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Abstract: We study the Borel summation of the Gromov—Witten potential for the re-
solved conifold. The Stokes phenomena associated to this Borel summation are shown
to encode the Donaldson-Thomas (DT) invariants of the resolved conifold, having a
direct relation to the Riemann—Hilbert problem formulated by Bridgeland (Invent Math
216(1), 69-124, 2019). There exist distinguished integration contours for which the
Borel summation reproduces previous proposals for the non-perturbative topological
string partition functions of the resolved conifold. These partition functions are shown
to have another asymptotic expansion at strong topological string coupling. We demon-
strate that the Stokes phenomena of the strong-coupling expansion encode the DT in-
variants of the resolved conifold in a second way. Mathematically, one finds a relation to
Riemann—Hilbert problems associated to DT invariants which is different from the one
found at weak coupling. The Stokes phenomena of the strong-coupling expansion turn
out to be closely related to the wall-crossing phenomena in the spectrum of BPS states
on the resolved conifold studied in the context of supergravity by Jafferis and Moore
(Wall crossing in local Calabi Yau manifolds, arXiv:0810.4909, 2008).
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1. Introduction

The study of the geometric structures associated to quantum field and string theories has
been extremely fruitful in revealing connections between different areas of mathemat-
ics as well as in putting forward organizing principles and relations for mathematical
structures and invariants.

The focus of this work is on the connection of two types of invariants associated to fami-
lies of Calabi—Yau (CY) threefolds. On the one hand, the Gromov—Witten invariants are
characteristics of the enumerative geometry of maps into the CY. Their generating func-
tion is closely related to the partition function of topological string theory. The latter is a
formal power series which is asymptotic in the topological string coupling constant. On
the other hand, the Donaldson—Thomas or BPS invariants associated to the same geome-
try can be defined using the enumeration of coherent sheaves supported on holomorphic
submanifolds on the same CY subject to a stability condition. Physically, the latter cor-
respond to BPS states, which are realized by D-branes supported on subspaces of the
CY geometry. The generating functions of BPS invariants are expected to correspond
to physical partition functions of black holes. In physical terms, the topological string
theory is obtained from a perturbative formulation of the underlying string theory, while
the BPS invariants represent data representing non-perturbative effects in string theory.
Relations between the two very different types of data and mathematical invariants have
long been expected both from the points of view of physics [INOV08,DVV06,0SV04]
as well as mathematics [MNOPO6a, MNOPOQG6D].

The link between GW and DT invariants is thus expected to be intimately related to
the non-perturbative structure of topological string theory. Since the latter is defined by
an asymptotic series in the topological string coupling, the most canonical path to its
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non-perturbative structure is to consider the theory of resurgence and Borel resumma-
tion; see [Mn14] and references therein for an overview. This has indeed been applied to
topological string theory in connection with Chern—Simons theory and matrix models
in [PS10] as well as for the resolved conifold in [HO15]. In particular, [HO15] used a
generalization of the Borel resummation and produced via Borel resummation a par-
tition function which matched the expectations of a proposal for the non-perturbative
structure of topological string theory on non-compact CY manifolds put forward earlier
in [HMnMO14,GHMn16]. A non-perturbative definition of the topological string free
energy for general toric CY has been proposed in [GHMn16] in terms of the spectral
determinants of the finite difference operators obtained by quantising the mirror curves.
In [CSESV15], techniques of resurgence and transseries were applied to the study of
topological string theory via the holomorphic anomaly equations of BCOV [BCOVY4];
see also [CS14] and references therein. These techniques have been applied to the study
of the proposal of [GHMn16] in [CSMnS17]. The link to BPS structures started to
emerge more clearly recently [GGMn20b,GMn21] where connections between Stokes
phenomena and BPS invariants have been investigated. See also [KS20, GGMn20a] for
works in related directions.

On the side of DT invariants and BPS structures, exciting insights are coming from
the study of wall-crossing phenomena. The wall-crossing formulas of Kontsevich and
Soibelman [KS08] as well as Joyce and Song [JS12] have led to a lot of progress on wall-
crossing phenomena of BPS states. In [GMN10,GMN13b, GMN13a], Gaiotto, Moore
and Neitzke (GMN) provided a physical interpretation of these developments as well
as new geometric constructions of hyperkihler manifolds having metrics determined by
the BPS spectra; see e. g. [Neil4]. More recent developments are concerned with the
analytic and integrable structures behind wall-crossing phenomena. The emerging links
indicate new connections between DT invariants and GW invariants, going substantially
beyond the scope of the MNOP relation [MNOP06a, MNOPO6b]. Bridgeland [Bril9]
formulated a Riemann—Hilbert associated to the Donaldson—-Thomas invariants of a given
derived category and defined an associated potential called Tau-function in [Bril9]. In
simple examples including the resolved conifold [Bri20], it was shown that an asymptotic
expansion of the Tau-function reproduces the full Gromov—Witten potential. In [CLT20]
it was proposed that the topological string partition functions for a certain class of local
CY represent local sections of certain canonical holomorphic line bundles defined by
the relevant solutions to the Riemann-Hilbert problems from [Bril9].

In this paper, we will revisit the Borel summation of the resolved conifold partition
function from a new perspective. We will show, on the one hand, that the Stokes jumps of
the Borel summation of the expansion in powers of the topological string coupling have a
close relation to the jumps defining the Riemann—Hilbert problem defined by Bridgeland
using DT invariants as input data in [Bri20]. The Stokes jumps serve as certain types
of potentials for the jumps of the Darboux coordinates defining the Riemann—Hilbert
problem in [Bri20].

The Borel summations along different rays p are found to have the following structure

Fp(A, 1) = Fov(A, 1) + Fp (A, 15 p), (1.1)

where A is the topological string coupling, and ¢ the complexified Kihler parameter. The
contribution denoted Fgv (A, t) is the canonical re-organisation known from the work
of Gopakumar and Vafa of the formal series in powers of A as a series in powers of
Q = 2™ which is convergent for Im(¢) > 0. Fgy (X, 1) does not depend on the ray p.
The second part, Fp (A, ¢; p) strongly depends on the choice of aray p. Fp(X, t; p) canbe
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represented as functions of the variables Q' = ¢** %it/% and g =" i/ *, suggesting an
interpretation in terms of non-perturbative effects associated to D-branes in type II string
theory. It is known that there exist non-perturbative effects in string theory represented by
disk amplitudes associated to stable D-branes. Closely related effects have recently been
identified with non-perturbative corrections to the metric on the hypemultiplet moduli
space in type II string theory on CY three-folds [ASS21]. It seems natural to interpret
the jumps of F, (A, t) across Stokes rays as the consequences of changes of the set of
stable objects contributing to the non-perturbative effects in the partition functions. The
explicit results for the jumps take a particularly simple form, having a direct relation to
the Riemann-Hilbert problems associated to DT-invariants in [Bri20] further discussed
below.

The results associated to different rays p interpolate between two special functions
which had previously been proposed as candidates for non-perturbative definitions of
the topological string partition functions: Integration along the imaginary axis yields the
Gopakumar—Vafa resummation Fgy (X, t) on the one hand, while choosing p to be the
positive real axis, p = R, yields a function closely related to the triple sine function.
In the case p = R.(, we find that the function Fp(A, f; p) appearing in equation (1.1)
can be expressed in terms of the previously known function Fyg (A, t), which can be
obtained from the refined version of Fi5y, introduced in [IKV09] in the limits studied by
Nekrasov and Shatashvili [NS09]. The combination

1 0 2
Fap(h, 1) i= Fgy(A, 1) + Z—MB—AAFNS(“%, - 1), (1.2)
appearing on the right side of (1.1) in the case p = R.( has been studied before as a
candidate for a non-perturbative completion of the topological string partition function
[HMnMO14]. Relations to previous work studying the function F;, (4, r) in connection
to topological string theory are further discussed in Sect. 2.4.

It turns out that there is an appealing way to encode the Stokes data geometrically,

in line with the previous suggestions made in [CLT20]. It will be shown that the Stokes
jumps can be interpreted as transition functions of a certain line bundle canonically
associated to the solution of the Riemann—Hilbert problem considered by Bridgeland.
We will show that this line bundle is closely related to the hyperholomorphic line bundles
studied in relation to hyperkihler geometry in [APP11b,Neil 1]. The Borel summations
of the topological string partition functions represent local sections of this line bundle.
In the previous work [CPT18,CLT20], the relations discovered in [GIL] had been used
to demonstrate that the Fourier transforms of the topological string partition functions
associated to a certain class of local CY are related to the isomonodromic tau-functions
which represent local sections of this line bundle. Due to the absence of compact four-
cycles, the tau-functions simply coincide with the topological string partition functions
for the case at hand.
The Borel summation along the positive real axis appears to be distinguished in some
ways. This function also has an asymptotic expansion for A — oo, referred to as
the strong-coupling expansion in the following. The Borel summations of the strong-
coupling expansion along different rays o’ are found to have the following structure:

F;),(A,t) = Fgps(A, 13 p') + Fns (A, 1). (1.3)

The contribution Fns (A, 1) is now independent of p’, while Fgps (A, t; o) exhibits jumps
when p’ crosses certain rays in the complex plane of the variable 1/A. We find that
Zeps(A, t; p') == efBes(r:p) §g closely related to the counting functions for BPS states
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previously studied in the context of supergravity by Jafferis and Moore [JMO08]. The
Stokes jumps of Zpps(A, t; p’) display a precise correspondence to the wall-crossing
behaviour of the counting functions for BPS states studied in [JMO8]. In the case of
o' =R.o we recover Fgy (A, t).

Mathematically one may again observe a close relation to a Riemann—Hilbert problem
associated to DT theory. However, the jumps of Zgps(A, 1; p’) now directly coincide
with the jumps of a particular coordinate function in a close relative of Bridgeland’s
Riemann—Hilbert problem, as could have been expected from previous computations of
Zgps (A, t; p’) on the basis of wall-crossing formulae [BLR19, Appendix Al]. It should
be stressed that both the location of jumps, and the functional form of the jumps are
different for weak- and strong-coupling expansions. However, we find that both are
determined by Riemann—Hilbert type problems associated to DT invariants, albeit quite
remarkably in somewhat different ways.

At least in the example studied in this paper, we have identified two new ways to
extract non-perturbative information on DT invariants from the GW invariants defining
the topological string partition functions. Our results suggest that these data are deeply
encoded in the analytic structures of non-perturbatively defined partition functions. The
way this happens indicates close connections to string-theoretic S-duality conjectures,
as will be briefly discussed in Sect. 6. We expect that key features of the resulting picture
will be found in much larger classes of string backgrounds. Such generalisations are the
subject of work in progress. A preliminary discussion can be found in [Te22].

2. Borel Summations of the Resolved Conifold Partition Function
We are going to study the formal series

-1
pae-2 SV Bog

2028 —2)! 3-2¢(0),

= . By . -

F(u 1 = 5Lis(Q) + —Lin(Q) +

g=2

with Q = exp(2rit), and polylogarithms Li(z) and Bernoulli numbers B, defined by

OO 7" w 0 w"
Lis(z)zzﬁ, seC, ZBHF. @2.1)
n=1 n=0 ’

ew—1=

Borel summation of this formal series will repackage the information contained in it
in an interesting way, revealing non-obvious mathematical structures. Our goals in this
section will be to state the results on the Stokes phenomena of the Borel sums of F (A, 1),
to discuss some of its implications, and relations to previous results in the literature.

2.1. Motivation: Topological string theory on the resolved conifold. Topological string
theory motivates the consideration of the topological string partition functions. One
expects to be able to associate such partition functions to families of Calabi—Yau (CY)
threefolds X = X,, witht = (tl, ..., t") being a set of distinguished local coordinates
on the CY Kihler moduli space M of dimension n = h'"!(X,). The partition function
is expected to be defined by an asymptotic series in the topological string coupling A of
the form

o
Ziop(h, 1) = exp ZA28_2Fg(t) } (2.2)
g=0
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In order to provide a rigorous mathematical basis for the definition of topological string
partition functions, one may start by defining the GW potential of a Calabi—Yau threefold
X as the formal power series

_ 2¢-2 _ 2¢-2718 B
FQ.0) =) ME2F8Q) =) Y 2*¥NjOF, 2.3)
8=0 8=0 Be Hr(X,Z)
where Qf =TT"_, ol ifp = > Bryrs with {1, ..., ¥} being an integral basis for
H>(X,7Z), and Q, being formal variables for » = 1, ..., n. One may note that the term
associated to 8 = 0 is independent of the Kéhler class 8, motivating the decomposition
F(Q. 1) = Fo) + F(Q, 1), (2:4)

where the contribution F( (1) takes the universal form [FP9§]

_ (X)(=1)87' By Bag 2
=S a22ps ps_ X g 228 >2. @25
Fo) =Yy 0 R =i Dae—a ¢ fZ% @9

=0

with x (X) being the Euler characteristic of X. The formal series F (Q, 1) is defined as
F(Q.0) =) 2*%7%GW],, 0F (2.6)

g>0 gel’

whereI' = {8 € Hy(X, 7Z); B # 0}, with[GW] B¢ being the Gromov—Witten invariants.
In this way, one arrives at a precise definition of F(Q, A) as a formal series.

There is a class of CY manifolds where the series F&(Q) actually have finite radii of
convergence, allowing us to define the functions F&(r) = F8 (271, ..., €27iln) where
t = (t,..., ;). The resulting power series in XA is not expected to be convergent, in
general. One may hope, however, that there can exist analytic functions having the series
F(a,t)= Zg>0 12872 F&(r) as asymptotic expansion.

We are here considering a particular example of a CY manifold X called the resolved
conifold. This CY threefold represents the total space of the rank two bundle over the
projective line:

X:=0(-1)®0(-1) > P!, (2.7)

and corresponds to the resolution of the conifold singularity.
The GW potential for this geometry was determined in physics [GV98b,GV99], and
in mathematics [FP0O] with the following outcome for the non-constant maps:!

) ]

F(h, 1) = x282th——L #3522 DT Bog
(A1) gZO (1) i3(Q) Z 252g 2D
(2.8)
using the notation Q = ¢, The constant map constribution has the form (2.5) with
x(X) = 2 and F(()) = —¢(3). The value of FOl only shifts F(Q, A) by an overall

constant, and its specific value won’t be important. Our first goal will be to study the
Borel summability of the series (2.8) and (2.5). This was first studied in [PS10]. The
results presented below complete and clarify previous work on this subject, as will be
discussed in more detail below.

I See also [MnM99] for the determination of F& from a string theory duality and the explicit appearance
of the polylogarithm expressions.
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2.2. Statement of results for the Borel sum and its Stokes phenomena.. Here we state
a theorem collecting the results that we wish to prove. The proof of each part will be
presented in Sect. 3.

Before stating the theorem, we briefly recall the definition of Borel summation. Given
a formal power series a():) € )i(C[[)V»]], we consider its Borel transform B(a) (&), where
Sn

n’

B: iC[[A]] — Cllg]l, BG"h = (2.9)

Let i € C* and let p be aray from 0 to oo in the complex &-plane. If 5(a) (&) defines
an analytic function along p, we define the Borel sum of a(A) at A, along p by

/ d& e Bla) @) . (2.10)
P

If (2.10) is finite, we say a()VL) is Borel summable at )v\, along p.

Theorem 2.1. Consider the formal series

—1)¢- 1B
(=D 2g Li

28(28 —) 372g(Q)

~ 1 B =
Foun = 55Lis(Q) + 72Li1 Q)+ %2
g=2

| By . N y A it
= —=Lizs(Q)+ =Li1(Q)+P(A, 1), r=—, QO=c¢ . 2.11)
A2 2 2

Then we have the following:
(i) (Borel transform) For t € C* with |Re(t)| < 1/2, let G(&,1) := B(D(—,1))(&)

denote the Borel transform of dD()V\, t). Then G(&,t) converges for |§| < 2m|t|.
Furthermore, G (&, t) admits a series representation of the form

B 119 £? £
660 =m T i (e ~ T )

meZ\{0}

2.12)

We can use the above series representation to analytically continue G (€, t) in the &
variable to a meromorphic function with poles at &€ = 2mwi(t + k)m for k € Z and
m € 7\ {0}.

(ii) (Borel sum) Fort € C — Z and k € Z let l;, := R_g - 2wi(t + k) and l» := iR .
Given any ray p from 0 to oo different from {£l}xez U {£lxo},

and X in the half-plane H,, centered at p, we define the Borel sum of F (A, t) along
p as

F o 1. B . —&/%
(A, 1) = ELB(Q)-'— 7L11(Q)+ dée G(E, ). (2.13)
P

Taking p = R., and assuming that Im(t) > 0 and 0 < Re(t) < 1, we have the
following identity whenever Re(t) < Re(A + 1):

du PH=1/2)

Fr (0 1) = — — _ .
20 1) -/]R+10+ 8u sinh(u/2) (sinh(ku/2))2

(2.14)
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(iii) (Stokes jumps) Let py be a ray in the sector determined by the Stokes rays ;. and l._1.
Then if Im(t) > O, on the overlap of their domains of definition in the A variable we
have

1 . o
G, O 1) 1= Fipyy O 1) = Fag, G 1) = 50 (A Lin(520+0/) ).
1
(2.15)

If Im(t) < O, then the previous jumps also hold provided pi+1 is interchanged with
Ok in the above formula.

(iv) (Limits to £iR~o) Let py denote any ray between the rays ly and ly—1. Furthermore,
assume that) < Re(t) < 1,Im(z) > 0, Re(A) > 0,Im(1) < 0,andRet < Re(i+1).
Then

00 .
eankt

/; k(2sin(3))”

Furthemore, we can write the sum of the Stokes jumps along Iy for k > 0 as

lim Fp (A, 1) = lim F_p (=, 1) = (2.16)
k— 00 k— o0

o 1 o wl . .
—_ - . 2mit/h o~ . 2mi/A
Z¢lk()\"t)_Zﬂia)L()\le(l—al)), wi=e , g =¢ .
k=0 =1
(2.17)
If, on the other hand, we take 0 < Re(t) < 1, Im(¢) > 0, Re(A) > 0, Im(») > O,
Re(r) < Re()V\ + 1) and furthermore assume that |e*™*/*| < 1, then we also have
i eZnikl‘
lim F, (A, )= lim F_, (—A,t) = _
k——00 Pk k——o00 Pk P k(ZSin (%))2
Let us note that under the assumptions of the first part of (iv), limy_, oo Fy, (A, )

differs from Fr_, (A, t) by the sum over all jumps ¢y, (4, t) for k > 0, leading to the
decomposition

(2.18)

/

10/ W
FR>O()\.,t)=kli>ngonk()\,,t)—ﬁa(kZm). (219)
=1

As we will see in Proposition 3.15, this decomposition can be obtained by evaluating
the integral on the right of (2.14) as a sum over residues. Part (iv) of the theorem above
identifies the second term on the right of (2.19) with the sum over the Stokes jumps in
the lower right quadrant of the Borel plane (Fig. 1).

We further remark that the constraint Im(z) > 0 and 0 < Re(¢) < 1 is needed to
conclude that Fg_(A, 1) = Fyp(A, t) and the statements of point (iv) of Theorem 2.1
and (2.19). These statements are nevertheless easy to generalize to more general ranges
of t. For example, if € iR ¢, then we cannot perform the Borel sum along R ¢, since /
coincides with R ¢, while it is easy to check that Fy, (A, 1) = Fnp(X, t) for pg between
lpand [_q.

It will turn out that the Borel summation Fy ,(2) of the formal series (2.5) is closely
related to the value of the function F, (X, 0) defined in Theorem 2.1. The relation will
be found to be of the form

1.
Fo,p(2) = =Fp(1,0) = 5 log i +C. (2.20)
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Fig. 1. Illustration of the Stokes rays [y = R_( - 27i(# + k) in the Borel plane, plotted for t = % (1 + %) and
k= —10,..., 10, as well as a possible integration ray p|

where C is a constant independent of p which won’t be of interest for us. Equation
(2.20) finally allows us to represent the Borel summation F), (A, ) of the full free energy
F(A,t) = Fo(A) + F(A, t) of the topological string theory by the formula

, 1.
Fo(h1) = Fy(h.1) = Fy(0.,0) = 7 logi + C.

2.21)

In the following two subsections we will first discuss the interpretation of Theorem 2.1

in the context of topological string theory. This will be followed by a discussion of the
relation to previous results in this direction.

2.3. Connection to topological string theory. In the case of the resolved conifold, non-
perturbative definitions of the topological string partition functions should be analytic
functions of A and ¢ such that (2.8) gives an asymptotic series expansion for A — 0 of

the corresponding free energy F (A, t).
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2.3.1
The Gopakumar—Vafa (GV) resummation of the GW potential [GV98a] re-organises
the non-constant part F'(A, t) of the GW potential in the following form:

DoAY IGW,, 0F = Y316Vl 30 @sin($)) 0. 22

g>0 Bel’ Bel g>0 k>1

Equation (2.22) can be understood as an equality of formal power series in Qf with
coefficients being Laurent series in A. One can thereby regard (2.22) as a definition of
the GV invariants [GV] 1n terms of the Gromov—Witten invariants [GW]

Using the known results for the invariants GW g , of the conifold, one ﬁnds that the
right-hand side of (2.22) simplifies to

2mkt

Fov(h,t) = Z e )) (2.23)

This has also been derived using the topological vertex formalism [AKMnVO05]. Assum-
ing Im(¢) > 0, one may notice that the series defining Fgv (A, f) in (2.23) is convergent
for Im(%) > 0 or Im(X) < 0. One may regard Fgy (X, t) as a minimal summation of the
divergent series (2.11), in the sense that it is obtained by a rearrangement of the formal
series F (A, t) into a convergent series in powers of Q = ¢ that defines functions
analytic in A away from the real line R.

Our results relate Fgy (X, t) to the limits of the Borel summations along rays py for
k — oo when the rays py approach the imaginary axis.

2.3.2

As mentioned above, the function Fgy (X, ) is not well-defined for A € R. This is one
of the motivations to look for analytic functions having the same asymptotic expansion,
but larger domains of definition, as candidates for non-perturbative definitions of the
topological string partition functions.

A general proposal has been made in [HMnMO14] for non-perturbative definitions
of topological string partition functions. This proposal was motivated by the observation
[HMO13] that one can systematically add functions of e 75 to the function Fgy (A, t)
cancelling all the singularities that Fgy (X, ) develops on the real A-axis. The function
of e@M3 having this property can be interpreted as certain non-perturbative corrections
in string theory.

Specialised to the conifold, the proposal made in [HMnMO14], see also [Hal5],
yields

1 0 2
Fup(M, 1) := Fgy (%, t)+2—a)LFNs(4” - 1), (2.24)

using the notations

0 eZnikt @ e2nikt
FovOut)=) ———— .  Fs@Ei=—y ———. (225)
GV kZ} k(2sin (%)) NS 2i k; k2 sin ()

It is easy to see that the right side of (2.24) coincides with the expression on the right of
(2.19) (i.e. that Fr_, = Fpp).
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2.3.3

Using Borel summation is another natural approach to finding non-perturbative defini-
tions of the topological string partition functions, as previously investigated in [PS10]
and in [HO15]. A formula for the Borel transform had been first proposed in [PS10],
and in [HO15] it was conjectured that the Borel transform along the real axis is equal to
(2.24). Extensive numerical studies provided convincing evidence for these proposals.

Our Theorem 2.1 offers a more complete picture. It shows that the Borel summations
F, (X, t) interpolate between Fgv (A, 1) and Fyp (A, t). All the functions F, (4, t) defined
by different choices of the ray p can be regarded as different re-packagings of the same
information, contained in the formal series (2.8). Any of these summations can serve as
a candidate for a non-perturbative definition of the topological string partition function
of the resolved conifold. Additional requirements have to be imposed to distinguish a
particular choice among others.

Defining the topological string partition functions by Borel summation whenever this
possibility exists seems to be the most canonical way to associate actual functions to
the divergent series (2.8). That is, we set Fean(A, 1) 1= Fp, (A, 1) where p, = R.¢ - A.
The price to pay is that the resulting function is only piecewise analytic, having jumps
across the rays =+/;. However, as will be explained in the rest of the paper, there is
interesting information contained in these jumps. We are going to demonstrate that
the jump functions encode information on the spectrum of BPS states on the resolved
conifold in a particularly simple and transparent way by relating them to the Riemann—
Hilbert problem formulated in [Bri20] which takes as input data the generalised DT
invariants for the resolved conifold.

The Borel summations F), (1, t) each have natural domains of definition, bounded
by the rays /x and [;_1. It seems important to note, however, that the functions F,, (1, t)
can be analytically continued in X to larger domains of definition containing /; and l;_1,
namely, the half plane H,, . This suggests to regard the analytically continued functions
Fy, (A, t) as local sections of a line bundle defined by taking exponentials of the jumps
o (A, 1) = Fy, (A, 1) — Fy (X, 1) as transition functions. This line bundle, together
with the collection of distinguished local sections Fy, (A, t) is a natural geometric object
canonically associated to the formal series (2.8) by Borel summation. We will see that
it is a natural analog of the line bundle proposed in [CLT20] for the case of the resolved
conifold.

It should be noted that F.,, (A, t) is not well-defined for the case of ¢t € iR.¢ and
A > 0, where [ is on the real axis. It is clear from the results presented above that
there is no canonical extension of our definitions covering such a case. Being mainly
interested in the information provided by the series (2.8) alone, for the time being, we
will not discuss possible prescriptions that could extend the definition to these cases in
this paper.

234
Let us note that the differences Fp x (A, 1) := Fp, (A, t)— Fgv (X, t) can be represented as
sums of terms which are all proportional to an exponential function having dependence
with respect to the topological string coupling A of the form e€?"5*)/* Tt is therefore
natural to associate the differences Fp (X, ¢) with non-perturbative effects in string
theory. They can be represented as a sum over the Stokes jumps across the rays /;
enclosed by py and iR. We will see that these jumps are in a one-to-one correspondence
with D-branes in type II string theory on the resolved conifold.

A dependence of the form of the form e(¢?"5")/* is characteristic for non-perturbative
effects in string theory having a world-sheet description through disk amplitudes with
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boundaries associated to D-branes. Such disk amplitudes can represent central charge
functions of D-branes in type II string theory [HIVOO]. We will later see that the func-
tions Fp (A, t) can indeed be expressed in terms of the central charge functions of the
D-branes associated to the jumps. It turns out that the functions Fp (A, t) can be rep-
resented as sums over all terms which are exponentially suppressed in the wedge of the
A-plane bounded by I and I;_;.

These observations suggest that the non-perturbative effects represented by the func-
tions Fp x (A, t) have a world-sheet description in terms of disk amplitudes with bound-
aries associated to stable D-branes representing states in the BPS-spectrum of the re-
solved conifold. The set of D-branes contributing to the non-perturbatively defined par-
tition functions depends on the phase of A, and jumps across the rays I.

2.4. Previous results. Previous work on this subject had obtained several important
partial results. The first study of the Borel summability of the series F(, 1) was per-
formed in [PS10], where an explicit formula for the Borel transform was found. While
the direct comparison of the formula derived in [PS10] with (2.12) is not completely
straightforward, it is easy to see that the poles and residues agree.

Another approach to the summation of the formal series F (A, ) has been proposed
in [HO15]. The summation considered in [HO15] is an analytic function Fioo"™ (A, 1)
defined through an explicit integral representation. Numerical evidence has been pre-
sented for the conjecture that F 5>{™ (X, 7) is equal to the Borel summation Fg_ (X, 1)
along p = R in our notations. We will later in Sect. 3.4.1 explicitly establish the re-
lation between F >U™ (X, t) and Fg_, (A, t) considered in our paper. It was furthermore
proposed in [HO15] that the function F 3™ (X, ) admits the decomposition (2.24). This
conjecture has been extensively checked numerically.

Interesting relations with spectral determinants of finite difference operators along
the lines of [GHMn16] have been found in [BGT19]. Further exploration of the relations
to our results should be illuminating.

It has been demonstrated in [Bri20] that a special function closely related to the triple
sine function has (2.11) as its asymptotic expansion. The relation between the triple
sine function and the formal series F (A, t) has stimulated the work [Ali20,AS21,Ali21]
studying the function defined on the right side of (2.14) as a promising candidate for a
non-perturbative definition of the topological string partition function. It was identified
in [AS21] as a solution with pleasant analytic properties of a difference equation [Ali20]
which governs the topological string free energy. In [Ali21], the non-perturbative content
of this function was extracted demonstrating that this function admits the decomposition
(2.24) and matching in particular with the results of [HO15].

Further work on the function an (A, t) in connection with the non-perturbative struc-
ture of topological strings can be found in [LV18,KM15].

3. Proofs of the Results of Sect. 2.2

In this section we prove each of the points of Theorem 2.1. Our approach is strongly
inspired by the paper [GK20] which has studied the analogous problem for the non-
compact quantum dilogarithm function. Each of the four subsections below corresponds
to each of the four points of the Theorem.
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3.1. The Borel transform. We start by proving the first part of Theorem 2.1, concerning
the Borel transform of of F'(A, t). We remark that an alternative expression of the Borel
transform was previously given in [PS10], which we recall in Sect. 3.1.1.

Recall the asymptotic expansion of the topological string free energy for the resolved
conifold, which is given by (2.8):

]

F(\ 1) = Zﬁg—zﬁg(t)
g=0
1 By . o, 262 (=D Bog
= L)+ L11<Q>+g2:;x 2e0g 2y B (@)

Ly By . s sk 2rit
= 5@+ SLi@+o(hn, i=--. 0=¢"" (1D

2
We use the property
. . d
OoLis(Q) = Lis—1(Q), 6g:=0 a0 (3.2)
to write
~ (=87 'Byy o .
e — ) >2. 33
ree 2 oL@ 8= (33)
Furthermore, using that 6y = ﬁa, we obtain
~ (—=1)Bag 2y -
8 = 3L , g>2. 3.4
2228 — D)y O D). 8= (3-4)
‘We thus have
O, 1) = ——— i e TN (3.5)
' 472 = 2828 - 2)! ! ' ’

We now wish to compute the Borel transform of @ (%, 1) and specify its domain
of convergence. The Borel transform is defined as the formal power series G (£, ) :=
B(®(—,1))(§), where

B: AC[[A]] — C[[£]], BG™) = i—| (3.6)
Namely, we wish to study
O —— i Do £%73 07 Liz(Q) (3.7)
’ 472 = 22022 = 2)!2g = 3)! ! ' ’

In order to do this, it will be convenient to first recall the Hadamard product and a
certain integral representation thereof. The techniques used below follow the lines of
[GK20].
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Definition 3.1. Consider two formal power series Y - anz", Y oo bnz" € C[[z]].
Then the Hadamard product &) : C[[z]] x C[[z]] = C][[z]] is defined by

(Zanz”)@)( Zb,ﬂ) = anbaz" . (3.8)
n=0 n=0 n=0

Lemma 3.2. Consider two holomorphic functions near z = 0 having series expansions

S1(2) = Zanzn, h) = anz” (3.9)

n=0
with radius of convergence ry > Qandry > 0, respectively. Then (f1® f2)(z) converges
for |z| < rira, and for any p € (0, r1) the following holds for |z| < pry:
1 ds Z
F®M@=5=[  Zhon(5). (3.10)
Tl Is|=p S S

Proof. By using the limsup definition of the radius of convergence, one can easily check
that the radius of convergence of ( f1® f>)(z) must be bigger or equal than 7;7,. On the
other hand, we have that for |z| < pry < rir,

o0

1
(fi®HR) = Zan 2" —Z(zm /I s %)bz

zim . p?fl(s)zb (3) = 2—m . p;ﬁ(s)fz( )
(3.11)

where the interchange of sum and integrals is justfied by the Fubini—Tonelli theorem and
the absolute convergence of (f1® f2)(2). O

The idea is to write

GE. 1) = (i®fa(=.0)E) (3.12)

for two functions f1(£¢), f>(&, t) which are holomorphic near £ = 0, and then use the
first part of the previous lemma. We will take f1(£), f2(&, ) to be the following:

(2g — 1)B2g zg 3
f1®) = Z 2o
— - %—2g73 2gy - _ - §2g73 287
hE D= gm 9% Liz(Q) = gm@’”) Liz_2,(Q).

(3.13)

Proposition 3.3. Let t € C* with |Re(t)| < % Then G (&, t) converges for |&| < 2m|t].
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Proof. Using the fact that

2g
Byg ~ (—1)g+144/_ng(%) as g — 0o, (3.14)

we find that the radius of convergence for fj(£) is 2. On the other hand, using the fact
that for |Re(?)| < 1/2, we have

Liz_g (¥ ~ (1 — 3 +2g)(—27it)> 27! as g — oo, (3.15)

we find that the radius of convergence of f>(&, 1) is rp(¢) = |¢].
By the use of Lemma 3.2, we find that provided t+ € C* satisfies |[Re(r)| < % we
have that G(§, 1) = (f1® f2(—, 1))(§) converges for |£| < rira(t) = 2m|t|. |

We now wish to use the integral representation of the Hadamard product to find a
more convenient representation of G (&, t).

Proposition 3.4. With the same hypothesis as in Proposition 3.3, we have

1 1 £ 0 1 1
(27)2 Z m(l + 5%)(1 _ p—2mit+E/m ] _ e—znit—s/m>

meZ\{0}

GE. 1) =

(3.16)

In particular, for fixed t, the expression on the right allows us to analytically continue
G (&, t) to a meromorphic function in & with poles at &€ = 2mi(t + k)m for k € Z and
m € Z\ {0}.

Proof. The idea is to now use the integral representation of the Hadamard product in
Lemma 3.2, together with the results in the proof of Proposition 3.3. In particular, for
t € C* with |Re(?)] < 1/2 and p € (0, 27), we have for |€] < p|¢|

1 d
Gen=5= [ Znwnt) 17

27 Jisi=p

where f1(£) and f>(&, t) are as in Proposition 3.3.
‘We have, on the one hand,

1 X (2g— 1) By 23 11 L~ By o

- - =———-0 - ——=£

f1&) 4 2g=2 (2g)! 47125 § g;(zg)!é
_ (s B 58
=l I ;g!g "2

_ L e ;&
—‘mgaé@(ef—f”z‘ﬁ»

A 1 1
T 4x2? (?3 T E(E2 —eEm2 @) ’ (3.18)
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where we have used the expression for the generating function of the Bernoulli numbers

w 0 w
T =ZB,,F, (3.19)
n=0
and the fact that except B; = —%, all odd Bernoulli numbers vanish. From the final

expression we see that f1(£) admits an analytic continuation to a meromorphic function
with double poles at & = 27iZ \ {0}.
On the other hand, for f,(&, t), we have

fzg 3 281 . 3 812gL13(Q) 2
1) = E > 5% -9 E Jr OV £
&0 o 2 3) t 13(Q) £ po (22)! 3

1 . . .
— 3; (§(L13(82ﬂ1(1+§)) +Li3(e27{1(l—§))) _ Li3(627'[1t)>

_ (2721)3 (Lio(eZHi(HE)) _Lio(ezni(z—;*)))

(27Ti)3 627Ti(t+é‘) eZni(t—&)
) <1 _2ni+d) | ] — e2m(z—g)> ’

(3.20)

so that f>(&, t) admits an analytic continuation in & with simple poles at ¢ + Z. The
integral representation then becomes

G oo 1 ds 1 &5 1 eZﬂi(l+é/s) eZni(r—E/s)
€= 2 | S\ s(es — 1)2 T 12s 1 — o2mi(t+E/s) 1 _ p2mi(t—&/s) )

sl=p S
(3.21)

Notice that f>(&/s, t) as a function of s has simple poles at s = & /(¢ + k) for all
k € Z. By our assumption that |§| < pl|¢| and |Re(?)| < %, we have

£<p |7] <p
t+k lt+kl — 7

(3.22)

so that all the poles of f>(&/s, t) lie inside the contour. Furthermore, since p < 2, all
the poles of f1(s) lie outside the contour.

If, for each k € Z with k > 1, we denote as y; the contour given by |s| = 7 (2k + 1),
then between |s| = p and y%, we have the poles at +2xin forn = 1, ..., k due to fi(s).
We can therefore write the following for any k > 1:

G B 1 ds 1 & 1 eZni(t+§/s) eZﬂi(t—S/s)
&n=7 sy 5 \83 s =12 125 )\ 1= 2@y ~ 1= 2=/

1 d E‘Y(S _ 27Tim)2 eZni([+E/s) eZni([—E/s)
= 2mi > 2ds \ (e —1)2s2 (1 — i = e2ni(t—$/s))
meZ:—k<m<k,m#0 s=2mim
1 ds 1 & 1 eZJ‘ri(Hf/s) 2mi(t—£&/s)
o E(i N . (323
2 v S s3 s(65 _ 1)2 12s 1 — e2mi(t+§/s) 1 — e2mi(t=§/s)

where the terms in the sum come from the contribution of the (clockwise) contours
around the poles between the two contours.



Mathematical Structures of Non-perturbative Topological... 1055

One can check that f>(£/s,t) = O(l/s) as s — oo, while fi],, = O(1/k) as
k — oo. Hence, taking the limit k — o0 in (3.23) we obtain the following expression:

, 1 d [ef(s —2mim)? [ o2l 2i1—E/s)
G n=2mi ) 2 a4\ (@ =122 (1 ZmiEs) | 1= eZni(t—E/s))

meZ—{0} s=2mim
Z 1 ( 1 ( eZniHE/m eZ:rit—S/m
= 2 _ 2mit+E/m | _ 2mit—&/ )
meZn0 (27'[1) 1—e m 1—e m
%- 2rit+€ /m 2rit—&/m
+ 2m4 ((1 _ lerir+$/m)2 + (1— eZniz—é/m)Z)) : (324)
The result then follows by a simple rewriting of the summands. O

A direct check that G (€, t) is the Borel transform of F (A, t) canbe foundin LemmaB. 1
from Appendix B.

3.1.1. Previous expression for the Borel transform. In the following we review an ex-
pression for the Borel transform of the topological string free energy for the resolved
conifold obtained in [PS10], starting again with

o
F(h,t) = Z,\Zé’—zfg(r)
g=0
(1) By,

2505 — 2yt @

1 B, 00
= A2L13(q) + > Lii(q) +g§_zk

v

1. By . v A
= A_2L13(q) + 7L11(q) +d(, 1), A= 7 (3.25)
Using the series representation of the polylogarithm
Lig(e”™) =T(1 —5) Y _Qui) 'k — 1), (3.26)
keZ

valid for Re(s) < 0 and ¢ ¢ 7Z, we can write

o0

v LD
= 2¢-22 7 728
DA, 1) = gg_z)» 292 —2)! Liz_24(q)

o0

Z mZ(k 1228, (3.27)

Taking the Borel transform of ® (i, t), we find

o0

_ Bag 2¢-3 _\2-2g
G(s,t)—;—zg(zg_z)!s gzjac 1)

(k —1)? 5/ (k=1 1
_ Z oo 1) (3.28)

keZ
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where the second equality follows from

w

e | I P 2
_ _ 82 3.29
(e =12 w? 12 X; 2g(2g 2)' ’ ( )

which can be obtained by taking a derivative of the generating function of Bernoulli
numbers (3.19) and rearranging the outcome. We note here that this expression for the
Borel transform, which was previously obtained in [PS10] has the same set of poles at

E=2mim(t+k), meZ\{0}, keZ,

as the one we have obtained in Theorem 2.1. We will later show that it also has the same
Stokes jumps.

One advantage of the expression (3.16) compared to (3.28) is that the first gives a well-
defined expression fort € Z. As we will see below, this will allow us to express the Borel
transform of constant map contribution of (2.4) in terms of G (£, 0) (see Corollary 3.13).

Remark 3.5. It seems one might be able to obtain (3.28) from the integral representation
(3.21) by deforming the contour to 0 instead of oo, and summing over the residues of
the poles inside the contour. The only technical issue is that it seems harder to show that
the contour limiting to s = 0 limits to a zero contribution.

3.2. The Borel sum along R . We now prove the second point of Theorem 2.1. Hence,
we wish to study the Borel sum of F (A, r) along R.o. More generally, we define the
following:

Definition 3.6. Given t € C with Im(¢) # 0, and aray p C C* from 0 to co avoiding
the poles 2mi(t + k)m of G (&, t) and which is different from £iR. (o, we define

Fy(h, 1) = %Lig(Q)+ %Lil(Q)Jrfdg EhGE D, 0=, (3.30)

P

for A in the half-plane H, centered at p. We call F, (%, t) the Borel sum of F (1, t) along
0.

The integral appearing in (2.14) corresponds to an integral representation of a certain
function G3(z | w1, wy) related to the triple sine function. Hence, before studying the
Borel sum along R. ¢, we recall how this function is defined and some of its properties.
For a convenient review of the special functions appearing below and their properties,
see for example [Bri20, Section 4] and the references cited therein.

Definition 3.7. For z € C and wy, wp € C*, we define

i .
G3(z| w1, w2) :=exp <FB3’3(Z +w |, 0, wz)) -sin3(z + w1 | w1, w1, @2) ,
(3.31)

where sin3(z | w1, w2, w3) denotes the triple sine function, and B3 3(z | w1, w2, w3) is
the multiple Bernoulli polynomial.

What will be most important for us are the following properties:
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Proposition 3.8. [Bri20, Prop. 4.2] [Nar04, Prop. 2] G3(z | w1, wy) is a single-valued
meromorphic function under the assumption w|/wy & R_o. Furthermore, we have

o It is regular everywhere, and vanishes only at the points
z=aw) +bwy, a,bel, (3.32)

witha < Qand b <0,0ra > 0and b > 0.
e Let Re(w;) > 0 and —Re(w1) < Re(z) < Re(w + w2). Then

du et z—®2/2)
G3(z|wy, ) =exp| — / — . 5 ]. (3.33)
R+io+ Su sinh(wau /2)(sinh(wu/2))
Definition 3.9. For Re 1 > 0 and —Re():) < Re(t) < Re()vn + 1), we define
. du et (t=1/2)
Fop(A, 1) :=1logG3(t |1, 1) = —/ — - ,  (3.34)
. s R+io+ 8u sinh(u/2)(sinh(Au/2))?

We now wish to relate Fr_, (A, 1) to Fpp(A, t). For this, we will need the following
lemma, giving a “Woronowicz form" for Fnp,. We remark that a similar form for the
triple-sine function was conjectured in [AP21, Equation B.17].

Lemma 3.10. Let t € C be such that 0 < Re(t) < 1, Im(¢) > 0, and let A be in the
sector determined by ly = R -2mwit andl_1 = R_¢-2wi(t — 1). Furthermore, assume
that Re(t) < Re(A + 1). Then Fup(A, t) admits the following Woronowicz form:

Fap(h. 1) = log(1 — erv+2mity (3.35)

1 /‘ v
— dv
2m)% Jreior 1 —e?
Proof. We will follow the method of [GK20], based on the unitarity of the Fourier
transform:

(f.g) = (Ff.Fg). (f.g) = /Hé & FOR®,  (FYE) = /R dy Ty (y),

We start by defining for sufficiently small € > 0,

fe(x) — €N log (1 _ e)v\x+2nit), ge(x) — pTEx

1 — extie’

Ge(x) = e™* (3.36)

1— ex+ie'

We then easily see that

dv log(1 — Mo+27ity (337

v
lim , —
>0 (271)2 (. Go) = 2n)? /RW 1 —ev

We now compute the Fourier transform of f, g¢, and G.. Setting ¢ = 27 x +i€, we find
that

iX elvs

Ffe(x) = / dy €7 log(1 — eH*+27i) = o G
R g‘ 1 — e~ Ay—2mit

where we have integrated by parts, and used that the boundary terms vanish. The last
integral has simple poles at y = 2mi(k — t)/A, and under our assumptions for the
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parameters ¢ and A, it is easy to check that the poles on the upper half-plane correspond
to k > 0, while those in the lower half-plane correspond to £k < 0. If Re(x) > 0, by
an application of Jordan’s lemma and the residue theorem, we can compute F f, (x) by
summing up the residues in the upper half-plane, obtaining

i iy¢ ik &, eive
— | d " = Zni? Z ¢

2 - ¥
— _7627”{/)» Z 672711({/)»

. Jr Y 1 — e—Ay—2rit = K ly=2mitk—n)/k e =
_ TEQI— 1)/1( 7;1;/,\2 72n{k/)~) E‘/’”;(Zt_l)/k
C ¢ sinh(ze/h) '
(3.39)

where in the last equality we have used the Dirichlet series representation of 1/ sinh(z).
Similarly, if Re(x) < 0, we can compute Ff. summing up the residues in the lower
half-plane, obtaining

.Y H Y =00 iy
L N 3 e | _ 2T /i Z 2rke /i
¢ JR T 1 — e hy2mit ¢ & D=2t n/k ; =

_ _Een;(zt—n/i( _ ppTE/k ieznck/i) _.T en£(2t71)/vx ,
¢ = ¢ sinh(r¢ /i)
(3.40)
so that F f, (x) exists for x # 0 and

o7 EQi=D/k
Ff.(x) = _— (3.41)
C sinh(¢ /)
The computation of Fgc(x) is simpler, and follows similar lines. One obtains that
for x # 0,
TS
F =ri—. 3.42
8e (X) msinh(n;) (3.42)

On the other hand, since G¢(x) = xg¢(x), we find

2 et
) (3.43)

— 1 0 ————— 0
FG() = =5 ———Fgc(x) = i(—l —

We then have that

(fe. Ge) = (Ffe, FGe)

1
O+ (2 )2
1 T en(2nx)(2t71)/5u (271)2
= — dx| — — - -
(271)? Jreio+ ( 27X sinh(272x /1) )(4(s1nh(27r2x))2>

dv v(t—1/2)
T /x—l.<R+io+> 80 sinh(v/2)(sinh (kv /2))2

dv ev(t71/2)
= —/ — - = Fop(A, 1), (3.44)
R+i0+ 8V sinh(v/2)(sinh(Av/2))?2

where we used the fact that the range of the parameter X allows us to deform the contour
back to R +i0*. The result then follows. o

.
>0+ (2n)2
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We are now ready to prove the second point of Theorem 2.1. Another proof is given

in Appendix A.

Proposition 3.11. Under the same assumptions as in Lemma 3.10, we have

Fup(h, 1) = L13(Q)+—L11(Q)+ f - de e 1A G(E. 1) . (3.45)
0

where G (&, t) is the Borel transform (3.16) obtained in the previous section, Q = o2t
and A = \/2m.

Proof. We start by performing the change of variables y = Av/2m on (3.35), obtaining

1 y 427
Fop(A, 1) = —/ dy ————log(l — &’™7)
" 22 Jiwsiory © 1 — e/
1 y .
_ _y+2mit
= o dy T 2m/h log(1 —e ) (3.46)
lim i d M 1 (l _ y+27Tit)
T 0 22 Jg T = ezmyiiie O8N T ’

where in the second equality we have used that the range of A allows us to deform the
contour back to R +i0*. Now using

d —2my/A+ie 27
and integration by parts, we find
Fap(o1) = lim [ — =2 log(1 = e=2™/) log(1 - vty |
2 y=—00
1 -2 i€ )+277 0 Y
* 37 JL o To(l - 27 /3416) (log(1 — e+271) — efyfsz>]~
(3.48)

Because Re(A) > 0, we obtain that the boundary terms vanish. Furthermore, splitting
the integration over the left and right half intervals, one then obtains

Fop (A, 1 1 00 d 1 1 —2my/r+ie 1 1 y+2mit Y
o) = lim [ 2 A/o v ot e )(lox(t =2 + 2 )
o —y277i Y
+m \ dy log(l _ e2ﬂ)/}x+1€)(10g(1 —e )+27Tlt) _ m)]
=HO, 1)+ lim H(x,1,€) (3.49)
€e—
where we have defined
Ao =—— [Tay @ ix)( log(1 — e~ Y+t Y
(7)-—m A y Qmy+mi )(og( —e )—w>

1 [ . . ‘
H(h, t,€) ::271_/\/0 dy 1og(1—e*zﬂy/“‘f)(log(l—ey+2”")+1og(1—e*y+2””)

y Y ) (3.50)

1 — e~y 27t 1 — ey—2mit
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One can compute H (A, t) explicitly by performing an integration by parts to get rid of
the log term:

1

7 . |00 S -1
H\t) = — 2+ Do) 1 1— —y+2mit _/ d 2+ Dy L
)= g (om0 = [Ty ot nio)
1 i ) y
_m/(; dy Q2my +n1)\)m
1 32
:ﬁ/o dy = - (3.51)

Since Im(#) > 0, we find that |ez” it | < 1, so that the last integral in (3.51) corresponds
to an integral representation of Li3(e>"1) /A2. Hence, we conclude that

1 2mit
H(, 1) = —Lis(e™) . (3.52)

On the other hand, by expanding the first log term of H and applying the Fubini—Tonelli
theorem, we find that

H(\ t,€) = Z 2m\/

Yy y
1 — e~ y—2mit N 1— ey—ZJTit) : (3.53)

727111v/)\+1ne

<10g(1 _ey+27'[il‘) +]0g(1 _efy+27'[it)

Performing a change of variables in each integral, and interchanging integral and sum-
mations again, we obtain

H(\, t,€) = 2”)\ fO dy 67271)/)L ZOO ei <10g(1 _e\/n+2mt)+10g(1 —e »/n+2711t)

+1,ef).;'//tzl—2niz - l,e}Y//nrizmx) (3.54)
Letting H(A, t) 1= lime_0 H(A, t, €), we get
1 [ R /i Isani
HAt) = ——— dy e 27y _(10 1 — o¥/m¥2mity L oo (] — o~ V/n¥2mit
(h, 1) ) @ ;; —(log1 — ¢ ) +log(1 — e )
y/n y/n
+1 —e—y/n—2mit | _ ey/n—Znit) (3.55)
Finally, using that — 2% ¢ =27/ di ~273/% and integrating by parts yields
e—271y/k o0 ] '
H()\,, t) = |: (2 )2 (IOg(l ey/n+2711t) +10g(1 _ e—y/n+2711t)
+ y/n B y/n o0
1 — e—y/n—2mit 1 — ey/n—=2nit 0
y=

2m)? dy

+ yin_____ y/n )] (3.56)

1 — e~ Y/n—2mit 1 — ey/n—"2mit

00 —27ry/k d 1 ‘ '
_/ dy |:Z (log(l ey/n+2mt)+10g(1 _e—y/n+2711t)
0
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Using that the boundary term at co vanishes, and interchanging the derivative with the
sum, we obtain

2 1 00
H(, 1) = —ng(l - 0) Z 3 +/0 dy e /*G(y, 1)
=1
1 o0 '
= SLil(Q)Bs + / dy e Gy, 1), (3.57)
0

where we used that Y nLZ = 12B,, Lij(Q) = —log(l — Q).
Hence, putting (3.49), (3.52) and (3.57) together gives us (3.45). O

We finish this section with the following corollaries:

Corollary 3.12. Let I = R_o-2mi(t +k), and let py be a ray between I and ly—1. Then
the following holds for n € Z:

Fo_ (A, t+n)=Fy, (A, 1). (3.58)

In particular, if 0 < Re(t) < 1 and Im(t) > 0, we have on their common domains of
definition

Fo_, (A, t +n) =log(G3(t | L) (3.59)

Proof. Note that the labels /; (and hence also pi) depend on ¢. In the following, we
denote I (¢) and pg (¢) to emphasize the ¢ dependence. In particular, we have the relations
Ik (t +n) = Ly (t) and pg (t + n) = pr4n (t) forn € Z.

Using the fact that G(&, ) = G(&, t + n) for any n € Z, we thus obtain

1 , B . .
Fp,(h t+n) = —Lig(e™ ™) + 22y 2Ty / dg e 5" G, t +n)
A 2 Phn (t41)
Lo oniey , B2 onie —&/%
= —Liz(e”™") + —-Lii(e™") + d¢ e G(E,1)
A 2 Phn (t41)

1 . B . v
= —Liz(e") + ZLij (271 +/ de e /%G (&, 1)

A 2 pr()
= Fp (A, 1). (3.60)

The final result then follows from Proposition 3.11 and 3.8. O

Corollary 3.13. Let p be a ray different from £iR.. The Borel-transform Fy ,(1) of
the formal series Fy()\) defined in (2.5) can be represented in the form

1
Fop(3) = —55¢() + Ff —/
o

dg e~/ (G(s, 0) + %) . (3.61)

It is related to the Borel transform F,(A, t) of F (A, t) by the equation (2.20).
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Proof. We will consider a limit of F,,(A, t) ast — 0, where t is taken to satisfy Re(r) >
0, Im(#) > 0; and such that along the limit, p is always between [_; and [y (resp. —I_
and —lp) if p is on the right (resp. left) Borel half-plane. Let us first assume that p is
taken on the right half plane. The limit requires some care as G (£, 0) has a simple pole

with residue —% = —11—2 at & = 0. We may observe, however, that

1. i —£/7 1 1
FpO, 1) = ﬁLls(ezmt)+/d§ (e 6E 0+ 55 )
P

has a well-defined limit for r — 0, as the poles at £ = 0 in the integrand cancel each
other. This limit can be represented as

Fp.0) = i4°<3)+fda5 e‘W(G(s 0)+i) +i/dg (_1 _ e‘“)
ARy o ' 126) 12 ), P )
(3.62)

oy
It follows that this integral is equal to —% logi + C, with C being an undetermined
constant. The integrand of the first integral in (3.62), on the other hand, is analytic
at £ = 0. By straightforward computation of the Taylor series one may check that
Go(¢) :=—-G(£,0)— ﬁ is the Borel transform of the formal series Fo(A)+¢ (3)/)\2—F01
(see Lemma B.2 for the computation), so the relation (2.20) then follows. On the other
hand, if p is on the left half plane, one can apply the same argument from before by
using the relation F, (A, t) = F_,(—A, t) (see Lemma 3.16 below). O

The derivative of the second integral with respect to Lis easily found to be equal to —

3.3. Stokes phenomena of the Borel sum. In the previous section, we studied F, (A, t)
for p = R.o. However, the ray R is a choice, and any other ray p that avoids the
poles of G (&, t) in principle is an equally valid choice to perform the Borel sum. In this
section we study the dependence on this choice.

Proposition 3.14. Assume that Im(t) > 0 and for k € Z let I, = R_o - 2mwi(t + k).
Furthermore let p be a ray in the sector determined by the Stokes rays lx+1 and I,
and p" a ray in the sector determined by Iy and l_y. Then for » € H, N H, (resp.
A eH_,NH_,)we have

1 v - 5
Fip(t) = Fep(Gt) = 5=0; (A Lis (eﬁm(”")/k)) . (3.63)
i
IfIm(t) < 0, then the previous jumps also hold provided p is interchanged with p’ in
the above formulas.
Proof. Notice that
Fp( 1) = Fy(h. 1) = f ds e SG &1, (3.64)
Hi)

where H(I) is a Hankel contour around Iy = R_g - 27i(t + k).
To compute this, notice that for our range of parameters, G (£, t) has double poles at
& =2mim(t + k) forall k € Z and m € Z \ {0} with generalized residues

%(e—f/i(s; —27im(t + k)’ G(£, 1))

E=2mim(t+k)
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—2mim(1+k) /X drim(r + k)
e Tim
= — 1+ = . 3.65
(2m)%m? ( ) (369

In particular, we have that

. —o0 d .
de e 57 G(&, 1) = 27i — (e 8 E = 2mim(t + k) G (&, ¢t
/H L e iaen mm;l 5 2mim (e + 026 1)

E=2mim(t+k)

~

{2, mim(r+h /A . 2mim(t + k)
2 m? -

m=1
i . o 2mi(t + k . ¥
_ _ﬁ(Liz(ehn(Hk)/A) + 7”(5L ) log (1 _ eZm(Hk)/A))

1 v i 5
— . : (1+k) /%
= =0 (Ale(e ik )) , (3.66)
where we have used the series representation of Lig(z) for s = 1, 2; and the fact that for

A in a sufficiently small sector containing I, we have |e?71(+0/4| < .

A similar argument follows for the rest of the cases in the statement of the
proposition. O

3.3.1. Stokes jumps of the other Borel transform. Recall the expression for the Borel
transform which was obtained previously in [PS10], given in (3.28):

1 {(k—1)? s/ k=) 1
G(f’f)=kXZ:g( 7T @1 12) (3.67

Similarly to the previous discussion, if y,, = § — 2wim(t + k) near the pole given by
& = 2mim(t + k), then by Taylor expanding the integrand near y,, = 0 we obtain

eEAG(E, 1) = e 2Tk (iL .1 ( LI N k)) + 0(1)) .

y,%, 2rm Ym 47’m?  2gmi

(3.68)

Hence, by following the argument of Proposition 3.14, we obtain the same Stokes jumps.

3.4. The limits limg_ £00 Fp, (X, 1) and Fgy (A, t). To finish the proof of Theorem 2.1,
we study the limits of F, (A, t), discussed in point (iv).

Proposition 3.15. Let p; denote any ray between the Stokes rays Iy and l—y. Fur-
thermore, assume that 0 < Re(sr) < 1, Im() > 0, Re(A) > 0, Im(A) < O, and
Re(r) < Re(A + 1). Then

00 eZnikt
lim Fp,,t) =Y ——— = Fgv(A, 1). (3.69)
e L@y =

Furthermore, we can write the sum of the Stokes jumps along Iy for k > 0 as

1

oo oo
1 w X 3
D00 =5 (L ) W= T= 070
k=0 =1
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Proof. By Proposition 3.14 we find that
i . Y s 1tk . v
Fpk _ Fpk+1 — ZL (L12 (627Tl(f+k)/)») + lOg(ezmT) lOg (1 _ 627T1(T+k)/)\,)) . (371)
T

Denoting w = ¢?™i!/* and § = ¢>"'/*, we find

Fpo Oy 1) = lim Fy G, 1) = ZFpk(A 1) — Fp (A, 1)

k=0
i o0
= 5> Z <L12 wg®) +log (wg*) log (1 — wak)) )
k=0
(3.72)
We now use the following identities:
o oo 1 w
> log(l —wgh) ==Y - (3.73a)
11-4g
k=0 =1
o o0 a w
~k _
> Klog(l —wg) = =3 <5 T (3.73b)
k=0 =1
00 00 1 l
~k _ =
l;le(wq )= ; A= (3.73¢)

The first two identities (3.73a) and (3.73b) are easily established by using the Taylor
expansion of the logarithm function; using that |¢| < 1 and |w| < 1; and exchanglng
the two summations. In order to verify (3.73c), one can first act on it with w - d . The left
side of the resulting equation is easily seen to be equal to

1w

ll g\’

o
— Y log(l — wgh) =
k=0
using (3.73a). It follows that (3.73c) holds up to addition of a term which is constant
with respect to w. In order to fix this freedom, it suffices to note that (3.73c) holds for
w =0.
Using the previous identities, we obtain

. o0 [ ~l ~
w 1 g'logg
Fpp(est) = lim Fy Gut) = § 1(1—~1)< — 1_ng —logw)

B iia w!
27 — ol 1a-gh )"

(3.74)

Now notice that under our assumptions on ¢ and A, we have F,, = Fyp by Propo-
sition 3.11. We now show that F,, admits the following representation as sum over
residues:

2n1kl

I 3 w —
Fpo(/\,r)—z—;a—<l(l_~l)>+z (3.75)

=1 k 231n 2 ))
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In order to see this, let us recall that by Proposition 3.8, we have

du ult=3)
Fopp(A,t) = — — = -
np (% 1) /R+i0+ 8u sinh(u/2)(sinh(Au/4m))2
_/ du " 1
* Jraior u 1 — e (2sinh(Au/4m))?

The integrand has two series of poles, one at u = u; := (271)2%1 , | € Z and the other at
u = Uy := 2mik, k € Z. We can compute the previous integral by closing the contour
in the upper half-plane. The contributions from the poles at u = u; are calculated as

(47\* 8 e 2 A Voo w!
2ri| —) ——— =2mi - — —
20 ) du (1= eul,_oppi 22 \i@m)?2) a1 —ghi
19
T 2mial (1—-ghl’

while the contributions of the poles at u = 2mik give the remaining term.
In particular, we conclude that

lim Fy (A, 1) = lim (Fy (A, 1) — Fpy (A, 1)) + Fpy (0, 1)
k—o00 k—o00

1 i o( w N 1 i a( w

- z_nil:lﬁ 11—gh) " 2mi~=al\i(1 -G
i eZﬂikt

+ e —

k= 1k(25m(kk))2

27r1kt

Z (3.76)

=1 k(2 sin ( ))

The last statement follows easily by noticing that

iy 3( w! )ZLak(ki—wl ) (3.77)
2 p al\I(1 —gh 2mi = 2(1—-ghH
O
To study the other limits to the imaginary rays, we use the following lemma:
Lemma 3.16. For p any ray not in {£l;} U {£l} and A € H,, we have
Fo(h,t) = F_p(=A, ). (3.78)
Proof. The main thing to notice is that
GE.1)=-G(=§,1). (3.79)

Using the earlier relation, we obtain

_ 1y Ba,. /i
Fp(h, 1) = ELB(Q) + 7L11(Q) — [ dse "G (=&, 1)
0
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1 B ¥
= /\—ZLis(Q)+72Li1(Q)+/_p de &G (&, 1)
= F_,(—=A,1). (3.80)

As an immediate corollary from Proposition 3.15 and Lemma 3.16, we obtain:

Corollary 3.17. With the same notation as in Proposition 3.15, assume that0 < Re(t) <
1, Im(z) > 0, Re() < 0, Im(X) > 0 and Re(t) < Re(—XA + 1). Then

lim F_, (A, t) = Fgv(A, ). (3.81)
k— 00
Proposition 3.18. With the same notation as in Proposition 3.15, assume that 0 <

Re(t) < 1, Im(t) > 0, Re(A) < 0, Im(A) <0, Ret < Re(—i + 1) and that |lw™Y| < 1.
Then

lim F_, (A, t) = Fgv(A,t) (3.82)

k— —o00
Remark 3.19. For fixed A satisfying Re(1) < 0,Im(%) < 0, the condition [w™!| < I can
be satisfied by picking ¢ such that 0 < Re(#) < 1, Im(¢) > 0, and Im(z) is sufficiently

large. Similarly, for fixed r with 0 < Re(r) < 1, Im(¢) > 0, jlw™!| < I can be satisfied
by picking A such that Re(A) < 0, Im(A) < 0 and [Im(A)| << |Re(})] .

Proof. Using the jumps along the Stokes rays I for k < 0, we find that

F_py — hm F_p = Z Fopo — Fpy

__ 1 (Liz(e’z’“(’*k)/i) +log(e72”i%)log (1- 672ni(t+k)/):))

. o0
= —é 2 (Liz(w_lqk) + log(w_lqk) log (1 — w_lqk))

+ i(uz(w*‘) +log(w ") log (1 — w*‘)) . (3.83)

Using the constraints on ¢ and A, we find that lw™!| < 1 and |§] < 1, so that we can
expand in series as in Proposition 3.15 and write

F_p— lim F_,
k——00
i w 1 g'logg .
=—— — - - — — 1o
271;1(1—611)(1 [
i

+ E(Lig(wfl) + log(ufl) log (1 — w71)>

L) w! y §
S wmisd <l<1— )) 27t<L12( ') +logw ™ log (1 —w™)).
(3.84)
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On the other hand, under our conditions on the parameters ¢ and A, and by Lemma 3.16,
we have that

F_py(h, 1) = Fop(=A, 1). (3.85)

Following the same argument as in Proposition 3.15 using the integral representation of
Fyp, we find that

1 o 9 — S 2n1kt
P20 = 51 2 (1(1— —l>> 2

k(2 sin ( ))
Hence, we find that for A and ¢ as in the hypothesis
1 9 w!
F_, (A, t = + Fgv(A, t 3.86
po (1) = ZMZ <1(1 ,)> Gv(h, 1) (3.86)
Joining our results together, we conclude that
1 /9 w! 3 w!
1 F_, (At (— — |+ = ——=— )+F At
m om0 = 2mZ az<1(1—q—l)> 81(1(1—q’)> v
1
2_(1“12( 1 + log(w™") log (1 — w_l)) . (3.87)

Finally, notice that

(%(l(lli_c;—l)+l(1w—_ )))zi(az( _l>)

=1 =1

— 00 1
— w w
= log(w 1) E T - E l_2
=1 =1

= —(Lio(w™") +log(w™ M log(1 — w™)),
(3.88)

WK

where in the last equality we used that |w™!| < 1 under our hypotheses. Hence, we
conclude that

Jim Fp (0) = Fov 1), (3.89)
——00

O

By using Lemma 3.16 and Proposition 3.18, we get the following immediate corol-
lary:
Corollary 3.20. With the same notation as in Proposition 3.15, assume that0 < Re(t) <
I, Im(z) > 0, Re(A) > 0, Im(1) > 0, Re() < Re(X + 1) and such that |\w| < 1. Then

lim  F, (., 1) = Foy(h, 1). (3.90)
k——o00

The limits studied above can be informally interpreted as the relation between Fgy (A, 1)
and the Borel summations along the imaginary axes.
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3.4.1. Relation between Fgr_, and F o>i™. In this subsection, we briefly explain how
Fr_, = Fyp relates to FI2U™ from [HO15].
On the one hand, from part (iv) of Theorem 2.1 together with the comments of

Sect. 2.3, we find that

Fr o0 1) = Foy (1) + 3 ! 8AF (4”2 2”(t 1)) (3.91)
R>0 ’ - GV 8)\ NS )\’ ) )\ 2 . .

On the other hand, in [HO15] the following function is considered

Li3(Q) *© v
Fégrsl?m()‘ r) = T +/0 dv m 10g(1 + Q2 — 20 cosh(Av)),
Q=e"", (3.92)
and it is conjectured that
1 9 4r? 2 1
FIS™(h, 1) = Foy(h, 1) + _aAFNS( = (- 5)) . (393

as explained in Sect. 2.4.
We show that this in indeed the case, by the use of the Woronowicz form of Fg_, of
Lemma 3.10.

Proposition 3.21. Let t € C be such that 0 < Re(t) < 1, Im(¢) > 0, and let A be in the
sector determined by lo = Rq - 2mit and 1 = R.g - 2mi(t — 1). Then Fr_, = F.3i™
on their common domains of definition.

Proof. First notice that since

1+ 0% —2Qcosh(ix) = (1 — Q)1 —e ™ Q), (3.94)
we can rewrite (3.92) as follows
Figm = 552+ frir dv =t log(1 — 7 Q)
- f oo log(l — o)+ [ dv 5 log(1 — e Q)
Ln(Q)

+fR+10+ Tz log(1 — Q)+ fo dv vlog(l1 —e *'Q). (3.95)

On the other hand, notice that we can rewrite the last term in the above expression as
follows:

o0 1
/ dv vlog(l —e Q) = —2/ dv vlog(l — e Q)
0 A% Jare
1 o0
= ﬁ./o dv vlog(l —e " Q)

A v LLi©)  (396)

= — vV—— = ——Li .
w2 ), T i—evo 1T a2 P

where in the second equality we have used that the range of A allows us to deform back

the contour to R ; in the third equality we have integrated by parts; and in the last one

we have used that Im(¢) > O implies that |e2™i7| < 1, and hence we can use the integral

representation of Li3.
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Hence,
v
resum __ dv log(l — Av
coni v/R+i0+ | _ o2nv g( e Q)
1 v )L .
_ d log(1 — Fov+2mit 3.97
) Jpaior  1—e gl —e ) G
so the result follows from Lemma 3.10 and Proposition 3.11. O

4. Relation to the Riemann-Hilbert Problem and Line Bundles

In Sects. 2 and 3 we discussed the Borel sum F, (A, t) of F (1, t) along the ray p, and
its dependence on p in terms of the Stokes jumps. Our objectives in this section are the
following:

e On one hand, in [Bri20] a Riemann—Hilbert problem is associated to the BPS spec-
trum of the resolved conifold. This involves finding piecewise holomorphic functions
&, onC* x M, with M being called the space of stability structures, related by certain
Stokes jumps along rays in C*. Introducing a coordinate A for C* called twistor
variable one may interpret the family of functions X), (A5, —) on M as complex coor-
dinates defining a family of complex structures on M. We will show that the jumps of
F, (A, t) serve as “potentials" for the Stokes jumps associated to the Riemann—Hilbert
problem.

e Ontheother hand, in thinking of F, (A, t) more geometrically, itis natural to consider
the partition functions

Z,(0 1) = exp(Fy (A, 1)) .1

and interpret them as defining a section of a line bundle £, having transition functions
equal to the exponentials of the Stokes jumps. This perspective follows the ideas of
[CLT20], specialized to the case of the resolved conifold.

e We will furthermore demonstrate that the the line bundle L is related to certain
hyperholomorphic line bundles previously considered in [Neill, APP11b]. These
hyperholomorphic line bundles are canonically defined by a given BPS spectrum and
represented by transition functions defined from the Rogers dilogarithm function. We
will show that the hyperholomorphic line bundles considered in [Neil 1, APP11b] are
in the case of the resolved conifold related to the line bundle £ by performing a
certain “conformal limit" previously considered in [Gail4].

In order to facilitate comparison with [Bri20], we will represent the parameters A and
t used in this paper in the following form

t=v/w, A=2mig/w, 4.2)

where Ap is the notation used here for the variable denoted ¢ in [Bri20], and consider a
projectivized partition function

Z,)(hp, v, W) 1= exp (wal.p(z’:j‘s, >)). 43)

-~

We will show that after appropriately normalizing the partition functions Z, — Z,,
the BPS spectrum of the resolved conifold will be neatly encoded in the transition func-
tions of the line bundle defined by Z,. Furthermore, we will see that the normalization
reintroduces the constant map constribution 2.5, giving a partition function whose free
energy has asymptotic expansion equal to 2.4.
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4.1. Bridgeland’s Riemann—Hilbert problem and its solution. We begin by recalling the
Riemann—Hilbert problem considered in [Bri20]. The initial data for such Riemann—
Hilbert problems is the following:

Definition 4.1. A variation of BPS structures is given by a tuple (M, I, Z, 2), where

e M is a complex manifold.

e Charge lattice: I' — M 1is alocal system of lattices with a skew-symmetric, covari-
antly constant paring (—, —): ' x I’ — Z.

e Central charge: Z is a holomorphic section of I'* ® C — M.

e BPSindices: Q2: I' — Zisafunction satisfying Q(y) = Q(—y) and the Kontsevich—
Soibelman wall-crossing formula [KS08,Bri19].

The tuple (M, I', Z, 2) should also satisfy the following conditions:
e Support property: Let Supp(2) := {y € I' | Q(y) # 0}. Given a compact set

K C M and a choice of covariantly constant norm | - | on I'|x ®z R, there is a
constant C > 0 such that for any Supp(2) N I'|g:
|1Z,| > Cly|. (4.4)

e Convergence property: for each p € M, there is an R > 0 such that

o 1u)le R < oo (4.5)
yely

The variation of BPS structures associated to the resolved conifold is then taken to
be the tuple (M, I, Z, Q2), where:

e M is the complex 2-dimensional manifold
M = {(v,w) € C? | w#0, v+nw#0 forall neZ}. (4.6)
e I' = M is given by the trivial local system
r=%Z-80Z-BDOL-8" DL B, 4.7
with pairing defined such that (8Y, 8, 8V, §) is a Darboux frame. Namely,
(8V,8)=(B".B) =1, (4.8)

with all other pairings equal to 0.
e If for y € I', we denote Z,, := Z(y), Z is defined by

ZnBrms+ppY+qsy = 2wi(nv+mw), for n,m,p,q €. 4.9)
e Qis given by the BPS spectrum of the resolved conifold [JS12], see also [BLR19]:

1 ify=x+né for nez,
Qy)=1-2 ify=k8 for ke Z\ {0}, (4.10)
0 otherwise.



Mathematical Structures of Non-perturbative Topological... 1071

To this data, the following Riemann—Hilbert problem is associated?. First, we define
Ly :=R_g-2mi(v+kw) and L~ := R_g - 27iw, and assume that (v, w) € M satisfies
Im(v/w) > 0 (the case Im(v/w) < 0 is also considered in [Bri20], but we restrict to
Im(v/w) > Oforsimplicity). Then, for eachray p from 0to oo notin {£L }rezU{E Lo},
we should find a holomorphic function &), ,(v, w, —): H, — C* labeled by y € T
such that they satisfy the following:

e Twisted homomorphism property: for y, y’ € ' we have
Xyay pW,w, =) = (=DV7VX, (0, w0, )Xy, (0, w, =) (@1D)
e Stokes jumps: we denote by pi a ray between Ly and L;_1. We then have

Xy,:l:p]”] (U1 w, )\'B)
= Xy 1 (0, w, AB) (1 — X (pis) (v, w, Ap)) V- EEHRINRERS) (4 12)

On the other hand, consider px, and px, with k| # k2, and let [px,, — ok, ] denote the
smallest of the two sectors determined by px, and — g, . Inthe case Lo C [0k, —pk, 1,
for Ap in the corresponding common domains we have

B+kS) Q2 (B+kS
XV,*,OJQ = Xyﬁpkl : < l_[ (1- Xﬁ+k8)(y prks)2(B+ko)
k>ki

[T (=X puas) PO [T - Xk5)<%’<6>9<"5>) . (413)
k>—kp k>1

while if —Lo C [0k, —pk, ], we have

,—B—k&)Q kS
Xy = Xyi—piy - ( 1_[(1 — X_p_ys) v PROIQUERS)
k>k»

[T (1 = Xpi) ¥ F0206k T - X_k(;)(%"‘m(“))  (4.14)
k>—ky k>1
e Asymptotics as A — 0: For each ray p and y € T, we have
X, p(v, w, Ap)e” Zr@WAB 10 as A — 0, ApeH,.  (4.15)

e Polynomial growth as Ap — oo: for each ray p and y € I, we have the following
for some k > 0:

sl < |1X, (v, w, Ap)| < [Agl*,  for [Ap|> 0. (4.16)

Such a problem is shown to admit a unique solution [Bril9, Lemma 4.9], and the
solution is given as follows. By the twisted homomorphism property, it is enough to
describe X, , for y € {8, B, 8", 8}. The solutions for y = g and y = § have trivial
Stokes jumps, and they are given by

2miv/AB
b

Xgp,p(v, w, Ap) = e Xy p(z, w, Ag) = > 1W/*B, (4.17)

2 We will follow slightly different conventions from [Bri20]. In particular, what we call £y corresponds in
Bridgeland’s convention to —Ly.
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for any ray p. On the other hand, for a ray p; between L and L;_1, the functions
Xpgv,—p (v, w, Ap) and Xsv _,, (v, w, Ag) are given by (see [Bri20, Equation (67)])

Xgv _p, (0, w, AB) = F*(v+kw | w, —Ap)
Xsv —p (v, w, Ag) = H* (v +kw | w, —Ap) (F*(v +kw | w, —Ap))¥,
(4.18)

where F* is defined in terms of double sine function, and H* in terms of the triple sine
function (see [Bri20, Section 5] for more details on the definitions of F* and H™*). On
the other hand, Agv ,, and Xsv ,, are determined by the relation

Xy v, w, Ap) =1/&), _,, (v, w, —AB), (4.19)

that follows from uniqueness of the solutions of the Riemann—Hilbert problem.

4.2. Relation of the partition function to the Riemann—Hilbert problem. In this section
we wish to relate the Stokes jumps of F, (A, t) with the Stokes jumps of the Riemann—
Hilbert problem. More specifically, we will first consider a normalization of the partition
function exp(F), (1, 1)) by a factor proportional to A2 exp(F, (A, 0)). This normaliza-
tion will not only capture the required Stokes jumps at +I,, but will also allow us
to recover the constant map contribution of (2.4). Indeed, by Corollary 3.13, this nor-
malization introduces back the Borel sum of the constant map constribution to the free
energy. We will then relate the Stokes jumps of the normalized partition function to the
jumps of the Riemann—Hilbert problem of Sect. 4.1. This will in turn show us how the
BPS spectrum of the resolved conifold is encoded in the Stokes jumps of F, (A, t). We
will use the notation of Sect. 4.1 throughout.

To establish the link with Sect. 4.1 more clearly, it will be convenient to consider the
projectivized parameters

r=v/w, i=Ap/w, (4.20)

where we recall that X = A /27 . We think of the tuple (v, w) as a point of M.

We consider the rays £ = Rog - 2mi(v + kw) = Rog - Zgws for k € Z and
Loo = Rog - 2miw = R_g - Zis. The relation to the old Stokes rays is then given by
Li=w-lrand Loo = w - lxo -

Definition 4.2. Given a ray p different from {£L}rez U {£L} we define the for
A € H, and (v, w) € M with Im(v/w) # 0,

2TAB VU
Fp(kp, v, w) := Fy-1., o = Fy-1.,(,10). 4.21)
Notice that
Fp(p,v, 1) = Fy(A, ). (4.22)

Following the same argument as in Proposition 3.14, it is easy to check the following:
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Proposition 4.3. Let py be a ray in the sector determined by the rays Ly and Ly_1.
Then, if Im(v/w) > 0O, on the overlap of their domains of definition in the g variable
we have

q):tﬁk ()\'Ba v, w) = Fipk.” ()\'B7 v, w) - Fip/( ()\'Ba v, w)
1

= 50 (rpLia(e=2miste)/in) ) (4.23)

If Im(v/w) < O, then the previous jumps also hold provided pr+1 is interchanged with
Ok in the above formulas.

Proof. After a change of integration variables, we obtain

1
Fpeos (1 0. ) — Fo (o 0, w) = — f dE e G(E w, vjw) , (4.24)
W JH(Ly)

where H(Ly) is a Hankel contour around L. The result then follows by summing over
residues along the poles in Ly, as in Proposition 3.14. O

4.2.1. Normalizing the partition function and the Stokes jumps at +l~,. We would like
to first make sense of a limit of the form

Fy(2,0) := lim Fp (1. 1), (4.25)

where ¢ is taken to satisfy Re(#) > 0, Im(#) > 0; and such that along the limit, p is
always between /_;1 and [y (resp. —I_1 and —Ip) if p is on the right (resp. left) Borel
half-plane.

Lemma 4.4. The limit F,(X, 0) from above exists for > € H,. In fact, if p is on the
right (resp. left) Borel plane, is can be analytically continued to & € C* \ R<q (resp.
)\. € (CX \Rzo).

Proof. Let us assume that p is on the right Borel plane. Then by Propositions 3.11
and 3.8, and our condition on ¢, we have

Fo(h, 1) = Fr_o(X, 1) = log(G3(t | X)), (4.26)

where we recall that G3 is the function defined in terms of the triple sine in Definition 3.7.
By Proposition 3.8, the function G3(t | )v», 1) has a well defined value at ¢t = 0; and
G3(0]| XD is everywhere regular, vanishing only at the points xe Q<o.
In particular, for reH 0> We have

Fp(,0) = lim F, (3, 1) = log(G3(0 | L), (4.27)

and we can analytically continue F, (A, 0) to 1 € C* \ R<o.

If p is on the left Borel plane, the statement follows from the previous case, together
with the relation F, (A, ) = F_,(—A, t) from Lemma 3.16. |
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Notice that by Lemma 4.4, we can also write
1 B . ;
F,(1,0) = —Liz(1) + lim ( =Lij (e2"") + / dse $7GE ), (4.28)
)\,2 t—0 2 p

where the limit in ¢ is assumed to satisfy the constraints from above.
The following proposition suggests that one can obtain the appropriate Stokes jumps
at =/, by considering a normalization involving F, (%, 0):

Proposition 4.5. Let p (resp. p’) be a ray close to 1o = iR - from the left (resp. right).
Then for X in their common domain of definition

1 Y1 E2mik/k i
Fip(h0) = Fiy(h,0) = — ]; al(,\ Lis (e )) -3 (4.29)
Furthermore F, (X, 0) only has Stokes jumps along %lx.
Proof. First, notice that by our definition of the limit in ¢, we have
Fy(,0) = Fpy (3, 0) = lim (f d& e G 1) — / d& e 514 Gi(e, t))
t— P p/
—lim | dee ¥4 G, 1), (4.30)
t—0 JH

where H = p — p’ denotes a Hankel contour along iR _¢, containing /; for k > 0 and
—Ix for k < 0. Hence, for A close to [, the Hankel contour just gives the contribution
of these rays that we previously computed:

Fp(3,0) = Fy (2, 0) = tli_rgg)/ﬁ ds e G 6. 1)

. 1 Y o) /i YL oni—k)/i
= lim (Tm Z [81 ()x Lis(e )) +05 (A Lis(e ))]

t—0
k>1

1 A )
+ %8)\ (le(@ )

I . wi 1
= — > 05 (ALin(@™h)) + ~—Lin(1)
i 2mi

_ 1 (5 2mik/k i
_Ek;la'\(ALIZ(E )>_§'
4.31)

A similar argument follows for —o, = iR (. Furthermore, the fact that there are no other
Stokes jumps follows from the way we have defined the limit F,, (A, 0). For example, if
p and p’ are both on the right Borel plane, then along the limit p and p’ are both between
lp and 1, and hence F,, (A, 0) = Fy (2, 0). |

We can as before projectivize, and define

Fp(AB, 0, w) := lirr%) Fyr(AB, v, w), (4.32)

where the limit in v is such that r = v/w satisfies the conditions of the previous limit in
Fy(A,0).
P 9
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Proposition 4.6. Let p (resp. p’) be a ray close to Lo = iR - from the left (resp. right).
Then for Ap in their common domain of definition

i
Fip(AB, 0, w) — Fip(Ap, 0, w) = Z Oyr ok — o (4.33)
k>1
where
1 .
Dyp o k(AB, v, W) = — 05y ()LBLiz(gizmkw/)‘B)) (4.34)
i

Furthermore, F+,(Ag, 0, w) only has Stokes jumps along &L .

On the other hand, Corollary 3.13 and (2.20) suggest to not only normalize by F, (g,
0, w) but to also normalize by a % log(Ap/w) term as follows:

Definition 4.7. Given aray p different from {+Ly }xcz U{£ Lo} we define the following
for Ag € H, and (v, w) € M with Im(v/w) > O:

~ 1 AB
Fp(B, v, w) := Fp(Ap, v, w) — F,(Ap, 0, w) — T log (E> , 4.35)

where we place the branch cut of the log term at /o = iR_g. We also define the
normalized partition function as

2p(AB, v, w) = exp(fp()qg, v, w)). (4.36)

We remark that due to (2.20) and Corollary 3.13, asymptotic expansion of the the nor-
malized free energy F,(A,,1) as A — 0 recovers the full 7(Q, 1) of (2.4) up to an
overall shift by a constant, which can be absorbed in a redefinition of F, (Ag, v, w).

We immediately obtain the following:

Corollary 4.8. The Stokes jumps of]:'()LB , v, w) at £ Ly are given by (4.23), while (using
the notation of Proposition 4.6) we find that the Stokes jumps at +L~, are determined
by

Fip(.0.0) 4 Fi O 0w) — tim L 1og (*2) = tim 10z (2)
- , U, W / ,U, W) — m — 10 — 1m — 10
0B (4B ap—brx, 1205\ ) T, e 12 2y

i
== ®ir i F o (4.37)
k>1

wherelim, ,_, 1 cx, (resp. lim rp—tLn ) denotes the anti-clockwise (resp. clockwise) limit
to =L

Proof. The only new thing to notice is that because of the log(i) term with branch cut
at [ of the normalization, we find that

1 AB . 1 AB 2mi i
— Iim —log< )- lim —10g< )_ _ T 438

Ap— LY 12 w r—L% 12 6’
while
A A
—  lim —10g< B)— lim —log( B):o. (4.39)
rp—>—LE 12 w rg—>—Lo 12

Combining these jumps with (minus) the jumps of (4.33) gives the desired result. O
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4.2.2. Relation to the Riemann—Hilbert problem. In this subsection, we wish to relate the
Stokes jumps of Z,, with the Stokes jumps of the Riemann—Hilbert problem in Sect. 4.1.

We will see that the jumps of 2p serve as “potentials” for the jumps of the RH problem.

For the discussion below, it will be useful to note that the Stokes jumps can be repre-
sented in terms of the double sine function, revealing some important properties. A useful
review of definition and relevant properties of the double sine function sinz(z | w1, w2)
can be found in [Bri20, Section 4] and references therein.

Definition 4.9. For z € C and w1, wp € C*, let

i .
F(z| w1, wp) :=exp ( - ?Bz,z(z |wi, a)z)) -sinp (z | w1, w2) (4.40)

where B 2(z | w1, w2) is a multiple Bernoulli polynomial.
We will use the following properties of the function F.

Proposition 4.10 (See [Bri20, Proposition 4.1]). The function F(z | w1, ) is a single
valued meromorphic function of the variables 7 € C and w), wy € C* under the
assumption w1 /wy € Roq. It has the following properties:

e The function is regular and non-vanishing except at the points
z=aw)+bwy, a,beZ. “4.41)

e [t is invariant under simultaneous rescaling of the three arguments, and symmetric
in wp, .
e [t satisfies the difference equation

F(z+ o) |0y, ) = (1 — g2ric/ony=1 | (4.42)

F(zlor, w)

e WhenRe(w;) > 0and (0 < Re(z) < Re(w)+wy) there is an integral representation

d u
F(z| w1, w2) = exp (/ " ¢ 1)) . (4.43)

Reior U (21— 1)(ee2 —
Definition 4.11. Let &, ., (Ag, v, w) and @4, (A, v, w) be as in (4.23) and (4.34),
respectively. We then define?
g, (v, w, Ap) 1= ePE VBV B b (v, w, Ap) 1= e PHE k(B0
(4.44)

We now give a proposition relating the exponentials of the Stokes jumps (4.44) of 2,; to
the function F'.

Proposition 4.12. Assuming Im(v/w) > 0, we can write on their common domains of
definition

Ear, (v, w, hp) = (F(EQ@+kw)/hp + 111, 1)~ (445)
Lok (V, w, Ap) = (F(kw/ip +1[1,1)%. '

Furthermore, the functions on the right of (4.45) are holomorphic and non-vanishing
for ag € Hyp, and g € H_, respectively.

3 The minus sign in the exponent of the second expression in (4.44) is due to the normalization of the
partition function.
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Proof. First, notice that

1 .
Dp (AB, v, w) = ;3)\]3 (KBLi2(e2m(”+kw)/)‘B)>

2
1 Y7 : o 2mi(r+k) /R
= 0 (Ale(e Ti(r+)/ ))
=¢ (A, 1). (4.46)
In particular, if w = e2mit/ A and g = e2mik/ i, then for A near [, we can expand
1 Sl ~k\ 1 N

@, = 73 P (1 o). @47)

2mi — l [

On the other hand, assuming for the moment that 0 < Re(7+k) < Re()v\), Re()vn) > 0,
and using the scaling invariance of F', we find by Proposition 4.10 that

F(w+kw)/Aag+1|1,1) = F((t+k)/i+1]1,1)
=F({t+k+Xi|X k)

( / du eu(t+k) ) (4 48)
=eX _ ). .
P R+i0+ U (2sinh(Au/2))?

Using that Im(v/w) = Im(#) > 0, we can compute the previous integral by closing the
contour in the upper half-plane and sum over the residues at 2mi/ /A for [ > 1, obtaining

du PAG P 1N2 § et
[ s =5 ()
R+i0+ U (2sinh(Au/2))? = A ou u

u=2mil /%
1 (wgh! /1 N
- (7—1og(qu)>. (4.49)

2mi = l

Comparing (4.47) with (4.49), the first result then follows, with the other cases being
analogous.

To check the second statement, we use the fact from Proposition 4.10 that the function
F(z| w1, wy) is regular and non-vanishing except at the points

z=aw| +bwy, a,bel. (4.50)
We then find that F(£(v + kw)/Ap + 1|1, 1) is regular except at the points where

+k
(w+kw)/ip €Z = ig="2 nez. (4.51)
n

In particular, F(£(v + kw)/Ap + 1|1, 1) is regular for Ap in the half-plane centered at
+Ly = R ¢ - 2wi(v + nw). The other case follows similarly. O

From the previous proposition we obtain the following corollary:
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Corollary 4.13. Let (v, w) € M such thatIm(v/w) > 0. Then E4p, and E4p_ i serve
as potentials for the jumps of the Riemann—Hilbert problem of Sect. 4.1, in the sense
that

Eir,(V+Ag, w,AB)

(1 _ e:thi(v+kw)/AB):tl — (1 _
Eir, (v, w, AB)

\2
Xi(ﬂ_'_ka)):t(ﬁ BHkO)QB+kS)

Eqr, (v, w+AB, AB) — (- eizﬂi(wkw)/)&)ik —(1—

8, B+k8)Q2(B+kS)
Eir, (v, w, AB)

X (pris))

o) 0, w+Ag, A .
Lt QIR0 (ki 7 (1 gy O a5
4L, ) )

Proof. We use the fact from Proposition 4.10 that F(z |1, 1) satisfies the difference
equation

Fiz+1[1,) 1
F(z|1,1) 1 —e¥ric’

Then by Proposition 4.12 we find that

Eg, (v+2Ap, w, Ap) _ F((v+kw)/Ag+1+1|1,1) ! _ ] _ miCvrkw) /g
Er, (v, w, A) F((v+kw)/ap+1,[1,1) .

(4.53)

(4.54)

The other identities follow similarly. O

Remark 4.14. From corollary 4.13 we see how the BPS spectrum is encoded in the jumps
of the normalized partition function. Namely, the BPS spectrum of the resolved conifold
appears in the expressions of the jumps of Z,(Ag, v, w) as follows:

- QB +k8) _
Exr, (v, w, AB) = exp (%3@ (ABle(eiZMé/kB)))

- Q (kd) .
Exrook(v, w, Ap) = GXP( i Org (KBle(eiZ"‘;/'\B)D ,

(4.55)

making explicit how the DT-invariant are encoded in the jumps.

4.3. The line bundle defined by the normalized partition function. We would like to
discuss how to define a line bundle L — C* x M, such that the partition functions
Z,(AB, v, w) define a section of L.

To concretely define the line bundle, we restrict for simplicity to*

M, = {(v,w) € M | Im(v/w) > 0}. (4.56)

Furthermore, let px be a ray between Ly and Ly_1. For definiteness, we pick pj to be
always in the middle of £; and L£_1, and consider the open sets

UE = {0, v, w) € C* x My | Ap € Hap, ). (4.57)

4 See Remark 4.16 for the other points of M.
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‘We remark that the condition on Ap actually depends on (v, w), since the latter specifies
the rays Ly (and hence also pi). We then clearly have that {U, ,:’ Ykez U {Uy }rez forms
an open cover of C* x M.

If U,:fl N U,:; # @ for k; < kp, we then define for (Ag, v, w) € U,:fl N U,:'2,

8K,k (B V. W) 1= 1_[ Er, (B, v, w). (4.58)
ki <k<k>

Notice that if (Ag, v, w) € Uk+1 N U,:rz, then (Ag, v, w) € Hyg, for ki < k < ka, so by
Proposition 4.12 we have that g,jly i, 18 C*-valued:

g,:rl’kz: U,:rI N U,:r2 — C*. (4.59)

With the assumptions U,:'I N U,:'z # @ for k1 < kp, we also define g,jz gy = (g,:'I kz)_l
and g, := 1 forany k € Z.
If Uk_l NnU k_z # () for k1 < ko, then we similarly define

8k dr: Uy NU,, — €7 (4.60)
by
8k ky (ABy Vs W) = 1_[ E (B, v, w), (4.61)
ki <k<kp

and 8ok = (gk*l’kz)_l, g =1

On the other hand, if for some ki, ko € 7Z we have U,:'l nU, # @, then px, # pr,
and hence out of the two sectors determined by px, and —px, there is a smallest one,
which we denote by [pk,, —po,]. For all (A, v, w) € U,:rl N Uk; we must either have

that Loo C [k, —Pky] OF —Loo C [Pk, — Pk, ]- In the first case we define®

. —mi/12 =
8k, (A, v, W) 1= i/ l_[ Egr, (AB, v, w)
k>ki

[]8-c,0m.v.w)[]ELuuip.v.w),  (462)
k<ky k>1

) -1
and g7y, = (87 x,) -
Notice that in this first case we have Ag € Hy, fork > ny, Ag € H_g, fork < ny,

and Ag € H_ . Hence, by Proposition 4.12 and the convergence of the above product®,
we find that

g,fl"’kz(kg, v, W) U,:rl nU, — Cc*. (4.63)
On the other hand, in the second case we define

5 Recall that the e=71/12 factors are due to the jumps (4.37) of the normalization of the partition function.
6 Here we use that the corresponding infinite sums of & Lp» Por, and Pp

.
Ui NU.

oo > COnVerge for (Ap, v, w) €
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— . i/12 = — —
g% G vow) = ™12 [T 8_g, G v.w) [] €2, Gp.v.w) [ | Bt (g v, w)
k>ko k<k; k>1

(4.64)

and g% = (&)™
With the previous results, the following proposition then follows:

Proposition 4.15. The functions gkj:1 ky gkilofz associated to the cover {U ,:' Jkez VU Ykez

define a 1-Cech cocycle over C* x M., and hence a line bundle L — /@X x M,.
Furthermore, assuming Im(v/w) > 0, the normalized partition functions Z, (X, z, w)
glue together into a section of L.

Proof. The fact that gkil’ k and g,(il‘?,fz define a 1-Cech cocycle follows directly from their

definitions. Furthermore, the fact that the 2p (A, z, w) glue together into a section follows
from our previous discussions on the Stokes jumps of Z, (A, z, w). O

Remark 4.16. Let

M_ :={(v,w) e M | Im(v/w) <0}, My:={(v,w)e M |Im(w/w) =0},
(4.65)

so that M = M, U M_ U My. By using the Stokes jumps for the case (1, v) € M_
(resp. (u, v) € My, where all the Stokes rays collapse to either L, or —Ls,) we can
as before define a line bundle over C* x M_ (resp. C* x Mp) having the normalized
partition function as a section. Since the Borel summations F, (A g, v, w) make sense on
sufficiently small open subsets of C* x M, and furthermore depend holomorphically
on the parameters, these line bundles glue together into a holomorphic line bundle
L — C* x M having the normalized partition function as a section.

4.4. Relation to the Rogers dilogarithm and hyperholomorphic line bundles. Notice that
one can write the Stokes jumps of Z,(Ag, v, w) along ££; = £R_g - Zgks as

QB +KS) /..
b, (AB, v, W) = T(LIZ(Xi(B+k8)) +log (X4 (g+ks)) log(1l — Xi(ﬁ+k§))) ,
(4.66)
where
log(.)(:t(ﬁ_,_kg)) = X2mi(v + ku))/AB . 4.67)
Up to a factor of % in the second summand, this matches
QB +kd)
—L(X , 4.68
7 (Xi(p+ks)) (4.68)
where L(x) denotes the Rogers dilogarithm
1
L(x) := Lip(x) + 3 log(x)log(1 — x) . (4.69)

In previous works [Neil I, APP11b], hyperholomorphic line bundles with transition
functions having the form of the exponentials of (4.68) have been discussed in the context
of instanton-corrected hyperkéhler and quaternionic-Kahler geometries. Our goal in the
rest of this section is then two-fold:
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e We would first like to explain how (4.66) and (4.68) are related by changes of local
trivialization involving the solutions of the RH problem of Sect. 4.1.

e This will then be used to relate the line bundle £ — C* x M, constructed in Sect. 4.3
with a certain “conformal limit" of the line bundles constructed in [Neil 1, APP11Db].

4.4.1. Relation to the Rogers dilogarithm. In order to relate to the Rogers dilogarithm,
we follow the idea suggested in [CLT20, Appendix H] (see also Lemma 4.18, below).

We start by considering the solutions of the RH problem from Sect. 4.1. Notice that
since X, ,(v, w, —) : H, — C*, then there must exist x,, ,(v, w, —): H, — C such
that

Xy p(v, w, Ag) = exp(xy (v, w, Ap)). 4.70)
We then define for (Ag, v, w) € U, = {(v, w, Ap) € My x C* | Ap € H,},
Xp,p i=2miv/AB, Xs,p = 2mwiw/Ap, xgv ,:=logXgv ,, xsv , :=log Xy ,.
4.71)
In taking the logs in the last two coordinates, we do as the following lemma:

Lemma 4.17. The branches of the logs in xgv , and xsv , can be taken such that the
following relations are satisfied on the common domains of definition:

o Along =Ly

XpY pen = XY, p E10g(1 = Xecpins)

X$V oy = X5V 4p T klog(l — Xigirs)) 4.72)
o If pi,, and pi, are such that Lo, C [pk,, — Pk, ]:

Xy = Xp e + ( 3 log(l — Xpus) — Y log(l — X,M(g)) ,
k>k; k>—kp

4.73)
and
X5 —pyy = X5+ ( 3 klog(l — Xpus) + Y klog(l — X_puis)

k>ky k>—ky

~ 3 2klog(l — Xk(;)) , (4.74)
k>1

e If px,, and py, are such that —Loo C [pk,, — Pk, -

XpY.p1 = XBV.—p, T ( - Z log(l — X_pg—xs) + Z log(1 — Xﬂ—ks)) ,

k>ko k>—ki
(4.75)
and
Koty = o,y + (= D Klog(l = Xopgs) = Y klog(l = Xpss)
k>ko k>—kj
+3 " 2klog(1 — X,k,g)). (4.76)

k>1
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Proof. We do the argument for 8", since for the §" is the same.

First we pick o for some k and fix a branch for log Xgv ,, . We then fix the branches
of log Xgv ,, with n € Z by enforcing the jumps (4.72). On the other hand, we set
xgv,—p (AB) := —log Xgv ,, (—Ap). This indeed gives a log of Xgv _,, due to (4.19).
It is then easy to check that the xgv _,, for n € Z must satisfy the corresponding jumps
in (4.72).

With such choices, the jumps (4.73) and (4.75) must be satisfied up to summands of
2ming and 2wing respectively. Furthermore, it is easy to check that n and n, must be
independent of the rays py, and p, satisfying Loo C [k, —pk,10r —Loo C [0y — Pk, 15

respectively. Furthermore, by the condition xgv _, (Ap) = —log Xgv , (—Ap), one
finds that ny = —ny. Itis then easy to check that by setting xgv ,, = log Xgv , +2min;
for all n € Z, the jumps (4.72), (4.73) and (4.75) are satisfied. |

Lemma 4.18. For py between Ly, and Li—1, consider the following holomorphic function
on U (resp. Uy ):
Jtp 7= Xpp - XY kp + X6, kpp X5V Ly - (4.77)
We then have the following relations:
o OnU; NU with ky < ky:
Fipg = Frpy = Y 10g(Xagks) log(l — Xepers) . (4.78)
ki1 <k<ky
° IfU,:'l NU, # @, then recall that for all (Ag, v, w) € U,:'l NU,, we either have
Loo C [pkys =Pyl 08 —Loo C [pkys — Py - In the first case, we have
Sfepiy = foo, = Z log(Xp+ks) log(1 — Xpiks) + Z log(X_p+xs) log(1 — X_gks)
k>ki k>—ky

~2 ) log(Xis) log(1 — Xpp) . (4.79)
k>1

while in the second case

Toe, = f=piy = 2kok, 108(X_prs) log(l — X_g_ys) + D .y, log(Xp—is) log(l — Xp—ks)
=23 o1 log(X_gs) log(l — X_ys) . (4.80)
Proof. From the Stokes jumps (4.72) we obtain that on U} N U, we have

foog = for, = D (xpo +kxs p)log(l — Xpais)

ki <k<kp
2mi(v +k
ki <k<k A
1=K<K2
= Y log(Xpis) log(l — Xpiis) - (4.81)
ki <k<kp

The other cases follow similarly by using the other jumping relations (4.72), (4.73),
(4.74), (4.75), (4.76). For example, if U,:'l N Uk_2 # Wand Loo C [pk,, —pk, ], we then
have

S=piy = for, =%B.px, - ( Z log(1 — Xpks) — Z log(1 — X—ﬂ+ka))

k>ky k>—ko
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X5, ( 3 klog(l — Xpus) + Y klog(l — Xopus) — > 2klog(l — Xk5)>
k>ki k>—k> k>1

= Z log(Xpg+xs) log(1 — Xgks) + Z log(X_gixs) log(1 — X_girs)
k>ky k>—ko

—2) log(Xis) log(l — Xis) . (4.82)
k>1

We therefore obtain the following:

Proposition 4.19. In terms of the local trivializations of L — C* x M, given by

i
exp (E fip F 24)zipk UE > L. (4.83)

The transition functions of L are given as follows:

oIkajl[ﬂUkj; # 0 for k; < ka, we have

Q(B +kd)
gkil,kzz H ex (TL(Xﬂmka))) (4.84)
ki <k <ka

° IfU,;‘1 NU,, # ¥, and Loo C [pr,s —Pky ], then

&0 v = [T e (P22 1@0) TT e (L2 1 i)

k>ky k<ky
Q (kS
e (55 L) (4.85)
1 2ri

and the analogous relation for the case L_o C [pk,, — Pk, ] In particular, one can
get rid of the e*™/12 factors appearing in (4.62) and (4.64).

Proof. For simplicity, we compute the new transition functions in the case U}, N U},
with all the others following the same type of argument using the rest of the identities
in Lemma 4.18. We have

~ 1
g;,k+1 = &xp <4n, (Forsr = Fou) ) : g}:,k+1
1 1 .
= exp ( e log(Xg+ks) log(1 — Xﬁ+k5)) - exp (ﬁa)\.g (/\Ble (Xﬁ+ka)))
Q(B +kd)
= exp (—

LX) (4.86)

where on the second line we have used Lemma 4.18. O
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4.4.2. Relation to hyperholomorphic line bundles. We briefly recall the setting of [Neil 1,
APPI11b]. The starting point is again a certain type of variations of BPS structures
(M, T, Z, ). The variation of BPS structures should be such that the data (M, T", Z)
defines a (possibly indefinite) affine special Kihler (ASK) geometry on M (or conical
ASK in the case of [APP11b]). More precisely, the pair (M, T, Z) should satisfy:

e The pairing (—, —) admits local Darboux frames (¥, y’)’, and the 1-forms d Z,
give a local frame of T*M.

e Byusing theidentification " = I'* givenby y — (y, —), we caninduce a C-bilinear
pairing on I'* ® C. With respect to this pairing, we should have

(dZ AdZ)=0. (4.87)
e The two-form
= %(dZ AdZ) (4.88)
is non-degenerate.
Under the above conditions, {Z,; }?i:n}C(M) give local coordinates on M, and it is not hard

to check that 7;; defined by dZ3; = 1;;d Zy j must be symmetric by (4.87), and
1 — — i _
w= Z(dZ;,. NdAZ,i —dZ,i NdZy) = EIm(rij)dZ},,- NdAZ,; . (4.89)

In particular, o gives a Kihler form of a (possibly indefinite) ASK geometry. The func-
tions {Z,,:} then define special holomorphic coordinates, while {Z5; } define a conjugate
system of special holomorphic coordinates.

By following the prescription in [GMN10,Neil4], one can then define an “instanton-
corrected"® hyperkihler (HK) structure on the total space of a torus fibration 7 : M —
M, where

Ml :=1{0:T|, > R/2TZ | 6,4, =0, +6, +7(y, )} (4.90)

The hyperkihler geometry is encoded in terms of certain C*-valued local functions
Yy (£, 0) on the twistor space Z := CP! x M of M. The functions are labeled by local
sections y of I', and must satisfy the GMN integral equations [GMN10,Neil4].

Given such data, a certain holomorphic line bundle Lz — Z is constructed in
[Neill,APP11b], descending to a hyperholomorphic line bundle £ — M (that is,
a hermitian bundle having a unitary connection with curvature of type (1, 1) in all the
complex structures of the HK structure of M). Our concern in the following will not be
the hyperholomorphic structure of £ 4 itself, but the topology of L z.

We would like to now describe £z in the case of the resolved conifold. We need,
however, to solve the following issue: the variation of BPS structures (M, I', Z, 2) we

7 One can relax this condition by allowing “flavor charges" (i.e. charges y such that (y, —) = 0). For a
description of this more general case see for example [Neil4] or [AST21, Section 2.2].

8 What this means is that the data of the BPS indices is used to obtain a new HK geometry from the semi-
flat HK geometry associated to the ASK geometry via the rigid c-map. In the context of 4d N = 2 theories
compactified on I the modifications to the semi-flat HK geometry correspond to instanton corrections of
the HK geometry associated to the corresponding low-energy effective theory.
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have discussed in Sect. 4.1 does not satisfy the ASK geometry condition, since for that
case Zgv = Zsv = 0, and hence

(dZ AdZ) =dZpgv AdZg+dZsv ANdZs —dZg ANdZpv —dZs AdZsv = 0.
(4.91)

By possibly restricting to an open set M’ C M, and taking I’ := T'|;, we can assume
we have a central charge Z': M’ — I'" ® C satisfying the ASK geometry property and
such that Z'|zge7zs = Zlzpezs. Setting (y', y?) = (B, 8), such a central charge can
be found by picking a holomorphic function §(Z,:): M " — C such that the matrix
Im(BZS/BZinZVj) is non-degenerate, and taking Z%v 1= 07,3, Zj, = 07,8 (for
example, we can just pick §(Zg, Z;5) = i(Z/% + Z§)/2). For simplicity, we will assume
in the following that have chosen Z’ satisfying the ASK condition and such that M" = M.
We can therefore consider the HK manifold M and line bundle £z — Z associated to
(M,T,Z,Q).

To describe £z — Z in this case, we do as follows: recall that a quadratic refinement
for (I'|p, (=, —)) is afunction o : I'|, — Z such that

ooy =D oy +y)). (4.92)

In our particular case, we can make a global choice of quadratic refinemento : I' — Z»
determined by o (8) = o(8) = o(BY) = o(8¥Y) = 1. With such a choice, we can
identify

ME{O:T — R/2xZ | Oy =0, +60,,} = M x (SH?, (4.93)
via e — o (y)el.

We consider the bundle % : M — M, whose fibers are the universal cover of the
fibers of 7 : M — M. Namely,

M:={0:T > R|6,,, =0,+6,)=MxR*. (4.94)

The main reason for going to the universal cover is to avoid certain issues regarding
the domains of definitions of the transition functions involving the Rogers dilogarithm
expressions, as we will see below.

Since our end-goal is to compare with £ — C* x M, from Sect. 4.2, we will restrict
to ./\/l+ := 7~ 1(M,). However, a similar argument follows for the line bundle over
C* x M_ and C* x M (recall Remark 4.16).

It is easy to see that the HK structure on M, lifts to M+, and we will denote
the corresponding twistor space by Z, = CP' x M,. We consider the rays L =
R_g - an(v + kw), and pick p; between Ly and L;_;. We furthermore consider the
cover {Vk }kez of C* x M, given by

k:t = {(;,9) e C* x MV+ | ¢ € Hj:pk}. (4.95)

Notice that the condition on ¢ depends on 7 () = (u v), since the latter determlnes
the rays Ly, and hence pi. Furthermore, notice that Vk = _l(U © )» Where Uz . was
defined in (4.57).

We define a line bundle Lz — C* x M, via the following cocycle associated to

the cover {Vk }kez (compare with [Neil 1, Equation 4.8] or [APP11b, Equation 3.29]):
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+ +
o If Vk1 N sz # @ for k; < k», then
QB +kd)
hic 1, (8. 0) = l_[ exp <TL(yi(ﬂ+ka)(§ 6)) (4.96)
ki <k<ky
where?®

Vip+ks) (£, 6) = exp (é“_lZi(mk(S)(ﬁ(@)) +i01 (geks) + Cfi(mka)(ﬁ(@))) .
4.97)

Notice that

. 1
L(YV+p+ks)) = Lio(V+(grks)) + 2 log(V+(g+ks)) log(1 — Viprs))  (4.98)
with
102V (p1k8) = & Za(paks) (F(0)) + O peks) + L Z+(paks) (F(0))  (4.99)

is well defined for ¢ € HR<O'Z;E([£+I<5)’ since for such ¢ we have |Vi(g11s)| < 1, and
hence Liz (V< (g+4s)) and log(1 — Vi (s+ks)) make sense with their principal branches.
We also set h,jfz’kl = (h,fl,kz)_l.

o If V/; NV, #9,and Loo C [pk;, —pk, |, then

Q kd QB +kd
he 1, (6, 0) = 1_[ exp <7(ﬁ +_ )L(yﬁ+k5)) l_[ exp (7(§7r )L(y—(ﬂ+k8))>

k>ki 2mi k<ky
Q
TTew (T t0m). (4.100)
k>1

while for the case L£L_so C [pk,» — Pk, ]

Q kd Q ké
hi%, @ 0) =[] exp (#LO} (ﬁ+k8)))) []exp (#LO}M))

k>ko k<ky
Q (kS
Tew (520000, (4.101)
k>1

We also set as before hp> | = (h/?,kz)_l and hk_]oo : (h,:zoil) I

In [Neil1,APP11b], it is argued that such a bundle extends to a holomorphic bundle
Lz %, — Z4, and that it descends to a hyperholomorphic line bundle L M, M,.
The corresponding line bundle £, — M, can then be obtained by a quotlent by a

certain action of I'* — M, acting ﬁberwge on both £M+ — M, and ./\/l+ - M,,
and equivariantly with respect to £ M, M. (see for example [Neil 1, Equation 3.7]).

The pullback of £ 4, to the twistor space then gives Lz — CP! x M,.
We now wish to relate the bundle £ z|cx x pr, Wit/l;l the previous bundle £ — C* x
M, defined by the normalized partition functions Z, in Sect. 4.2. We will focus on
9 Formula (4.97) gives the so—called semi-flat coordinate labeled by £(8 + k§). In the case of the resolved

conifold, only the coordinates of the form Y, g.,,54 ,gv 145V With p 7= 0 or g # 0 get “instanton corrected”
away from the semi-flat form.
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the complex Lagrangian submanifold L C M (with respect to one of the complex
symplectic structures of the HK structure) given by

The fact that this defines a complex Lagrangian submanifold L of M, can be seen
for example from formula [CT21, equation 3.10] of the instanton corrected holomor-
phic symplectic form (see also [Gail4]). Since L can be identified with M as complex
manifolds, we will do so in the following.

The line bundle £ z|cx « 37, can be described by the transition functions h,jfl ko lox %M,

and hi?ﬁzmxxﬁh associated to the cover {Uki}kez of C* x M, given in (4.57). It is

now easy to see how to obtain £ — C* x M, from Lz|cxxp, — C* x M,. Namely,
one considers the following conformal limit, studied in [Gail4]:

e First, one introduces a scaling parameter Z — RZ for R > 0.
e One then considers the limit of the transition functions as R — 0, while keeping
the quotient Ag = ¢ /R fixed.

After taking the conformal limit, we see that

:))nﬂ+m§|(C><><M+ - Xnﬁ+m$ ) (4103)

and hence

+ >+ +oo ~+00
hkl>k2|(CXXM+ = 8k ko hi o lexm, = 8k, 0 (4.104)

where §,§E1 & and g,jf",jz correspond to the 1-cocycle associated to the cover {U ,fc}kez

describing £ — C* x M, from Proposition 4.19.
From the previous discussion, we obtain the following:

Proposition 4.20. Consider the 1-cocycles associated to the cover {U, ki} of C* x M,

and given by {g,j;,q, §kil°,f } and {h,,:—Ll,k lCx %M, » h;;?;zl(CXXM+}’ respectively. Then the

1-cocycles are related by the conformai limit from above.

5. The Strong-Coupling Expansion and Its Stokes Phenomena

In this section, we will demonstrate that the topological string partition function has
a Borel summable strong-coupling expansion for A — oco. The Stokes jumps of the
strong-coupling expansion are found to reproduce the wall-crossing behaviour of count-
ing functions for the framed BPS states representing composites of DO and D2 branes
bound to a heavy D6 brane in string theory on the resolved conifold. This wall-crossing
has previously been studied by Jafferis and Moore [JMO08]. This work in particular
gave a physical derivation of the results of Szendrdi on the generating function of non-
commutative DT invariants [Sze08], see also [NN] for related work in mathematics and
[DG10,AOVY11] in physics.

Because the techniques required in this section are the same as in the previous sections,
we will give less details of the intermediate computations.
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5.1. Borel summation of the strong-coupling expansion. In order to derive the strong-
coupling expansion we shall start with the Woronowicz form of Fp(4, 1) givenin (3.35),
now rewritten as

FiOf) = —— v % og (1 - &™) (5.1)
e 2n)* Jreior 1 —ev@ ' .
using the notations & = —2mwit’ and ¢’ = ¢ /)VL. As before, we may rewrite this in terms

of a Laplace transformation,

Fup 1) = > dy ((v +a)log (1 — ei”_im) (-0 log (1 e‘x"_im))

o (2m)? 1 — eV 1 —e2 v
_ 1 / do |:(v+a)()\v+n1) +( vta v—oi )log(l—efivfiw)]
(27.[)2 0 1 — evta 1 — evta 1 — ea—v
A . / . Ny L . ’ . ’
=—W(2Ll3(Q)+ale(Q)) e (Li2(Q) +a Lit (Q))
+/ dv e MG, (v, 1), (5.2)
0
using the notations Q' = " ir" and

1 1 v+2mint
Gi(v,t) = —— —_—.
s(v, 1) (27.[)2 ne;\:{o} n31 — e—v/n—2nmit

Having represented the function Fnp(X, ¢) as a Laplace transform makes it straightfor-
ward to derive an asymptotic series in inverse powers of A for which (5.2) represents a
Borel transform.

Gs(v, 1) has poles at v = vkin = F2xwin(t’' +k), k € Z \ {0}, n € Zy. In the
case Im(#") > 0, the poles v, and v;,, are in the right and left half-planes, respectively.
Assuming Re(') < 1, one finds that the strings of poles {v}, | n € Z.o} withk € Z g
are located in the upper half-plane.

We may decompose the complex plane representing values of the integration variable
v into a union of rays £/, := £R_q - 27i(¢’ + k) and wedges [£;, £/, _,] bounded by
+l; and £/} _,. Letting " := 1/5», for pj in the wedge [/}, ;] and A" € Hy,,, we
define

Fi, O 1) =~ (2Li3(Q") — 27it'Liz(Q")) (Lia(Q" — 27it'Li (@)

i
4

+/ dv e v Gy(v, 1) (5.3)
+0k

1
Qm)2N

The wedges [:I:l,’c, j:l,/{_l] are natural domains of definition (in the A’ variable) for the

functions F , (', '), differing by Stokes jumps from the strings of poles {v,ﬁf1 | ne
Zso} of Gs(v, 7).
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5.2. Stokes jumps. To compute the Stokes jumps, we follow the strategy from Sec-
tion 3.3. The relevant residues are
e UAn/ A 1

/ koo
R 7U/)\ G ,[ 2 k _ = Tiin(t +k). 54
Res M Gu(0,1) = Gy (Faminkn = 47 e (5:4)

It follows that the Stokes jumps across =/, are explicitly given as
/ Hrin(d'+k) K HAi(/+h)

Fipy — Fipk_2mz:|:e (' . = Fklog (1 — ™M *0) .
n=1 . i

— :Fk log (l _ e:l:27'[i(t+)xk)) — :Fk log(l _ Qilqik) ,

(5.5)

Note that there is no jump for k = 0.

For the rest of the section, we will assume that 0 < Re(t’) < 1 and Im(z’) > 0.
Taking Im(A') > 0 ( <= Im(L) < 0), we can sum the jumps in the upper half-plane,
and obtain

—00
kEIPOOF[/)k_F[/)O_ Z(Fl/)k Fpkl - Zklog(l—Qq )
k=—
x 1 2mkt
q 0 1
- Z7(1 —g T % 2 60
I=1 k=1 Sln ))

On the other hand, if Im(2)) < 0 ( &= Im(X) > 0), we can sum the jumps in the
lower half-plane of the variable, which leads to

o0

. ’ rN k
Jim Fj, — Z( b~ Fp) == D_klog(l = 04"
k=1

a0 !
- T2 Ll N2

I=1 L 1=q) k=1 k (2'sin ( A))

Note that the domains of definition of limy_, oo F ;)k —F ;)0 and limy_ _ oo F/ o~ F ;)0 have

empty intersection.
It will be instructive to consider the normalised partition functions

O (70 (,0)
Zy e O, Y\ Zly, (07, 0)

2mikt
¢ (5.7)

Zip W, t) =

1
(5.8)

The jumping behaviour of the normalised partition functions can be summarised as
follows. Equation (5.5) immediately implies that across /;, we have

Zp W 1) =1 =05 2,0/, 1).
It follows that for k > 0

k
Zpa W ) =] = 0q7) .

j=1
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where we have used that Z), = Z/, .

Considering the functions Z_, (A, t), one needs to take into account the fact that
the jumps of the normalising factor accumulate at the imaginary axis. It is then straight-
forward to compute

Jim Z, W .t =[]a-q" 0" (5.9)
k=1
Jim 2, 0 = (M(Q))zkljl(] — 4" Ok, (5.10)
Z 0 =M@’ [[a-4" 0 1 -g* 0", (5.11)
k=1

with M(g) = ]_[,fi (1= gk =k being the MacMahon function. We note furthermore
that Z_,, (', ') is the expression obtained in [Sze08] as a generating function of non-
commutative DT invariants.

5.3. Relation to framed BPS states. Our findings can be compared with the known re-
sults on counting of framed BPS-states, representing bound states of DO- and D2-branes
with a single infinitely heavy D6 in string theory on local CY manifolds. A useful char-
acteristic of the spectrum of BPS states are the BPS indices (generalised DT invariants)
[DT]Sa Y which are locally constant with respect to the Kéhler parameters, but may
jump along walls of marginal stability in the Kdhler moduli space M}, and there-
fore depend on the choice of a chamber C C Mkgp. The BPS partition functions are
generating functions for the BPS indices for the case of the conifold defined as

oo o0
ZBPS (I/t, v; C) = Z Z [DT]58+kﬁ+8V u” Uk. (512)
k=0 n=1

The pattern of chambers can be described as follows [JM08]. The processes associated
to walls of marginal stability represent decay or recombination of framed BPS—states
with charges y; = k’8+m’B+8" and unframed BPS-state with charges y, = k§+mpB. By
regarding the resolved conifold as a limit A — oo of a family of compact CY manifolds
having a complexified Kéhler parameter Ae'?, one may introduce a regularised central
charge function Z(y}), to leading order in A given by (Ae'?)3. Unframed BPS-states
with charges y» = k8§ + mfB have central charge function Z(y») = mz — k, where z is
the complexified Kihler parameter associated to the compact two-cycle of the resolved
conifold. The phases of Z(yy) and Z(y») = mz — k align if

3¢ = arg(mz — k) +27n, nez.
Taking into account that there only exist BPS-states with m = %1, one arrives at the

pattern of walls ;" described in [JMO8], decomposing the parameter space into a
collection of chambers C,” = [W,:_HW,: 1] and C = [W,: W,:_l], respectively.
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Of special interest are the core region Cg U CT, the limits Céco, and the chamber C;’
called non-commutative chamber following [JMO8]. The partition functions are

Zeps(u, v; C) = [ [(1 = () )", Zmps(u, v; Ceore) = 1, (5.13)
k=1
Zpr(u, v) = Zeps(u, v; C) = (M(—u)* [ [(1 = (—w)*v)", (5.14)
k=1
Zgps(u, v; Cy) = (M (—u)* [ J(1 = (=) ) (1 = (=w)* v~ HE. (5.15)
k=1

One may identify the exponents in (5.15) with the unframed BPS indices defining the
BPS Riemann—Hilbert problem for the conifold.

The GW-DT correspondence [MNOP06a, MNOPO6b, MOOP1 1] relates the BPS par-
tition function to the topological string partition function through the following relation'”

Zpr(—q, Q) = (M(q))*®efavhn g — ot 0 = 27 (5.16)

Taking into account the relation between the variables u, v and ¢, Q following from
(5.16), and identifying arg(X’) = 3¢, z = t/, we find a one-to-one correspondence
between the chambers Cki and the wedges [:I:l,’c, j:l,/ﬁ]] representing natural domains
of definition for the Borel summations F) o (', 1) of the strong-coupling expansion,

together with a precise match between the BPS partition functions Zgps (i, v; Cki) and
the normalised partition functions Z.,, (A, t') defined in (5.8), chamber by chamber.

6. S-duality

It seems interesting to observe that the wall-crossing behaviour of the generating func-
tions Zgps (u, v; C) for BPS indices involves jumps related to the jumps in Bridgeland’s
RH problem by the replacements

PR P . 6.1
= AD = 3 . = Ip = Iy . ( . )

This suggests that we can use the framed wall-crossing phenomena studied in [JMO0S8]
causing the jumps of the BPS partition functions Zgps (1, v; C) to define a “dual” version
of the RH problem studied by Bridgeland in [Bri20]. The location of walls and the explicit
formulae for the jumps of the dual RH problem are obtained by replacing A and ¢ by Ap
and p, respectively.

The dependence on the variable A suggests that Bridgleland’s RH problem describes
wall-crossing phenomena in non-perturbative effects due to disk instantons in string the-
ory, while the dual RH problem describes the wall-crossing of BPS states in supergravity.
As an outlook we will now briefly indicate how weak and strong-coupling expansions
can be combined to get a more global geometric picture of the space Mgy x C* with
coordinates (¢, A), outline connections to the S-duality conjectures in string theory, and
point out a relation to the mathematical phenomenon called Langlands modular duality
in the context of quantum cluster algebras [FG09].

10 Comparing with [MNOP06a, MNOPO6b], one should note that the variable ¢ used in these papers corre-
sponds to the quantity —¢ in our notations.
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6.1. Global aspects. In the space My, x C* with coordinates (¢, 1), one may natu-
rally consider two asymptotic regions, referred to as weak and strong-coupling regions,
respectively. The weak coupling region is defined by sending A — 0 keeping ¢ fixed,
while the strong coupling region can be described by sending A — oo with constant p.
The asymptotic expansions of the non-perturbative free energy Fyp(A, t) in powers of A
and A~! are valid in the weak and strong-coupling regions, respectively.

In order to get a more global picture, it seems natural to include the rays and jumps of
the strong coupling expansion into the definition of a refined version of the line bundle
discussed in the previous section 4. More precisely:

o On the complex 2-dimensional parameter space Mz X C* parametrized by (¢, A)
or (t', M) = (tp, —Ap/2m), one can consider the real 3-dimensional walls

WV:\llzedkk ={(, N | A e R 27mi(t +k)}, k€ Z,
Wirongx = 1, 2) | 2 € £R027i(' + b)), k € Z— {0}

={@t, )| r="2ZE " reRy), keZ—{0}. (62

and the chambers defined bz the connected components of the complement of W :=
UkeZW weak. k Ukez—{0} Wmmg  (notice that since there is no jump associated to

=+l it is safe to exclude the case k = 0 for the strong coupling walls). Intersecting

vaeak,k with a ¢-slice {t} x C*, one obtains £/ in the corresponding A-plane;

while intersecting Wmong

, with a t'=slice {1’ = {/k = const}, one obtains +I; in
the corresponding A’-plane. Furthermore, the intersection of Wstrong « With {r} x C*
gives aray starting at —2sr¢/ k and parallel to the imaginary axis in the corresponding

A-plane. The rays corresponding to the intersection of W} strong, k and W, strong, k with

{t} x C* combine into a line parallel to the imaginary axis, and missing the point
—2mt/k. In particular, these lines accumulate near the imaginary axis of the A-plane
{r} x C*. Assuming Re(¢) > 0, the ones to the right of the imaginary axis correspond
to k < 0, while the ones on the left correspond to k > 0.

o Taking into account the chamber structure on (Mg x C*) =W, the corresponding
refined line bundle would then have transition functions along the walls determined
by the jumps obtained at strong and weak coupling. In particular, there is in (Mg ;p X
C*) — W a distinguished chamber D determined by the constraint 0 < Re(r) < 1,
Im(z) > 0, and the condition that D N ({t} x C*) gives the region of the Stokes sector
[{o, [—1] to the right of the line Wstmng _1 N({t} x C*). On this region Fpp(A, 1) is
defined and matches Fg_, (A, t). We can then use the jumps along the walls to extend
Fyp to the other regions. In particular, if we fix # and we cross the infinite set of weak

coupling walls W akx for k > 0 (or k < 0) while avoiding the strong coupling

walls, one is left with Fgy; while if we cross the infinite set of strong coupling walls

Wstmng’ i for k < 0 while avoiding the weak coupling walls (i.e. while remaining in

the sector [lp, [_1]), we are left with Fys.

The original and dual RH problems have jumps arranged according to peacock pat-
terns in the product of two complex planes with coordinates (A, t) and (Ap, p), respec-
tively. Assuming that 0 < Re(f) < 1 and Im(#) > 0, one finds that the positive and
negative real half-axes are dlstlngulshed by the property of being self-dual in the sense
that they are contained both in C and in the wedges between £/ and +/_;. The self-
duality of the intersection of these chambers strengthens the sense in which Fyp (A, 1) is
distinguished as a non-perturbative definition of the topological string partition function.
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6.2. Relation to string-theoretic S-duality. Relation (6.1) resembles the realisation of
S-duality discussed in [APSV09,APP11a] on complex Darboux coordinates for the QK
manifolds representing the hypermultiplet moduli spaces of type II string theory (see
[Ale13,AMPP15] for reviews). This is probably no accident.

One may in particular notice that a Riemann—Hilbert problem similar to the one
studied in [Bri20] is expected to be solved by twistor coordinates for the hypermultiplet
moduli space in type II string theory on the resolved conifold. This Riemann—Hilbert
problem should reproduce the problem studied in [Bri20] in a limit called the conformal
limit. Both Riemann—Hilbert problems are defined with the help of the same BPS struc-
ture, implying that the symplectic transformations used in the definitions coincide. The
main differences will concern the asymptotic conditions imposed in the formulation of
the two problems. These considerations suggest that the complex structures on M x C*
defined by the coordinate functions solving the RH problem from [Bri20] are limits of
the complex structures on the conifold hypermultiplet moduli space defined by twistor
coordinates.

The QK metrics defined by mutually local D-instanton corrections have been studied
intensively already [RLRS+07,AS09, AB15,CT21]. Infinite-distance limits of such QK-
metrics have been studied in [BMW20] motivated by the swampland conjectures in type
II string theories. Two infinite-distance limits play a basic role. The first, called the D1
limit in [BMW20], is characterised by large volume and large coupling gs = 1/75. The
second is called the F1 limit. It is simply described by small coupling g at finite values
of the Kihler moduli. The two limits are related by S-duality. This implies that the D1
limit is characterised by a scaling of the form

0(0) = °00),  t(0) =ei%1(0),

taking into account the leading quantum corrections to the QK metric in this limit, as
expressed most clearly in [BMW20, Equation (3.41)].

It is known that a scaling of g5 induces the same scaling of the topological string
coupling A in the conformal limit. This relates the F1 and D1 limits to the weak- and
strong-coupling regions in the space M x C*, respectively. As the F1 and D1 limits
are exchanged by S-duality, it seems natural to conjecture that the relations between the
Stokes jumps of weak- and strong-coupling expansions observed above are related to
the S-duality phenomenon by the conformal limit.

It has been argued in [APP11b], see also [AMPP15] for a review, that the string
theoretical S-duality conjectures relating D5 and NS5 branes predict relations between
BPS partition functions and NS5-brane partition functions. As discussed in [APP11b,
AMPP15], the NS5-brane partition function lives precisely in the line bundle governed
by Rogers dilogarithm discussed in Section 4.1

6.3. Langlands modular duality. Tt seems finally worth pointing out that the coordinate
changes associated to Stokes jumps in weak- and strong coupling expansions are related
by the phenomenon called Langlands modular duality in the terminology introduced
by Fock and Goncharov in the context of quantum cluster algebras [FG09] following
[Fad00]. An essential aspect of this phenomenon, specialized to the case at hand, is the
possibility to introduce dual shift operators

(T)@0) = fa+2/27), (THo)=fa+1),

11" This was pointed out to us by S. Alexandrov.
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which act on the variables Q := &*" %it/h = and Q = €211 g5

TQ=qQ. T0=§¢0. T0=0Q TQ0=0.
This implies in particular that the functions representing the cluster coordinate transfor-
mations associated to the weak coupling jumps are invariant under the shift 7', while the
shift 7' acts trivially on the cluster coordinate transformations associated to the strong
coupling jumps. This simple phenomenon has a natural generalisation which is the root
of some remarkable features of quantized cluster algebras [FG09]. We can’t help the

feeling that this manifestation of Langlands modular duality in the case of the resolved
conifold partition functions can be the tip of an iceberg.
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A. Alternative Proof for the Borel Sum

In this section we present an alternative derivation of the Borel sum and transform of
F (A, t). The alternative proof uses the integral representation of the Hadamard product
used in Section 3.1.

Proposition A.1. Take t € CwithIm(t) > 0 and 0 < Re(t) < 1. Then Fyp(X, t) equals
FRr_, on their common domain of definition. More specifically:

_ 1, By, 4 ot/
Fap(1) = 33L(0) + SLU(Q)+ | ds e PG, (A1)


http://creativecommons.org/licenses/by/4.0/
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Proof. We will first write down an integral representation for Fr_, assuming that t €

(0, 1), and % > 0 satisfies the conditions of Proposition 3.8. We will then deform ¢ to
Im(¢) > 0 and show what we want.
We recall the Hadamard product representation (see Proposition 3.4):

1 ds &
Ge.1) = 2—m/y IOFACH) (A2)

where y was an appropriate counterclockwise contour around 0, and

1 (1 1 1
fl(S)——m<§_3_§(eé/2—T/2)2_E>7

2 3 (A.3)
a1y = I (Lig(21059) - Lip(e2i0-9)).

Integrating e ¢/ iG(é, t) along the positive real line and swapping the integral signs, we
get

[ e o
0
AV 00 v M
_ (27;1) / %S (/0 d& fi(s)e 5/ Lig(e2™1HE/9) — f (s)eff/*Lio(ez”i(”g/”)>.
v
(A4)

Next we simultaneously rescale s +— s and &> )v»sé on the first term, while simulta-
neously rescaling s — —As and & +— As& on the second term to obtain

/OO dg e /G (&, 1)
0

2 s 00
_ f ds < / dg Js (f1(ls) — fl(—is))e_séLiO(ezni(t+$)))
2 y N 0

= (27i)? f ds & f1(hs) ( / ' Oodg e—ffLio(eZ”“”f))). (A.5)
y 0

Let C and C’ denote the contours following the real line from —oo to co avoiding 0 by a
small detour in the upper and lower half-planes respectively. We may in fact take them
to the lines with imaginary parts € and —e respectively, for some small € > 0. Since
C’ — C = y up to homology, we can write

/Oo de e G (&, 1) = ri)> (/ — /) ds & f1(hs) (/
0 C’ C 0

00 . . (s+i€)oo . .
= (27i)? / ds <A Fi(k(s — i€)) ( / dg e~ 7108 Lio(e2”1<’+f>)>
—00 0

,100

ds e_SéLi() (eZHi(t+E))>

(s—i€)oo ) )
— kL fiGGs +ie)) ( / d& e<s+'f>fLio(e2”'<’+E>)> ) (A.6)
0
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Now taking the limit € — 0% then gives us

/OO de e 614G (£, 1) = (2mi)? /OO ds & f1(ks) (/ dg& e*5 L (ezﬂi(”f))) ,
0 —0o0 Hs
(A7)

where H; is a counterclockwise Hankel contour along the negative real axis when s < 0,
a clockwise Hankel contour along the positive real axis when s > 0, and the imaginary
axis from —ioo to ico when s = 0.

The poles and residues of the inner integrand are given by

. 1
Res,(,+k) (e—sELiO(eZJn(H&))) — _‘es(t+k) , (AS)
2mi
for all k € Z. We can thus deduce using Cauchy’s residue theorem that the inner integral
is the sum of 271 times the residues from the poles at —(z + k) with k > 0 when s < 0
and minus the sum of 271 times the residues from the poles at — (¢ + k) with k > 0 when
s > 0:

/ dée ’sLlo( 27”(”&) Ze““’k) =T when s < 0,
. —© oSS et
f dg ¢S5 Lig(*™10H9)) = Z S — = -, whens > 0.
H, = I —e 1—es

(A.9)

Putting everything together, we get

o0 . [ee) d Xs 1 1 st
| eetioen - [ (o) S
0 —oo $ \(eM =12 ()2 12]e =1

ds e 1 1 et
= — _— = - v + — ) (Alo)
cs \(eM—12 ()2 12]e —1

where we remark that the integrand of the integral over R is actually regular at s = 0.
Both expressions in the equality (A.10) above are analytic in ¢ and X, so we can deform
to Im(¢) > 0 with Im(¢) small, and X away from R.. ¢, so that (A.10) continues to hold in
their common domain of definition. The result to be proved will follow if we can show
the following form = 0 and m = 1:

ds e 1 . 2it
/C AT 5T = T L 7, (A1)
The integrand has a pole of order 2m + 2 at s = 0 and simple poles at s = 27ik with
residues 2™ /(27rik)>"*! for all nonzero integers k. The contour C contains only the
simple poles with £ > 0. Thus, again by Cauchy’s residue theorem, we have:

ds ets 27r1kt 1 i
—_— — 1
/(; S2m+1 es — 1 = 2mi : : (2 1k)2m+1 - (2 )2m L12m+1(€ ) (A12)

Where in the last equality we used the fact that Im(#) > 0 and hence |e2™i1| < 1, so that
the series representation of Li(z) holds. This completes the proof. O
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B. Asymptotic Series from Borel Transforms

Lemma B.1. The expression

- By 20-3 02¢7 -
GE. 1=~ $73 978 Liz(Q) B.1
&0 4772;28(28—2)!(2g—3)!$ i Liz(Q) (B.1)
of the Borel transform can be obtained back from

1 1 e2nit+$/m eZJTitfé/m

Gen== 3 Grlm e B
wi)c \m 1 — 2mit+&/m | _ p2mit—&/m
meZ\{0} (B‘Z)

£ p2mit+E/m p2mit=§/m
+ omt ((1 — e2mit+§/m)2 + (1— eZnit—S/m)2>> :

Proof. We first write the second expression of G (&, t) as

1a [ 82 /1 2Tt +E/m 2mit—£/m
CEn=-¢ ED I e i — (B.3)
£ 0§ \ (2mi)? 1 m3 \ 1 — g27it+§/m 1 — g2mit—&/m
m=

we next use the Taylor expansion around & = 0:

p2mit+E/m i e gk i
m:LiO(e an—E/m):ZﬁLi—k(e JTIZ‘)’ (B4)
=0
which makes use of the property
. . d
OoLis(Q) = Liz—1(Q), 0p:=0Q a0’ (B.5)
We thus obtain:
G ; 9 1 %_ 2k+1 y ois
€0="¢5 (2711)2 Zl Z @+ 1! <%> e
29 ZC(Zk L4 2L (@2t
£ 9E 2m)2 (2k ! —
28 ie3 Bokea Q)24 1 2y ; it
£ 9E ((2711)2 (Z( D ks @y @)
_ k3 Bokra Q) 2k +3) oy it
- ((2:11)2 2::( D Qk+dik+ Dl o H2e @)
B 3 .28 -
47r2 Z < 2g(2g — 2)!g(2g - 3)!$2g $9; " Lis(Q). (B.6)

where in going from the first to the second line we have used the following expression
for the Riemann zeta function:

oo

1
()= —. Re(s)>0,

n=1
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and in going from the second to the third line we have used the following identity:

-1 n+lB 2 2n
comy — ED" Bu@
2(2n)!
and where we have changed the summation variable in the fifth line to g = k +2 and
made use of

(—1)* (21)*Liz_2,(Q) = 8;*Li3(Q).
O
Lemma B.2. The expression —G(€,0) — ﬁ gives the Borel transform of Fo(A) +
£(3)/2* -

Proof. From the definition of Fp(A) in (2.5), we have the following (recall that we take
x (X) = 2 for the resolved conifold):

5282 (=D& Byg Bog—

R0 +EQG)/X = Fy =) W

g2

(B.7)

The Borel transform G (&) of the previous series is then given by

(=187 Byg Bog 2 (2m)%872
2¢-3 g P2g—
Go(£) = g§>2s %2 (Cg =D . (B.8)

On the other hand, we have

G(;O)=%Z$(l+%%>(l_tw =)

(271)2 Z m3[ (1—ef/m B 1—;75/m)+%%(1—i¥/m - 1—5*5/'")]

(B.9)
Using (2.1) one finds
_ 2 o lpomn By ENE D s By (£
GE.0) = (2m)? £ Z m3[ £ ; (2k)!(m) mas(g (2k)!(m) )]
_ 2k 1
e )2 Z( (2k)' 2k +2)
_ Bok  or_1 (_l)kB2k+2(27T)2k+2
N (271)2 Z:(szrl)(zk)!g ( 2k +2)12 )
_ Y e 3 (D37 Bog Bog 0 (2m)* 72
p=r 2g (2g — 21?2
1
Go(§) — —— (B.10)

12¢

and the result follows. O
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