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Abstract: We study the Borel summation of the Gromov–Witten potential for the re-
solved conifold. The Stokes phenomena associated to this Borel summation are shown
to encode the Donaldson–Thomas (DT) invariants of the resolved conifold, having a
direct relation to the Riemann–Hilbert problem formulated by Bridgeland (Invent Math
216(1), 69–124, 2019). There exist distinguished integration contours for which the
Borel summation reproduces previous proposals for the non-perturbative topological
string partition functions of the resolved conifold. These partition functions are shown
to have another asymptotic expansion at strong topological string coupling. We demon-
strate that the Stokes phenomena of the strong-coupling expansion encode the DT in-
variants of the resolved conifold in a second way. Mathematically, one finds a relation to
Riemann–Hilbert problems associated to DT invariants which is different from the one
found at weak coupling. The Stokes phenomena of the strong-coupling expansion turn
out to be closely related to the wall-crossing phenomena in the spectrum of BPS states
on the resolved conifold studied in the context of supergravity by Jafferis and Moore
(Wall crossing in local Calabi Yau manifolds, arXiv:0810.4909, 2008).
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1. Introduction

The study of the geometric structures associated to quantum field and string theories has
been extremely fruitful in revealing connections between different areas of mathemat-
ics as well as in putting forward organizing principles and relations for mathematical
structures and invariants.
The focus of this work is on the connection of two types of invariants associated to fami-
lies of Calabi–Yau (CY) threefolds. On the one hand, the Gromov–Witten invariants are
characteristics of the enumerative geometry of maps into the CY. Their generating func-
tion is closely related to the partition function of topological string theory. The latter is a
formal power series which is asymptotic in the topological string coupling constant. On
the other hand, the Donaldson–Thomas or BPS invariants associated to the same geome-
try can be defined using the enumeration of coherent sheaves supported on holomorphic
submanifolds on the same CY subject to a stability condition. Physically, the latter cor-
respond to BPS states, which are realized by D-branes supported on subspaces of the
CY geometry. The generating functions of BPS invariants are expected to correspond
to physical partition functions of black holes. In physical terms, the topological string
theory is obtained from a perturbative formulation of the underlying string theory, while
the BPS invariants represent data representing non-perturbative effects in string theory.
Relations between the two very different types of data and mathematical invariants have
long been expected both from the points of view of physics [INOV08,DVV06,OSV04]
as well as mathematics [MNOP06a,MNOP06b].
The link between GW and DT invariants is thus expected to be intimately related to
the non-perturbative structure of topological string theory. Since the latter is defined by
an asymptotic series in the topological string coupling, the most canonical path to its
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non-perturbative structure is to consider the theory of resurgence and Borel resumma-
tion; see [Mn14] and references therein for an overview. This has indeed been applied to
topological string theory in connection with Chern–Simons theory and matrix models
in [PS10] as well as for the resolved conifold in [HO15]. In particular, [HO15] used a
generalization of the Borel resummation and produced via Borel resummation a par-
tition function which matched the expectations of a proposal for the non-perturbative
structure of topological string theory on non-compact CY manifolds put forward earlier
in [HMnMO14,GHMn16]. A non-perturbative definition of the topological string free
energy for general toric CY has been proposed in [GHMn16] in terms of the spectral
determinants of the finite difference operators obtained by quantising the mirror curves.
In [CSESV15], techniques of resurgence and transseries were applied to the study of
topological string theory via the holomorphic anomaly equations of BCOV [BCOV94];
see also [CS14] and references therein. These techniques have been applied to the study
of the proposal of [GHMn16] in [CSMnS17]. The link to BPS structures started to
emerge more clearly recently [GGMn20b,GMn21] where connections between Stokes
phenomena and BPS invariants have been investigated. See also [KS20,GGMn20a] for
works in related directions.

On the side of DT invariants and BPS structures, exciting insights are coming from
the study of wall-crossing phenomena. The wall-crossing formulas of Kontsevich and
Soibelman [KS08] as well as Joyce and Song [JS12] have led to a lot of progress on wall-
crossing phenomena of BPS states. In [GMN10,GMN13b,GMN13a], Gaiotto, Moore
and Neitzke (GMN) provided a physical interpretation of these developments as well
as new geometric constructions of hyperkähler manifolds having metrics determined by
the BPS spectra; see e. g. [Nei14]. More recent developments are concerned with the
analytic and integrable structures behind wall-crossing phenomena. The emerging links
indicate new connections between DT invariants and GW invariants, going substantially
beyond the scope of the MNOP relation [MNOP06a,MNOP06b]. Bridgeland [Bri19]
formulated aRiemann–Hilbert associated to theDonaldson–Thomas invariants of a given
derived category and defined an associated potential called Tau-function in [Bri19]. In
simple examples including the resolved conifold [Bri20], it was shown that an asymptotic
expansion of the Tau-function reproduces the full Gromov–Witten potential. In [CLT20]
it was proposed that the topological string partition functions for a certain class of local
CY represent local sections of certain canonical holomorphic line bundles defined by
the relevant solutions to the Riemann-Hilbert problems from [Bri19].

In this paper, we will revisit the Borel summation of the resolved conifold partition
function from a new perspective.Wewill show, on the one hand, that the Stokes jumps of
the Borel summation of the expansion in powers of the topological string coupling have a
close relation to the jumps defining the Riemann–Hilbert problem defined by Bridgeland
using DT invariants as input data in [Bri20]. The Stokes jumps serve as certain types
of potentials for the jumps of the Darboux coordinates defining the Riemann–Hilbert
problem in [Bri20].
The Borel summations along different rays ρ are found to have the following structure

Fρ(λ, t) = FGV(λ, t) + FD(λ, t; ρ), (1.1)

where λ is the topological string coupling, and t the complexified Kähler parameter. The
contribution denoted FGV(λ, t) is the canonical re-organisation known from the work
of Gopakumar and Vafa of the formal series in powers of λ as a series in powers of
Q = e2π it which is convergent for Im(t) > 0. FGV(λ, t) does not depend on the ray ρ.
The second part, FD(λ, t; ρ) strongly depends on the choice of a rayρ. FD(λ, t; ρ) can be
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represented as functions of the variables Q′ = e4π
2it/λ and q ′ = e4π

2i/λ, suggesting an
interpretation in terms of non-perturbative effects associated to D-branes in type II string
theory. It is known that there exist non-perturbative effects in string theory represented by
disk amplitudes associated to stable D-branes. Closely related effects have recently been
identified with non-perturbative corrections to the metric on the hypemultiplet moduli
space in type II string theory on CY three-folds [ASS21]. It seems natural to interpret
the jumps of Fρ(λ, t) across Stokes rays as the consequences of changes of the set of
stable objects contributing to the non-perturbative effects in the partition functions. The
explicit results for the jumps take a particularly simple form, having a direct relation to
the Riemann-Hilbert problems associated to DT-invariants in [Bri20] further discussed
below.

The results associated to different rays ρ interpolate between two special functions
which had previously been proposed as candidates for non-perturbative definitions of
the topological string partition functions: Integration along the imaginary axis yields the
Gopakumar–Vafa resummation FGV(λ, t) on the one hand, while choosing ρ to be the
positive real axis, ρ = R>0, yields a function closely related to the triple sine function.
In the case ρ = R>0, we find that the function FD(λ, t; ρ) appearing in equation (1.1)
can be expressed in terms of the previously known function FNS(λ, t), which can be
obtained from the refined version of FGV introduced in [IKV09] in the limits studied by
Nekrasov and Shatashvili [NS09]. The combination

Fnp(λ, t) := FGV(λ, t) +
1

2π i

∂

∂λ
λFNS

( 4π2

λ
, 2π

λ
(t − 1

2 )
)
, (1.2)

appearing on the right side of (1.1) in the case ρ = R>0 has been studied before as a
candidate for a non-perturbative completion of the topological string partition function
[HMnMO14]. Relations to previous work studying the function Fnp(λ, t) in connection
to topological string theory are further discussed in Sect. 2.4.

It turns out that there is an appealing way to encode the Stokes data geometrically,
in line with the previous suggestions made in [CLT20]. It will be shown that the Stokes
jumps can be interpreted as transition functions of a certain line bundle canonically
associated to the solution of the Riemann–Hilbert problem considered by Bridgeland.
Wewill show that this line bundle is closely related to the hyperholomorphic line bundles
studied in relation to hyperkähler geometry in [APP11b,Nei11]. The Borel summations
of the topological string partition functions represent local sections of this line bundle.
In the previous work [CPT18,CLT20], the relations discovered in [GIL] had been used
to demonstrate that the Fourier transforms of the topological string partition functions
associated to a certain class of local CY are related to the isomonodromic tau-functions
which represent local sections of this line bundle. Due to the absence of compact four-
cycles, the tau-functions simply coincide with the topological string partition functions
for the case at hand.
The Borel summation along the positive real axis appears to be distinguished in some
ways. This function also has an asymptotic expansion for λ → ∞, referred to as
the strong-coupling expansion in the following. The Borel summations of the strong-
coupling expansion along different rays ρ′ are found to have the following structure:

F ′
ρ′(λ, t) = FBPS(λ, t; ρ′) + FNS(λ, t). (1.3)

The contribution FNS(λ, t) is now independent ofρ′, while FBPS(λ, t; ρ′) exhibits jumps
when ρ′ crosses certain rays in the complex plane of the variable 1/λ. We find that
ZBPS(λ, t; ρ′) := eFBPS(λ,t;ρ′) is closely related to the counting functions for BPS states
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previously studied in the context of supergravity by Jafferis and Moore [JM08]. The
Stokes jumps of ZBPS(λ, t; ρ′) display a precise correspondence to the wall-crossing
behaviour of the counting functions for BPS states studied in [JM08]. In the case of
ρ′ = R>0 we recover FGV(λ, t).

Mathematically onemay again observe a close relation to aRiemann–Hilbert problem
associated to DT theory. However, the jumps of ZBPS(λ, t; ρ′) now directly coincide
with the jumps of a particular coordinate function in a close relative of Bridgeland’s
Riemann–Hilbert problem, as could have been expected from previous computations of
ZBPS(λ, t; ρ′) on the basis of wall-crossing formulae [BLR19, Appendix A]. It should
be stressed that both the location of jumps, and the functional form of the jumps are
different for weak- and strong-coupling expansions. However, we find that both are
determined by Riemann–Hilbert type problems associated to DT invariants, albeit quite
remarkably in somewhat different ways.

At least in the example studied in this paper, we have identified two new ways to
extract non-perturbative information on DT invariants from the GW invariants defining
the topological string partition functions. Our results suggest that these data are deeply
encoded in the analytic structures of non-perturbatively defined partition functions. The
way this happens indicates close connections to string-theoretic S-duality conjectures,
as will be briefly discussed in Sect. 6. We expect that key features of the resulting picture
will be found in much larger classes of string backgrounds. Such generalisations are the
subject of work in progress. A preliminary discussion can be found in [Te22].

2. Borel Summations of the Resolved Conifold Partition Function

We are going to study the formal series

F̃(λ, t) = 1

λ2
Li3(Q) +

B2

2
Li1(Q) +

∞∑

g=2

λ2g−2 (−1)g−1B2g

2g(2g − 2)! Li3−2g(Q),

with Q = exp(2π it), and polylogarithms Lis(z) and Bernoulli numbers Bn defined by

Lis(z) =
∞∑

n=1

zn

ns
, s ∈ C ,

w

ew − 1
=

∞∑

n=0

Bn
wn

n! . (2.1)

Borel summation of this formal series will repackage the information contained in it
in an interesting way, revealing non-obvious mathematical structures. Our goals in this
section will be to state the results on the Stokes phenomena of the Borel sums of F̃(λ, t),
to discuss some of its implications, and relations to previous results in the literature.

2.1. Motivation: Topological string theory on the resolved conifold. Topological string
theory motivates the consideration of the topological string partition functions. One
expects to be able to associate such partition functions to families of Calabi–Yau (CY)
threefolds X = Xt , with t = (t1, . . . , tn) being a set of distinguished local coordinates
on the CY Kähler moduli space M of dimension n = h1,1(Xt ). The partition function
is expected to be defined by an asymptotic series in the topological string coupling λ of
the form

Z top(λ, t) = exp

⎛

⎝
∞∑

g=0

λ2g−2Fg(t)

⎞

⎠ . (2.2)
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In order to provide a rigorous mathematical basis for the definition of topological string
partition functions, onemay start by defining theGWpotential of a Calabi–Yau threefold
X as the formal power series

F(Q, λ) =
∑

g≥0

λ2g−2F g(Q) =
∑

g≥0

∑

β∈H2(X,Z)

λ2g−2Ng
β Qβ , (2.3)

where Qβ = ∏n
r=1 Q

βr
r if β = ∑n

r=1 βrγr , with {γ1, . . . , γn} being an integral basis for
H2(X,Z), and Qr being formal variables for r = 1, . . . , n. One may note that the term
associated to β = 0 is independent of the Kähler class β, motivating the decomposition

F(Q, λ) = F0(λ) + F̃(Q, λ) , (2.4)

where the contribution F0(λ) takes the universal form [FP98]

F0(λ) =
∑

g≥0

λ2g−2Fg
0 , Fg

0 = χ(X)(−1)g−1 B2g B2g−2

4g(2g − 2) (2g − 2)! , g ≥ 2 , (2.5)

with χ(X) being the Euler characteristic of X . The formal series F̃(Q, λ) is defined as

F̃(Q, λ) =
∑

g≥0

∑

β∈	

λ2g−2[GW]β,g Q
β, (2.6)

where	 = {β ∈ H2(X,Z);β �= 0}, with [GW]β,g being theGromov–Witten invariants.
In this way, one arrives at a precise definition of F(Q, λ) as a formal series.

There is a class of CY manifolds where the seriesF g(Q) actually have finite radii of
convergence, allowing us to define the functions Fg(t) = F g(e2π it1 , . . . , e2π itn ), where
t = (t1, . . . , tn). The resulting power series in λ is not expected to be convergent, in
general. One may hope, however, that there can exist analytic functions having the series
F(λ, t) = ∑

g≥0 λ2g−2Fg(t) as asymptotic expansion.
We are here considering a particular example of a CY manifold X called the resolved
conifold. This CY threefold represents the total space of the rank two bundle over the
projective line:

X := O(−1) ⊕O(−1) → P
1 , (2.7)

and corresponds to the resolution of the conifold singularity.
The GW potential for this geometry was determined in physics [GV98b,GV99], and

in mathematics [FP00] with the following outcome for the non-constant maps:1

F̃(λ, t) =
∞∑

g=0

λ2g−2 F̃ g(t) = 1

λ2
Li3(Q) +

∞∑

g=1

λ2g−2 (−1)g−1B2g

2g(2g − 2)! Li3−2g(Q),

(2.8)

using the notation Q = e2π it . The constant map constribution has the form (2.5) with
χ(X) = 2 and F0

0 = −ζ(3). The value of F1
0 only shifts F(Q, λ) by an overall

constant, and its specific value won’t be important. Our first goal will be to study the
Borel summability of the series (2.8) and (2.5). This was first studied in [PS10]. The
results presented below complete and clarify previous work on this subject, as will be
discussed in more detail below.

1 See also [MnM99] for the determination of Fg from a string theory duality and the explicit appearance
of the polylogarithm expressions.
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2.2. Statement of results for the Borel sum and its Stokes phenomena.. Here we state
a theorem collecting the results that we wish to prove. The proof of each part will be
presented in Sect. 3.

Before stating the theorem, we briefly recall the definition of Borel summation. Given
a formal power series a(λ̌) ∈ λ̌C[[λ̌]], we consider its Borel transform B(a)(ξ), where

B : λ̌C[[λ̌]] → C[[ξ ]], B(λ̌n+1) = ξn

n! . (2.9)

Let λ̌ ∈ C
× and let ρ be a ray from 0 to ∞ in the complex ξ -plane. If B(a)(ξ) defines

an analytic function along ρ, we define the Borel sum of a(λ̌) at λ̌, along ρ by
∫

ρ

dξ e−ξ/λ̌B(a)(ξ) . (2.10)

If (2.10) is finite, we say a(λ̌) is Borel summable at λ̌, along ρ.

Theorem 2.1. Consider the formal series

F̃(λ, t) = 1

λ2
Li3(Q) +

B2

2
Li1(Q) +

∞∑

g=2

λ2g−2 (−1)g−1B2g

2g(2g − 2)! Li3−2g(Q)

= 1

λ2
Li3(Q) +

B2

2
Li1(Q) + �(λ̌, t) , λ̌ = λ

2π
, Q = e2π it . (2.11)

Then we have the following:

(i) (Borel transform) For t ∈ C
× with |Re(t)| < 1/2, let G(ξ, t) := B(�(−, t))(ξ)

denote the Borel transform of �(λ̌, t). Then G(ξ, t) converges for |ξ | < 2π |t |.
Furthermore, G(ξ, t) admits a series representation of the form

G(ξ, t) = 1

(2π)2

∑

m∈Z\{0}

1

m3

1

2ξ

∂

∂ξ

(
ξ2

1− e−2π it+ξ/m
− ξ2

1− e−2π it−ξ/m

)
.

(2.12)

We can use the above series representation to analytically continue G(ξ, t) in the ξ

variable to a meromorphic function with poles at ξ = 2π i(t + k)m for k ∈ Z and
m ∈ Z \ {0}.

(ii) (Borel sum) For t ∈ C − Z and k ∈ Z let lk := R<0 · 2π i(t + k) and l∞ := iR<0.
Given any ray ρ from 0 to∞ different from {±lk}k∈Z ∪ {±l∞},
and λ in the half-plane Hρ centered at ρ, we define the Borel sum of F̃(λ, t) along
ρ as

Fρ(λ, t) := 1

λ2
Li3(Q) +

B2

2
Li1(Q) +

∫

ρ

dξ e−ξ/λ̌G(ξ, t) . (2.13)

Taking ρ = R>0, and assuming that Im(t) > 0 and 0 < Re(t) < 1, we have the
following identity whenever Re(t) < Re(λ̌ + 1):

FR>0(λ, t) = −
∫

R+i0+

du

8u

eu(t−1/2)

sinh(u/2)(sinh(λ̌u/2))2
. (2.14)
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(iii) (Stokes jumps) Let ρk be a ray in the sector determined by the Stokes rays lk and lk−1.
Then if Im(t) > 0, on the overlap of their domains of definition in the λ variable we
have

φ±lk (λ, t) := F±ρk+1(λ, t) − F±ρk (λ, t) = 1

2π i
∂
λ̌

(
λ̌Li2

(
e±2π i(t+k)/λ̌)

)
.

(2.15)

If Im(t) < 0, then the previous jumps also hold provided ρk+1 is interchanged with
ρk in the above formula.

(iv) (Limits to±iR>0) Let ρk denote any ray between the rays lk and lk−1. Furthermore,
assume that 0 < Re(t) < 1, Im(t) > 0,Re(λ) > 0, Im(λ) < 0, andRe t < Re(λ̌+1).
Then

lim
k→∞ Fρk (λ, t) = lim

k→∞ F−ρk (−λ, t) =
∞∑

k=1

e2π ikt

k
(
2 sin

(
λk
2

))2 . (2.16)

Furthemore, we can write the sum of the Stokes jumps along lk for k ≥ 0 as

∞∑

k=0

φlk (λ, t) = 1

2π i
∂λ

(
λ

∞∑

l=1

wl

l2(1− q̃l)

)
, w := e2π it/λ̌, q̃ := e2π i/λ̌ .

(2.17)

If, on the other hand, we take 0 < Re(t) < 1, Im(t) > 0, Re(λ) > 0, Im(λ) > 0,
Re(t) < Re(λ̌ + 1) and furthermore assume that |e2π it/λ̌| < 1, then we also have

lim
k→−∞ Fρk (λ, t) = lim

k→−∞ F−ρk (−λ, t) =
∞∑

k=1

e2π ikt

k
(
2 sin

(
λk
2

))2 . (2.18)

Let us note that under the assumptions of the first part of (iv), limk→∞ Fρk (λ, t)
differs from FR>0(λ, t) by the sum over all jumps φlk (λ, t) for k ≥ 0, leading to the
decomposition

FR>0(λ, t) = lim
k→∞ Fρk (λ, t) − 1

2π i

∂

∂λ

(
λ

∞∑

l=1

wl

l2(1− q̃l)

)
. (2.19)

As we will see in Proposition 3.15, this decomposition can be obtained by evaluating
the integral on the right of (2.14) as a sum over residues. Part (iv) of the theorem above
identifies the second term on the right of (2.19) with the sum over the Stokes jumps in
the lower right quadrant of the Borel plane (Fig. 1).

We further remark that the constraint Im(t) > 0 and 0 < Re(t) < 1 is needed to
conclude that FR>0(λ, t) = Fnp(λ, t) and the statements of point (iv) of Theorem 2.1
and (2.19). These statements are nevertheless easy to generalize to more general ranges
of t . For example, if t ∈ iR>0, then we cannot perform the Borel sum alongR>0, since l0
coincides with R>0, while it is easy to check that Fρ0(λ, t) = Fnp(λ, t) for ρ0 between
l0 and l−1.

It will turn out that the Borel summation F0,ρ(λ) of the formal series (2.5) is closely
related to the value of the function Fρ(λ, 0) defined in Theorem 2.1. The relation will
be found to be of the form

F0,ρ(λ) = −Fρ(λ, 0) − 1

12
log λ̌ + C, (2.20)



Mathematical Structures of Non-perturbative Topological... 1047

Fig. 1. Illustration of the Stokes rays lk = R<0 · 2π i(t + k) in the Borel plane, plotted for t = 1
π

(
1 + i

2

)
and

k = −10, . . . , 10, as well as a possible integration ray ρ1

where C is a constant independent of ρ which won’t be of interest for us. Equation
(2.20) finally allows us to represent the Borel summation F̂ρ(λ, t) of the full free energy
F(λ, t) = F0(λ) + F̃(λ, t) of the topological string theory by the formula

F̂ρ(λ, t) = Fρ(λ, t) − Fρ(λ, 0) − 1

12
log λ̌ + C. (2.21)

In the following two subsectionswewill first discuss the interpretation ofTheorem2.1
in the context of topological string theory. This will be followed by a discussion of the
relation to previous results in this direction.

2.3. Connection to topological string theory. In the case of the resolved conifold, non-
perturbative definitions of the topological string partition functions should be analytic
functions of λ and t such that (2.8) gives an asymptotic series expansion for λ → 0 of
the corresponding free energy F̃(λ, t).
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2.3.1
The Gopakumar–Vafa (GV) resummation of the GW potential [GV98a] re-organises

the non-constant part F̃(λ, t) of the GW potential in the following form:

∑

g≥0

λ2g−2
∑

β∈	

[GW]β,g Q
β =

∑

β∈	

∑

g≥0

[GV]β,g

∑

k≥1

1

k

(
2 sin

( kλ
2

))2g−2
Qkβ . (2.22)

Equation (2.22) can be understood as an equality of formal power series in Qβ with
coefficients being Laurent series in λ. One can thereby regard (2.22) as a definition of
the GV invariants [GV]β,g in terms of the Gromov–Witten invariants [GW]β,g .

Using the known results for the invariants GWβ,g of the conifold, one finds that the
right-hand side of (2.22) simplifies to

FGV(λ, t) =
∞∑

k=1

e2π ikt

k
(
2 sin

(
λk
2

))2 . (2.23)

This has also been derived using the topological vertex formalism [AKMnV05]. Assum-
ing Im(t) > 0, one may notice that the series defining FGV(λ, t) in (2.23) is convergent
for Im(λ) > 0 or Im(λ) < 0. One may regard FGV(λ, t) as a minimal summation of the
divergent series (2.11), in the sense that it is obtained by a rearrangement of the formal
series F̃(λ, t) into a convergent series in powers of Q = e2π it that defines functions
analytic in λ away from the real line R.

Our results relate FGV(λ, t) to the limits of the Borel summations along rays ρk for
k → ±∞ when the rays ρk approach the imaginary axis.

2.3.2
As mentioned above, the function FGV(λ, t) is not well-defined for λ ∈ R. This is one
of the motivations to look for analytic functions having the same asymptotic expansion,
but larger domains of definition, as candidates for non-perturbative definitions of the
topological string partition functions.

A general proposal has been made in [HMnMO14] for non-perturbative definitions
of topological string partition functions. This proposal was motivated by the observation

[HMO13] that one can systematically add functions of e(2π)2 i
λ to the function FGV(λ, t)

cancelling all the singularities that FGV(λ, t) develops on the real λ-axis. The function

of e(2π)2 i
λ having this property can be interpreted as certain non-perturbative corrections

in string theory.
Specialised to the conifold, the proposal made in [HMnMO14], see also [Ha15],

yields

Fnp(λ, t) := FGV(λ, t) +
1

2π i

∂

∂λ
λFNS

( 4π2

λ
, 2π

λ
(t − 1

2 )
)
, (2.24)

using the notations

FGV(λ, t) :=
∞∑

k=1

e2π ikt

k
(
2 sin

(
λk
2

))2 , FNS(g, t) := 1

2i

∞∑

k=1

e2π ikt

k2 sin
( gk
2

) . (2.25)

It is easy to see that the right side of (2.24) coincides with the expression on the right of
(2.19) (i.e. that FR>0 = Fnp).
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2.3.3
Using Borel summation is another natural approach to finding non-perturbative defini-
tions of the topological string partition functions, as previously investigated in [PS10]
and in [HO15]. A formula for the Borel transform had been first proposed in [PS10],
and in [HO15] it was conjectured that the Borel transform along the real axis is equal to
(2.24). Extensive numerical studies provided convincing evidence for these proposals.

Our Theorem 2.1 offers a more complete picture. It shows that the Borel summations
Fρ(λ, t) interpolate between FGV(λ, t) and Fnp(λ, t). All the functions Fρ(λ, t) defined
by different choices of the ray ρ can be regarded as different re-packagings of the same
information, contained in the formal series (2.8). Any of these summations can serve as
a candidate for a non-perturbative definition of the topological string partition function
of the resolved conifold. Additional requirements have to be imposed to distinguish a
particular choice among others.

Defining the topological string partition functions by Borel summation whenever this
possibility exists seems to be the most canonical way to associate actual functions to
the divergent series (2.8). That is, we set Fcan(λ, t) := Fρλ(λ, t) where ρλ = R>0 · λ.
The price to pay is that the resulting function is only piecewise analytic, having jumps
across the rays ±lk . However, as will be explained in the rest of the paper, there is
interesting information contained in these jumps. We are going to demonstrate that
the jump functions encode information on the spectrum of BPS states on the resolved
conifold in a particularly simple and transparent way by relating them to the Riemann–
Hilbert problem formulated in [Bri20] which takes as input data the generalised DT
invariants for the resolved conifold.

The Borel summations Fρk (λ, t) each have natural domains of definition, bounded
by the rays lk and lk−1. It seems important to note, however, that the functions Fρk (λ, t)
can be analytically continued in λ to larger domains of definition containing lk and lk−1,
namely, the half planeHρk . This suggests to regard the analytically continued functions
Fρk (λ, t) as local sections of a line bundle defined by taking exponentials of the jumps
φlk (λ, t) = Fρk+1(λ, t) − Fρk (λ, t) as transition functions. This line bundle, together
with the collection of distinguished local sections Fρk (λ, t) is a natural geometric object
canonically associated to the formal series (2.8) by Borel summation. We will see that
it is a natural analog of the line bundle proposed in [CLT20] for the case of the resolved
conifold.

It should be noted that Fcan(λ, t) is not well-defined for the case of t ∈ iR>0 and
λ > 0, where l0 is on the real axis. It is clear from the results presented above that
there is no canonical extension of our definitions covering such a case. Being mainly
interested in the information provided by the series (2.8) alone, for the time being, we
will not discuss possible prescriptions that could extend the definition to these cases in
this paper.

2.3.4
Let us note that the differences FD,k(λ, t) := Fρk (λ, t)−FGV(λ, t) can be represented as
sums of terms which are all proportional to an exponential function having dependence
with respect to the topological string coupling λ of the form e(const.)/λ. It is therefore
natural to associate the differences FD,k(λ, t) with non-perturbative effects in string
theory. They can be represented as a sum over the Stokes jumps across the rays lk
enclosed by ρk and iR. We will see that these jumps are in a one-to-one correspondence
with D-branes in type II string theory on the resolved conifold.

A dependence of the form of the form e(const.)/λ is characteristic for non-perturbative
effects in string theory having a world-sheet description through disk amplitudes with



1050 M. Alim, A. Saha, J. Teschner, I. Tulli

boundaries associated to D-branes. Such disk amplitudes can represent central charge
functions of D-branes in type II string theory [HIV00]. We will later see that the func-
tions FD,k(λ, t) can indeed be expressed in terms of the central charge functions of the
D-branes associated to the jumps. It turns out that the functions FD,k(λ, t) can be rep-
resented as sums over all terms which are exponentially suppressed in the wedge of the
λ-plane bounded by lk and lk−1.

These observations suggest that the non-perturbative effects represented by the func-
tions FD,k(λ, t) have a world-sheet description in terms of disk amplitudes with bound-
aries associated to stable D-branes representing states in the BPS-spectrum of the re-
solved conifold. The set of D-branes contributing to the non-perturbatively defined par-
tition functions depends on the phase of λ, and jumps across the rays lk .

2.4. Previous results. Previous work on this subject had obtained several important
partial results. The first study of the Borel summability of the series F̃(λ, t) was per-
formed in [PS10], where an explicit formula for the Borel transform was found. While
the direct comparison of the formula derived in [PS10] with (2.12) is not completely
straightforward, it is easy to see that the poles and residues agree.

Another approach to the summation of the formal series F̃(λ, t) has been proposed
in [HO15]. The summation considered in [HO15] is an analytic function F resum

coni (λ, t)
defined through an explicit integral representation. Numerical evidence has been pre-
sented for the conjecture that F resum

coni (λ, t) is equal to the Borel summation FR>0(λ, t)
along ρ = R>0 in our notations. We will later in Sect. 3.4.1 explicitly establish the re-
lation between F resum

coni (λ, t) and FR>0(λ, t) considered in our paper. It was furthermore
proposed in [HO15] that the function F resum

coni (λ, t) admits the decomposition (2.24). This
conjecture has been extensively checked numerically.

Interesting relations with spectral determinants of finite difference operators along
the lines of [GHMn16] have been found in [BGT19]. Further exploration of the relations
to our results should be illuminating.

It has been demonstrated in [Bri20] that a special function closely related to the triple
sine function has (2.11) as its asymptotic expansion. The relation between the triple
sine function and the formal series F̃(λ, t) has stimulated the work [Ali20,AS21,Ali21]
studying the function defined on the right side of (2.14) as a promising candidate for a
non-perturbative definition of the topological string partition function. It was identified
in [AS21] as a solution with pleasant analytic properties of a difference equation [Ali20]
which governs the topological string free energy. In [Ali21], the non-perturbative content
of this function was extracted demonstrating that this function admits the decomposition
(2.24) and matching in particular with the results of [HO15].

Further work on the function Fnp(λ, t) in connection with the non-perturbative struc-
ture of topological strings can be found in [LV18,KM15].

3. Proofs of the Results of Sect. 2.2

In this section we prove each of the points of Theorem 2.1. Our approach is strongly
inspired by the paper [GK20] which has studied the analogous problem for the non-
compact quantum dilogarithm function. Each of the four subsections below corresponds
to each of the four points of the Theorem.
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3.1. The Borel transform. We start by proving the first part of Theorem 2.1, concerning
the Borel transform of of F̃(λ, t). We remark that an alternative expression of the Borel
transform was previously given in [PS10], which we recall in Sect. 3.1.1.

Recall the asymptotic expansion of the topological string free energy for the resolved
conifold, which is given by (2.8):

F̃(λ, t) =
∞∑

g=0

λ2g−2 F̃ g(t)

= 1

λ2
Li3(Q) +

B2

2
Li1(Q) +

∞∑

g=2

λ2g−2 (−1)g−1B2g

2g(2g − 2)! Li3−2g(Q)

= 1

λ2
Li3(Q) +

B2

2
Li1(Q) + �(λ̌, t) , λ̌ = λ

2π
, Q = e2π i t , (3.1)

We use the property

θQLis(Q) = Lis−1(Q) , θQ := Q
d

dQ
, (3.2)

to write

F̃ g = (−1)g−1B2g

2g(2g − 2)! θ
2g
Q Li3(Q) , g ≥ 2 . (3.3)

Furthermore, using that θQ = 1
2π i∂t we obtain

F̃ g = (−1)B2g

2g(2g − 2)!(2π)2g
∂
2g
t Li3(Q) , g ≥ 2 . (3.4)

We thus have

�(λ̌, t) = − 1

4π2

∞∑

g=2

B2g

2g(2g − 2)! λ̌2g−2∂
2g
t Li3(Q) . (3.5)

We now wish to compute the Borel transform of �(λ̌, t) and specify its domain
of convergence. The Borel transform is defined as the formal power series G(ξ, t) :=
B(�(−, t))(ξ), where

B : λ̌C[[λ̌]] → C[[ξ ]], B(λ̌n+1) = ξn

n! . (3.6)

Namely, we wish to study

G(ξ, t) = − 1

4π2

∞∑

g=2

B2g

2g(2g − 2)!(2g − 3)!ξ
2g−3 ∂

2g
t Li3(Q) . (3.7)

In order to do this, it will be convenient to first recall the Hadamard product and a
certain integral representation thereof. The techniques used below follow the lines of
[GK20].
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Definition 3.1. Consider two formal power series
∑∞

n=0 anz
n,

∑∞
n=0 bnz

n ∈ C[[z]].
Then the Hadamard product ∗©: C[[z]] × C[[z]] → C[[z]] is defined by

( ∞∑

n=0

anz
n
)
∗©
( ∞∑

n=0

bnz
n
)
=

∞∑

n=0

anbnz
n . (3.8)

Lemma 3.2. Consider two holomorphic functions near z = 0 having series expansions

f1(z) =
∞∑

n=0

anz
n, f2(z) =

∞∑

n=0

bnz
n (3.9)

with radius of convergence r1 > 0 and r2 > 0, respectively. Then ( f1 ∗© f2)(z) converges
for |z| < r1r2, and for any ρ ∈ (0, r1) the following holds for |z| < ρr2:

( f1 ∗© f2)(z) = 1

2π i

∫

|s|=ρ

ds

s
f1(s) f2

( z
s

)
. (3.10)

Proof. By using the limsup definition of the radius of convergence, one can easily check
that the radius of convergence of ( f1 ∗© f2)(z) must be bigger or equal than r1r2. On the
other hand, we have that for |z| < ρr2 < r1r2,

( f1 ∗© f2)(z) =
∞∑

n=0

anbnz
n =

∞∑

n=0

(
1

2π i

∫

|s|=ρ

ds
f1(s)

sn+1

)
bnz

n

= 1

2π i

∫

|s|=ρ

ds

s
f1(s)

∞∑

n=0

bn
( z
s

)n = 1

2π i

∫

|s|=ρ

ds

s
f1(s) f2

( z
s

)

(3.11)

where the interchange of sum and integrals is justfied by the Fubini–Tonelli theorem and
the absolute convergence of ( f1 ∗© f2)(z). �


The idea is to write

G(ξ, t) = ( f1 ∗© f2(−, t))(ξ) (3.12)

for two functions f1(ξ), f2(ξ, t) which are holomorphic near ξ = 0, and then use the
first part of the previous lemma. We will take f1(ξ), f2(ξ, t) to be the following:

f1(ξ) = − 1

4π2

∞∑

g=2

(2g − 1) B2g

(2g)! ξ2g−3

f2(ξ, t) =
∞∑

g=2

ξ2g−3

(2g − 3)! ∂
2g
t Li3(Q) =

∞∑

g=2

ξ2g−3

(2g − 3)! (2π i)2gLi3−2g(Q) .

(3.13)

Proposition 3.3. Let t ∈ C
× with |Re(t)| < 1

2 . Then G(ξ, t) converges for |ξ | < 2π |t |.
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Proof. Using the fact that

B2g ∼ (−1)g+14
√

πg
( g

πe

)2g
as g → ∞, (3.14)

we find that the radius of convergence for f1(ξ) is 2π . On the other hand, using the fact
that for |Re(t)| < 1/2, we have

Li3−2g(e
2π it ) ∼ 	(1− 3 + 2g)(−2π it)3−2g−1 as g → ∞, (3.15)

we find that the radius of convergence of f2(ξ, t) is r2(t) = |t |.
By the use of Lemma 3.2, we find that provided t ∈ C

× satisfies |Re(t)| < 1
2 , we

have that G(ξ, t) = ( f1 ∗© f2(−, t))(ξ) converges for |ξ | < r1r2(t) = 2π |t |. �

We now wish to use the integral representation of the Hadamard product to find a

more convenient representation of G(ξ, t).

Proposition 3.4. With the same hypothesis as in Proposition 3.3, we have

G(ξ, t) = 1

(2π)2

∑

m∈Z\{0}

1

m3

(
1 +

ξ

2

∂

∂ξ

)(
1

1− e−2π it+ξ/m
− 1

1− e−2π it−ξ/m

)

(3.16)

In particular, for fixed t, the expression on the right allows us to analytically continue
G(ξ, t) to a meromorphic function in ξ with poles at ξ = 2π i(t + k)m for k ∈ Z and
m ∈ Z \ {0}.
Proof. The idea is to now use the integral representation of the Hadamard product in
Lemma 3.2, together with the results in the proof of Proposition 3.3. In particular, for
t ∈ C

× with |Re(t)| < 1/2 and ρ ∈ (0, 2π), we have for |ξ | < ρ|t |

G(ξ, t) = 1

2π i

∫

|s|=ρ

ds

s
f1(s) f2

(ξ

s
, t
)

(3.17)

where f1(ξ) and f2(ξ, t) are as in Proposition 3.3.
We have, on the one hand,

f1(ξ) = − 1

4π2

∞∑

g=2

(2g − 1) B2g

(2g)! ξ2g−3 = − 1

4π2

1

ξ
∂ξ

⎛

⎝1

ξ

∞∑

g=2

B2g

(2g)!ξ
2g

⎞

⎠

= − 1

4π2

1

ξ
∂ξ

⎛

⎝1

ξ

⎛

⎝
∞∑

g=0

Bg

g! ξ g − 1 +
ξ

2
− ξ2

12

⎞

⎠

⎞

⎠

= − 1

4π2

1

ξ
∂ξ

(
1

ξ

(
ξ

eξ − 1
− 1 +

ξ

2
− ξ2

12

))

= − 1

4π2

(
1

ξ3
− 1

ξ(eξ/2 − e−ξ/2)2
− 1

12ξ

)
, (3.18)
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where we have used the expression for the generating function of the Bernoulli numbers

w

ew − 1
=

∞∑

n=0

Bn
wn

n! , (3.19)

and the fact that except B1 = − 1
2 , all odd Bernoulli numbers vanish. From the final

expression we see that f1(ξ) admits an analytic continuation to a meromorphic function
with double poles at ξ = 2π iZ \ {0}.

On the other hand, for f2(ξ, t), we have

f2(ξ, t) =
∞∑

g=2

ξ2g−3

(2g − 3)! ∂
2g
t Li3(Q) = ∂3ξ

⎛

⎝
∞∑

g=1

∂
2g
t Li3(Q)

(2g)! ξ2g

⎞

⎠

= ∂3ξ

(
1

2
(Li3(e

2π i(t+ξ)) + Li3(e
2π i(t−ξ))) − Li3(e

2π it )

)

= (2π i)3

2

(
Li0

(
e2π i(t+ξ)

)− Li0
(
e2π i(t−ξ)

))

= (2π i)3

2

(
e2π i(t+ξ)

1− e2π i(t+ξ)
− e2π i(t−ξ)

1− e2π i(t−ξ)

)
, (3.20)

so that f2(ξ, t) admits an analytic continuation in ξ with simple poles at ±t + Z. The
integral representation then becomes

G(ξ, t) = 1

2

∫

|s|=ρ

ds

s

(
1

s3
− es

s(es − 1)2
− 1

12s

)(
e2π i(t+ξ/s)

1− e2π i(t+ξ/s)
− e2π i(t−ξ/s)

1− e2π i(t−ξ/s)

)
.

(3.21)

Notice that f2(ξ/s, t) as a function of s has simple poles at s = ±ξ/(t + k) for all
k ∈ Z. By our assumption that |ξ | < ρ|t | and |Re(t)| < 1

2 , we have

∣∣∣
±ξ

t + k

∣∣∣ < ρ
|t |

|t + k| ≤ ρ , (3.22)

so that all the poles of f2(ξ/s, t) lie inside the contour. Furthermore, since ρ < 2π , all
the poles of f1(s) lie outside the contour.

If, for each k ∈ Z with k > 1, we denote as γk the contour given by |s| = π(2k + 1),
then between |s| = ρ and γk , we have the poles at±2π in for n = 1, . . . , k due to f1(s).
We can therefore write the following for any k > 1:

G(ξ, t) = 1

2

∫

|s|=ρ

ds

s

(
1

s3
− es

s(es − 1)2
− 1

12s

)(
e2π i(t+ξ/s)

1− e2π i(t+ξ/s)
− e2π i(t−ξ/s)

1− e2π i(t−ξ/s)

)

= 2π i
∑

m∈Z:−k<m<k,m �=0

1

2

d

ds

(
es(s − 2π im)2

(es − 1)2s2

(
e2π i(t+ξ/s)

1− e2π i(t+ξ/s)
− e2π i(t−ξ/s)

1− e2π i(t−ξ/s)

))∣∣
∣∣
∣
s=2π im

+
1

2

∫

γk

ds

s

(
1

s3
− es

s(es − 1)2
− 1

12s

)(
e2π i(t+ξ/s)

1− e2π i(t+ξ/s)
− e2π i(t−ξ/s)

1− e2π i(t−ξ/s)

)
, (3.23)

where the terms in the sum come from the contribution of the (clockwise) contours
around the poles between the two contours.
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One can check that f2(ξ/s, t) = O(1/s) as s → ∞, while f1|γk = O(1/k) as
k → ∞. Hence, taking the limit k → ∞ in (3.23) we obtain the following expression:

G(ξ, t) = 2π i
∑

m∈Z−{0}

1

2

d

ds

(
es(s − 2π im)2

(es − 1)2s2

(
e2π i(t+ξ/s)

1− e2π i(t+ξ/s)
− e2π i(t−ξ/s)

1− e2π i(t−ξ/s)

))∣∣∣
∣∣
s=2π im

= −
∑

m∈Z\{0}

1

(2π i)2

(
1

m3

(
e2π it+ξ/m

1− e2π it+ξ/m
− e2π it−ξ/m

1− e2π it−ξ/m

)

+
ξ

2m4

(
e2π it+ξ/m

(1− e2π it+ξ/m)2
+

e2π it−ξ/m

(1− e2π it−ξ/m)2

))
. (3.24)

The result then follows by a simple rewriting of the summands. �

Adirect check thatG(ξ, t) is theBorel transformof F̃(λ, t) canbe found inLemmaB.1

from Appendix B.

3.1.1. Previous expression for the Borel transform. In the following we review an ex-
pression for the Borel transform of the topological string free energy for the resolved
conifold obtained in [PS10], starting again with

F̃(λ, t) =
∞∑

g=0

λ2g−2 F̃ g(t)

= 1

λ2
Li3(q) +

B2

2
Li1(q) +

∞∑

g=2

λ2g−2 (−1)g−1B2g

2g(2g − 2)! Li3−2g(q)

= 1

λ2
Li3(q) +

B2

2
Li1(q) + �(λ̌, t) , λ̌ = λ

2π
. (3.25)

Using the series representation of the polylogarithm

Lis(e
2π i t ) = 	(1− s)

∑

k∈Z
(2π i)s−1(k − t)s−1 , (3.26)

valid for Re(s) < 0 and t /∈ Z, we can write

�(λ̌, t) =
∞∑

g=2

λ2g−2 (−1)g−1B2g

2g(2g − 2)! Li3−2g(q)

=
∞∑

g=2

λ̌2g−2 B2g

2g(2g − 2)

∑

k∈Z
(k − t)2−2g. (3.27)

Taking the Borel transform of �(λ̌, t), we find

G(ξ, t) =
∞∑

g=2

B2g

2g (2g − 2)!ξ
2g−3

∑

k∈Z
(k − t)2−2g

=
∑

k∈Z

1

ξ

(
(k − t)2

ξ2
− eξ/(k−t)

(eξ/(k−t) − 1)2
− 1

12

)

, (3.28)
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where the second equality follows from

ew

(ew − 1)2
= 1

w2 − 1

12
−

∞∑

g=2

B2g

2g(2g − 2)!w
2g−2 , (3.29)

which can be obtained by taking a derivative of the generating function of Bernoulli
numbers (3.19) and rearranging the outcome. We note here that this expression for the
Borel transform, which was previously obtained in [PS10] has the same set of poles at

ξ = 2π im(t + k) , m ∈ Z \ {0} , k ∈ Z ,

as the one we have obtained in Theorem 2.1. We will later show that it also has the same
Stokes jumps.

One advantage of the expression (3.16) compared to (3.28) is that the first gives awell-
defined expression for t ∈ Z. As wewill see below, this will allow us to express the Borel
transform of constant map contribution of (2.4) in terms of G(ξ, 0) (see Corollary 3.13).

Remark 3.5. It seems one might be able to obtain (3.28) from the integral representation
(3.21) by deforming the contour to 0 instead of ∞, and summing over the residues of
the poles inside the contour. The only technical issue is that it seems harder to show that
the contour limiting to s = 0 limits to a zero contribution.

3.2. The Borel sum alongR>0. We now prove the second point of Theorem 2.1. Hence,
we wish to study the Borel sum of F̃(λ, t) along R>0. More generally, we define the
following:

Definition 3.6. Given t ∈ C with Im(t) �= 0, and a ray ρ ⊂ C
× from 0 to ∞ avoiding

the poles 2π i(t + k)m of G(ξ, t) and which is different from ±iR>0, we define

Fρ(λ, t) := 1

λ2
Li3(Q) +

B2

2
Li1(Q) +

∫

ρ

dξ e−ξ/λ̌G(ξ, t) , Q = e2π it , (3.30)

for λ in the half-planeHρ centered at ρ. We call Fρ(λ, t) the Borel sum of F̃(λ, t) along
ρ.

The integral appearing in (2.14) corresponds to an integral representation of a certain
function G3(z |ω1, ω2) related to the triple sine function. Hence, before studying the
Borel sum along R>0, we recall how this function is defined and some of its properties.
For a convenient review of the special functions appearing below and their properties,
see for example [Bri20, Section 4] and the references cited therein.

Definition 3.7. For z ∈ C and ω1, ω2 ∈ C
×, we define

G3(z |ω1, ω2) := exp
(π i

6
B3,3(z + ω1 |ω1, ω1, ω2)

)
· sin3(z + ω1 |ω1, ω1, ω2) ,

(3.31)

where sin3(z |ω1, ω2, ω3) denotes the triple sine function, and B3,3(z |ω1, ω2, ω3) is
the multiple Bernoulli polynomial.

What will be most important for us are the following properties:
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Proposition 3.8. [Bri20, Prop. 4.2] [Nar04, Prop. 2] G3(z |ω1, ω2) is a single-valued
meromorphic function under the assumption ω1/ω2 �∈ R<0. Furthermore, we have

• It is regular everywhere, and vanishes only at the points

z = aω1 + bω2, a, b ∈ Z , (3.32)

with a < 0 and b ≤ 0, or a > 0 and b > 0.
• Let Re(ωi ) > 0 and −Re(ω1) < Re(z) < Re(ω1 + ω2). Then

G3(z |ω1, ω2) = exp

(
−

∫

R+i0+

du

8u

eu(z−ω2/2)

sinh(ω2u/2)(sinh(ω1u/2))2

)
. (3.33)

Definition 3.9. For Re λ̌ > 0 and −Re(λ̌) < Re(t) < Re(λ̌ + 1), we define

Fnp(λ, t) := logG3(t | λ̌, 1) = −
∫

R+i0+

du

8u

eu(t−1/2)

sinh(u/2)(sinh(λ̌u/2))2
, (3.34)

We now wish to relate FR>0(λ, t) to Fnp(λ, t). For this, we will need the following
lemma, giving a “Woronowicz form" for Fnp. We remark that a similar form for the
triple-sine function was conjectured in [AP21, Equation B.17].

Lemma 3.10. Let t ∈ C be such that 0 < Re(t) < 1, Im(t) > 0, and let λ be in the
sector determined by l0 = R<0 ·2π it and l−1 = R<0 ·2π i(t−1). Furthermore, assume
that Re(t) < Re(λ̌ + 1). Then Fnp(λ, t) admits the following Woronowicz form:

Fnp(λ, t) = 1

(2π)2

∫

R+i0+
dv

v

1− ev
log(1− eλ̌v+2π it ) . (3.35)

Proof. We will follow the method of [GK20], based on the unitarity of the Fourier
transform:

〈 f, g〉 = 〈F f, Fg〉, 〈 f, g〉 =
∫

R

dx f (x)g(x), (Fψ)(x) =
∫

R

dy e2π i xyψ(y).

We start by defining for sufficiently small ε > 0,

fε(x) := e−εx log
(
1− eλ̌x+2π i t), gε(x) := e+εx 1

1− ex+iε
,

Gε(x) := e+εx x

1− ex+iε
. (3.36)

We then easily see that

lim
ε→0+

1

(2π)2
〈 fε,Gε〉 = 1

(2π)2

∫

R+i0+
dv

v

1− ev
log(1− eλ̌v+2π it ) . (3.37)

We now compute the Fourier transform of fε , gε , and Gε . Setting ζ = 2πx + iε, we find
that

F fε(x) =
∫

R

dy eiyζ log(1− eλ̌y+2π it ) = iλ̌

ζ

∫

R

dy
eiyζ

1− e−λ̌y−2π it
, (3.38)

where we have integrated by parts, and used that the boundary terms vanish. The last
integral has simple poles at y = 2π i(k − t)/λ̌, and under our assumptions for the
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parameters t and λ, it is easy to check that the poles on the upper half-plane correspond
to k > 0, while those in the lower half-plane correspond to k ≤ 0. If Re(x) > 0, by
an application of Jordan’s lemma and the residue theorem, we can compute F fε(x) by
summing up the residues in the upper half-plane, obtaining

iλ̌

ζ

∫

R

dy
eiyζ

1− e−λ̌y−2π it
= 2π i

iλ̌

ζ

∞∑

k=1

eiyζ

λ̌

∣
∣∣
y=2π i(k−t)/λ̌

= −2π

ζ
e2π tζ/λ̌

∞∑

k=1

e−2πkζ/λ̌

= −π

ζ
eπζ(2t−1)/λ̌

(
2e−πζ/λ̌

∞∑

k=0

e−2πζk/λ̌
)
= −π

ζ

eπζ(2t−1)/λ̌

sinh(πζ/λ̌)
,

(3.39)

where in the last equality we have used the Dirichlet series representation of 1/ sinh(z).
Similarly, if Re(x) < 0, we can compute F fε summing up the residues in the lower
half-plane, obtaining

iλ̌

ζ

∫

R

dy
eiyζ

1− e−λ̌y−2π it
= −2π i

iλ̌

ζ

−∞∑

k=0

eiyζ

λ̌

∣∣
∣
y=2π i(k−t)/λ̌

= 2π

ζ
e2π tζ/λ̌

∞∑

k=0

e2πkζ/λ̌

= −π

ζ
eπζ(2t−1)/λ̌

(
− 2eπζ/λ̌

∞∑

k=0

e2πζk/λ̌
)
= −π

ζ

eπζ(2t−1)/λ̌

sinh(πζ/λ̌)
,

(3.40)

so that F fε(x) exists for x �= 0 and

F fε(x) = −π

ζ

eπζ(2t−1)/λ̌

sinh(πζ/λ̌)
. (3.41)

The computation of Fgε(x) is simpler, and follows similar lines. One obtains that
for x �= 0,

Fgε(x) = π i
e(ε−π)ζ

sinh(πζ )
. (3.42)

On the other hand, since Gε(x) = xgε(x), we find

FGε(x) = − 1

2π i

∂

∂x
Fgε(x) = ∂

∂ζ

( 2πeεζ

1− e2πζ

)
. (3.43)

We then have that

lim
ε→0+

1

(2π)2
〈 fε,Gε〉 = lim

ε→0+

1

(2π)2
〈F fε, FGε〉

= 1

(2π)2

∫

R+i0+
dx

(
− π

2πx

eπ(2πx)(2t−1)/λ̌

sinh(2π2x/λ̌)

)(
(2π)2

4(sinh(2π2x))2

)

= −
∫

λ̌−1·(R+i0+)
dv

8v

ev(t−1/2)

sinh(v/2)(sinh(λ̌v/2))2

= −
∫

R+i0+

dv

8v

ev(t−1/2)

sinh(v/2)(sinh(λ̌v/2))2
= Fnp(λ, t) , (3.44)

where we used the fact that the range of the parameter λ allows us to deform the contour
back to R + i0+. The result then follows. �
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We are now ready to prove the second point of Theorem 2.1. Another proof is given
in Appendix A.

Proposition 3.11. Under the same assumptions as in Lemma 3.10, we have

Fnp(λ, t) = 1

λ2
Li3(Q) +

B2

2
Li1(Q) +

∫ ∞

0
dξ e−ξ/λ̌G(ξ, t) , (3.45)

where G(ξ, t) is the Borel transform (3.16) obtained in the previous section, Q = e2π it ,
and λ̌ = λ/2π .

Proof. We start by performing the change of variables y = λv/2π on (3.35), obtaining

Fnp(λ, t) = 1

λ2

∫

λ(R+i0+)
dy

y

1− e2πy/λ
log(1− ey+2π it )

= 1

λ2

∫

R+i0+
dy

y

1− e2πy/λ
log(1− ey+2π it )

= lim
ε→0+

1

λ2

∫

R

dy
y

1− e2πy/λ−iε
log(1− ey+2π it ) ,

(3.46)

where in the second equality we have used that the range of λ allows us to deform the
contour back to R + i0+. Now using

d

dy
(− log(1− e−2πy/λ+iε)) = 2π

λ(1− e2πy/λ−iε)
(3.47)

and integration by parts, we find

Fnp(λ, t) = lim
ε→0

[
− y

2πλ
log(1− e−2πy/λ+iε) log(1− ey+2π i t )

∣∣
∣
∞
y=−∞

+
1

2πλ

∫

R

dy log(1− e−2πy/λ+iε)
(
log(1− ey+2π i t ) +

y

1− e−y−2π i t

)]
.

(3.48)

Because Re(λ) > 0, we obtain that the boundary terms vanish. Furthermore, splitting
the integration over the left and right half intervals, one then obtains

Fnp(λ, t) = lim
ε→0

[ 1

2πλ

∫ ∞

0
dy log(1− e−2πy/λ+iε)

(
log(1− ey+2π it ) +

y

1− e−y−2π it

)

+
1

2πλ

∫ ∞

0
dy log(1− e2πy/λ+iε)

(
log(1− e−y+2π it ) − y

1− ey−2π it

)]

= H̃(λ, t) + lim
ε→0

H(λ, t, ε) , (3.49)

where we have defined

H̃(λ, t) := 1

2πλ2

∫ ∞

0
dy (2πy + π iλ)

(
log(1− e−y+2π it ) − y

1− ey−2π i t

)

H(λ, t, ε) := 1

2πλ

∫ ∞

0
dy log(1− e−2πy/λ+iε)

(
log(1− ey+2π it ) + log(1− e−y+2π it )

+
y

1− e−y−2π it −
y

1− ey−2π it

)
. (3.50)
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One can compute H̃(λ, t) explicitly by performing an integration by parts to get rid of
the log term:

H̃(λ, t) = 1

2πλ2

(
(πy2 + π iλy) log(1− e−y+2π it )

∣
∣∣
∞
y=0

−
∫ ∞

0
dy (πy2 + π iλy)

−1

1− ey−2π it

)

− 1

2πλ2

∫ ∞

0
dy (2πy + π iλ)

y

1− ey−2π it

= 1

2λ2

∫ ∞

0
dy

y2

ey−2π it − 1
. (3.51)

Since Im(t) > 0, we find that |e2π it | < 1, so that the last integral in (3.51) corresponds
to an integral representation of Li3(e2π it )/λ2. Hence, we conclude that

H̃(λ, t) = 1

λ2
Li3(e

2π it ) . (3.52)

On the other hand, by expanding the first log term of H and applying the Fubini–Tonelli
theorem, we find that

H(λ, t, ε) = −
∞∑

n=1

1

2πλ

∫ ∞

0
dy

e−2πny/λ+inε

n

(
log(1− ey+2π it ) + log(1− e−y+2π it )

+
y

1− e−y−2π it −
y

1− ey−2π it

)
. (3.53)

Performing a change of variables in each integral, and interchanging integral and sum-
mations again, we obtain

H(λ, t, ε) = − 1
2πλ

∫∞
0 dy e−2πy/λ ∑∞

n=1
einε

n2

(
log(1− ey/n+2π it ) + log(1− e−y/n+2π it )

+ y/n
1−e−y/n−2π it − y/n

1−ey/n−2π it

)
(3.54)

Letting H(λ, t) := limε→0 H(λ, t, ε), we get

H(λ, t) = − 1

2πλ

∫ ∞

0
dy e−2πy/λ

∞∑

n=1

1

n2

(
log(1− ey/n+2π it ) + log(1− e−y/n+2π it )

+
y/n

1− e−y/n−2π it −
y/n

1− ey/n−2π it

)
. (3.55)

Finally, using that − 2π
λ
e−2πy/λ = d

dy e
−2πy/λ and integrating by parts yields

H(λ, t) =
[
e−2πy/λ

(2π)2

∞∑

n=1

1

n2

(
log(1− ey/n+2π it ) + log(1− e−y/n+2π it )

+
y/n

1− e−y/n−2π it −
y/n

1− ey/n−2π it

)]∣∣∣∣

∞

y=0

−
∫ ∞

0
dy

e−2πy/λ

(2π)2

d

dy

[ ∞∑

n=1

1

n2

(
log(1− ey/n+2π it ) + log(1− e−y/n+2π it )

+
y/n

1− e−y/n−2π it −
y/n

1− ey/n−2π it

)]
. (3.56)
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Using that the boundary term at ∞ vanishes, and interchanging the derivative with the
sum, we obtain

H(λ, t) = − 2

(2π)2
log(1− Q)

∞∑

n=1

1

n2
+
∫ ∞

0
dy e−2πy/λG(y, t)

= 1

2
Li1(Q)B2 +

∫ ∞

0
dy e−2πy/λG(y, t) , (3.57)

where we used that
∑∞

n=1
1
n2

= π2B2, Li1(Q) = − log(1− Q).
Hence, putting (3.49), (3.52) and (3.57) together gives us (3.45). �

We finish this section with the following corollaries:

Corollary 3.12. Let lk = R<0 ·2π i(t + k), and let ρk be a ray between lk and lk−1. Then
the following holds for n ∈ Z:

Fρk−n (λ, t + n) = Fρk (λ, t) . (3.58)

In particular, if 0 < Re(t) < 1 and Im(t) > 0, we have on their common domains of
definition

Fρ−n (λ, t + n) = log(G3(t | λ̌, 1)) (3.59)

Proof. Note that the labels lk (and hence also ρk) depend on t . In the following, we
denote lk(t) and ρk(t) to emphasize the t dependence. In particular, we have the relations
lk(t + n) = lk+n(t) and ρk(t + n) = ρk+n(t) for n ∈ Z.

Using the fact that G(ξ, t) = G(ξ, t + n) for any n ∈ Z, we thus obtain

Fρk−n (λ, t + n) = 1

λ2
Li3(e

2π i(t+n)) +
B2

2
Li1(e

2π i(t+n)) +
∫

ρk−n(t+n)

dξ e−ξ/λ̌G(ξ, t + n)

= 1

λ2
Li3(e

2π it ) +
B2

2
Li1(e

2π it ) +
∫

ρk−n(t+n)

dξ e−ξ/λ̌G(ξ, t)

= 1

λ2
Li3(e

2π it ) +
B2

2
Li1(e

2π it ) +
∫

ρk(t)
dξ e−ξ/λ̌G(ξ, t)

= Fρk (λ, t) . (3.60)

The final result then follows from Proposition 3.11 and 3.8. �

Corollary 3.13. Let ρ be a ray different from ±iR>0. The Borel-transform F0,ρ(λ) of
the formal series F0(λ) defined in (2.5) can be represented in the form

F0,ρ(λ) = − 1

λ2
ζ(3) + F1

0 −
∫

ρ

dξ e−ξ/λ̌

(
G(ξ, 0) +

1

12ξ

)
. (3.61)

It is related to the Borel transform Fρ(λ, t) of F̃(λ, t) by the equation (2.20).
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Proof. Wewill consider a limit of Fρ(λ, t) as t → 0, where t is taken to satisfy Re(t) >

0, Im(t) > 0; and such that along the limit, ρ is always between l−1 and l0 (resp. −l−1
and −l0) if ρ is on the right (resp. left) Borel half-plane. Let us first assume that ρ is
taken on the right half plane. The limit requires some care as G(ξ, 0) has a simple pole
with residue − B2

2 = − 1
12 at ξ = 0. We may observe, however, that

Fρ(λ, t) = 1

λ2
Li3(e

2π it ) +
∫

ρ

dξ
(
e−ξ/λ̌G(ξ, t) +

1

12

1

eξ−2π it − 1

)

has a well-defined limit for t → 0, as the poles at ξ = 0 in the integrand cancel each
other. This limit can be represented as

Fρ(λ, 0) = 1

λ2
ζ(3) +

∫

ρ

dξ e−ξ/λ̌

(
G(ξ, 0) +

1

12ξ

)
+

1

12

∫

ρ

dξ

(
1

eξ − 1
− e−ξ/λ̌

ξ

)
.

(3.62)

The derivative of the second integral with respect to λ̌ is easily found to be equal to− 1
12

1
λ̌
.

It follows that this integral is equal to − 1
12 log λ̌ + C , with C being an undetermined

constant. The integrand of the first integral in (3.62), on the other hand, is analytic
at ξ = 0. By straightforward computation of the Taylor series one may check that
G0(ξ) := −G(ξ, 0)− 1

12ξ is theBorel transformof the formal series F0(λ)+ζ(3)/λ2−F1
0

(see Lemma B.2 for the computation), so the relation (2.20) then follows. On the other
hand, if ρ is on the left half plane, one can apply the same argument from before by
using the relation Fρ(λ, t) = F−ρ(−λ, t) (see Lemma 3.16 below). �


3.3. Stokes phenomena of the Borel sum. In the previous section, we studied Fρ(λ, t)
for ρ = R>0. However, the ray R>0 is a choice, and any other ray ρ that avoids the
poles of G(ξ, t) in principle is an equally valid choice to perform the Borel sum. In this
section we study the dependence on this choice.

Proposition 3.14. Assume that Im(t) > 0 and for k ∈ Z let lk = R<0 · 2π i(t + k).
Furthermore let ρ be a ray in the sector determined by the Stokes rays lk+1 and lk ,
and ρ′ a ray in the sector determined by lk and lk−1. Then for λ ∈ Hρ ∩ Hρ′ (resp.
λ ∈ H−ρ ∩H−ρ′ ) we have

F±ρ(λ, t) − F±ρ′(λ, t) = 1

2π i
∂
λ̌

(
λ̌Li2

(
e±2π i(t+k)/λ̌)

)
. (3.63)

If Im(t) < 0, then the previous jumps also hold provided ρ is interchanged with ρ′ in
the above formulas.

Proof. Notice that

Fρ(λ, t) − Fρ′(λ, t) =
∫

H(lk )
dξ e−ξ/λ̌G(ξ, t) , (3.64)

where H(lk) is a Hankel contour around lk = R<0 · 2π i(t + k).
To compute this, notice that for our range of parameters, G(ξ, t) has double poles at

ξ = 2π im(t + k) for all k ∈ Z and m ∈ Z \ {0} with generalized residues

d

dξ
(e−ξ/λ̌(ξ − 2π im(t + k))2G(ξ, t))

∣∣∣∣
ξ=2π im(t+k)
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= −e−2π im(t+k)/λ̌

(2π)2m2

(
1 +

2π im(t + k)

λ̌

)
. (3.65)

In particular, we have that

∫

H(lk )
dξ e−ξ/λ̌G(ξ, t) = 2π i

−∞∑

m=−1

d

dξ
(e−ξ/λ̌(ξ − 2π im(t + k))2G(ξ, t))

∣∣∣∣
ξ=2π im(t+k)

= − i

2π

∞∑

m=1

e2π im(t+k)/λ̌

m2

(
1− 2π im(t + k)

λ̌

)

= − i

2π

(
Li2

(
e2π i(t+k)/λ̌

)
+
2π i(t + k)

λ̌
log

(
1− e2π i(t+k)/λ̌

))

= 1

2π i
∂
λ̌

(
λ̌Li2

(
e2π i(t+k)/λ̌)

)
, (3.66)

where we have used the series representation of Lis(z) for s = 1, 2; and the fact that for

λ in a sufficiently small sector containing lk , we have |e2π i(t+k)/λ̌| < 1.
A similar argument follows for the rest of the cases in the statement of the

proposition. �


3.3.1. Stokes jumps of the other Borel transform. Recall the expression for the Borel
transform which was obtained previously in [PS10], given in (3.28):

G(ξ, t) =
∑

k∈Z

1

ξ

(
(k − t)2

ξ2
− eξ/(k−t)

(eξ/(k−t) − 1)2
− 1

12

)

, (3.67)

Similarly to the previous discussion, if ym = ξ − 2π im(t + k) near the pole given by
ξ = 2π im(t + k), then by Taylor expanding the integrand near ym = 0 we obtain

e−ξ/λ̌G(ξ, t) = e−2π im(t+k)/λ̌
(

1

y2m

i(t + k)

2πm
+

1

ym

(
− 1

4π2m2 − i

2πmλ̌
(t + k)

)
+O(1)

)
.

(3.68)

Hence, by following the argument of Proposition 3.14, we obtain the same Stokes jumps.

3.4. The limits limk→±∞ Fρk (λ, t) and FGV(λ, t). To finish the proof of Theorem 2.1,
we study the limits of Fρ(λ, t), discussed in point (iv).

Proposition 3.15. Let ρk denote any ray between the Stokes rays lk and lk−1. Fur-
thermore, assume that 0 < Re(t) < 1, Im(t) > 0, Re(λ) > 0, Im(λ) < 0, and
Re(t) < Re(λ̌ + 1). Then

lim
k→∞ Fρk (λ, t) =

∞∑

k=1

e2π ikt

k
(
2 sin

(
λk
2

))2 = FGV(λ, t) . (3.69)

Furthermore, we can write the sum of the Stokes jumps along lk for k ≥ 0 as

∞∑

k=0

φlk (λ, t) = 1

2π i
∂λ

(
λ

∞∑

l=1

wl

l2(1− q̃l)

)
, w := e2π it/λ̌, q̃ := e2π i/λ̌ . (3.70)
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Proof. By Proposition 3.14 we find that

Fρk − Fρk+1 =
i

2π

(
Li2

(
e2π i(t+k)/λ̌

)
+ log(e2π i

t+k
λ̌ ) log

(
1− e2π i(t+k)/λ̌

))
. (3.71)

Denoting w = e2π it/λ̌ and q̃ = e2π i/λ̌, we find

Fρ0(λ, t) − lim
k→∞ Fρk (λ, t) =

∞∑

k=0

Fρk (λ, t) − Fρk+1(λ, t)

= i

2π

∞∑

k=0

(
Li2

(
wq̃k

)
+ log

(
wq̃k

)
log

(
1− wq̃k

))
.

(3.72)

We now use the following identities:
∞∑

k=0

log(1− wq̃k) = −
∞∑

l=1

1

l

wl

1− q̃l
, (3.73a)

∞∑

k=0

k log(1− wq̃k) = −
∞∑

l=1

q̃l

l

wl

(1− q̃l)2
, (3.73b)

∞∑

k=0

Li2(wq̃k) =
∞∑

l=1

1

l2
wl

1− q̃l
. (3.73c)

The first two identities (3.73a) and (3.73b) are easily established by using the Taylor
expansion of the logarithm function; using that |̃q| < 1 and |w| < 1; and exchanging
the two summations. In order to verify (3.73c), one can first act on it with w d

dw . The left
side of the resulting equation is easily seen to be equal to

−
∞∑

k=0

log(1− wq̃k) =
∞∑

l=1

1

l

wl

1− q̃l
,

using (3.73a). It follows that (3.73c) holds up to addition of a term which is constant
with respect to w. In order to fix this freedom, it suffices to note that (3.73c) holds for
w = 0.

Using the previous identities, we obtain

Fρ0(λ, t) − lim
k→∞ Fρk (λ, t) = i

2π

∞∑

l=1

wl

l(1− q̃l)

(
1

l
− q̃l log q̃

1− q̃l
− logw

)

= − i

2π

∞∑

l=1

∂

∂l

(
wl

l(1− q̃l)

)
.

(3.74)

Now notice that under our assumptions on t and λ, we have Fρ0 = Fnp by Propo-
sition 3.11. We now show that Fρ0 admits the following representation as sum over
residues:

Fρ0(λ, t) = 1

2π i

∞∑

l=1

∂

∂l

(
wl

l(1− q̃l)

)
+

∞∑

k=1

e2π ikt

k
(
2 sin

(
λk
2

))2 . (3.75)
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In order to see this, let us recall that by Proposition 3.8, we have

Fnp(λ, t) = −
∫

R+i0+

du

8u

eu(t− 1
2 )

sinh(u/2)(sinh(λu/4π))2

=
∫

R+i0+

du

u

eut

1− eu
1

(2 sinh(λu/4π))2
.

The integrand has two series of poles, one at u = ul := (2π)2 i
λ
l, l ∈ Z and the other at

u = ũk := 2π ik, k ∈ Z. We can compute the previous integral by closing the contour
in the upper half-plane. The contributions from the poles at u = ul are calculated as

2π i

(
4π

2λ

)2
∂

∂u

eut

(1− eu)u

∣∣∣∣
u=(2π)2 i

λ
l
= 2π i

(2π)2

λ2

(
λ

i(2π)2

)2
∂

∂l

wl

(1− q̃l)l

= 1

2π i

∂

∂l

wl

(1− q̃l)l
,

while the contributions of the poles at u = 2π ik give the remaining term.
In particular, we conclude that

lim
k→∞ Fρk (λ, t) = lim

k→∞(Fρk (λ, t) − Fρ0(λ, t)) + Fρ0(λ, t)

= − 1

2π i

∞∑

l=1

∂

∂l

(
wl

l(1− q̃l)

)
+

1

2π i

∞∑

l=1

∂

∂l

(
wl

l(1− q̃l)

)

+
∞∑

k=1

e2π ikt

k
(
2 sin

(
λk
2

))2

=
∞∑

k=1

e2π ikt

k
(
2 sin

(
λk
2

))2 . (3.76)

The last statement follows easily by noticing that

i

2π

∞∑

l=1

∂

∂l

(
wl

l(1− q̃l)

)
= 1

2π i
∂λ

(
λ

∞∑

l=1

wl

l2(1− q̃l)

)
. (3.77)

�

To study the other limits to the imaginary rays, we use the following lemma:

Lemma 3.16. For ρ any ray not in {±lk} ∪ {±l∞} and λ ∈ Hρ , we have

Fρ(λ, t) = F−ρ(−λ, t) . (3.78)

Proof. The main thing to notice is that

G(ξ, t) = −G(−ξ, t) . (3.79)

Using the earlier relation, we obtain

Fρ(λ, t) = 1

λ2
Li3(Q) +

B2

2
Li1(Q) −

∫

ρ

dξ e−ξ/λ̌G(−ξ, t)
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= 1

λ2
Li3(Q) +

B2

2
Li1(Q) +

∫

−ρ

dξ eξ/λ̌G(ξ, t)

= F−ρ(−λ, t) . (3.80)

�

As an immediate corollary from Proposition 3.15 and Lemma 3.16, we obtain:

Corollary 3.17. With the same notation as in Proposition 3.15, assume that 0 < Re(t) <

1, Im(t) > 0, Re(λ) < 0, Im(λ) > 0 and Re(t) < Re(−λ̌ + 1). Then

lim
k→∞ F−ρk (λ, t) = FGV(λ, t) . (3.81)

Proposition 3.18. With the same notation as in Proposition 3.15, assume that 0 <

Re(t) < 1, Im(t) > 0, Re(λ) < 0, Im(λ) < 0, Re t < Re(−λ̌ + 1) and that |w−1| < 1.
Then

lim
k→−∞ F−ρk (λ, t) = FGV(λ, t) (3.82)

Remark 3.19. For fixed λ satisfying Re(λ) < 0, Im(λ) < 0, the condition |w−1| < 1 can
be satisfied by picking t such that 0 < Re(t) < 1, Im(t) > 0, and Im(t) is sufficiently
large. Similarly, for fixed t with 0 < Re(t) < 1, Im(t) > 0, |w−1| < 1 can be satisfied
by picking λ such that Re(λ) < 0, Im(λ) < 0 and |Im(λ)| << |Re(λ)| .
Proof. Using the jumps along the Stokes rays lk for k < 0, we find that

F−ρ0 − lim
k→−∞ F−ρk =

−∞∑

k=−1

F−ρk+1 − F−ρk

= − i

2π

−∞∑

k=−1

(
Li2

(
e−2π i(t+k)/λ̌) + log(e−2π i t+k

λ̌ ) log
(
1− e−2π i(t+k)/λ̌)

)

= − i

2π

∞∑

k=0

(
Li2

(
w−1q̃k

)
+ log(w−1q̃k) log

(
1− w−1q̃k

))

+
i

2π

(
Li2

(
w−1) + log(w−1) log

(
1− w−1)

)
. (3.83)

Using the constraints on t and λ, we find that |w−1| < 1 and |̃q| < 1, so that we can
expand in series as in Proposition 3.15 and write

F−ρ0 − lim
k→−∞ F−ρk

= − i

2π

∞∑

l=1

w−l

l(1− q̃l)

(
1

l
− q̃l log q̃

1− q̃l
− logw−1

)

+
i

2π

(
Li2

(
w−1) + log(w−1) log

(
1− w−1)

)

= − 1

2π i

∞∑

l=1

∂

∂l

(
w−l

l(1− q̃l)

)
+

i

2π

(
Li2

(
w−1) + log(w−1) log

(
1− w−1)

)
.

(3.84)
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On theother hand, under our conditions on theparameters t andλ, andbyLemma3.16,
we have that

F−ρ0(λ, t) = Fnp(−λ, t) . (3.85)

Following the same argument as in Proposition 3.15 using the integral representation of
Fnp, we find that

Fnp(−λ, t) = 1

2π i

∞∑

l=1

∂

∂l

(
w−l

l(1− q̃−l)

)
+

∞∑

k=1

e2π ikt

k
(
2 sin

(
λk
2

))2 .

Hence, we find that for λ and t as in the hypothesis

F−ρ0(λ, t) = 1

2π i

∞∑

l=1

∂

∂l

(
w−l

l(1− q̃−l)

)
+ FGV(λ, t) (3.86)

Joining our results together, we conclude that

lim
k→−∞ F−ρk (λ, t) = 1

2π i

∞∑

l=1

( ∂

∂l

(
w−l

l(1− q̃−l)

)
+

∂

∂l

(
w−l

l(1− q̃l)

))
+ FGV(λ, t)

+
1

2π i

(
Li2

(
w−1) + log(w−1) log

(
1− w−1)

)
. (3.87)

Finally, notice that

∞∑

l=1

( ∂

∂l

(
w−l

l(1− q̃−l)
+

w−l

l(1− q̃l)

))
=

∞∑

l=1

( ∂

∂l

(
w−l

l

))

= log(w−1)

∞∑

l=1

w−l

l
−

∞∑

l=1

w−l

l2

= −(Li2(w
−1) + log(w−1) log(1− w−1)),

(3.88)

where in the last equality we used that |w−1| < 1 under our hypotheses. Hence, we
conclude that

lim
k→−∞ F−ρk (λ, t) = FGV(λ, t) . (3.89)

�

By using Lemma 3.16 and Proposition 3.18, we get the following immediate corol-

lary:

Corollary 3.20. With the same notation as in Proposition 3.15, assume that 0 < Re(t) <

1, Im(t) > 0, Re(λ) > 0, Im(λ) > 0, Re(t) < Re(λ̌ + 1) and such that |w| < 1. Then

lim
k→−∞ Fρk (λ, t) = FGV(λ, t) . (3.90)

The limits studied above can be informally interpreted as the relation between FGV(λ, t)
and the Borel summations along the imaginary axes.
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3.4.1. Relation between FR>0 and F resum
coni . In this subsection, we briefly explain how

FR>0 = Fnp relates to F resum
coni from [HO15].

On the one hand, from part (iv) of Theorem 2.1 together with the comments of
Sect. 2.3, we find that

FR>0(λ, t) = FGV(λ, t) +
1

2π i

∂

∂λ
λFNS

(4π2

λ
,
2π

λ

(
t − 1

2

))
. (3.91)

On the other hand, in [HO15] the following function is considered

F resum
coni (λ, t) = Li3(Q)

λ2
+
∫ ∞

0
dv

v

1− e2πv−i0+
log(1 + Q2 − 2Q cosh(λv)),

Q = e2π i t , (3.92)

and it is conjectured that

F resum
coni (λ, t) = FGV(λ, t) +

1

2π i

∂

∂λ
λFNS

(4π2

λ
,
2π

λ

(
t − 1

2

))
, (3.93)

as explained in Sect. 2.4.
We show that this in indeed the case, by the use of the Woronowicz form of FR>0 of

Lemma 3.10.

Proposition 3.21. Let t ∈ C be such that 0 < Re(t) < 1, Im(t) > 0, and let λ be in the
sector determined by l0 = R<0 · 2π it and l−1 = R<0 · 2π i(t − 1). Then FR>0 = F resum

coni
on their common domains of definition.

Proof. First notice that since

1 + Q2 − 2Q cosh(λx) = (1− eλx Q)(1− e−λx Q) , (3.94)

we can rewrite (3.92) as follows

F resum
coni = Li3(Q)

λ2
+
∫
R+i0+ dv

v
1−e2πv log(1− eλvQ)

− ∫ 0
−∞ dv v

1−e2πv−i0+ log(1− eλvQ) +
∫∞
0 dv v

1−e2πv−i0+ log(1− e−λvQ)

= Li3(Q)

λ2
+
∫
R+i0+ dv

v
1−e2πv log(1− eλvQ) +

∫∞
0 dv v log(1− e−λvQ). (3.95)

On the other hand, notice that we can rewrite the last term in the above expression as
follows:

∫ ∞

0
dv v log(1− e−λvQ) = 1

λ2

∫

λ·R>0

dv v log(1− e−vQ)

= 1

λ2

∫ ∞

0
dv v log(1− e−vQ)

= 1

2λ2

∫ ∞

0
dv

v2

1− evQ−1 = − 1

λ2
Li3(Q) (3.96)

where in the second equality we have used that the range of λ allows us to deform back
the contour to R>0; in the third equality we have integrated by parts; and in the last one
we have used that Im(t) > 0 implies that |e2π it | < 1, and hence we can use the integral
representation of Li3.
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Hence,

F resum
coni =

∫

R+i0+
dv

v

1− e2πv
log(1− eλvQ)

= 1

(2π)2

∫

R+i0+
dv

v

1− ev
log(1− e

λ
2π v+2π it ) (3.97)

so the result follows from Lemma 3.10 and Proposition 3.11. �


4. Relation to the Riemann–Hilbert Problem and Line Bundles

In Sects. 2 and 3 we discussed the Borel sum Fρ(λ, t) of F̃(λ, t) along the ray ρ, and
its dependence on ρ in terms of the Stokes jumps. Our objectives in this section are the
following:

• On one hand, in [Bri20] a Riemann–Hilbert problem is associated to the BPS spec-
trum of the resolved conifold. This involves finding piecewise holomorphic functions
Xγ onC××M , withM being called the space of stability structures, related by certain
Stokes jumps along rays in C

×. Introducing a coordinate λB for C× called twistor
variable one may interpret the family of functionsXγ (λB,−) on M as complex coor-
dinates defining a family of complex structures on M . We will show that the jumps of
Fρ(λ, t) serve as “potentials" for the Stokes jumps associated to the Riemann–Hilbert
problem.

• On the other hand, in thinkingof Fρ(λ, t)more geometrically, it is natural to consider
the partition functions

Zρ(λ, t) = exp(Fρ(λ, t)) , (4.1)

and interpret them as defining a section of a line bundleL, having transition functions
equal to the exponentials of the Stokes jumps. This perspective follows the ideas of
[CLT20], specialized to the case of the resolved conifold.

• We will furthermore demonstrate that the the line bundle L is related to certain
hyperholomorphic line bundles previously considered in [Nei11,APP11b]. These
hyperholomorphic line bundles are canonically defined by a given BPS spectrum and
represented by transition functions defined from the Rogers dilogarithm function.We
will show that the hyperholomorphic line bundles considered in [Nei11,APP11b] are
in the case of the resolved conifold related to the line bundle L by performing a
certain “conformal limit" previously considered in [Gai14].

In order to facilitate comparison with [Bri20], we will represent the parameters λ and
t used in this paper in the following form

t = v/w, λ = 2πλB/w , (4.2)

where λB is the notation used here for the variable denoted t in [Bri20], and consider a
projectivized partition function

Zρ(λB, v, w) := exp
(
Fw−1·ρ

(2πλB

w
,

v

w

))
. (4.3)

We will show that after appropriately normalizing the partition functions Zρ → Ẑρ ,
the BPS spectrum of the resolved conifold will be neatly encoded in the transition func-
tions of the line bundle defined by Ẑρ . Furthermore, we will see that the normalization
reintroduces the constant map constribution 2.5, giving a partition function whose free
energy has asymptotic expansion equal to 2.4.
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4.1. Bridgeland’s Riemann–Hilbert problem and its solution. We begin by recalling the
Riemann–Hilbert problem considered in [Bri20]. The initial data for such Riemann–
Hilbert problems is the following:

Definition 4.1. A variation of BPS structures is given by a tuple (M, 	, Z ,�), where

• M is a complex manifold.
• Charge lattice: 	 → M is a local system of lattices with a skew-symmetric, covari-
antly constant paring 〈−,−〉: 	 × 	 → Z.
• Central charge: Z is a holomorphic section of 	∗ ⊗ C → M .
• BPS indices:� : 	 → Z is a function satisfying�(γ ) = �(−γ ) and theKontsevich–
Soibelman wall-crossing formula [KS08,Bri19].

The tuple (M, 	, Z ,�) should also satisfy the following conditions:

• Support property: Let Supp(�) := {γ ∈ 	 | �(γ ) �= 0}. Given a compact set
K ⊂ M and a choice of covariantly constant norm | · | on 	|K ⊗Z R, there is a
constant C > 0 such that for any Supp(�) ∩ 	|K :

|Zγ | > C |γ | . (4.4)

• Convergence property: for each p ∈ M , there is an R > 0 such that

∑

γ∈	p

|�(γ )|e−R|Zγ | < ∞ . (4.5)

The variation of BPS structures associated to the resolved conifold is then taken to
be the tuple (M, 	, Z ,�), where:

• M is the complex 2-dimensional manifold

M := {(v,w) ∈ C
2 | w �= 0, v + nw �= 0 for all n ∈ Z} . (4.6)

• 	 → M is given by the trivial local system

	 = Z · δ ⊕ Z · β ⊕ Z · δ∨ ⊕ Z · β∨, (4.7)

with pairing defined such that (β∨, β, δ∨, δ) is a Darboux frame. Namely,

〈δ∨, δ〉 = 〈β∨, β〉 = 1 , (4.8)

with all other pairings equal to 0.
• If for γ ∈ 	, we denote Zγ := Z(γ ), Z is defined by

Znβ+mδ+pβ∨+qδ∨ = 2π i(nv + mw), for n,m, p, q ∈ Z . (4.9)

• � is given by the BPS spectrum of the resolved conifold [JS12], see also [BLR19]:

�(γ ) =

⎧
⎪⎨

⎪⎩

1 if γ = ±β + nδ for n ∈ Z ,

−2 if γ = kδ for k ∈ Z \ {0} ,
0 otherwise.

(4.10)
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To this data, the following Riemann–Hilbert problem is associated2. First, we define
Lk := R<0 · 2π i(v + kw) and L∞ := R<0 · 2π iw, and assume that (v,w) ∈ M satisfies
Im(v/w) > 0 (the case Im(v/w) ≤ 0 is also considered in [Bri20], but we restrict to
Im(v/w) > 0 for simplicity). Then, for each rayρ from0 to∞not in {±Lk}k∈Z∪{±L∞},
we should find a holomorphic function Xγ,ρ(v,w,−) : Hρ → C

× labeled by γ ∈ 	

such that they satisfy the following:

• Twisted homomorphism property: for γ, γ ′ ∈ 	 we have

Xγ+γ ′,ρ(v,w,−) = (−1)〈γ,γ ′〉Xγ,ρ(v,w,−)Xγ ′,ρ(v,w,−) . (4.11)

• Stokes jumps: we denote by ρk a ray between Lk and Lk−1. We then have

Xγ,±ρk+1(v,w, λB)

= Xγ,±ρk (v,w, λB)(1− X±(β+kδ)(v,w, λB))〈γ,±(β+kδ)〉�(β+kδ). (4.12)

On the other hand, consider ρk1 and ρk2 with k1 �= k2, and let [ρk1 ,−ρk2 ] denote the
smallest of the two sectors determinedbyρk1 and−ρk2 . In the caseL∞ ⊂ [ρk1 ,−ρk2 ],
for λB in the corresponding common domains we have

Xγ,−ρk2
= Xγ,ρk1

·
( ∏

k≥k1

(1− Xβ+kδ)
〈γ,β+kδ〉�(β+kδ)

∏

k>−k2

(1− X−β+kδ)
〈γ,−β+kδ〉�(β−kδ)

∏

k≥1

(1− Xkδ)
〈γ,kδ〉�(kδ)

)
, (4.13)

while if −L∞ ⊂ [ρk1 ,−ρk2 ], we have

Xγ,ρk1
= Xγ,−ρk2

·
( ∏

k≥k2

(1− X−β−kδ)
〈γ,−β−kδ〉�(β+kδ)

∏

k>−k1

(1− Xβ−kδ)
〈γ,β−kδ〉�(β−kδ)

∏

k≥1

(1− X−kδ)
〈γ,−kδ〉�(kδ)

)
. (4.14)

• Asymptotics as λB → 0: For each ray ρ and γ ∈ 	, we have

Xγ,ρ(v,w, λB)e−Zγ (z,w)/λB → 1, as λB → 0, λB ∈ Hρ. (4.15)

• Polynomial growth as λB → ∞: for each ray ρ and γ ∈ 	, we have the following
for some k > 0:

|λB|−k < |Xγ,ρ(v,w, λB)| < |λB|k, for |λB| � 0 . (4.16)

Such a problem is shown to admit a unique solution [Bri19, Lemma 4.9], and the
solution is given as follows. By the twisted homomorphism property, it is enough to
describe Xγ,ρ for γ ∈ {β∨, β, δ∨, δ}. The solutions for γ = β and γ = δ have trivial
Stokes jumps, and they are given by

Xβ,ρ(v,w, λB) = e2π iv/λB , Xδ,ρ(z, w, λB) = e2π iw/λB , (4.17)

2 We will follow slightly different conventions from [Bri20]. In particular, what we call Lk corresponds in
Bridgeland’s convention to −Lk .
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for any ray ρ. On the other hand, for a ray ρk between Lk and Lk−1, the functions
Xβ∨,−ρk (v,w, λB) and Xδ∨,−ρk (v,w, λB) are given by (see [Bri20, Equation (67)])

Xβ∨,−ρk (v,w, λB) = F∗(v + kw |w,−λB)

Xδ∨,−ρk (v,w, λB) = H∗(v + kw |w,−λB)(F∗(v + kw |w,−λB))k ,

(4.18)

where F∗ is defined in terms of double sine function, and H∗ in terms of the triple sine
function (see [Bri20, Section 5] for more details on the definitions of F∗ and H∗). On
the other hand, Xβ∨,ρk and Xδ∨,ρk are determined by the relation

Xγ,ρk (v,w, λB) = 1/Xγ,−ρk (v,w,−λB) , (4.19)

that follows from uniqueness of the solutions of the Riemann–Hilbert problem.

4.2. Relation of the partition function to the Riemann–Hilbert problem. In this section
we wish to relate the Stokes jumps of Fρ(λ, t) with the Stokes jumps of the Riemann–
Hilbert problem.More specifically, we will first consider a normalization of the partition
function exp(Fρ(λ, t)) by a factor proportional to λ1/12 exp(Fρ(λ, 0)). This normaliza-
tion will not only capture the required Stokes jumps at ±l∞, but will also allow us
to recover the constant map contribution of (2.4). Indeed, by Corollary 3.13, this nor-
malization introduces back the Borel sum of the constant map constribution to the free
energy. We will then relate the Stokes jumps of the normalized partition function to the
jumps of the Riemann–Hilbert problem of Sect. 4.1. This will in turn show us how the
BPS spectrum of the resolved conifold is encoded in the Stokes jumps of Fρ(λ, t). We
will use the notation of Sect. 4.1 throughout.

To establish the link with Sect. 4.1 more clearly, it will be convenient to consider the
projectivized parameters

t = v/w, λ̌ = λB/w, (4.20)

where we recall that λ̌ = λ/2π . We think of the tuple (v,w) as a point of M .
We consider the rays Lk = R<0 · 2π i(v + kw) = R<0 · Zβ+kδ for k ∈ Z and

L∞ = R<0 · 2π iw = R<0 · Zkδ . The relation to the old Stokes rays is then given by
Lk = w · lk and L∞ = w · l∞ .

Definition 4.2. Given a ray ρ different from {±Lk}k∈Z ∪ {±L∞} we define the for
λB ∈ Hρ and (v,w) ∈ M with Im(v/w) �= 0,

Fρ(λB, v, w) := Fw−1·ρ
(
2πλB

w
,

v

w

)
= Fw−1·ρ(λ, t) . (4.21)

Notice that

Fρ(λB, v, 1) = Fρ(λ, t) . (4.22)

Following the same argument as in Proposition 3.14, it is easy to check the following:
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Proposition 4.3. Let ρk be a ray in the sector determined by the rays Lk and Lk−1.
Then, if Im(v/w) > 0, on the overlap of their domains of definition in the λB variable
we have

�±Lk (λB, v, w) := F±ρk+1(λB, v, w) − F±ρk (λB, v, w)

= 1

2π i
∂λB

(
λBLi2

(
e±2π i(v+kw)/λB

))
. (4.23)

If Im(v/w) < 0, then the previous jumps also hold provided ρk+1 is interchanged with
ρk in the above formulas.

Proof. After a change of integration variables, we obtain

Fρk+1(λB, v, w) − Fρk (λB, v, w) = 1

w

∫

H(Lk )

dξ e−ξ/λBG(ξ/w, v/w) , (4.24)

whereH(Lk) is a Hankel contour around Lk . The result then follows by summing over
residues along the poles in Lk , as in Proposition 3.14. �


4.2.1. Normalizing the partition function and the Stokes jumps at ±l∞. We would like
to first make sense of a limit of the form

Fρ(λ, 0) := lim
t→0

Fρ(λ, t) , (4.25)

where t is taken to satisfy Re(t) > 0, Im(t) > 0; and such that along the limit, ρ is
always between l−1 and l0 (resp. −l−1 and −l0) if ρ is on the right (resp. left) Borel
half-plane.

Lemma 4.4. The limit Fρ(λ, 0) from above exists for λ ∈ Hρ . In fact, if ρ is on the
right (resp. left) Borel plane, is can be analytically continued to λ ∈ C

× \ R≤0 (resp.
λ ∈ C

× \ R≥0).

Proof. Let us assume that ρ is on the right Borel plane. Then by Propositions 3.11
and 3.8, and our condition on t , we have

Fρ(λ, t) = FR>0(λ, t) = log(G3(t | λ̌, 1)) , (4.26)

wherewe recall thatG3 is the function defined in terms of the triple sine inDefinition 3.7.
By Proposition 3.8, the function G3(t | λ̌, 1) has a well defined value at t = 0; and

G3(0 | λ̌, 1) is everywhere regular, vanishing only at the points λ̌ ∈ Q≤0.
In particular, for λ̌ ∈ Hρ , we have

Fρ(λ, 0) = lim
t→0

Fρ(λ, t) = log(G3(0 | λ̌, 1)) , (4.27)

and we can analytically continue Fρ(λ, 0) to λ ∈ C
× \ R≤0.

If ρ is on the left Borel plane, the statement follows from the previous case, together
with the relation Fρ(λ, t) = F−ρ(−λ, t) from Lemma 3.16. �
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Notice that by Lemma 4.4, we can also write

Fρ(λ, 0) = 1

λ2
Li3(1) + lim

t→0

(
B2

2
Li1(e

2π it ) +
∫

ρ

dξ e−ξ/λ̌G(ξ, t)

)
, (4.28)

where the limit in t is assumed to satisfy the constraints from above.
The following proposition suggests that one can obtain the appropriate Stokes jumps

at ±l∞ by considering a normalization involving Fρ(λ, 0):

Proposition 4.5. Let ρ (resp. ρ′) be a ray close to l∞ = iR<0 from the left (resp. right).
Then for λ in their common domain of definition

F±ρ(λ, 0) − F±ρ′(λ, 0) = 1

π i

∑

k≥1

∂
λ̌

(
λ̌Li2

(
e±2π ik/λ̌)

)
− iπ

12
. (4.29)

Furthermore Fρ(λ, 0) only has Stokes jumps along ±l∞.

Proof. First, notice that by our definition of the limit in t , we have

Fρ(λ, 0) − Fρ′(λ, 0) = lim
t→0

( ∫

ρ

dξ e−ξ/λ̌G(ξ, t) −
∫

ρ′
dξ e−ξ/λ̌G(ξ, t)

)

= lim
t→0

∫

H
dξ e−ξ/λ̌G(ξ, t) , (4.30)

where H = ρ − ρ′ denotes a Hankel contour along iR<0, containing lk for k ≥ 0 and
−lk for k < 0. Hence, for λ close to l∞, the Hankel contour just gives the contribution
of these rays that we previously computed:

Fρ(λ, 0) − Fρ′(λ, 0) = lim
t→0

∫

H
dξ e−ξ/λ̌G(ξ, t)

= lim
t→0

(
1

2π i

∑

k≥1

[
∂
λ̌

(
λ̌Li2(e

2π i(t+k)/λ̌)
)
+ ∂

λ̌

(
λ̌Li2(e

−2π i(t−k)/λ̌)
)]

+
1

2π i
∂
λ̌

(
Li2(e

2π it/λ̌)
))

= 1

π i

∑

k≥1

∂
λ̌

(
λ̌Li2(e

2π ik/λ̌)
)
+

1

2π i
Li2(1)

= 1

π i

∑

k≥1

∂
λ̌

(
λ̌Li2(e

2π ik/λ̌)
)
− π i

12
.

(4.31)

A similar argument follows for−l∞ = iR>0. Furthermore, the fact that there are no other
Stokes jumps follows from the way we have defined the limit Fρ(λ, 0). For example, if
ρ and ρ′ are both on the right Borel plane, then along the limit ρ and ρ′ are both between
l0 and l−1, and hence Fρ(λ, 0) = Fρ′(λ, 0). �


We can as before projectivize, and define

Fρ(λB, 0, w) := lim
v→0

Fρ(λB, v, w) , (4.32)

where the limit in v is such that t = v/w satisfies the conditions of the previous limit in
Fρ(λ, 0).
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Proposition 4.6. Let ρ (resp. ρ′) be a ray close toL∞ = iR<0 from the left (resp. right).
Then for λB in their common domain of definition

F±ρ(λB, 0, w) − F±ρ′(λB, 0, w) =
∑

k≥1

�±L∞,k − π i

12
, (4.33)

where

�±L∞,k(λB, v, w) := 1

π i
∂λB

(
λBLi2

(
e±2π ikw/λB

))
(4.34)

Furthermore, F±ρ(λB, 0, w) only has Stokes jumps along ±L∞.

On the other hand, Corollary 3.13 and (2.20) suggest to not only normalize by Fρ(λB,

0, w) but to also normalize by a 1
12 log(λB/w) term as follows:

Definition 4.7. Given a ray ρ different from {±Lk}k∈Z∪{±L∞}we define the following
for λB ∈ Hρ and (v,w) ∈ M with Im(v/w) > 0:

F̂ρ(λB, v, w) := Fρ(λB, v, w) − Fρ(λB, 0, w) − 1

12
log

(λB

w

)
, (4.35)

where we place the branch cut of the log term at l∞ = iR<0. We also define the
normalized partition function as

Ẑρ(λB, v, w) := exp(F̂ρ(λB, v, w)) . (4.36)

We remark that due to (2.20) and Corollary 3.13, asymptotic expansion of the the nor-
malized free energy F̂ρ(λ, t, 1) as λ → 0 recovers the full F(Q, λ) of (2.4) up to an
overall shift by a constant, which can be absorbed in a redefinition of F̂ρ(λB, v, w).

We immediately obtain the following:

Corollary 4.8. The Stokes jumps of F̂(λB, v, w) at±Lk are given by (4.23), while (using
the notation of Proposition 4.6) we find that the Stokes jumps at ±L∞ are determined
by

−F±ρ(λB, 0, w) + F±ρ′(λB, 0, w) − lim
λB→±L+∞

1

12
log

(λB

w

)
− lim

λB→±L−∞

1

12
log

(λB

w

)

= −
∑

k≥1

�±L∞,k ∓ π i

12
, (4.37)

where limλB→±L+∞ (resp. limλB→±L−∞ ) denotes the anti-clockwise (resp. clockwise) limit
to ±L∞.

Proof. The only new thing to notice is that because of the log(λ̌) term with branch cut
at l∞ of the normalization, we find that

− lim
λB→L+∞

1

12
log

(λB

w

)
− lim

λB→L−∞

1

12
log

(λB

w

)
= −2π i

12
= −π i

6
, (4.38)

while

− lim
λB→−L+∞

1

12
log

(λB

w

)
− lim

λB→−L−∞

1

12
log

(λB

w

)
= 0 . (4.39)

Combining these jumps with (minus) the jumps of (4.33) gives the desired result. �
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4.2.2. Relation to theRiemann–Hilbert problem. In this subsection,wewish to relate the
Stokes jumps of Ẑρ with the Stokes jumps of the Riemann–Hilbert problem in Sect. 4.1.
We will see that the jumps of Ẑρ serve as “potentials" for the jumps of the RH problem.

For the discussion below, it will be useful to note that the Stokes jumps can be repre-
sented in terms of the double sine function, revealing some important properties. A useful
review of definition and relevant properties of the double sine function sin2(z |ω1, ω2)

can be found in [Bri20, Section 4] and references therein.

Definition 4.9. For z ∈ C and ω1, ω2 ∈ C
×, let

F(z |ω1, ω2) := exp
(
− π i

2
B2,2(z |ω1, ω2)

)
· sin2(z |ω1, ω2) (4.40)

where B2,2(z |ω1, ω2) is a multiple Bernoulli polynomial.

We will use the following properties of the function F .

Proposition 4.10 (See [Bri20, Proposition 4.1]). The function F(z |ω1, ω2) is a single
valued meromorphic function of the variables z ∈ C and ω1, ω2 ∈ C

× under the
assumption ω1/ω2 �∈ R<0. It has the following properties:

• The function is regular and non-vanishing except at the points

z = aω1 + bω2, a, b ∈ Z . (4.41)

• It is invariant under simultaneous rescaling of the three arguments, and symmetric
in ω1, ω2.
• It satisfies the difference equation

F(z + ω1 |ω1, ω2)

F(z |ω1, ω2)
= (1− e2π iz/ω2)−1 . (4.42)

• WhenRe(ωi ) > 0 and 0 < Re(z) < Re(ω1+ω2) there is an integral representation

F(z |ω1, ω2) = exp
( ∫

R+i0+

du

u

ezu

(eω1u − 1)(eω2u − 1)

)
. (4.43)

Definition 4.11. Let �±Lk (λB, v, w) and �±L∞,k(λB, v, w) be as in (4.23) and (4.34),
respectively. We then define3

�±Lk (v,w, λB) := e�±Lk (λB,v,w), �±L∞,k(v,w, λB) := e−�±L∞,k (λB,v,w) .

(4.44)

We now give a proposition relating the exponentials of the Stokes jumps (4.44) of Ẑρ to
the function F .

Proposition 4.12. Assuming Im(v/w) > 0, we can write on their common domains of
definition

�±Lk (v,w, λB) = (F(±(v + kw)/λB + 1 | 1, 1))−1

�±L∞,k(v,w, λB) = (F(±kw/λB + 1 | 1, 1))2 .
(4.45)

Furthermore, the functions on the right of (4.45) are holomorphic and non-vanishing
for λB ∈ H±Lk and λB ∈ H±L∞ , respectively.

3 The minus sign in the exponent of the second expression in (4.44) is due to the normalization of the
partition function.
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Proof. First, notice that

�Lk (λB, v, w) = 1

2π i
∂λB

(
λBLi2

(
e2π i(v+kw)/λB)

)

= 1

2π i
∂
λ̌

(
λ̌Li2(e

2π i(t+k)/λ̌)
)

= φlk (λ, t) . (4.46)

In particular, if w = e2π it/λ̌ and q̃ = e2π ik/λ̌, then for λ near lk , we can expand

�Lk (λB, v, w) = 1

2π i

∞∑

l=1

(wq̃k)l

l

(1
l
− log(wq̃k)

)
. (4.47)

On the other hand, assuming for the moment that 0 < Re(t +k) < Re(λ̌), Re(λ̌) > 0,
and using the scaling invariance of F , we find by Proposition 4.10 that

F((v + kw)/λB + 1 | 1, 1) = F((t + k)/λ̌ + 1 | 1, 1)
= F(t + k + λ̌ | λ̌, λ̌)

= exp
( ∫

R+i0+

du

u

eu(t+k)

(2 sinh(λ̌u/2))2

)
. (4.48)

Using that Im(v/w) = Im(t) > 0, we can compute the previous integral by closing the
contour in the upper half-plane and sum over the residues at 2π il/λ̌ for l ≥ 1, obtaining

∫

R+i0+

du

u

eu(t+k)

(2 sinh(λ̌u/2))2
= 2π i

∞∑

l=1

(1

λ̌

)2 ∂

∂u

eu(t+k)

u

∣∣∣
u=2π il/λ̌

= − 1

2π i

∞∑

l=1

(wq̃k)l

l

(1
l
− log(wq̃k)

)
. (4.49)

Comparing (4.47) with (4.49), the first result then follows, with the other cases being
analogous.

To check the second statement, we use the fact fromProposition 4.10 that the function
F(z |ω1, ω2) is regular and non-vanishing except at the points

z = aω1 + bω2, a, b ∈ Z . (4.50)

We then find that F(±(v + kw)/λB + 1 | 1, 1) is regular except at the points where

(v + kw)/λB ∈ Z ⇐⇒ λB = v + kw

n
, n ∈ Z . (4.51)

In particular, F(±(v + kw)/λB + 1 | 1, 1) is regular for λB in the half-plane centered at
±Lk = ±R<0 · 2π i(v + nw). The other case follows similarly. �

From the previous proposition we obtain the following corollary:
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Corollary 4.13. Let (v,w) ∈ M such that Im(v/w) > 0. Then�±Lk and�±L∞,k serve
as potentials for the jumps of the Riemann–Hilbert problem of Sect. 4.1, in the sense
that

�±Lk (v + λB, w, λB)

�±Lk (v,w, λB)
= (1− e±2π i(v+kw)/λB)±1 = (1− X±(β+kδ))

±〈β∨,β+kδ〉�(β+kδ),

�±Lk (v,w + λB, λB)

�±Lk (v,w, λB)
= (1− e±2π i(v+kw)/λB)±k = (1− X±(β+kδ))

±〈δ∨,β+kδ〉�(β+kδ),

�±L∞,k(0, w + λB, λB)

�±L∞,k(0, w, λB)
= (1− e±2π ikw/λB)∓2k = (1− X±kδ)

±〈δ∨,kδ〉�(kδ). (4.52)

Proof. We use the fact from Proposition 4.10 that F(z | 1, 1) satisfies the difference
equation

F(z + 1 | 1, 1)
F(z | 1, 1) = 1

1− e2π iz
. (4.53)

Then by Proposition 4.12 we find that

�Lk (v + λB, w, λB)

�Lk (v,w, λB)
=

(
F((v + kw)/λB + 1 + 1|1, 1)
F((v + kw)/λB + 1, |1, 1)

)−1

= 1− e2π i(v+kw)/λB .

(4.54)

The other identities follow similarly. �

Remark 4.14. From corollary 4.13we see how the BPS spectrum is encoded in the jumps
of the normalized partition function. Namely, the BPS spectrum of the resolved conifold
appears in the expressions of the jumps of Ẑρ(λB, v, w) as follows:

�±Lk (v,w, λB) = exp

(
�(β + kδ)

2π i
∂λB

(
λBLi2(e

±Zβ+kδ/λB)
))

�±L∞,k(v,w, λB) = exp

(
�(kδ)

2π i
∂λB

(
λBLi2

(
e±Zkδ/λB

)))
,

(4.55)

making explicit how the DT-invariant are encoded in the jumps.

4.3. The line bundle defined by the normalized partition function. We would like to
discuss how to define a line bundle L → C

× × M , such that the partition functions
Ẑρ(λB, v, w) define a section of L.

To concretely define the line bundle, we restrict for simplicity to4

M+ := {(v,w) ∈ M | Im(v/w) > 0} . (4.56)

Furthermore, let ρk be a ray between Lk and Lk−1. For definiteness, we pick ρk to be
always in the middle of Lk and Lk−1, and consider the open sets

U±
k := {(λB, v, w) ∈ C

× × M+ | λB ∈ H±ρk } . (4.57)

4 See Remark 4.16 for the other points of M .
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We remark that the condition on λB actually depends on (v,w), since the latter specifies
the rays Lk (and hence also ρk). We then clearly have that {U+

k }k∈Z ∪ {U−
k }k∈Z forms

an open cover of C× × M+.
If U+

k1
∩U+

k2
�= ∅ for k1 < k2, we then define for (λB, v, w) ∈ U+

k1
∩U+

k2
,

g+k1,k2(λB, v, w) :=
∏

k1≤k<k2

�Lk (λB, v, w) . (4.58)

Notice that if (λB, v, w) ∈ U+
k1

∩ U+
k2
, then (λB, v, w) ∈ HLk for k1 ≤ k ≤ k2, so by

Proposition 4.12 we have that g+k1,k2 is C
×-valued:

g+k1,k2 : U+
k1 ∩U+

k2 → C
× . (4.59)

With the assumptions U+
k1
∩ U+

k2
�= ∅ for k1 < k2, we also define g+k2,k1 := (g+k1,k2)

−1

and g+k,k := 1 for any k ∈ Z.

If U−
k1
∩U−

k2
�= ∅ for k1 < k2, then we similarly define

g−k1,k2 : U−
k1
∩U−

k2
→ C

× . (4.60)

by

g−k1,k2(λB, v, w) :=
∏

k1≤k<k2

�−Lk (λB, v, w) , (4.61)

and g−k2,k1 := (g−k1,k2)
−1, g−k,k := 1.

On the other hand, if for some k1, k2 ∈ Z we have U+
k1
∩ U−

k2
�= ∅, then ρk1 �= ρk2

and hence out of the two sectors determined by ρk1 and −ρk2 there is a smallest one,
which we denote by [ρk1 ,−ρk2 ]. For all (λB, v, w) ∈ U+

k1
∩ U−

k2
we must either have

that L∞ ⊂ [ρk1 ,−ρk2 ] or −L∞ ⊂ [ρk1 ,−ρk2 ]. In the first case we define5

g∞k1,k2(λB, v, w) := e−π i/12
∏

k≥k1

�Lk (λB, v, w)

∏

k<k2

�−Lk (λB, v, w)
∏

k≥1

�L∞,k(λB, v, w) , (4.62)

and g∞k2,k1 := (g∞k1,k2)
−1.

Notice that in this first case we have λB ∈ HLk for k ≥ n1, λB ∈ H−Lk for k < n2,
and λB ∈ HL∞ . Hence, by Proposition 4.12 and the convergence of the above product6,
we find that

g∞k1,k2(λB, v, w) : U+
k1 ∩U−

k2
→ C

× . (4.63)

On the other hand, in the second case we define

5 Recall that the e±π i/12 factors are due to the jumps (4.37) of the normalization of the partition function.
6 Here we use that the corresponding infinite sums of �Lk

, �−Lk
and �L∞,k

, converge for (λB , v, w) ∈
U+
k1

∩U−
k2
.
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g−∞
k2,k1

(λB, v, w) := eπ i/12
∏

k≥k2

�−Lk (λB, v, w)
∏

k<k1

�Lk (λB, v, w)
∏

k≥1

�L∞,−k(λB, v, w) ,

(4.64)

and g−∞
k1,k2

:= (g−∞
k2,k1

)−1.

With the previous results, the following proposition then follows:

Proposition 4.15. The functions g±k1,k2 , g
±∞
k1,k2

associated to the cover {U+
k }k∈Z∪{U−

k }k∈Z
define a 1-Čech cocycle over C

× × M+, and hence a line bundle L → C
× × M+.

Furthermore, assuming Im(v/w) > 0, the normalized partition functions Ẑρ(λ, z, w)

glue together into a section of L.
Proof. The fact that g±k1,k2 and g

±∞
k1,k2

define a 1-Čech cocycle follows directly from their

definitions. Furthermore, the fact that the Ẑρ(λ, z, w) glue together into a section follows
from our previous discussions on the Stokes jumps of Ẑρ(λ, z, w). �

Remark 4.16. Let

M− := {(v,w) ∈ M | Im(v/w) < 0}, M0 := {(v,w) ∈ M | Im(v/w) = 0} ,
(4.65)

so that M = M+ ∪ M− ∪ M0. By using the Stokes jumps for the case (u, v) ∈ M−
(resp. (u, v) ∈ M0, where all the Stokes rays collapse to either L∞ or −L∞) we can
as before define a line bundle over C× × M− (resp. C× × M0) having the normalized
partition function as a section. Since the Borel summations Fρ(λB, v, w)make sense on
sufficiently small open subsets of C× × M , and furthermore depend holomorphically
on the parameters, these line bundles glue together into a holomorphic line bundle
L → C

× × M having the normalized partition function as a section.

4.4. Relation to the Rogers dilogarithm and hyperholomorphic line bundles. Notice that
one can write the Stokes jumps of Ẑρ(λB, v, w) along ±Lk = ±R<0 · Zβ+kδ as

�Lk (λB, v, w) = �(β + kδ)

2π i

(
Li2(X±(β+kδ)) + log(X±(β+kδ)) log(1− X±(β+kδ))

)
,

(4.66)

where

log(X±(β+kδ)) = ±2π i(v + kw)/λB . (4.67)

Up to a factor of 1
2 in the second summand, this matches

�(β + kδ)

2π i
L(X±(β+kδ)) , (4.68)

where L(x) denotes the Rogers dilogarithm

L(x) := Li2(x) +
1

2
log(x) log(1− x) . (4.69)

In previous works [Nei11,APP11b], hyperholomorphic line bundles with transition
functions having the formof the exponentials of (4.68) have been discussed in the context
of instanton-corrected hyperkähler and quaternionic-Kähler geometries. Our goal in the
rest of this section is then two-fold:
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• We would first like to explain how (4.66) and (4.68) are related by changes of local
trivialization involving the solutions of the RH problem of Sect. 4.1.

• Thiswill then be used to relate the line bundleL → C
××M+ constructed in Sect. 4.3

with a certain “conformal limit" of the line bundles constructed in [Nei11,APP11b].

4.4.1. Relation to the Rogers dilogarithm. In order to relate to the Rogers dilogarithm,
we follow the idea suggested in [CLT20, Appendix H] (see also Lemma 4.18, below).

We start by considering the solutions of the RH problem from Sect. 4.1. Notice that
since Xγ,ρ(v,w,−) : Hρ → C

×, then there must exist xγ,ρ(v,w,−) : Hρ → C such
that

Xγ,ρ(v,w, λB) = exp(xγ,ρ(v,w, λB)). (4.70)

We then define for (λB, v, w) ∈ Uρ = {(v,w, λB) ∈ M+ × C
× | λB ∈ Hρ},

xβ,ρ := 2π iv/λB, xδ,ρ := 2π iw/λB, xβ∨,ρ := logXβ∨,ρ, xδ∨,ρ := logXδ∨,ρ .

(4.71)

In taking the logs in the last two coordinates, we do as the following lemma:

Lemma 4.17. The branches of the logs in xβ∨,ρ and xδ∨,ρ can be taken such that the
following relations are satisfied on the common domains of definition:

• Along ±Lk:

xβ∨,±ρk+1 = xβ∨,±ρk ± log(1− X±(β+kδ)) ,

xδ∨,±ρk+1 = xδ∨,±ρk ± k log(1− X±(β+kδ)) , (4.72)

• If ρk1 , and ρk2 are such that L∞ ⊂ [ρk1 ,−ρk2 ]:
xβ∨,−ρk2

= xβ∨,ρk1
+
( ∑

k≥k1

log(1− Xβ+kδ) −
∑

k>−k2

log(1− X−β+kδ)
)

,

(4.73)

and

xδ∨,−ρk2
= xδ∨,ρk1

+
( ∑

k≥k1

k log(1− Xβ+kδ) +
∑

k>−k2

k log(1− X−β+kδ)

−
∑

k≥1

2k log(1− Xkδ)
)

, (4.74)

• If ρk1 , and ρk2 are such that −L∞ ⊂ [ρk1 ,−ρk2 ]:
xβ∨,ρ1 = xβ∨,−ρk2

+
(
−

∑

k≥k2

log(1− X−β−kδ) +
∑

k>−k1

log(1− Xβ−kδ)
)

,

(4.75)

and

xδ∨,ρk1
= xδ∨,−ρk2

+
(
−

∑

k≥k2

k log(1− X−β−kδ) −
∑

k>−k1

k log(1− Xβ−kδ)

+
∑

k≥1

2k log(1− X−kδ)
)

. (4.76)
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Proof. We do the argument for β∨, since for the δ∨ is the same.
First we pick ρk for some k and fix a branch for logXβ∨,ρk . We then fix the branches

of logXβ∨,ρn with n ∈ Z by enforcing the jumps (4.72). On the other hand, we set
xβ∨,−ρk (λB) := − logXβ∨,ρn (−λB). This indeed gives a log of Xβ∨,−ρk due to (4.19).
It is then easy to check that the xβ∨,−ρn for n ∈ Zmust satisfy the corresponding jumps
in (4.72).

With such choices, the jumps (4.73) and (4.75) must be satisfied up to summands of
2π in1 and 2π in2 respectively. Furthermore, it is easy to check that n1 and n2 must be
independent of the raysρk1 andρk2 satisfyingL∞ ⊂ [ρk1 ,−ρk2 ] or−L∞ ⊂ [ρk1 ,−ρk2 ],
respectively. Furthermore, by the condition xβ∨,−ρn (λB) = − logXβ∨,ρn (−λB), one
finds that n1 = −n2. It is then easy to check that by setting xβ∨,ρn := logXβ∨,ρn +2π in1
for all n ∈ Z, the jumps (4.72), (4.73) and (4.75) are satisfied. �

Lemma 4.18. Forρk betweenLk andLk−1, consider the followingholomorphic function
on U+

k (resp. U−
k ):

f±ρk := xβ,±ρk · xβ∨,±ρk + xδ,±ρk · xδ∨,±ρk . (4.77)

We then have the following relations:

• On U±
k1
∩U±

k2
with k1 < k2:

f±ρk2
− f±ρk1

=
∑

k1≤k<k2

log(X±(β+kδ)) log(1− X±(β+kδ)) . (4.78)

• If U+
k1

∩ U−
k2

�= ∅, then recall that for all (λB, v, w) ∈ U+
k1

∩ U−
k2

we either have
L∞ ⊂ [ρk1 ,−ρk2 ] or −L∞ ⊂ [ρk1 ,−ρk2 ]. In the first case, we have

f−ρk2
− fρk1 =

∑

k≥k1

log(Xβ+kδ) log(1− Xβ+kδ) +
∑

k>−k2

log(X−β+kδ) log(1− X−β+kδ)

−2
∑

k≥1

log(Xkδ) log(1− Xkδ) , (4.79)

while in the second case

fρk1 − f−ρk2
= ∑

k≥k2 log(X−β−kδ) log(1− X−β−kδ) +
∑

k>−k1 log(Xβ−kδ) log(1− Xβ−kδ)

−2
∑

k≥1 log(X−kδ) log(1− X−kδ) . (4.80)

Proof. From the Stokes jumps (4.72) we obtain that on U+
k1
∩U+

k2
, we have

fρk2 − fρk1 =
∑

k1≤k<k2

(xβ,ρ′ + kxδ,ρ′) log(1− Xβ+kδ)

=
∑

k1≤k<k2

(2π i(v + kw)

λ̌

)
log(1− Xβ+kδ)

=
∑

k1≤k<k2

log(Xβ+kδ) log(1− Xβ+kδ) . (4.81)

The other cases follow similarly by using the other jumping relations (4.72), (4.73),
(4.74), (4.75), (4.76). For example, if U+

k1
∩ U−

k2
�= ∅ and L∞ ⊂ [ρk1 ,−ρk2 ], we then

have

f−ρk2
− fρk1 = xβ,ρk1

·
( ∑

k≥k1

log(1−Xβ+kδ) −
∑

k>−k2

log(1−X−β+kδ)
)
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+ xδ,ρk1
·
( ∑

k≥k1

k log(1−Xβ+kδ) +
∑

k>−k2

k log(1−X−β+kδ) −
∑

k≥1

2k log(1−Xkδ)
)

=
∑

k≥k1

log(Xβ+kδ) log(1−Xβ+kδ) +
∑

k>−k2

log(X−β+kδ) log(1−X−β+kδ)

− 2
∑

k≥1

log(Xkδ) log(1−Xkδ) . (4.82)

�

We therefore obtain the following:

Proposition 4.19. In terms of the local trivializations of L → C
× × M+ given by

exp
( i

4π
f±ρk ∓

iπ

24

)
Ẑ±ρk : U±

k → L . (4.83)

The transition functions of L are given as follows:

• If U±
k1
∩U±

k2
�= ∅ for k1 < k2, we have

g̃±k1,k2 =
∏

k1≤k<k2

exp
(�(β + kδ)

2π i
L(X±(β+kδ))

)
. (4.84)

• If U+
k1
∩U−

k2
�= ∅, and L∞ ⊂ [ρk1 ,−ρk2 ], then

g̃∞k1,k2 (λB, v, w) =
∏

k≥k1

exp
(�(β + kδ)

2π i
L(Xβ+kδ)

) ∏

k<k2

exp
(�(β + kδ)

2π i
L(X−(β+kδ))

)

·
∏

k≥1

exp
(�(kδ)

2π i
L(Xkδ)

)
, (4.85)

and the analogous relation for the case L−∞ ⊂ [ρk1 ,−ρk2 ]. In particular, one can
get rid of the e±iπ/12 factors appearing in (4.62) and (4.64).

Proof. For simplicity, we compute the new transition functions in the case U+
k+1 ∩U+

k ,
with all the others following the same type of argument using the rest of the identities
in Lemma 4.18. We have

g̃+k,k+1 = exp
( i

4π
( fρk+1 − fρk )

)
· g+k,k+1

= exp
(
− 1

4π i
log(Xβ+kδ) log(1− Xβ+kδ)

)
· exp

( 1

2π i
∂λB

(
λBLi2

(Xβ+kδ)
))

= exp
(�(β + kδ)

2π i
L(Xβ+kδ)

)
, (4.86)

where on the second line we have used Lemma 4.18. �
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4.4.2. Relation tohyperholomorphic line bundles. Webriefly recall the settingof [Nei11,
APP11b]. The starting point is again a certain type of variations of BPS structures
(M, 	, Z ,�). The variation of BPS structures should be such that the data (M, 	, Z)

defines a (possibly indefinite) affine special Kähler (ASK) geometry on M (or conical
ASK in the case of [APP11b]). More precisely, the pair (M, 	, Z) should satisfy:

• The pairing 〈−,−〉 admits local Darboux frames (γ̃i , γ
i )7, and the 1-forms dZγ i

give a local frame of T ∗M .
• Byusing the identification	 ∼= 	∗ given byγ → 〈γ,−〉, we can induce aC-bilinear
pairing on 	∗ ⊗ C. With respect to this pairing, we should have

〈dZ ∧ dZ〉 = 0 . (4.87)

• The two-form

ω := 1

4
〈dZ ∧ dZ〉 (4.88)

is non-degenerate.

Under the above conditions, {Zγ i }dimC(M)
i=1 give local coordinates on M , and it is not hard

to check that τi j defined by dZ γ̃i = τi j d Zγ j must be symmetric by (4.87), and

ω = 1

4
(dZ γ̃i ∧ dZγ i − dZγ i ∧ dZ γ̃i ) =

i

2
Im(τi j )dZγ i ∧ dZγ j . (4.89)

In particular, ω gives a Kähler form of a (possibly indefinite) ASK geometry. The func-
tions {Zγ i } then define special holomorphic coordinates, while {Z γ̃i } define a conjugate
system of special holomorphic coordinates.

By following the prescription in [GMN10,Nei14], one can then define an “instanton-
corrected"8 hyperkähler (HK) structure on the total space of a torus fibration π : M →
M , where

M|p := {θ : 	|p → R/2πZ | θγ+γ ′ = θγ + θγ ′ + π〈γ, γ ′〉} . (4.90)

The hyperkähler geometry is encoded in terms of certain C
×-valued local functions

Yγ (ζ, θ) on the twistor spaceZ := CP1×M ofM. The functions are labeled by local
sections γ of 	, and must satisfy the GMN integral equations [GMN10,Nei14].

Given such data, a certain holomorphic line bundle LZ → Z is constructed in
[Nei11,APP11b], descending to a hyperholomorphic line bundle LM → M (that is,
a hermitian bundle having a unitary connection with curvature of type (1, 1) in all the
complex structures of the HK structure ofM). Our concern in the following will not be
the hyperholomorphic structure of LM itself, but the topology of LZ .

We would like to now describe LZ in the case of the resolved conifold. We need,
however, to solve the following issue: the variation of BPS structures (M, 	, Z ,�) we

7 One can relax this condition by allowing “flavor charges" (i.e. charges γ such that 〈γ,−〉 = 0). For a
description of this more general case see for example [Nei14] or [AST21, Section 2.2].

8 What this means is that the data of the BPS indices is used to obtain a new HK geometry from the semi-
flat HK geometry associated to the ASK geometry via the rigid c-map. In the context of 4d N = 2 theories
compactified on S1, the modifications to the semi-flat HK geometry correspond to instanton corrections of
the HK geometry associated to the corresponding low-energy effective theory.
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have discussed in Sect. 4.1 does not satisfy the ASK geometry condition, since for that
case Zβ∨ = Zδ∨ = 0, and hence

〈dZ ∧ dZ〉 = dZβ∨ ∧ dZβ + dZδ∨ ∧ dZ δ − dZβ ∧ dZβ∨ − dZδ ∧ dZ δ∨ = 0 .

(4.91)

By possibly restricting to an open set M ′ ⊂ M , and taking 	′ := 	|M ′ , we can assume
we have a central charge Z ′ : M ′ → 	′ ⊗C satisfying the ASK geometry property and
such that Z ′|Zβ⊕Zδ = Z |Zβ⊕Zδ . Setting (γ 1, γ 2) = (β, δ), such a central charge can
be found by picking a holomorphic function F(Zγ i ) : M ′ → C such that the matrix
Im(∂2F/∂Zγ i ∂Zγ j ) is non-degenerate, and taking Z ′

β∨ := ∂ZβF, Z
′
δ∨ := ∂ZδF (for

example, we can just pick F(Zβ, Zδ) = i(Z2
β + Z2

δ )/2). For simplicity, we will assume
in the following that have chosen Z ′ satisfying theASKcondition and such thatM ′ = M .
We can therefore consider the HK manifoldM and line bundle LZ → Z associated to
(M, 	, Z ′,�).

To describeLZ → Z in this case, we do as follows: recall that a quadratic refinement
for (	|p, 〈−,−〉) is a function σ : 	|p → Z2 such that

σ(γ )σ (γ ′) = (−1)〈γ,γ ′〉σ(γ + γ ′) . (4.92)

In our particular case, we can make a global choice of quadratic refinement σ : 	 → Z2
determined by σ(β) = σ(δ) = σ(β∨) = σ(δ∨) = 1. With such a choice, we can
identify

M ∼= {θ : 	 → R/2πZ | θγ+γ ′ = θγ + θγ ′ } ∼= M × (S1)4 , (4.93)

via eiθγ → σ(γ )eiθγ .
We consider the bundle π̃ : M̃ → M , whose fibers are the universal cover of the

fibers of π : M → M . Namely,

M̃ := {θ : 	 → R | θγ+γ ′ = θγ + θγ ′ } ∼= M × R
4 . (4.94)

The main reason for going to the universal cover is to avoid certain issues regarding
the domains of definitions of the transition functions involving the Rogers dilogarithm
expressions, as we will see below.

Since our end-goal is to compare withL → C
××M+ from Sect. 4.2, we will restrict

to M̃+ := π̃−1(M+). However, a similar argument follows for the line bundle over
C
× × M− and C

× × M0 (recall Remark 4.16).
It is easy to see that the HK structure on M+ lifts to M̃+, and we will denote

the corresponding twistor space by Z̃+ = CP1 × M̃+. We consider the rays Lk =
R<0 · 2π i(v + kw), and pick ρk between Lk and Lk−1. We furthermore consider the
cover {V±

k }k∈Z of C× × M̃+ given by

V±
k := {(ζ, θ) ∈ C

× × M̃+ | ζ ∈ H±ρk } . (4.95)

Notice that the condition on ζ depends on π̃(θ) = (u, v), since the latter determines
the rays Lk , and hence ρk . Furthermore, notice that V±

k = π̃−1(U±
k ), where U±

k was
defined in (4.57).

We define a line bundle LZ̃+
→ C

× × M̃+ via the following cocycle associated to

the cover {V±
k }k∈Z (compare with [Nei11, Equation 4.8] or [APP11b, Equation 3.29]):
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• If V±
k1

∩ V±
k2

�= ∅ for k1 < k2, then

h±k1,k2(ζ, θ) :=
∏

k1≤k<k2

exp

(
�(β + kδ)

2π i
L(Y±(β+kδ)(ζ, θ))

)
, (4.96)

where9

Y±(β+kδ)(ζ, θ) = exp
(
ζ−1Z±(β+kδ)(π̃(θ)) + iθ±(β+kδ) + ζ Z±(β+kδ)(π̃(θ))

)
.

(4.97)

Notice that

L(Y±(β+kδ)) = Li2(Y±(β+kδ)) +
1

2
log(Y±(β+kδ)) log(1− Y±(β+kδ)) (4.98)

with

log(Y±(β+kδ)) = ζ−1Z±(β+kδ)(π̃(θ)) + θ±(β+kδ) + ζ Z±(β+kδ)(π̃(θ)) (4.99)

is well defined for ζ ∈ HR<0·Z±(β+kδ) , since for such ζ we have |Y±(β+kδ)| < 1, and
hence Li2(Y±(β+kδ)) and log(1−Y±(β+kδ))make sense with their principal branches.
We also set h±k2,k1 := (h±k1,k2)

−1.

• If V +
k1
∩ V−

k2
�= ∅, and L∞ ⊂ [ρk1 ,−ρk2 ], then

h∞k1,k2 (ζ, θ) :=
∏

k≥k1

exp

(
�(β + kδ)

2π i
L(Yβ+kδ)

) ∏

k<k2

exp

(
�(β + kδ)

2π i
L(Y−(β+kδ))

)

·
∏

k≥1

exp

(
�(kδ)

2π i
L(Ykδ)

)
, (4.100)

while for the case L−∞ ⊂ [ρk1 ,−ρk2 ]

h−∞
k2,k1

(ζ, θ) :=
∏

k≥k2

exp

(
�(β + kδ)

2π i
L(Y−(β+kδ)))

) ∏

k<k1

exp

(
�(β + kδ)

2π i
L(Yβ+kδ)

)

·
∏

k≥1

exp

(
�(kδ)

2π i
L(Y−kδ)

)
. (4.101)

We also set as before h∞k2,k1 := (h∞k1,k2)
−1 and h−∞

k1,k2
:= (h−∞

k2,k1
)−1.

In [Nei11,APP11b], it is argued that such a bundle extends to a holomorphic bundle
LZ̃+

→ Z̃+, and that it descends to a hyperholomorphic line bundle LM̃+
→ M̃+.

The corresponding line bundle LM+ → M+ can then be obtained by a quotient by a
certain action of 	∗ → M+, acting fiberwise on both LM̃+

→ M+ and M̃+ → M+,

and equivariantly with respect toLM̃+
→ M̃+ (see for example [Nei11, Equation 3.7]).

The pullback of LM+ to the twistor space then gives LZ → CP1 ×M+.
We now wish to relate the bundle LZ |C××M+ with the previous bundle L → C

× ×
M+ defined by the normalized partition functions Ẑρ in Sect. 4.2. We will focus on

9 Formula (4.97) gives the so–called semi-flat coordinate labeled by ±(β + kδ). In the case of the resolved
conifold, only the coordinates of the form Ynβ+mδ+pβ∨+qδ∨ with p �= 0 or q �= 0 get “instanton corrected"
away from the semi-flat form.
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the complex Lagrangian submanifold L ⊂ M (with respect to one of the complex
symplectic structures of the HK structure) given by

L := {θ ∈ M | θβ = θδ = θβ∨ = θδ∨ = 0} . (4.102)

The fact that this defines a complex Lagrangian submanifold L of M, can be seen
for example from formula [CT21, equation 3.10] of the instanton corrected holomor-
phic symplectic form (see also [Gai14]). Since L can be identified with M as complex
manifolds, we will do so in the following.

The line bundleLZ |C××M+ can be described by the transition functions h
±
k1,k2

|C××M+

and h±∞
k1,k2

|C××M+ associated to the cover {U±
k }k∈Z of C× × M+ given in (4.57). It is

now easy to see how to obtain L → C
× × M+ from LZ |C××M+ → C

× × M+. Namely,
one considers the following conformal limit, studied in [Gai14]:

• First, one introduces a scaling parameter Z → RZ for R > 0.
• One then considers the limit of the transition functions as R → 0, while keeping
the quotient λB = ζ/R fixed.

After taking the conformal limit, we see that

Ynβ+mδ|C××M+ → Xnβ+mδ , (4.103)

and hence

h±k1,k2 |C××M+ → g̃±k1,k2 , h±∞
k1,k2

|C××M+ → g̃±∞
k1,k2

, (4.104)

where g̃±k1,k2 and g̃±∞
k1,k2

correspond to the 1-cocycle associated to the cover {U±
k }k∈Z

describing L → C
× × M+ from Proposition 4.19.

From the previous discussion, we obtain the following:

Proposition 4.20. Consider the 1-cocycles associated to the cover {U±
k } of C× × M+

and given by {g̃±k1,k2 , g̃±∞
k1,k2

} and {h±k1,k2 |C××M+ , h
±∞
k1,k2

|C××M+}, respectively. Then the
1-cocycles are related by the conformal limit from above.

5. The Strong-Coupling Expansion and Its Stokes Phenomena

In this section, we will demonstrate that the topological string partition function has
a Borel summable strong-coupling expansion for λ → ∞. The Stokes jumps of the
strong-coupling expansion are found to reproduce the wall-crossing behaviour of count-
ing functions for the framed BPS states representing composites of D0 and D2 branes
bound to a heavy D6 brane in string theory on the resolved conifold. This wall-crossing
has previously been studied by Jafferis and Moore [JM08]. This work in particular
gave a physical derivation of the results of Szendröi on the generating function of non-
commutative DT invariants [Sze08], see also [NN] for related work in mathematics and
[DG10,AOVY11] in physics.

Because the techniques required in this section are the sameas in the previous sections,
we will give less details of the intermediate computations.
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5.1. Borel summation of the strong-coupling expansion. In order to derive the strong-
coupling expansion we shall start with theWoronowicz form of Fnp(λ, t) given in (3.35),
now rewritten as

Fnp(λ, t) = 1

(2π)2

∫

R+i0+
dv

v + α

1− ev+α
log

(
1− eλ̌v

)
. (5.1)

using the notations α = −2π it ′ and t ′ = t/λ̌. As before, we may rewrite this in terms
of a Laplace transformation,

Fnp(λ, t) =
∫ ∞

0

dv

(2π)2

(
(v + α) log

(
1− eλ̌v−i0+

)

1− ev+α
− (v − α) log

(
1− e−λ̌v−i0+

)

1− eα−v

)

= 1

(2π)2

∫ ∞

0
dv

[
(v + α)(λ̌v + π i)

1− ev+α
+

(
v + α

1− ev+α
− v − α

1− eα−v

)
log

(
1− e−λ̌v−i0+)

]

= − λ

(2π)3
(2Li3(Q

′) + α Li2(Q
′)) − i

4π
(Li2(Q

′) + α Li1(Q
′))

+
∫ ∞

0
dv e−λ̌vGs(v, t ′) , (5.2)

using the notations Q′ = e2π it
′
and

Gs(v, t ′) = 1

(2π)2

∑

n∈Z\{0}

1

n3
v + 2π i nt ′

1− e−v/n−2π it ′ .

Having represented the function Fnp(λ, t) as a Laplace transform makes it straightfor-
ward to derive an asymptotic series in inverse powers of λ for which (5.2) represents a
Borel transform.

Gs(v, t ′) has poles at v = v±kn := ∓2π in(t ′ + k), k ∈ Z \ {0}, n ∈ Z>0. In the
case Im(t ′) > 0, the poles v+kn and v−kn are in the right and left half-planes, respectively.
Assuming Re(t ′) < 1, one finds that the strings of poles {v+kn | n ∈ Z>0} with k ∈ Z<0
are located in the upper half-plane.

Wemay decompose the complex plane representing values of the integration variable
v into a union of rays ±l ′k := ±R<0 · 2π i(t ′ + k) and wedges [±l ′k,±l ′k−1] bounded by
±l ′k and ±l ′k−1. Letting λ′ := 1/λ̌, for ρk in the wedge [l ′k, l ′k−1] and λ′ ∈ H±ρk , we
define

F ′±ρk
(λ′, t ′) := − 1

(2π)2λ′
(2Li3(Q

′) − 2π it ′Li2(Q′)
)− i

4π

(
Li2(Q

′) − 2π it ′Li1(Q′)
)

+
∫

±ρk

dv e−
v
λ′ Gs(v, t ′) . (5.3)

The wedges [±l ′k,±l ′k−1] are natural domains of definition (in the λ′ variable) for the
functions F ′±ρk

(λ′, t ′), differing by Stokes jumps from the strings of poles {v±kn | n ∈
Z>0} of Gs(v, t).
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5.2. Stokes jumps. To compute the Stokes jumps, we follow the strategy from Sec-
tion 3.3. The relevant residues are

Res
v=v±kn

e−v/λ′Gs(v, t) = e−v±kn/λ′

(2π)2n3
(∓2π i nk)n = ± 1

2π i

k

n
e±iλn(t ′+k). (5.4)

It follows that the Stokes jumps across ±l ′k are explicitly given as

F ′±ρk+1
− F ′±ρk

= 2π i
∞∑

n=1

±e±λin(t ′+k) k

2π in
= ∓k log

(
1− e±λi(t ′+k))

= ∓k log
(
1− e±2π i(t+λ̌k)) = ∓k log(1− Q±1q±k) ,

Q := e2π it ,

q := eiλ.

(5.5)

Note that there is no jump for k = 0.
For the rest of the section, we will assume that 0 < Re(t ′) < 1 and Im(t ′) > 0.

Taking Im(λ′) > 0 ( ⇐⇒ Im(λ) < 0), we can sum the jumps in the upper half-plane,
and obtain

lim
k→−∞ F ′

ρk
− F ′

ρ0
=

−∞∑

k=−1

(F ′
ρk

− F ′
ρk+1

) = −
∞∑

k=1

k log(1− Qq−k)

=
∞∑

l=1

q−l

l

Ql

(1− q−l)2
= −

∞∑

k=1

1

k

e2π ikt
(
2 sin

( kλ
2

))2 . (5.6)

On the other hand, if Im(λ′) < 0 ( ⇐⇒ Im(λ) > 0), we can sum the jumps in the
lower half-plane of the variable, which leads to

lim
k→∞ F ′

ρk
− F ′

ρ0
=

∞∑

k=0

(F ′
ρk+1

− F ′
ρk

) = −
∞∑

k=1

k log(1− Qqk)

=
∞∑

l=1

ql

l

Ql

(1− ql)2
= −

∞∑

k=1

1

k

e2π ikt
(
2 sin

( kλ
2

))2 . (5.7)

Note that the domains of definition of limk→∞ F ′
ρk
− F ′

ρ0
and limk→−∞ F ′

ρk
− F ′

ρ0
have

empty intersection.
It will be instructive to consider the normalised partition functions

Z±ρk (λ
′, t ′) := Z ′

ρ0
(λ′, t ′)

Z ′±ρk
(λ′, t ′)

(
Z ′

ρ0
(λ′, 0)

Z ′±ρk
(λ′, 0)

)−1

, Z ′±ρk
(λ′, t ′) = eF

′±ρk
(λ′,t ′)

.

(5.8)

The jumping behaviour of the normalised partition functions can be summarised as
follows. Equation (5.5) immediately implies that across l ′k , we have

Zρk+1(λ
′, t ′) = (1− Qqk)kZρk (λ

′, t ′) .

It follows that for k ≥ 0

Zρk+1(λ
′, t ′) =

k∏

j=1

(1− Qq j ) j ,
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where we have used that Z ′
ρ1

= Z ′
ρ0
.

Considering the functions Z−ρk (λ
′, t ′), one needs to take into account the fact that

the jumps of the normalising factor accumulate at the imaginary axis. It is then straight-
forward to compute

lim
k→∞Zρk (λ

′, t ′) =
∞∏

k=1

(1− qkQ)k, (5.9)

lim
k→−∞Z−ρk (λ

′, t ′) = (M(q))2
∞∏

k=1

(1− qkQ)k, (5.10)

Z−ρ0(λ
′, t ′) = (M(q))2

∞∏

k=1

(1− qkQ)k(1− qkQ−1)k, (5.11)

with M(q) = ∏∞
k=1(1 − qk)−k being the MacMahon function. We note furthermore

that Z−ρ0(λ
′, t ′) is the expression obtained in [Sze08] as a generating function of non-

commutative DT invariants.

5.3. Relation to framed BPS states. Our findings can be compared with the known re-
sults on counting of framed BPS-states, representing bound states of D0- and D2-branes
with a single infinitely heavy D6 in string theory on local CY manifolds. A useful char-
acteristic of the spectrum of BPS states are the BPS indices (generalised DT invariants)
[DT]Cnδ+kβ+δ∨ which are locally constant with respect to the Kähler parameters, but may
jump along walls of marginal stability in the Kähler moduli space MKäh and there-
fore depend on the choice of a chamber C ⊂ MKRah. The BPS partition functions are
generating functions for the BPS indices for the case of the conifold defined as

ZBPS(u, v; C) =
∞∑

k=0

∞∑

n=1

[DT]Cnδ+kβ+δ∨ u
nvk . (5.12)

Thepattern of chambers can be described as follows [JM08]. The processes associated
to walls of marginal stability represent decay or recombination of framed BPS–states
with charges γ1 = k′δ+m′β+δ∨ and unframedBPS-state with charges γ2 = kδ+mβ. By
regarding the resolved conifold as a limit� → ∞ of a family of compact CYmanifolds
having a complexified Kähler parameter �eiϕ , one may introduce a regularised central
charge function Z(γ1), to leading order in � given by (�eiϕ)3. Unframed BPS-states
with charges γ2 = kδ + mβ have central charge function Z(γ2) = mz − k, where z is
the complexified Kähler parameter associated to the compact two-cycle of the resolved
conifold. The phases of Z(γ1) and Z(γ2) = mz − k align if

3ϕ = arg(mz − k) + 2πn, n ∈ Z .

Taking into account that there only exist BPS-states with m = ±1, one arrives at the
pattern of walls Wm

k described in [JM08], decomposing the parameter space into a
collection of chambers C−k = [W−1

k−1W−1
k ] and C+k = [W1

kW1
k−1], respectively.
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Of special interest are the core region C+0 ∪ C+1 , the limits C±∞, and the chamber C−0
called non-commutative chamber following [JM08]. The partition functions are

ZBPS(u, v; C+∞) =
∞∏

k=1

(1− (−u)kv)k, ZBPS(u, v; Ccore) = 1, (5.13)

ZDT(u, v) := ZBPS(u, v; C−∞) = (M(−u))2
∞∏

k=1

(1− (−u)kv)k, (5.14)

ZBPS(u, v; C−0 ) = (M(−u))2
∞∏

k=1

(1− (−u)kv)k(1− (−u)kv−1)k . (5.15)

One may identify the exponents in (5.15) with the unframed BPS indices defining the
BPS Riemann–Hilbert problem for the conifold.

TheGW-DT correspondence [MNOP06a,MNOP06b,MOOP11] relates the BPS par-
tition function to the topological stringpartition function through the following relation10

ZDT(−q, Q) = (M(q))χ(X)eFGV(λ,t), q = eiλ, Q = e2π it . (5.16)

Taking into account the relation between the variables u, v and q, Q following from
(5.16), and identifying arg(λ′) = 3ϕ, z = t ′, we find a one-to-one correspondence
between the chambers C±k and the wedges [±l ′k,±l ′k−1] representing natural domains
of definition for the Borel summations F ′±ρk

(λ′, t ′) of the strong-coupling expansion,
together with a precise match between the BPS partition functions ZBPS(u, v; C±k ) and
the normalised partition functions Z±ρk (λ

′, t ′) defined in (5.8), chamber by chamber.

6. S-duality

It seems interesting to observe that the wall-crossing behaviour of the generating func-
tions ZBPS(u, v; C) for BPS indices involves jumps related to the jumps in Bridgeland’s
RH problem by the replacements

λ  → λD = −4π2

λ
, t  → tD = 2π

λ
t. (6.1)

This suggests that we can use the framed wall-crossing phenomena studied in [JM08]
causing the jumps of the BPS partition functionsZBPS(u, v; C) to define a “dual” version
of theRHproblem studied byBridgeland in [Bri20]. The location ofwalls and the explicit
formulae for the jumps of the dual RH problem are obtained by replacing λ and t by λD
and tD, respectively.

The dependence on the variable λ suggests that Bridgleland’s RH problem describes
wall-crossing phenomena in non-perturbative effects due to disk instantons in string the-
ory, while the dual RH problem describes thewall-crossing of BPS states in supergravity.
As an outlook we will now briefly indicate how weak and strong-coupling expansions
can be combined to get a more global geometric picture of the spaceMKäh ×C

× with
coordinates (t, λ), outline connections to the S-duality conjectures in string theory, and
point out a relation to the mathematical phenomenon called Langlands modular duality
in the context of quantum cluster algebras [FG09].

10 Comparing with [MNOP06a,MNOP06b], one should note that the variable q used in these papers corre-
sponds to the quantity −q in our notations.
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6.1. Global aspects. In the space MKäh × C
× with coordinates (t, λ), one may natu-

rally consider two asymptotic regions, referred to as weak and strong-coupling regions,
respectively. The weak coupling region is defined by sending λ → 0 keeping t fixed,
while the strong coupling region can be described by sending λ → ∞ with constant tD.
The asymptotic expansions of the non-perturbative free energy Fnp(λ, t) in powers of λ

and λ−1 are valid in the weak and strong-coupling regions, respectively.
In order to get a more global picture, it seems natural to include the rays and jumps of

the strong coupling expansion into the definition of a refined version of the line bundle
discussed in the previous section 4. More precisely:

• On the complex 2-dimensional parameter spaceMKäh×C
× parametrized by (t, λ)

or (t ′, λ′) = (tD,−λD/2π), one can consider the real 3-dimensional walls

W±
weak,k := {(t, λ) | λ ∈ ±R<02π i(t + k)}, k ∈ Z,

W±
strong,k :=

{
(t ′, λ′) | λ′ ∈ ±R<02π i(t

′ + k)
}
, k ∈ Z− {0}

= {
(t, λ) | λ = −2π t±ir

k , r ∈ R>0
}
, k ∈ Z− {0} . (6.2)

and the chambers defined by the connected components of the complement ofW :=
∪k∈ZW±

weak,k ∪k∈Z−{0} W±
strong,k (notice that since there is no jump associated to

±l ′0 it is safe to exclude the case k = 0 for the strong coupling walls). Intersecting
W±

weak,k with a t-slice {t} × C
×, one obtains ±lk in the corresponding λ-plane;

while intersecting W±
strong,k with a t ′-slice {t ′ = t/λ̌ = const}, one obtains ±l ′k in

the corresponding λ′-plane. Furthermore, the intersection ofW±
strong,k with {t}×C

×
gives a ray starting at−2π t/k and parallel to the imaginary axis in the corresponding
λ-plane. The rays corresponding to the intersection of W+

strong,k and W−
strong,k with

{t} × C
× combine into a line parallel to the imaginary axis, and missing the point

−2π t/k. In particular, these lines accumulate near the imaginary axis of the λ-plane
{t}×C

×. Assuming Re(t) > 0, the ones to the right of the imaginary axis correspond
to k < 0, while the ones on the left correspond to k > 0.

• Taking into account the chamber structure on (MKäh×C
×)−W , the corresponding

refined line bundle would then have transition functions along the walls determined
by the jumps obtained at strong andweak coupling. In particular, there is in (MKäh×
C
×) −W a distinguished chamber D determined by the constraint 0 < Re(t) < 1,

Im(t) > 0, and the condition thatD∩({t}×C
×) gives the region of the Stokes sector

[l0, l−1] to the right of the line W±
strong,−1 ∩ ({t} × C

×). On this region Fnp(λ, t) is
defined and matches FR>0(λ, t). We can then use the jumps along the walls to extend
Fnp to the other regions. In particular, if we fix t and we cross the infinite set of weak
coupling walls W+

weak,k for k > 0 (or k < 0) while avoiding the strong coupling
walls, one is left with FGV; while if we cross the infinite set of strong coupling walls
W+

strong,k for k < 0 while avoiding the weak coupling walls (i.e. while remaining in
the sector [l0, l−1]), we are left with FNS.

The original and dual RH problems have jumps arranged according to peacock pat-
terns in the product of two complex planes with coordinates (λ, t) and (λD, tD), respec-
tively. Assuming that 0 < Re(t) < 1 and Im(t) > 0, one finds that the positive and
negative real half-axes are distinguished by the property of being self-dual in the sense
that they are contained both in C±0 and in the wedges between ±l0 and ±l−1. The self-
duality of the intersection of these chambers strengthens the sense in which Fnp(λ, t) is
distinguished as a non-perturbative definition of the topological string partition function.
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6.2. Relation to string-theoretic S-duality. Relation (6.1) resembles the realisation of
S-duality discussed in [APSV09,APP11a] on complex Darboux coordinates for the QK
manifolds representing the hypermultiplet moduli spaces of type II string theory (see
[Ale13,AMPP15] for reviews). This is probably no accident.

One may in particular notice that a Riemann–Hilbert problem similar to the one
studied in [Bri20] is expected to be solved by twistor coordinates for the hypermultiplet
moduli space in type II string theory on the resolved conifold. This Riemann–Hilbert
problem should reproduce the problem studied in [Bri20] in a limit called the conformal
limit. Both Riemann–Hilbert problems are defined with the help of the same BPS struc-
ture, implying that the symplectic transformations used in the definitions coincide. The
main differences will concern the asymptotic conditions imposed in the formulation of
the two problems. These considerations suggest that the complex structures on M ×C

×
defined by the coordinate functions solving the RH problem from [Bri20] are limits of
the complex structures on the conifold hypermultiplet moduli space defined by twistor
coordinates.

The QKmetrics defined by mutually local D-instanton corrections have been studied
intensively already [RLRS+07,AS09,AB15,CT21]. Infinite-distance limits of such QK-
metrics have been studied in [BMW20] motivated by the swampland conjectures in type
II string theories. Two infinite-distance limits play a basic role. The first, called the D1
limit in [BMW20], is characterised by large volume and large coupling gs = 1/τ2. The
second is called the F1 limit. It is simply described by small coupling gs at finite values
of the Kähler moduli. The two limits are related by S-duality. This implies that the D1
limit is characterised by a scaling of the form

τ2(σ ) = e−
3
2 σ τ2(0) , t (σ ) = e

3
2 σ t (0) ,

taking into account the leading quantum corrections to the QK metric in this limit, as
expressed most clearly in [BMW20, Equation (3.41)].

It is known that a scaling of gs induces the same scaling of the topological string
coupling λ in the conformal limit. This relates the F1 and D1 limits to the weak- and
strong-coupling regions in the space M × C

×, respectively. As the F1 and D1 limits
are exchanged by S-duality, it seems natural to conjecture that the relations between the
Stokes jumps of weak- and strong-coupling expansions observed above are related to
the S-duality phenomenon by the conformal limit.

It has been argued in [APP11b], see also [AMPP15] for a review, that the string
theoretical S-duality conjectures relating D5 and NS5 branes predict relations between
BPS partition functions and NS5-brane partition functions. As discussed in [APP11b,
AMPP15], the NS5-brane partition function lives precisely in the line bundle governed
by Rogers dilogarithm discussed in Section 4.11

6.3. Langlands modular duality. It seems finally worth pointing out that the coordinate
changes associated to Stokes jumps in weak- and strong coupling expansions are related
by the phenomenon called Langlands modular duality in the terminology introduced
by Fock and Goncharov in the context of quantum cluster algebras [FG09] following
[Fad00]. An essential aspect of this phenomenon, specialized to the case at hand, is the
possibility to introduce dual shift operators

(T f )(t) = f (t + λ/2π), (T̃ f )(t) = f (t + 1),

11 This was pointed out to us by S. Alexandrov.
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which act on the variables Q̃ := e4π
2i t/λ ≡ w and Q = e2π it as

T Q = qQ, T̃ Q̃ = q̃ Q̃, T̃ Q = Q, T Q̃ = Q̃.

This implies in particular that the functions representing the cluster coordinate transfor-
mations associated to the weak coupling jumps are invariant under the shift T̃ , while the
shift T acts trivially on the cluster coordinate transformations associated to the strong
coupling jumps. This simple phenomenon has a natural generalisation which is the root
of some remarkable features of quantized cluster algebras [FG09]. We can’t help the
feeling that this manifestation of Langlands modular duality in the case of the resolved
conifold partition functions can be the tip of an iceberg.

Acknowledgements. we have benefited from discussions with Vicente Cortés, Timo Weigand, and Alexan-
der Westphal around common research projects within the Cluster of Excellence “Quantum Universe". The
authors would furthermore like to thank Sergei Alexandrov, Tom Bridgeland, Marcos Mariño, Greg Moore,
and Boris Pioline for comments on a preliminary version of this paper. The work of J.T. and I.T. is funded
by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under Germany’s Excellence
Strategy EXC 2121 Quantum Universe 390833306. The work of M.A and A.S. is supported through the DFG
Emmy Noether grant AL 1407/2-1.

Funding Open Access funding enabled and organized by Projekt DEAL.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Declarations

Conflict of interests The authors have no relevant financial or non-financial interests to disclose.

Funding The work of J.T. and I.T. is funded by the Deutsche Forschungsgemeinschaft (DFG, German Re-
search Foundation) under Germany’s Excellence Strategy EXC 2121 Quantum Universe 390833306. The
work of M.A and A.S. is supported through the DFG Emmy Noether grant AL 1407/2-1.

Data availability Data sharing not applicable to this article as no datasets were generated or analysed during
the current study.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims
in published maps and institutional affiliations.

A. Alternative Proof for the Borel Sum

In this section we present an alternative derivation of the Borel sum and transform of
F̃(λ, t). The alternative proof uses the integral representation of the Hadamard product
used in Section 3.1.

Proposition A.1. Take t ∈ C with Im(t) > 0 and 0 < Re(t) < 1. Then Fnp(λ, t) equals
FR>0 on their common domain of definition. More specifically:

Fnp(λ, t) = 1

λ2
Li3(Q) +

B2

2
Li1(Q) +

∫ ∞

0
dξ e−ξ/λ̌G(ξ, t) . (A.1)

http://creativecommons.org/licenses/by/4.0/
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Proof. We will first write down an integral representation for FR>0 assuming that t ∈
(0, 1), and λ̌ > 0 satisfies the conditions of Proposition 3.8. We will then deform t to
Im(t) > 0 and show what we want.
We recall the Hadamard product representation (see Proposition 3.4):

G(ξ, t) = 1

2π i

∫

γ

ds

s
f1(s) f2

(ξ

s
, t
)

, (A.2)

where γ was an appropriate counterclockwise contour around 0, and

f1(s) = − 1

4π2

(
1

ξ3
− 1

ξ(eξ/2 − e−ξ/2)2
− 1

12ξ

)
,

f2(ξ, t) = (2π i)3

2

(
Li0

(
e2π i(t+ξ)

)− Li0
(
e2π i(t−ξ)

))
.

(A.3)

Integrating e−ξ/λ̌G(ξ, t) along the positive real line and swapping the integral signs, we
get

∫ ∞

0
dξ e−ξ/λ̌G(ξ, t)

= (2π i)2

2

∫

γ

ds

s

(∫ ∞

0
dξ f1(s)e

−ξ/λ̌Li0
(
e2π i(t+ξ/s))− f1(s)e

−ξ/λ̌Li0
(
e2π i(t−ξ/s))

)
.

(A.4)

Next we simultaneously rescale s  → λ̌s and ξ  → λ̌sξ on the first term, while simulta-
neously rescaling s  → −λ̌s and ξ  → λ̌sξ on the second term to obtain

∫ ∞

0
dξ e−ξ/λ̌G(ξ, t)

= (2π i)2

2

∫

γ

ds

s

(∫ s−1∞

0
dξ λ̌s

(
f1(λ̌s) − f1(−λ̌s)

)
e−sξLi0

(
e2π i(t+ξ)

)
)

= (2π i)2
∫

γ

ds λ̌ f1(λ̌s)

(∫ s−1∞

0
dξ e−sξLi0

(
e2π i(t+ξ)

)
)

. (A.5)

Let C and C′ denote the contours following the real line from−∞ to∞ avoiding 0 by a
small detour in the upper and lower half-planes respectively. We may in fact take them
to the lines with imaginary parts ε and −ε respectively, for some small ε > 0. Since
C′ − C = γ up to homology, we can write

∫ ∞

0
dξ e−ξ/λ̌G(ξ, t) = (2π i)2

(∫

C′
−
∫

C

)
ds λ̌ f1(λ̌s)

(∫ s−1∞

0
dξ e−sξLi0

(
e2π i(t+ξ)

)
)

= (2π i)2
∫ ∞

−∞
ds

(
λ̌ f1(λ̌(s − iε))

(∫ (s+iε)∞

0
dξ e−(s−iε)ξLi0

(
e2π i(t+ξ)

)
)

− λ̌ f1(λ̌(s + iε))

(∫ (s−iε)∞

0
dξ e−(s+iε)ξLi0

(
e2π i(t+ξ)

)
))

. (A.6)
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Now taking the limit ε → 0+ then gives us
∫ ∞

0
dξ e−ξ/λ̌G(ξ, t) = (2π i)2

∫ ∞

−∞
ds λ̌ f1(λ̌s)

(∫

Hs

dξ e−sξLi0
(
e2π i(t+ξ)

))
,

(A.7)

whereHs is a counterclockwise Hankel contour along the negative real axis when s < 0,
a clockwise Hankel contour along the positive real axis when s > 0, and the imaginary
axis from −i∞ to i∞ when s = 0.
The poles and residues of the inner integrand are given by

Res−(t+k)
(
e−sξLi0(e

2π i(t+ξ))
) = − 1

2π i
es(t+k), (A.8)

for all k ∈ Z. We can thus deduce using Cauchy’s residue theorem that the inner integral
is the sum of 2π i times the residues from the poles at −(t + k) with k ≥ 0 when s < 0
and minus the sum of 2π i times the residues from the poles at−(t + k) with k > 0 when
s > 0:
∫

Hs

dξ e−sξLi0
(
e2π i(t+ξ)

) = −
∞∑

k=0

es(t+k) = − est

1− es
, when s < 0,

∫

Hs

dξ e−sξLi0
(
e2π i(t+ξ)

) =
−∞∑

k=−1

es(t+k) = est e−s

1− e−s
= − est

1− es
, when s > 0.

(A.9)

Putting everything together, we get
∫ ∞

0
dξ e−ξ/λ̌G(ξ, t) = −

∫ ∞

−∞
ds

s

(
eλ̌s

(eλ̌s − 1)2
− 1

(λ̌s)2
+

1

12

)
est

es − 1

= −
∫

C
ds

s

(
eλ̌s

(eλ̌s − 1)2
− 1

(λ̌s)2
+

1

12

)
est

es − 1
, (A.10)

where we remark that the integrand of the integral over R is actually regular at s = 0.
Both expressions in the equality (A.10) above are analytic in t and λ̌, so we can deform t
to Im(t) > 0 with Im(t) small, and λ away fromR>0, so that (A.10) continues to hold in
their common domain of definition. The result to be proved will follow if we can show
the following for m = 0 and m = 1:

∫

C
ds

s2m+1

ets

es − 1
= 1

(2π i)2m
Li2m+1(e

2π it ). (A.11)

The integrand has a pole of order 2m + 2 at s = 0 and simple poles at s = 2π ik with
residues e2π ikt/(2π ik)2m+1 for all nonzero integers k. The contour C contains only the
simple poles with k > 0. Thus, again by Cauchy’s residue theorem, we have:

∫

C
ds

s2m+1

ets

es − 1
= 2π i

∞∑

k=1

e2π ikt

(2π ik)2m+1 = 1

(2π i)2m
Li2m+1(e

2π it ) . (A.12)

Where in the last equality we used the fact that Im(t) > 0 and hence |e2π it | < 1, so that
the series representation of Lis(z) holds. This completes the proof. �
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B. Asymptotic Series from Borel Transforms

Lemma B.1. The expression

G(ξ, t) = − 1

4π2

∞∑

g=2

B2g

2g(2g − 2)!(2g − 3)!ξ
2g−3 ∂

2g
t Li3(Q) , (B.1)

of the Borel transform can be obtained back from

G(ξ, t) = −
∑

m∈Z\{0}

1

(2π i)2

(
1

m3

(
e2π it+ξ/m

1− e2π it+ξ/m
− e2π it−ξ/m

1− e2π it−ξ/m

)

+
ξ

2m4

(
e2π it+ξ/m

(1− e2π it+ξ/m)2
+

e2π it−ξ/m

(1− e2π it−ξ/m)2

))
.

(B.2)

Proof. We first write the second expression of G(ξ, t) as

G(ξ, t) = −1

ξ

∂

∂ξ

(
ξ2

(2π i)2

∞∑

m=1

(
1

m3

(
e2π it+ξ/m

1− e2π it+ξ/m
− e2π it−ξ/m

1− e2π it−ξ/m

))

(B.3)

we next use the Taylor expansion around ξ = 0:

e2π it+ξ/m

1− e2π it+ξ/m
= Li0(e

2π it+ξ/m) =
∞∑

k=0

ξ k

mk
Li−k(e

2π it ) , (B.4)

which makes use of the property

θQLis(Q) = Lis−1(Q) , θQ := Q
d

dQ
, (B.5)

We thus obtain:

G(ξ, t) = − 1

ξ

∂

∂ξ

(
ξ2

(2π i)2

∞∑

m=1

(
2

m3

( ∞∑

k=0

1

(2k + 1)!
(

ξ

m

)2k+1

Li−2k−1(e
2π it )

)))

= −2

ξ

∂

∂ξ

(
ξ2

(2π i)2

( ∞∑

k=0

ζ(2k + 4)
1

(2k + 1)! ξ
2k+1Li−2k−1(e

2π it )

))

= −2

ξ

∂

∂ξ

(
ξ2

(2π i)2

( ∞∑

k=0

(−1)k+3
B2k+4 (2π)2k+4

2(2k + 4)!
1

(2k + 1)! ξ
2k+1Li−2k−1(e

2π it )

))

= −
(

1

(2π i)2

∞∑

k=0

(−1)k+3
B2k+4 (2π)2k+4 (2k + 3)

(2k + 4)!(2k + 1)! ξ2k+1 Li−2k−1(e
2π it )

)

= − 1

4π2

∞∑

g=2

B2g

2g(2g − 2)!(2g − 3)! ξ
2g−3 ∂

2g
t Li3(Q) , (B.6)

where in going from the first to the second line we have used the following expression
for the Riemann zeta function:

ζ(s) =
∞∑

n=1

1

ns
, Re(s) > 0 ,
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and in going from the second to the third line we have used the following identity:

ζ(2n) = (−1)n+1B2n(2π)2n

2(2n)! ,

and where we have changed the summation variable in the fifth line to g = k + 2 and
made use of

(−1)g (2π)2gLi3−2g(Q) = ∂
2g
t Li3(Q) .

�

Lemma B.2. The expression −G(ξ, 0) − 1

12ξ gives the Borel transform of F0(λ) +

ζ(3)/λ2 − F1
0 .

Proof. From the definition of F0(λ) in (2.5), we have the following (recall that we take
χ(X) = 2 for the resolved conifold):

F0(λ) + ζ(3)/λ2 − F1
0 =

∑

g≥2

λ2g−2 (−1)g−1 B2g B2g−2

2g(2g − 2) (2g − 2)! . (B.7)

The Borel transform G0(ξ) of the previous series is then given by

G0(ξ) =
∑

g≥2

ξ2g−3 (−1)g−1 B2g B2g−2(2π)2g−2

2g ((2g − 2)!)2 . (B.8)

On the other hand, we have

G(ξ, 0) = 2

(2π)2

∑

m>0

1

m3

(
1 +

ξ

2

∂

∂ξ

)( 1

1− eξ/m
− 1

1− e−ξ/m

)

= 2

(2π)2

∑

m>0

1

m3

[1
2

( 1

1− eξ/m
− 1

1− e−ξ/m

)
+
1

2

∂

∂ξ

( ξ

1− eξ/m
− ξ

1− e−ξ/m

)]

(B.9)

Using (2.1) one finds

G(ξ, 0) = 2

(2π)2

∑

m>0

1

m3

[
− m

ξ

∞∑

k=0

B2k

(2k)!
( ξ

m

)2k − m
∂

∂ξ

( ∞∑

k=0

B2k

(2k)!
( ξ

m

)2k)]

= − 2

(2π)2

∞∑

k=0

(2k + 1)
B2k

(2k)!ξ
2k−1ζ(2k + 2)

= − 2

(2π)2

∞∑

k=0

(2k + 1)
B2k

(2k)!ξ
2k−1

( (−1)k B2k+2(2π)2k+2

(2k + 2)!2
)

= −
∑

g≥1

ξ2g−3 (−1)g−1 B2g B2g−2(2π)2g−2

2g ((2g − 2)!)2

= −G0(ξ) − 1

12ξ
(B.10)

and the result follows. �




Mathematical Structures of Non-perturbative Topological... 1099

References

[AB15] Alexandrov, S., Banerjee, S.: Hypermultiplet metric andD-instantons. J. High Energy Phys.
2015(2) (2015)

[AKMnV05] Aganagic, M., Klemm, A., Mariño, M., Vafa, C.: The topological vertex. Commun. Math.
Phys. 254, 425–478 (2005)

[Ale13] Alexandrov, S.: Twistor approach to string compactifications: a review. Phys. Rep. 522,
1–57 (2013)

[Ali20] Alim, M.: Difference equation for the Gromov–Witten potential of the resolved conifold.
arXiv:2011.12759 (2020)

[Ali21] Alim, M.: Intrinsic non-perturbative topological strings. arXiv:2102.07776, 2 (2021)
[AMPP15] Alexandrov, S., Manschot, J., Persson, D., Pioline, B.: Quantum hypermultiplet moduli

spaces in N=2 string vacua: a review. Proc. Symp. Pure Math. 90, 181–212 (2015)
[AOVY11] Aganagic, M., Ooguri, H., Vafa, C., Yamazaki, M.: Wall crossing and M-theory. Publ. Res.

Inst. Math. Sci. Kyoto 47, 569 (2011)
[AP21] Alexandrov, S., Pioline, B.: Conformal TBA for resolved conifolds (2021)

[APP11a] Alexandrov, S., Persson, D., Pioline, B.: Fivebrane instantons, topological wave functions
and hypermultiplet moduli spaces. JHEP 03, 111 (2011)

[APP11b] Alexandrov, S., Persson,D., Pioline, B.:Wall-crossing, Rogers dilogarithm, and theQK/HK
correspondence. J. High Energy Phys. 2011(12) (2011)

[APSV09] Alexandrov, S., Pioline, B., Saueressig, F., Vandoren, S.: D-instantons and twistors. JHEP
03, 044 (2009)

[AS09] Alexandrov, S., Saueressig, F.: Quantum mirror symmetry and twistors. JHEP 09, 108
(2009)

[AS21] Alim,M., Saha,A.: Integrable hierarchy for the resolved conifold. arXiv:2101.11672 (2021)
[ASS21] Alexandrov, S., Sen,A., Stefański, B.: D-instantons in Type IIA string theory onCalabi–Yau

threefolds. arXiv:2108.04265, 8 (2021)
[AST21] Alim, M., Saha, A., Tulli, I.: A Hyperkähler geometry associated to the BPS structure of

the resolved conifold. arXiv:2106.11976, 6 (2021)
[BCOV94] Bershadsky, M., Cecotti, S., Ooguri, H., Vafa, C.: Kodaira-Spencer theory of gravity and

exact results for quantum string amplitudes. Commun. Math. Phys. 165, 311–428 (1994)
[BGT19] Bonelli, G., Grassi, A., Tanzini, A.: Quantum curves and q-deformed Painlevé equations.

Lett. Math. Phys. 109(9), 1961–2001 (2019)
[BLR19] Banerjee, S., Longhi, P., Romo, M.: Exponential BPS graphs and D brane counting on toric

Calabi–Yau threefolds: part I. arXiv:1910.05296, 10 (2019)
[BMW20] Baume, F., Marchesano, F., Wiesner, M.: Instanton corrections and emergent strings. JHEP

04, 174 (2020)
[Bri19] Bridgeland, T.: Riemann-Hilbert problems from Donaldson-Thomas theory. Invent. Math.

216(1), 69–124 (2019)
[Bri20] Bridgeland, T.: Riemann-Hilbert problems for the resolved conifold. J. Differ. Geom.

115(3), 395–435 (2020)
[CLT20] Coman, I., Longhi, P., Teschner, J.: From quantum curves to topological string partition

functions II. arXiv:2004.04585, 4 (2020)
[CPT18] Coman, I., Pomoni, E., Teschner, J.: From quantum curves to topological string partition

functions. arXiv:1811.01978, 11 (2018)
[CS14] Couso Santamaría, R.: Resurgence in topological string theory. Ph.D. thesis, U. Santiago

de Compostela (main) (2014)
[CSESV15] Couso-Santamaría, R., Edelstein, J.D., Schiappa, R., Vonk, M.: Resurgent transseries and

the holomorphic anomaly: nonperturbative closed strings in local CP2. Commun. Math.
Phys. 338(1), 285–346 (2015)

[CSMnS17] Couso-Santamaría, R., Mariño, M., Schiappa, R.: Resurgence matches quantization. J.
Phys. A 50(14), 145402 (2017)

[CT21] Cortés, V., Tulli, I.: Quaternionic Kähler metrics associated to special Kähler manifolds
with mutually local variations of BPS structures. arXiv:2105.09011, 5 (2021)

[DG10] Dimofte, T., Gukov, S.: Refined, motivic, and quantum. Lett. Math. Phys. 91, 1 (2010)
[DVV06] Dijkgraaf, R., Vafa, C., Verlinde, E.: M-theory and a topological string duality. hep-

th/0602087, 2 (2006)
[Fad00] Faddeev, L.D.: Modular double of quantum group. In: Conference Moshe Flato, pp. 149–

156 (2000)
[FG09] Fock, V., Goncharov, A.: The quantum dilogarithm and representations of quantum cluster

varieties. Invent. Math. 175, 223–286 (2009)

http://arxiv.org/abs/2011.12759
http://arxiv.org/abs/2102.07776
http://arxiv.org/abs/2101.11672
http://arxiv.org/abs/2108.04265
http://arxiv.org/abs/2106.11976
http://arxiv.org/abs/1910.05296
http://arxiv.org/abs/2004.04585
http://arxiv.org/abs/1811.01978
http://arxiv.org/abs/2105.09011


1100 M. Alim, A. Saha, J. Teschner, I. Tulli

[FP98] Faber, C., Pandharipande, R.: Hodge integrals and Gromov-Witten theory. Invent. Math.
139, 173–199 (1998)

[FP00] Faber, C., Pandharipande, R.: Hodge integrals and Gromov-Witten theory. Invent. Math.
139(1), 173–199 (2000)

[Gai14] Gaiotto, D.: Opers and TBA. arXiv:1403.6137 (2014)
[GGMn20a] Garoufalidis, S., Jie, G., Mariño, M.: Peacock patterns and resurgence in complex Chern-

Simons theory. arXiv:00062:2012, 11 (2020)
[GGMn20b] Grassi, A., Jie, G.,Mariño,M.:Non-perturbative approaches to the quantumSeiberg-Witten

curve. JHEP 07, 106 (2020)
[GHMn16] Grassi, A., Hatsuda, Y.,Mariño,M.: Topological strings from quantummechanics. Annales

Henri Poincare 17(11), 3177–3235 (2016)
[GIL] Gamayun, O., Iorgov, N., Lisovyy, O.: Conformal field theory of Painlevé VI. JHEP 10,

039 (2012)
[GK20] Garoufalidis, S., Kashaev, R.: Resurgence of Faddeev’s quantum dilogarithm.

arXiv:2008.12465 (2020)
[GMN10] Gaiotto, D., Moore, G.W., Neitzke, A.: Four-dimensional wall-crossing via three-

dimensional field theory. Commun. Math. Phys. 299, 163–224 (2010)
[GMN13a] Gaiotto, D., Moore, G.W., Neitzke, A.: Spectral networks. Annales Henri Poincare 14,

1643–1731 (2013)
[GMN13b] Gaiotto, D., Moore, G.W., Neitzke, A.: Wall-crossing, Hitchin systems, and the WKB

approximation. Adv. Math. 234, 239–403 (2013)
[GMn21] Gu, J., Mariño,M.: Peacock patterns and new integer invariants in topological string theory.

arXiv:2104.07437, 4 (2021)
[GV98a] Gopakumar, R., Vafa, C.: M theory and topological strings. 2. hep-th/9812127, 12 (1998)
[GV98b] Gopakumar, R., Vafa, C.: M-theory and topological strings. I. hep-th/9809187 (1998)
[GV99] Gopakumar, R.,Vafa, C.:On the gauge theory/geometry correspondence.Adv. Theor.Math.

Phys. 3(5), 1415–1443 (1999)
[Ha15] Hatsuda, Y.: Spectral zeta function and non-perturbative effects in ABJM Fermi-gas. JHEP

11, 086 (2015)
[HIV00] Hori, K., Iqbal, A., Vafa, C.: D-branes and mirror symmetry. hep-th/0005247, 5 (2000)

[HMnMO14] Hatsuda, Y., Mariño, M., Moriyama, S., Okuyama, K.: Non-perturbative effects and the
refined topological string. JHEP 09, 168 (2014)

[HMO13] Hatsuda, Y., Moriyama, S., Okuyama, K.: Instanton effects in ABJM theory from Fermi
gas approach. JHEP 01, 158 (2013)

[HO15] Hatsuda, Y., Okuyama, K.: Resummations and non-perturbative corrections. JHEP 09, 051
(2015)

[IKV09] Iqbal, A., Kozcaz, C., Vafa, C.: The refined topological vertex. JHEP 10, 069 (2009)
[INOV08] Iqbal, A., Nekrasov, N., Okounkov, A., Vafa, C.: Quantum foam and topological strings.

JHEP 04, 011 (2008)
[JM08] Jafferis, D.L., Moore, G.W.:Wall crossing in local Calabi Yaumanifolds. arXiv:0810.4909,

10 (2008)
[JS12] Joyce, D., Song, Y.: A theory of generalized Donaldson–Thomas invariants. Mem. Am.

Math. Soc. 217(1020), iv+199 (2012)
[KM15] Krefl, D., Mkrtchyan, R.L.: Exact Chern-Simons/topological string duality. JHEP 10, 045

(2015)
[KS08] Kontsevich, M., Soibelman, Y.: Stability structures, motivic Donaldson-Thomas invariants

and cluster transformations. (2008) arXiv:0811.2435 [math.AG]
[KS20] Kontsevich, M., Soibelman, Y.: Analyticity and resurgence in wall-crossing formulas.

arXiv:2005.10651 (2020)
[LV18] Lockhart, G.,Vafa, C.: Superconformal partition functions and non-perturbative topological

strings. JHEP 10, 051 (2018)
[Mn14] Mariño, M.: Lectures on non-perturbative effects in large N gauge theories, matrix models

and strings. Fortschr. Phys. 62(5–6), 455–540 (2014)
[MnM99] Mariño, M., Moore, G.: Counting higher genus curves in a Calabi-Yau manifold. Nucl.

Phys. B 543(3), 592–614 (1999)
[MNOP06a] Maulik, D., Nekrasov, N., Okounkov, A., Pandharipande, R.: Gromov-Witten theory and

Donaldson-Thomas theory. I. Compos. Math. 142(5), 1263–1285 (2006)
[MNOP06b] Maulik, D., Nekrasov, N., Okounkov, A., Pandharipande, R.: Gromov-Witten theory and

Donaldson-Thomas theory. II. Compos. Math. 142(5), 1286–1304 (2006)
[MOOP11] Maulik, D., Oblomkov, A., Okounkov, A., Pandharipande, R.: Gromov-Witten/Donaldson-

Thomas correspondence for toric 3-folds. Invent. Math. 186(2), 435–479 (2011)

http://arxiv.org/abs/1403.6137
http://arxiv.org/abs/00062:2012
http://arxiv.org/abs/2008.12465
http://arxiv.org/abs/2104.07437
http://arxiv.org/abs/0810.4909
http://arxiv.org/abs/0811.2435
http://arxiv.org/abs/2005.10651


Mathematical Structures of Non-perturbative Topological... 1101

[NN] Nago, K., Nakajima, H.: Counting invariant of perverse coherent sheaves and its wall-
crossing. Int. Math. Res. Not. 17, 3885–3938 (2011)

[Nar04] Narukawa, A.: The modular properties and the integral representations of the multiple
elliptic gamma functions. Adv. Math. 189(2), 247–267 (2004)

[Nei11] Neitzke, A.: On a hyperholomorphic line bundle over the Coulomb branch.
arXiv:1110.1619, 10 (2011)

[Nei14] Neitzke, A.: Notes on a new construction of hyperkahler metrics. In: Homological Mirror
Symmetry and Tropical Geometry, Volume 15 of Lecture Notes of the Unione Matematica
Italiana. Springer, Cham, pp. 351–375 (2014)

[NS09] Nekrasov, N.A., Shatashvili, S.L.: Quantization of integrable systems and four dimensional
gauge theories. In: 16th International Congress on Mathematical Physics, pp. 265–289, 8
(2009)

[OSV04] Ooguri, H., Strominger, A., Vafa, C.: Black hole attractors and the topological string. Phys.
Rev. D 70, 106007 (2004)

[PS10] Pasquetti, S., Schiappa, R.: Borel and Stokes nonperturbative phenomena in topological
string theory and c=1 matrix models. Annales Henri Poincare 11, 351–431 (2010)

[RLRS+07] Robles-Llana, D., Rocek, M., Saueressig, F., Theis, U., Vandoren, S.: Nonperturbative
corrections to 4D string theory effective actions from SL(2, Z) duality and supersymmetry.
Phys. Rev. Lett. 98, 211602 (2007)

[Sze08] Szendröi, B.: Non-commutative Donaldson-Thomas invariants and the conifold. Geom.
Topol. 12(2), 1171–1202 (2008)

[Te22] Teschner, J.: The complex geometry of topological string partition functions. In: Talk at
the Western Hemisphere Colloquium on Geometry and Physics. http://web.math.ucsb.edu/
~drm/WHCGP/

Communicated by H-T. Yau

http://arxiv.org/abs/1110.1619
http://web.math.ucsb.edu/~drm/WHCGP/
http://web.math.ucsb.edu/~drm/WHCGP/

	Mathematical Structures of Non-perturbative Topological String Theory: From GW to DT Invariants
	Abstract:
	1 Introduction
	2 Borel Summations of the Resolved Conifold Partition Function
	2.1 Motivation: Topological string theory on the resolved conifold
	2.2 Statement of results for the Borel sum and its Stokes phenomena.
	2.3 Connection to topological string theory
	2.4 Previous results

	3 Proofs of the Results of Sect. 2.2
	3.1 The Borel transform
	3.1.1 Previous expression for the Borel transform.

	3.2 The Borel sum along TEXT
	3.3 Stokes phenomena of the Borel sum
	3.3.1 Stokes jumps of the other Borel transform.

	3.4 The limits TEXT and Text
	3.4.1 Relation between FmathbbR>0 and  Fconiresum.


	4 Relation to the Riemann–Hilbert Problem and Line Bundles
	4.1 Bridgeland's Riemann–Hilbert problem and its solution
	4.2 Relation of the partition function to the Riemann–Hilbert problem
	4.2.1 Normalizing the partition function and the Stokes jumps at pmlinfty.
	4.2.2 Relation to the Riemann–Hilbert problem.

	4.3 The line bundle defined by the normalized partition function
	4.4 Relation to the Rogers dilogarithm and hyperholomorphic line bundles
	4.4.1 Relation to the Rogers dilogarithm.
	4.4.2 Relation to hyperholomorphic line bundles.


	5 The Strong-Coupling Expansion and Its Stokes Phenomena
	5.1 Borel summation of the strong-coupling expansion
	5.2 Stokes jumps
	5.3 Relation to framed BPS states

	6 S-duality
	6.1 Global aspects
	6.2 Relation to string-theoretic S-duality
	6.3 Langlands modular duality

	Acknowledgements.
	A Alternative Proof for the Borel Sum
	B Asymptotic Series from Borel Transforms
	References




