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Abstract: We compute the limit of the moments of the partition function Zf,” of the
directed polymer in dimension d = 2 in the subcritical regime, i.e. when the inverse

temperature is scaled as By ~ ,é @ for ,3 € (0, 1). In particular, we establish that
h(h—1)
for every h € R, limy_ o0 ]E[(Zf,"’)h] = (ﬁ) 2. We also identify the limit of

the moments of the averaged field ~ k])VgN Yo (p(f—ﬁ)(ZzN (x)— 1), for g € C.(R?),

as those of a gaussian free field. As a byproduct, we identify the limiting probability
distribution of the total pairwise collisions between / independent, two dimensional
random walks starting at the origin. In particular, we derive that

d Gi.j) h(h—1)
log N Z Ly N—)F( 2 ’1)’

— —>00
1<i<j<h

where Lg\i,’j ) denotes the collision local time by time N between copies i, j and I" denotes
the Gamma distribution. This generalises a classical result of Erdos and Taylor (Acta
Math Acad Sci Hung 11:137-162, 1960).
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1. Introduction and Main Results

Let S = (Sy)n=0 be a two dimensional simple random walk and (w(n, 2)) (n.0)eNXZ?
a space-time field of i.i.d. random variables with E[w] = 0, E[w?] = 1 and AB) =
log E[ef®] < oo forall B > 0. Weuse the notation P, , and E, , to denote the probability
and the expectation with respect to the distribution of the random walk when the walk
starts from x € Z?2 at time a € N. If either a or x are zero, we will omit them from the
subscripts. We consider the (point-to-point) partition function

N-1
Zg(x’ y) = E, [ean B (n,S)—r(B) ﬂ{SN—y}:| (1.1)

of the directed polymer, i.e. random walk, in the random environment w, at inverse
temperature S > 0. We also denote the point-to-line partition function

ZR@) = Y ZR@ ), (1.2)

yeZ?

and simply write Zf, ifx =0.
It was observed in [CSZ17b] that, while for any fixed 8 > 0, Zﬁ, —N———> 0, P—a.s.
— 00

[CSYO03,C17], an intermediate disorder regime with a phase transition arises when one
scales the inverse temperature like

N~ B with 8 > 0. (1.3)

In particular, it was shown in [CSZ17b], that for By ~ ﬂA with ,3 e (0, 1),

log N

BN _ 1.2
Zy Ne ; eXp(Qﬁ 2Q;3)’
where X ~ N (0, l)andQA =log (5

to 0.
One can guess the emergence of such intermediate scaling as follows. Using gaussian
environment for simplicity one has that

B[ (2§)°] = 22”15 ] = B[], (1.4)

D ) while for 8 Az 1,7 f,’v converges in distribution

where E®? denotes the law of two independent, 2d simple random walks starting both at
the origin, LS’Z) = Zflvz_ll 15152y denotes their collision local time up to time N — 1

and Ly = 2,11\/;11 1ys,,=0}y denotes the number of returns to zero, up to time N — 1, of
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a single 2d simple random walk starting at 0. The second equality in (1.4) follows since
L}\f faw Ly . A classical result of Erdos—Taylor [ET60] states that

4 ()
Ly —— Exp(1), 1.5
log N N N—oo xp(1) (1.5

where Exp(1) denotes an exponential random variable of parameter 1. Thus, it is not

hard to see that under (1.3), one has sup - E[(Zf,”)z] < oo if and only if B < 1.

It is an interesting and non-trivial question whether all moments of the point-to-plane
partition function Z ﬁ” remain uniformly bounded as N — oo in the same regime of ,é
where the second moment remains uniformly bounded. Information on moments higher
than two in the subcritical regime has already appeared necessary in a number of situa-
tions, in particular in proving tightness and regularity properties of the approximations
to the solutions of the 2d-KPZ [CD20] or Edwards—Wilkinson universality for the 2d-
KPZ [CSZ20,G20,T22] for the nonlinear SHE. The lack of control on higher moments
was resulting into restrictions to strict subsets of the subcritical regime in [CD20,G20],
while this was circumvented in [CSZ20] by employing hypercontractivity to show, for
any ,3 < 1, the uniform boundedness of moments up to certain order h(,é) > 2 with
lim fr1 h(ﬁ) = 2. The case of the nonlinear SHE in the entire subcritical regime is still
open [T22] and the techniques here could be useful there. Moreover, having bounds on
the moments can be useful in obtaining finer results relating to the rate of convergences
[DG22].

The first result of this work is to show that all moments of the point-to-plane partition
function Zﬁ,N are uniformly bounded in the whole subcritical regime ,é < 1 while,

obviously, no moment higher than one exists in the limit at Azl. Note that this is in
contrast to what happens in the weak disorder regime of d > 3 polymers, where the
moments are gradually reduced to just existence of the first moment as the critical point
is approached [BS10,J22].

Combining this with the distributional convergence (1.3) we can actually compute
the limit of all moments. In particular, our first theorem is stated as:

Theorem 1.1. Consider the point-to-line partition function ZﬁN defined in (1.2) with
an intermediate disorder scaling By as in (2.1), which is asymptotically equivalent to
(1.3). Then, for every 8 € (0, 1) and h > 0, it holds that

h(h—1) h(h=1)
. B\ 1 e BN \2 2
dm B)]=(—5) © = (umE(Ey]) T oo

Furthermore, (1.6) is valid also for all h < O if we assume that the law of w satisfies the
following concentration property: There exists y > 1 and constantscy, ¢z € (0, 00) such
thatforalln € N, (w1, ..., wy) i.i.d. and all convex, 1-Lipschitz functions f : R" — R,

IP’(|f(a)1,...,a)n)—Mf|zt)fcl exp(—g), (1.7)

where My is a median of f.

Remark 1.2. We note that (1.7) is satisfied if w is bounded or has a density of the form
exp(—V +U) for V,U : R — R, where V is strictly convex and U is bounded, see
[LedO1].
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Furthermore, we compute the asymptotics of the moments of the logarithmically
scaled and averaged field

J1og N
T 2 e (2R 0 =),

xeZ?

for ¢ € C.(R?). In particular, we establish that

Theorem 1.3. Let ¢ € C.(R?) and consider the centred and averaged field with respect
to @, that is

— 1
Z0 (9, 1) = 5 > () (ZB () - 1).

xeZ?

Then, for every h € Nwith h > 2 and,é e (0, 1),

0, (B)" - (h— D)V, ifhis even

lim (log N)? ]E[Z"N ((p)h] -
N—oo N 0, ifhis odd,

where 0, (;é) is defined as

S Tp? !
0,(B) = ~ / dt/ dxdy e(x)g:(x — y)e(y),
1—p8%Jo (R2)2
with g:(x) 1= % e~ X121 g two-dimensional heat kernel.

Theorem 1.1 in combination with an analogous to (1.4) computation for the &
moment will, almost immediately, lead us to a generalisation of the Erdos—Taylor
theorem (see [ET60,GS09] for a quenched path generalisation). The generalisation
amounts to the quantity of fotal pairwise collision times of h (instead of just two as in
[ET60,GS09]) independent, two-dimensional simple planar random walks. More specif-
ically, let I'(a, 1) denote the Gamma distribution, which is the law with density function

x@le—x 1{x>0y, where in the last expression I'(a) is the gamma function. Then,

T@)

Theorem 1.4. Consider h € Nsuchthath = 2 andfori = 1,... hiet SO = (S\) _|

be independent simple random walks in 7?* starting all from the origin at time zero.
Moreover, for 1 <i < j < hlet

N
G ._ ) .
LN = Z l{s,ﬂ”zs,(/)}’
n=1
denote the collision local time of S® and S until time N. Then

4 G,j) @ h(h—1)
logN Z LN ;———) F(—Z . 1)

—00
1<i<j<h
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More precisely, if Yy = @ Zl§i<j§h Lz(\lf])’ Y is a random variable with law

F(@, 1) and My, (t), My (t) denote the associated moment generating functions,
respectively, we have that

My, (1) —— My (1),
N—o0

forallt € (0,1) := I, which is the maximum interval I C (0, c0) where My (t) <
oo, t €1.

The main step towards the above theorems is to establish that, in the subcritical

regime, the moments of the two-dimensional point-to-line partition function ZI’?,N are
uniformly bounded. To state the corresponding theorem, let us briefly introduce the
averaged partition functions. For test functions ¢, ¥ : R — R such that ¢ has compact
support and v is bounded, we define the averaged partition function to be

1
23 0.9 = 5 D (G 2N ) Y (). (18)
X’y

Moreover, introduce its centred version as Zf,” (o, ) := Zf,"’ (o, V) — E[Zf,” (0. V)]
and, similarly, the centred version of the point-to-line partition function (1.2) as Z f,” =

zZhv Bz,
The key estimate of this paper is the following:

Theorem 1.5. Let ¢, ¥ : R* — R be such that ¢ has compact support and yr is bounded
and consider the centred, averaged field Zf\},’v (¢, ) with respect to ¢, ¥, as in (1.8). Let
also w : R?> — R be a weight function such that log w is Lipschitz continuous. Then,
for every h € N withh > 3, B € (0, 1), there exist a, = ay(h, B, w) € (0,1) and
C =C(h, ;§, w) € (0, 0o) such that for any p, q € (1, 00) that satisfy % + % = land
pq < aylogN, the following inequality holds:
(Erayt. ] H 2%

h
< —_ h h 1.9
log N N ) IV llse lwallgg s (1.9)

‘]E[Z@N (o, W)”] o

where for x € 72 we have oN(x) = (p(x/\/ﬁ), Yy (x) = W(x/\/ﬁ) and wy (x) :=
w(x/~/N). Moreover, for ZgN being the centred, point-to-line partition function, it holds
that

sup E[(Z@’V)h]
NeN

Let us comment on estimate (1.9) and the significance of the precise dependence of the
constant of the inequality (1.9) in terms of p, ¢ and N as (pq/log N)"/> N =" (the generic
constant C that appears in the right-hand side of (1.9) does not depend on either p, g or
N): In the case that ¢, ¥, w are nice, smooth functions, i.e. the partition function field is
averaged out in an essentially uniform way, then, by Riemann summation, N ~"/7 | i—’]‘f] ||2’ »

< . (1.10)

will converge to ||g0||]ip and N /P lwy ||2'q will converge to ||w||}£q and then the right
hand side of (1.9) will capture the decay of correlations of the partition function field as
(log N)~"/2_In contrast to this scenario, if we want to estimate the moments of a single
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partition function, i.e. if we only restrict to a single starting point, say Zf, (0), we would
need to insert in (1.9) a delta-like function ¢y (x) := N1y —o. This choice, however,

leads toablow upin N inthe right hand side of (1.9) of the form (Cpq/(log N))h/zoNh/q.
The idea in order to neutralise the blow up, is to optimise over the choice of p, g, of
the corresponding £” and £7 spaces by choosing ¢ := alog N (for certain parameter
a). This is why the explicit dependence of the constant in the right-hand side in terms
of p, g is crucial and it is remarkable that this concrete dependence leads to a sharp
estimate after a suitable optimisation. The extraction of the precise dependence on p, g
in inequality (1.9) has been one of our main efforts in this work.

1.1. Related literature. Letusexplain how our methods and results fit the various aspects
of the literature as well as outline some prospects.

Moments, Functional inequalities and Schrodinger operators. Inequality (1.9)
controls the moments of the partition function when starting and ending points are
averaged out. A version of (1.9) but for 2d polymer at the critical temperature and
without the important for our purposes dependence on p, g was established in [CSZ21].
Such inequality was used there as an input to prove uniqueness of the scaling limit of
the polymer field at the critical temperature scaling. In the continuum setting of the 2d
stochastic heat equation (again at critical temperature scaling), existence of all moments
of the fields averaged by test functions ¢, ¥, which are restricted to only belong to
L?(R?) was proved in [GQT21].

Important input in all the above came from earlier works of Dell’ Antonio-Figari-Teta
[DFT94] and Dimock-Rajeev [DR04] on the spectral theory of Schrédinger operators
with point interactions. The objective there was to define, via renormalisation, self-
adjoint extensions of many-body hamiltonians of the form

A+ Z S(x; —xj), xl,...,xheRz,

I<i<j<h

with § (-) being the delta function on RZ and A the Laplacian on (R%)", This problem has a
rich history, as outlined in [DFT94]. Of particular significance for our purposes is a func-
tional inequality of Dell’ Antonio-Figari-Teta [DFT94], Proposition 3.1 (see also Lemma
5.1in [GQT21]), which essentially states that the Green’s function of a 22 —dimensional
Brownian motion &(x, y),x = (x1,...,xp) € RD" .,y = (y1,..., ) € (RH",
when restricted to hyperplanes {x; = x;} and {yx = y¢} with (i, j) # (k, £) is bounded
as an operator from Lz(Rz(h_l)) — L2(R2=D) For our purposes, the relevant oper-
ator, in the discrete setting is defined in (3.6) and (3.12) and the corresponding estimate
that establishes the boundedness of the operator in £¢ (Zw"l)), q > 1, is proved in
Proposition 3.3. To prove this, we follow the approach of [CSZ21], working on the real
space rather than the Fourier space as [DFT94] (the latter is only suitable for L? esti-
mates) paying particular attention in extracting the precise dependence on the parameters
p, q of the €7, ¢4 spaces. As already mentioned after Theorem 1.5, this is crucial in order
to apply the optimisation trick, which allows us to average over a delta-like function and
thus control the moment of the, more singular, single-starting point polymer partition.

Collision local times. Theorem 1.4 led us to conjecture and prove in [LZ22] the
following multivariate extension of the Erdés—Taylor theorem:
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Theorem 1.6 ([LZ22]). For h > 3 the joint law of the normalised pairwise collision
L(l I

1°gN }1<i<j<h

dom walks converges in distribution to a vector of ———
variables.

local times { of h independent, two-dimensional simple, symmetric ran-

h(h D) independent Exp(1) random

The conjecture emerged from Theorem 1.4 and the fact that a gamma distributed
variable I'(a, 1), a € N, may arise as a sum of a independent Exp(1) random variables,
The methods developed around Theorem 1.5 in the present paper played an important
role towards the proof of Theorem 1.6 as they paved the way for a number of necessary
approximations. Still, in order to establish the independence of the collision times, one
had to look carefully at the structure of the collisions: There is an intrinsic logarithmic
scaling, already manifested in a sense in (1.5), which introduces a certain separation
of scales. In turn, this separation of scales leads to the phenomenon (called rewiring in
[LZ22]) in which the random walks forget how they tracked collisions and behave as if
they only followed the pairwise collisions independently. We refer to [LZ22] for further
details.

Let us mention that a reader who has followed the literature might have thought
initially that Theorem 1.6 could simply follow from an extension of the work [CSZ17b]

BN.h
VA

to joint convergence of partition functions ZZN R at multiple temperatures

Bn.i = Bi lo ~ fori =1,..., h, together with the moment estimates obtained here.

However, this is not sufficient as the computation of E[Zg’v Lo ZﬁN "] gives rise only

to a functional of the form E®” [eﬁ Lisi<jsh Pibj I‘5‘["1)], while one would need to have
(g) independent parameters ; j, 1 <i < j < hinstead of just B; 8; to identify the joint
distribution.

Theorems 1.4 and 1.6 create some interesting connections with phenomena from
planar Brownian motion. In particular, related to windings of planar Brownian motion
[Y91] and more general, so-called log-scaling laws [PY86,Kn93,Kn94]. A paradigm in

these studies is the following: Let B!, ..., B" denote h independent planar Brownian
motions starting from distinct points z1, ..., z; € R? and foreachpair 1 <i < j <
h, we consider %7 (1) to be the total w1nd1ng angle of Zy/ := B — B! around

0. Yor’s theorem [Y91] asserts that {@ ﬂ(”f)(t)}lﬁkjﬁh m {C(i’j)}1§i<j§h,

where {C (@J )}1 <icjen A€ h(h; D] independent Cauchy distributed random variables.
This result generalises to multiple Brownian motions the classical Spitzer’s law [S58]
and bears resemblance to Theorem 1.6. The above works rely crucial on the continuum
methods and the power of stochastic calculus. In this regard, it would be interesting to
investigate the scope of the methods we develop here (as well as in [LZ22]) for wider

applications and beyond continuum aspects.
e ._ BN
Statistics of log-correlated fields. Let us denote by hy (x) := /log N (log Z)" (|x

VN |—ElogZ f,N ( [x VN ] ) ,forx € RZ.Itis known [CSZ20,G20] that, in the subcritical
regime, hy (x) converges to the gaussian free field. This, now, raises interesting questions
[CZ21] about asymptotic statistics of extrema of the field b (x) as well as whether the
exponential of f (x), normalised by its mean, converges to a Gaussian Multiplicative
Chaos (GMC). The activity in the field of log-correlated fields and on questions of this
type for various models is very large, so we will only refer to some reviews [B17,BK22,
BP21,DRSV27,RV14] for further guidance.
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Since exp («/log N log Zg’v ) = (Zﬁ” ) Viog N, questions like the above appear natu-

rally related to information on the asymptotic of moments of the partition function of
order 4/log N. Progress in this direction, has recently been made in [CZ21] where the
authors showed that there exists a By < 1 such that for 8 < By and for 4 = hy such that

li Co L 1
1m su = <1,
N 1 — p2log N \2

h(h—=1) R R
then E[(Zg”)h] < C(1j7) 2 (1+8N), for C = C(B) and ey = en(B) — 0 for

N — oo. Tighter estimates might be needed in order to tackle the above questions on
extrema and approximation to GMC, see discussion [CZ21], Section 4.
Finally, let us remark that in the continuum setting of the stochastic heat equation

1 ©
ug = EAMS + B (1, X)ue,

with £@ (7, x) := 1 Lo j(Z2)E(r, x)dx the mollified noise and g, = \/10'27 with

B < /2w, corresponding to the subcritical regime for the stochastic heat equation, the
h(h—1)

recent work [CSZ22] yields that Euﬁ > (Euf) 2, for any positive h, irrespective

the dependence of 4 in ¢ (one should think of a correspondence between ¢ and N as

N =¢g2).

1.2. Outline of the paper.

— In Sect.2 we set up the general framework (including a chaos and a renewal repre-
sentation) and recall some results that will be useful for proving the main theorems.

— In Sect. 3 we present the moment expansion and functional analytic framework. We
also prove the key operator norm estimates in subsection 3.2.

— In Sect.4 we present the proofs of Theorems 1.1, 1.4, 1.5 and 1.3.

— Last, Appendix 1 contains some technical estimates we make use of in Sect. 3.

2. Auxiliary Tools

In this section we develop all the necessary machinery for the proof of the main results.

2.1. Partition functions and chaos expansion. Let us start by denoting the transition
probability kernel of the underlying, two-dimensional, simple random walk S by g, (x)
forn € Nand x € 72, that is gn(x) := P(S, = x). Recall from (1.1) the definition of
the point-to-plane partition function

20 () = B, [e S (b w(n,Sn)—A(ﬂN))}
where By is chosen so that

22
03y = RPN | = If_, @2.1)
’ N
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where

N N N
Ry i=E2[ Y 1o | =D Y @’ =Y a2, @2
n=l1 n=1

n=l1ze72

denotes the expected collisions until time N of two independent, two-dimensional, sim-
ple random walks, starting from the origin. Note that [ET60]

logN «
Ry = +—+o0(l),
b4

T
where @ := y +log16 — 7 ~ 0.208 and y ~ 0.577 is the Euler constant. By Taylor
expansion in (2.1), this implies the asymptotic scaling of By as By ~ ,3 ﬁ for
N — oo.

We shall also need the definition of the point-to-point partition functions. In particular,
fora,b € Nwitha < b and x, y € Z?, we define the point-to-point partition function
from the space-time point (a, x) to (b, y) by

b—1
ZM (x,y) = Eq s [6 Tz (Byo0.S)-16y)) Il{sb—y}], (2.3)

Note that with these definitions,

ZR ) =Yz ).
yeZ?

Given ¢, ¥ : R? — R such that ¢ has compact support and ¥ is bounded, we can
further define the averaged partition functions by,

ZW (@ y) =) 0(Z5) z% (x, y),

xeZ?
Zi ) = 3 Zi e vy
yeZ?
and
l )
200 = 5 2 e Zh e ) v (). (2.4)
X,y

For (a, x), (b,y) € N x 72 with a < b, the mean of each of the quantities above is
computed as

E[Z]% (0. )] = a2p(e. ) = D 0(F5) dan(x.3),
xeZ?

E[Z e )] = @y 9) = Y dan ) v(Fy)

yezZ?

2.5)

and

1 ,
B[z 0] = a0 ¥) = - D @) dan(r V(G-

x,yeZ?
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Next, we derive an expansion for the point-to-point partition function Zf ,Al]; (x,y)as a

multilinear polynomial, which goes by the name of chaos expansion. This is the starting
point of our analysis. Recalling (2.3) we have

,2)— Lis,—;
Zf,[\z/,(xay) =Ea,x|: 1_[ l_[ e(ﬁsz(n,z) )\(ﬂN)) (Sn=2) ]l{Shzy}:|

a<n<b ;e72

and by using the fact that for A € R, e* Ltsi=0) = 1 + (¢* — 1)1{5,—,) we obtain

Zf,Nb(x’y):Ea’X[ [T IT(+50 215,20 ]l{sb—y}] (2.6)

a<n<b ;e72

where £(n, z) 1= PV @D =2BN) _ 1 are i.i.d. random variables with
E[E] =0, [E[£2] = @V-20BN) _

N—
= a]%/’ﬁ <F B2, E[IEF] < G aﬁﬁ for k > 3, 2.7)

for some constants Cy € (0, 00), k > 3. The asymptotic and the bound in (2.7) follow

by Taylor expansion. Expanding the product in (2.6) yields the following expansion of

Zf”}’, (x, y) as a multilinear polynomial of the variables &(n, z),

Zf,’i(x,y) = Ga,p(x, y)

Y gam iz &Mz

k>1a<nj<--<np<b

21y 2k €2
which also leads to

ZB 0.9 = a0 )
1
LD DD DR AN CEDEICIED

k>1a<ny<--<np<b
Z],...,ZkEZZ

k
H Gnj_1.n;(Zj-1,2j) 6, Zj)} Gni.b 2k, ¥), (2.8)

j=2

k
{ 1_[ an,l,nj (Zj—lv Z/) S(nlv Z/)} qylz\]/;,b(zka w)

j=2
for the averaged point-to-point partition function. Using the notation
Z3 (.9 = 23 (0, 9) — B[ 2R (9, 9]
for the centred averaged partition function we have that

— 1
ZUCROESD DD DI ORI

k>1 21,2252k
O<ny<--<np<N
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k
{ [Tann,Giot. 285 2)) }q,ﬁ,N(Zk, ). (2.9)

j=2

For simplicity, we will denote ZI’?,N (@) == Zf,N (¢, 1) and ZgN (p) == Zﬁ,N (, 1).

2.2. Renewal representation. We will also need certain renewal representations for
the second moment of the point-to-point partition functions. These were introduced
in [CSZ19a] and [CSZ19b] but only mainly studied in the context of the critical directed
polymer therein. Let (a, x), (b, y) € N x 72 with a < b. We define

BN _ BN
UR (@@, ). b, 7)) =02 SB[ 2D 7], (2.10)
By translation invariance
UBY (@, x), (0, ) = U (b —a,y — x) = 0% E[Zfﬁa(y - x)z],

therefore it suffices to work with U f,N (n, x). We furthermore define U /’3” (n,x) = lx=0)
if n = 0. Using (2.8) and (2.7) we derive the expansion

UR (0. x) = 0 5 g5 (x)

k
2(k+1) 2 2 2
S M > @@ [1ad G2} @ o).

k>1 O<ny<--<ng<n j=2
21,2240, 2k EL2

(2.11)
Moreover, for 0 < n < N we define
U ()= URY (n.x). 2.12)

xeZ?

We will, now, recast U f,N (n,x)and U f,N (n) in a renewal theory framework. We define

a family of i.i.d. random vectors (t;N), XfN))i >1, such that
2
N) (N gy (x)
(Y1) = .00) = By,

and moreover we let ‘L',EN) = tiN) +-- -+t,((N) and S,EN) = XEN) +-- ~+X,((N) if k > 1. For
k = 0 we set (19, So) := (0, 0). Using this framework we see by (2.11) and (2.12) that

U]{},N(n,x) ZﬁZkP (N) =n, S(N) )
k=0

and

Uy =Y P p(rN = n).
k=0
Finally, we remark that

N
> Uk =E[Z{)?]. (2.13)
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2.3. Some useful results. We will make use of the following results on the limiting
distribution of Z f\},’v and the fluctuations of Zle (¢), which were established in [CSZ17b].

Theorem 2.1. [CSZ17b]. Fix B € (0, 1) and let Q% := log (17132 ). Then,

py @ 2
ZNN T——) exp(QﬂX -3 Qﬁ),
where X has a standard normal distribution N'(0, 1).

Theorem 2.2. [CSZ17b]. Fix f € (0, 1) and ¢ € C.(R?). Then,
Jiog N Z8% (9) 25 N (0. 02(B))
N N—oco TR ’

where Zf,” (¢) :== Zﬁ” (¢, 1) is defined in (2.4),

0s(B) = / dt/ dxdy p(x)g(x — y)p(y)

1—,32

2 . .
and g;(x) = # e~ PI/2 denotes the two-dimensional heat kernel.

3. Expansion of Moments and Integral Inequalities

‘We shall hereafter use the notation
MGy =E[Z0 @ 0",

for the h'" centred moments of the averaged field (2.4).

3.1. Chaos expansion of moments. By (2.9) we have

1
MH =S E[(Z Y @ (0 2DEM, 2)

k=1 z,25,..., 2 €Z?
O<ny<--<ng<N

k h
{ l_[ Gn; 1n;(Zj—-1,2j)6(n; , Zj)}qyjl\i,N(Zkv I/f)> ]
j=2

When h € N, the power /4 on the right hand side of (3.1) can be expanded as

> > qu 0 (@ ZMER? )

ki,..., kh>1( (r) (r))ENXZZr 1

l<z<k, 1<r<h

3.1

{Hq 0 @ <”)s(n§”,z<”>}q Mo G ) G
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I I I3 1, I5

Y =y3=y3

=B
@4

Fig. 1. A diagrammatic representation of the expansion (3.15) for ]E[ ] The horizontal direction is the

time direction, while the vertical lines correspond to different time slices, {n} x Zz, n € N. We use straight
lines to represent free evolution (3.6) and wiggly lines to represent replica evolution, see (3.11). We use filled
dots to represent space-time points where disorder £ is sampled

Note that every term in that expansion contains a product of disorder variables of the
form

h  ky
UU (’) j’)). (3.3)

Therefore, after taking the expectation with respect to the environment and taking into
account that the £ variables have mean zero and are independent if they are indexed by dif-
ferent space time points, see (2.7), we see that the non-zero terms of the expansion of (3.1)

will be those such that for every point (n(.r ), x(-r)), 1 < j <k, 1 <r < h there exists

(atleastone) 1 < r’ < h,1 < j <k, such that r # r" and (n(r) (r)) = (n(r/),x 5 ))

that is, every disorder variable é(n(r) (r)) should appear at least twice in a product of

disorder variables. Hence, a natural way to parametrise the sum (3.1) is to sum over
the space-time locations of these coincidence points along with all the possible coinci-
dence configurations. We will also use iteratively the Chapman-Kolmogorov equation
Gt (x,y) = ZzeZz qr.5(X,2)gs.1,(z, ), t1 < s < 12, for the simple random walk, to
break down ’long range jumps’, appearing in (3.2) via their transition probabilities, into
smaller jumps, so that we can track the location of each random walk at each time ¢, see
Fig. 1. Let us introduce the framework which will allow to formalise the above.

Forh >3,letl - {1,...,h}denote apartition/ = UL U---UL,of {l,...,h}

into disjoint subsets Iy, ..., I, with cardinality |I| = m. Given I + {1,..., h}, we
define the equivalence relation L such that fork, £ € {1, ..., h}, we have k L £ if k and
£ belong to the same component of the partition /. For x = (x1,...,x3) € (Z*)" and a

partition / we will denote x ~ [ if x; = x, for all k L £. We shall also use the notation
(ZH" = {x e @I x ~ I}.
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For p € (1, 00) we define the /-restricted €7 spaces €7 ((Z?)") viathe norm || Fllepzoyny

= (er(zz)l} |f(x)|1’)1/p for functions f: (Z*)" — R. In shorthand, we will of-

ten write 25’ or just £7 if there is no risk of confusion. For an integral operator T :

e1((ZH") — ¢4((Z»h), we define the pairing
(£Te) = > f@OTx pg»). (3.4)
x ey e
The operator norm will be given by

ITlles—ea := sup [ Tgllgg = sup (f.Tg) (3.5)

lgll,g <1 1£1l,p <. ligll,g <1
J I J

for p, g € (1, 00) conjugate exponents, i.e. % + é =1.

For two partitions I, J F {1,...,h}and x, y € (Zz)h withx ~ I and y ~ J we
define the free evolution subject to constraints I, J as
h
Oy’ (x,3) == Tg~ry [ [an (i = x0) Ljy~sy,  forn € N. (3.6)

i=1

Q,I,’* and Qi‘,’J will denote the particular cases where / and J, respectively, are the
partitions consisting only of singletons, i.e. I = {1} U --- U {h}. Moreover, if I, J
{1,...,h}, ¢, ¥ :R*> > Rand n € N we define

h
05" @®". y) =[]ay (@. ) Liy~s)

i=1

N (3.7)
OF (. M) = Djery - [ [l (i)
i=1
see also (2.5). The mixed moment subject to a partition / will be denoted by

Eg'l= ]  E"h (3.8)

I=<j=U|,11j|=2

Using this formalism, we can then write

I
My = > 05 (0®", y)E[" ]

k>1 0:=ng<nj<--<np<N,
I,...[)EL,
mi:=|I;|<h, y;€(Z*)"i

k
Li_i.d; , Ik,
x [Tt e yOE[€7] - 0%, (i M, (3.9)
i=2
where 7 is the set of all finite sequences of partitions of {1, ..., h}, (I1, ..., Ix), which
satisfy the following condition: For every r € {1, ..., h} there exists 1 < i < k such

that the block /; that contains r is non-trivial, i.e. it has cardinality equal or larger than
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2. This restriction comes from the fact that M;f,‘ﬁ are centred moments and therefore

every term in the expansion (3.1) contains the expected value of a product of disorder
variables (3.3), which is non-zero only if the product of disorder variables does not
contain standalone & variables, see the discussion below (3.3).

Let B = B(0, r) C R? be a ball containing the support of v (allowing the possibility
of r = 00, in case supp ¥ = R?). We then have that

ON (s ¥ = O, (i W11 157)
C

<y X o e vk,

Nk €{N+1,....2N}

with the latter inequality following because the probability that a random walk starting
inside the ball B(0, v/Nr) C R? attime N — ny is inside B(0, ~/Nr) at time ny.i — ny
with ngy; € {N + 1, ...2N} is uniformly bounded away from zero.

Thus,

cllylh I i I
MY = 3 031 @®", ynE[ "]
k>10:=ng<nj<--<nps1 <2N,
I,.... IEL,
mi:=|Ij|<h, y;e(Z*)™i

x HQ,;,_‘,,f i YOB[E ] 0, e 15D 310

We also need to define the replica evolution. For I + {1,...,h} of the form [ =
{k, ¢} u Llj;gk,z{j}

ULGe ) 1= Lpegery - URY (i = x0) - [ ani = 30, 3.11)
ik, 0

where U f,N (n, yr — xi) is defined in (2.10). The replica evolution operator will be used
to contract consecutive appearances of the same partition /, with |[/| = h — 1 in the
right-hand side of (3.10). In particular, note thatif / - {1, ..., h},suchthat|/| =h—1,
then

Ulx.y) =) E[E)F > > ]_[Q,,, i icts Y-

k=0 O:=ng<n|<--<ng:=n yiE(Zz)h,lilSk 1, i=1
Yo:=%, Y=Y

To be able to estimate the right-hand side of (3.10) we will upper bound it by enlarging
the domain of the temporal sum in the right-hand side of (3.10) from 1 <n; < --- <
nge1 < 2N ton; —nj—1 € {l,...,2N}forall 1 <i <k + 1. This enlargement of the
domain of summation deconvolves the temporal sum in the right-hand side of (3.10).

On this account, we introduce the discrete Laplace transforms of the operators Q and
U,

2N
QY (2 =Y e N0yl (), yze @, (3.12)

n=1
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2N
UL, =) e*vUl(y.2).  y.ze@)" (3.13)
n=0
for A > 0.
Remark 3.1. In our case, it will be sufficient to work with A = 0, however, keeping a non
zero A and tracking the dependence of the estimate on it (together with a closer tracking

on the order & of the moment) would be necessary in order to extend our method so that
to accommodate /4 that grows with N.

Let us define

5 QUL i =h—1.

P];] QNO’ if|]|<h—1
N.B

Note that the appearance of the operator U, n o 18 necessarily preceded by a free evolution

operator Qf\}’JO, with |J| = h — 1, see also Fig. 1. In view of (3.10) and the discussion
above we can now write

, C||W||oo ®h pxdi pli.l pli*  ®h I;
|MN,h|— N+ Z Z < PNﬁPN/S - NﬁlfB>HE|:|g| ]
k=1 (Iy,...Iy)eT

where we recall the definition of the pairing (-, -) from (3.4) and note that the sum runs
over partitions Iy, ..., [y suchthat I; # I if [Ij| = |Ij41| =h—1forl < j <k—1.

Because of the assumption of Theorem 1.5 on i being merely a bounded function
we will need to introduce weighted versions of the operators U’ N QZIV 5 and P}IVJﬂ In
particular, if w : R> — R is such that log w is Lipschitz continuous with Lipschitz
constant denoted by Cyy > 0, and if we denote by wy (x) = w( \/») then we define for
A >0,

~ 7. w® (x)
Q) (x, y) = —2—— e QY (x. y).
~ " (x)
Uy, (x. y) = —N Ul (e ),
’ wy' ()
where we recall that th(x) = wyxy) - wyxp), if x = (x1, ..., x,). We modify

accordingly the operator PN 3 into a new operator I/:’\}[VJ[},

. QLY Jif[J] <h—1
Pil = 12M0 , /1 (3.14)
N.B C)/\;‘OUN0 ,if |J|=h — 1.
Therefore, we can now write
®h k
oy _clylly PN wrliplil | Blot ok I;
ES D3 <w®h,PNﬂPNﬁ PEISh U S TTE[e]
k>1(I,..I)eT YN i=1 (3.15)

k
SISy (O BBl B [T e[l
k=1(I,..I)eT N i=1
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]l®h

where we bounded the indicator function B by 1 to obtain the second inequality.

Passing to the operator norms (see (3.5)) we estimate

[V2[
M3 chh+1 > X
or

k>1(Iy,....Iy)eZ
1—[ P w ﬁE[IEII’]. (3.16)
=2 i=1

This is the key expansion we will use for the Proof of Theorem 1.5.

®h

A*,Il (pN
N.B ,,®h
B wy

Dl *x  ®h
P&~ w
NB N

09— 04

3.2. Integral inequalities for the operators 65\,{) and 05\/0 At this point, we will prove
the key estimates about the operators 61'\,]0, U{v,o that we will need along the way. In
what follows we shall use the letter C to denote constants that may depend only on 7, ,é
and w but not on p and ¢g. We will alAso use the letter ¢ to denote absolute constants, i.e.
constants that do not depend on %, 8, w or p, g. Their value may change from line to

line.

We start this subsection by stating a lemma on the operator Qy ; (x, y) := ZZN

n=1
An
e N Q,(x,y) from [CSZ21] which we will need in the sequel.

Lemma 3.2 ([CSZ21]). Let N > 1, h > 2 and x,y € (Z®". Then, there exists a
constant C € (0, 00) such that uniformly in N, x, y and ). > 0,

—Cc forallx,y e (Z})",
(1+1x—yI2)

Qua(x, y) < )
i ("’g;vy' ) if Ix — y| > V/N.

The next proposmon contains the central estimate. It is on the operator norm of

operator QLY ~.0» as an operator from an £9 — ¢4, containing the explicit dependence on
the parameters p, g.

Proposition 3.3. Let p,q € (1,00) such that L + 1 = 1. There exists a constant

C = C(h,w) € (0, 00), independent of p and q, such that for all I,J = {1,..., h}
withl < |I|,|J|<h—1andI # J when|l|=|J|=h—1,
‘AI;J

N.O <Cpg. (3.17)

09— ¢4
Proof. LetI,J H{l,...,h}withl < |I|,|J| <h—1and I # J when |I| = |J| =
h — 1 and consider f € E”((Z%?), g€ 8‘1((22)’}). In view of (3.5), in order to prove
(3.17), we need to prove that there exists a constant C € (0, co) such that
I ®h(x)
Z f(x)QN 0(x,y) ®h g =Cpq Ifllerliglea - (3.18)
xe(@ye @), @)

Let
Ey =@, y) e @] x @) 1x -yl = VN . (3.19)
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for some Cyp > 0 to be determined. By the second inequality in Lemma 3.2 and the
Lipschitz condition on log w, we can choose Cy large enough so that for all (x, y) € EY
we have

®h
1;J Wy (x) C |[x—y
T e R A

Therefore, on EY; we have that

" (x) C _
> F@Qy . N S8 < s > f@exp (= s
(x,y)EE} y) (x,y)EEY
and by Holder’s inequality,
Y f@exp (- E2e)
(x,y)€Ey,
| 1
e=y\\”
ho—1< > r@ren(- N))
xe@®h ye@?)
1
q
> |g<y>|qexp(—%)>
xe(@ yez)
VI, |1| n_
N R TV T
< Clfller lIgllea s (3.20)

where the inequality in the last line of (3.20) follows by the assumption ||, |J| < h—1.
Thus,

S (x)

®
PR ACILeHAE: y) (y)g()’)<C||f||zp||g||eq,

(x,y)€EY

for a constant C € (0, c0).
Let us now estimate the sum over (x, y) € Ey.Recalling that log w is Lipschitz with
Lipschitz constant C,, and (3.19), we get that

®h(x) "
> F@Qy . ()g<y><e ° Y F®Qy . »g).

(x,y)EEN (x,y)€En

Therefore, using the first inequality of Lemma 3.2, the key step is to show that there
exists a constant C € (0, oo) that may depend on 4 and w but not on p and ¢, such that

f)ey)

h
xe@), ye@)h (1 + i i = yil?

T =Cpallflerligle - (3.21)
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I
By assumption there exist | < k, £ < h suchthatk ~ £ and 1 < m,n < h such that

m L n. Since we have assumed that / # J when |I| = |J| = h — 1, we may assume
without loss of generality that m # k, £. Leta € (0, min{p~!, ¢! }) to be determined

L[y —xy |2

later. By multiplying and dividing by P
left-hand side of (3.21) is upper bounded by

and using Holder’s inequality, the

1
|f @)1 (1 o — xn|2“)”>n
h—1 B 2a\P
e}, ye@?, (1+Z§':1 |xi—)’i|2) (1 Iy = yel?)
a 1+ [y — ve>) 7\«
« Z lg(»)I . ( vk — yel**) ) G

h 2414
1+ — a
xe(Z?)], ye(?); (1 + Y — )’i|2) (1 o — xa2)

By symmetry, it is enough to bound one of the two factors in (3.22). By triangle inequality

J .
and the fact that m ~ n, which means that y,, = y,, we have

i =yl iy — yal? = 22 _x"|2: X0 — ynl?
Therefore,
| ()l (1 —xn|2“)p)119
xe(@2)]. ye(2)); (1 + 20 i — yj|2>h7] (1+ 1y = ye)”

h—1
<47 ( 7 IF@P (4 + i — 10 2P
xe(Zz)’,’

. (3.23)

1

)
ye(z?y, (1 +|xXm — X017 + Dizm 1Xi — yi|2> (1+ Iy — le")p

X

By using (A.1) of Lemma A.1 and summing successively the y; variables for i # k, £
we obtain that

1

h—1
ye@y (1+bm =5l + Xy b = %i2) (0 + 13k = yelP)?
1

-2
=c -y

| .
e, ye€Z? (1 + X — X |2+ |k — X2+ |ye — Xelz) (1 + lyk — ye|2)”
We make a change of variables wi = y; — y¢ and wa = yx + y¢ — 2x; and observe that

2+ 2 1
bk s R | Vi — Xk |2 +|ye — x¢ |2, where we used that k ~ £ thus x; = x¢. Therefore, we

1

ht1—|J]

14
Ve, ye€Z? (1 + X — X |2+ [k — X2+ |ye — xelz) (1+ 1k — yel®@)
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1
<=1 (11-2

; ; NGEY S
ez (14 o = 5l w2+ fwal2) (1 oy [20)
By summing w and using (A.1) of Lemma A.1 we have,
P2 3 ! S—
g
w2 (14t = 5l P fwa?) (1 o 24)

1
S2h+17\.l\ ClJ\*l Z T .
wnezz (1 Lo = 2+ Jwi2) (14 wn )

By (A.2) of Lemma A.1 we have that

Sh+1=1J] (|- Z 1

T (T R (R
1 1
ap(l — ap) (l +lxy, — xn|2)ap+h_1_m
1 1
ap(1 —ap) (1 + [xp — x4/?)

< 2h+l—|J| CIJI

< ph+1=171 (I -

where in the last inequality we used that |J| < h — 1 by assumption. Therefore, the
right-hand side of (3.23) is bounded by
1

1
h—1 ket (€] 1 b (1+|Xm—xn|2“)p>”
(4 2 (%) —) ( 3 1@ i o

ap(l —ap) [%m — xn)?
xe(z?)! m "

1

i _ 2a %
=<23h1 (g)ﬂ;> < Y s (1 + | — X )3;) . (3.24)

ap(l —ap) 1+ X — xn 2
xe(z2)h ( e

Note furthermore, that

2
(1 + |xm — xq )" - 2P max {1, |xy, — xu]} "7 2w
(Lt lxm —x )~ (L fxm —xa2) 7
therefore,
(1+] Rayr 7 7
+ (X — X P P
( Do If@IP (H"” ”|2)ap) 52( > If(x)l”) =20flle -
xe(2)] o xe(z?)!

Hence, setting

1

[J] 1 »
cl, =2 (23 (E)
P ( (2> ap(1 — ap)
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and recalling (3.23), (3.24) we get that

|f@)IP (L o = xa*)”

h—1 2a\P
h 1+
xe(zz)?’ye(zz)l} <1 + E i=1 |xi — yi|2> ( |yk y€| )

i
’ J
= Con lfller-

(3.25)
By symmetry we also obtain that
1
lg()4 (U1 —ye?)'\e
h—1 (1 + o — |20)q = Cq,h lgllea
xe(@)h, ye@d), (1 + Y0 Ixi = il ) m — %n
(3.26)

with

1
cl .—o.(23h- 1( )'“ 1 !
o 2/ aq(1—aq))
Consequently, recalling (3.21) and using (3.25), (3.26) we deduce that
fx)g(y)

h—1 —
h
xe@), ye@)h (1 + )iy X — }’i|2>

< CL il lgle -

We optimise by choosing a = (p ¢)~! so as to obtain

1 1
VRN Y
C[{,h=2-<23” 1<2> pq) and C!, =2 <23h 1(2) pq) ,

which implies that
/1, 111

C Clh — o3+l (2)7 q Pq.

i _
Noting that (£) 7 "¢ < max 11, (¢ h=1 , we deduce that there exists C = C(h, w) €
g 7 2

(0, 00) such that
F(x)g(y)

h
xe@, ye(z2), (1 + D iy lxi = il )

T =Cra I fllerlIgles

which together with (3.20) imply (3.18). O
The next proposition is the analogue of Proposition 3.3 for the boundary operators.

Proposition 3.4. Let p,q € (1, 00) such that % + 617 = 1. There exists a constant
C = C(h,w) € (0, 00), independent of p and q, such that for all I - {1, ..., h} with
[I| <h—1landg € t9(Z?),

1
[aks ™|, = conm gl
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Proof. LetI - {1,...,h} with |I| < h — 1. In order to prove Proposition 3.4, we need
to show that

E (x)
Z f(x)Qzlv o(x, y) ®h ¢®(y) < Cpr £ en gl -
xe(@, ye@?y 6))

forany f € ¢F ((Zz)” ‘). The proof of this Proposition is a modification of the proof of
Proposition 3.3. Let

Eyi={x. y e @} x @) |x -yl = CVN}.

For (x, y) € ES,, following (3.20) we have

Zf()

(x,y)€EY

®”( ) byl -1

QY. »g® (y) <CNP I £1ler gt
1 h
<CN? [ flign gty

since |I| < h — 1. Therefore, in light of the first inequality of Lemma 3.2, it remains to
show that

Fx)g®"(y)

1
T <CoNT I fllw lglly.  (327)
(x,y)eEy (1 + 30— 12

. . 1 . .
We can assume without loss of generality that 1 ~ 2, that is x; = x2. We multiply and

2 1
divide by the factor (log (1 + %))  in (3.27) and apply Holder’s inequality,
namely
fx)g®"(y)

., NG
(x,y)€EN (1 + )il — il )

C2ZN
NACII (lo‘o’ ( 1+|y10—yz|2>> ’
= ( Z P h—1 )
(x.y)€EN (1 + 2 it X = i |2>
g% (y)|4 g
g% (y !
. ( Z e - ) ) (3.28)
i 2 CON
(., y)€EN (1 + 2 iz [xi = il ) log (l * 1+\y1—y2|2>

By triangle inequality and using that x; = x» we have that

P
g 1

Iyt — y2? +1x2 — y2l?
4

2 2
lx1 — Y117+ [x2 — 21" >

)

therefore

L]y —y2?

1
Z |g®h(y)|q g
h 2 h=1 C}N
(x,y)€Ey (1 +) i X — il ) log (1 + —)
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1
> 18" ()1 ’
= . =1 N :

(x.y)eEN (1 Iyt = y2 4 30, i — yi|2) log (1 + m)

(3.29)

We sum the x; variables for i > 2 successively, so that by inequality (A.1) of Lemma
All,

1
h—1 2
h C2N
xe(@)}: (x,y)€Ey (1 +lyr = 2P+ i xi - )’i|2) log (1 + m>
-1 1 ! -
C . 2 B nh—II :
log (1+m) mezz (LIt =2+ 10— y2f?)
[x2—y21<Cov/N
(3.30)
We also note that since || < h — 1,
1
1
wezz (L= y22 +lx = y2f?) "
lx2—y2|<Cov/N
1
<
- Zz L+ [y =2 +lx2 — 2
X2€Z
Ix2—y21<Cov/'N
CIN
< clog( 1+ —2" ), (3.31)
L+ |y1 — y2l

where the last inequality in (3.31) follows from inequality (A.10) of Lemma A.2. Thus
taking into account (3.30) and (3.31) we deduce that

1
2 h 2\ GiN
xe(Z2)!: (x,y)eEx (1 +y1 = yalP+ X0 i — il ) log (1 + W)
<l < 1,

since |I| < h — 1. By (3.29) we obtain that

®h i
) 18" (14 ‘
h 2\ ! GN
(x.y)eEy (1 + 2 iy xi = il ) log (1 + w)

< (4c>"7< > |g®h<y>|")q

ye@zAh

= (o) T llglh, . (3.32)
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On the other hand, for the first term in (3.28), using that x; = x>, by (A.1) of Lemma
A.1, we have that

P
q
<log (1 * - yz\z))
h—1
ye(z2y (1 + 30 X — il )
log (1+ —S8Y_})7
h—2 ( og( + 1+|y1—y2\2>)
<c > . (333
Y1, y2€7Z2 (1 +xr — y1l? +lx1 — y2|2)
Iy1=x1],|y2—x1|<Co/N
We make the change of variables w; := y; — y» and wy := y; + y» — 2x1, so that

lwi], |lwa| < 2Co~/N and |wi|? + |wa|? = 2|y1 — x1]* +2|y2 — x1|%. Note that then,

P

)
ch=2 Z (IOg (1 * Tyl

V1. y2€Z? (1 + = yil2 + Jxg = y2|2)
[y1=x1],|y2—x1|<Cov/N
)4
C2N q
(log (1 + Tow P))q
<27 Z 2 : 2
L+ Jwi|* + |wz]

LU],IUZGZZ
[wi],|w2]|<2 Cov/' N

Next, we sum over w, and use inequality (A.10) of Lemma A.2 to obtain

P
)’
52 )3 (log (1 * T2

L+ |wi|? + |wy|?

wi,woeZ?
lwi],[wa|<2 Cov/N
C2N 24
< 2ch1 (1 (1+°—))" . 334
< 2 > og(1+ o (3.34)
wlezz
lwi|<2 Cov/'N

By (A.12) of Lemma A.2 and noting that g +1 = p we have

C(%N P 2

v 14

3 (10g(1+1+|w1|2>) <cCENpP. (3.35)
wleZZ

lwi|<2Cov/N

Therefore, by (3.33), (3.34) and (3.35) we have that

[ vorlu(eslo)y

h 5 h—1
(x,y)eEn (1 + iy i = il )

=
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1
1 1 »
(R"C&)”Npp( > If(x)l”>
xe(Zz)7
1
> 1
=(2¢"C3)" NP p £l (3.36)

Taking into account (3.32), (3.36) and (3.28) we obtain that there exists C = C(h, w) €
(0, 00) such that

Fx)g®"(y)

(x,y)€EyN (l + 252:1 |x; — yj|2)

< CpNT I fll gl s

which concludes the proof of (3.27) and thus, the proof of Proposition 3.4. O

Proposition 3.5. Let p,q € (1, 00) such that % + % = 1. There exists a constant

C = C(h, B, w) € (0, 00), independent of p and q, such that for all I + {1, ..., h}
with |[I| =h — 1,

<C.

0 a4

o

Proof. Using (3.5) it suffices to prove that if f € €7 ((Z»)"), g € £4((Z»"), then we
have

> F@UL i, y) Ey;g(,")<c||f||ep||g||zq-

x.ye(z)!

By the Lipschitz condition on log w we first have

Y. S®Un o) —Gr= N()

lx—=yl
= Y F@UL o e gy,
x.ye(z ( )

x,ye(Z)
which by Holder’s inequality is bounded by

-yl

» L
( Do @I Uy pe ’“f) ( > Ig0)le Ul o, e ) .

x,ye(Z)} x,ye(zZ?)!

Therefore, in order to conclude the proof of 3.5 it suffices to prove that there exists a
constant C such that uniformly in x € (Z2)}1‘,

=yl
3 Ukl p)e™ W <c. (3.37)
ye@?
Recall from (3.11) thatif 7 is of the form I = {k, K}uuj#’z{j}thenforx, y€ (Zz)}l’
the operator u! O(x y) is defined as

2N 2N

Ub o3 =D Uha. 3) = Ligyory - D U (v —x0) - [ ani — x0).

n=0 n=0 i#k,t
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Therefore, in view of (3.37), we shall prove that uniformly in0 <n < 2N,

S U (n, 95 < U ) (3.38)
772
and
\7
3 4@ W < Caula). (3.39)
z€Z?

Inequality (3.39) follows easily by the local CLT, see [LL.10] and Gaussian concentration.
For the sake of the presentation, we will prove (3.38) for 0 < n < N, that is,

lz|
S U (e W < CURN (). YO<n<N. (3.40)

z€7Z?2
Note that, by (2.13) we have,

N

S U ) <E|(ZR))? < (3.41)
=0 ] - 132

Moreover, following the renewal framework we introduced in Sect. 2, we have

Izl

) UBN (n, 2)e " VN

772
N)‘
_Zﬂ2kE[ Cu (N):n]
k=0
15|
=Y p* > E[ecw N th)—n,,1<i<k:|
k>0 ni+---+ng=n
k
< [Trt™ = ny). (3.42)

Therefore, in order to establish (3.40) it suffices to prove that there exists C € (0, 00),
such that for all k > 1,

15t
E[C’“f ’t(N)—n 1<z<k:|<C (3.43)
We note that when we condition on the times (tlgN))l i<k the space increments

(Xl.(N))l ~i<y are independent with distribution

X
P(X(N) _ tiN) —n) = C]nl( )

N}l
! 920, (0) "N
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a0 () _

Let A > 0 and (&;)1<;<« independent random variables such that §; n;.
We will show that

E[EMZL sn] < efern
for some ¢ > 0. Therefore, taking A = 5—% will lead to (3.43). To this end, for each

1 <i <k,let& 1,& 2 € Z be the two components of &§; € 72 Then we can find ¢ > 0
such that

E[ei)hé:i‘j] < ec)ﬂni

for j =1, 2, since by the local CLT we have

C],%i (x) < (Supx622 Gn, (X)

P& =x) = <
(S x) q2n; (0) q2n; (0)

) @ () = C'gn, ()

and gy, (x) = 2(gn;2(x) + 0(1)), thus g;, has Gaussian tail decay. By Cauchy-Schwarz
we

1 1
E[eM i &l ] < E[ele i sm]? [ezM i sm]f_

Also, by the inequality e/*! < e* + ¢~ and independence, we obtain for j = 1,2
. 1 k k 3 1
E[eml Zizibi ‘] f< ( 1_[ E[e?*5i7] + 1_[ E[e_ns"‘-"]> < <2e4d2"> g

i=1 i=1

therefore,

E[eM Y&l ] < 4t

Given the inequality above and choosing A = 5—% we get that

(N)

15|
C . .2
E[e VN ‘tl?N) =ni,1<i §k} <2¢%Cu,

since 1 <n < N. Therefore, recalling (3.41) and (3.42),we have

N
lz| . X
§ U]}?,N (f’l, Z)eCw N S 264(, CE, E U[/?]N (n) S 2846 Clzu E[(zf][il)2i| S C,

7€Z?, n=0
0<n<N

for a constant C = C'(h, /§, w) € (0,00). 0O
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4. Proofs of Theorems 1.1, 1.4, 1.5 and 1.3

We are now in a position to prove the main results. We begin with Theorem 1.5.

Proof of Theorem 1.5. We first prove (1.9). Recall from (3.16) that

®h
|M < CWlloo C||W|| Z Z 6*;11 D%
- Nh+1 N.0 w®h
k>1(I,..., el N ller

04— 4

ﬁu Gral P 1 T T !

By Proposition 3.4, we have the following bounds on the boundary operator norms

1 1
Q* h (plé\;h <CgN1 N and HQI"OwN H <CpN? ||wN||2'q,
WN |lgp N ller M

4.2)

for a constant C = C(h, w) € (0, 00). By Propositions 3.3 and 3.5 we also have that
for all 2 < i <k, there exists a constant C = C(h, 8, w) € (0, 00), such that

<Cpgq. 4.3)

By inserting the bounds (4.2) and (4.3) in (4.1) we obtain that

h k
= HW vl Yt Y TTE[61]. @

Nh
k>1 Iy IET i=1

i

09— 04

MGy <

We now distinguish two cases depending on the range of k.
(Case1). If k > L’%J we use the bound

JECE (x5)"

which is a consequence of the fact that E[|§ |I"] <Co 3 = O(1/log N), see (3.8) and

(2.7). Therefore, in this case

Yocrt Y ﬁE[IEI”']S (f);;)k 4.5)

k>|_%] Iy,...Ix)eL i=1 N

=

for a constant C = C (h, B ,w) € (0,00), which also incorporates the fact that the
number of possible choices for a sequence of partitions (I, ..., Ix) is bounded by ck
where C = C(h) is some positive constant.

(Case 2). The second case is when 1 < k < L%J , for which we claim that there exists a

constant C = C(h, ,é) € (0, 0o) such that

k
TTE[E1"] < c* g Ny %
i=1
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Toseethisfix 1 <k < L%J and (I1,...,Iy) € Z,and let [; = I—llsjs\lil I; j. By (3.8)
and (2.7), we have that

k
. <i<, <j<|L:|I; :|> |Ii,‘|
T[] = ¢y P2 Bt

i=1
From the definition of 7 (see below (3.9)), we have that
Yoo > =k,
I<isk 1<j<|il;|1; 122

since every r € {1, ..., h} necessarily belongs to a non-trivial block of some partition
I;,1 < i <k, see the discussion below (3.9). Therefore, as in the derivation of (4.5),
we have that there exists a constant C = C(h, 8, w) € (0, 0co) such that

k
. _h ~
> ocrot Y [IE[E] = t0emE Y Epat. @6
I<k=%) Ut D)€l i=1 1<k=})

Combining estimates (4.5) and (4.6) we deduce from (4.4) that

on |"

¢

(X (B28) +temt X @rat),

k>|4] I<k<|4]

A
h

0.
|MN,h| =C N

h
lwy ||gq

124

4.7)

Let p, g > 1, conjugate exponents, that satisfy the growth condition

Crag 1 (4.8)
logN 2

In particular, p g < a,log N with a, = a,(h, ﬁ, w) € (0, 1) defined as a, := (25)_1.
‘We then have that

)3 (5pq)k<2(5pq)LZJ+1 “9)
« \log N/ = "\logN '
k>14]

by summing the tail of the geometric series, which is possible due to the growth condition
(4.8) imposed on p, g. On the other hand, we have that

~ h ~
n ~ i (Cpgtzitt—Cpyq
log N)~2 § Cpg)¥ <(logN)z- 2

(log N) (Cpg)" <(logN) Cpa_1

1<k=<|%)

(€ pg)lai+!
qu -1
< 2(log N)"2 (C pg)t2!, (4.10)

< (logN)*% :
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since qu -1> (5pq)/2, (pg > 4 because % + é = 1 and we can choose C > 1).

Combining estimates (4.9) and (4.10) we obtain that

(Z (ICOgL]g)HaogN)—’z’ 3 (5pq>k)

k>14) 1<k<|4]

% and L 1=3< L%J + 1. Inserting this bound to (4.7) we finally
obtain that

PN

) = (St

ogN) Nh ||1/f||” lwn s (@.11)

for a constant C = C(h, ,é w) > 5, which establishes (1.9).
Let us now prove (1.10). By choosing ¢ := 86’\1) = N1j—), ¥ = 1and w(x) =
e~ ¥ we deduce from (1.9) that

h
ﬂN Cpqg i Cpg\3s | h
VA ‘ ( ) = (—) -Na - — . 4.12
‘ [(Zy = \logn lwn llgg log N o lwn lleg (4.12)

Since w(x) = e ¥l is decreasing in the radial direction we have

1 1 1 —q A q
— Iy g < <—+— e I dx>q
N4 N N
b b
= l+/ e_qlxldx ! - l+2_7'[ !
N R2 N q2
< /e’ (4.13)

We choose ¢ = gy := alog N with a = a(h, 3, w) € (0, 1) small enough such that
12 é’ 1< % (and therefore (4.8) is satisfied). For this choice of g we have by (4.13) that

1 _
it < 0002N7) < ¢ (4.14)
N4
Furthermore, again with ¢ = gy = alogN and thus p = py = 1 + o(1), since

l+1=1,Weget
P q

Cpg\s b _h
<@>2 N7 <277 exp (1) < oo, (4.15)

since 1(; é’ ]3 < % We note that the parameter a = a(h, ,3 , w) on the right-hand side of

(4.15) depends non-trivially on /4, and therefore the order of the bound in (4.15) is not
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just exponential in 4. However, we also note that the dependence on & deduced from
(4.15) does not capture the true growth of the moments, which is as in (1.6). Finally, by
(4.12), (4.14) and (4.15), we obtain that

sup E[(fﬁ”)h] < 00
NeN

Proof of Theorem 1.1. By binomial expansion, for 7 € N we have that

h h
BN\ h ZBN\k h ZBN\k
Bl =3 (Bl = 3 () Lz
k=0 k=0
Therefore, by estimate (1.10) of Theorem 1.5, for every 2 > 3 we obtain that sup y .y E
[(Zﬁ"’) ] < oo. Hence, for every & > 0 the sequence {(Z’gN)h} » is uniformly
integrable and therefore, by Theorem 2.1 for every i > 0,

h(h—1)

. 1 2
i 52 = e oy e ] =0 (42 ) - (55)

As can be seen in [CSZ20], section 3, (1.7) implies that for all 4 > 0,

sup E[(Zg”)_h] < 00,
NeN

which in combination with Theorem 2.1 implies the convergence of negative moments.
O

Proof of Theorem 1.4. We note that if we choose the law of the environment @ to be
Gaussian, i.e. o ~ N(0, 1), then for h € N

E[(Zﬁ”)h]=E®h[exp(ﬂ% > L%’”)}

I<i<j<h
. -
:E®h|:exp (ﬁ—”(1+o(1)) 3 Lx*f))].
log N l<i<j<h

Therefore, by Theorem 1.1 we have that

E®h |:exp (

for all ﬁ € [0, 1). The right-hand side of (4.16) is equal to My (,32), where My (1) :=
E[e'Y] denotes the moment generating function of a random variable ¥ with law

r(2-1 1), By exercise 9, chapter 4 in [K97], (4.16) implies the convergence of
@ Zl§i<j§h LX,’]) in law, to a F(@ 1) distribution. O

h(h—=1)
2

Z LG J)):| N—>oo (] IBZ) ’ 4.16)

1<z</<h
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Proof of Theorem 1.3. We are going to show that for all 7 € N with 4 > 3 we have that

sup (log N)? [M4 V| < oc. (4.17)
NeN ’

In that case we obtain uniform integrability of (log N )171 . (Z‘?,N (o, W))h forallh € N
and the convergence of moments in Theorem 1.3 follows by Theorem 2.2. But, (4.17)
is an immediate consequence of (1.9) of Theorem 1.5. Indeed, let us fix p, g € (1, 00)
such that % + 37 = 1. By (1.9) of Theorem 1.5 we have that

h
s p 1| on
(og )2 My | < (Cpa)? o | 2| wwlfe 1wl - (4.18)
op
Furthermore, by Riemann approximation we have that
L en " h h on [ h h
7 = Nwnle Wnllee=—7 == —7 lwnle I¥nll
Nh wn |l op 4 00 N% wy || g Ng 04 00
© h
= |2 it vk (4.19)

Therefore, by (4.18) and (4.19) we obtain that

[N
sup (log N)2 My ;| < 00,
NeN '

which concludes the proof. O
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Appendix A. Some Technical Estimates

We state here the integral estimates we used for proving Propositions 3.3 and 3.4.

LemmaA.dl.LetA > 1,p > 1,a < % Then,

1 c .
gzjz (+1yP) = ifr =2, (A.1)
Z 1 = : ifr =1, (A2)
yez? ()L + |y|2)r(1 + |)’|2a)p ~ ap (1 —ap)rr—l+ap =

for a constant ¢ € (0, 00), that does not depend on A, p,a orr.

1
dy+— are de-

(A +1y12)" (1 +1y12)”

Proof. We note that since y +— Ty an
(A +1y1%)
creasing in the radial direction we have that

1 1 1
Z—rs—+/ T dy (A3)
yez? ()‘ + |y|2) AT JRe ()‘ + |y|2)
and
> : <J +/ : d (A4)
< — —————dy. .
o Oy (L lyP)” T A SR (A Y P) Ty P
In order to prove (A.1), we switch to polar coordinates in (A.3), so that
Lo © L R S
o = ——ydo =1 —/—— = -1
R2 (A +1y[?) o (A+0%) l—r o0 r—1X
(A.5)
Therefore, by (A.3) and (A.5) we get that
Z 1 - 1 N T 1 1 (1 N T )
oY = o _ Y Y _1 /)
o (A+ |y|2) Ao r—1A7 AT Aor—1
Thus, since r > 2 and A > 1 we conclude (A.1) withc =7 + 1.
For (A.2) we split the integral in (A.4) into two regions,
| e
o o Y
® (% +[y[?) |y |2
1 1
= ———dy +/ —————dy
/|y|<ﬁ (A +1y12) 1y [2ap wisva (A 1y 2) Ty
=1 =
First,
1 1 (VR x Al-ep b4 1
I =— Ty =0 o1 0= = T Teap
M Jy<vr 1yl=ep A o-P ATl —ap 1—apA p
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Similarly,

1 o 1 b4 -1
L= /|y|>«/x |y|2r+2apdy =27 /\/X Q2r+2ap—l dQ :r —1 +ap Q2r+2ap—2
b4 1

=r — L +ap ar—l4ap’

Therefore,
1
/Rz Gy e & TR
b4 1 T 1
~ 1 —ap ar—ltap * r—1+ap Ar—1+ap
Tr 1

T (U —ap)(r — L+ap) & —1xap’
By (A.4) and (A.6) we thus obtain

1 1 1
<— S,
2 Gt ) (L yPa)? +/Rz (0ot YR Iyl2er

yez?
1 Tr 1

+ .
AN (1 —ap)(r —1+ap) \—1+ap

Note that

Tr T

(A —ap)r —1+ap) — (1 —ap)ap’

0=00

o=V

(A.6)

(A7)

since that inequality is equivalent to (r — 1)(ap — 1) < 0, which is valid since we have

assumed thata p < 1 and r > 2. Therefore,

1 N Tr 1 - 1 . b4 1
M (I —ap)(r — L+ap) Ar—1+ap = xr " (1 — ap)ap Ar—1+ap

. 1 1 T
T pr—lrap \ pl-ap + (1 —ap)ap

1 T
< 1+ ,
Ar—l+ap (1 —ap)ap

since A > 1 and 1 — ap > 0, by assumption. Last, we have that

1+ b4 _n+ap(l—ap)< 1+m
(1 —ap)ap ap(l —ap) ~ ap(l —ap)’
Hence, by (A.7), (A.8) and (A.9),

1 &
yezzz O+ 1y12)" (1 +]y]29)” = A —apyap i’

with ¢ = 1 + 7, thus concluding the proof of (A.2). O

(A.8)

(A9)
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Lemma A.2. There exists a constant ¢ € (0, 00) such that uniformly in A, A, p > 1,

> “1| 7 _clog<1+i) (A.10)

yeZ?
lyl=vA

A b
</1 (1og(§))”dx> < p A7, (A1)

and

3 (10g(1+1+14ﬁ>)p <cApP. (A.12)

yez?

Iyl<2vA

Proof. For (A.10), using the same reasoning as in the proof of Lemma A.1 we have

1 1 1
> —25—+/ ———dy. (A.13)
= A+lylE A Jyi=va A+ 1yl

Iyl<vA

Switching to polar coordinates in (A.13) we have

/ ! dy =2n /\/X @ do = 7 log(x +0%) Q:ﬁznlog(l+é).
i=vA A+ 0 A+ 0=0 »
(A.14)

A simple computation shows that when A > 1, one has that % < 2log (1 + %) <

2log (1 + —) the latter following since A > 1, by assumption. Therefore, by (A.13)
and (A.14) we have that

1 1 / 1 A
< -+ dy§(2+71)log<1+—),
gzzz A2 T A Jiyeva A+ A

Iy|<VA

which implies (A.10) withc =2 + 7.
Let us now prove (A.11) and (A.12). First, we prove (A.11). We have

1 A _ log A
;/ (log (£))" dx "= f euldu< T(p+1) <pP,  (AI5)
1 0

since I'(p + 1) < pP for p > 1. After raising both sides of (A.15) to the % we get
(A.11).
To prove (A.12) we first note that

3 (1og (1 + lfﬁ))p < (log(1 + A)? + /|y|<zﬁ <log (1 + H“W))" dy.

yeZ?
ly|<2v/A
(A.16)
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Using polar coordinates in (A.16) we compute

2/A
/IyszJK (IOg (1+ 1+ITYI2))pdy 22”/0 Q(log (1+ 1 .

Furthermore,

n/11+4A (log (1+§)>pdu - ﬂ/11+4A (log<1+u5A))pd”
< [T (e (M)

Note that by (A.11), we further have that
1+54 1+5A\\»
7 (1og( )) du < (1+54)7 p? <6Axm pP,
1 u

since A > 1. Combining this inequality with (A.16) we get that

A
3 (log(1+—>)p <log(1+ A’ +6Ax pP. (A.17)
L+]y?
yeZ?
ly|<2VA

We are going to prove that forall A > 1,

(log(1 +A))P < Ap?,

-1
thus deducing inequality (A.12), via (A.17), with ¢ = ﬁ + 677. To this end, consider

kp(x) := (log(]xﬂ for x > 0 and p > 1. We have that

, (log(1+x)?~' / p log(1 + x)
k() = (- )
X 1+x X
therefore, k), is increasing in [0, x,] and decreasing in [x,, 00), where x, > 0 is the
solution to the equation k;, (xp) = 0, or equivalently

_ (L+xp) log(1+xp) (A.18)
Xp

By working with g(x) := , one can see that equation (A.18) has a unique
solution x, > 0 for every p > 1, since g’(x) > O forall x > 0, lim, o g(x) = 1 and
limy_ » g(x) = oco. We distinguish two cases:

Suppose first that x, > 1. Then

(1+x) log(1+x)
X

log(1 +xp,) < p <2 log(l +xp), (A.19)
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by (A.18) and since x, > 1. Therefore, in this case, for all x > 1,

Qog+ ) _ 4 () < ki) = SOBLFIDT PP ,zf’—p,

Xp Xp e2 —1

where the last two inequalities follow by the first and second inequality in (A.19),

. . P .
respectively. Since, p > 1 we have that e? — 1 > /e — 1, thus we conclude that in the
case where x,, > 1 we have forall x > 1,

(log(1 +x))? - 1 o

Moving to the second case, i.e. 0 < x, < 1, we have that since k, is decreasing in
[1,00) C [xp, 00), we have that for all x > 1,

kp(x) = (A.20)

kp(x) = M < k(1) = (log(2)” < 1, (A21)

since p > 1 and log2 < 1. Therefore, by (A.20), (A.21) and since p > 1, forall x > 1
and p > 1 we have that
1

1
[ P — ___ P
ﬁ_l}p =" (A.22)

Recalling that &k, (x) = w and applying (A.22) to (A.17) forx = A > 1 we get

kp(x) < max {1,

that
A P
3 <10g(1+—2>) < (log(1+ A) +6Ax pP
2 T+ Dyl
YEZ
ly|<2vA
1
f—lApp+6A71pp=cApp,
-

with ¢ = ﬁ + 677, thus concluding the proof of (A.12). O
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