x), it is in general £-dependent off of H. Consider a point xo € H and a sufficiently
small r > 0. Let xo(r, £) be the point in D obtained by flowing xo along the VF [¢(¢, x).
Then for sufficiently small r > 0, the map xo(r, £) +— xo(r, £ = 0) is a diffeomorphism
¢ which is the identity on H, and by construction we have ¢*/“ (€, x) = (£ = 0, x), s0O
[* becomes independent of £. Consequently, by applying ¢ to g4, x¢, t%, t/f;‘, we have
achieved that all 1//7 (¢, x) are actually independent of £. This of course holds only locally
where the diffeomorphism ¢ has been defined and it would require extra non-trivial
work to show that a global diffeomorphism exists satisfying ¢*1¢ (¢, x) = 1(£ = 0, x)
throughout D. If so, each w;‘ would be independent globally on D in this gauge.

On the other hand, even if this were true, we cannot expect that the KVFs ¢, x
can be made independent of ¢ by a change of gauge even locally. This is because the
projection of the orbits of ¢ to a cross section C of H will depend on ¢ in view of (64)

a
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and (65), and in fact their global nature will depend sensitively on the angular velocities
Q;(€): If some ratios 2;(¢£)/2;(€),i # j are rational, then the orbits of 57 (¢, x) will
not be dense in C, and otherwise they will. Obviously, this may change if we vary ¢
even arbitrarily close to £ = 0. Whether the orbits are dense or not is a gauge invariant
statement, so we cannot expect to make ¢ independent of ¢ by changing the gauge. A
similar argument applies to x“, now replacing the cut C on the horizon by a cut at future
null infinity.

Consider next the non-rotating case (II). By Theorem 2, we have a set of KVFs in
the sense of formal power series generating the Lie algebra of SO(d — 1) under the
commutator of VFs. These KVFs are constructed order by order in £2, and if we could
show that the series converges, then it would follow that we have actual KVFs and not
just formal series. Again, for such an argument to proceed we should at least know that
the manifold M is real analytic and that the metric g, (¢, x) is jointly real analytic in
(¢, x) for an analytic atlas of coordinate systems depending analytically on £. Again,
one would have to go through the detailed steps of the inductive constructions, order by
order in £2.

6. Conclusions

For simplicity, we have considered in this paper (parity even) purely gravitational the-
ories. However, we expect our proofs to be robust and to apply to any local covariant
Einstein-gravity-matter model such that the rigidity theorem holds for the corresponding
standard Einstein-gravity-matter model when £ = 0. The latter applies to a broad class
of models including abelian vectors coupled to scalars [20,21].

A more difficult question is whether one can remove the analyticity, non-degenerate,
and genericity assumptions in our main theorem (Theorem 3). Since it is unknown how
to remove non-degeneracy and analyticity even for Einstein gravity, we expect this to
be highly non-trivial. Actually, in the case of higher derivative theories as considered in
this paper, it is not totally clear what viewpoint to take on this problem, for the following
reason. We have treated solutions in the EFT setting as (locally) small corrections to the
corresponding solutions in Einstein gravity. In doing so, we are assuming in effect that
the solutions are “low frequency’ (relative to the EFT length scale £). If we were to try to
drop the analyticity assumption, it seems plausible that we would have to study the EFT
equations as an initial value problem of some sort as in [1], which requires the study of
solutions of arbitrary frequency. However, for a general higher derivative theory, there
is at this point no general understanding when it will possess a well-posed initial value
problem, although this has been established for certain special theories [31,32,39].

Let us assume that we have a higher derivative theory with a well-posed initial
value problem, say one of the theories with second order equations of motion studied
in [31,32]. If we take such a theory seriously even for arbitrarily short wavelengths, it
is not natural to consider the lightcone as defined by the metric g,,—as we have done
in this paper—but instead one wants to study an intrinsically defined propagation cone
defined by the highest derivative part in the Einstein equation. This leads in general to
a propagation cone different from the lightcone and correspondingly a different notion
of event horizon of a black hole [43]. One might ask in such special theories whether
the rigidity theorem still holds for the new notion of event horizon, and whether, in the
case of stationary solutions, the different notions of event horizons may actually even
coincide. We leave this interesting issue for future work.
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A Ricci Tensor in GNCs [20]

In this Appendix, we provide expressions for the Ricci tensor in our GNC system for
the convenience of the reader [20]. As in the main text, the horizon, H, corresponds
to the surface r = 0. Associated with the foliation C(v, r) by (d — 2)-dimensional
compact cross sections there are two natural projectors. The orthogonal projector g%y,
as well as the non-orthogonal projector p;, characterized by p®,k? = p?,I> = 0. When
rBa # 0, these do not coincide. In terms of the Gaussian null coordinate components of
Yab, we have g?? = (y ~)AB(9x*)*(8/9xB)?, whereas p?, = (3/9x*)%(dx*);. The
relationship between p“, and y¢, is given by

Py =—rl“Bp+y°,. (66)

Since in terms of Gaussian null coordinates, we have p%;, = (94)%(dx?), and ¢ =
(9,)%, k* = (9,)?, and since coordinate vector fields commute, it follows that % p®, =
0 = % p“p. It also is easily seen that ¢*“y., = p“p and that p%,q”. = g“.. We finally
recall that a definition D, of an intrinsic derivative operator associated with g,, was
given in (13), and we denote the Riemann and Ricci tensors associated with g, as
R[y]abcd and R[y]a». Then we have:

1 1 . 1
Kk Rap = —Equbiﬂkfk)/ab + quqdb(iﬂkyab)fk%d + 50 q“* L Vab
+ % ~ [ 4o L+ 8aLia + (La)q® Liyan
+q“" Lyap - [ — Lot —rq“ BeLiBa
(g Befa + 200 Z1(r) + rq“* B. Dyt |

+2q°" Dy (BpZi(ra) + Dyat — L)
+q" LrBe) - | (rg BeBy +20).L1(rfy)
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~4Dya + 2.4y + 4rg* e Diain |
+2(La).L(r*q " BaPp) +4rq™ BaBpLict + 2rq" Ba o L1 Lict
1 .
+2q°° B, L1 (rBp) - {wz (rao) — zrq‘dﬂciﬂz(rﬁd)}

427 2 {129 Bu Dy = L) | + zr‘azz(rzq“bﬂaﬂb)]

(67)
1 1

k1P Ryp = —2.La + Zq““qd%zﬂkycd)ﬁyab — Eq“”fzzkm

1 1

-5 q“* Lryap — Eqabﬁaﬂb
r 1 ab cd
+ 50| —24Lia = 54" Livan - {251+ B LirP0) |
—q"Bu LBy — Li1q™ B Li(rBp)} — q“”Da(z@ﬂh)], (68)

1 1
kh CaRbc = —PbanOl + zgk,gu + Z,Baqbcgk)/bc - pd[apeb]Dd(qbcngce)
r 1
+ 5 : |: E(qbcﬂcybc)ﬁﬁa + ﬁcﬁlga + 2059%/11

+ () - |r T L0 o) + 2%
—2p"aDyp(Lh) + L1(q" By Livea) — 25~ L (rqud,BchaD[b,Bd])
—%qbcﬂybc : { — (rq By +20).L(rBa)

+2p? 4 Dact — q" BpLiyea + 2rqefﬁepdaD[dﬂf]]
—2%j(@pa) = 2r (L) Zifa+ "Dy | 4" B 1B
—2p"4q" DaDpBer — 4" (L1Bb) L Vea
—q" L) - {ra®! BeBs + 200 Lyea + P aDefa

+BeZi(rBo) = 14! BB LiVea)

+4" (LYea) - {Zﬂbﬁ(ra) +2Dpa — LBy + qudelgeD[b,Bd]} ]

(69)
1 1
1 Ry = —Eq“bzl.zmb + Zq‘“qd”(ﬁygb)fzm, (70)

. 1, 1, .
1° 4 Rpe = —Zﬁaq“fzm — LB + Eqb‘ﬁci’wab — p%1ap’pDa (qb‘-ﬁﬁyce)
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. .
L [ — LB Lu+ L (qb‘ﬂc.ﬁyab)

1
3G Livea) (—2iba+ 4" BeLivn) ] an

1
P ap®bRed = —LLVab — @L1Vab + P ap bRV ed — PP by DeBa — E,Baﬁb

+

1
4 (Lvaw) Leveye — 2 {(qukacd)«szab + (CICdfchd)«flcVab}

+
NS N

~ [ — 204 LYab — PCap” 5D BuLiver)

| .
—E(q‘di’?ycd) {(rqefﬁeﬁf +20) LVap +20° P’ b Deﬂf}
—2(L@) Liyap — r LG BB Livan
—1q BBt L1 Lrvab — 220 P by DeBa)

—2BL1Br) — r(LiBa) LB — 1 qY BeBa(Livae) Liviy
+2¢° B { L1 (rB)} Livire +20% @p! 1ya® (DaBe) Liyse

+q“U(rq® BeBy +20) (Liyea) Livan } (72)

B Improved IWW Entropy Current-Density [24]

In order to define the “improved IWW” entropy current-density, one sets up a GNC
system on H adapted to some choice of affine parameter, A, along the null geodesic
generators of . In such a GNC system, the metric takes the form

1
2dA(dp — Epzfdk — pwadx?) + hapdx?dxB. (73)

The definition of this coordinate system involves a choice of cross section, C and is
quite similar to (7). In particular, p is a parameter along affine ingoing null geodesics.
However, the construction differs in that (7) was based on the Killing parameter, v, along
the null geodesic generators of H, whereas (73) is based on an affine parameter, A. The
usual ambiguities in the choice of the affine parameter A may be partially fixed e.g. by
imposing that 4 = 0 on the given cross section C. This still leaves the possibility to
rescale A by an arbitrary positive smooth function a on C, but the “improved IWW”
entropy current-density is shown to be independent of such a change.

One sets N 5@
nf=(—1,, n*=(—) , (74)
oA ap

which are tangent to ingoing (p) respectively outgoing (A) affine null geodesics. The
corresponding extrinsic curvatures in the directions of n respectively n“ are denoted by
K ap respectively Kgp. The corresponding expansions and shears are denoted by 6, oy
respectively 0, 6,5, Where

0=g"Ka, 0=g"Ku, (75)
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and where o, 04 are the trace free parts of Kgp, Kgp. On C, the expansion and shear
may be written in a form analogous to (20),

0 =y Viaitpy, Gab = VoV (Vichla) — 758caVeit®). (76)

where we note that i,, = y, on C.

A useful principle to classify the terms that arise when making a decomposition
in GNCs (73) of a covariant derivative Vg, ... V,, Rypcq Of the Riemann tensor is the
concept of “boost weight”. To define this, one first argues that on H, each term in such
a decomposition must be a tensor product of factors of n,, 1, and the following factors
called “primitive monomials”:

(L) (L) Doy - Do {fo @as hav), De, ... De; Rl lapea (77)

where f, wq = wa(dx?)y, hap = hap(dx?),(dx?), are as in (73) and where R[h]apeq
is the Riemann tensor of h,p. The “boost weight” of each factor is then defined to be
k — k plus the number of 7, factors minus the number of n, factors.

Extending previous works by [3-5,29,30,50], reference [24] constructed the so-
called “improved IWW” entropy current-density,

o =32n+J% (78)

It consists of an entropy density, 3, an entropy current, J¢ = J4(94)¢ (referring to the
GNC system (73)), and is characterized by the following properties, see prop. 1 of [24].

1. ¥ is a scalar local functional of boost weight O that for any cross section C is a
contraction of the factors in the following list: B
® D, Da;o,,. Dy Dapb, D -+ Da;0 D(a -+ Dapb

ajZa)b’

where D, = D, + %bwa is a suitable covariantized derivative defined using the

Hajicek 1-form w, (73) and the boost weight b it is acting on,
® R ayd Or Vg, -+ Va; Rcaj+1aj+2)b where j > 0,
e n% i or g.
It follows that S[C] (37) is independent of the remaining freedom to choose the affine
parameter A, and hence a fully covariant functional of C and the metric g,p, in the sense
that S[y~1(C), ¥*g] = SIC, g] for any time-orientation preserving diffeomorphism
Y preserving H.

2. The analog of the Raychaudhuri equation which uses the Einstein equation (2):

(ZVao® =) o <%ax(ﬁ2) + DaJ“> =F (79)

on H, where F is at least quadratic in positive boost weight quantities, and where
Ju = Ja(dx™), is an entropy current. [The quantity in parenthesis is just V,0%.]

3. J%, which is a boost weight 1 quantity, contains an explicit power £> and is at least
linear in positive boost weight terms. ¥ = 1+ zero boost weight terms containing an
explicit power £2.

4. F = —ogp09 — ﬁ92+ terms depending explicitly on £2.
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Example 1. Consider the theory described by the action

I[g] = / (R + c1€>Rap R + 20> R?)/—gd“x. (80)
M
In this case, the improved IWW entropy density is [3,4]
Y = 1 +c102(Rapn®n® — 00) +2c2€*R. (81)

Note that the first term “1” corresponds to the area contribution to S[C] so S[C] = A[C]+
O (£%). Note that up to a cosmological constant term (which does not contribute to the
entropy current-density), /[g] is the most general local covariant action including up to a
total number of four derivatives in four dimensions because the term R,pcq R4 e fGCdef is

topological and the term Rpeq R*7¢¢ can be expressed in terms of those already present
and another topological term.

Example 2. In d = 4 dimensions, let

I[g] = /M(R +cl* Rubea R of RV ) /—gd*x. (82)
In this case, the improved IWW entropy density is [11]
% = 1+l Rupea Refon(—6n“anin h8h" — 247 n®in! n®né "
+ 12n%@n i nen’ néi") + cl* (=24 Rapea K K" n (83)
+ 12KK“K 4 Kof — 36K K, Kp? Kea),
where h? = g® — 2n@3P) Modulo the freedom to add a cosmological constant term
(which would not change %), this action can be shown to be the most general parity

even action up to and including a total number of six derivatives in the action and up to
perturbative field redefinitions.

C Proof of Lemma 4

In this proof, quantities obtained by setting £ = 0 are denoted by an overbar such as in
Vap = ya(g) etc. Consider the equation

DDty = — 1D 84
(@Sb) = ) Yab, (84)

where indices have been raised/lowered with the Riemannian metric y,5 on C. The
right side is L2-orthogonal to the KVFs of 7,5, and since yup = yap + O (£2), it is
clearly of order O(¢?). Now consider the usual weak formulation of this equation for
¢, in the Sobolev space W!2(C, T*C) obtained by contracting the equation into ¢¢
C*>(C, TC), integrating over C, and formally performing an integration by parts to move
one derivative onto ¢“. Then the bilinear form so obtained from the left side of (84) has
a coercivity property expressed by the Poincaré type inequality

D@ Xp)ll2 > const.|| Xy — PXall 2 (85)

where P is the L>-projector onto the span of the KVFs of 7,;,. By standard arguments,
there is hence a weak, and a forteriori smooth, solution {¢ which is unique modulo the
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addition of a KVF of y,;. In particular, since the source in the equation for ¢¢ is of order
0(62), we can choose ¢ = 0(52) itself. Using (84), we get

_ 1 -
DD (Lsgyy — U's)) = =3 D Liyap + O(E") = O(W), (86)

using that [Da, %s] = 0 (since §¢ is a KVF of y,;, by the inductive assumption), and the
fact that 5% = 5@ 4.¢2 s(z)“_+ - £"5™Ma 4 O (£"*?). The Poincaré inequality implies that
the kernel of the operator D D(, X}, consists precisely of the KVFs of y,y. It follows
that 7% (L5, — €"s") is a KVE, which we call £, of 7,5, modulo O(¢"*2). Thus,
Qrsma — ga 4 Lerd 4 O"+?), as desired.

We would finally like to show that £ = O (£""). Let ¢A>, be the flow of S on C. Since
S is a KVF of y,;, this flow is isometric and in particular area preserving. Therefore,
by basic theorems in ergodic theory (see e.g. [51]), if T}, .4, is a smooth tensor field on
C, then the limit (orbit average)

1

T
(Taroa () = lim — /0 BT 0 (x) de (87)

lim
T—oo T
will exist in the sense of L”(C) for any p > 1 and any component in an orthonormal
tetrad. Since c/A>r is isometric, so the same will hold for D,-derivatives of Ty, ..q,» SO
convergence even occurs in any Sobolev space W?-9(C), g > 0, hence in the topology
of any C%(C) for any o > 0, by an appropriate Sobolev embedding theorem. As a con-
sequence, if Ty, 4, = O (M) for some M, then also (T, 4, ) = O(M). Furthermore,
we have

T—o0

1 (7.
(fSTal...a,(x)) = lim ?/ ‘p:gSTal...ar(x) dr
0

LT a .,
=Th—>moof A E@Ta,mar(x) dr (88)

T
= O’
0
where the limit exists pointwise and uniformly, together with that of all of its derivatives.
Now we take the orbit average of the equation £”s% = £+ Zsc%+ O (£"*?) and obtain
(£7) = O(£"). Since £“ is already known to be a KVF of y,; and since, by our genericity
assumption 4) all such KVFs commute, it follows that q@’fé 4 = §E% g0 (%) = &%, and
this gives £4 = O (™). O

. 1 7k
= lim ?(/J)rTal...ar(x)

T—o0

D Proof of Lemma 5

In this proof, quantities obtained by setting £ = 0 are denoted by an overbar such as in
Y = Yable=0 etc. We take ¢ as the unique solution to

Na 7 1 na

D*Dy,p = —ED Bua (89)
that is L2-orthogonal to the constant functions on C which exists because the right side is
L2-orthogonal to the constant functions. By the usual elliptic regularity results, it follows
that ¢ (x, £) is jointly smooth in (x, £). Let S¢ := stn ¢Js(a By (17), known at this
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stage up to and including order n, we have [D,, Zs] = 0 = LsVap, from which it
follows that o o o
DD, (ZLsp —a) = LsD“D,p — DDy

1 _ _
= — %Dy — D' Dyt
(90)
1 - _ o
— 3D Zspa — D Dycr
— O(zn+2).

In the last line we used D, + %,,%,3“ = O0(¢"*?) and that s¢ = S§%+ O (£"*2). It follows

that .%,¢ — a is equal to a constant function on C plus a function of order O (¢"+?). Since
s% is a KVF of y,; modulo O(E’”z), it follows that

Lip—a =00+ [ (g —a)y7el
AlC] Je 1)

_ n+2y 1 / d-2_. _ n+2y

= 0("?) AC Caﬁd x = 0" —k,

as desired. From the induction hypothesis, we know o« — k = O (£"), so L5 = O (™).
Using this and %5y, = 0 and s¢ = S? + O (£"*%) we now show that we modify ¢ if
necessary so that ¢ = O(£") by analyzing the consequences of the relations

s, 4. 4 sDap @ — 92)

for ascending j from 0 to n —2: We first get sY? D, ¢© = 0. Since s is an irrational
linear combination KVFs ¥{, ..., ¥y generating the 27 -periodic flows of isometries

of Vap, it follows that *D,e® = 0 for all i = 1,..., N. As a consequence of
the genericity assumption s()¢ is also a linear combination KVFs v, ..., ¥y and

therefore 5/ Da(p(o) = 0 for j < n. Then we move on to j = 2 and so on in (92) and
continue in a similar way establishing that ¥/’ D,p) = 0 for j < n — 2. Therefore,

9 =Y jona oW = 0(¢") still fulfills (91). O

E Proof of Proposition 1

In this proof, we write the Schwarzschild metric in terms of coordinates (x“4) on the (d —
2)-dimensional symmetry round spheres and coordinates (x/) = (¢, r) parameterizing
the directions orthogonal to these round spheres. We write (x*) = (x/, x4) and hyp =
Ry (dx?)q(dx")p. The Schwarzschild metric is written as

§=—f(rdr* + f(r)7'dr? +r2dQ5_, = gipdx'dxd +r2Qapdxtdx®. (93)

8ij dx?dx/ is the metric of the space of SO (d — 1)-orbits, with derivative D;, and is used
to raise and lower indices , j, k, . ... Following [33], metric perturbations are classified
into scalar-, vector- and tensor type as follows.

e Scalar perturbations are of the formh;; = f;;S, hia =rfiSa, hap = 2r2(HL§2ABS+
HrSAp), where S denotes a scalar spherical harmonic with eigenvalue —ké, where
Sa,Sap are defined as in [33], and where f;, fij, Hr, Hr do not depend on x4,
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e Vector perturbations are of the form h;; = 0,4 = 7rfiVa, hag
= —2r2k;1 Hr [)( AV ), where V4 denotes a vector spherical harmonic with eigen-
value —k%,.

o Tensor perturbations are of the form h;; = 0, hja =0, hap = 2r2HyT A, where
T Ap. denotes a tensor spherical harmonic with eigenvalue —k%.

The eigenvalues of the spherical harmonics are labelled by [ € Ny, where [ > 0 for
scalar-, [ > 1 for vector-, and [ > 2 for tensor harmonics.

For Proposition 1, we consider static, asymptotically flat perturbations,i.e. 9; 4, = 0,
with the usual fall-off conditions for |, | as r — o0, see def. 2.1 of [10] for details.
The perturbation is additionally required to be regular at the horizon, r = rg. [26,33]
have constructed gauge invariant master variables for the scalar-, vector- and tensor-type
perturbations built from f;, f;;, Hr, Hy, and the eigenvalues for each spherical harmonic
mode number /. In order for static solutions &, of the described type to exist, one has
to find a solution to the appropriate master equation with appropriately regular behavior
asr — ro and r — oo. In fact, [26] have obtained explicit solutions to these equations
for the static case for scalar type perturbations in terms of hypergeometric functions
of a variable directly related to . They have shown using known asymptotic formulas
for hypergeometric functions that no non-zero solution with the prerequisite regularity
as r — rg and r — 00 exists, except for a 1-parameter family of perturbations of
Schwarzschild corresponding to an infinitesimal change in the Schwarzschild radius rg.
By a similar method, one can show that there are no regular, asymptotically flat vector-
or tensor type perturbations except for perturbations corresponding to an infinitesimal
set of rotation parameters in the d-dimensional Myers—Perry family of solutions. We
now go through these arguments in detail. Throughout this appendix, it is convenient to
define

ni=d—2, x:= (r—o)"_l . (94)

Note that 7 is not to be confused with the induction order as used in the main text.

E.1 Tensor perturbations. For tensor perturbations, the gauge invariant master variable
® is defined by Hr = r~"/?>®. For static perturbations ® = ®(x) and the master
equation is [33]

n—1D220 =x) ®"(x)+(n — D(n+ (1 —2n)x)x D' (x)

nn+2)(1—x) N n(n + 1)) O(x) = 0
4 2x

95)

— <(l —D({+n)+



A Stationary Black Hole Must be Axisymmetric... 2787

The general solution is given in terms of Legendre- and hypergeometric functions by

__n —l—n+1 x-2 o —l—n+1 x-2
P(x) =Cix 26-DP , + Cox 20-D Q ,
n—1 X n—1 X

__n l l+n—1 1
=Czx 20-DF [ — , — 1, = |+
X

n—1 n-—1

X

1
x —2>/1 251 /T (= 7hp)

=

I n—1—1 n—1=21 x?
x F|— s 5 )
2n—2 2n-—2 2n—2 " (x —=2)2

n
Cyx ™ 2-D <

(96)
For asymptotic flatness, we need hyp = O(r) as r — 0o at a minimum which implies
that we should have ®(x) = O (x~®=2/2=1y) when x — 0. Due to the overall factor,
the second term clearly does not satisfy this so we must have C4 = 0. When (anl)
is not a positive integer, we may apply a standard linear transformation formula for
hypergeometric functions to the first term, resulting in

1 i (_nlfl)k (ljln—_11>k

PP (SED (k)2

®(x) = C3x 20D

k=0

—1 —1 1—x\*
x [2¢(k+1)—¢/ (— ! +k> —w(—”" +k> —10g<x )] < x)
n—1 n—1 X X

CD)
This is singular at the horizon x = 1 and so is h 4 p. Therefore, we must have C3 = 0
and thus ®(x) = 0. When (n[TU = m is a positive integer, the hypergeometric function
multiplied by C3 above becomes a polynomial in 1/x of degree at most m. Then even for
the best possible case m = 1, ® is singular at the horizon and sois 44 . Thus, ®(x) =0
in all cases and we conclude that there cannot exist static, regular, asymptotically flat

tensor perturbations.

E.2 Vector perturbations. For vector perturbations, the gauge invariant master variable
® is defined in terms of the tensor F; (eq. 5.10 of [33]) by F; = r"_leij D/ (r”/2<I>),
except for the / = 1 mode. In that case we should instead consider the variable & =
2rell D; (r’lfj) as the basic gauge invariant potential (eq. 5.16 of [33]). For static
perturbations, ® = ®(x) in either case.

[ > 1: The master equation for a static vector perturbation is

n -0 —x) ®"(x)+(n — D+ (1 —2n)x)x ' (x)—

nn+2) 3n%x (93)
—((¢—-—DU+n)+ -2 Px)=0
The general solution is
_ 2 —n—1 n—1 21
®(x)=Cix 20-DF ; ;= X )+
< n—1 n—-1 n-1 )
99)

2sn—2 I—1 [+2n—1 2[+2n-2
Cox2n-D F ; , X

n—1 n-1 n—1
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_ 2l4n .
At large distances, x — 0, the terms behave as ~ Cjx 20D respectively as ~
204n—=2 . . .
Crx 2= _ One sees from this that for the perturbation to be asymptotically flat we

must require C1; = 0. By applying a linear transformation formula for hypergeometric
functions to the second linearly independent solution multiplied by C;, we see that

_ =1\ (l1+2n—1
am—p (222 0 (n—1>k< T )k

(] = Chx 2(n—1)
(0= e 2
-1 [+2n—1 L

(100)

This has a logarithmic divergence for x — 1, i.e. at the horizon.
[ = 1 : For static perturbations, the linearized Einstein equation yields ® (r) = L/r"*!
for some real constant L, from which we learn that the only nonzero component of /,,
iISha =rf;Vy = WVA’ where V4 is a Killing vector field of the n-sphere.
Such a perturbation corresponds to turning on an infinitesimal rotation parameter in the
Myers—Perry solution [38].

To summarize, the only static, regular, asymptotically flat vector perturbations cor-
respond to adding perturbatively a rotation to the Schwarzschild black hole towards a
Myers—Perry black hole.

E.3 Scalar perturbations. For scalar perturbations, we take as our gauge invariant master
variable, Y, the combination’ ¥ = r"‘z(f_lFij(D,-r)Djr — 2F), where Fj;, I are
defined in eqs. 2.7a,b of [33]. For static scalar perturbations, ¥ = Y (x), which is a
solution to the master equation

n—1%20=x)Y'(x) = 2(n — (1 + (n — 2)x)x Y (x)+

(101)
+ln=—2)x—(—-Dn+))Y(x)=0
The general solution is
=1 n—1I0-1 [ 21
Y(x) =Cix "—1F< = 1;— 1,x>+
n— n— n—
(102)

) ’

I4n n+l—1 2mn—1)+1 2(l+n—1)
Coxn-T1F ; , X
n—1 n—1 n—1

To see which of these solutions correspond to a regular, asymptotically flat pertrubation,
we apply a gauge transformation to the perturbation to bring it into Regge-Wheeler
gauge in which f; = Hr = 0. The transformed perturbation is still static, regular, and
asymptotically flat and takes the form

hyydxtdx” = —F' fSdi* + fTVF'S dr® + 2Fr*S Qapdx?Adx® (103)

7 Tts relation to the master variable ¥ obeying the Schrédinger-type equation 3.6 of [26] is ¥ = % % Y.
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where in the coordinate x the metric function f(x) = 1 — x and the horizonisatx = 1.

The components of the gauge invariant variables F / , F are given by the master variable
Yand X =Y +2fY’/f’ through the relations

n—DX—-Y

X+ ()Y X+Y
nri—2 -

» B =0, F=—7—15.

r
’ r

Fl = (104)

nrin—2
noting that Z = 0, see eqs. 4.2 of [26].

[ > 0 : Using this together with the asymptotic forms of the hypergeometric functions,
we see that the first solution multiplied by C; would give rise to F/, F], F diverging

as r! for r — oco. Therefore, asymptotic flatness requires C; = 0. By applying an
appropriate linear transformation formula to the hypergeometric function multiplied by
C», we obtain

['(y2)
['(a2)I'(B2)

['(y2) Z (@2)k (B2)k
T — DI(Br — 1) &~ Kl(k + 1)

Y(x)zczxé”'l[ (1—x""+

{log(l —x) =Y (k+1) — Y (k+2)+
k=0

wan+ky+wwz+mxl—x%]

(105)
where oy = ";l__ll,,B = % y» = oo + o — 1. Note that a, > 1, 8> > 1. Near

the horizon we therefore find that for x — 1 we have the asymptotic behavior

I'(y2)
*T(@)l(B2)

and therefore Fl’ and F both diverge as f (r)~! at the horizon r — rg. Thus, there are
no static, regular, asymptotically flat scalar type perturbations when [ > 0.

[ = 0 : In this case, we have a spherically symmetric, static perturbation. It can be shown
by analyzing the perturbation equations that these correspond up to gauge precisely to
a perturbative change in the Schwarzschild radius, o, hence to a perturbation towards
another Schwarzschild black hole.

Combining the results for scalar-, vector- and tensor perturbations and taking into
account the gauge transformations implicitly considered in the above arguments, we have
shownthath,, = z,,,+-Z% g, where z;,, corresponds to an infinitesimal variation of the
parameters in the Myers—Perry solution [38]. By assumption the coordinate components
h,, in an asymptotically Cartesian coordinate system built from (7, 7, x4) fulfill the fall-
off conditions detailed in [10], def. 2.1, for » — oco. Since furthermore d;h,, = 0 =
Z 2,0, it follows that .Z% g, is asymptotically flat at T#, as we can see e.g. by analyzing
its behavior in the coordinates (f & r, r, x4). Thus, £ is an asymptotic symmetry at Z*.

]

X~—Y~— 1-x)"" (106)
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