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Abstract: We study the decay of the covariance of the Airy, process, .41, a stationary
stochastic process on R that arises as a universal scaling limit in the Kardar—Parisi—Zhang
(KPZ) universality class. We show that the decay is super-exponential and determine the

leading order term in the exponent by showing that Cov(A;(0), A (1)) = e~ (Gro(hu?

as u — o00. The proof employs a combination of probabilistic techniques and integrable
probability estimates. The upper bound uses the connection of A to planar exponen-
tial last passage percolation and several new results on the geometry of point-to-line
geodesics in the latter model which are of independent interest; while the lower bound
is primarily analytic, using the Fredholm determinant expressions for the two point
function of the Airy; process together with the FKG inequality.

1. Introduction and the Main Result

The one-dimensional Kardar—Parisi—Zhang (KPZ) universality class [40] of stochastic
growth models has received a lot of attention in recent years, see e.g. the surveys and
lecture notes [21,25,29,33,49,50,56,59]. Two of the most studied models in this class
are the exponential/geometric last passage percolation (LPP) and the totally asymmetric
simple exclusion process (TASEP). In both cases, one can define a height function
h(x, t), where x stands for space (one-dimensional in our case) and ¢ for time.

At a large time ¢, under the 2/3 — 1/3 scaling, one expects to see a non-trivial limit
process. To illustrate it, consider the scaling around the origin

h(ut?3, 1) — thya(ur—173
hgesc(u)z (u )t1/3 ma (U ) (1.1)

with hma (§) = lim;_ o0 1~ 'h(£1) being the (deterministic) macroscopic limit shape.
The limit process depends on the geometry of the initial condition. One natural initial

condition is the stationary one and the limit process in this case, called Airy,,, has been

determined in [6]. For non-random initial conditions, the two main cases are:
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(a) curved limit shape /p,: one expects the weak limit lim;_ o0 £;%°¢ (1) = a1 Az (azu),
with A, being the Airy, process [48] and ay, a; are model-dependent parameters
(see [17,38,48] for LPP and TASEP setting and [27] for a non-determinantal case),

(b) flat limit shape /1m,: one expects the weak limit lim, _, o [ (1) = a].A (aju), with
Aj being the Airy, process [52], with again @/, ), model-dependent parameters (see
[18,19,52]).

Asuniversal limit objects in the KPZ universality class, the Airy,,, as well as .A; and
Ay (which also are stationary stochastic processes in R) have attracted much attention. It
is known that the one point marginal for Aj; is the GUE Tracy—Widom distribution from
random matrix theory [48], whereas the one point marginal for .A4; is a scalar multiple of
the GOE Tracy—Widom distribution [19,52]. The next fundamental question is naturally
to understand the two point functions for these processes. Although there are explicit
formulae available for the multi-point distributions, extracting asymptotics from these
complicated formulae is non-trivial. Widom in [57] (see also [2] for a conditional result,
and [54] for higher order expansion) showed that!

Cov(A2(0), Ao(u)) =u=2+ O *) asu — oo. (1.2)

The extended correlation kernel of the Airy, and the Airy, processes have algebraically
many similarities (see the review [28]). This allows, following the method used by
Widom [57] to get an expression for the joint distribution of .A;(0) and A3 («) in terms
of a scalar Fredholm determinant. For the Airy, process case, due to identities in terms of
the Hasting-McLeod solution of Painlevé II equation, one can get exact expressions for
the terms in inverse powers of u (see [54] for expansions up to u’lo). This is not the case
for the Airy, process and thus the question of understanding the decay of correlations
in the Airy, process had remained open until now.

A numerical study [16] clearly showed that the decay of the covariance for the Airy,
process is very different from that of Airy,, in that it decays super-exponentially fast,
i.e., —InCov(A;(0), A;(u)) ~ u® for some § > 1. Unfortunately, the numerical data
of [16] are coming from a Matlab program developed in [15] and uses the 10-digits
machine precision. From the data it was not possible to conjecture the true value of §.

The reason behind the difference in the decay of the covariances of A, and .A; can be
explained as follows. In the curved limit shape situation, the space-time regions which
essentially determine the values of 4(0, ) and h(ut*/3, t) have an intersection whose
size decays polynomially in u. In contrast, for the flat limit shape, except on a set whose
probability goes to zero super-exponentially fast in u, these regions are disjoint.

The goal of this paper is to prove that the decay of covariance for the Airy; process is
super-exponential with § = 3. More precisely, we prove upper and lower bounds of the
covariance where exponents have a matching leading order term. The following theorem
is the main result of this paper.

Theorem 1.1. There exist constants ¢, ¢’ > 0 such that for u > 1

e e N3 < Cov(A;(0), Ar () < e, (1.3)

1 To be precise, in the mentioned papers, they obtained explicit expressions for the joint distribution of
A3 (0) and A (u). To get the covariance one needs to integrate it and each of the terms in inverse powers of
u can be explicitly integrated. A rigorous control of the error term is not carried out, but in [54] a numerical

comparison up to u=10 s provided confirming the correctness.
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Clearly, the threshold u > 1 above is arbitrary, and by changing the constants c, ¢’
we can get the same bounds for any u bounded away from 0.

The upper and the lower bounds in Theorem 1.1 are proved separately with very
different arguments.

In Sect. 2 we prove the upper bound; see Corollary 2.2. For this purpose we consider
the point-to-line exponential last passage percolation (LPP) which is known to converge
to the Airy; process under an appropriate scaling limit. Corollary 2.2 is an immediate
consequence of Theorem 2.1 which proves the corresponding decorrelation statement in
the LPP setting. The strategy for the upper bound follows the intuition that the decorre-
lation comes from the fact that the point-to-line geodesics for two initial points far from
each other use mostly disjoint sets of random variables. To make this precise, we prove
results that are of independent interest. In Theorem 2.3 we get an upper bound on prob-
ability of the transversal fluctuations of a point-to-line geodesic, while in Theorem 2.7
we give an upper bound on the probability of intersection of two point-to-line geodesics.
The proof is mainly based on probabilistic arguments, but uses one point moderate de-
viation estimates for the point-to-point and point-to-line exponential LPP with optimal
exponents. Such results have previously been proved in [44], but an estimate with the
correct leading order term in the upper tail exponent is required for our purposes. These
are obtained in Lemma A.3 and Lemma A.4 by using asymptotic analysis.

In Sect. 3 we prove the lower bound; see Theorem 3.1. For the lower bound we start
with Hoeffding’s covariance formula, which says that the covariance of two random
variables is given by the double integral of the difference between their joint distribution
and the product of the two marginals; see (3.2). The joint distribution of the Airy,
process is given in terms of a Fredholm determinant (see (3.10)) and the proof uses
analytic arguments to obtain precise estimates for these Fredholm determinants. A crucial
probabilistic step here, however, is the use of the FKG inequality applied in the LPP
setting, which, upon taking an appropriate scaling limit yields that the aforementioned
integrand is always non-negative; see Lemma 3.2. This allows one to lower bound the
covariance by estimating the integrand only on a suitably chosen compact set, which
nonetheless leads to a lower bound with the correct value of the leading order exponent.

We finish this section with a brief discussion of some related works. Studying the
decay of correlations in exponential LPP has recently received considerable attention.
Following the conjectures in the partly rigorous work [34], the decay of correlations in
the time direction has been studied for the stationary and droplet initial conditions in
[31], where precise first order asymptotics were obtained (see also [10,32] for works
on the half-space geometry). Similar, but less precise, estimates for the droplet and flat
initial conditions were obtained in [11,12]. All these works also rely on understanding
the localization and geometry of geodesics in LPP, some of those results are also useful
for us. The lower bounds in [11,12] also use the FKG inequality in the LPP setting and
provide bounds valid in the pre-limit. One might expect that similar arguments can lead
to a bound similar, but quantitatively weaker, to Theorem 3.1 valid in the LPP setting.

2. Upper Bound

In this section we prove the upper bound of Theorem 1.1. Along the way, we prove
results of independent interest. Theorem 2.3 gives an upper bound of the probability of
a point-to-line geodesic deviating from its characteristic. Theorem 2.7 gives an upper
bound on the probability that two point-to-line geodesics starting away from each other
intersect. The leading terms are expected to be optimal.
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2.1. Last passage percolation setting. We consider exponential last passage percolation
(LPP) on Z>. Let w;,j ~ exp(l), i, j € Z, be independent exponentially distributed
random variables with parameter 1. For points u, v € 72 withu < v, i.e., u; < vy and
uy < vy, we denote the passage time between the points u and v by

Lyy= max > oij, @
. j)en

where the maximum is taken over all up-right paths from u to v in Z?. Denote by T, ,
the geodesic from u to v, that is, the path 7 maximizing the above sum. Furthermore,
let £, = {(x,y) € Z* | x + y = n} and denote by

Lic,= max Y o (22)

Tiu—L
" (i, jerw

the point-to-line last passage time, where the maximum is taken over all up-right paths
going from u to L,,.
Let us mention some known limiting results of exponential LPP. Let?

T(w) =u@2N)?3A, =1, J@w) = (N,N)+u@N)*31,-1) (2.3)
and define the rescaled LPP
Ly, coy —4N Liw), (v, Ny —4N
* _ Lon . (N,
Lyu) = TAANIE Ly(u) = T ABNIE (2.4)

Then, by the result on TASEP with density 1/2 [19,52] which can be transferred to LPP
using slow decorrelation [26], we know that

Jim L) =23 4,272Ru), (2.5)

where A is the Airy, process, in the sense of finite-dimensional distributions. Similarly,
(see [38] for the geometric case and [22] for a two-parameter extension)

Nlim Ly@w) = As(u) — u?, (2.6)

with A; is the Airy, process [48], where in [39] the convergence is weak convergence
on compact sets.

We also denote by I'y (resp. I'}) the (almost surely unique) geodesic attaining
L0,0),(v,n) (Tesp. Lo,0),c,y)- For a directed path 7, we denote by 7 () = (x — y)/2
where (x, y) is the unique point (if it exits) where 7 intersect £;. The parameter ¢ will
be thought of as time and 7 (¢) will be the position of the path at time ¢. For instance,
if I'}, ends at J (u), then 'y, 2N) = u(2N)?/3, see also Fig. 1. We shall also denote by
L () the passage time of the path 7, i.e., the sum of the weights on 7.

The rescaled last passage times L% («) and L y (u) have super-exponential upper and
lower tails (see e.g. Appendices of [31] for a collection of such results and references),
which implies that the limit of their covariance is the covariance of their limit, i.e.,

lim_Cov (L, (). Ly(0)) = 2/*Cov (A1(2_2/3u), Al(O)) . 2.7)

2 We do not write explicitly the rounding to integer values, i.e., (x, y) stands for (|x], [y]).
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Fig. 1. (Left): In the typical scenario, the geodesics associated with L% v (0) (blue) and L (@) (green) do

not cross the straight line connecting 7 (u/2) and J(u/2). This suggests that L* (O) and L (u) are almost

independent. (Right) In the untypical case where the blue and green geodesics meet In that case the geodesics

w111 meet around the point J (#/2). The probability of this event is the main contributor to the covariance of
(0) and L* (@)

Soif Cov (L% (u), L% (0)) ~ ¢ P, then Cov (A; (u), A; (0)) ~ e~
We first state the upper bound on Cov (L ( v @), L* (0)) which is the main result in
this section.

Theorem 2.1. For N4 > u > 1,
Cov (L} (), L}, (0)) < e e~ 5 (2.8)

for some ¢ > 0.

The following corollary, proving the upper bound in Theorem 1.1, is immediate from
(2.7) and the above theorem.

Corollary 2.2. For u > 1, we have

Cov (A1 (), A1(0)) < e e~ i*’ (2.9)
for some ¢ > 0.

Before proceeding further, let us explain the heuristic idea behind the proof of The-
orem 2.1. Let T denote the straight line joining 7 (x/2) and J(u/2). Let L ~N(0) (resp.
L ~ (u#)) denote the rescaled last passage time from (0, 0) to Loy (resp. from I (u) to
Loy) in the LPP restricted to use the randomness only to the left (resp. to the right)
of T. Since Ly (0) and Ly (1) depend on disjoint sets of vertex weights and hence are
independent, one expects that the leading order behaviour of the covariance is given by
the probability that L} (0) # Ly(0) and L% v # Ly (u) (parts of the sample space
where only one of these two events hold can also contribute, but our arguments will
show that these contributions are not of a higher order, see Fig. 1). Now,

PLYO) # LyO) = PLiw # Ly@) =P swp T30) = uN)*)
=i=
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and the probability of the last event is < e’ by Theorem 2.3 below. The proof is
completed by showing that the probability of the intersection of the two events has an
upper bound which is of the same order (at the level of exponents) as their product.
This final step is obtained by considering the two cases, one where the point-to-line
geodesics do not intersect, and the second where they do. The first part is bounded using
the BK inequality where the probability of the geodesics intersecting is upper bounded
separately in Theorem 2.7.

2.2. Localization estimates of geodesics. As explained above, a key step in the proof is
to get precise estimates for the probability that the geodesic behaves atypically, i.e., it
exits certain given regions. To this end, the main result of this subsection provides the
following localization estimate for I'};, that is of independent interest.

Theorem 2.3. For N'/1% > 1 > 1 we have

IP( sup (1) > u(2N)2/3) < =30 (2.10)
0<t<2N

for some constant ¢ > 0.

Although we do not prove a matching lower bound, the constant 2—‘ is expected to
be optimal; see the discussion following Lemma 2.5. Transversal fluctuation estimates
for geodesics in LPP are of substantial interest and have found many applications. This
is a first optimal upper bound in this direction for point-to-line geodesic. For point-to-
point geodesics, similar estimates (albeit with unspecified constants in front of the cubic
exponent) are proved for Poissonian LPP [14] and exponential LPP [12], see also [35]
for a lower bound. In fact, we shall need to use the following estimate from [12,23].

Lemma 2.4 (Proposition C.9 of [12]). For N3 > u > 1 we have

IP( sup Tw(r) > u(2N)2/3) < e’ @2.11)
0<t<2N

for some constant ¢ > 0.

For the proof of Theorem 2.3 as well as the results in the subsequent subsections of
this section, we shall use as input some lower and upper tail estimates of various LPP,
which are collected and, if needed, proved in Appendix A.2.

The first step is to prove the special case t = 2N of Theorem 2.3; we get an estimate
of the probability that '} ends in D, = Uy, J (v), thatis, [}, (2N) > u(2N)?/3.

Lemma 2.5. For all NY/° >> u > 1, we have
P(I'5,2N) > u@@N)>3) < e e=3% (2.12)
for some ¢ > 0.

Again, we do not prove a matching lower bound, but the constant % should be optimal.
Indeed, notice that by (2.6), one expects that (2N Y7231 }kv (2N) weakly converges to the
almost surely unique maximizer M of Ay (u) — u?. The distribution of M has been
studied in [7,53] whence it is known that P (| M| > u) ~ e
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Proof of Lemma 2.5. Let Cy be such that (using Lemma A.1)

P(L(0.0).v.n) < 4N — Cou2*N'3) < e3¢, (2.13)
We have
P(I'y(2N) < u@N)*3) =1 —P(L(.0).p, = 4N — Cou2*3N1/3)

(2.14)
—P(L.0).(n.N) < 4N — Cou2*PN1/3),

Using our definition of Cy and Lemma A.3, we get for N'/3 > u > Co + 1

P(I 2N) > u@N)?3) < Ce=307=Com™? | p=3u® o pen =30 (5 15

By adjusting the constant c if necessary, we get the same conclusion for u € [1, Co+1].
0

Our next result is a similar localization estimate for the point-to-line geodesic I'}; at
an intermediate time ¢.

Lemma 2.6. Let t = 2T N. Fix any 0 > 1 and take min{t, 1 — 7} > u=?. Assume that
NVOHB9 4 > max(l, %ﬁCo} with Cy as in (2.13). Then there exists a constant
¢ > 0 such that

P(I% (1) > u@N)?3) < o730 gaur™ 2 u(ex2Cor™h (2.16)

In particular, by choosing another constant ¢’ > 0,

3,.7,2

P () > u(2N)23) < =3+ 2.17)

forall NYVOH) >y > 1,

Notice that (2.16) provides a stronger bound compared to (2.17) for small T which
is expected as the transversal fluctuation should grow with 7. Indeed, for 7 < 1, one
expects even stronger bounds, see Theorem 3 of [13]. For the proof of Theorem 2.3,
(2.17) would suffice but we record the stronger estimate (2.16) as it would be used in
the next subsection.

Proof of Lemma 2.6. We start with a simple rough bound. Notice that since the geodesics
are almost surely unique, by planarity they cannot cross each other multiple times. Con-
sequently, if 'y, 2N) < AN )3 for some A > 0, the geodesic '}, lies to the left of the
point-to-point geodesic from 7 (A) to J(A). Therefore, the maximal transversal fluctu-
ation of the point-to line geodesic can be upper bounded by the sum of the fluctuation
at the endpoint plus the maximal transversal fluctuation of a point-to-point geodesic.
Similar arguments will be used multiple times in the sequel and will be referred to as
the ordering of geodesics. It follows that

Py (1) = Clut ' 22N)*3) < P(Ty2N) = LCiur ™12 2N)*3)

2.18
+P(Ty (1) = 1Crur ™2 2N)*3). @19

Applying the bounds of Lemma 2.5 and Lemma 2.4 with the constant C large enough,
we get that

32

P () > Clut ™ 2@N)3) < 3w 77, (2.19)
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Next we need to bound the probability that F;‘V ) isin[w(2N)?3, Crut~ Y22 N)*/3).
Define K (v) = (¢/2,1/2) + v(2N)?/3(1, —1). Then, for any S € R,

P(Crut ™ 2QN)*? > T% (1) = u@N)*?) < P(L.0).coy < 5)
+IP< sup (L0.0)Kw) + Lrw.Lay) > S), (2.20)

u<v<Cutr—1/2
where LK(U),EzN = Lg®w),Loy — @WK (v) 1s the LPP without the first point®. We set
S =4N — au?2*3N'/3. (2.21)

By Corollary A.2, setting a = Cor~'/2u~! « N?/3 with Cy as in (2.13), we see that
4.3 -3

P(L©0).coy <S) <e 3"F . (2.22)

It remains to bound the last term in (2.20). We have

P ( sup (L©0,0),K(v) + I:K(v),zlz,v) > S)

u<v<Ciur—1/2
Cru/(JT8)—u—1
= Z ]P( sup (L0,0),kw) + Lk @), Lon) > S) (2.23)
k=0

u+k§<v<u+(k+1)8

Cru/(JT8)—u—1
< Z IP( sup L(O,O),K(u) + sup ZJK(U),[QN > S),
k=0 v>u+kd u+kS<v<u+(k+1)8
where 6 > 0 will be chosen later. Note that the two supremums above are independent.
Denoting X = Sup,> ks L(0,0),kw) and Y = sup_s 55,2 Lk (v).L,y NOte also that
SUP, ks <v<u+(k+1)s LK (v), Loy has the same law as Y for each k. Hence,

Cru/(/T8)—u—1

_ Cu
(2.23) = kX::O P(Xi+Y > ) < NG P(Xo+Y >S) (224

since X < Xy for any k > 0.
As Xo and Y are independent, it is expected that the leading term should behave as

P(Xg > S PY > S — %) (2.25)

with $* chosen such that (2.25) is maximal. Since we want to minimize over a finite
number of points (not going to infinity as N does), we instead look for the maximum of

P(Xo > SHPY > S — §* — n2*3N1/3) (2.26)

for some small positive discretization step n; see Fig. 2. The natural scale of the fluctu-
ation of Xg is 71/324/3N1/3 and the one for Y is (1 — 7)/324/3N1/3_ 50 we choose 7 at
most A—I‘min{(l — )3, 173y,

3 The tail bounds in Corollary A.2 clearly continue to hold even after removing the random variable at K (v)

which is Exp(1)-distributed. The advantage is that in this way L (q,0), k (v) and L K(v),L,y are independent
random variables.
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Y
A

I 4(1 _ T)N + I;Tau224/3N1/3

S — S* — ,,724/3]\]1/3

Xo

4(1—-71)N

X : 204/3 1/3=
47'N—“7224/3N1/3 S 47’N~‘au 2%/° N

Fig. 2. The probability P(Xg + Y > S) is smaller than the sum of the probabilities IP(Xo > Ay, Y > Aj)
with (A1, A2) being the discretized points on A1 + A = S — 7724/3N1/3

We want to discretize the interval [4TN — ”2 UWA3NIB 4N — au?2*3N1V/3] into

pieces of size n2*3N'/3. The interval shall be non-empty, which can be ensured if u
is not too small. For that purpose let us assume that # > max{l, 3f 7Co}. Define the
number of discretized points and then n by

<

M=l = 4 — 271 L (2.27
=|u(t a)min{(l—r)1/3,r1/3} , n=u(t a . 27)

Our assumption on u ensures that % —a > %, or equivalently Ta < %, as well as

n/u? < %2_1/3.Therefore ta+n/u? < 1.
Let §) = 4tN — L243N13 and §) = S — §) = 4(1 — 1)N + 1292043 N1/3,
S3 =4t N — au®2*3N'/3. Let $* be the maximizer of (2.26). Then

M—1
c
(2.24) < \/%s Yop (Xo S k2N Y - S (k4 1),724/31\71/3)
k=0
LG P (Xg > S3) + —— Cru P (Y > $)
0> 93 > 92
BV VT8 (2.28)
c
< %MP (Xo > $)P (¥ > 5= 5* = 2AN113)

Ciu
\/_5IP(X0>S3)+TIP(Y S$2).

Instead of finding S* that maximizes (2.26), we look to find an upper bound of (2.26)
by maximizing the product of the upper bounds of the individual terms. For this, we take
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8 = (1 — 7)?/3. Then by rescaling Lemma A.3, for s < (tN)*? and u <« (tN)'/?
w4513 1/3~4/3 771/3 4532
1P(X0>4IN——2/N/~+s1r/2/N/)SCe*§SI (2.29)
T
and by rescaling Proposition A.5, for s < (1 — 7)?3N?/3, we get

32
P (Y = 4(1 — )N +5,(1 — 1)1/324/3N1/3) < Csye— 3% (2.30)

Thus we need to maximize the product of the terms in (2.29) and (2.30). All the

terms in the sum in (2.28) corresponds to s; and s, being non-negative and also of
(m). Therefore we can ignore the polynomial pre-factor in (2.30) and
look to find s1, so > 0 such that

u?

— st P —1) 32 4 302
T

13 = —(au® +1n), s7'" +s;/" is minimal. (2.31)

Denote @ = a + n/u”, which satisfied 7@ < 1 by the above assumptions. Plugging

in the value of s, as function of s into s3/ + s2/ and computing its minimum through

the derivatives we get

51 = (%—a) 23,2, sz=(%—&)(1—r)2/3u2, s?/2+s§/2=u3(%_a)3/2_

(2.32)
With this choice of s and s,, we write with a minor abuse of notation
2
u
S* — 47N — — 243 N1/3 13043 N 173,
[ T (2.33)
S— 8 = ANP = 4(1 — DN +52(1 — 1) 243N,
and
1 3/2
P (Xo > $*) P (Y >S5 — 85— ;724/31\/1/3) < CuPH3, 3 *(-a) (2.34)

for some constant C > 0, where we have used the a priori bound on s, together with

the assumption on t to get the polynomial pre-factor. For ta < 1, (r‘l - &)3/ 2 >
T73/2(1 — —ta — gu’z) so that we get
(2.34) < Cu?0/3 =30t p3ur ™2 2l Cort (2.35)

This is the t-dependent bound which is useful for small enough 7, but the exponent is
minimal when 7 — 1.

Finally, notice that the bound on P(X(y > S3) (resp. P(Y > $,)) corresponds to the
bound with the value s, = 0 (resp. s; = 0), thus they are also smaller than (2.34). Thus

we have shown that (2.28)< (M + 2) C'” x (2.35). The prefactor is only a polynomial in

u (using again the assumptions on t) and can be absorbed in the u? term in the exponent
by adjusting the constant. Thus we have proved (2.16), and (2.17) follows by observing
that 7 — 1 is the worst case. The condition u < N/©+3) ensures that all the conditions
on 51, 52, u mentioned above are satisfied. |
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We can now prove Theorem 2.3.

Proof of Theorem 2.3. We shall prove the result for u sufficiently large, the result for all
u > 1 shall follow by adjusting the constant ¢. Let us set ¢ = §u /% for some § > 0 to
be chosen later (§ will be small but fixed and in particular will not depend on u or N).
Without loss of generality let us also assume that ¢ N and 1/& are both integers. Let us
define the sequence of points

vo=Iw—1),---,vi=Iw—1)+(jeN, jeN), -+ ,v,—1 = J(u—1). (2.36)
Let A denote the event that F;';,(stN) > (w—1Q2N)¥3 forj =1,2, ...,e 1 andlet

B; denote the event that sup, ' ,; > u@N)*3forj =1,2,...,e " where Ty, 1o
denotes the geodesic from v;_1 to v;. By ordering of geodesics, it follows that on

(ﬂA;) n (QB;‘) (2.37)

one has supy<, <oy FX,(Z) < u(2N)2/3; see Fig. 3.
Hence,

JP( sup T(1) > u(2N)2/3> <Y P+ P(B)). (2.38)
0<t<2N I I

It follows from Lemma 2.6 that for each j,

P(Aj) < U3 WD < o =50 (2.39)
for some new constant ¢’ > 0. Notice now that
P(B;) =P ( sup Ten(t) > 3*2/3u(281v)2/3). (2.40)

0<t<2eN

We now use u < N2/3 (which implies u < (eN)!/ 3) and choose § sufficiently small
such that by Lemma 2.4 we have

_4.3
P(Bj) <e 3". (2.41)
With this choice it follows that
2 4.3

IP( sup T(1) > u(2N)2/3) <26l gm0 (2.42)
0<t<2N

Since e~ = O(u/?), the result follows by adjusting the value of c. O
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Fig. 3. The thick blue line is the geodesic F;. It passes to the left of the vy, v, ..., v -1 The green thin lines
are the point-to-point geodesics from v to v, j =0, ..., e~1 —1, which stay to the left of the dashed line

joining I (u) and J (u)

2.3. Coalescence probability. Consider the point-to-line geodesics I'y, and f‘}kv to Loy
from (0, 0) and I (1) respectively. Owing to the almost sure uniqueness of geodesics, if
'y, and f’]f, meet, they coalesce almost surely. Coalescence of geodesics is an important
phenomenon in random growth models including first and last passage percolation and
has attracted a lot of attention. For exponential LPP, for point-to-point geodesics started
at distinct points and ending at a common far away point (or semi-infinite geodesics
going in the same direction) tail estimates for distance to coalescence has been obtained;
see [13,46,58] for more on this. For point-to-line geodesics started at initial points that
are far (on-scale), one expects the probability of coalescence to be small. Our next result
proves an upper bound to this effect and is of independent interest.

Theorem 2.7. In the above set-up, for N'/1* > u > 1
P(I% NT% £ 0) < e300+ (2.43)
for some constant ¢ > Q.

The rest of this section deals with the proof of Theorem 2.7. We divide it into several
smaller results. As always, we shall assume without loss of generality that « is sufficiently
large, extending the results to all # > 1 is achieved by adjusting constants.

First of all, due to Theorem 2.3, the probability that the two geodesics in the state-
ment of Theorem 2.7 meet outside the rectangle R (u) with corners (0, 0), 1 («), J (u),
(N, N) is smaller than the estimate we want to prove. Thus we can restrict to bounding
the probability that the two geodesics intersect in R(u); a stronger result is proved in

Lemma 2.8 below. As the number of points in R(u#) where the geodesics f‘;“\, and I'},

could meet is O(N>/3), we need to discretize space. We therefore divide R(«) into a
grid of size eN x (2e N )2/ 3. where ¢ will be taken small enough (but not too small,
namely of order u~2); see Fig. 4.

For t an integer multiple of ¢, let A(z, v) be the event that the first intersection of
F]’t, and f‘}kv occurs attime 7 € (2t N, 2t N +2¢ N1, and they then cross the anti-diagonal
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A

I(u)

Fig. 4. Illustration of the grid as discretization of space-time. In the space direction the length is (2e N )23
and in the time direction e N

grid segment (of length (26 N)?/3) at time 2t N + 2¢ N with mid-point given by
P(t,v) = (TN +eN +v2N)*? TN + eN — v(2N)*3). (2.44)

Notice that, the number of choices of 7 and v is O(¢~>/3), which by our choice of ¢ is
at most a polynomial of . Thus we need to prove the P(A(z, v)) is at most P

for any 7, v. The proof of Theorem 2.7 is completed by taking a union bound.

Our first rough estimate deals with values of v which are close to 0 or « and also
small values of t. The basic idea is that in these cases the probability bounds coming
from considering the transversal fluctuation of a single geodesic is sufficient.

Lemma 2.8. Let N'/1% > u > 1. For any v satisfying min{v, u — v} < u(1 —27%/3) —
g2/3 and for any t < 2723 ¢,

P(A(t, v)) < ¢~ 30+’ (2.45)
for some constant ¢ > 0.

Proof. Foru —v <u(l — 272/3y _ £2/3 we have

P(A(r,v)) < P (sup () > 2—2/3u(2N)2/3) < e 3 () 46)
t

where the last inequality follows from Theorem 2.3. The same argument gives the desired
result for v < (1 — 272/3)u by considering the transversal fluctuation of the geodesic
r'y.

Next, notice that A(t, v) implies that either F}"v(21:N +2eN) > %u(ZN)Z/ 3 or
f‘j‘v(ZtN +2eN) < %M(ZN)ZB, since after meeting they follow the same path. For
T+e <2723, by Lemma 2.6 (use the first inequality with 7 > 7+ ¢ < 2-2/3) each of

- I )
these events have probability bounded by e~ 3% *" for some constant ¢ > 0, completing
the proof. O
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We now proceed towards dealing with the remaining case. Define the segment
Sy ={@N+k, TN —b)|(v — DCN)?? <k < v+ DERN)?3).  (2.47)

Let C» be large enough such that

P(L(0,0) £y < 4N — Cou2*PN'P) < 73, (2.48)
For a path y, recall that L(y) denotes the passage time of that path. Define the event

B(r,v) ={3y1,»21y1:(0,0) > Sy, 2 : I(u) = Sy, yiNy2 =9 and
min{L(y1) + Ls, £,y L(2) + Ls, £y} = 4N — Cou2*P N3y, (2.49)

where in L we remove the first point. Then we have the following estimate.

Lemma 2.9. Assume (1—2*2/3)u—e22/3 <v <2 2Bu+e?Band2 2P —g <t <1—¢
(notice that if the geodesics coalesce then A(t, v) must hold for some v < 1 — ¢, the
case T = 1 need not be considered). For NV > u > 1, there exists a § > 0 small
enough (not depending on u and N ) such that with & = Su~2,

P(A(r,v)) < P(B(t,v)) +4Ce_%“3. (2.50)
for some constant C > Q.

Proof. We prove it for u > 4(1 + C) with Cy as in (2.48). Then by adjusting the
constant C it is true also for u > 1. Denote by I'1 and I'; the geodesics from (0, 0) to
P(t,v — %82/3) and from I (u) to P(t,v + 582/3) respectively. These two points are
the end point of the grid interval whose midpoint is P(t, v); see also Fig. 5. Define the
events

By ={I'1(2TtN) < (v — D@N)*},
By = {[2(2TN) = (v+ DN},
B3 = {L(0.0).coy < 4N — Cou2*3N'/3},
By = {Ly@).coy < 4N — Cou2*3N1/3},

2.51)

Fig. 5. Magnification of the local geometry of geodesics used in the sandwitching of Lemma 2.9. The segment
Sy is the dashed one. Notice that the lower line is not T = 0
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Let us show that
A(t,v) € B(r,v) UB; UByU B3 U By. (2.52)
Observe that
A(t,v) € By UB3UB3U B4 U (A(t,v) N Bf N B; N B N BY) (2.53)

and the last event is included in B(t, v). Indeed, on A(t, v) N Blc N B§ , the geodesics

'y and r » must cross S,. Now, let y1 and y; be the portions of 'y, and r % respectively
before time T N. On A(t, v), by definition, y; and y» must be disjoint. On B§ NA(t,v)
itholds that L(y1)+Ls, £,y = L(0.0).coy = 4N —Cou2*3N1/3 and similar inequality
holds on B; N A(z, v) replacing y; by y>. Thus the event B(t, v) is satisfied.

To complete the proof, we apply union bound to (2.52) and bound the probabilities

P(B;). By the choice of C», IP(B3) and IP(B4) are both bounded by e’%”3. Lemma 2.10
below shows that P(B1) < Ce=3*’ forsome C > 0 and by symmetry IP(B;) < Ce=3t’
as well. This completes the proof. O

Lemma 2.10. Assume (1 —2_2/3)14 —e23 < <27 2By+e2Band272P —e <17 < 1.
For NV > u > 1, there exists a § > 0 small enough (not depending on u and N )
such that with € = Su™2,

P (2TN) < (v — H2N)?3) < Ce™ 3% (2.54)

for some C > Q.

Proof. T'; is the geodesic from (0, 0) to Q1 = P(r,v — %82/3). ‘We want to bound the
probability that T'1 (2T N) < (v — 1)(2N)?/3.
For x1, x2, x3 > 0, define the events

2
Ei = {L©0),0, <4t +e)N — L23N3 243 N1/3),
Ey = {L(.0). Loy Z 4TN + 222" N1,
Es= { sup LN+w,tN—-w), 0, = 4eN (2.55)
w<(v—1)2N)2/3

_ é(l . %82/3)224/31\11/3+X324/3N1/3}.

By a first order approximation, we have L0),0, = 4(t + &)N — %24/3N1/3 +

Oe?3N1/3).So, by Lemma A.1, we have P(E;) < Ce=° for x1 of at least the order
4. 3/2_—12
3

of u, and such that x; <« N2/3. Next, by Lemma A.4, we have P(Ey) < Ce 3% T
for xo <« N?/°. Finally, using Lemma A.3 (with the variables (N, u) in Lemma A.3

32 _
replaced by (N, e 2/3(1 — %82/3)), we get P(E3) < Ce 34 &' provided

xe 3« (8N)2/9 and N V7 « e (2.56)
Under the condition
v 1 1.2/3\2
- —x1 20— —(1— 1) 4+ x3, (2.57)
T+¢ £
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we have
P Q2TN) < (v — DH2N)?3?) < P(E)) + P(E)) + P(E3). (2.58)

We assume already that ¢ is small enough so that T > 1/2. First take x; = u/(3c) so that

P(E) < Ce=35*" . Then take x2 = u? which ensures P(E;) < Ce 5 as well. Finally

we take x3 = u?¢e!/3 that gives P(E3) < Ce 3. To satisfy the condition (2.57), it

is enough to take & = du~2 with § small enough (independent of u). Finally, note that
1

(2.56) implies that u < N 14, O

To complete the proof of Theorem 2.7 we need to obtain a bound on the event B(t, v).

Lemma 2.11. Assume 2723y — 23 <v < (1 =272 u+e23 and272P —e <1 <
l—¢e ForNY? > u > 4(1 + C»), there exists a constant § > 0 small enough such that
with ¢ = Su~2,

P(B(r, v)) < ™34 (2.59)
for some constant ¢ > 0 independent of t, v. The constant Cy is as in (2.48).

Proof. For any s1, so € Ry U {—00} we define D(sy, s2) to be the event that there exist
disjoint paths y; and y» as in the definition of B(z, v), such that

L (v—1)? 4/3771/3 4/37/1/3
(y1) = 4tN — ——22%° N2 4 5127 N2,
T 5 (2.60)
(u—v—1) 4/3 771/3 4/3771/3
L(yy) =4tN — ——2""N /7 + 52 N/~
T
For s3 € R, U {—o0}, we define the event
C(s3) = (Ls,. £,y = 4(1 — )N +532*3N1/3), (2.61)

Recall the constant C, from (2.48). Like in the proof of Lemma 2.6 we do a discretization
with a fixed width 0 < n < 1 and thus we will not write all the details. The minor
difference is that now we a couple of constraints:

si+s3=1—D*—n—Cu, sy+s3=L@w—v—-1>—n—Cu. (262

In the discretization of Lemma 2.6, see (2.28), we separated explicitly two terms, which
corresponds taking S» = —oo and S3 = —o0o. Here we do the same, but instead of
writing those terms separately, we consider subsets allowing positive numbers and —oo.
More precisely, define the set
O = {s1,52.53 € Ry U{—00}|s3 € nZ, 51 VO+53v0=L(v— 1> —n—Cou
andso VO+s3v0= %(u —v— 1)2 —n — Cau}.

(2.63)

Then

Br.vyc |J Cls3)nDGsi.s). (2.64)

51,82,83€0
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The number of elements is, for any v with min{v, u — v} < u(l — 22/3) + 2/3 of
order u?/t. Since T > 1/2 (for ¢ < 272/3 — 1/2), the sum contains O(u?) many terms.
Therefore, using the independence of C(s3) and D(sy, 52),

P(B(t,v)) < Cu®> max )IP(C(S3)) P(D(s1, 52)). (2.65)

51,52,53€0

As y1 and y» “occur disjointly”, by the BK (Berg-Kesten) inequality (see e.g. Theorem 7
of [3] for a statement applicable in the above scenario) we get

P(D(s1.52) < P(L,0),8, = 4TN — 1 (v = D*2YNP 452738173
x P(Ligy.s, = 4tN — L —v — 1)?2Y3N13 4 5,243 N1/3),
(2.66)

Set Dry = {(tN +k, TN — k)|k > (v — 1)(2N)*3}. Then L(g0),s, < L0,0),D,, and
Lemma A.3 (after rescaling N — 7N) leads to

32

_45
P(L,)s, = 4TN — L — D2Y3NP 452Y3N13) < ce™3:77 (2.67)

and similarly for the bound on the second term in (2.66), so that we have

i

P(D(s1,52)) < Ce 3 <172 | (2.68)

for2 <u <« NY2,0 < 51,50 < N2/°.

To estimate IP (C (s3)) we divide the segment S, into pieces of length (1 —1)2B32N)?*3
to which we can apply a rescaled version of Proposition A.5. We have 2/(1 — 7)?/3 <
2/ such pieces (we used 1 — v > ¢). Using union bound we then get, for s3(1 —
07 < N,

Cmax{l, s3(1 — 7)~1/3) _a_s"
P(C(s3)) < . e P07, (2.69)

e2/3

Let ¢ = 8u~? for § > 0 small enough as in the proof of Lemma 2.10. We have

3/2.3/2 3/2
_ﬁsl/ +s2/ 4 3

P(B(t,v)) < Cu*s™' max e 3 7 ¢ Yu-07, (2.70)

51,52,53€0
Therefore we concentrate now on finding the maximum of

VY e P
e 3 7 e Fa-olt (2.71)

for sy, 52, 53 € ©. Define §3 = 53 + n + Cou. Then for given s3 on ®, we have

(v—1)2 (u—v—1)72
=—_S3, 522—_
T T

51 5. 2.72)

So we need to maximize



1188 R. Basu, O. Busani, P. L. Ferrari

A(w—121—53) 2+ (u—v— 11 —5)%2 4 5’
M, t,83) = —— T3 )
3 NG 3¢
(2.73)

In principle, to get the bound on B(t, v), we would need to find s3 maximizing
M (v, T, s3). In the statement we want a bound uniform in z, v. This means that we need
to maximize the result over 7, v as well. In short, we maximize M for s3, v, T and thus
we do it in another order. First notice that for given 7, s3, M (v, t, 53) is maximized at
v = u/2, for which

2 =32 3/2
M2, ‘C,S3):—§2((u 2 ij‘;) $3) —3%. (2.74)

Computing the derivative with respect to s3 we get that, for a given 7, the maximum is

)2 _ .
at sy = [tu=2) ?(Tﬁ;f)zu)](l Y - 0 under the assumption u > 4(1+ Cy) and n < 1. So

we get

41 —2)% = 4t(n + Cu) PP
3 4‘[3/2\/4 — 37 (275)

1 1
= -3l - 2)2 —4r(n+ Cu)P? < —§u3 +cu?

M@u/2,t,s3) =—

for some constant ¢ > 0. Inserting (2.75) into (2.70) and choosing an appropriate new
constant ¢ leads to the claimed result. O

2.4. Proof of Theorem 2.1. As before, we shall prove the bound first for sufficiently
large u, and adjust c later to deduce the same for all u > 1.
Recall that L’;\,(u) is the rescaled LPP from 7 (u) to L)y, see (2.4). Let us use the

notations X = L}, (0) and Y = L}, (u). For j, j" € {1,2,...,u — 1}, let Slj;, denote the
weight of the maximum weight path 7/ from (0, 0) to Lo, such that 7 (7) < j@2N )2/3
for all ¢, and similarly, let SK,’j " denote the weight of the maximum weight path 77/ " from
I (u) to Ly, such that ﬁj/(t) > (u — j)(2N)?/3 for all 1. Let us also set

X; =2 4BANTVA(SL 4Ny, ¥, =2 BANTBSLT ANy, (276)

For notational convenience, we shall also write Xg = Yo =0and X, = X, Y, =Y.
Now, writing

u—1 u—1
X:ZXJ»H -X;, Y= ZYM — Yy, (2.77)
i=0 J'=0
and using the bilinearity of covariance it is enough to prove that for some ¢ > 0 and for
all j, j €{0,1,...,u—1}

1.3

Cov(Xju1 — Xj, Yy — ¥j) < e e 3 (2.78)

Notice first that X ;11 — X ; and Y41 — Y+ depend on disjoint sets of vertex weights
and hence are independent unless j + j’ > u — 1. Hence we only need to consider (j, j')
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such that j + j* > u — 1. For such a pair, noticing X > X;,1 > X;and Y > Y1 > Y}
it follows that

Cov(Xj41 — X, Yy = Yj) S E[(X — X)(Y —Y;)]. (2.79)

For convenience of notation, let I'; and I'; locally denote the geodesics from (0, 0) and
I (u) respectively to Loy. We define

A; = r ieN)?3t By =1 inf T — iN@2N)?3L.
i={, 3 mw = jenP L B={ it ro < - Hen

(2.80)

Clearly, (X — X ;)(Y —Y;/) = 0 on the complementof A;NBj and X —Xjand ¥ — Y
are positive random variable with super-exponential (uniform in j, j) tails (indeed we
can just use the upper tail bounds for X and Y). Using the notation || X ||, = E(|1X|P)Y/P
and the fact that the p-th norm of the of random variables with super-exponential tails
can grow at most linearly in p, we know that there exists a constant C such that for all
j.j andall p > 1[|X — X,l|,,[lY —Yj|l, < Cp. Using the Holder inequality we
have

EI(X = X)X =Y)] < [IT1a;ng; llgI[(X = X)X = Y;)llp (2.81)

1

where p~! + ¢g~! = 1. By the Cauchy-Schwarz inequality

X = XH =Yy < 11X = XjlpllY = Yprllop <Cp*  (282)
for some new constant C > 0. It therefore follows that
E[(X — X;)(Y —Y;)] < C'p*P(A; N B;»H'/a. (2.83)

for p,q > 1 with p_1 +q_1 =1.
By Lemma 2.12 below, we have

2

P(A; N Bj) < e~ 34 (2.84)

for some ¢ > 0. We choose p = u sothat1/g =1 — % Therefore, plugging (2.84) in
(2.83) it follows that

1

E[(X — X;)(Y — ¥j)] < Cule@’ /=) < gmguscu (2.85)

for some new constant ¢’. This establishes (2.78) and Theorem 2.1 follows by summing
over (J, j)). O

Lemma 2.12. In the above set-up, for u large enough and j + j' > u — 1 we have

2

P(A; N Bj) < ™34+ (2.86)

for some ¢ > 0.
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Proof. Notice first that arguing as in the proof of Lemma 2.8, if j > 27%/3y then
P(Aj) < e~ 3w’ gpq similarly if j/ > 272/3y then P(Bj) < e~ 30+’ Therefore it
suffices to consider only the cases max{j, j'} < 272/3u. This, together with j+ ;" > u—1
also implies that min{j, j'} > (1 — 272/3)u — 1 > 0 for u sufficiently large.

Observe now that

P(A;NBj) <P(T1NTy # %) +P(A; N By N{[1NTy=0). (2.87)

By Theorem 2.7 it follows that the first term is upper bounded by e=30+ and hence
it suffices to show that
1.3 2

P(A;NBjyN{I'1NTy =0} <e 34+ (2.88)

for some ¢ > 0.

Since the two geodesics do not intersect, we would like to use the BK inequality to
get an upper bound. However, we can not do it directly, since the property of being a
geodesic depends on all the random variables and not on subsets. We therefore would
show something similar for any paths which are of typical length. First, we need to
approximate the events A and B

For ¢ > 0tobe chosen later, let A j denote the event that there exists k € {1,2, ..., %}
such that I'y(2keN) > (j — 1)(2N)*/3. Similarly, let B j» denote the event that there
exists k € {1,2,..., %} such that Th(2keN) < (u — j' + 1)(2N)?/3. By choosing
& = du—>/? for § sufficiently small but fixed and arguing as in the proof of Theorem 2.3
it follows that

P(A;\A,), P(Bj \ Bj) < e 34"’ (2.89)

Therefore (2.88) reduces to showing

P(A; N Bj NI ATy = @) < e 3+ (2.90)

for some ¢ > 0.
Let C2 be such that (using Lemma A.1)

P(X < —Cou) = P(Y < —Cou) < e~ 3. 2.91)

Observe that on AJ- N I§j/ N NTy, =0} N{X > —Cou} N{Y > —Cou} there exist
disjoint paths y; and y» from (0, 0) and I (u) respectively to Loy with L(y1), L(y2) >
4N — Cou2*3N'/3 such that there exist kj, k2 € {1,2,..., 1} with y;(2kieN) >
(j — D@2N)33 and y»(2koeN) < (u — j' + 1)(2N)?/3. By using the BK inequality as
before we get that

P(A; N By N (T (T2 =0) < P(A) P(Bj) +2¢7 5 (2.92)

where A ; denotes the event that there exists a path y; from (0, 0) to Loy satisfying
L(y1) > 4N — Cou2*3N'3 and y(2keN) > (j — 1)(2N)*/3 for some k and B/
denotes the event that there exists a path y, from I (u) to Loy satisfying L(yz) >
AN — Cou2*3N1V/3 and y»,(2keN) < (u — j — 1)(2N)?/3 for some k. We claim that

P(A)) < e300 P(B)) < e 30D, (2.93)
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Postponing the proof of (2.93) for now, let us first complete the proof of the lemma. By
Jensen’s inequality together with j + j/ > u — 1 it follows that

1 —3)3
G0+ =Dz 3G+ -2 = % (2.94)
and hence
2

P(A;)P(Bj) < e 34+ (2.95)

for some ¢ > 0. This, together with (2.92) establishes (2.90).

To conclude the proof we show (2.93). The idea is to follow the proof of Lemma 2.6.
However the first bound (2.19) in that proof applies only to geodesics, while here we
have to show it for any paths with a length larger that 4N — C,u2*/3N1/3. We will prove

that for any path y; satisfying the conditions of A j.forany v € {e,2¢,...,1}
P(y12tN) > M2N)'/3) < Cue= 3 (2.96)

for M = /Cau + u?. Then the rest of the proof of Lemma 2.6 applies, except that the
sum in (2.24) goes until M — u — 1.

Denote K (v) = (tN, TN) + v(2N)%3(1, —1) and divide the possible points where
y| crosses the line Lo,y as

N1/10_1
(Kw.velM, gl =T |J Zo (2.97)
=M

with Zy = {K (v), v € [N'/10, %]} and Zy = {K (v), v € [£, £+ 1)}. Then we have,

for any choice of Ay and By = 4N — Cou2*3N1/3 — A,

P(yi(2tN) = MQN)'?) <Y P (L(O,O),Ie + L1, £,y = 4N — czu24/3N1/3)
£

(2.98)
= Z]P (L.0).z, = Ac) + P (L,0).7, = Be) -
¢
By rescaling Lemma A.3, for s; < (tN)*? and u <« (tN)'/?
C 4313 1/354/3 A71/3 —45?
P (Loo.z, > 4TN — —2*AN13 4523 AN1R) < cemin
" (2.99)

N1/S 32
P (L(O,O),I() >4TtN — —24/3N1/3 + S1t1/324/3N1/3> < Ce_%sl s
T

and by rescaling Proposition A.5 (and union bound on (1 — 7)~%/3

(2N)2/3—length), for s < (1 — 7)23N?/3, we get

subsegments per

32
P (L, L,y = 40 = ON +5(1 = 0)P23NI3) < Cop1 - )25

3/2
P (LZO,[;ZN >4(1 — )N +50(1 — 1)1/324/31\/1/3) < CsoN'B(1 = 1)~23e= 35"

(2.100)
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. 201_\1/3 4/3 . -
We take, with oy = —%, Ap = 4TN +a2*3n1/3 Setting £ = M +1,
we get

02— Cout
(1 =D+t

S| =5y = > u® + 02, (2.101)

From this, it follows that
P (Lo.oyz, > A) + P (Lo0)z, > Be) < 208 Pute 3% =37 (5 102
0,0),Z, 0,0),Z,

and thus é\,:l;;o_l (2.102) < C/5_2/3u2e_%”3, while for £ = 0 it is of an order
O(e_%N 3/20) smaller. Applying union bound on the e ~! = 13/ /8§ time intervals and the
estimate (2.96), we get that any path in A is localized within a distance M (2N 173 with

probability at least 1 — C e O

3. Lower Bound
In this section we prove the lower bound of Theorem 1.1.
Theorem 3.1. There exist a constant ¢ > 0 such that
Cov(A;(0), Ay () > eI =30 3.1)

We begin explaining the strategy of the proof. Hoeffding’s covariance identity [36],
which comes from integration by parts on R, and R_ separately, states that

Cov(X,Y) = f dsi / ds: [P(X <s51,Y <s50) —P(X <s)PY < s)]. (32)
R R

We therefore define the following functions

F(u; s1,52) =P (A410) <s1, A1(1) < s2),

3.3
F&) =P A0 <5) = P(Aiw) <), -3

where in the last equality we used the stationarity of A;. As we would like to use (3.2)
with X = A4;(0) and Y = A;(u), we are interested in finding the asymptotic behavior
of

F(u;s1,82) — f(s1) f(s2) asu — oo. (3.4)

As u — o0, the random variables .4 (0) and .A; (#) become independent of each other;
thus we define £ through

F(u; s1,52) = f(s1) f(s2)(1 + E(u; 51, 52)), (3.5)

where £ — 0 when u — oo (at least for s; and s, independent of ). Using (3.5) in
(3.4) and (3.2) we obtain

COV(A1(0),A1(M))=/RdnAdS2f(S1)f(82)5(u;Sl,Sz) (3.6)
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Next, by the FKG inequality, see Lemma 3.2 below, the integrand in (3.6) is positive for
all u > 0. We can therefore restrict the integration in (3.6) to a compact subset of R to
obtain the following lower bound

B B
Cov(A1 (0), A () > / ds, f dss f(s1) f (s)E s 51, 52) 3.7)

o

for any choice of ¢ < B.

Thus the goal of the computations below is to show that £ is of order e 3 times a
subleading term for 51, 57 in some chosen intervals of size O(1) where f(s;) and f(s2)
are bounded away from 0.

As mentioned in the introduction, the strategy taken by Widom in [57], where he ob-
tained the first order terms in the asymptotics of F (u; s1, s2), cannot be fully applied for
the Airy; process. The strategy can be followed only until Lemma 3.3, to get an expres-
sion of £(u; 51, s2) as a Fredholm determinant of some operator with scalar kernel K. It
is from here that our proof deviates from the one in [57]. In [57], the author used known
identities related to the Airy, kernel, to obtain an expression for the trace of K, which

turns out to be of the simple form — J}/((fll)) j;/((fj)) u=2+Ow™). As such identities are not

known for the Alryl kernel, we compute the trace through the steepest descent method. To
compute the covariance one needs to integrate f(sy) f (s2)€ (u; s1, s2) over R? (see (3.6)).

For the Airy, case, one then has f (s1) f (s2)E(u; 51, 82) = — f'(s1) f(s2)u™ 240w,

while in the case of the Airy; the function £(u; s1, s2) has no simple asymptotic form.
Hence direct computation of the integral seems a difficult task. To overcome this, we
restrict the integration in (3.6) to a compact interval. The trick here is to use the FKG
inequality applied to the prelimiting LPP model.

Lemma 3.2. For any s1, 53 € R,
P(A1(0) <51, A1 (1) < 52) —P(A1(0) <51) P(A1 (1) < 52) > 0. (3-8)

Proof. Recalling the notation from (2.4), notice that both L% v (0) and L% v (@) are in-
creasing function of the weights w; ; ~ exp(1) (and they depend only on ﬁnltely many
vertex weights). For any #1, 7 it therefore follows that the events {L} (0) < #{} and
{L} (u) < 1} are both decreasing and hence by the FKG inequality they are positively
correlated (note that the FKG inequality is often stated for measures on finite distribu-
tive lattices satisfying the FKG lattice condition, but more general versions for product
measures on finite products of totally ordered measure spaces applicable in the above
scenario are available; see e.g. Lemma 2.1 of [42] or Corollary 2 of [41]), and therefore

P(LyO) =1, Lyw) <) —PL{O0) <t)P(Ly@w) <) >0. (3.9
Using that the Airy; process is a scaling limit of L* (see (2.5)), the proof is complete. O

We first derive an expression for £(u; s1, s2). Let us begin with the Fredholm repre-
sentation of the function F. We have from [19,28,52]

F(u; s1,52) = det(1 — K) (3.10)

where K is a 2 x 2 matrix kernel

K11 K12
K = 3.11
(Kzl Kzz) 1D
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with entries given by the extended kernel of the Airy, process [19,28,52]

Kl,l(xy y) = 11[x>s|]]l[y>s1] Ai(x + .V)v
3 e~ =0/

2
K12(6,y) = Lixss1Liyes (Ai(x+y+u2)e(x+y)“+3” _ )
Le=silHy=nl dmu /) (3.12)

Ny 203
K2,1(x» )7) = 1[x>s2]]l[y>sl] Al(x +y+ MZ)e—(x+))u 3" s

K2,2(x9 y) = 1[x>s2]]1[y>s2] Ai(x + y),

where Ai denotes the Airy function. Also, for the one-point distributions, we have
f(si) =det(l — K; ;) fori =1,2.
The first step is the following result.

Lemma 3.3. With the above notations
1+ E®; 51, 52) = det(1 — K) (3.13)
where
K=@0-Ki) "'Kia(1 — K22 'Ka 1. (3.14)

Proof. Similar to [57], we compute
Kip Kio\\ _ _(Kin Oy [ 0 K2
oo (1= (G &) = (1= (7 ) - (2, 757))
o Kl,l 0
o (50)

(1 —-Ki)™! 0 0 Kip
can (1= (70 k) (0, 97))

0 -G
= det(1 — Ky,1) det(1l — K> ) det (1 - (—H 0 )) ’

(3.15)

where we set G = —(1 — KU)_IKLQ and H = —(1 — Kz’z)_le’l. Moreover,

(4 9) - ((49) () om0

where

GH=(1—-Ki ) 'Ki2(l—Kz2) 'Kai. (3.17)
Since det(1 — K¢ ¢) = f(s¢), for £ = 1, 2 as we mentioned above, (3.13) follows from
3.5). |

Next we would like to approximate the Fredholm determinant in (3.13) by that of a
simpler kernel.

Proposition 3.4. Let us define
Ry (u; 51, 52) := det(1 — K) — det(1 — K1 2K2.1). (3.18)
Then, for any sy, sy > 0, there exists a constant C > 0 such that

C — min{sy,s2} 4oy
IR1(u; 51, 52)] < — 73 20 (3.19)

M2
forany u > max{%, NOEEIE

The proof of this proposition is in Sect. 3.3.
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3.1. The leading term. Lemma 3.3 and Proposition 3.4 suggest
Eu; s1,81) ~det(l — K12K21) —1 asu — oo. (3.20)
For a trace class operator /C, the Fredholm determinant is given by

(=D"

n!

o]

det(1 — K) = Z

n=0

/ dxy -+ -dx, det[IC(x;, xj)];l,j=1‘ (3.21)

When K = K 2K> 1, this translates to
det(1 — Ki2Ky1)=1—1r (KLZKQ’]) + Ro(u; s1, 82), (3.22)

where tr (K1,2K2’1) = f]R dx f]R dyKi2(x,y)K2,1(y, x) and

Ry(u; s1,82) = Z 0 / / dxy - dxy det[K1 2 Ko 1 (xi, x )1} 2y
n=2 I8 51

(3.23)

From (3.12), it is clear that the upper tail of K| 2K> 1 in either variables, is determined
by that of the function Ai, which is known to decay super-exponentially, see (A.2). As
each of the determinants in (3.23) is a sum of products of elements of the order of
tr (K 1.2K>, 1), one expects the latter to dominate R, and therefore that

det(1 — K12K2,1) ~ 1 —tr(K12K2,1) (3.24)

if tr(K1,2K>,1) is small.

Let us move on to the computation of tr(K;2K> 1). We write the kernel entries
(K1,2K2,1)(x, y) as well as its trace using complex integral representations, which will
then be analyzed. We start with the following identities (see e.g. Appendix A of [6] for
the first and last, while the second is a standard Gaussian integral)

L dge—f3/3+u§2+x§ — Al(x + MZ)e%u3+ux
27i Jy, '
X2
1 2 e
— dgeuf e (3.25)
2mi / Vamu
3
B i TR L
27 Jy,
where
Yo =a+iR fora <u (3.26)
yp =b+iR forb > u. (3.27)

Plugging these identities into (3.12) we can write

1 3 2 : 2. (v
KI,Z(xv Y) = ILx>s| ]ly>s2ﬁ/ d§ [e E s eué o y)s:ly
Ya
(3.28)

73

1 A SR
KZ,I(xv Y) = ]lx>sz]ly>s1 %/ dne’s “n (x+))n.
Vb
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This leads to the following representation of the kernel K| 2K i:
(K12K2,1)(x,y) = /Rdel,z(x, K21z, y)

3
e—Tfsz(nfé) e—52(n+§)
n—§ n+é

Setting x = y and integrating over x (on [s1, o) due to the indicator functions) we get

= Leoslyss / dt dne”é“xée@’””z*w[
Ya Yb

o ] (3.29)

3 1

tr(Kl’sz’l) — — f dé dne%—mﬂ—(swsz)n_

@)= Jy, " Jy, n—§&
% [6—53/3+M§2+(Sl+82)§ _ eM52+(S1—S2)$ ] (3.30)

n—§ §+n
We begin with determining the asymptotic behavior of tr(K12K2.1).
Proposition 3.5. For all 0 < s1, 55 < \/u,
— (K1 2K21) = 72 Je 200 [ 4 O™ | (3.31)
Tu

asu — oQ.

Proof. To get the asymptotic behavior of the trace, we need to choose the parameters
a, b in the integration contours. We do it in a way that the dominant parts in the exponents
of the contour integrals in (3.30) are minimized.

3
_ 1 B —un?—(si+s2)n ,—&; [3+ul+(s1+s2)81 __1
(3.30) = e ‘f)’a d&; f)/h dne’s 1 e~ si [ +(s1+s2 1()7751)2

3
__1 T —un?—(s1+s2)n ucd+(s1—s2)é 1
G Jy 62 [, dness e TR ey
(3.32)

Now we need to choose the parameters a, b. For that reason we search for the mini-
mizers of the different exponents in (3.32):

(a) for

d 3
d_i;l( - %1 + U + (51 +S2)€1> =2uf — £ =0, (3.33)

which is solved for &; = u — u? +s1 +s53 =: ay or&; = u +/u? +s1 +s,. The

solution which satisfy the constraint Re(§1) < u in (3.26) is also the minimum.
(b) For

d
15 (18 + 61 = 8) = s+ (51— ) (3.34)
we see that & = (sp — s1)/(2u) =: ap is the minimum.
(c) Similarly,

3
il

T = 1 +sn) =0’ =2un = (s +52) =0, (339)

has the minimum is at n = u + /u? + 51 + sp =: b satisfies Re(n) > u.
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So let us use the following change of variables

b=a+ n=>b+ (3.36)

& ap + < ¢

1 =ar+—=, —
Ju Ju

with z, w € iR into (3.32). The two terms are analyzed in the same way, thus we write

the details only for the first one.
Denote o0 = (51 + 52)/142 < 2u~3/2 and consider the first term in (3.32). We have

3
—un? (51‘*‘52)776 351 +u$1 +(s1+52)61 e—gug(1+<7)3/2 Vi¥o (w?+z )e 3u%/z

e 3
(3.37)
— o HP 21— “'“2) (140(0)) , 2+ (1+O(0;2u™ 2 uwu /%)
and for the prefactor®
1
T T 2(1 +O(zu3 % w3 0)). (3.38)
—&1

Each term in the exponential which is cubic in z, w € iR is purely imaginary, thus its
exponential is bounded by 1. Furthermore, the quadratic terms in z and w have a positive
prefactor /1 +o > 1. Thus integrating over |z| > u!/* and/or |w| > u'/* we get a
correction term of order ¢~V times the value of the integrand at z = w = 0. For the

rest of the integral, for which |z], [w| < u'/4, the error terms O (zu=3%; wu=3/2; o) =
O,
So the first term in (3.32) is given by
4 3 (51+32)2
—zu” =2(s1+52)u— 52— (1+O(0))
: . [O(e—ﬁ>
4u-
—5/4
+(1 + 0w ") / dwe(12+w2)(l+o(“75/4)) . (3.39)
(27‘[1)2 —iyl/4 wl/4

Finally, extending the Gaussian integrals to iR, we get an error term O(e™V) only and

using
1 wiz? 1
- dz | dwe” ™ = — (3.40)
Qri)? Jr Jir 4z

7§u 3_2(s1+s0)u— (rlﬂz) (1+0(0))

we get

(3.39) = (1+0@w™>"*)
e—ju —2(s1+sz)u (51 +52)2
= 1 - + O™
167u3 [ 2u @
A similar computation for the second term in (3.32) leads to
e 314 3_2(s1+s0)u S2 +S2

- -2 40u>%]. 3.42
16mu3 2u S (3-42)

4 The notation O(ay; ...; ag) stands for O(ay) + ... + O(ay).
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Summing up (3.41) and (3.42) we obtain

— %u3 —2(s1+s2)u

—tr(K12K21) = Tom i

[slsz + (’)(u_l/4)] . (3.43)

3.2. Bounding lower order terms. To show (3.24) we need to getabound on R (u; s1, 52)
from (3.23), which is o(tr (K1,2K2,1)).

Proposition 3.6. There exists a constant C > 0 such that

C
[Ry(u; 51, 52)| < —66_4(5'“2)”6_%“3 (3.44)
u

uniformly in s1, s> € R.

Proof. In (3.29) we use the change of variables

= v
Vi’ Vi’
where z, w € iR. This leads to
o~ 310 —2u(s2+y)
329 =1iog lysyy ——5— @)% / dz/ dwe v’ P(z,w,x,y) (3.46)

with

(3.47)

w—z s 2w
e 3u3/2 TR T ]

2u + Y= 2u + &2

Xz w3 wy
P(z,w,x,y) = eﬁ+3u3/2 ﬁ|:
Ju Ju

Since x,y € R and z, w € iR, we get the simple bound |P(z, w, x, y)| < -, while

u’

2402 . . . .
e“ " is real. Performing the Gaussian integral we then get

e 3u —2(sz+y)u

|(346)| = ]lx>s1 11y>,\1 T (348)

Let K = K1 2K»> 1. Hadamard’s inequality5 gives

43
n — == —=2(xi+s52)u
e 3 J 1
| detl K (xi, x I oyl < "2 ]
Jj=1

Xj>S1

yo (3.49)

so that

/ dxi f dxy det[K (xi, x )1} ;4
X1>5] XnZS1

5 Let Abe an x n matrix with |A; ;| < 1. Then | det(A)| < n"/2.

8mud

—M—Z(s +
3 1+s2)u\ 1
”/2<€—> .(3.50)
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e—i%i—Z(.vlﬂz)u .
Denote M = “——— . Then there exists C > 0 such that
o0
Mn”l”/2 8u3 e
|Ro(u; s1,52)| < ) ——— < CM? < Cu %5 40, (3.51)
= !
This completes the proof. O

We have now all the ingredients to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. We have

Fus 51, 52) O f(s1) f (s2) det(1 — K)

(349)f(sl)f(82)[det(]l — K12K21) + Ry (u; 51, 52)] (3.52)

B2 () F )1 — tr(K12Ka1) + R(s 51, 52)],

where
R(u; s1,82) = Ri(u; s1,52) + Ro(u; 51, 52). (3.53)
It follows that

F(u;s1,52) — f(s1) f(s2) = —f(s1) f(s2) tr(K12K2 1) + f(s1) f(52)R(u; 51, 52).
(3.54)

We shall apply the lower bound (3.7) for the covariance for an appropriate choice of
o = a(u) and B = B(u) such the contribution of error term f(s1) f (s2) R(u; s1, $2) is
of a subleading order.

We shall choose @ > 0 depending on u and for concreteness set 8 = « + 1. Thus
we integrate over a region of area 1. By Proposition 3.6, the error term R, (u; s1, 52) is
much smaller than the leading term coming from the trace, see Proposition 3.5 (of order

4.3 . . .
e~ 3" smaller) for s, 57 K u?. However, the exponential term in « in the error bound

. . — 4,3
of Ry (u; sy, s2) coming from (3.19) is of the same order, namely e 2si+s2)u—3u" The
difference is that in the trace we have a prefactor ~ S}% while in the bound for Ry we

—min{sy,sp

have a prefactor ~ eu—z) Thus, in order to ensure that the contribution from Rj is
subleading, we can take s1, so ~ ¢ In(u) for any ¢ > 3. Therefore choosing « = 3 In(u)
and using the fact that for all x > 0, (x) = FGOE(22/ 3%) is bounded away from O (in
fact, one can numerically check f(x) = Fgoe(2*?x) € [Fgogr(0), 1] = [0.83..., 1]),
we finally get the claimed result. O

3.3. Proof of Proposition 3.4. To prove Proposition 3.4, we begin with the following
well known bound (see e.g. Lemma 4(d), Chapter XIII.17 of [51])

|det(1 — K) — det(1 — K1 2K2.1)| < || Qe @l#21K12Kailli+l (3 55

where Q = K — K12K> 1, where || - ||1 is the trace-norm (see e.g. [55]). From Lem-
mas 3.10 and 3.11 below, the exponent in the display above is bounded and the result
follows. =
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In the remainder of this section we prove the two results Lemma 3.10 and Lemma 3.11
used above. We first need to prove some auxiliary bounds. From the identity

1-K,D'=1+1-Ki ) 'K (3.56)

we see that
Q=K —Ki2K21 =1 —Ki.) 'Ki,1K12(1 — K22) 'K22K2 1 (3.57)
+K12(1 — K22) ' Ko Koy + (1 — K1) 'Ky 1K1 2Ko 1.

Recall that from (3.55) we need to bound || Q|| ;. Thus it is enough to bound the || - || {-norm
of each of the terms on the right hand side of (3.57). Since K1 2(x, y) is not decaying as
x =y — 00, we could either work in weighted L? spaces, or as we do here, introduce
some weighting in the kernel elements. Namely define

KEy(ny) = e 2 Koy, KRG y) = Kol ye?, 558

Kii(x,y) = Kii(x, pe?, Kao(x,y) = e2Kan(x, ). '
Also, we use the norm inequalities | AB|; < ||All2]|Bll2 and ||A]l2 < ||A|l1, with || - |I2
the Hilbert-Schmidt norm given by || K> = (fdxdy(K (x, y))2>

These norm inequalities, the fact that K; ; and (1 — K;, )~ ! commute and the identity
Ki1K12=Ki1KE, lead to

1@ — K1) 'K Ki2Ko a0 < 1= K1) 7KK K2 2.
(3.59)

Moreover, using K1 2K22 = 1552152,2, we get

IK12(1 — K22) ' K2oKa 1l = 1K1 2K22(1 — K22) " Ko 1 Ily 60)
< IK {211 K22ll201(1 — K22) M lK2 112,

and finally

11— K1) "' K11 K12(1 — K22) "' K22K2 111

o - B 3
<L —K11) 1||2||K1,1||2||K1L,2||2||(1l — K22) M2 lK2 20121 K2 1 2.
We turn to bound each of the terms on the right hand side of each of the inequalities in

(3.59)-(3.61).
We also use the following change of variables: for a, b € R, define

61)

w=x—-a)+(y—0b), (=x—-a)—(—b), (3.62)

which give x = a + %(w +¢)andy = b+ %(a) — ¢). So the integral over (x,y) €
[a, 00) x [b, 00) becomes an integral over (w, ¢) withw > 0 and ¢ € [—w, w].

Lemma 3.7. Uniformly for all s1, s > 0,
IKiilla < e ™, |IKiilla <e™™, |(1—Ki) 'l <2, (3.63)

fori € {1,2}.
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Proof. The bounds for i = 1 and i = 2 are fully analogous, thus we restrict to the case
i = 1 here. To bound || K ; ||§ we use (A.3) which gives

00 00 ) 0 00
”Kl,l”% :/ dx/ dy[Ai(x+y)] 5/ dx/ dye—Z(x+y) < 1p=4s1 (3.64)
51 51 S1 S1
Thus [|K11]l2 < 5e~1. Similarly

~ 00 00 , 00 00
||K1,1||% :/ dx/ dy[e% Ai(x +y)]2 < / dx dye™O+2) = %673‘&‘1, (3.65)
S1 S1

51 51

which implies the second bound in (3.63). Finally using
1L = Kiilly' =< (1= 1Kl ™", (3.60)
which holds whenever || K; ;|2 < 1, we get the last inequality. |

Lemma 3.8. For sy, s2 > 0andu > 0

1
1K21la = 5575 exp | = 201+ s2u — $u’ . (3.67)

Proof. Using the change of variables (3.62) with a = s, b = s1, it follows that

I - 2072 20+ u— 23
||K2,1||2=/ dx/ dy[ Aix + y +u?)Pe 2030
52 51

o » (3.68)
. 2 2 (wsi+sa)u—2ud
=2 dow d{[Al(w+s1+52+u2)] e 30,
0 )
where we used that the Jacobian of the transformation in (3.62) is 2.
Next using (A.5) (with x = w + 51 + 52) we get
—2(s1+s; )ufé—‘u3 * . 2112 2
(3.68) = 4e “VITVHT3 f da)[Al(w +S51+s4u )] we !
0
46*4(S1+S2)u*%u3 00 1 g , (3-69)
< / dow we—4wu — _6—4(31+sz)u—§u )
- u 0 4u3
O
Lemma 3.9. For s, sp > 0, there exists a constant C1 > 0 such that
. _ C
K&, IIKE 2 < —=e751/2 3.70
|| 1,2”2 || 1,2”2 = «/ﬁ ( )

forallu > \/s1 + s3.

Proof of Lemma 3.9. By symmetry in x, y the bounds for | I?fz 13 and for | IZfz |13 are
the same. So we consider ||K1L2||% only. Using (A — B)2 < 2(A2 + Bz) we get
~ 00 00 2 3 —(x—y)2/4u 52
IKEal3 = f "xf dye™[ A+ y +ut)e I FC L
’ S1 52 dmu
e~ (=9)%/2u

4u ]

o0 o0 A 3.71)
4 3
= 2/ dx / dye™* [(Ai(x +y 4+ u))2lPE Utz
S1 52
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The second term in (3.71) can be bounded by integrating in y over R and then integrating
over x > s>. This gives

oo oo e—(x—y)2/2u 1
2[ dx/ dye™™ < e "1, (3.72)
S1 52 dmu 2mu

For the first term in (3.71), we use the change of variable (3.62) witha = s1, b = 52 and
obtain

OO > 2 4 3
2/ dx/ dye_x(Ai(x +y+ MZ))ZE (x+y)u+3u
S1 52

= ; 212 2(w+s1+s )u+z—‘u3 @ 1
=4e_“/ dw(Ai(w + 51 + 52 + u?))?e~r12)ut3 / dre 2@+
o L (3.73)
T3
< 8e ¥ / do(Ai(w + 51 + 52 + uz))zez(wHIHZ)HS"
0

00
(A<'4) 8¢~ 51 / dwe—%(a)+31+sz+u2)3/2+2(w+sl+s2)u+%u3
B 0

Let A(w) = —3(@+ 51 +52 +u%)>? + 2(0 + 51 + s2)u + 3u>. Then for all sy, 52, u > 0

it is a concave function in w and thus
A(w) < A0) + A (O)w

4 4 (3.74)
=2(s1 +s2)u + §u3 — §(s1 +5) + u2)3/2 —2(/s1 + 2 +u? —ww.

The term independent of w is always negative. Indeed, x — %(x +u?)3/2 is convex and

thus greater than its linear approximation at x = 0, which is %u3 +2ux. So we have

4e~51 4e™51
(3.73) < =< , (3.75)
Vsi+so+u—u (V2—1u
where in the last step we used the assumption that u > /s + s2. O
Lemma 3.10. There exists a constant C1 > 0 such that for sy, sp > 0,
Cl 4,3 2(s545) Ci _1.3
IKi2K2 111 < 2¢ FUTANIERIM R < 52¢ 3 (3.76)
forallu > max{%, NOEEIE
Proof. Denote
Ky i(x.y) = e2Ka(x, y). (3.77)

Then we have the bound

IK12K2 10l < 1K 120K 2,112 (3.78)
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From Lemma 3.9, we get ||K 2||2 < 1—/2 Furthermore, using (A.5), we have

K = > 2 oevu—2.3
”KZ,l”% Z/ d)C/ dy ex[Ai(_x +y +I/t2)] e~ (x+y)u—zu

< / dx/ dye e 4(x+y)u—3u < e—%u3ef4(sl+sz)u+sz 1
- - 4u?(4u — 1)
< e—g —4(31+s2)u+s2
- 8u3
(3.79)
forallu > 1/2. a

We are now ready to bound || Q||;.

Lemma 3.11. Uniformly for s1, s» > 0, there exists a constant C such that
2C e—min{sl,sz} B 45
10111 < =g 23 (3.80)
u

forallu > max{%, NOEE
Proof. Applying the bounds of Lemmas 3.7 and 3.9 to (3.59)—(3.61), we obtain

8C1 _ !
12l = — —ye” MKy (3.81)
for all s1, 5o > 0 and u as mentioned. Then, applying the bound of Lemma 3.8 leads to
AC — min{sy,s2} PN
(o] Fpa s —— s (3.82)
u

O
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A Some Tail Estimates

Here we collect and, in some cases, prove estimates on tails of the Airy function and
tails of some LPPs (point-to-point and point-to-half line) that we have used earlier.

A.1 Bounds on Airy functions. The Airy function Ai satisfied the following identity (see
e.g. Appendix A of [6])

1 3
3o / dzexp (% +b7? — zx) = Ai(b? + x)e%bz”’x (A1)
%

for any y = o +iR with @ > —b. The asymptotics of Ai is given by [1]
—1/4
mu)zf—Lem(—%ﬁﬂﬁ1+ou*n X — 00 (A2)
JT 3
Furthermore, one has the following simple bounds®

|Ai(x)| <e ™, xeR (A.3)

and, see Equation 9.7.15 of [45],

. 1 _2,32
|A1(X)| < We 3 , X = 0. (A4)
from which it follows that for all x, u > 0,
|A1(X +u2)| < %e—g(x+u2)3/2 < Le_%Ll3_xu, (A.5)
u

Ji

using that %(x +u?)3? > %u3 +ux since y — y*/2 is convex on the positive real line.

A.2 Bounds on LPP.

Lemma A.1 (Theorem 2 of [44]). There exist constants C, ¢ > 0 such that
P(L 0,01, N +0(aN 2 N o2ty < 4N — 232N a4 BN1/3) < Ce (A6)

forall N*3 > x > 0and N'/3 > |v|.

Using Riemann—Hilbert methods like as in the case of geometric and Poissonian LPP, see
[4,5,8,9] for the Riemann—Hilbert problem for exponential LPP, it should be possible to
get the optimal constant ¢ as well (expected to be 1]—2 like for the lower tail of the GUE
Tracy—Widom distribution function), but we do not require the optimal constant in the
lower tail estimate for our purposes. A simple corollary is the following.

The following corollary follows from the inequality L o,0), 2,y = L(0,0),(V,N)-

6 supyer | Ai(x)] < ¢ = 0.7857 ... follows by limy—.c0 n'/3 5, L 11/3,,(2n) = Aiw) (see also (3.2.23)
of [1]) and the bound of Landau [43]. For any x > 0.01, the bound (A.4), is better that the bound in (A.3) and
—0.01
e > C.
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Corollary A.2. There exist constants C, ¢ > 0 such that
P(L0.0).0y < 4N —x2*3N1/3) < Com, (A7)

forall N*3 > x > 0.

Next we would like to have a sharp upper tail moderate deviation estimate from the last
passage time from (0, 0) to the half line {(N, N) + v2N)*3(1, —1) : v > u}.

Lemma A.3. Let D, = Uy>,J (v) with J(v) = (N, N) + v2N)*>3(1, —1). Then, for
N> u>0and N¥*° > s > 0,

,A 3/2
C s
P(L,0),p, = 4N — uP2M3NB 4 23 N3 < Lt (A.8)
o s min{/s, u}
for some constant C.
Proof. Let £ = {(x,y) € Z*|x +y =0, y > 0}. Then for any a,
P(Lo.0.p, Za) =P(Lz ;) = a). (A.9)

Next we use the well-known connection between TASEP and LPP (see e.g. Equation
(1.15) of [6], which generalizes [37]). In our case, the connection with TASEP with half-
flat initial condition, i.e., x;(0) = —2k for k > 0 are the positions of TASEP particles
at time 0. This gives

P(L; o 21D =Pl < 2u@N)*?)
(=D"
— Y. detlKu (i xplisi j<ns (AL10)
n>1 ) X1y Xn<2u(2N)2/3
withm = N —u(2N)?/3 and the sum is on x1, . . ., x,, being integers below 2u(2N)?/3;
the kernel is given by [20]
dD(v m,y) 1 1
— , (A.11
K (x.y) = (2n1)2_¢20v+1_¢21 o d’(“’mx)(w—v 1+w+v> &.10
with ®(v; m, y) = —vt + (y + m) In(1 + v) — m In(v). The contours are simple paths

anticlockwise oriented, with X enclosing only the pole at 0, while £_; _j_, enclosing
the poles at —1 and —1 — v. Consider the scaling

xi =2u@N)?P —g2*PNYB3, m =N —u@N)*3,
t =4N —u?2BNVB 42 BNYE D Ky, E) =22 3NYPK (s, x). (AL2)

Then, with § = 2’4/3N’1/3, we have
(A.10)] < Z > 8" |detlKn i EDi<i.j=<n] - (A.13)
n>l T E,...,6,€8N

The reason why we singled out the §” is because one can think that when § is small, the
Riemann sum Z& £,e6N 8" f(&1, ..., &) is close to the integral fRn d&y...d&, f (&,

.....
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., &1). Actually, from the exponential bound we get for f (&1, ..., &,) we can bound
the estimate with the integral (starting from —¢ instead of O to be precise).
Now we give the choice of the paths for v and w (which are such that they are steep
descent). Since it is quite standard, we just indicate some main steps (see e.g. [20] or
Lemma 2.7 of [24] for a case very similar to the one in this paper). Choose the paths as

v=— —ene?, g el—m,m), e =2"N"TPu + sumh,

, (A.14)
w=-1+G+e)e?, 0 e[-m ), e=2"*"N"1Pul - su ™.
On the chosen paths, we have, for u <« N'/3 and s « N?/3
Re(®(v; m, xj)) < D(—=1/2+&15m; xj) — (1 — cos($)2/sN>/, ALS)
Re(—®(w; m, x;)) < —D(—1/2+&2; m; x;) — (1 — cos(0)2/sN?3.
Furthermore
1 1 21/3N1/3 1 22/3N1/3
<2, < < . (A16)
v+1 w—v Vs l+w+v u

as the maximal value of the first expression is obtained for the values & = ¢ = 0, i.e.,
when v and w are closest to each other, while 1 + w and v are two circles around 0 with
radius difference &1 — ;. Putting all together and noticing that [”_dfe=c1(1=¢os®) <
C/./c1 we finally obtain

C — -
|KN(§i, S])| < —e¢(—1/2+81,m,xj-)—CID(—l/2+82,m,x,-)‘ (A17)

/5 min(J5. u)

Taylor expansion gives
q>(—%+el;m~xj)—cb(—i+ez;m;x,-)
=g(€) — (&) — —s3/2<1 + Ep) — 2/5(& +£,)(1 + E1) (A.18)
< g(&) —g&) - gs W s E g+

for all N large enough and for some explicit conjugation terms g(&) (which cancel out
exactly when computing the determinant), where E; = O(sN =23 uN"13) = o(1)
and s°/2E, = (9(55/2N_2/3; s1/2u4N_2/3) = o(1) do not depend on &;, §;.

Inserting (A.18) and (A.17) in (A.13),using the Hadamard bound and interchanging the
order of summation, we get

(A 13) - Z n/2 Clet 4n §3/2 l—[ Z s _2\/“§-]
. e
T (Vsmin{ys, upy 1
j=1¢&;esN (A 19)
n'/2 ( C’ _agn 1 " c” _igs/z
< - e 3 < ,
/s min{./s, u} 2/s/) T smin{\/s, u}

for some constants C’, C”. To bound the sum over &, we simply used ), sy e~ <
fooo e ¢dg = o~ !, but one could also compute the geometric sum explicitly. O
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The next result gives upper tail bounds for point-to-line LPP.

Lemma A.4. For N2/° > s > 0,
cot”?

P(L > AN + 523Ny < —
(L©0,0).Lon = § )= max{1, s3/4}

(A.20)

for some constant C.

Proof. We need only to prove the result for s > 1 (or any other constant). Then by
appropriate choice of the constant C, the result holds for all s > O (just take C such that
the upper bound is larger than the trivial bound 1).

We have

P(L,0),c0x0 =) =P(Lzy,vny = 1) =Pn() <0), (A.21)

where x;, () it the position of TASEP particle n at time ¢ with initial condition x, (0) =
—2n, n € Z. The distribution of TASEP particles are given in terms of a Fredholm
determinant

(="
Py =0)=-) —— Z det[Kn, (xi, xj)]i<ij<n,  (A22)
n>1 n: Xl yeens X, <0
with the kernel given by [19]
1 dv (1+v)7+2N
Kni(x,y) = — Qv A+0P T i) (A.23)

271 Jy, v (—v)2NHx

with X¢ a simple path anticlockwise oriented enclosing only the pole at 0. Setting
X = —E,-24/3N1/3 and r = 4N + s2*/3N1/3 we obtain

Ky (xi,xj) = L d_veNfo(v)+24/3N1/3fl(U) (A.24)
: 2 Jy, v
with
fo(v) = —4(1 +2v) +21In(1 + v) — 21In(—v), (A25)
Si(w) = =s(1+2v) — & In(1 +v) +&; In(—v). '
Consider the path parameterized by v = —pel?, 6 € [—x, 7). Then due to
dRe(fo(v)) ) 1
OV ) o) |4 — —— |, A26
70 psin(6) T (A.20)
the path is steep descent for any p € (0, 1/2]. Let us choose the radius by
p=1/2—/s2 4N/, (A.27)
For any s, §;,&; > 0,
Re2*N'7 fi(w)) < 2*°N'7 fi(—p) (A.28)

and for 0 < s « N2/3,
Re(Nfo(v)) < Nfo(—p) — (1 — cos(6))d/sN?/3. (A.29)
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Finally, integrating over 6 leads to the following estimate on the kernel
PBNV3 Ky (xi,x)] < CeNOEPHZPNTE ), (A.30)
A computation gives
Nfo(=p) +2**N'7 fi(—p)
=g&) —gE) — gsm(l +O(sN ) = 2/5(& +&)(1 + O(sN /)
< g(&) —g(&) — gsm —VsE+E)+1
(A31)

for some conjugation function g, where the error terms do not depend on &;, ;. Thus
we have the following estimate on the kernel

C ) N e
2PN VIK (i, x)] = et @ SETRTEEE (a5

for some constant C.
Plugging this estimate into (A.22) and using Hadamard inequality like in the proof of
Lemma A.3 we finally get the claimed bound (A.20). O

The final result we need is an upper tail bound for interval-to-line LPP. The proof is
similar to that of Lemma 10.6 in [14], but with the optimal exponent.

Proposition A.5. Let M = {(k, —k)| — 32N)*? < k < L2N)*} and Loy =
{(N+k, N —k), k € Z}. Then, for N*/* > s > 0,

]P( sup L., > 4N +s24/3N‘/3> < Cmax{1, s}e= 35", (A.33)
peM

for some constant C > Q.

Proof. Notice that it is enough to prove the bound only for s > 1 (or any other positive
constant).

Recall the notation 7 (v) = v(2N)*3(1, —1). So M is the union of points [ (v) with
lv] < % Define the point w

w = (—&N, —EN). (A.34)

=—2/3
Let us divide M into union of £ ~2/3 segments of size £%/3 (2N)?/3, say M = U,izl/ M.

Then

sup L, o,y = sup  sup L, r,,. (A.35)
peEM 1<k<&-2/3 pe My

Using union bound the the fact that each of the sup ¢ rq, Lp, £,y has the same distribu-

tion, we get

IP( sup Ly ron = S) < 5_2/3IP< sup  Liw).coy = S). (A.36)

peEM |U|§%52/3
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Next we want to bound the last probability in (A.36).

The idea is the following. For fixed v, we know that the same tail estimates we want
to prove hold for L), £,,- We also have an estimate of the upper tail for L., »,, and
that with positive probability, L, ;) can not be too small in the N 173 scale. So, the
fluctuations coming from maximizing Lj ) 2,, over |[v| < %(1 — £)%/3 can not be
compensated fully from the fluctuations of L, (). This will imply our claim.

Let iw,l(u) = Ly, 1(u) — @) be the LPP from w to I (1) without the random variable
at the end-point 7 (u) 7. We know from [30,47] that

~

Ly rws23y —4EN
24/3(51\/)1/3

is tight in the space of continuous functions on compact sets. As a consequence there
exists a constant C’ > 0 such that the event

V= (A.37)

H = { inf Ly s > 46N — c/24/3(§1v)1/3} (A38)

NESES

satisfies P(H) > 1/2.
We also have

A

Loy 2 sup (Lwiw +Liw,coy) 2 inf Luwjwy+ SUP - Ly, coy-
lv<is23 LES S lvj<is23

(A.39)

Define the event

G=1| sup Liw.r, =4N +s24/3N1/3}. (A.40)

v <382/
Then,
P(Ly.c,y = 4(1+8)N + (s — C'E'P)N3) > P(HNG) = P(H) P(G),(A4])

where we used independence of H and G. Thus we have shown that

4 e-ClElBRR

P(G) <2P(Ly.r,y = 4(1+EN + (s — C'EP)NP) <2Ce 3 0077 (A42)

where the last inequality holds for N2/3 > s — C’&'/3 > 1 by Lemma A.4. Replacing
this into (A.36) we get

_4=CEl/3)32
1P< Sup Ly oy = 4N+s24/3N1/3) <208 2B 3 w7 (A43)
peEM

Consider first s > 1. Then taking & = 1/s3/2 (notice that N >> 1 since we assumed
s < N?3), we get

IP( sup L,y > 4N +s24/3N1/3) < Cse=3" (A.44)
peM
for some new constant C > 0. m|

7 Removing the end-point does not influence the asymptotics and bounds, but it has the property that
Ly, 1(uy and L), £,, are independent random variables and the concatenation property holds true.



1210 R. Basu, O. Busani, P. L. Ferrari

References

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Abramowitz, M., Stegun, I.A.: Pocketbook of Mathematical Functions. Verlag Harri Deutsch, Thun-
Frankfurt a. M. (1984)

Adler, M., van Moerbeke, P.: PDE’s for the joint distribution of the Dyson, Airy and Sine processes. Ann.
Probab. 33, 13261361 (2005)

Arratia, R., Garibaldi, S., Hales, A.W.: The van den Berg—Kesten—Reimer operator and inequality for
infinite spaces. Bernoulli 24(1), 433448 (2018)

Baik, J.: Painlevé expressions for LOE, LSE and interpolating ensembles. Int. Math. Res. Not. 1739-1789,
2002 (2002)

Baik, J., Buckingham, R., DiFranco, J.: Asymptotics of Tracy—Widom distributions and the total integral
of a Painleve II function. Commun. Math. Phys. 280, 463—497 (2008)

Baik, J., Ferrari, PL., Péché, S.: Limit process of stationary TASEP near the characteristic line. Commun.
Pure Appl. Math. 63, 1017-1070 (2010)

Baik, J., Liechty, K., Schehr, G.: On the joint distribution of the maximum and its position of the Airy,
process minus a parabola. J. Math. Phys. 53, 083303 (2012)

Baik, J., Rains, E.M.: Algebraic aspects of increasing subsequences. Duke Math. J. 109, 1-65 (2001)
Baik, J., Rains, E.M.: The asymptotics of monotone subsequences of involutions. Duke Math. J. 109,
205-281 (2001)

Barraquand, G., Krajenbrink, A., Le Doussal, P.: Half-space stationary Kardar—Parisi-Zhang equation
beyond the Brownian case (2022). arXiv:2202.10487

. Basu, R., Ganguly, S.: Time correlation exponents in last passage percolation. In: Vares, M.E., Ferndndez,

R., Fontes, L.R., Newman, C.M. (eds.) In and Out of Equilibrium 3: Celebrating Vladas Sidoravicius,
volume 77 of Progress in Probability. Birkhéuser, Berlin (2021)

Basu, R., Ganguly, S., Zhang, L.: Temporal correlation in last passage percolation with flat initial condition
via Brownian comparison. Commun. Math. Phys. 383(3), 1805-1888 (2021)

Basu, R., Sarkar, S., Sly, A.: Coalescence of geodesics in exactly solvable models of last passage perco-
lation. J. Math. Phys. 60(9), 093301 (2019)

Basu, R., Sidoravicius, V., Sly, A.: Last passage percolation with a defect line and the solution of the slow
bond problem (2014). arXiv:1408.3464

Bornemann, F.: On the numerical evaluation of Fredholm determinants. Math. Comput. 79, 871-915
(2009)

Bornemann, F., Ferrari, P.L., Prahofer, M.: The Airy; process is not the limit of the largest eigenvalue in
GOE matrix diffusion. J. Stat. Phys. 133, 405-415 (2008)

Borodin, A., Ferrari, PL.: Large time asymptotics of growth models on space-like paths I: PushASEP.
Electron. J. Probab. 13, 1380-1418 (2008)

Borodin, A., Ferrari, P.L., Prihofer, M.: Fluctuations in the discrete TASEP with periodic initial config-
urations and the Airy; process. Int. Math. Res. Pap. 2007, rpm002 (2007)

Borodin, A., Ferrari, P.L., Prihofer, M., Sasamoto, T.: Fluctuation properties of the TASEP with periodic
initial configuration. J. Stat. Phys. 129, 1055-1080 (2007)

Borodin, A., Ferrari, P.L., Sasamoto, T.: Transition between Airy; and Airyp processes and TASEP
fluctuations. Commun. Pure Appl. Math. 61, 1603-1629 (2008)

Borodin, A., Gorin, V.: Lectures on integrable probability. In: Probability and Statistical Physics in St.
Petersburg. Proceedings of Symposia in Pure Mathematics, vol. 91, pp. 155-214. AMS (2016)
Borodin, A., Péché, S.: Airy Kernel with two sets of parameters in directed percolation and random matrix
theory. J. Stat. Phys. 132, 275-290 (2008)

Busani, O., Ferrari, P.L.: Universality of the geodesic tree in last passage percolation. Ann. Probab. 50,
90-130 (2022)

Chhita, S., Ferrari, PL., Spohn, H.: Limit distributions for KPZ growth models with spatially homogeneous
random initial conditions. Ann. Appl. Probab. 28, 1573-1603 (2018)

Corwin, I.: The Kardar—Parisi—Zhang equation and universality class. Random Matrices Theory Appl.
01, 1130001 (2012)

Corwin, I., Ferrari, P.L., Péché, S.: Universality of slow decorrelation in KPZ models. Ann. Inst. H.
Poincaré Probab. Stat. 48, 134-150 (2012)

Dimitrov, E.: Two-point convergence of the stochastic six-vertex model to the Airy process (2020).
arXiv:2006.15934

Ferrari, P.L.: The universal Airy; and Airy, processes in the Totally Asymmetric Simple Exclusion
Process. In: J. Baik, T. Kriecherbauer, L.-C. Li, K. McLaughlin, C. Tomei (eds.) Integrable Systems and
Random Matrices: In Honor of Percy Deift, Contemporary Mathematics, pp. 321-332. Amer. Math. Soc.,
Providence (2008)

Ferrari, P.L.: From interacting particle systems to random matrices. J. Stat. Mech. 2010, P10016 (2010)


http://arxiv.org/abs/2202.10487
http://arxiv.org/abs/1408.3464
http://arxiv.org/abs/2006.15934

On the Exponent Governing the Correlation Decay 1211

30.

31.

32.

33.

34.
35.

36.

37.
38.

39.
40.

41.
4.
43.
44.
45.
46.

47.
48.

49.

50.

S1.

52.

53.

54.

55.

56.

57.
58.

59.

Ferrari, PL., Occelli, A.: Universality of the GOE Tracy—Widom distribution for TASEP with arbitrary
particle density. Eletron. J. Probab. 23(51), 1-24 (2018)

Ferrari, P.L., Occelli, A.: Time-time covariance for last passage percolation with generic initial profile.
Math. Phys. Anal. Geom. 22, 1 (2019)

Ferrari, P.L., Occelli, A.: Time-time covariance for last passage percolation in half-space (2022).
arXiv:2204.06782

Ferrari, P.L., Spohn, H.: Random growth models. In: Akemann, G., Baik, J., Di Francesco, P. (eds.) The
Oxford Handbook of Random Matrix Theory, pp. 782—-801. Oxford Univ. Press, Oxford (2011)

Ferrari, P.L., Spohn, H.: On time correlations for KPZ growth in one dimension. SIGMA 12, 074 (2016)
Hammond, A., Sarkar, S.: Modulus of continuity for polymer fluctuations and weight profiles in Poissonian
last passage percolation. Electron. J. Probab. 25, 38 (2020)

Hoeffding, W.: Masstabinvariante Korrelationstheorie. Schriften Math. Inst. Univ. Berlin 5, 181-233
(1940)

Johansson, K.: Shape fluctuations and random matrices. Commun. Math. Phys. 209, 437-476 (2000)
Johansson, K.: Discrete polynuclear growth and determinantal processes. Commun. Math. Phys. 242,
277-329 (2003)

Johansson, K.: The arctic circle boundary and the Airy process. Ann. Probab. 33, 1-30 (2005)

Kardar, M., Parisi, G., Zhang, Y.Z.: Dynamic scaling of growing interfaces. Phys. Rev. Lett. 56, 889-892
(1986)

Kemperman, J.H.B.: On the FKG-inequality for measures on a partially ordered space. In: Indagationes
Mathematicae (Proceedings), vol. 80, no. (4), pp. 313-331. North-Holland (1977)

Kesten, H.: First-passage percolation. In: Picco, P,, San Martin, J. (eds.) From Classical to Modern
Probability: CIMPA Summer School 2001, pp. 93-143. Birkhduser Basel, Basel (2003)

Landau, L.J.: Bessel functions: monotonicity and bounds. J. Lond. Math. Soc. 61, 197-215 (2000)
Ledoux, M., Rider, B.: Small deviations for beta ensembles. Electron. J. Probab. 15, 1319-1343 (2010)
NIST Digital Library of Mathematical Functions. Release 1.1.5 of 2022-03-15. EW.J. Olver, A.B. Olde
Daalhuis, D.W. Lozier, B.I. Schneider, R.F. Boisvert, C.W. Clark, B.R. Miller, B.V. Saunders, H.S. Cohl,
M.A. McClain (eds.) http://dImf.nist.gov/,

Pimentel, L.P.R.: Duality between coalescence times and exit points in last-passage percolation models.
Ann. Probab. 44(5), 3187-3206 (2016)

Pimentel, L.P.R.: Local Behavior of Airy Processes. J. Stat. Phys. 173, 1614-1638 (2018)

Prihofer, M., Spohn, H.: Scale invariance of the PNG droplet and the Airy process. J. Stat. Phys. 108,
1071-1106 (2002)

Quastel, J.: Introduction to KPZ. In: Current developments in mathematics, pp. 125-194. International
Press, Somerville, MA (2012)

Quastel, J., Spohn, H.: The one-dimensional kpz equation and its universality class. J. Stat. Phys. 160,
965-984 (2015)

Reed, M., Simon, B.: Methods of Modern Mathematical Physics III: Scattering theory. Academic Press,
New York (1978)

Sasamoto, T.: Spatial correlations of the 1D KPZ surface on a flat substrate. J. Phys. A 38, L549-1.556
(2005)

Schehr, G.: Extremes of N vicious walkers for large N: application to the directed polymer and KPZ
interfaces. J. Stat. Phys. 149, 385-410 (2012)

Shinault, G., Tracy, C.: Asymptotics for the covariance of the Airy, process. J. Stat. Phys. 143, 60-71
(2011)

Simon, B.: Trace Ideals and their Applications, 2nd edn. American Mathematical Society, Providence
(2000)

Takeuchi, K.A.: An appetizer to modern developments on the Kardar—Parisi—Zhang universality class.
Phys. A 504, 77-105 (2016)

Widom, H.: On asymptotic for the Airy process. J. Stat. Phys. 115, 1129-1134 (2004)

Zhang, L.: Optimal exponent for coalescence of finite geodesics in exponential last passage percolation.
Electron. Commun. Probab. 25, 14 (2020)

Zygouras, N.: Some algebraic structures in the KPZ universality (2018). arXiv:1812.07204

Communicated by K. Johansson


http://arxiv.org/abs/2204.06782
http://dlmf.nist.gov/
http://arxiv.org/abs/1812.07204

	On the Exponent Governing the Correlation Decay of the Airy1 Process
	Abstract:
	1 Introduction and the Main Result
	2 Upper Bound
	2.1 Last passage percolation setting
	2.2 Localization estimates of geodesics
	2.3 Coalescence probability
	2.4 Proof of Theorem 2.1

	3 Lower Bound
	3.1 The leading term
	3.2 Bounding lower order terms
	3.3 Proof of Proposition 3.4

	Acknowledgements.
	References




