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Abstract: Three phases of macroscopic domains have been seen for large but finite
periodic dimer models; these are known as the frozen, rough and smooth phases. The
transition region between the frozen and rough region has received a lot of attention for
the last twenty years and recently work has been underway to understand the rough—
smooth transition region in the case of the two-periodic Aztec diamond. We compute
uniform asymptotics for dimer—dimer correlations of the two-periodic Aztec diamond
when the dimers lie in the rough—smooth transition region. These asymptotics rely on a
formula found in Chhita and Johansson (Adv Math 294:37-149, 2016) for the inverse
Kasteleyn matrix, they also apply to the infinite square grid dimer model with a variable
weighting which interpolates between the rough and smooth phase (Kenyon et al. Ann
Math (2) 163(3):1019-1056, 2006). In particular, we find that distant dimers initially
decay exponentially when the magnetic coordinates are very close to the bounded com-
plementary component of the associated amoebae, they then transition to a power law
decay once far enough apart.

1. Introduction

A dimer model on a bipartite planar graph G consists of a probability measure [P on the
set of dimer configurations of G. We recall that a dimer configuration of a graph G is a
set of edges in G with the property that each vertex belongs to exactly one edge. We call
an edge in a dimer configuration a dimer. Dimer configurations have a simple bijection
to an associated set of tilings. The bijection is in terms of the dual graph G* of G; since
each dimer e crosses two faces of the dual graph, let the tile corresponding to e be the
union of these two faces. In this paper we will focus on a graph G which is the subgraph
of the grid graph of Z? satisfying |x| + |y| < n. Since Z? is its own dual graph, this is
the study of domino tilings of the Aztec Diamond introduced in [14].
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One can also define a set of surfaces in R? called height functions which are in bijection
with the dimer configurations of G. When the graph and probability measure have a
certain double periodicity, [21] find that three classes of limiting Gibbs measures are
possible. The three classes are referred to as frozen (solid), rough (liquid) and smooth
(gas). Each of the three classes has a distinct decay of correlations for distant dimers,
namely fixed (or zero decay), polynomial and exponential decay.

The above classes are also related to the fluctuations and average slope of the asso-
ciated random height functions. As the system size becomes large, the induced measure
on height functions localises on functions with distinct domains. The limiting global
height function in these domains either has a smoothly varying, strictly non-zero curva-
ture or zero curvature and a flat shape - called facets. The rough regions, in which the
height functions curve, are rough in the sense that they have logarithmic fluctuations
around their macroscopic shape. In these regions one expects the height fluctuations to
be given by the Gaussian free field in an appropriate limit. The facets can have either
no fluctuations (frozen) or bounded fluctuations (“smooth” but with small Poisson-like
dislocations). The typical behaviour of the macroscopic height function at a rough to
facet boundary point xg is expected to be like ~ (x — x0)3/2, see [7], the Pokrovsky-
Talapov law. This has been proven rigorously by [1] for frozen boundaries in a large
class of dimer models. In [1], there is also proof of the existence of smooth facets in
the rather general setting of dimer models with polygonal boundary, this follows from a
variational formula for the height function originating in [10]. In the context of random
height functions our results relate to the correlations of the microscopic gradients of
the height function at a rough—smooth boundary. We also remark that, aside from the
formulas used here, the only other formulas available for the investigation of this type of
transition are those of the type found in [4,5,13]. These formulas currently only pertain
to the Aztec diamond graph, and there are currently none available for tilings of other
domains with a smooth phase.

This article contains a uniform analysis of the decay of dimer correlations in different
directions in a large two-periodic Aztec Diamond in the transition region between the
rough and smooth phases. We study this decay in the finite model since if we let the
size of the Aztec Diamond go to infinity first we only see a smooth pure phase in the
transition region. Our analysis also applies to an infinite planar model with the same
graph and weights induced to have the right slope of the height function. One result in
this setting is the following theorem.

Theorem 1. Consider dimers in any large enough bounded region of the infinite grid
graph (with vertices given by 7?). There are Gibbs measures in the rough phase (or
liquid phase) for which these dimers have exponential decay of correlations.

Proof. See Sect. 4.1. O

This behavior of the correlations appears when the slope of the model is such that we
are very close to a smooth phase. We will see that as we get closer to the smooth phase,
the larger the corresponding region in which the dimers experience exponential decay
of correlations. However for much larger distances we see the decay of correlations
typically associated with the rough phase. Thus, although we are in a rough phase, if we
look locally it seems like we are in a smooth phase and the rough phase only manifests
itself at sufficiently long distances. The behavior at the rough—smooth boundary in the
finite two-periodic Aztec diamond is given for dimers separated along the diagonal below
in Theorem 2, and at arbitrary angles in Sect. 3.1.

As afurther general background, the interpolation between exponential and power law
decay of correlations has already been observed in a variety of two-dimensional models
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in statistical mechanics [7]. Whilst rigorous results are limited [15], physicists have
used renormalisation group/mean field techniques along with numerical simulations to
analyse the transition region of some of these models. As such, it is expected that a sharp
transition occurs between the two regimes (exponential and power law decay). This is
known as a Kosterlitz-Thouless phase transition, which was originally characterised by
the appearance of "topological defects". For example, in the XY model the transition
is associated with the appearance of vortices. The interpretation is that these vortices
destroy the quasi-long range order present in the lower temperature regime giving rise to
short range order and exponential decay of correlations. We discuss a kind of analogue
of this and Fig. 3 for the infinite dimer model at the end of Sect. 4.1. For models with
a similar transition which have been rigorously investigated more recently, see [6] and
references therein.

1.1. Definition of the model. Consider the subset of Z? given by V = W U B, where
W={@Gj):imod2=1, jmod2=0,1<i<2n—-1,0<j<2n}

and
B={(G,j):imod2=0, jmod2=1,1<i<2n,0<j<2n-—1}.

We define the vertex set V' as the vertex set of the Aztec Diamond graph AD of size n
with corresponding edge set givenby allb—w = +e, *e, forallb € B, w € W, where
e; = (1,1), e; = (—1,1). For an Aztec Diamond of size n = 4m, m € N-q define
the weight as a function w from the edge set into R such that the edges contained in
the smallest cycle surrounding the point (i, j) where (i + j) mod 4 = 2, have weight
a € (0, co) and the edges contained in the smallest cycle surrounding the point (i, j)
where (i + j) mod 4 = 0 have weight b € (0, co). Each of these cycles is the boundary
of a face of AD and we call each of these faces an a face (b face) if the edges on
its boundary each have weight a (b). We divide the white and black vertices into two
different types. For i € {0, 1},

Bi = {(x1,x2) € B : x1 +x; mod 4 = 2i + 1},
and
Wi = {(x1,x2) € W :x;+x, mod4 =2i+1}.

Define a probability measure IP 4, on the finite set of all dimer configurations M (A D)
of AD. For a dimer configuration o € M(AD),

Py, (w) = % 1_[ w(e), where Z = Z Hw(e)

ecw weM(AD) ecw

is the partition function and the product is over all edges in w. We call the probability
space corresponding to P4, and M (A D) the two-periodic Aztec Diamond, and note that
the setup here is the same as in [8].

Fix a € (0, 1) and take, without loss of generality, » = 1. It is convenient to set
¢ =a/(l1+a® € (0,1/2). Our goal is to take a very large n and compute uniform
asymptotics of the correlation of two edges separated by a growing distance but for
distances much smaller than n. We want to investigate the decay of correlations in the
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Fig. 1. The two-periodic Aztec Diamond graph for n = 4 with the a and b faces labelled

transition region between the rough and smooth phases of the model. As in [8] we
only consider dimers in the the bottom left quadrant of AD. Let —1 < & < 0 so that
(n(1+£&), n(1+£&)) is the coordinate varying over the diagonal of the bottom left quadrant
of the Aztec Diamond. We will use (n(1 + &), n(1 +£&)) as a reference point so we want
it to have integer coordinates, i.e. we assume that

n(l+&) € 2NsoN[n(l - %«/1 +2c¢,n(1 — %\/1 —20)].

The reference point should be close to the asymptotic rough—smooth boundary. Fol-
lowing the notation in [8], let & = —% 1 —2c¢ so that & = &, corresponds to the

limiting rough—smooth boundary. We will consider & close to &..

Example 1. There are many possibilities for the location and orientation of the dimers.
For our discussion of the correlations we will consider the following case. We take
two dimers ¢; = (x, y(l)) and e = (x@, y(z)) in two separate a faces and both
connecting the vertices of type Wy and By, so (x| y@) € Wy x By fori = 1,2. We
place one along the main diagonal. Explicitly

W= 1 +8) + 1,01 +6)), YW =@d+e),n0+6)+ 1), )
XD =+ +1+2r,00+8) +2r), yP =@+ +2r,n(1+E)+1+2r2) (2)
for r1, vy € Z such that r| + r; is even and 2(|ry| + |r2]) < 7.

Define the dimer—dimer correlation corr(eq, e2) of two dimers ey, e; to be the co-
variance of their indicators 1, cq, Leyen. We have

corr(ey, e2) = EAZ []lelew,ezew] - EAZ []lelew]EAz []lezew]~ 3)

We first formulate a Theorem for the covariance in the setting of Example 1 with the
dimers separated along the diagonal. This is found in Sect. 3.1, where it is restated as
Theorem 7.
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Define |G(i)| = (1 — +/T — 2¢)/+/2¢ and note that |G (i)| < 1, a function G will be
introduced in general later. This function will come into the exponential decay rates of
the correlations of dimers at arbitrary angles, however here we give a theorem for the
case where dimers are separated along a direction parallel to the main diagonal, that is,
parallel to the vector e; = (1, 1). Given a small ¢ > 0, we define A to be the set of real
numbers where we stay at least ¢ away from all nrr, n # 0, i.e.

Ae={xeR; |x —nx| >c¢,allneZ\{0}}. “4)

We use the convention that sin(bx)/x = b when x = 0. We will use = to say that
two expressions are equal if we neglect subdominant terms. By this we mean that, for
functions F, G, H of n, r, &, the equality F”E = GfE + Hr’fS is written Fr’lé ~ G;‘S if

r

lim sup H'; /G =0, 5)

n—oo r’s

where H is a subdominant term.

Theorem 2. Fix a small ¢ > 0, y € (1/2, 1]. Let 8;; > 0 be any sequence going to zero
with n and take n so large that 8 > 0 is sufficiently small. Let & — & = & be such that

né., —§&) >> n'/3. Let the distance between the two dimers r = ,/rlz + r22 lie in an

interval (Fmin, rn) where rpin > 0 is large but fixed and ry, is very large (growing with
n) but less than ¢! -2 /2. The function ¢. := @.(§) is proportional to /& — & and is
determined later. Let 2rp./~/1 — 2c € A and take the direction pointing from one of

the dimers to the other to be parallel to the main diagonal, that is, parallel to the vector
(1, 1). Then

IGHPVT—a a—I|GG)| 2 sinree /T —2¢)\2
¥ . ). ©
8rrav1+a2 (1—@m 2r/v1 =2c

Looking at the formula in (6), observe how the behaviour of the term

sin(2re./+/1 — 2¢)
2r/a/1 —2¢

changes as a function of r. If 2r¢. is small compared to +/1 — 2¢ it is close to the
constant ¢, (n is fixed), i.e. the smaller r is compared to the ratio /1 — 2¢/(2¢,) the
closer the term (7) is to the constant ¢.. Whereas for 2r¢. > 4/1 — 2¢ the term starts
to slowly oscillate and decay like 1/r. This leads to three regimes for the correlation
as a function of r. Pick any sequence M,, such that 2M,¢./+/1 — 2c tends to zero, for
example M,, = ¢_ 1+¢ then for n fixed large enough

Regime I. As r varies from rpyp to

corr(eq, ep) =~ —a2(

)

1 1
g lcO? 108 50>

a(l —a) |GO* ( e*czr)
= —c| ,
8rv1+a?2 T

which has exponential decay in r.
Regime II. As r varies from

corr(er, e2) >~ —

®)

1 1
W log E to Mn then

corr(eq, €2) = —(w)zwz ( =: —03), 9)

(1 —a)? ¢
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which has no decay, so the correlation is constant.
Regime III. As r varies from M, to ry,

ala—|G@H)|™2) )2sin2(2rwc/«/1 —20) (__‘__C sin2(cSr)>
27 (1 —a)V'1 +a? r2 R ’

corr(ey, ep) =~ —(

(10)

which begins to oscillate and has a decay like 1/72.

The sign of the correlation changes depending on which type of dimers we pick. Here
is some intuition behind the results. Think of the above case when the direction pointing
from one dimer to the other is parallel to the main diagonal. There are two length scales
in the problem. One is the lattice spacing and the other is the typical distance 1/,/&. — &
between the paths that we see in Fig. 3. These are the long (corridor) paths which connect
sides of the Aztec diamond defined in [3]. As we increase the distance r between the
dimers we first see the smooth phase exponential decay which takes place in the order
of the lattice spacing. After that the correlations in some sense come from the paths,
similar to what should happen at the rough-frozen boundary. In terms of the distance
between the paths the lattice spacing is very short and hence we see constant correlations
proportional to &, — &. At some point when the distance r is of order 1/,/§, — &, we
start to see the type of decay that we have in a rough phase. Indeed here, if we set
r =d//& — & the correlations decay like (&, — 5)5”5—2(‘1) (omitting constants).

We can also consider the decay of the covariance in other directions, we summarise
the results of Theorem 8. Take the direction pointing from one dimer to the other to be
parallel to the anti-diagonal, i.e the vector (—1, 1). Let0 < m < 1 be smalland M > 1
large. As r varies from rpy;, to c3 log(\/ﬁ),

corr(ey, e3) is exponentially decaying in r, (11)
then as r varies from log(ﬁ) tom/(& — &),

corr(ey, er) decays like 1/4/7, (12)
then as r varies from m/(&, — &) to M/(&. — &) we see a transition to
corr(eq, e2) has 1/r decay, (13)
and then as r varies from M /(&. — &) to r;, we see a transition to
corr(ey, e2) decays like 1/ r? (with no oscillations). (14)

For a results on arbitrary directions, see Sect. 3, in particular Theorem 9.

1.2. Kasteleyn’s approach and dimer statistics. The classical approach to analyse the
statistical behaviour of random dimer configurations of large bipartite graphs G is to
follow an idea introduced by Kasteleyn. In this approach, one puts signs +1, —1 (called
a Kasteleyn orientation) into a submatrix of the weighted adjacency matrix indexed by
B’ x W' for the black and white vertices, B’ and W', of G. The resulting matrix K
is called the Kasteleyn matrix and has the property that the partition function of the
dimer model is equal to the absolute value of the determinant of K. The key idea in this
approach is that the signs one introduced to construct the matrix K cause the non-zero



Dimer-Dimer Correlations at the Rough—Smooth Boundary 1261

terms in the sum of the determinant of K to all have the same sign. In general, the
Kasteleyn orientation is not unique, and its values need not be restricted to 1, —1. Here
we introduce the Kasteleyn matrix K, 1 that we use for the two-periodic Aztec Diamond
model of size n = 4m. Define

all—j)+j ify=x+e;,x € Bj
ilaj+(1—j)) ify=x+ey,xe€B;

Ka1(x,y)=yaj+(1—j) ify=x—e;,x €Bj (15)
ilal—j)+j) ify=x—e,xeB;
0 otherwise

wherei = «/—1, j € {0, 1}. Fordimers ey, ..., e,, define the n-point correlation function
pnler, ...,en) =Py (w € M(AD) : ey, ...,e, € w). (16)

One can use the determinantal expression of the partition function to show that collections
of dimers form a determinantal point process. Indeed, a theorem from Kenyon [20] (see
also [19]) gives that for e; = (b;, w;), i = 1, ..., n, the n-point correlation functions are

pnler, ..., en) = det(L(e;, €))7 i (17)
with correlation kernel

L(ei, e;) = Ko (b, wi) K, | (wj, by). (18)

In the above, K (w j»bi) is the inverse of the Kasteleyn matrix K, 1 evaluated at

(wj, b;). From (3) we can write the covariance between two dimers in terms of K, |
-1
and K

a,l”

corr(ey, e2) = p(e1, e2) — pi(er)pi(e)
= —Ka1(b1, w1)Ka 1 (b2, w2) K, (w2, b)K, {(wi,b2),  (19)

from (17) and (18).

1.3. Dimer locations. We can specify that locations of arbitrary dimers as follows. Let
1,, be an indicator function on the edge set so that 1,,.(e) = 1 if the edge e has
weight a and 1,,(e) = O otherwise. Take two dimers and label their positions as

follows: Fori = 1,2, let 851), sg) € {0, 1}, the dimer ¢; is given by a pair of vertices

D Yy = (x(’(f), y (,)) € W, x B where
X = +e) + 27+ 1L+ 8 + 258 4261 214y (e) — 1) (20)
W =+ +2rD 41— (1= 265214y (1) — 1, n(1+8) + 258 4214, (e) — 1)

ey

and (r1(1>, rzl)) € {(r(z) (t)) c72 - +r§1) € 27 and |2r1(i)| N |2r§i)| <.
Note that the sum Ofr(’) (l)

Wo-type vertex. So x(’) (n(1+&)+ 2r(') +1,n(1+8) +2r§i)) generates all possible Wy
vertices within a dlstance rof (n(1+ é) +1,n(1+&)).In (20) and (21) we have written

andr, " is always evenand (n(1+&)+1,n(1+&)) isalwaysa
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Fig. 2. A drawing of a sample of the two-periodic Aztec Diamond with @ = 0.5 and b = 1. The picture

consists of eight different grey-scale colours to emphasize the smooth (gas) region. The dimers with weight a
are coloured lighter grey than those with weight 1

R%se08r LA
20N e

3

R

<2 .

Fig. 3. The rough—smooth transition region in the lower left quadrant

the locations of the vertices x and y corresponding to the edge ¢ = (x,y) € W x B

as the sum of two coordinate vectors, the first corresponds to the Wy vertex in the same
a or b face as e and the second is (0, 2851)(2]1”. (e;) — 1)) for the white vertex x or
(—1+ 28;1))(21[”. (e;) — 1), 21,4, (e;) — 1) for the black vertex y.
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1.4. Definitions and uniform asymptotic results. In order to investigate the dimer—dimer
correlation (19) asymptotically we need asymptotic formulas for Ka_% To prove these

asymptotic results we need a good formula for K _% as a starting point. A double contour

integral formula for K 1 was derived in [8] starting from a quadruple integral formula
found in [9]. Other vers1ons of the result, not giving the inverse Kasteleyn matrix but a
related particle kernel, have been derived in [13] and in [5] using a completely different
approach. The rough—smooth boundary has also been investigated in [2] and [3] with the
aim of establishing that right at the boundary we can see the Airy kernel point process.
We will use the formula for K, derlved in [8]. Before we can give the formula we first
need to define the objects that come into it. For g1, &5 € {0, 1}, we write

h(e1, e2) = e1(1 — e2) + &2(1 — €1). (22)

In many cases the coordinates of the vertices giving the position of the dimers will enter
into formulas via the following expressions. Let (x1,x2) € Wg,, (y1, y2) € Bg, and
define
x2—y—1 yi—xp—1
ki = ———— + h(ey, &), b = ———
1 2 (1, €2) 1 >
k2=k1+1—2h(81,£2), Ez:f] +1. (24)

; (23)

Denote the open punctured unit disc D* = D \ {0} C C. A basic role is played by the
analytic function

G :C\i[—V2¢,V2c] > D*; w > %(w—\/w2+2¢‘) (25)
C

with vV w? +2¢ = i\/ —/2c—i w\/ ~/2c¢ — iw where the previous two square roots are
principal branch square roots. Let v/1/w? + 2¢ denote the previous function evaluated

at 1/w. Equivalently,
G(w) = —y\ 1+ ) (26)

where the previous square root is the principal branch square root. We note that G is the
inverse of the analytic bijective map

D* — C\ i[—v2¢c, v2¢]; u — \/g(u — 1/u). (27)

J is related to the Joukovski map and the above claims about J and G follow from
chapter 6 in [22]. From the definition, we have the symmetries

Vw? +2¢ = Va2 + 2, Vw2 +2¢ = V/(—w)?+2¢ (28)
which give
Gw) = G@), — G(w) = G(—w). (29)

We emphasise the fact that for all w in the domain of G we have the bound |G (w)| < 1,
which follows from the definition of G, this fact gives the exponential decay of various
asymptotic formulas.
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Let k, £ be non-zero integers. For k, £ > 0 define

Ej ¢ (30)

_ i / dw _ Gw)'G(1/w)
20 +a?)27i Jr, w Vw2 +2¢/1/w? +2¢

where 'y C C is the circle of radius 1 centred at the origin, and then for all &, ¢ define
Ere = Ep - (€29

For vertices (x1, x2) € W, (y1, y2) € Bs,, we define
Kl_j(xhxz, i, 2) = —i1”'(8'’E/‘z)(aszEkl,gl +a1782Ek2’42), (32)

where we used (23) and (24). This is the inverse Kasteleyn matrix in an infinite smooth
phase planar model, see Sect. 4. In the asymptotic analysis of the inverse Kasteleyn

matrix K;} in [8], the following saddle-point function appears
ge(w) = logw — & log G(w) + & log G(w ™). (33)
We recall from [8] that for —+/1 +2¢/2 < & < &, g¢ has four critical points +w,, o,

we = e'% .0, €10, /2], where gé (o) = gé (w¢) = 0. These four points satisfy the
saddle-point equation

1 w 1
—— = + (34)
§  Jw?2+2c wyl/w?+2c
by (257), and will hence depend on &. Define
- r—k—{ d G ZG 1 k
Gl = f dw__Gw'GA/wt 5)
2(1+a)2ni Jr,, w x/w2+2c\/1/w2+2c

where the contour I'y,, = {eie 10 € (B, —6:) U (—m + 6, —06.)} has positive
orientation around the origin. For x = (x1, x2) € W, ¥y = (1, y2) € By,, define

Cor (¥, y) = =i M (a2C (k. £1) +a' 2 Co, (k2. £2)). (36)
The elements of the inverse Kasteleyn matrix are given by the following theorem.

Theorem 3. Forn = 4m, m € N., (x1, x2) € Wgy, (y1,¥2) € Bs, with ey, &2 € {0, 1}
then

K1 ((x1,x2), (1, 32) = K71 (1, %2), (01, 32)) = Coo, (X1, X2), (31, ¥2))

*

+ Reyp e, (X1, x2), (1, ¥2)) + BZ, ., (a, (x1, x2), (¥1, y2))-
(37

We will not define B} , here. By lemma 3.6 in [8] there are positive constants Cy, C»

e1.82
such that |BY , (a, x1, X2, y1, y2)| < Ce= 2"

o162 when the vertices (x1, x2), (y1, y2) are
distance O (y/n) from the line (n(1+&), n(1+&)), —1 < & < 0. This means that for the
purposes of this paper it will be negligible. The theorem follows from the results in [8],
see Sect. 7. The term Ry, ¢, is an error term in this paper. We have the following bound

for Re, ¢,-
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Proposition 1. Let

x5, x)=m(A+&)+2a; — 1, n(1+&)+2ay),
1, y2) = (A +8&) +2b,n(1 +&) +2by — 1). (38)

If 8% > 0 is a sequence going to zero as n — oo then there exists B, C > 0 such that
for any n large enough and 0 < &, — & < &

1 1 )
e —E
uniformly for all |a;|, |b;| < max{n'/3, /n& — &} withi =1, 2.

We see that what we need is uniform asymptotics for Kfll and C,, . The main results

|Rey.cr (X1, X2, y1, ¥2)| < B|G(w¢)|P 02%4241 min( (39)

of this paper is the bound in Proposition 1 and uniform asymptotics for ]Kl_i and C,,.

Theorem 4. The asymptotic formulas (49), (50), (51), and (54) below together with (32)
and (36), give uniform asymptotics for Kfll and C,,, and hence for K;} by (37).

Although these formulas give the asymptotics we need, it is not immediate to see how
the the covariance (19) behaves if we fix n large and study how the covariance between
two dimers in the transition region between the smooth and rough phases behaves as we
increase the distance between them. We will discuss this in the setting of Example 1 in
Sect. 3. Here we give a more informal summary.

2. Asymptotic Results

In this section we formulate the precise asymptotic results for Ey , and éwc (€, k). The
critical point w, defined above is a function of £ and lies on the unit circle so we can
write w,(£) = €’ &) where 0.(&) € (0, w/2). It satisfies the Eq. (34). For convenience,
we also define the function

Pc(§) =m/2 = 6:(8) (40)

since this will be a natural quantity that is small and can be related to §. — &, see Lemma 5.
Note that when & = &, g¢ has a double critical point at both 7 and —i so 6(§;) = /2
and hence ¢(&.) = 0.

We need to assume that . —£& is small, which means that we are close to the asymptotic
rough—smooth boundary.

Assumption 1. We assume throughout the paper that £ satisfies 0 < &, — & < §, where
8 < & +5+/1 + 2cis asmall number determined by a finite number of conditions below.
We will not discuss the explicit value of §.

We now relate the critical point w, and ¢, to the value of & near &,.

Lemma 5. Let & be such that Assumption 1 holds and let w, = €%, 0, = /2 — . €
[0, /2] satisfy gé (we) = 0. Then there exists a bounded function R (¢.) such that

_4e(l+0)82

éC_S ( )5/2 (2 +R1(§0c)§0¢- (4’1)
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Furthermore, there are bounded functions Ry (&), R3(§) such that

. (1 —2¢)3/2
W — I 421 + )\/ — &+ Ry(8)(E —8), 42)
and
(1 —2¢)5/2
$c = 421 +C)\/ — &+ R3(5)(E — ). (43)

The proof of this lemma is given in Sect. 8. Note that Assumption 1 and Lemma 5 imply
that there is a small §; > O such that 0 < ¢, < & for all of the & we consider.

For the asymptotic analysis of Ej ¢, we need another saddle-point function. For « €
[—1, 1], define the function g, : C\ (i(—00, 1/+/2¢c]Ui[—+/2¢, v/2¢1Ui[v/2¢, 00)) —
C by

2y (w) =log G(w) +alog G(1/w), 44)

where both logarithms have branch cuts on the negative real axis. Taking a derivative
yields

—1 o 1

~/
[0 E I e S— (45)
¢ Vw2+2e w? /T/w?+2¢

and setting this equal to zero gives the equation 2cw* + (1 — a?)w? — 2ca? = 0. Solving
this gives the four critical points

1/2

+i

(1 —a?2+y/(1—a2)2+ 1602a2)>1/2 N <—(1 —a?) +/ (1 — 22+ 16c2a2)
4c ’ 4c

(46)

It is straight forward to see that the four points solve g/, (w) = 0if 0 < & < 1 (and that
there is no solution for —1 < o« < 0) by using (28). Let

172
1 —o?+/(1 —a?)?+16c2a?
Wy = ( o +/( 4“ )"+ 16c7a )) €1, 1/+/2¢) (47)
¢
so that i wy is a critical point of g .
Note that we have the properties
Ee= Eex, Cock, €) = Co, (£, K), (48)

seen by the change of variables w — 1/w in the definitions. By (48) we can assume
that |k /€] < 1 without loss of generality. We are now in position to formulate our main
asymptotic results.
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Proposition 2. Let the integers £, k be such that € + k is even and o = |k|/|€| lie in a
compact subset of (0, 1]. As |£| — oo there is a positive constant d and a bounded
function R4(k, £) such that

b (=DMGiwe)|'"|G (1/(iwg))|™
b= (1+a2)/27 |8 (iwg)lwa/wE — 2cy/1/w2 — 2¢

For fixed k, there is a positive constant dy and a bounded function Rs(k, £) such that

(I+ Ry(k, O)/1€D) . (49)

=DMG(ING(=iv20) M —a®) (1 +a)
QRa(l +a>)HV/42. /7]

Ere= (1+ Rstk. 0/167/) (50)

as |[£| - oo.

Proposition 3. Fix y € (1/2, 1] and ¢ > 0 small. Consider non-zero integers £, k such
thatt+k iseven,a = k/Cliesin[—1, 1]and¢37V(|€|+|k|) < LIfpl(1—a)/+/1 —2c €
Ag, then

(=DXG ) (sin((z — K)pe//T—=20)

Cok ) = —F— (€ —k)/v/T=2c

(1+Ro&.€.6)) (5

where we have the estimate
IRe(&. £, k)| < Copr ™, (52)
for some constant C > 0 that only depends on ¢.
Set ¢’ = c¢/(1 —2¢)3/%. For 6 € R define
: 0
F(0) :=argGie %) —7/2 = = R7(—0)63. (53)
It follows from (165) that R7 is bounded.

Proposition 4. Fix & in [—1,1], y € (1/2,1] and ¢ > 0 small. Consider non-zero
integers €, k such that £ +k is even, k/ = a + k¢ € [—1, 1] and (|€| + |k|)¢g_y > 1/2.
Here k¢ is an arbitrary sequence indexed by £ such that |kg| < 3/|£].

Assume that F(¢:)(£ — k) € Ag. Then, when |£| is large enough, there is a bounded
function Rg(&, £, k) such that

Ert — Co, (k, 0

—e R [ cos (£ = W F(©) )™ dg, ¢4k < =2

—((€ — k) /T =2¢)" sin((€ — k) F(ge)), L+ke{-2,02}
oG [ cos (€ = K)F©))e I dg, Lk >2

x (1 + Ry(E, ¢, k)). (54)

_ (=D¥|G(we)|
T x(l—a)?

Furthermore, there is a constant C > 0 such that
1

|Rg (&, £, k)| = CmaX(m,%)-

(55)
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We outline the arguments that lead to the above three Propositions. The proof of (49)
in Proposition 2 is a standard steepest descent analysis, which is centred at the critical
pointiwg € i[1, 1/4/2¢) of g . This analysis works uniformly in & in any compact subset
of (0, 1]. For the regime in (50) (« near/equal to zero), the critical point i wy, merges into
the branch cut along i[1/+/2c, 00), so we perform a separate steepest descent analysis
for this regime. This analysis/formula is independent of ¢,.

In Proposition 3, the condition |£|+|k| < ¢! ~2 means we are considering the integral
in (35) over a very small contour I',,., but where the asymptotic parameters [£], |k| still
sit in a regime which is relatively small. We prove that an integration by parts argument
suffices to obtain a uniformly small remainder in this "smaller" regime.

In Proposition 4 the regime is instead restricted to |£] +|k| > ¢! -2 /2, which overlaps
with the previous regime, but also consists of a range of larger |¢| + |k|. In this regime,
integration by parts no long suffices in all regions of (¢, k). The regime requires a mixture
of integration by parts and methods in the spirit of the method of steepest descent to
deal with the asymptotics. We also have to consider Ey ¢ — C,, (k, £) here, as in one
region, the leading order terms of Ey ¢ and C,, are actually equal, and so they cancel
if we compute the asymptotics of the integrals separately. Indeed, this is why we define
Dy (k,£) = Ei ¢ — Cy,.(k, £) (defined in (195)) in a certain region of (k, £).

3. Results on Dimer-Dimer Correlations
In this section we discuss the decay of the covariance between pairs of dimers in the
transition region between the rough and smooth phases in the setting of Example 1.

Recall the definitions (23), (24). For i = 1, 2 label the evaluation of k;, ¢; at (x1), y2)

as kl.l’z, El.l’z and label their evaluation at (x, y(l)) as kiz’1 , Ziz’l. We have

Mi=-rn—1, 6% =n—1,k%=-r, > =r (56)
and

'=n-10"'=-n-188"=n 6"'=-r. (57)
This motivates us to think of

(., k) =r(—o1,02) (58)

(where 012 + 022 = 1) in the sense that r ~ ,/rlz + r22 gives the distance between two

dimers and +(o7, 02) gives the direction.
Consider sequences 8,, 6, r, > 0 such that §, < &,

Sns 8 — 0, 1y — 00 (59)

and

ra=0(G/ny/8,), 8.n*3 = o0, (60)
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asn — 00. We assume that rpj, <, /rl2 + 1’22 <rpandé, < & —& <&, where rpip is a

positive number that will be taken large enough. For example we could take 8, = n~!/2

and 8 = 1/log(log(n)). Note that (60) implies

oot ms

>> =o(n 7). 61)
"'n nyé& —§

Recall Lemma 5, in particular (43) which gives a positive constant d3 such that
@ = d3\/Ec — &+ R3(§)(5c — ). (62)

We see there are constants ¢y, C1 > 0

Cl\/éc_Sf(pcfclv&'_é- (63)

The dimer—dimer correlation is given by formula (19), which in the setting of Example 1
becomes

corr(er, e2) = a*K, | (x®, yM K 1 (x D, y?). (64)
Let (i, j) = (1,2) or (2, 1). By Theorem 3
K@ yD) =KD, yD) — Copo 6D, yD) + Roo(a, xD, yD) + 0(e™M).

(65)
Putting the coordinates in Example 1 into (38) yields Proposition 1 as
|Ro0(a, xV, yD)| < B'|G(00) "1™ —ee
nvé—§
1
< B GO)T —ee. (66)
nyéc—§

In the second inequality in 66 we used the following approximation; Set « = 0 in (155)
to get R[¥(6.)] = log |G (w.)|, and then use (167) to obtain

(Gl = e TIOCD |G|, ©7)
Now we use (32) and (36) to write
K60y = Co 6y ) = (B i = Conhy? 1)
va(Es i~ Co (7. 17)) (68)

where we recall 111’2, k%’z... as given in (56), (57).

Now we give a short lemma that we use to extract the leading order terms of Kl_ll
from Proposition 2.

Lemma 6. For0 < o, o’ <1,
8o (iwy) = Zo (iwg) +10g(G (1/(iwe)) (@ — &) + O ot — o). (69)
Proof. Since o — g, (iwgy) is smooth, we use Taylor’s theorem and note that

d| . . . dwy d .
——| 8aliwy) =log(G(1/(iwy))) +i — 8w (w)

da |, da dwl,

by the chain rule. The lemma follows since i w, is a critical point of gg-. O



1270 K. Johansson, S. Mason

3.1. Dimer—dimer correlations parallel to e1. We look at dimers separated along the
diagonal, that is, we let 1| = r» = r > 0. This implies k"' = 1]"? = r — 1, k;"* =
7' = —r —landky? = 13" = —r, k3" = 1)* = r. We obtain the formula
KDy = —V=1(E,_y ro1 +aE_ry — Co r = 1, =1 — 1) —aCy (=1, 7))
+ Roo(a, xV, y7), (70)

where we used (48). Take rmyi, so large that we can neglect remainders in Proposition 2.
Note that |G(@)| = (1 — +/1 —2¢)/~/2¢c < 1. Although other length scales can be
analysed, for simplicity take §, = & — & = 5.

Theorem 7. Take a very large n, a small ¢ > Q0 and fix y € (1/2, 1]. Take &, — & = 6,
which gives . ~ dA/8, with an explicit constant d. Assume that roin < 1 < Iy,

e T <1, (71)
and 2re./+/1 — 2c € Ag, where A, is defined by (4). Then

IGOHIPVT—a a—|G@i)|7?sin@ro.//T—2c)
+
8rravl+az (1 —aym 2r/JT=2¢

Proof. 1t follows from our assumptions that rn<p? = o(1), together with (66) and (61)
we have the estimate

)2 (72)

corr(e, ep) >~ —a2<

Roo(a, x® y7) = o(n™"7).
An evaluation using (129) gives
=D1GDOI”
V8rer(1=20)12(1 +a?)

We use lemma 6 witha = (r — 1)/(r + 1), &’ = 1 to get R[gy(iwe)] = RI[g1()] —
21log |G (i)|/r + O(1/r%). We can use this in Proposition 2, to get

Efr‘r = Er,r o

(73)

B =D IGOHI>
V8mer(1 —2e)1/2(1 +a?)
We now apply Proposition 3 to the C~'w(, appearing in (70). By (63), the remainder R in

(51)is very small compared to 1 and so we neglect this term. It follows from Proposition 3
that we can write

Er—l,—r—l = Er—l,r+1 = (74)

L(a —|G@i)|7?) sinQro./v/T—2c)

C r—],—r—1+aé —r,r) >~ (-1
e +aCa,(—rm) = (-1 S =

(75)

where a — |G(i)|_2 < 0. Now from (172) we obtain

.1
b 2. (76)

|Cor (r — 1, =1 — 1) +aCy (—r,7)| > Cmin(;——-, >

Combining this with (61) we see that the error term o(n~1/3) can be neglected. A
computation using (70) now gives (72). O
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3.2. Dimer—dimer correlations parallel to e;. Now we look at dimers separated along
the anti- diagonal So we instead take r; = —rp = r > O for which we have kll’2 =
Gl =r—1Lk"' =" =—r 1,k =15 = —r, ky? = 1* = r. So we obtain

,] H H
Ko (9 30y = = V=1(E_1yir_1 1yir—1 + @ECyir—1yir
— Co (=11 — 1, (=1)7r — 1) = aCf (=), (=1)/1))
+Roo(a, xD, yy+ 0@ ). (77)

Theorem 8. Take a very large n, a small ¢ > 0 and fix y € (1/2,1]. Take &, — & = 6,
which gives @, ~ d+/5, with an explicit constant d. If rpin <1 < ¢Z_2/2 then

a(l —a) |G<i>|4’ @ —1GMHI7*)?* ¢o
8nv1+a? 7 Jgnm vz

corr(ey, er) ~ (78)

If instead ¢Z‘2/2 <r <rythen

a’(a—|G)| > [ [V L s
corr(ep, ep) =~ / / e dndt (79)
212ra(l — a)v'1 +a? JVardg,

where ¢ = av/'1 +a2/(1 — a)2.
Proof. We can use (73)

E vyir—1,(=1yir—1 TaE_1yir (—1yir
(=D IG@)* (
= a
V8mre(l —2c)1/2(1 +a?)

where the remainder O(1/r) comes from estimating the difference between
E_pyir—1.(1yir—1and E_yyj,. ()i Clearly (80) decays exponentially. Take rmin large
enough that the remainders in Proposition 3 are small. We can use Proposition 3 to write
that for r < 1/2¢>7)

—1IGHIP v o/n)  (80)

Co (1) r =1, (=1)/r = ) +aC, ((=1)/r, (=1)/r)

. —1G( -2
~ (_1)V|G(l')|(*1)’2rm_ (81)
7(l —a)?
Observe that there are no oscillations. By (60) and (66) we see the remainder in (77) is
small compared to (81) for n large. So

o GO @—-1GHI™H 2@ =G| D

corr(eq, ep) =~ a( e (20 (1 +a)) |G()| T )
1G> (a — G o (@ = 1G]

— |G r— ,

X< 8rcr(l—20)12(1 +4d?) GOr (1l —a)? )
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now (78) follows by using (114) with 6 = —m /4 which gives
(@—1GHI™MHUIGHI* —a) = (1 —a)? (82)

and since 1/4/r >> @, in this regime.
If1/ (2<p3 _V) <r < ry,, by substitution in Proposition 4 we obtain

(=D |G(we)|*" D_(V2rc'g.)

E.,—C 7)o 83
T Gl = TR e ®y

» DG ) —2r D 2rc 0.
Erey = Cop(—r, —r) = (DG (@) +(V2rc'ee) 84)

’ (1 —a)? 2rc’
where

2 [t e 2 [ _p

Di(z) =e* [ e dt, D_(z) =¢° e dr. (85)
0 b4

Dy, D_ are known as the Dawson function and Mills ratio, respectively. These functions
are related to the imaginary and complementary error functions. We use 7.8.7 in [12] to
write

—Z

1—e
D.(2) < — (86)

for z > 0. We apply the upper bound |e’22 -1 < zzezz to (86) on (0, 1]. We also have
that for the same interval, the lower bounds e’Zz >e ! andt >0, e’2 > 1 hold, hence

e '2 < Di(z) < ez (87)

For z > 1, inequality (1) in [11] gives a lower bound and we apply the upper bound
l—e? <1—e't0(86) to get

1 1—e!
2 < D.(z) < . (88)
By 7.8.3 in [12] we have
JT 1
—— < D_ —_ 89
2Tz +2 (Z)<z+1 (89)
for z > 0. Hence
D, (V2rc'g.) - e Lo, V2rcg. € (0,1] 90)
2rc’ | @rcpe)T! V2rdpe € (1, 00),
D_(V2rc'¢c) e 1 o
2rc’ TN 8 2 rpe + AT

We can use (60) to show that both (90),(91) are much greater than 1//n+/&; — &. Hence
it follows from (83), (84) and (66) that the remainders in (77) are negligible. So we have

KW, y®) >~ —i(Epy = Co () +a(Epyp1 — Co,r = 1r = 1)) (92)
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- ((—1)’|G(wc>|2’ [D_wzrc%pc)

1
— _2 —_—
2 —a)? 5 (a —1G(we)] )+0(r)])

(93)

and

(=D"G(we)| 7" [D+<«/2rc’¢c)

K- x @,y :-(
@l Y =T 2

1
@=1G@)I ™+ 0(-)]).
r
94)

rc!

The O(1/r) error appearing in (93) arises from the difference in evaluating
D_(V2-c'¢c)/~/2-c" at r and r — 1, similarly for D; and (94). By (90) and (91)
these errors are negligible in the current regime. Hence by (64) we have (79) for
/29> <r < o

We bring forward the asymptotics contained in (42.6) from [24] and (7.12.1), (7.6.2)
in [12] (for which we note D_(z) = ﬁezzerfc(z)/2). For z > 0,

7+ 0(z%) for z small NEn O(z) for z small
D=1 ) T =17 O . ©5)
5z + (2—3) or z large 5+ 0(1—3) for z large
We see the following distinct decay rates.
Regime I. As r varies from 7y to log‘G—l(i)l_Lf log i ,
1— G|
cort(er, ) ~ L= _|G0)] (96)

871 +a? r

which decays exponentially.
For the next regime, we use (78) and (67) when r varies from W log (p—lc to

1/ (2%2 ~7). We then use (95) on (79) when r varies from 1/ (2903 ~7) to small compared
to 1/(2¢' gof). These two sub-regimes have the same leading order term which is just an
artefact of how we proved the asymptotic formulas. We combine them into one regime.
. : 1 1 r 2
Regime II. As r varies from ol GO log o to small compared to 1/(2c"¢?),
@’ = |G(@)| ) ¢

Jsmda—asviza V'

corr(eq, 2) ~ 7

which decays like 1/4/7.
RegimeIII. As r varies from small compared to 1/(2¢’ (pf.) tolarge comparedto 1/(2¢’ cpcz.),
corr(eq, e2) is given by (79) and the integral is bounded below by a positive constant.
Hence corr(eq, e2) decays like 1/r.

For the next regime, we use (95) in (79).
Regime V. As r varies from large compared to 1/(2¢’ gof) to ry,

(1 —a)@—|Gw)|™)? 1
(4m)2(1 +a?) (pcr)?

corr(eq, e2) =~ (98)

which decays like 1/r2. One can also show that botha — |G (i)| ™2 < Oand |G(i)|*—a <
0, hence we see that the correlation is positive in the four regimes above.
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3.3. Dimer—dimer correlations at an arbitrary angle.. Now we analyse a third case

which interpolates between the two previous cases. We consider Zrn(pg 7 < 1fora
fixed y € (1/2, 1). For an arbitrarily small fixed ¢ > 0, consider

(r1,r2) = V2r(cos(9), sin(0)) =: r(o1, 02), 6 € [—7/4, —e]U[e, /4 —€]. (99)

if 8 = 7 /4 this would correspond to separating the two dimers along the diagonal, when
6 = —m /4 this corresponds to the anti-diagonal. In particular, it is interesting to examine
the behaviour for 6 close to —m /4.

Let o := 02/01 = tan(f), so —1 < o < 1. We now have 111’2 +1 = lé’z =ro] =
—lg’l = —lf’l -1 andk%’1+1 = k%’l =rop = —ké’z = —ki’z— 1. To state a formula for
the correlation in the current setting we require the definitions of some functions, these
functions come into the rate of exponential decay and leading term constants. Define
o = sign(0), sign(0) = 1 and note o1 > 0. Define the piecewise continuous functions

h+(0) = RIgjo|(iwe)] £ (1 — ) log |G ()], (100)
B a—|Gliwe)*'G1/wy) T
g+(0) = f(lo)) PR (101)

where f (o) = (/27]gl)(iwe) | way/w2 — 2cy/T/w2 —20)~ !, & € (0, 1].

Theorem 9. Take a very large n, a small ¢ > 0 and fix y € (1/2,1]. Take &, — & = 6§y,
which gives . ~ d+/8, with an explicit constant d. Assume that rmin < 1 < Iy,

202 <1, (102)

and r (o1 + 02)@pc/A/1 — 2¢ € A, where Mg is defined by (4). Then

corr(ey, ep) >~ —

a’(a — |G@i)|~2)? 1_[ (gq(e)ermhq(e) B sin(r (o1 + 02)@c /1 — 26‘))

(1+a%)? 1 W7ol rr(o] +02)/1 —2¢
(103)
Proof. We use Theorem 4 to establish (105) and (108). By (32), we have
Kill(x(]), y<2)) = _i(E|r02|+&2,r01—1 +aE|r02|,r01)’
Kl_,%(xc)’ y(l)) = _i(E|r(72\—&2,ro"1+1 + aElraz\,ral)- (104)

Let 2 = (|roa| + 62)/(ro1 — 1) and observe that C, < |a'?| < 1, where C; is
small, for large r by (99). By (49), we have

1,2 _1\lroz|+6 - )
K0, y®) ~ Sl DT o DRI 126w,12))

Jrop—1  1+a?
LoD EDI R e (105)
Jror 1+a?
We have 2 — |o| = (lo] +&)/(ro1) + O(1/r?) and LE2 = LIb 4 0(1/7) s0

Ki D, y®)
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_flob(= o2l

s d) G (iwjeI"! lG(l/(iw|a|)>|""2'(a — IG(iwm)l_l|G(1/(iw|a|))|5)

(106)

by lemma 6. Similarly,
K@, y )

S Uoh (= 1ylo2|

e r gy DI G/ i) (= 161G 1)),

(107)
‘We have

(=D GO sin(r(o1 + 02)@e /v 1 — 20)

(1+adm r(o1 +02)4/1 —2¢)
(108)

Coe (D, yDy =~ —i(a — |G()]7?)

We see the remainder Ry ¢ in (65) is much smaller than (108) via (66). O

Note the following facts about 44 and 2 _, since (1+|o|) log |G ()| < (1—0)log |G (i)|
< (1 —lo|)log|G ()| lemma 13 gives

hy <h_ <0. (109)

Since hy —h_ = 2(1 — o)log|G(i)| we have h(0) < O, it is also easy to compute
h_(—m/4) = 0. In fact, one can show that there is a positive cs > 0 such that h_(0) =
—cs(@+ /4% + 00 +7/4)3.

We have the following decay regimes. Let m > 0 be such that m/+/1 — 2c is small.
Regime I. As r varies from 7y to m log(%).

ac /1 =2cwi, o1 ©)+h.©)

27/ (1 — 02)2 + 16¢202 roy

corr(eq, ex) =~ —sign(0) (110)

which decays exponentially. Note we used (115) here.
Regime II. As r varies from W log( ) to mm(m log( ) m/((o1 + 02)¢c)
a*(a — |G ()| *)?g—(6) pce’ "~

(1 —a)2(1+a? T.Jro]

which decays exponentially for § # —m /4, and like 1/4/r for @ = —m /4.
Regime III. As r varies from min(m log(é), m/((o1+02)@c)) tom/ (o] +02)¢e)

(111)

ala —|G@)|™H\2 ,
—\— . 112
( 7(l —a)? ) ¢ (112)
which has zero or no decay.
Regime IV. As r varies from m/((o1 + 02)@.) to rp,
( a@ =G| )281n2(r(01 +02)¢e/VT=20) (113)
71 —a)V1+d2 2(o1 +02)?
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which oscillates and decays like 1/r2.

Hence we see that for 0 > —m /4 close to —m /4, there are two distinct exponential
decay rates; a faster exponential decay in Regime I followed by a slower exponential
decay in Regime II. As we vary the angle 6 closer to — /4, Regime II increases in size,
and the decay in Regime II changes from exponential decay to a decay like 1/./7.

Remark 1. A simpler expression can be given for the product g_(6)g+(0) that appears
when one expands the product over ¢ in (103). This comes into the formula for Regime
I (110). Through some manipulation one can show the identity

(@ — 1GweIG(1/(we )| ™)@ = 1GGwie) "G/ (Gw))|7)
:&(1+a2)\/w‘20‘ —2c\/1/w‘2g‘ — 2. (114)

The identity (114) together with w‘zg‘\/l/wlzg| —2c = a\/wlchl — 2c and (129) can be

used to obtain
(1+a%),/1 = 2cuwj,, 1

21/ (1 — 02)2 + 16¢202 (a — |G (i)|7%)?

g-)g+(0) =0 (115)

4. Gibbs Measures and the Infinite Planar Graph

In [21], the authors describe the set of all translation invariant Gibbs measures of the
infinite bipartite planar dimer models with a certain double periodicity. They also give an
approach to compute the full plane inverse Kasteleyn matrix. The infinite planar graph
G = V U E relevant for the two- -periodic Aztec diamond is the infinite version of what
we defined above, and is defined as follows: fori € {0, 1}, let

Bi ={(x,y) € Z* :xmod2=0,ymod2 =1, x +ymod 4 = 2i + 1},
y :{(x,y)eZz:xm0d2:1,ym0d2:0,x+ym0d4:2i+l}

where B = Bo U By are the black vertices, W = Wy U W, are the white vertices and
V = W U B. The edge set E is all edges of the form b — w = *ej+, Le», for all
b € B,w € W. Let the edges contained in the smallest cycle surrounding the point
(i, j) where (i + j) mod 4 = 2, have weight a € (0, co) and the edges contained in the
smallest cycle surrounding the point (i, j) where (i + j) mod 4 = 0 have weight 1.

As a reference for the following we note [25], see also [18]. The graph G (together
with its weights) is doubly periodic in the sense that the set 7' of shifts of the form
ney+mea, (n,m) € (27)* preserve the colour of the vertices and edge weights. Define
the graph G to be G mod the same shifts so that G is a collection of copies of G obtained
by applying all shifts 7. From its definition, G has periodic boundary conditions in
both directions e and e3, so one can also think of G as a graph on the torus. Define the
edge weights and Kasteleyn orientation of G as in figure 4, which induces a Kasteleyn
orientation on all of G. The graph G is called the fundamental domain of G, note that
it has vertices wg € Wo, bo =wo+e3, b =wo+er,w; =bg+ey.

The authors of [21] introduce “magnetic coordinates” to parametrise the set of Gibbs
measures. Following [21], let (B1, B>) € R? be the magnetic coordinates for the graph
G and take two paths y1, y» in each fundamental domain as shown in Fig. 4. Multiply
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Fig. 4. Left: the fundamental domain G! with corresponding Kasteleyn matrix entries. Right: the fundamental
domain of G! By B with paths y1, 2
e”l e

the edge weight of an edge e = (b, w) by 81 (e75B1) if y; crosses e such that the white
vertex w is on its right (left). Similarly multiply the edge weight of e by e?2 (e~ 52) if
y» crosses e such that w is on its right (left). This yields the same graph with a different
set of edge weights denoted G 5, ,5,. Define the fundamental domain of G 5, 5, to be

G!, . as shown in the Fig. 4. The magnetic coordinates introduced in this way re-
e’l eP2

weight the average slope of the corresponding height functions. Note that By = B, =0
gives zero average slope in directions e, e> and gives the limiting smooth phase in the
two-periodic Aztec diamond we are considering.

For L € 2N., define G© = (V;, E[) to be the graph obtained by applying all shifts
of the form ne; + me», (n,m) € (2Z N [—L, L])* to G! and with periodic boundary
conditions, observe that G = U; GL. If B} are the black vertices and W, are the white
vertices so that V, = By U W, then viewing the Kasteleyn matrix K’ of the graph
G as an operator C"2 — C5¢, [21] block diagonalise K (along with three slightly
modified variants of K ). The authors of [21] then use an extension of Kasteleyn’s theory
for dimer models on the torus to perform a limiting argument in L which yields a double
contour integral formula for the free energy (per fundamental domain) of G, and posit a
formula for the inverse Kasteleyn matrix. Following [21], denote the magnetically altered
Kasteleyn matrix for the fundamental domain G| by K (z, w) where one multiplies the
edge weight of an edge e = (b, w) by z (or 1/z) if y; crosses e with the white vertex on
its right (or left). Likewise multiply the edge weight of e by w (or 1/w) if y» crosses e
such that w is on its right (or left). So for i, j € {0, 1} we obtain

a+1/z i(a+w)

(K(Z,w))b.w;(i(aﬂ/w) a+z ) ' (116)
v i+1,j+1

The magnetically altered Kasteleyn matrix in magnetic coordinates (B, B;) correspond-
ing to GiBl 5, 18 K (eBiz, eB2w).

Suppose that x € WSI and y € éaz, e1,& € {0,1}. Let (u,v) € Z2 be such that
u(2e1)+v(2ey) is the translation to get from the fundamental domain containing x to the
fundamental domain containing y. The whole plane inverse Kasteleyn matrix of Gy, s,
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for the entries x, y in magnetic coordinates (log(sy), log(s2)) is

U+l
dz dw 0(z, w)51+1 e+l v
117
?1 Sz(x y) (27.[1)2 »/]:Y] ﬁ P(Z w) e—— Y ( )

where I, is a circle or radius r around the origin,

ila+w) —(a+2)
Q@ w) = (—(a+1/z) i(a+1/w)> (118)
and
Pew =-—2-22-2 qw-2_4; (119)
w Z

is called the characteristic polynomial. Note that K (z, w)~ I'= 0(z, w)/P(z, w). The

formula for K¢, I , differs compared to the one in [8] by multlphcatlon of s, ”+1s2_ vl

If we set s] = sz = 11in (117) we get ]Kl | which agrees with Kl | given by (32) as
shown in [8]. We summarise a derivation of (32) from (117). Make the change of variables
= —ujuz, w = us/ug for (uy, uz) € F in the double contour integral (117) so that
the characteristic polynomial is P(z, w) = —2(1 +a®)+a(uy —1/uy)(us —1/us). Then
perform a small deformation in the u1, u; variables so that (u1, us) € F% for R < 1 very

close to 1 (avoiding the zeros of P). Thenrecall thatu — \/g (u—1/u)is abijection from

{u; lu| < 1} to C\ i[—+/2¢, +/2c] with inverse w — G(w). Then if we make another
change of variables u; = G(wj;) for i = 1,2 the characteristic polynomial becomes
—2(1+a?)(1 — wiwy). Under the condition that k, £ > 0, one obtains a single contour
integral from the pole wiw, = 1. One then checks that this single contour integral
formula agrees with (32) in each of the cases of vertices €1, &2 € {0, 1}. The formula
holds for all k, £ by a symmetry argument. An extended summary of this derivation is
given in [23]. For all the rest of the details, see [8].

In fact the whole plane inverse Kasteleyn matrix (117) can be related to the quantities
whose asymptotics we analyze. We bring forward lemma 3.3 in [8].

Lemma 10. For x = (x1,x2) € W, y = (31, Y2) € By, and sy = 1,50 = 1/|G(a)c)|2
we have

Kyl () = 16 @) P 2 [Kp ) = Co 1) |, (120)

where (u, v) € Z? is such that u(2e1) + v(2e») is the translation to get from the funda-
mental domain containing x to the fundamental domain containing y.

This means that Propositions 2, 3 and 4 also yield uniform asymptotics for the inverse
Kasteleyn matrix for the infinite planar dimer model Gy, ,.

4.1. Discussion of dimer—dimer correlations on the infinite planar graph. Using (117)
we can reformulate the discussion of dimer to dimer correlations in Sect. 3 in terms of
the infinite planar graph Gy, s,. Instead of varying the distance n(§. — &) of the two
dimers to rough—smooth boundary, we can vary the magnetic coordinates in such a way
that the Gibbs measure of the infinite dimer model varies between rough and smooth
phases. Note that above we fixed n and chose & depending on n so the n-dependence
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now sits in the magnetic coordinates (log(sy), log(sz)) = (O, 10g(1/|G(wc)|2)). Using
lemma 5 one can compute 1/|G(@e)|* = 1/|G@)* + ca(se — §) + O (6 — §)¥/* for
some c4 > 0 depending on a, so we have

si=1  s=1/IG@)* = 1/IG@HI* +calbe — ) + O — ), (121)

where 1/|G(i)|> = 2a/(v/1 +a? — 1 +a)* > 1. We see that varying & corresponds to
varying s; while keeping s fixed.

Take two dimers, ¢; = (x(i), y(i)) € Wo X 1§0, i = 1,2 with e; placed arbitrarily.
Define the coordinates of e, as

@ = xM £ 201, 1), y® =W 4201, 1) (122)

where r1,r € Z and r| + rp is even. Let £, — & > 0 be sufficiently small and let the

distance between the two dimers r = 2,/ rl2 + rz2 lie in [Fmin, 7n) (rmin 1S large but fixed

and r, = o0). Note that this allows for any direction between the dimers. We see that the
discussion in Sect. 3 of the dimer—dimer correlation between the dimers e, e, translates
into this setting.

Recall from [21] that the amoeba associated to the characteristic polynomial P is the
image of the zero set of P(z, w) under the map (z, w) — (log|w]|, log|z|). A picture
of the amoeba of our characteristic polynomial (119) is given for a ~ 0.36 as the right
hand picture in figure 2 in [21], (i.e. the amoeba of z+z ! +w+w ™! —6.25). The results
of this paper together with the results in section 4 in [21] show that for the collection
of weights 51 = €1 = 1,1 < 5o = ¢? < 1/|G(i)|* the corresponding magnetic
coordinates (Bj, By) lie in the bounded complementary component of the amoeba of
P (z, w), since we have exponential decay of correlations for these magnetic coordinates.
This corresponds to a single unique (smooth) Gibbs measure with an average slope of
(0,0). When ¢, > 0 but small and s; = 1,50 = 1/|G(ie”'%)|? the corresponding
magnetic coordinates (B1, B>) lie in the interior of the amoeba of P(z, w), as here the
long distance decay is polynomial for all ¢, > 0. For each ¢, > 0 there is a unique
(rough) Gibbs measure with average slope te; for some ¢ € (0, 1], and the regime of
distances r for which dimers have exponential decay of correlations varies from some
fixed number rpj, to a term proportional to log(1/¢.) (see Regime I corresponding to
(110)). For any large, bounded region, we can take ¢, so small that all of the dimers in
the region have exponential decay of correlations between one another. From this we
see Theorem 1 holds.

An interpretation is that when we have a non-zero average slope, there are infinitely
long paths related to the level curves of the height function that are present. These infinite
paths appear to imply quasi-long range order and power law decay. As we transition
to the smooth phase these infinite paths typically become further and further apart,
corresponding to a decreasing average slope of the height function. The length scales
that are much smaller than the typical distance between these infinite paths experience
exponential decay of correlations. If we move to the smooth phase the paths move
infinitely far apart, disappearing and leaving only short range order.

5. Asymptotics of K, 11

In [8], the asymptotics of Ej ¢ are computed when £/ is close to k, i.e when the vertices
lie close to diagonal or cross-diagonal from one another. Here we extend the asymptotics
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to arbitrary angles. Note from the symmetry relation (48) we can restrict our attention

to the case |k| < |£| without loss of generality. Let o = % and write

Er (123)

itk / dw  expl|€|ge(w)]
20 +aM27i Jry w Vw2 +2¢/1/w? +2¢
with saddle point function g, (w) defined in (44).
The integrand in (123) is analytic in the region C \ (i[—+/2c¢, v/2c] U i[1/+/2c, 00)

U i(—o00, —1/4/2c]), so by Cauchy’s deformation theorem, for r > 1, we can deform
Iytoly, (r) = U?:O)’j(”) where

yo(r) ={r+it:t € [—wgy, wyl} yi(r) ={—t+iwy : t € (—r,r)},

assets y3(r) = —y1(r), y2(r) = —yo(r) and as curves each y; () has positive orientation
counter-clockwise around the origin. For n1, 52, r > 0, where 2 is small define y;, », ()
as

l
—mi+t:tel0,

{@ n2 [0, 72)}
i i

U{—=+rti+m:t€[—n, U{—=+im+m+t:1€l0,r 124
{_26 n [—m2, nD)} {Tc ni+n [0,n}  (124)

which is a path from i //2c+in1 +n2+r t0 i /+/2¢ —12i consisting of three straight lines.
Note we define the orientation of this curve to be in the direction of the path beginning
at i /v/2c +iny +ny +r and ending at i /v/2¢ — nai.

Let R[z] and Z[z] denote the real and imaginary part of a complex number z, respec-
tively. Denote the upper half plane H C C.

Lemma 11. For k, £ € Z,

i —lkI=le] dw (1 + (=1)EI+Ikl Yiv
o= i : / dw (1+(=1) ) expl] Iga(w)]‘ (125)
2(1+a*)27i Jy (00) w Vw2 +2¢/1/w? +2¢
If € +k is even, n1, n2 > 0 then
i —lkl—1€| d v
Eop= i i [/ dw  exp[|f|ge(w)] ] (126)
(I+ah2n L), o) W Vw?+2ey/1/w? +2¢

Proof. Take the integral (123), now perform the deformation of the contour I'y to I'y,, ()
described above. Now from the definition of G in (25), clearly |G(w)| < 1 for all w in
the domain of G. Using this fact we can see that for large |w/|, the dominant factor in the
integrand is w+/ w? + 2c¢ appearing in the dominator. Hence the modulus of the integrand
is bounded above by O(1/ |w|?) for large |w|. We can now take the limit » — oo and
see that the contributions from yy(r) and y»(r) vanish. We split the integral up over
the sections y1(0co0) and y3(00). Using the symmetries Vw2 +2c = \/(—w)2 +2c,
—G(w) = G(—w) we rewrite the integral over y3(c0) to be over y;(00), this causes us
to a pick up a factor (—1)!“™/¥I which yields (125).

Similarly, for (126), we take the integral in (123) and deform I'y to ¥y, 5, (00) U
Yii.m2(00) U =¥y, n, (00) U =¥y, 5, (00) by an almost identical argument. Then (126)
follows by further applications of the symmetries (28), (29) and noting that if £ + k is
even then |£] + |k| is even. |
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Next we give a lemma concerning the existence of descent paths.

Lemma 12. For o € [0, 1], B € [1, 1/4/2¢] the mapping (0, 00) 3 t — R[gx(iB + 1)]
is strictly decreasing. Moreover, if &« = 0 the same mapping is strictly decreasing for all
B € [1,00).

Proof. We use an integral representation of

1 _1/@ 1 ds
Vwl+2e )y w—is J2c—s2

which yields the correct branch cut and sheet of the square root. From (45) write

1 Y2 o ds
ACEEY b
fw—ls W —ISW* \/2¢c — 52

1 1 1 ds
_/ —+a ; + ;
—is  wH+is (w—lsw2 w+zsw2> V2c — 52

ds
';/O fa(w,S)—r_sz.

Now,
lRf(i,ﬁﬂs): -l - !
e ’ 2+B—5 22+6+p)>2
1+2spB 1—2s8
(t2(1 +25B)% + (B —s(t? — p2))? * 12(1 = 2sB)2 + (B +s(t? — ﬂz))2>
(127)
—1 —1

+
—2sB+12+ B2 s2+2sB+1%+ B2

1+2sp8 1—2s8
¢ ((ﬂ F BT +25p +52( 7+ D) (24 (1 — 25 +52(22 +ﬂ2>>> '
(128)

Let t < B, the fact that the denominators in (128) are greater than zero and 1 & 2sf +
s2(12 + B%) = 1 4 2sp yields

-1 20
t2+(s—ﬂ)2+t2+(s+ﬁ)2+t2+,32'

%Rfa(iﬂH,S) =<

The assertion that the previous expression is less than zero is equivalent to
20 4 - p 2 2, a2
ms +(4(¥m—2)s —2(t +,3 —2) < 0.
The quartic above factorises into the form 2oz(s2 — C_)(s2 - Cy/ (t2 + ﬂz) where
explicitly

Co= L (2;2(1 —2a) +282(1 +2a))
4o



1282 K. Johansson, S. Mason

j:\/(2t2(1 —20) +282(1 +200))2 + 16 (2 + B2)2(1 — oz)) ,

clearly C_ < 0and C;y > 5 (t2(1 —2a) + p2(1+2a)) > t3(1/a — 1) + B > 2c where
the second last inequality holds since r < 8.

For t > B, the function x — 1/(1 + x) is convex for x > —1 so the sum of the first
two terms in (128) is bounded above by

+
(12 + B2)s? = 2B+ 12+ B2 (12 + p2)s? +2sB + 1% + B2
o —1 . -1
— 42 2 25 o
=+ p 1+s2—12;§2 1+s2+12;§2
< 1 —2
T 2+p2 \1+s2)7
so from (128)
—2 1-2
(2 + BORSu(iB +1,95)/t < +1 sp

+ .
1+s2 1 —2sB +s2(t2 + B2)
The assertion that the previous expression is less than zero is now equivalent to
s2((12+ BH)s? —4Bs +2 — 12+ %) < 0.

The previous quartic factorises into the form %+ ,Bz)sz(s — B_)(s — B,) where

2 282 — 1
p 1.,.2'3—

By = —5— .

It is obvious that since 8 > 1, By > 1 > +/2c and B_ < 0 is equivalent to

B> 282 -1
b e S 125
(= + B°) =+

which is true when ¢ > . So the mapping (0, co) x [0, +/2c] — R such that (z, s) —
R fu(iB +t,s) is negative which proves the first result. The extension to 8 € [1, 00)
when o = 0 is immediate from (127). O

Since R[gy(if — 1)] = R[gx(iB +1)] for t € (—00, 0), lemma 12 also proves
(0,00) - R; t - R[gx(iB — 1)] is decreasing.

Proof of Proposition 2. We perform a saddle point analysis on the right hand side of
(125) and begin by proving the first statement. Multiply both sides of (45) by w, taking
the derivative reveals

_1 o 1
~ ~/ _ — a5 — 5 5 —— 35
8o (w) + wgy (w) = 2¢ <(w2 +2¢)32 w2 (1/w? + 20)3/2> '



Dimer-Dimer Correlations at the Rough—Smooth Boundary 1283

Recall that we € [1,1/4/2c). Computing /(iwg)>+2c = iy/w2—2c and
V(1 iwg)? +2c = —iy/1/w2 — 2c, and using g/, (iwy) = 0 we see that the above

gives
T g \(w2 = 2032 w2 (1/wd —2¢)3/2)"
We can simplify this as follows. Computing 1 /w2 = —4;2 (1—02—/(1 — )2 + 16¢2a?),

3
we see that 1 — 3)—2 = é(l — 2“%2() to get the identity (wozl — 2c)3/2 & = %(l/wg —

wy
2c)3/ 2, Hence,

~ _ —2c 1 wg 129
Balive) = Cr 3w g " a2 ) (129)

Take ¢ > 0 small and less than min(1/+/2¢c — wy, we — +/2¢) and write (125) as

Ero=Cis / dw  exp[|€|ga(w)] . dw  expl|l|gu(w)]
. ’ ri(e/2) W mm NNy (e/2) W m\/m

(1+(—1)lEI+ky = TkI=le]
2(1+a?)2wi

where Cy ¢ = . We parametrise y;(co) by

w(t) =iwg —t, t € (—00,00).

Taylor’s theorem yields

2
Za(w(®) — g (iwa) =§Z(iwa)%+t3R9(l,Ot), (130)

where

1 goc(z)
Ro(t,e) = 5 z ——5 (= Ro(0)).
270 Jom, iwy) (@ — w(D))(z — iwg)3
Here dB(iwy, €) = {ee!? +iwy : 6 € [0,27)}, s0 |Ro(t,a)| < C fort € [—&/2, ¢/2]
and all «. Since g/, (iwg) is less than some negative number for all &, we can take & so
small that

guiwg)/2+ [t Ry(t, )| < —b (131)

for some b > 0 uniformly in o and ¢ € [—¢/2, ¢/2]. Setting B = wy in lemma 12,
we have a descent contour so it follows from (130) and (131) that there are positive
constants Cp, C; so that

/ d_wexp[|£|(§a(w) - ga(iwa))]
neNneE2 W Vw2 +2cy/1/w? +2¢
<( sup exp[— €| R(8u(w) — 8o (iwe))]
wey(00)\y1(e/2)

_ 2
< CyebltIE?/4,



1284 K. Johansson, S. Mason

For the integral over y;(e/2), in a similar fashion to above we parametrise y; (¢/2) as
w(t) =iw, —t where t € (—¢/2, ¢/2). Now (130) gives

/ dw  exp[|€]ga(w)]
ne/2) W w2 +2e/1/w? +2¢

__ expll€|Za(iwa)] /8/2
V(iwy) —&/2

expl|€](ZL (iwe)t? /2 + 2 Ro(1) ]V (iwg)/ V (iwg — 1)dt
(132)

where V(w) = wvw? + 2c\/ 1/w? +2c. We require three bounds. Taylors theorem
applied to t — V(iwg)/V (iwg —t) att = 0 yields

&/2 - V(iwg)
e 2 3 o
‘ i el @2 PRl e

g/2
— / expl|€](ZL(iwe)t? /2 + 1> Ro(1))]d1

—&/2
g/2 e/2 C
< [ el @ 2+ P Roe)dr = Ca [ e ar < b
—&/2 —&/2 €3/
We use the bound |e! — 1| < |¢]e!! to get
&/2 ~If . 2 3 e/2 ~I /. 2
explI€I(Z)(iwa)1* /2 + 1> Ro (1)) 1d1 — expl €] (3L (iwg )1 /2)]d1
—e/2 —e/2
e/2 ;
< / R0 1| expl1e] @ o /2)1ds
—&/2
e/2
< B |t expl|€1(gl (iwe)t? /2 + |t* Ro () )]dt
—&
g/2 C
< Csle| 11| expl[—|¢|bi*ldr < —2.
e €]
Finally,
e/2 , ) o0 , 5 e—|ubsz/4
‘ f expll€lg,(iwa)r2/21d1 — / expl|Llg)(1wa)i?/21de| < C;
—&/2 —00
(133)

Now take the absolute value of the integral in (132) minus the second term of the differ-

ence in (133). Write this as a sum of differences above, then use the triangle inequality
expl1¢I8a (iwe)]

and the three bounds. The main factor in (49) comes from the term Viwe) in

(132).
The case « = |k|/|£] for fixed k is handled differently. Recall the integral in (126) and
write it as

_/' d_wexp[lflgo(w)]G(l/w)‘k‘ (134)
V/

(c0) W \/w2+2c\/1/w2+2c.

n-n2
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The minus sign in (134) appears by defining y,;mz (00) to be yy, ., (00) with reverse

orientation. In this case the asymptotics come from the branch point i /+/2¢, and the
saddle point function gy is analytic at this point. Parametrise w(t) = i (t + 1/+/2¢) + n2
for t € [0, n1] and observe that

J1/w()? +2¢ — ﬁ\/zc/(t+ 1/3/2¢) + 2¢/(t + 1/3/2¢)? (135)

asn; — 0%, So

Ik
w(t)\/w(tG)z(i-/IZUc(\t/)i/w(t)z T20 ]:7?)’ asm = 0" (136)
for a function f. A computation gives
F(0) = —=G(=iv20)"V1 = 4c2V2c + 1. (137)
We can get a bounded function R0 (#) such that
f@) = f(0) =1Rio(t) (138)

for ¢t € [0, n1]. From (45) we also have a bounded function R (¢) such that

B0 /N 2c +it) — Zo(i /v/2¢) = —ty/2¢/(1 — 4¢2) + 12 R11 (1) (139)

fort € [0, n1]. Let b’ = /2¢/(1 — 4c?). By lemma 12, the straight line from i /+/2c +
in1 + n2 to infinity is a descent contour. Take 77 > 0 so small that

—1/2¢/(1 — 4¢2) + 2|R11 ()] < —11/2¢/(1 — 4¢2) /2. (140)

Then, by (138) and (139), there are positive constants C4, Cs such that

< C4e|5|73[§0(i/«/27)]—C5|4|m' (141)

/ dw expl |30 ()]G (1/w)
i/V2erim+Ray W NV w? +2cy/1/w? +2¢

Take n, — 0% in (134). We consider a sequence of approximations and bound their
differences. First, we have the estimate,

o dt ~ . m Jt o )
ar (I)ewlgoo/\/fcw)_/ A 0)eltBoti/V2ein
‘/0 \/ff 0 x/?f

IUIRF0(i/7/2¢)
/7

3 C/m di/7elIRF0G V2D 0 GUIREG/V/20) /’7‘ diJie W12 < ¢ |32
A 0

secondly,

M dt B0/ Ieki no gy o
_f(o)elilgo(z/ c+it) _/ —f(O)e' [(80(i /~/2¢)—b't)
‘»/O \/; 0 \/;

6,1?11(1)f2 1 ‘

< /771 ﬁf(())eWKRg;O(i/\/TC)*b/t)
0 it
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n - ,
< C”// " gt 312 M(RE0( /Y2042 Riy ()]
0

" n [€IRZ0(i /v/20)
< Cwewmgo(i/@)/ et < o€

0 VI
and finally,
—|ep’
Vm AL (0yelRoti/ 20—t _ /oo A 0yl VR —eb't| i) ERFo V) €
o 0 Vi - CND

Furthermore,

© dt oo ,
— £(0 e\llgo(l/«/%)—ﬁbz
/ ﬁf( )

= —\/%G(\/%)'“G(—i«/z_c)'k'(l — 4¢3V 2e + 1/ 2¢. (142)
C

Now note that when £ + k is even, G(%)'“G(—i«/ 2¢)%! is a real number. The main

contribution to the integral in (126) is the right hand side of (142). If we write the
difference between the main contribution and the integral as sum of the differences
above, then by the triangle inequality, (50) holds. O

Remark 2. We can rewrite the expressions for E; ; in lemma 2 as

cos(r (|k| + €])/2) G (i we) ™™ IKLIED G (1 /(i wg)ymin (K-1ED
k, = =
(1+a2)/27| g} (iwg) max([k[, [€])|wa /w2 +2cy/1/w2 +2¢

(I+0o(1)
(143)

when ¢ = min (Ik—l %) varies in compact subset of (0, 1]. If instead one of k or £ is

[” ]
fixed, then

Cos(nmaxgkl,\[\))G(ﬁ)max(\kuﬁ\)G(_im)min(\k\,m) A -a7es D
2(1 + a?)/7 max(|k], [€]) (2c)1/4

Eri = (1 +o(1)).

(144)

We know that |G (w)| < 1 for all w in the domain of G, which follows from the definition
of G, from this we discern that Ej; is exponentially decaying since R[gy(iwy)] =
log G(iwy)+alog G(1/(iwy)) < 0, where 0 < o < 1. However, we give the following
quantitative estimate.

Lemma 13. For0 < o < 1,
Rlguiwe)] < (1 +0a)log|Gi)| < O. (145)

Proof. Consider the integral

== (GG ) (146
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‘We see that
Wa du 1/wa du
RIz (iw)]=—/ ——a/ _du
Sl e Ve Nul — 2¢ Ve u®—2c
and
(1+a)log |G()| = —(1 + )/1 du
o) 10 1 = — o _—
£ Ve Mu? —2¢

where 1 < wy < 1/4/2c¢. Define

s() 1= Rga(iwg) — (1 +a)log|G ()]
/W«x du ! du
=— ——+o —_—
1 ~vur-2c 1we V% —2c

We want to show that s(«) < 0. Substituting u = 1/v yields

/‘ du _/Wa 1 dv
Vwe VU2 —2c 1 V1I=2a2 v’

and hence

@) /w“ o 1 d
s(o) = — u.
1 uv1=2cu? Ju?-2¢

Forl <u <1/4/2c¢,

o - 1
uv1—=2cu?2 =~ JuZ —2¢

which is equivalent to
2cu* — (1 — a®)u? = 2ca® <0

or

w2 _ — wv2)2 22
-« \/(1401) +16c2a < <l
C

Hence the integrand in (151) is less than or equal to zero, so s(x) < O.

1287

(147)

(148)

(149)

(150)

(151)

(152)

(153)

(154)
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6. Uniform Asymptotics of C,,,

The goal of this section is to prove propositions 3 and 4, first we prove a lemma about
descent paths.

Lemma 14. |G (¢!9)| is strictly increasing for @ € (0, 7/2).

Proof. Since |G (¢ ) |2 = GG (e, taking the logarithm we can see the statement
of this lemma is equivalent to assertion that the function (e’ : 6, /2)} = Rsuch
that g1 (w) = log(G (w)) +log(G(1/w)) is strictly increasing over 6. From

w +1 1
Vul+2e w /Tjw?+2c

wg)(w) =

changing variables w(6) = ¢’ and from /(w)2 + 2¢ = vw? + 2c,

d N " ei@
— =27 —) .
d@gl(e ) ( /(ei9)2+20>

Once again we use the integral representation of the reciprocal square root to write

1 V2e et? ds
— Il —
T /_@ (e’9 - iS> V2¢ = 52
1 /@ 452 sin(0) cos(0) ds
T Jo lel? +is|2|el? —is|? /2 — 52

and since the integrand is positive for 0 < s < v/2¢, 0 < 8 < /2 the lemma follows.

oif
7l—
(\/ (e'?)2 + 2c>

O
Corollary 14.1. For a € (—1,00) (a € (=00, —1)) the function (0,7/2) > 0 >
Rlga(ie )] is strictly decreasing (strictly increasing). If & = —1 the same function is
zero.

Proof. Due to lemma 29

Rlga(ie )] = log|G(ie™ )| + o log|G(1/(ie™"))]
= (1 +a)log|G(e' /2=

so the statement follows from lemma 14. O
‘We write
Y (0) = gu(e") = 1 +a) log |G ()| +i(1 — &) arg(G(e'?)). (155)

to shorten the expressions. We require a few facts and approximations that will be used
multiple times in the following proofs. From (155) and (29) we have

v@) =y —-0)+in(l —a), (156)

from which we see that Z[y (/2 + 6)] and R[y (/2 + 0)] are odd and even functions
on [—m /2, /2], respectively. In particular, (156) gives

Iy (/D] = (1 —a)/2 and RIY'(7/2)] =Ry (x/2)]1 =0 (157)
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A computation yields

i ol? .0

— ie
") = (1 Rl————|+i(l — )| — 158
Y0)=(1+a) [\/m]ﬂ( a)[\/m] (158)
from which we get
, . (1—a)
2) = — . 1
Y(/2) lx/l——2c (159)
Further computation gives
Y _ 2¢(l+ ) " _Ac(l+o)( -
Taylor’s theorem gives a bounded function R12(8, 6., «) such that
Y (O) — Y (O) = Y (00 — 0 + ¥ () (O — 6)* /2
+ " (0:)(0 — 0c)’ /3! + R12(6, O, @) (6 — 0c)°, (161)

and there are also bounded functions R3(6., @), R14(0., a), R15(6., &) such that

V" (7/2) ,
— ¢

c

V'(6c) =Y (w/2) — " (7 /2)¢c +

v (0 =" (1/2) — ¥ (7/2)¢c + R14(0c. )7,
¥ (0:) =" (1/2) + Ri5(0c, @) ge. (162)
From (157), (161) and (162) we obtain

RIY (0) — ¥ (0)] = [pcy” (/2) + RIR13(0c, )]0 — 6)

+ R13(0c, )¢,

9 (r/2) + RIR 1460, a)]wf]@
— RIR 150, )]@c(Oc — 0)* + RIR12(0, 6, )10 — 0)°. (163)
We have a bounded function R;g(6, o) such that
Y(r/2+0) = Y (/2) + 9 (1/2)0 + Y (1/2)6% /2 +6° Ri6 (0, ), (164)

which using (157), (159) gives a bounded function Rg(#) on R such that
Iy (/2 +0)] = (1 —a) (/2 — 6//1 = 2¢c + Rg(6)6°) (165)
We are now ready for the proof of Proposition 3.

Proof of Proposition 3. We parametrise w (/) = ¢!’ and use the fact that [ + k is even to
write

. k—f 14 k

S (L+ (=) dw ) GU/w)

2(1 +a?)2mi FoeNH W Vw2 +2¢/1/w? +2¢
ikt f”‘ec exp Ly ©)

T2(+adw Jo, X7 +2c]

Cop(k, £) =

(166)
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We rewrite (164) to get a R17(6, «) such that
Y (0) — ¥ (/2) = =y (/2)(/2 — ) + Ri7(0, ) (/2 — 0)*. (167)
We use (167) and the bound |¢' — 1| < |¢]e!! to get constants Cy, C» > 0 such that

/"—90 xp (LY ©) ) f”—ef exp (LY (/2) = ¥'(0/2)(x/2 = 6))
0, 0,

€2 + 2¢| €2 + 2¢|

c c

T —6
< C[0|g2e RV /2] / RO (1/2-6)% 7
0c
< CpRW /D47 (Copl (168)

Next the second term in the difference in (168) can be approximated by (186). We get

/nec exp(ty (1/2) — Y’ (/2)(x/2 - 0))

p |20 +2¢]

~ /71—9( exp(eyr (r/2) — ew/(j'[/Q,)(n/z — 9))(19
p 1 —2c¢

c

c

1+y
< Ce RV E/DI 3 < 0 IRV (/2] ‘/’|c£| . (169)

Finally, the second them in the difference in (169) is

/”_6” exp(Ey (mr/2) — &Y' (m/2) (/2 — O 4o — 208D sin((€ = k)ge /1 = 20)
6 1-2c¢ (6 —k)v/T—2c

(170)

The two bounds (168), (169) together with (170) and (166) give a bounded function
Rig(&, €, k) such that

(—=DKIG )T /sin((€ — k) /T — 2¢) Iy
(1 _ a)27-[ ( (E _ k)/m + RlS(%" E’ k)% ) (171)

Next, for all ¢ > 0 small if bx € A, then there is a C(¢) > 0 such that

Coo(k, £) =

sin(bx)

= C(e) min(|b|, 1/]x]) (172)

where we used the lower bound | sin(x)/x| > 1 — 2|x|/m for x € [-m /2, 7 /2]. Hence
if Rg is defined by (51),

|Rs| < Coe™ /min(pe/(1 = 2¢), 1/[€ — k|)

< Cmax(g! (1 —2¢), 97 1€ — kI). (173)
Now ¢ " [€—k| < @27 (€]+1k]) < Timplies i [€—k| < o "™ and @ (1—2¢) <
Ve 1+2y, 8o we obtain (52). O

Now we give three propositions which go into the proof of Proposition 4.
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Proposition 5. Let non-zero integers £, k be such that £ + k < 2 is even and a = k/¢
lies in a compact subset of [—1, 1). There is a bounded function R19(§, £, k) such that

~ (= DG (we)[“F psin (€ — k) (F(¢0)))
w.(k, 0) = l, k 174
Coc (k. O) (1 —a)? [ o TRE LD k)] (7
Proof. We recall (166) as
. _ it exp €y (6))
Co (k, €) = 2(1+a2)n/9 By do (175)

Take the integral in (175), integrating by parts we have it equal to

T=be exp (£ (6)) 1 (7% g 1
/9 0400 10T 0 /9 6 <eXP (w(e))) 7@ 520 %

1
- Z(ee‘/’(”_ef)b(n —0c) — V% )b(6,))

e

1 T—0,
-7 / O 0)do (176)
0O

where
b(©®) = 1/[¥'(0)|e*? + 2¢]]. (177)

Integrating by parts again, we have the integral in (176) as

—6, 6
/” VO (G)dh — l/” d ( w(e)) LAC»
0. tJo ~ db Y(0)

g BT =0 gy DO _l/n_9° d (b
=gl o —e ¢ vy , POy (ww))de

Substituting this, we see that the integral in (175) is equal to

Lowe—e0, otV 6 L (ptw—t0 BT =00 ey P 0)
7 (e b(r 0.) — b(6, )) 02 ( w (r —6.) ¢ l)ﬁ/(QC))

(178)

7—0,

1
el A GG e

b'(0) ) »
¥'(0)

From (156) we get ¥'(9) = —y/(r — 0) and so b(0) = —b(w — ). This gives
eelﬁ(ﬂfec)b(n —0,) — e(W(Gc)b(,gc) — —ZeKRWGf)]R[e"ﬂ[‘”(‘gf)]b(ec)]. (179)

Note that because of (159) the term next to the exponential in the integrand in (178) is
not defined when o = 1. It is bounded when « lies in a compact subset of [—1, 1), this
follows from the change of variables w = ¢'? in lemma (45) and noting that w, > 1
for 0 < ¢ < 1. When £ +k < 0 and ¢ < 1 we have £ < 0 so by corollary 14.1,
IR[y¥(0)] achieves its maximum over [0, T — 6] at the endpoints where IR[y(6.)] =
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IR[Y(r —6.)]. For £ + k € {0, 1,2}, £R[¢¥(0)] is bounded trivially on [0, T — 6.].
From this we obtain a bounded function R»o (£, ¢, k) such that

T—6, _ LR[Y (0:)]
exp (€y (0)) 2 (R (0)] 0T e

————df = — NR[ AV @ p(0)]+¢e ———— Rao (£, £, k).
/0 e e [e 00+ g R 6, €10
(180)

By (162) and (185) there is a bounded function R (€, ) such that

R 9

1b(©) — b /)] < 2— K2 Dl (181)

(1 =202y (/2>

From (165), (181) and b(;r/2) = i/[(1 — a)a/1 — 2c] there are bounded functions
Ry (&, @), Ry3(£, £, k) such that (180) equals

Zig_keeRW/(g”)](l:Sin [t —K)pe/v1—2¢— (£ — k)R7(_(Pc)‘P3]

€ —=k)v1—="2c
Pe
(1+ R ) | + Ros(6. 60 2 ) (182)
Hence (174) follows by (175), (180) and (182). O

Proposition 6. Let non-zero integers £, k be such that £ + k < 0 is even and o« = k/¢
lies in a compact subset of (—1, 1]. There is a bounded function Ry (&, £, k) such that

d -1 k G Lk M Pe (e g2
Co.(k, ) = M[e“-mm / cos((t — KYF(@))e 120727 g9
(1l —a) 0
4
+Ru(6.L ) +“k|]. (183)

Proof. Recall C‘wc (k, £) as in (35) and that I';,, = (€? : 0 e be,m—0,)U (-7 +
¢, —6,)}. We parametrise I',,, NH* by w(6) = e for 0 € [6,, /2], use (196) and the
fact that £ + k is even to write

B c—k—{ d G ZG 1 k
Co, (k, £) = %(1 + (_1)l+k)[ aw w)*G(1/w)
2(1 +a?)2mi o W Vw2 +2¢/1/w? +2¢
. (_1)e+k/ dw Gw)!G(1/w)k ]
FoeNHY W Vw2 +2¢/1/w? +2¢
iy /2 YO LRIV 0]
_ l—,ziem“f’(@cﬂn[ / e.—d@]. (184)
(1+a?)2mi 0. |2 + 2¢|
Now,
d g 2ic(e_2i9 — e2i9)
T e Gl ) 185
a0 T €210 1 2c| (183)

which is zero when 6 = /2, so there is a bounded function R»5(6) such that

1

120 +2¢] ~ (1 —20) + Ros5(0)(0 — m/2)". (186)
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Hence the integral in (184) can be approximated with an error bound given by

/2 Y (0)—LRIY (Oc)] /2 Y (0)—LRIY (0c)]
———————df — —————df
/(;C |2 +2¢] /; 1—2c
/2
<C / (/2 — )2 ROV gg (187)
Oc

for some C > 0. We will return to this bound. Also note that the assumptions £ +k < 0
anda € (—1, 1] give ¥ (mr/2) > 0and £ < 0. We now focus on approximating the real
part of the second integral appearing in the difference in (187)

2 2
R( / m/ eZI/f(G)—ZR[w(&-)]) _ / / cos(UTY @) RVO-1EN 10 (188)
e e

Recalling (163), we see that
— ¥ (/2)¢e (0 — 0) + ¥ (7/2) (0 — 6)*/2
— [RIR13(6c, @)@ (B — 0) + Ria(Oc, )7 (B — 6)°/2
R15(0c, )pc (6 — 0) + Ria (O, @) (6, — 6)™]]
1
> —Zlﬁ”(ﬂ/Z)(pc(G ) (189)
uniformly for 6, < 6 < /2. Note the inequality in (189) reverses upon multiplying

both sides by £ < 0. Now we use (163), (189) and the bound |e! — 1| < |¢|e!! to obtain
a constant C > 0 such that

/2 /2 Y o,
/ cos(LZ[y (@)D ROV @l g — / CoS(LT[Y (@) e~ /DOl g
95 9(,‘
Pe P
<l / e <”/2>¢f9/4(¢39 +920% + 0% + 94)d9
0
e , X o (n)2)¢?
< 4C|zl<p3/ eV /0014 g4 4CL2/ %040, (190)
0 [l (" (/2)* Jo
We return to the bound (187). By a similar argument to (190)
/2
Co RV / (/2 — 0)2 RV OV 00 49
e
/2
_ / (/2 — 9)2ew”<n/2><eec>m<eec>/21d9‘ (191
0,

Pe p
< C RV 6] f (pc — 9)28—0# 7/2)pcH ((pCSG + (,0392 + (p693 + 94)d9
0

4C RV O] )3 ¥ (1/2)¢}
ce Pe f e % 0do. (192)
0

< - @@ 'c
ey (m/2)?
The second term in the difference in (191) is bounded by

2
Ce! RV (6] / ™/ (71/2 — §)2e= V" (T/DE=00)lpe—(6-60)/2] 4

0
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Pe

< CetRIW©)] / (pze—w”(n/zwwc/zdg < CleZRW/(e")] bc ) (193)
o ¢ [y (7 /2)|

for some C1 > 0. Hence by the triangle inequality (187) is bounded above by the sum of

(192) and the right hand side of (193). Next, because of (156), the fact that Z[y (7w /2+6)]

isoddon [—m /2, w /2] and that {7 (1 — ) = (€ — k) is an even multiple of 7, we have

6=tc |

/2
f COS(EI[I//(0)])e_gl//”(ﬂ/2)(0_9(,')[(90_ 5
Oc

Pe P
_ / CoS(ETTY (@ + 6,) ] T/LO=0cP—021/2 4
0

0
= WV @/ D)2 / cos(EZ[Y (/2 + 0) eV /D0 2qg
—Ye

” Pe ”
_ /22 / cos(UT[Y (/2 — )]tV T2 g9 (194)
0

The integral in (183) follows directly from (194) since (194) multiplied by 1/(1 — 2¢)
gives the main contribution to the integral in (184). O

‘We now note that by equation 4.21 in [8], the formula (30) in fact holds for k > 0 or
£ > 0 instead of just k, £ > 0 as we stated it. Hence for non-zero integers k, £ such that
k > 0 or £ > 0, define a function D, (k, £) = Ex ¢ — Cy,(k, £) where

ikt / dw  Gw)'G(1/w)k
fo

Do (k) = — | —
oo = i foe W Vw2 +20y/1/w? +2¢

(195)

and where f‘wc = I'1 \ I', has positive orientation counterclockwise around the origin.
Note that D, (k, £) = D, (¢, k) whenk, £ > 0.
One can use the symmetries in (28) to get

dw  Gw)'G/wlk dw  Gw) G /w)
/ra_;, w VuZtoe/Tjut+2c _/M7dw2+2c\/1/w2 T 2c
(1t / dw _ Gw)'G(/w)*
“Top W Vw2 +2¢/1/w?+2¢
_(—1)“"/ dw _ GW)'G/w)
“Top W Vw2 +2¢y/1/w? +2c

(196)

where 'y, ), = {eie 10 €la,b]},0 <a < b < m/2} and each curve has orientation
counterclockwise around the origin.

Proposition 7. Let non-zero integers £, k be such that £ + k > 0 is even and o« = k/¢
lies in a compact subset of (—1, 1]. There exists a bounded function Rae(&, €, k) such
that

izkeeR[w(e(.)] (t+k)e 2 OO (L+k)e  p2
D (k. 0) = [ /
2

(1 +a?)(1—20) et-207% [ cos(t — kY F@))e -7 qg
T a — ZC

@ 1
+R26(§’£’k)<(£+k)(l+a) " (£+k)3/2)] 97

c
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Proof. From the definition of D,,, (k, £) we see that

. k—t 14 k
2(1 +a?)2mi FooHY W w2 +2¢y/1/w? +2¢
_(_1)“"/ dw GG /w) ]

FoenEr W w2 +2¢/1/w? +2¢

Dy, (k, £) =

_ it 2ie57€[1//(9¢)]7g[ / " —eww)i e dé
(1+a?)2mi go—s €219 +2¢]

0c=0 LY (0)—LRIV (0c)]
o[ ]
0

- 198
|e2i9 4+ 2¢] (198)

where we parametrised f‘wc NH* by w(0) = ¢? for6 € [0, 6,] and § > 0 will be chosen
small enough. The main contribution to D,,. comes from the first integral in (198).
From (186) we have a constant C > 0 such that

b VORIV E)] b WO —CRIY(E)]
S —— - B 1)
,/;Cg [€2i0 +2¢] /963 1—2c
e
< c/ 0 — 7/2)2 TV OV gg (199)
0. —8

‘We will return to this bound. First we will consider
Oc 0c
R[ / VO —CRIY )] dg:l _ / cos(CZ[y (0)])e ROV 6 g9 (200)
0,—8 05

since this contributes to the leading term of D,,..
Recall (163) and take § so small that

U ()2)c (O — 0) + ¥ (/2) (6, — 6)*/2
+ |RIR 130, @)@ (Oc — 0) + Ri4(0c, @) (0, — 0)*/2
Ri5(Bc, )pe (B — 6) + R12 (B, @) (6, — 6)*]]

1
< E[W(H/Z)%(Hc —6) + " (1/2)(6: — 6)*/2] (201)

forall 6 € [6. — 8, 6.]. Now we use (163), the bound |¢/ — 1| < |t|e!!l and then (201)
to give a constant C such that

O, O
/ COS(fI[l//(9)])6(R[¢(6)_w(0”)]d9 _ [ COS(ZIW/(9)])ell//”(71/2)[{0c(9c—9)+(9u—9)2/2]d0
00— 0.5

267 + ¢.0° +0*]db. (202)

c

8 £ " " 2
<ct / oSl ey @] 3 4
0
Rewrite the integral on the right hand side of (202) as a sum of four integrals. We

bound these four integrals separately. Here, and several times below, we will use that
¥ (m/2) < 0and £ > 0. The first bound is

8
¢ f oy vy w2022]2 30 49
0
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8 p ® ()
0 Ly (7 /2)7 Jo

the third is

8
¢ / LV e 20 2] 12, 034
0

8 ” 2 (0 o0 2
< z/ V@074, 6340 < —2/ e " *93ap, (204)
0 ey (m/2)* Jo

and the fourth is

’ L /gy /262 /2] 4
e/ oSV @204 /26%12] g4 40
0

6 o0
<o twaneisgigg o L [T 0ngage (05
=) —ey" /2 Jo

We bound the second integral slightly differently by making the substitution 6 —
(9" (m/2)*pc)~1/30 in

’ Ly /20040 (/26%/2] 2,2
g/ezwn/wcwn/ 12120240
0

5 ez " 2 2 " 1/3

_ % / (VR Al iy Posen @it P2 2] g2 4
ey (/2)* Jo

o % / L@y I Pos i) 02 2) 2 4 (206)
ey (/2)? Jo

The integral in (206) is bounded because fooo e~16/2-6%/(4092 4 is bounded uniformly
for all t > 0. We now return to the bound (199). Similar to how we got the bound (202),
we obtain

Oc Oc
/ 0 — /22 ROVl 4o _ / (O — 7/2)2et Dl O=0)+6-60.7/2] 4
bc—8 0.8

6,
<ce / (6 — 7 2)2elV /Dl =0+ 0-02 21 3 (g _ )
0,

e—8
+ @20 — 0)* + e (0 — 0)* + (6. — 0)*]d0 (207)
65 "
<C@28+ 2¢3)(z /9 6 o (n/2>[¢c<ec—e>+<e—ec>2/21[(pg(gc —9)
+ Q20— )2+ 90— 0)° + (0 — 0)'1d0) (208)

The term appearing in the big brackets in (208) was bounded previously via (203), (205),
(204) and (206). The second integral in the difference in (207) is

6.
/ 0 — 11220 T /DN0cHE=00 /2] g
6,—8

s
< f (292+2<p62)e@10”(n/2)[<p69+92/2] 4o
0
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g2tV /D6 2 Y /et
< 20%¢ do + p-e %Y q0
0 0

2 2 e 2¢c /oo -0
< (—Z¢”(n/2))3/2/0 0e d9+—E1/f”(7r/2) | e "do. (209)

Hence we have established an upper bound on the right hand side of (199). The second
integral appearing in the difference in (202) contributes to the main term and using
similar manipulations leading to (194) we can rewrite it is as

6c
/ Cos(ETTY (0)])et T /Dlpee—0)46:~0)2/2] 4
9.—8
P 2 > 2 5+<ﬂc " 2 2 2
= W' @/Dez/ / cos(UZ[y (/2 — 0)])etV /D24 (210)

Pe

We extend the integration in the last integral to infinity which gives an error term

S+oc ” 2 o0 "
/ cos(UZ[y (/2 — 0)])etV /202 g — / Cos(UZ [y (/2 — 0)])et? " T/26%/2 49

c c

© Oy (/) (5+9c)? /2
< / Mg <0 b @11)
S+ec —Ly" (/) (8 + c)

Thus the infinite integral

oV (/297 /2 / > cos(CZ[Y (/2 — O)])et V" /8% /249
Pe

gives the main term in (197).
It remains to bound the second integral in (198). Since R [y (6)] increases on (0, 77 /2),
there is a constant C > 0 such that

65 YO —CRIY (@]
/ a0 < RV E—=0)=v €] 212)
0

|2 + 2¢|

From (163) we can take § so small that

v (7/2)8?

g +8%/2] < i

Riy @ — ) - v 0] < L5
Hence (212) is bounded above by
Ce—tV'(/2)8%/4
O

Now we give some lemmas from which we obtain the leading order terms in the
preceding expansions.
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Lemma 15. Let non-zero integers £, k be such that £ + k > 0 is even and o = k /¢ lies
in a compact subset of [—1, 1). There is bounded function R3s5(&, k, ) such that

(trhe 2 (00 . __(t+he g2
e (1-2372%¢ / cos((¢ — k) arg G(ie 0))e 1207727 4
_ itk sin((€ — k) F(¢c))
(€ —k)/T=2c

If instead a« = 1 + k¢ € [—1, 1] such that Lk is bounded then there is a bounded
function Rag such that

Ve +k +<pC(Z+k))' 213)

* RssG K, Z)((e k2T =k

oo
e(HHO'sE / cos((£ — k) arg G(ie™*))e 0 gg
Pe

_ e D-(T+Rg)
N JC+ k)

The proof of the above lemma is in Sect. 8

1 @c
* ((g+k)3/2 + Z+k)R38(‘§’k’ ). (214)

Lemma 16. Let £, k be non-zero integers such that £ +k < O and o = k/€ = 1+« for
some kg = O(1/|L]). There is a bounded function Rao(§, k¢, £) such that

, Pe ,
R0 / cos((I — k)F(8))e~ 00 gg 215)
0

Dy (per/—(C+ k) :
= Doy DD | % ingpe /A A,

J— b S+ K YRa(E, ke &)

1
Qe+ k|

(216)
Similarly, the proof of the above lemma is delayed to Sect. 8.
We now have all of the ingredients to prove Proposition 4.
Proof of Proposition 4. We divide the proof into five cases, one when @ = —1, the other

four when @ € (—1, 1) or @ = 1 and £ + k is positive or negative. Each case consists of
defining Rg by the rearrangement of (54) and using the stated substitutions and bounds.

First the case @ = —1 for which the assumptions imply £ + k € {—2, 0, 2}. By (172)
we have

sin((€ — k) F(¢c))
-k

> C(e) min(gc, 1/1€ — kI). @17
By lemma 13 and proposition 2 and there are C;, C2 > 0 such that

Ejk 100 = Cle—Cz\Zl‘ (218)

We define Ry as the rearrangement of (54)

_ Ere = Co (k, &) + (=D¥|G ()| sin((€ = D F(pe) (1 (1 — a)* (L = k) /T =20)!

Ry :
’ —(=DK|G (@)K sin((€ = D) F(9)(x(1 — a)> (€ — k) /v/T —=2¢)~!
(219)
and use the formula for C,,. given by Proposition 5 so that Ry is equal to
Ejje) = (=D*|G(@e) | Rag (€. £ D) (n(1 — a)* (€ — k)~ 220)

(DG (@o)[#F sin((¢ — k) F(pe) (r (1 — ) (€ — k)//T—20) 71
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Now we use the upper bounds (217) and (218), and the conditions wczfy(m + |k|) >
1/2,£+k € {—2,0, 2} to get

o—Caltl e
[Ro| < C3 - +Cy -
|G (we)|“4* min(ge, 1/1€ — k) [€ — k| min(gc, 1/[€ — k)
1
<Cs max(m, ©c). (221)

For the case @ € (—1,1) and £ + k < —2 we can set the two different expressions for
Ce,, (174) and (183), equal to one another so that bound (217) carries over to

|G (w,) |£+ke((i+k)c’gac2
7(l —a)?

Pe ,
f cos((£ — k) F (0))e 0 4o
0

Pe 1

>C G C+k : ,
= CLOIG (@l min(=5 0 T

) (222)

for |¢| large enough. We also have that (R[y(0.)] = (£ + k) log|G(e'%)| > (£ +
k)log |G (i)| > O which implies |G (we)|HF grows exponentially in |£|. Just as in (219)
we define Ryg to be the rearrangement of (54) but now use the formula for C,,. provided
by Proposition 6 so that

Epipje) — (=D} G (@) Rio (€, £, K)pe (1€ + k| (1 — a)?) ™!

Ry = .
DT S DHG @) (1 — )l EHEE [ cos(€ — k) F (0))e 0P do
(223)

Just as in (221), we use (223) together with (218), (222) to get the bound
. 1
[Ro| < C(Oé)maX(m, ®c)- (224)
For the case @ = 1, £ + k < —2 we again define Rg as the rearrangement of (54). We

then use Proposition 5 followed by lemma 16 on C,,.. Then using the bounds (218),
(87), (88) we obtain a C > 0 such that

ot T VIEHRIpe € (0,1]
(pcz-a \Y |e+k|c/¢c € [17 OO)

Forthecasea € (—1, 1), £+k > 2 we again define R9 as the rearrangement of (54). Then
use Proposition 7 together with lemma 15 on the function Ej ¢ — C,, (k, £) appearing

in the numerator of Rg. Then use the bound (217) and (pg—y (14| + |k|) = 1/2 to obtain

|Ro| < C{ (225)

1—y
Pc

1
ﬁ+¢c,7+%).

For the case @ = 1, £ + k > 2 use lemmas 15 and 7 and the bound (89) to obtain

|Ro| < C'(&) max( (226)

(2 1
Rg| < C'(¢* + +—). 227
[Ro| < C' (g N “k) (227)

O
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7. Uniform Bound on R, .,

We begin by proving Theorem 3. It is proved in [8] that for n = 4m, m € N.o,
(x1,x2) € Wey, (1, y2) € By, withgq, &3 € {0, 1} we have the formula
Ka_’{((XI, X2), ()’17 y2)) = Kl_,ll((xls xz)s ()Il, )’2)) - B&‘],Sz(av (X], -xz)s ()’1, yZ))
+B: , (a, (x1, %), (1, y2)) (228)

where By, ¢,(a, x1, X2, y1, y2) is given by (229) below and le e is the sum of three
double contour integrals related to B, ¢, by symmetry.
We recall By, ¢, as equation (3.11) in [8],

le Ez(a X1, X2, Y1, )’2)

B j (r1—x2+y1=y2)/2 / dwl f Vereo (W1, w2) Hyp41 5, (W1) (229)
- Q@mi)? . Ty wy —wi  Hy, ye1(w2)
where equation (2.11) in [8] is
wn/ZG(w)(n—x)/Z
Hy y(w) = (230)

G(w—hHr-»/2

for integers 0 < x, y < n and G is defined in (25). The expression for Vg, ¢, (w1, wy) is
somewhat involved and we refer to equation (3.7) in [8]. The precise form is of V;, ¢,

is not needed here. However we note that V;, ¢, is analytic in ((C \ (i(—00, —1/4/2c]U
—V2¢,+/2c] Ui[1/4/2c, oo)))z. Thus the integrand of B, ¢, is analytic in the same

set minus the collection of points w; = wj.
Define the error term

RE],€2(a7 xl’ x27 y17 y2)

i)/ / dwy [ Vere 1 w2) Hoatn (1)
desce

; (231)
(27”)2 W1 Jasce w2 — wq Hy1 ya+1 (w2)

where desce and asc are the contours of steepest descent and ascent of the function g
passing through w,, see [8] or lemmas 17 and 18 below. We want to show that

Bg, oy (a, x1,x2, y1,y2) = Co. (X, ¥) + Re e, (a, X1, X2, y1, ¥2). (232)

The formula (232) follows by a contour deformation in the contour integral formula for
Bg, ¢, as given in (229). For this section we use the coordinates in (38). From equations
(230) and (33) we compute

Hype10 (1) (G(wl‘)“z G (wp)”

n
— — . 233
Hy i)\ Glwp@ G(wz‘l)bz)e"p{z(gf(“”) gs(w2)}-(233)

We have lemma 3.15 from [8]

Lemma 17. For § = & there is a path of steepest descent for g¢ leaving i at the angle
—1/6 going to 0 (via H*) and a path of steepest ascent leaving at an angle 7w /6 and
going to infinity (via HY).
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Note R[ge (w)] is symmetric across the real and imaginary axes so this also gives the
paths on the upper left quadrant and bottom half of the plane. We have lemma 3.20 from
(8]

Lemma 18. For &, > & > —%\/1 + 2¢, choose w. = €'% with 6. € (0, w/2) such that
gé (wc) = 0. There is a contour of steepest ascent leaving w. at an angle 6. — 7w /4 ending
at infinity (via H*) and a contour of steepest ascent leaving w. at an angle 0, + 37 /4
ending at a cut (via H*) and an ascent contour ending at i~/2c traveling via the cut
i[0, v/2c].

There is a contour of steepest descent leaving w. at an angle 6. — 31w /4 ending at zero
(via H*) and a contour of steepest descent leaving w,. at an angle 0. + 7 /4 ending at a
cut (via H*) and a descent contour ending at z/\/Z traveling via the cut i [1/@, 00).

Now deform I', to the path of steepest descent, descg, for g¢ passing through the
critical points w., .. This can be done due to the following crude estimates for
|wz| = R large and |wi| = 1/R small,

1 GwHe Cray
e )| ~ | Glapa “PC8602/2) = ()" gamsgyaay 101+ 0071,
(234)
G (wp)
|Hx1+1,x2(w1)| = %exp(”gé(wl)/z) = (%)hlm |1+ O(1/R))|,
2

(235)

which follow by Taylor expansions. Deform I'y /- to path of steepest ascent of g: passing
through the points +w., £, label this contour ascs. Since the w;-contour passes over
the wi-contour we pick up a contribution

F(xo—x1+y1—y2)/2 d
! / Ve,.eo(w, w)G(w)(M—X1—1)/2G(w—1)(XZ—y2—l)/2_w (236)
w

wc

2mi

by the residue theorem. Lemma (3.2) in [8] is

(_1)l+h(81,82)a82 G(w—l)h(al,&“z) + al—azG(w)G(w—l)l—h(sl,SQ)

Ver.eo(w, w) =
e 2(1 +a2)Ww? +2¢/T/w? + 2¢

(237)

This together with the definitions in (23) and (24) give that the contribution (236) is
equal to C,, (x, y) defined in (36). The rest of the integral is given by what we called
the error term, (231). This proves the formula (232) and hence Theorem 3.

We now turn to the proof of Proposition 1. This involves an analysis of the steepest
descent and ascent contours for the saddle point function gg, across a region of the
parameter space £ where two single critical points merge to form a double critical point.
In order to carry out this analysis we note that the ascent contour is infinite and the
descent contour travels to the origin, where the integrand is not analytic. In light of this,
we make the following deformations.

Consider the upper right quadrant of C. Take R > 2 very large, by lemmas 3.15 and 3.20
in [8], the path of steepest ascent of g¢ in the upper right quadrant intersects the quarter
circle centred at 0 that travels from R to i R. Deform the section of asc; in the upper right
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051 B

0.0+ 4

-0.5¢ 4

-1.0 -0.5 0.0 0.5 1.0

Fig. 5. A numerical plot of {w : Z[gg (w) — gg (wc)] = 0}, & — & = 0.01 (blue) and the branch cut of of gg
(black) where a = 1/2

asce

desce

Fig. 6. Global contour deformations

quadrant that extends from the intersection to infinity to the section of the quarter circle
starting at the intersection, travelling down the quarter circle and ending at the point
R € C. Make the equivalent symmetric deformations in the other three quadrants and
label this contour ascg . Similarly, the path of steepest descent in the upper right quadrant
intersects a small quarter circle centred at O of radius ¢, take ¢ = 1/R for simplicity.
Deform the section of desc starting at the intersection and going to zero to the contour
starting from the intersection and travelling down along the small quarter circle to the
point 1/R € C. Make the equivalent symmetric deformations in the other quadrants
and label this new contour descg,1,g. Now note from (235) that we can take R so large
and fixed so that R[ge (w:)] > RIge (w1)] + 1 and R[—gz (we)] > R[—ge (w2)] + 1 for
lwi| = 1/R, |wy| = R.
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—~R
asce

desce 1/R

Fig. 7. Local contour deformations near i in H*

In order to deal with the contributions to the asymptotics coming from small neigh-
bourhoods of the critical points we make the following local deformations.
Let0 < & — & < &) where §) > 0 is a sequence going to zero. Consider the section
of the contour descg 1/g in H*. For §¢ > 0 sufficiently small and n large enough, later
we will prove that the section of descg,1/g that leaves the small quarter circle centred
at 0 of radius 1/R and travelling up to w/ passes through the set {i + s0e'? 1 0 €
[—7/4 —a*, —m/6+a*]} for some positive a* < m/24. Label the contours intersection
with this set as wé‘. Next consider the connected component of desce 1,z with endpoints
w ; and ., deform this component to a straight line connecting the two endpoints. Also,
deform the component of desce 1, starting at w. and ending at the imaginary axis to the
straight line starting from o, and leaving at an angle 37/5, extending to the imaginary
axis. In the case w, = i this last section vanishes. Make the equivalent symmetric
deformations in the other three quadrants of C. Label this deformed contour desce /R
and note it now depends on &g and &, it has also only been defined for §¢ sufficiently
small and n large enough. We call the equivalent deformations to ascée as éﬁ:g .
We now have

RS],SQ(“: X1, X2, Y1, )’2)

B j (1—x2+y1—y2)/2 / dw dws Ve (W1, w2) Hy 41,5, (1) 238)
Q2mi)? desezip W1 Jasel w2 —wi Hy ye1(w2)
So we have the bound
|Reyc|
_ 1 / dw [ <G<wrl>“2 G(w)" )Vs],gz(wl, ws)
(277:)2 d’e‘S/Cg,l/R wq zfi’cg G(wl)al G(w;l)bZ w2 — wq
n
exp(5 (g (w1) — ge (wn)))| (239)
M dwi | dwallK (wy. )| exp{5(ge(w1) —gg(wz))}‘
- (27T)2 dggCg_l/R ’c@ég ' w2 — Wi

(240)
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where

Gw; 2 Gy

, K , =
b K = e T Glus

(241)

M = sup{| V¢, ¢, (w1, w2)
1

and sup; is the supremum over a compact subset A of (@(0, R)\ B, 1/ R))? such
that Vg, ¢, is analytic on A and descg 1/r, a’é’cée C A for every &. Note that both

d%?c§,1/R,a?c§ C B, R) \ B(0, 1/R) forall 0 < & — & < &% Now we are in a
position to prove our bound on R, ¢,.

Proof of Proposition 1. We first formulate a few key lemmas. The first of these, provides
us with the fact that the contours desce 1 /R, zﬁ:? are well-defined.

Lemma 19. Let §¢ > 0 be a sequence that goes to zero as n — 00, for §o > 0
sufficiently small there is a natural number N such that for all n > N the section of
descg with endpoints 0 and w. intersects the set {i +80e'? : ¢ € [—m /4, —1/12]} for all
0 < & — & < 8 and the section of ascg starting at w. and ending at infinity travelling

via H* intersects the set {i + 80e'? : ¢ € /12, /4]}.

The next lemma gives control over the integral in a neighbourhood of the critical points.

Lemma 20. Let 8 > 0 be a sequence going to zero as n — o0. If g > 0 is sufficiently

small then for wy € d’e;;cal/R ﬂﬁ(i, 80) and all n large enough, there exists C > 0 such
that

Rlge (1) — g (@c)] < —C max{wi — o, V& — Elwi — o]} (242)

forall0 < &, — & < §%. Also, for w; € d}’cg NB(i, 8o) and n large enough,

RIge (we) — ge(w2)] < —C max{lwy — wel?, V& — Elwy — wc|*} (243)
forall0 <& —& <67,

The next lemma gives control of the integral over sections of the descent path bounded
away from the critical points, and follows from the above lemma.

Lemma 21. Let §F > 0 be a sequence that goes to zero as n — oo, if §o > 0 is
sufficiently small and wg‘ is a point where descg intersects dB(i, 8o) in HT, wg‘* be a

point where ascg intersects dB(i, 8o) in H*. There is a number C(8o) > 0 such that
Rlgs (wi) — g&(@c)] < —C(8o) (244)
forall0 < &. — & < &%, when n is large. We also have

Rlge (@) — gs (w1 < —C(So) (245)

forall0 < &. — & < 6%, when n is large.
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Let 6o > O be small enough and n large enough such that the above lemmas hold.
Define

rin — d’és’cs R NBG, 80) NH, T = (desce.1/r \ BG, 80)) NH,
it = &cf N B, s0) NH*, I = (@ef \ B, 8) NH.  (246)

It is enough to bound the integral in (240) restricted to (H*)?,

/~ [dwi| |[dwa||K (wi, wa)]
desce, 1 rNH* dscRﬂH"

In particular write this integral as a sum of integrals over products of sets of the form
(246). The bound

(247)

exp{5 (ge(w1) — ge(w2))} ‘
wr — W ’

exp{5(gs (w1) — g (w2))}
w2 — Wi

|[dwi| |[dws || K (w1, wa)|
I ascRﬂ]I-]I+

= eXP{——(C(rSo) R[gs(wc)]+CV)}/ |dwi| |dws|

ascsk NH*

;‘ (248)
wy — W]

holds by lemma 21 and the trivial bound sup g g)\B(0,1/8))2 | K (W1, w2)| < €T for
some C’ > 0. Since Rlge (eie)] = O for any real 6, R[gs (w.)] = 0. By an application of
the Hayman-Wu theorem (see Garnett and Marshall [17]), the contours are finite length.
To see this, recall a version of the Hayman-Wu theorem; If ¢ : D — C is conformal on
the unit disc and L is a straight line in (C then length(go_1 (L)) <4m.Onecantake &, —&
small enough that deSC§ 1/r and ascg do not intersect the branch cuts so we can find a
compact set A C B(O R+1)\B(, o) such that gz is analytic on A and A contains both
desc§ 1/R and asc asc for all £. Cover A with finitely many open balls that do not intersect
the branch cuts. Apply the Hayman-Wu theorem to the straight line &iZ[ge (w.)] + R
and g¢ restricted to each open ball. Since the number of balls is finite the contours are
finite. The same theorem gives the same bound for each contour and so the contours
lengths are bounded uniformly in &, &’. The integrand in (248) is integrable since the
two sections of the contours do not intersect. Hence the integral over I'§" x af§’c§ NH* is

0 (e~ C€©0n/2+C'ry One obtains the same bound for vt x dic\chée N H* in an analogous
fashion. The integral over sections of the contours contained in (B(i, 8) N H*)? is

/_ |dw1|f, dwallK (wy, wyy | ER2 (@) —ge @ =)
l":ln l—‘;n

w2 — Wi
These contours are straight lines by definition
= o +1'¢ TPy Uloe +5'(wf — wo)) = Ty U TG,
Iy = (o + 17y U o + s — wo)) = T UT, (250)

Itis straightforward to see that the lengths of these straight lines are uniformly bounded in
0 < &.—£ < §;,indeed, their endpoints all lie in a bounded region of C. Define Y&l =
we + tel%1, 0,1 = —3w/5 for t € [0, Rlwc]/sin(/10)], y*2(t) = w, + te'%2,
Oa2 = arg(wi* — o) for 1 € [0, [wi* — wc[l, y &1 (s) = wc +s€'%1, 641 = 37/5 for
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s € [0, Ra/ sin(r/10)], and finally, y2(s) = w, + se'%2, 042 = arg (w} — w,) for

s € [0, |w2‘ — wc|]. These parametrise the straight lines in F(ii“ and F;“. Fori,j =1,2
consider the bound

exp{Z (ge (wy) — ge (wn))}
/, _|dw1|f ,|dwz||1<(w1,wz)|‘ 208 :
! ry wy — Wi

< exp{—’%(R[gs (@) — ge (@)

/, .|dw1|f. \dwal|K (w1, w)|
l—,(lln,t 1“;"”

which holds by lemma 20. We can take §p small enough that for j € {1, 2}

exp{—C4(w — o + w2 — wc*)}

(251)
w2 — W]

[Tog(G(w;)) —log(G(we)| < C"w;j — wl,
|1og(G(1/wj)) —log(G(1/we))| = C"|wj — |

for w; € B(i, o) N H*. From which we gain a C"” > 0 such that
K i, )] < |G (@)1~ G (1 fae) 272 Im el vzl

Insert this bound into (251). Parametrising and recalling R[g: (€"*)] = 0 for any real x,
(251) is bounded by the prefactor |G (w,) |bl_"1 |IG(1/we) |“2_b2 multiplied by

exp{—Cn(s3 +13)/2+C"r(s +1)}

[ st Bl (252)
Dom(y %) Dom(y®/) te'"sj — getPdi
1 —C(s*+17)/2+C"rn (s +1
=— |ds|/ e | ZPIECE .6)_/ DN (953
nl/3 nl/3Dom(ydi) n!/3Dom(yaJ) te'% — Seled’i)
1 *© * 3 3 "
<=5 ds dtexp{—C(s” +17)/2+C (s+t)}.9_7.. (254)
nl3 Jy 0 ‘te’ aj —se’edv"}

when r < n'/3. The double integral in (254) is bounded above by some positive constant

uniformly for &, n. To prove the 1/y/n+/&. — & bound in (39), we instead use R[ge (w; ) —
ge(we)] < —CVE —Elw; — w¢|? in (251) and then make the change of variables

s — s/VnE& —&,t — t/\/nE — & instead of s — n~ 35, t — n~13¢ in (253).
O

We now turn to the proof of lemmas 19 to 21. Let o < 1 — +/2c¢ so that for
—%«/1 +2c < & < &, ge(w) is analytic in the annulus £(§p) = {z € C: 1 -4y <
|z] < 1+ 80}. From Taylor’s theorem,

g6 (W) = ge (@) + g (@) (W — 0)? /2 + gL (@e) (W — ) /31 + Ry, (w) (w — )

(255)
foré, > & >¢e* > —%«/1 + 2c. Where
1
Ry (w) = — &0 (256)

2mi |z—wc|=81 (z— wc)4(z —w)

forany 0 < 81 < 8p and R,,, (w)(w — a)c)4 is O(Jw — a)c|4) uniformly in &.
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We have the equations

, w 1
wgg(w)=1+$(«/w2+20+w\/l/w2+2c)’ @7
/ 2 1 w 1
wee W)+ wigg () =266 (o s — T e 20 (258)
, B > 20c—w? 2 c—1/w?
8¢ (w) + 3wg$ (w)+w 8¢ (w) = 2c$( ) (259)

W2 +2¢)52 " w2 (1/w? +2¢)5/2

which follow by taking derivatives. Before we prove Lemmas 19, 20, 21 we relate the
second and third derivatives of g¢ at . to &, — &.

Lemma 22. There are functions Ry7(€), Rog(&) bounded for some interval 0 < &, —& <
¢y such that

gl (we) = —daiJE — & + Ry (§)(Ec — &) (260)
and
gt (we) = —id3 + Rog(§) (. — €)'/ (261)

_ /| _c(l+c) _ 8c(+0)|&.|
where d2 =4 m, d3 = W
Proof. From (258) write
i0c

(@ s2opn 9%

=2y @c — A g =200
g (@) = w, 4LC§I[W]—4LC§6 e

Define F4(6.) = e'% /((€%)? + 2¢)3/2. Foreach 6, € [0, 7 /2] there exists x € [0, 7/2]
such that

T[F4(6:)] = Z[Fa(w/2)] — ZLF4(/2)1gc + Rao(§)? (263)
with Rag(£) = Z[F}/(x)]. Since Z[F4(/2)] = 0,

gl(@c) = 4ick[—1+ Rs(©)pll-TIF;(1/)lpc + Rao()p?]  (264)
where . R30(§) = ¢ % + 1, R30(&,) = 2i and [R3o(§)| < 2¢™ 2.
gl () = —4icE T~ Fj(/2)pc] + R31(§)¢? — dicE — OTIF}(n/pc]  (265)

where R31 (&) = 4ic&[Z[R29()1(—1 — R3o(§)@c) + Rao(§) F(7r/2)] is bounded.
A computation yields

= 20r9 66

o 2(c — i)
’ i e
F4[9(,‘] ie! Oe=m/2 - 1 - 26)5/2

b=z ((el%)2 +2¢)32

Inserting (43) into (265) we have

oo =Bic(L+ o)l [(1— 2052
0= =1 o dea o Ve ERIOE - (o)
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for a bounded function R»7.
For the third derivative, from (259) write

Za)c (c — a)g)

" —3

1-30; " gl (wo). (268)

Define L, (6,) = R[%], forevery 0. € [0, 7 /2] thereisa x € [6., w /2] such

that R32(£) = —L)y(x) and Ly(6,) — La(/2) = R3a(€)ge. It is clear that Ly (/2) =
2(1+¢)

G205 So now
" 4 2(1+c¢) 3
g (@) = 4ck(i + Rm(&)fpc)(w + Ra2(Ec)¢e) — 30 + R3a(§)¢e) gk (wc)

(269)

where |R33(£)| < 3¢37/273% | R34(£)| < ™/?>7% . The lemma follows by the statement
on gé’ (we) and lemma 5. O

Lemma 23. Let pexp (i0) + w, (p > 0,0 € (—m, w]) be a point in the annulus L(8o)
satisfying

Tlge (e + pe')] = Tlge ()], Rlge(we + pe')] < Rlge(w)l.  (270)

There are constants ay,ay > 0 sufficiently small such that the following holds. Set
8 = 8(e) = min{eay, az}. Foreverye > 0,if0 <& — & < 84 and §/2 < p < § then

|cos(30)| < e, sin(30) < e. 271)
If instead R|[ge(w: + peie)] > Rlge(w)], then for every ¢ > 0 thereis a é > 0
sufficiently small such that if 0 < £. — & < §* and §/2 < p < 8 then

|cos(30)| < e, sin(30) > e. 272)

Proof. Let 0 < §; < 1 be small enough so that the remainders in equation (255) and
lemma 22 are bounded for all 0 < & — & < 5f and 0 < p < §;. Insert the Taylor
expansion (255) into the first condition in (270),

3i0
2i6 m

Tlg/ (@) + gf' (@) P51 = Tl=Ro, (e + pe”)e ' p?1. 273)

Now apply lemma 22 to the left hand 31de, a rearrangement gives

COS(39) :_II:RZ (%‘) 2i6 EC s + R (g) 3i6 gC —5
P R
+ Ry (@ + pe)e? p] — 3dzd— “E;_E cos(26). (274)
3

The absolute value of the right hand side of (274) is bounded above by

3dan/&c
zdfp —|wa(a)c+pe’0)lp+ Ry (§)] (deé) + IR (6)lds /& — .

(275)

This is bounded by some constant C; multiplied by § when § < §;. Hence we take
8 = min(e/Cy, 81) and a; = 1/Cy, ay = §1. The remaining statements are proved by
alterations to the above argument. O
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For s > 0 and a subset S of R define E(S, s) = Uxesﬁ(x, s). We now prove a lemma
from which Lemma 19 follows.

Lemma 24. For every ¢ > 0 sufficiently small there is a § > 0 (with § — 0 when

& — 0) such that descg intersects {i + cel? 1 o e B(—1/6,8)) forall 0 < &, — & < &*.

Proof. Let p > 0,0 € (—m, ] be such that pexp (if) + w. is in the component I'¢
of descg with endpoints 0 and w.. By Lemma 23 and the fact the cos(36) is locally
invertible near its roots; for every ¢ > 0 sufficiently small 6 is close to one of the points
—57/6, —m/6, /2 forall) <& —& < &% and e/2 < p < e.Letus discount the cases
where 6 is close to —57/6 or 77 /2. By lemma 5 there is C > 0 such that |w. —i| < C&?.
Take e so small that |w. —i| < ¢/8 < ¢/2 < p. Because I's can not cross the imaginary
axis and by basic geometry, 6 is not close to —5m /6. Since I'¢ leaves w. at an angle
0. — 37 /4 and R[ge (€"*)] = 0 for all real x, "¢ can not cross the unit circle. So 6 is not

close to /2.
Seti+ee!? = w.+pe'?. We have the inequality |p—¢| < |pe'? —ge'?| = |w. —i]. So
there is a constant C > 0 such that |p+7/6| < |0 +7/6|+C|we. —i|* < |0 +7/6|+Ce?.
O

Lemma 25. Let 8 > 0 be a sequence going to zero as n — 00. If 8 > 0 is sufficiently

small then for w € dfe\s/cg N B(i, 89) and all n large enough, there exists C > 0 such
that

Rlge (w1) — g& ()] < —C max{lw; — w.l*, V& — Elwy — wc|*} (276)
forall0 <& — & < 6.

Proof. We give the proof for dfe\sdc§, the case for ascg is similar. Set w; — o, = pe'?.
From lemma 22 and (255),

RIgE (@e) (w1 — 0)* /2! + g (@) (w1 — @) /31 + Ry, (w1) (w1 — w)*]

2 3 '
= dy\/E — s% $in(20) + ds % $in(30) + R[ Ry (£) (5. — &) p2e™i?
+ Rog(8) (& — £)'2p3e¥? + Ry (w1) (w1 — )] (277)

For 8¢ small enough and n large thereisa C’ > Osuchthat| R, (w1)|, |[R3(€)], |R12(§)] <
C’ using these inequalities in (277) we obtain

2 20
Rlge(w1) — gz (we)] < dav/§c — é%(sin(Z@) + d—Z\/éc —£)
p3 ) 6c/
+ d3?(5111(39) + & Vé—&+Dp) (278)

Next we recall a fact proved in the proof of lemma 24, for any & sufficiently small and n
large enough, if wg‘ € 'e NOB(, dp) then arg(wig_k —w.) € B(—m/6, w/24). Recall also,

that dgCE N B(i, 80) consists of two straight lines: One leaving w, at angle 6 = 37/5,
terminating at the imaginary axis and the other having endpoints ., wg‘. Hence take 89 so
small that 6C"8y/d3 < 1/8, and n so large that max(2C' /&, — & /dp, 6C' /d3(/E. — &+
|we —i])) < 1/8 s0

2 3
Rlge (w) — ge(@e)] < dav/Ee — s%(sin(ze)) +1/8) + d3%<sin(3e> +1/4)]
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2 3
p p
< —3da/§: — 51_6 - d34—! (279)
since both sin(20), sin(360) < —1/2 when 6§ = 37 /5 or 0 € [—57 /24, —37/24]. Note
this proof also yields Lemma 21. O

8. Some Technical Lemmas

Now we give the proof of the lemma relating w. and &.

Proof of lemma 5. By (257), & = —1/Q2R[F)(¢'%)]) and & = —1/(2R[F)(i)]) where
we define Fi(w) = w/vw?+2c. Let F,(0,) = 1/R[F(¢'%)], F> is smooth on
[0, r/2]. For any 6, € [0, /2] there exists x between /2 and 6, such that

F2////(X) 4
n e

FJ(n/2) e FY'(z/2)

Fa0) = Fa(n/2) = ~F(n/Dpe + 22797 = 2

v+
(280)

Direct computation gives that F;(/2) = F;"(7/2) = 0 and that F}/(7/2) = —4c(1 +
¢)/+/1 —2c. (41) follows by defining R3s5(¢.) = F;"(x) for the corresponding x and
the fact that &, — & = (Fo(r/2) — F2(6,))/2.

Define F3(w) = Fi(w) + Fi(1/w). We are going to find a section of a small
neighbourhood around i in which to invert F3(w). Note F3 is not one-to-one in any
neighbourhood of i. It is straightforward to compute F3(i) = —1/&., F;(i) = 0 and
F3”(i) = —8¢(1+c¢)/(1 —2¢)>2. One sees from the definition of F3 that F3 is analytic in
the disc B(i, 8;) where §; = 1—+/2¢. Define H such that F3(i)— F3(w) = H (w)(w—i)?
sothat H is analyticinB(i, §1) and H (i) = —F3”(i )/2is apositive real number. Non-zero
analytic functions have isolated zeros so we can find 0 < §, < §; sothatO ¢ H B, 8))
and define a branch of «/H (w) so that v/ H (w) is analytic on E(i , 82). Now define the
analytic function h(w) = (w — i)/ H(w) on E(i, 82), one sees h has a non-vanishing
derivative ati. Note h(w)? = F3(i) — F3(w). Let¢; > 0 be chosen so that |h(w)| > 2¢y
on |w — i| = §2. By Lagrange’s Inverse Function theorem (see [16]) we have

1 /
ol = ¢ (¢)

- ag,  z| < e1. (281)
2w Jie—ij=s, H(&) — z

Now consider —1+v/T+2¢ < & < & such that ¢? > é — Sl > 0 and label w (&) =

hfl(:la/é - gic). Take a sequence 6" — /2~ such that it ¢ B(@, &) NH*

for all n, by continuity \/ H (eigc(-n)) — /H (i) which is a positive real number, so

arg(y/ H(ei9§»z>)) — 0. Since [—7/4,0) > arg(eief(n) — 1) — 0 one can take n so large

that R[h (eiac('”))] > (. This discounts the possibility w_ = w, and so we have wy = w,.
Hence we have obtained
1 ¢h'(¢) 1

oo L dr. 282
(&) 270 Jje—ij=s, h(8) { i ‘ o
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L i
F0r|ll<1,m—1+t+1_t,

Ch(é?) /l__ / ch (C)
©e(®) 27Tl/| —il=5, h(é“) £ 2mi Jie—ij=s, h(0)? a

11 / ;h(;) 1
lc—il=s, h(£)? _Jite

de. (283)

Since i on B(i, 8,) only has a simple zero at { = i the first term on the right hand side
of (283) is i by Cauchy’s residue theorem. In the second term of (283) we have

i @, 1 . I

27 Jic—ij=s, h(2)? 2mi Jie—il=s, 2JHE@Y (¢ —i) VHQ(E —i)?
HO 48

2JHG) —ide JHQ)

1

)d¢

 JHGO)
= 2c)5/2
T2V cl+o)
By the mean value theorem for every —5+/1+2¢ < § < & there exists nz € (0, (§ —
£)/&c) such that | /¢ — —C v E_fc 2(fi+ni))/3§/3 ). (42) follows by letting
1 n'(¢) 1 (& —&)(1 —2¢)3/2
Ro®) = e eomi / : Eh(g)3 =3 2(; Fne)E2c(1+0) (284)
c L—i|=87 1 _ g—g U
h(g)
Since e~ = —i(w. — i) + 1, we can take the principle branch log so
. . . o (o —i)? / log(1 +2)
. =1ilog(l — =) =w — i — ———— dz,
ge =ilog(l —i(we — 1)) = we —1i 27 s, W i =)
(285)
(43) follows from substituting (42) in to (285). |

Now we have the proofs of the lemmas which extract the leading order terms in
proposition 4.

Proof of lemma 15. Recall (155) and write the integral in (213) as

(L+k)c (pz o i0 __ (+oe 02
e (1-2:3/2 ‘/ cos((£ — k)argG(ie '%))e (-2092" 4@
7/2—06,

o
= et f cos(EZ[ (/2 — 0)])e~ g, (286)
@c
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We use integration by parts to get (286) equal to

, (k9 roo d , )
) ezt /2 - g - S [ sty a2 - o) [ o) ]ao
‘ (287)
where
d —if
70) = (SaGae ) (288)

Note: Want to show that if G (¢'?) is real and negative then 6 = 0.

Except for the discontinuities at 6 = 2wn,n € 7Z caused by arg, one can check that
arg(G (¢'?)) has negative derivative bounded above by some negative number for all 6
and so f is smooth on R \ {27rn}. Indeed, from (158) we can compute

@ waGle'y) = 1[0 _]
do V(€2 +2¢
-1 V2e et? ds

T _@R[em - is]m

= V2 1452 cos(26) ds (289)
o Jo e +is|2lel® —is|2 2¢ — 52

where the integrand is bounded below by some positive number. Integrating by parts
again we have (286) equal to

f @) 2 ST (/2 - o))
¢ (E+k)<pc d / .
— _ AT _+k)o
t | 2 9)])f(9)d9[e f(g)]
Pc

+ oo (et foo (T (/2 — 9)])i[ (e)i[ —c/(e+h)0? (9)]]d0 (290)
@02 . coS Y/ 70 f 70 e f .
From (165)
I (/2 — )] = (L — k)2 + fl;_];e — (€ — k)R7(—0)0°. (291)
— zZC

Together with Taylors theorem applied to f, for each ¢, > 0 we geta x € (0, ¢.) such
that

f (®c)

sm(ZI[l/f(?T/Z @)D

i sin(FZS=pe — (€= DR (=pe)¢)

- R (=vT=2c+1'G0g)  (292)
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where we used f(0) = i(1 — a)/vy/(7/2) and the values of (157) and (159) computed
earlier. By taking a derivative there is a C > 0 such that

‘ f(@)%[e_”,“+k)92 F©®]| = e DA @+ 0)0) (293)

since f is smooth. Similarly,

‘%[ f(e)% [e—‘““*k)‘)z f(e)]] < Ce T (04 k) + (L+K)6 + (£ +K)262).

(294)
So by (293) the second term in (290) is bounded above by
1+ +k)p.
T ve 295
Y (295)

Then if we use (294) in the third term (290) and integrate by parts, the third term in
(290) is bounded above by

! (L+k) 2 00 ,—c (t+k)6? o= (k)2
Ce—2((£+k)2[/ ¢ o + ¢ ]
-k 0. 2(L+k) L+k
—c! (t+k) @2 S )
r U+ sk | e <5+’<>92d9)
200 +k) e
<C/< Ve +k . 1 +(pc(£+k)>
- L—K? -k E—k?

(296)
where in the last line we used the fact that there is a C’ > 0 such that
e 2 2
/ ey < Cle (297)
Zz

for z > 0. Inserting (292) into (290) the two bounds (295) and (296) can be used to give
(213).
Now we prove (214). We have

cos(£xg0h(0)) = 1+ 62 R39(0, k¢, £) (298)

for a smooth 2 on R and bounded R39. Recall (53), we have that

o 702 o0 )
/ cos(Licrd F (0))e™ 0 qg — / e~ (e we'

c c

0

o /
< Cle(e+k)c’<p3/ 926~ WP g9 < D7(<ch/(5;2k)6) 0% (299)
% € +k) l+k
where the last inequality follows since
RO S S
x“e "V dx = ze (D-(2) +2). (300)
z

Now recall the bound D_(z) < 1/(z + 1) from (89). |
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Proof of lemma 16. We have (298) so

2 /wm/cwk 2
0

Pe 792 Pe 7092
cos(bicp F(0))e 0" g f e R gl < L e’ do
'/o 0 VI + k]
(301)
Now use the pair of inequalities
Z z
/ edx < ze f dx < et ; (302)
0 0
forz > 0. O
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