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Abstract: Recently, Nekrasov discovered a new “genus” for Hilbert schemes of points
on C*. We extend its definition to Hilbert schemes of curves and moduli spaces of stable
pairs, and conjecture a K -theoretic DT/PT correspondence for toric Calabi—Yau 4-folds.
We develop a K-theoretic vertex formalism, which allows us to verify our conjecture
in several cases. Taking a certain limit of the equivariant parameters, we recover the
cohomological DT/PT correspondence for toric Calabi—Yau 4-folds recently conjectured
by the first two authors. Another limit gives a dimensional reduction to the K -theoretic
DT/PT correspondence for toric 3-folds conjectured by Nekrasov—Okounkov. As an
application of our techniques, we find a conjectural formula for the generating series of
K -theoretic stable pair invariants of Totpi (O(—1) & O(—1) & O). Upon dimensional
reduction to the resolved conifold, we recover a formula which was recently proved by
Kononov-Okounkov—Osinenko.
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0. Introduction

Two recent developments are Donaldson-Thomas type invariants of Calabi—Yau 4-folds
(e.g. [4,6-17,26,28,30]) and K-theoretic virtual invariants introduced by Nekrasov—
Okounkov (e.g. [1,2,19,26,27,31,35]). Let X be a complex smooth quasi-projective
variety, f € H2(X, Z), and n € Z. We consider the following moduli spaces:

e [ := I,(X, B) denotes the Hilbert scheme of proper closed subschemes Z C X of
dimension < 1 satisfying [Z] = B and x(Oz) = n,

e P := P,(X, B) is the moduli space of stable pairs (F, s) on X, where F is a pure 1-
dimensional sheaf on X with proper scheme theoretic support in class 8, x (F) = n,
and s € HO(F) has 0-dimensional cokernel.

For proper Calabi—Yau 3-folds, both spaces have a symmetric perfect obstruction
theory. The degrees of the virtual classes are known as (rank one) Donaldson-Thomas
and Pandharipande-Thomas invariants. Their generating series are related by the fa-
mous DT/PT correspondence conjectured by Pandharipande-Thomas [32] and proved
by Bridgeland [5] and Toda [36].

For proper Calabi—Yau 4-folds, I and P still have an obstruction theory. Denote the
universal objects by Z C I x X and I* = {Opxx — F}. Then

T = RHomy, (Iz, 12)0l1],  Tp" = RHomy, (I, 1))o[ 1],

where (-)o denotes trace-free part and RHom, := Rm, o RHom. These obstruction
theories are not perfect, so the machineries of Behrend—Fantechi [3] and Li-Tian [22] do
not produce virtual classes on the moduli spaces. Nonetheless, there exist virtual classes
[1 Zl(rﬁ) e H,,(I,7Z), [P X‘(rﬂ) € Hy,(P,7Z) (ref. [8,13]) in the sense of Borisov—Joyce
[4], which involves derived algebraic geometry [34] and derived differential geometry.
These virtual classes depend on the choice of an orientation o(L), i.e. the choice of a

square root of the isomorphism
Q:LRL—> O, L:=detRHom,;(E,[E)

induced by the Serre duality pairing (here E = Iz or I* respectively).

0.1. Nekrasov genus. In this paper, X is a toric Calabi—Yau 4-fold." Since X is non-
proper, the moduli spaces I, P are in general non-proper and we define invariants by
a localization formula. There are interesting cases for which P is proper, e.g. when
X = Totp2 (O(—=1) & O(=2)), Totpi . p1 (O(—1, —1) @ O(—1, —1)). Denote by (C*)*

! Le. a smooth quasi-projective toric 4-fold X satisfying Ky = Oy, H >0((’)X) = 0, and such that every
cone of its fan is contained in a 4-dimensional cone.
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the dense open torus of X and let T C (C*)* be the 3-dimensional subtorus preserving
the Calabi—Yau volume form. Then

ey (CoM

which consists of finitely many isolated reduced points [8, Lem. 2.2]. Roughly speaking,
these are described by solid partitions (4D piles of boxes) corresponding to monomial
ideals in each toric chart U, = C* with infinite “legs” along the coordinate axes, which
agree on overlaps U, N Ug. In general, the fixed locus pc? may not be isolated [8].
Throughout this paper, whenever we consider a moduli space P of stable pairs, we
assume:

Assumption 0.1. X is a toric Calabi-Yau 4-fold and 8 € H>(X,Z) such
that Un P,(X, ,B)((C*)4 is at most O-dimensional.

When Assumption 0.1 is satisfied, P, (X, Y = P,(X, B )((C*)4 forall n and it consists
of finitely many reduced points, which are combinatorially described in [8, Sect. 2.2].

This assumption is equivalent to saying that in each toric chart Uy at most two infinite
legs come together (Lemma 1.4). This is the case when X is a local curve or local surface.
If in each toric chart U, at most three legs come together, PC s isomorphic to a
disjoint union of products of P!’s (essentially by [33]). This is the case when X is a local
threefold. In full generality, four infinite legs can come together in each toric chart U, .
Then P(CH* is considerably more complicated; its connected components are cut out by
incidence conditions from ambient spaces of the form Gr(1, 2y x Gr(1, 3)" x Gr(2, 3)".
In order to avoid moduli, we focus on the isolated case, though we expect the results of
this paper can be generalized to the general setting.

At any fixed point x = Z € I7 or x = [(F,s)] € P!, T-equivariant Serre duality
implies that the T-equivariant K -theory classes

i i T +1 ,+1 ,+1 ,=+1
T/, Tp'lx € Ko (pt) =ZI[17, 15,15ty 1/ (it — 1)

have square roots. Namely there exist ,/ TIVirlx, N T},’ir| x € KOT (pt) such that

T]Vlrlx — /TIVIrlx + /T1V1r|X7

and similarly for P, where (-) denotes the involution on KOT (pt) induced by Z-linearly

extending the map #,"' 1,21, 1,"* +— 1 "', "2, 31, "*. These square roots are non-

unique. In what follows, we use the following notation
Qe = (10, K[ = det @)y, Obyly = AT},
We denote the 7-moving and 7T -fixed parts by
NVl = (T 0™, (170

We use similar notations for the stable pairs case. A choice of a square root of TI"ir|x,

T,‘D’ir| « induces a square root /E for each of the above complexes E.
For any T-equivariant line bundle L on X, we define

L" = R (7L ® Oz), Rup.(riL @T) 1)
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on the moduli spaces I and P. Here my, mr; (resp. mp) are projections from X x [
(resp. X x P) to the corresponding factor. Moreover, for a 7-equivariant vector bundle
E on any scheme M with T'-action, we define

A-E =Y [AE]T" € K}(M)[r]. Sym E =) [Sym'E]t’ € K} (M)[[z]].
i>0 i>0

where K g (M) denotes the K-group of T-equivariant locally free sheaves on M. This
can be extended to K?(M) by A:([E] — [F]) := A¢(E) - Sym__(F) [18, Sect. 4].
Following Nekrasov [26], which deals with the case 1, (C*,0), we define:

Definition 0.2. We define the following “Nekrasov genus” of the moduli space I :=
I,(X, B). Consider an extra trivial C*-action on X and let O ® y be the trivial line

bundle with non-trivial C*-equivariant structure corresponding to primitive character y.
For any T'-equivariant line bundle L on X, we define

Ao(L[n] ® y—l) )
(det(LI @ y~1))?

1
ch 1/KVir|ZZ>
o()] ! ( ! ch(A*(LI"|; @y~
= Y 1 ®lze(Job1,") — 1
Zert ch (A*V/NYFI7 ) ch(det(2 ], @ y~1))7)

( T’ Ovu ®F |[T A'(L[”] ®y—l) )

Lug(L,y) = x(1,0)" ®
' ( AV e oy

—f
o).

where A°(-) = A_1(-). Here the first two lines are suggestive notations and the third
line is the actual definition. This definition depends on the choice of a sign (— 1)Lz
for each Z € I”. We suppress this dependence from the notation. All Chern characters
ch(-), the Euler class e(-), and Todd class td(-) in this formula are 7 x C*-equivariant

(T 1s the Calabl—Yau torus and C* the trivial torus) and the invariant takes value in
] I 1

Q(t t2 tg ),‘4 Y )
(t1t2t3t4—1)

of Z to the invariant by a sign, so this gets absorbed in the choice of sign (—1)°B)lz 2

We define P, g(L, y) analogously replacing / by P and imposing Assumption 0.1.

. Different choices of square root of T’ ir| , only change the contribution

Remark 0.3. When the the first version of this paper became public, the virtual struc-
ture sheaf and K -theoretic localization formula were not established yet in the setting
of Calabi-Yau 4-folds. As a consequence, we defined our invariants 1, g(L, y) (and
Py, g(L, y)) by the (expected) virtual localization formula as in Definition 0.2. Recently,
the virtual structure sheaf and K-theoretic localization formula have been established
by J. Oh and R. P. Thomas [30] thereby vindicating the calculations in this paper.

Remark 0.4. For any Z € 1 r.— I, (X, ﬂ)T, TI"ir| z does not contain any 7 -fixed terms
with positive coefficient (Lemma 1.1). Therefore

ch <,/K}’ir|zz> !
Inp(L,y) = 3 (~1)7ol MALTz®y )
| serr ch (A-, /TIV"|ZV> ch((det(LIM]; ® y=1))})

2 When developing the vertex formalism in Sect. 1.3, we make an explicit choice of square root for each
)|z and Tp"|7.
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When TIVir |z does not contain 7'-fixed terms with negative coefficient, this equality is
clear since 7;""|z = NY"|z and (T, 2)/ = 0. When T;""|z contains a T-fixed term

with negative coefficient, both LHS and RHS are zero (since e(/Oby] -/ ) =0). A
similar statement holds in the stable pairs case (where we require Assumption 0.1 and
use Lemma 1.5).

0.2. K-theoretic DT/PT correspondence. We show in Sect. 1 that the invariants I, g(L, y)
and P, g(L, y) can be calculated by a K -theoretic vertex formalism. The case I, o(L, y)
was originally established by Nekrasov [26] and Nekrasov—Piazzalunga [28], who also
deal with the higher rank case. The case I, g(L, y) is recently independently established
in [29], who also deal with ideal sheaves of surfaces and the higher rank case (see Sect.
0.7). Our focus is on the K-theoretic DT/PT correspondence for toric Calabi—Yau 4-
folds. In Sect. 1, we define the K -theoretic DT/PT 4-fold vertex>

Q1. 12, 13, 14, y?)
VoLt y.q). Vi (t.y.q) € hni— 1) (g).
for any finite plane partitions (3D partitions) A, i, v, p. Inthe stable pairs case, we require
that at most two of A, i, v, p are non-empty (which follows from Assumption 0.1 by
Lemma 1.4). Roughly speaking, these are the generating series of 1,, g (L, y), Py g(L, y)
in the case X = C*, L = Oc4, and the underlying Cohen-Macaulay support curve is
fixed and described by finite asymptotic plane partitions A, u, v, p (see Definition 1.16).

The series V)I?Tv , VEEV o depend on the choice of a sign at each T -fixed point.

Before we phrase our DT/PT vertex correspondence, we discuss a beautiful conjecture
by Nekrasov for VBT, [26,28]. We recall the definition of the plethystic exponential.
For any formal power series f(pi1,..., priqi,---,qs) In Q(py1, ..., pHlq1,--.,qsl,
its plethystic exponential is defined by

o0
1 7i
EXp(f(P1y.- s Priqls oo Gs)) = exr)( > ~fps- Pl --.,qs"))
n=1

viewed as an element of Q(py, ..., ps)lq1, - .., gs 1. Following Nekrasov [26], for any
formal variable x, we define

[x] := X —xl,
Conjecture 0.5 (Nekrasov). There exist unique choices of signs such that

[112]t153][0t]1y]
[y 2 gy 2g ]

VB oot y, @) = Exp(F(t,y;q)), Flt,vy:q):=

1
Q(t1,12,13,14,y2 .q)
(t112t314—1)

where F(t,y;q) € is expanded as a formal power series in q.

See [26] for the existence part. Here we conjecture the uniqueness part. We propose
the following K -theoretic DT/PT 4-fold vertex correspondence:

3 A priori the powers of 11, 12, 13, 14 in V)\ Lvp t,y,q), Vkuv o (t, y, q) are half-integers. We prove in Propo-
sition 1.15 that they are always integers.
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Conjecture 0.6. For any finite plane partitions A, i, v, p, at most two of which are
non-empty, there are choices of signs such that

Vggvp(tv yv CI) = Villvp(t’ y, Q) Vgggg(t, yv Q)
Suppose we choose the signs for VBT@ ze (1, Y, q) equal to the unigue signs in Nekrasov’s
conjecture 0.5. Then, at each order in g, the choice of signs for which LHS and RHS
agree is unique up to an overall sign.

We verify this conjecture in various cases for which |A| + || + [v]| + |p| < 4 and the
number of embedded boxes is < 3 (for the precise statement, see Proposition 1.17. This
conjecture and the vertex formalism imply the following:

Theorem 0.7. Assume Conjecture 0.6 holds. Let X be a toric Calabi-Yau 4-fold and

B € Hx(X,Z) such that | J, Pn(X, ,B)((C*)4 is at most O-dimensional. Let L be a T-
equivariant line bundle on X. Then there exist choices of signs such that

Zn In,ﬂ(Lv )’) qn
20 Ino(L, y)g"

One may wonder whether there are other K -theoretic insertions for which a DT/PT
correspondence similar to Conjecture 0.6 holds. The most natural candidates are vir-
tual holomorphic Euler characteristics y (1, (9"“ ), x(P, OV“) or replacing L in Defi-
nition 0.2 by a higher rank vector bundle (or even K- theory classes of negative rank).
However, we have not found any other K -theoretic insertions that work and we believe
that the insertion of Definition 0.2 is special (see Remark 1.19 for the precise statement).

In Remark 1.18, we present expected closed formulae for the unique signs (up to
overall sign) of Conjecture 0.6, which work for all the verifications done in this paper.
This generalizes the sign formula obtained by Nekrasov—Piazzalunga, from physics
methods, for Hilbert schemes of points on C* 28, (2.60)].

We now discuss three limits, which were treated in the case of I,(C*,0) in [26,
Sect. 5.1-5.2] (though we do not need the “perturbative term” of loc. cit.).

=> Pup(L.y)q".
n

0.3. Dimensional reduction to 3-folds. Let D be a smooth toric 3-fold* and let 8 €
H>(D, Z). Consider the following generating functions

Y xUn(D, B), 07 g", D" x(Pu(D, B), O ",

where (/9\;ir = O;ir ® (K }’ir )%, 6‘;}‘ = O‘;}r ® (K }’,ir)% are the twisted virtual structure
sheaves of I,,(D, B), P,(D, B) introduced in [27].3

The calculation of the K-theoretic DT/PT invariants of toric 3-folds is governed by
the K -theoretic 3-fold DT/PT vertex [2,27,31]

1
Voot g), Vi q) € Q. ta, 13, (11213) D) (q),

4 More precisely, a smooth quasi-projective toric 3-fold such that every cone of its fan is contained in a
3-dimensional cone.

5 In the 3-fold case, the invariants x (I, (D, B), (’9\;“), x(Py(D, B), 5?) do not depend on the choice of

] L1
square root (K }’“ )2, (K IVD") 2. This is because different choices of square roots have the same first Chern class
(modulo torsion). See also [2, Section 2.5].
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where A, w, v are line partitions (2D partitions) determining the underlying (C*)3-fixed
Cghen-Macaulay curve and t, fp, t3 are the characters of the standard torus action on
(O

In the next theorem, A, u, v are line partitions in the (x2, x3), (x1, x3), (x1, x2)-planes
respectively. Then A, wu, v can be seen as plane partitions in (x2, x3, x4), (x1, X3, X4),
(x1, x2, x4)-space, respectively, by inclusion {x4 = 0} C C3.

Any plane partition A, i, v, p determine a (C*)*-fixed Cohen-Macaulay curve on
C* with asymptotic profiles A, 11, v, p. The ideal sheaf of such a curve corresponds to
a monomial ideal, which is described by a solid partition denoted by mcm (A, i, v, p)
(this is explained in detail in Sect. 1.1). The renormalized volume of this solid partition
is denoted by |rcm (A, w, v, p)| (Definition 1.2).

Theorem 0.8. Let A, (¢, v be any line partitions in the (x3, x3), (x1, x3), (x1, X2)-planes
respectively. For any T-fixed subscheme Z C C* with underlying maximal Cohen-
Macaulay curve C determined by X, |1, v, &, we choose its sign in Definition 0.2 equal
to (—1)lremGopv.D)+xUc/12) \where x (Ic/17) equals the number of embedded points
of Z. Forany T -fixed stable pair (F, s) on C* with underlying Cohen-Macaulay curve de-
termined by M\, u,D,9, we choose its sign in Definition 0.2 equal to
(—=1)lmemCe1. 8. D) +x (D) yyhere x (Q) denotes the length of the cokernel of s. Then

3D,DT 3D,PT
Ve @y Dly=t, = Vi 6 =q), Viigo v, @ly=u = Vi, 5 & —q). (2)

In particular, Conjecture 0.6 and compatibility of signs imply®

VERRT(r,g) = V20, ) VIR 1, ).

Remark 0.9. In all the cases for which we checked Conjecture 0.6 (see Proposition 1.17),
we verified that the compatible choice of signs mentioned in Theorem 0.8 exists. This
explains our sign choice for the 7'-fixed points which are scheme theoretically supported
on {x4 = 0}.

Theorem 0.10. Assume Conjecture 0.6 and compatibility of signs. Let D be a smooth
toric 3-fold and B € Ho(D, 7) such that all (C*)3-fixed points of U, In(D, B), U, Pu
(D, B) have at most two legs in each maximal (C*)3-invariant affine open subset of
D, e.g. D is a local toric curve or local toric surface. Then the K -theoretic DT/PT
correspondence [27, Eqn. (16)] holds:

» X (D, ﬂ)’@vir) n S
% ))(((In(D,O),(,Q\}I/ir)Zﬂ :ZX(P"(D’ /3)» Op )C] .

Remark 0.11. The usual DT/PT correspondence on toric 3-folds [33] is a special case
of the K-theoretic version of Nekrasov—Okounkov [27, Eqn. (16)]. To the authors’
knowledge, the latter is still an open conjecture.

6 Compatibility of signs means that there exist choices of signs in Conjecture 0.6 compatible with the
choices of signs stated in this theorem. For all cases where we checked Conjecture 0.6 (listed in Proposition
1.17), the sign formulae in Remark 1.18 satisfy this compatibility.
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0.4. Cohomological limitI. Lett; = eP* foralli = 1,2, 3,4,and y = ¢””". We impose
the Calabi—Yau relation #1f,t3t4 = 1, which translates into A1 + A» + A3 + A4 = 0. In
Sect. 2.2, we study the limit » — 0. Let X be a Calabi—Yau 4-fold, 8 € H>(X, Z), and
L a T-equivariant line bundle on X. Define the following invariants

\/(_1)%ext2(lz,ll)e(Eth(IZ9 IZ))
e(Ext'(Iz, I7)) @

ce(RT(X, L@ Oz)Y ® ™),

Leom = 3o (o
Zel,(X.p)T

whereext?(I, I7) = dim Ext?(Iz, I7). The expression under the square root is a square
by T -equivariant Serre duality. As in Definition 0.2, for a fixed Z, two choices of square
root differ by a sign and this indeterminacy is absorbed by the choice of orientation
(— 1)”(5”2. These invariants take values in

Q1, A2, A3, g, m)
A +r+r3+rg)

where A; := c1(t;), m := c1(e™) denote the T x C*-equivariant parameters. Here
C* corresponds to a trivial torus action with equivariant parameter ¢™. We similarly
define invariants P;f’g‘o(L, m) replacing I, (X, B) by P,(X, ) and R['(X, L ® Oz) by
RI'(X, L ® F), in which case we also require Assumption 0.1 holds.

Theorem 0.12. Let X be a toric Calabi—Yau 4-fold, € Hy(X,Z), and let L be a
T -equivariant line bundle on X. Then

gg})(gjln,ﬁw »a")

giglo(;m,ﬁ(m) q")

_ coho n
ty=ePi y=ebm - Z In>/3 (L,m)q",
’ n

— coho n
tl-:eb)‘i ,y=el”” - Z Pn,/S (Lv m) q ,
n

where the choice of signs on RHS is determined by the choice of signs on LHS. For

. w4, . .
the second equality, we assume Un P, (X, ,B)((C " is ar most 0-dimensional. Hence,
Conjecture 0.6 implies that there exist choices of signs such that

> I’ff’élo(L, m)q" coho "
coho n z : n, » M .
Yo I (L, m) d P (L.m)q
n n,0 ’ q n

This theorem provides motivation for conjecturing the following new cohomological
DT/PT correspondence for smooth projective Calabi—Yau 4-folds:

Conjecture 0.13. Let X be a smooth projective Calabi—Yau 4-fold and € H>(X, Z).
For any line bundle L on X, there exist choices of orientations such that

2 f[ln(x,ﬂ)lv" e(L[n])q” = / e(L[n])qn
o0 Sy o €L g S Jip, x gy
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0.5. Cohomological limit II. Let t; = eP,y = "™, O = mq, where we again impose
the Calabi—Yau relation 11324 = 1. In Sect. 2.3, we consider the limitb — 0, m — oo.
In [8], the two first-named authors studied the following cohomological invariants

\/(—1)%@“2(12’12)6(Extz(IZs IZ))

Icoho — -1 o(LD)lz
n.p 2. D e(Ext!(Iz, 1))

Zel,(X,B)T

; “)

and similar invariants Pncogm, where we replace I,(X, ) by P,(X, 8) and impose

Assumption 0.1. In [8], a vertex formalism for these invariants was established giv-
ing rise to the cohomological DT/PT vertex

ho.DT ho.PT Q1, A2, A3, Ag)
Vioan (@), Vit (Q) e Gt intiatin) 0).

for any finite plane partitions A, i, v, p. As above, in the stable pairs case we assume at
most two of these partitions are non-empty.
The cohomological DT/PT 4-fold vertex correspondence [8] states:

Conjecture 0.14 (Cao-Kool). For any finite plane partitions A, jt, v, p, at most two of
which are non-empty, there are choices of signs such that

Vi (@) = Vit (@) V555 ().

Theorem 0.15. Let X be a toric Calabi—Yau 4-fold and 8 € Hy(X, Z). Then

. bm~ .n _ coho ~Hn
};li% ( Zn: In,ﬂ(OX, ¢ ) 1 ) ti=eb}‘i,Q=qm - Xn: In,ﬂ Q '
. bm~ .n _ coho Hn

lblil(l) <Xn: Pn’ﬁ(OX’ ¢)q ) ti=eP*  Q=gqm o Xn: Pn,ﬂ 2.

where the choice of signs on RHS is determined by the choice of signs on LHS. For

the second equality, we assume Un P, (X, ﬂ)((c*)4 is at most 0-dimensional. Moreover,
Conjecture 0.6 implies Conjecture 0.14.

We summarise the above three limits in the following figure (Fig. 1).

0.6. Application: local resolved conifold. In order to illustrate the 4-fold vertex
formalism and the three limits, we present a new conjectural formula, which can be
seen as a curve analogue of Nekrasov’s conjecture. Let X = D x C, where D =
Totp1 (O(—1) @ O(—1)) is the resolved conifold. Consider the generating series of K -
theoretic stable pair invariants of X:

ZX(y9 q, Q) = Z Pn,d[Pl](Os )’) CI” Qd'
n,d
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K-theoretic DT/PT on toric CY 4-fold X

ti=ebXi, y=eb™, b0

n1m. .1

o 0:10 Thm. (.12
K-theoretic DT/PT Cohomological DT/PT
on toric 3-fold D [NO] with insertions on X

V=0x, Q=gm
ti=ePi, b—0 m—00
Rmk.2.5 Thm. (.15

- Cohomological DT/PT
Cohomological DT/PT ; Lo
on toric 3-fold D [PT2] without insertions on X

[CK2]

Fig. 1. Limits of K -theoretic DT/PT on toric CY 4-folds

Conjecture 0.16. Let X = Totp (O(—1)®O(—1)DO). Then there exist unique choices
of signs such that

0yl
Zx(r.9. Q) = Exp(F(t. ¥4, 0)), Flt,y1q,0)i= ——=——
[tally2qlly2q~"]
1
where t;] denotes the torus weight of O over P! and F(t,y;q,0) € Q(tj, y%, q, 0)
is expanded as a formal power series in q and Q.

This conjecture is verified modulo (more or less) Q°¢® using the vertex formalism.
See Proposition B.2 for the precise statement. Applying dimensional reduction, Con-
jecture 0.16 implies a formula for the K -theoretic stable pair invariants of the resolved
conifold D recently proved by Kononov—Okounkov—Osinenko [21]. Applying the pre-
ferred limits discussed by Arbesfeld [2] to the formula of Kononov—Okounkov—Osinenko
yields an expression obtained using the refined topological vertex by Iqbal-Koz¢az—Vafa
[20]. Applying cohomological limit II yields a formula, which was recently conjectured
in [8]. See Appendix B for the details.

0.7. Relations with other works. This paper is a continuation of our previous work [8],
where we introduced the DT/PT correspondence (with primary insertions) for both com-
pact and toric Calabi—Yau 4-folds. In the compact case, “DT=PT” due to insertions. In
loc. cit. we used toric calculations to support this result and found the cohomological
DT/PT 4-fold vertex correspondence (Conjecture 0.14), which surprisingly has the same
shape as the DT/PT correspondence for Calabi—Yau 3-folds [32]. This motivated us to
enhance Conjecture 0.14 to a K-theoretic version using Nekrasov’s insertion (Defini-
tion 0.2), which specializes to (i) the cohomological DT/PT correspondence for toric
Calabi—Yau 4-folds, (ii) the K -theoretic DT/PT correspondence for toric 3-folds [27,33].

During the writing of this paper, Piazzalunga announced’ his joint work with Nekrasov
[29], which establishes the (more general) K -theoretic DT vertex for DO-D2-D4-D6-D8
bound states and realizes the DT generating series of a toric Calabi—Yau 4-fold X as the
partition function of a certain super-Yang-Mills theory with matter (and gauge group
U(1]1)) on X.

7 “Gauge theory and virtual invariants”, Trinity College Dublin, May 13-17, 2019.
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1. K-Theoretic Vertex Formalism

1.1. Fixed loci. This subsection is a recap of [8, Sect. 2.1, 2.2]. Proofs can be found in
loc. cit. Let X be a toric Calabi—Yau 4-fold. Let A(X) be the polytope corresponding to
X and denote the collection of its vertices by V (X) and edges by E(X). The elements
a € V(X) correspond to the (C*)*-fixed points p, € X. Each such fixed point lies in a
maximal (C*)*-invariant affine open subset C* = U, C X. The elements aff € E(X)
(connecting vertices «, 8) correspond to the (C*)*-invariant lines P! = Log € X with

normal bundle
Nng/X = Opi (mgp) ® Opi (mz/xﬂ) @ Op (mgﬂ),
Map + My +Myg = =2,

®)

where the second equality follows from the Calabi—Yau condition.

The action of the dense open torus (C*)* and its Calabi—Yau subtorus 7 C (C*)*
(the subtorus preserving the Calabi—Yau volume form) both lift to the Hilbert scheme
I := I,,(X, B). The following result is proved in [§8, Lem. 2.2]:

Lemma 1.1. The scheme IT = 1€ consists of finitely many reduced points.
We characterize the elements I7 by collections of solid partitions.

Definition 1.2. A solid partition 7 is a sequence 7 = {m;jx € Zxo U {o0}}
satisfying:

i,j,k>1

Wijk 2 Tisl,j k> Tijk 2 Wi j+l ks Tijk 2 Tk Vi, j, k=1

This extends the notions of plane partitions A = {A;;}; j>1 (Which we visualize as a pile
of boxes in R3 where A; ; is the height along the x3-axis) and line partitions A = {X;}i>1
(which we visualize as a pile of squares in R2 where 2; is the height along the x»-axis).
Given a solid partition 7 = {m;jx};, j k>1, there exist unique plane partitions A, u, v, p
such that

Tijk = Ajks Vi>0, j,k>
Tijk = Wik, Y >0, i,k>
Tijk = Vij, Vk>0,1i,j2>
Tijk = 00 < k=,0ij, Vi,jk=>1.

1
1
1

We refer to A, u, v, p as the asymptotic plane partitions associated to 7 in directions
1,2, 3, 4 respectively. We call & point-like, when L. = u = v = p = &. Then the size
of 7 is defined by

|TL’| = Z Tijk-

i,jk=1

We call & curve-like when X, u, v, p have finite size |A|, |u|, |v], |p| (not all zero).
Similar to [23], when 7 is curve-like, we define its renormalized volume by

|| = Z (1 — #{legs containing (i, j, k, 1)}).
(i,_/.k,l)eZ‘;l
I<7jk
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Let Z € IT. Suppose C* = U, C X is amaximal (C*)*-invariant affine open subset.
There are coordinates (x1, x», x3, x4) on U, such that

t-x; =tix;, foralli=1,2,3,4and 1= (11,0, 13, 1) € (C*)*. (6)

The restriction Z|y,, is given by a (C*)4-inva.riant ideal 17|y, € Clx1, x2, x3, x4]. Solid
partitions 77 which are point- or curve-like are in bijective correspondence to (C*)*-
invariant ideals Iz, € C[x1, x2, x3, x4] cutting out subschemes Z, < C* of dimension
< 1 via the following formula

Iz, = (xi_lxé'_lxlg_lxzijk : i, j,k > 1 such that ;; < oo) @)
Hence Z € I7 determines a collection of (point- or curve-like) solid partitions {7 (@) }jffl) ,
where ¢(X) is the topological Euler characteristic of X, i.e. the number of (C*)*-fixed
points of X. Let «f € E(X) and consider the corresponding (C*)*-invariant line
Log = Pl Suppose this line given by {xo = x3 = x4 = 0} in both charts Uy, Ug.
Let A, 1@ be the asymptotic plane partitions of 7@, 7#) along the x{-axes in both
charts. Then

W =aP =P v ®)
A collection of point- or curve-like solid partitions {7 () }Z(:Xl) satisfying (8), foralla, 8 =
1,...,e(X),issaid to satisfy the gluing condition. We obtain a bijective correspondence

{n = {n("‘)}z(le) A point- or curve-like and satisfying (8)}

1-1
<>

Zy € U nx.p"

BeH>(X,Z),ne’

Suppose B # 0 is effective. Then for any Z € IT = I,(X, B)T, there exists a
maximal Cohen-Macaulay subscheme C C Z such that the cokernel

0—>1Iz—>Ic—>Ic/lz—0

is 0-dimensional. The restriction C|y, is empty or corresponds to a curve-like solid
partition 7t with asymptotics A, i, v, p. Since C|y, has no embedded points, the solid
partition 7 is entirely determined by the asymptotics X, u, v, p as follows

e — o0 if1<k<p,~j
ijk = max{Ajk, Wik, vij} otherwise.

€))

Using similar notation to [23], for any plane partition of finite size,and m, m’, m” € Z,
we define

Aij

Fom @) =Y (A =m(i = 1) =m'(j = 1) —m" (k= 1)).

i,j>1k=1
For any af € E(X) and finite plane partition A, we define
@B = Fongpn gty O (10)

where mqg, mt’xﬁ, mgﬁ were defined in (5).
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Lemma 1.3. Let X be a toric Calabi—Yau 4-fold and let Z C X be a (C**-invariant
closed subscheme of dimension < 1. Then

(O = Y 7@+ > flep).

acV(X) aBeE(X)

The action of (C*)* on X also lifts to the moduli space P := P,(X, B) of stable

pairs. Similar to [33], we give a description of the fixed locus PO

For any stable pair (F, s) on X, the scheme-theoretic support Cr := supp(F) is
a Cohen—-Macaulay curve [32, Lem. 1.6]. Stable pairs with Cohen—Macaulay support
curve C can be described as follows [32, Prop. 1.8]:
Let m € Oc be the ideal of a finite union of closed points on C. A stable pair (F, s)
on X such that Cr = C and supp(Q)red < supp(Oc/m) is equivalent to a subsheaf of
li_n>1 Hom(m’ s Oc)/OC.

This uses the natural inclusions

Hom(m'", O¢) — Hom(m™', O¢)
Oc — Hom(m", Oc¢)

induced by m™*! C m” € Oc.

Suppose [(F, s)] € P(C*)A, then C is (C*)*-fixed and determines {r ® Jaev (x) With
each 7@ empty or a curve-like solid partition. Consider a maximal (C*)*-invariant affine
open subset C* = U, C X. Denote the asymptotic plane partitions of 7 := 7@ in
directions 1,2, 3,4 by A, u, v, p. As in (7), these correspond to ((C*)4-invariant ideals

Iz, € Clx2, x3, x4],
Iz
Iz, € Clx1, x2, x4],
Iz, € Clx1, x2, x3].

o« © Clxi, x3, x4],
P

Define the following C[x1, x2, x3, x4]-modules

M = Clxy, xl_l] ®c Clx2, x3, x41/17, .,

M; = Clxz, x; ' 1 ®c Clx1. x3, 541/ 17,

M; = Clx3, x; ' 1®c Clx1, x2, x41/ 17,

My = Clxg, x; '1®c Clx1, x2,x31/I7,.
Then [33, Sect. 2.4] gives

4
: r ~ —_
ll_r)nHom(m , Ocyy,) = @M,- =M,
i=1
where m = (x1, x2, x3, x4) € C[xy, x2, x3, x4]. Each module M; comes from a ring, so

it has a unit 1, which is homogeneous of degree (0, 0, 0, 0) with respect to the character
group X ((C*)*) = Z*. We consider the quotient

M/((1,1,1,1)). (11
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Then (C*)*-equivariant stable pairs on U, = C* correspond to (C*)*-invariant
Clx1, x2, x3, x4]-submodules of (11).

Combinatorial description of M/((1, 1, 1, 1)) Denote the character group of (C*)* by
X ((C*)*) = Z*. For each module M;, the weights w € Z* of its non-zero eigenspaces
determine an infinite “leg” Leg; < Z* along the x;-axis. For each weight w € Z*,
introduce four independent vectors 1, 2,,, 3,,, 4,,. Then the C[x1, x2, x3, x4]-module
structure on M /((1, 1, 1, 1)) is determined by

Xjlw = lw+e),

where i, j = 1,2, 3,4 and e1, e, e3, ¢4 are the standard basis vectors of 7*. Similar to
the 3-fold case [33, Sect. 2.5], we define regions

4
FUNUITUIVUIL = | JLeg € Z*, where

i=1

e I* consists of the weights w € Z* with all coordinates non-negative and which lie in
precisely one leg. If w € I*, then the corresponding weight space of M /{((1, 1, 1, 1))
is 0-dimensional.

e I~ consists of all weights w € Z* with at least one negative coordinate. If w € I~
is supported in Leg;, then the corresponding weight space of M /((1, 1, 1, 1)) is 1-
dimensional

C=C-iy, < M/((,1,1,1)).

o II consists of all weights w € Z*, which lie in precisely two legs. If w € 1I is
supported in Leg; and Leg ;, then the corresponding weight space of M/((1, 1, 1, 1))
is 1-dimensional

C=Cin®C-j,/C-Guw+j,) €M/, 1,1,1).

o III consists of all weights w € Z*, which lie in precisely three legs. If w €
III is supported in Leg;, Leg;, and Leg;, then the corresponding weight space of
M/{(1, 1,1, 1)) is 2-dimensional

CP=C-iy®C-j,®C ky/C-(iyw+j,+ky) SM/((1,1,1,1).

e IV consists of all weights w € Z4, which lie in all four legs. If w € IV, then the
corresponding weight space of M/((1, 1, 1, 1)) is 3-dimensional

C=C-1,BC-2,®C-3, ®C-4,/C - Lyp+2+3u+4y) € M/((1,1,1,1)).

Box configurations. A box configuration is a finite collection of weights B C ITUIITU
IV UT satisfying the following property:
ifw = (wy, wy, w3, wy) € HUIIIUIVUI™ and one of (w; — 1, wy, w3, wy), (Wi, wy —
1, w3, wy), (wy, wy, wz — 1, wyg), or (wy, wa, w3, wg — 1) lies in B then w € B.

A box configuration determines a (C*)*-invariant submodule of M/((1, 1, 1, 1)) and
therefore a (C*)*-invariant stable pairon Uy = C* with cokernel of length

#BNI)+2-#(BNID +3-#BNIV)+#BNI).

The box configurations defined in this section do not describe all (C*)*-invariant sub-
modules of M/((1, 1, 1, 1)). In this paper, we always work with Assumption 0.1 from
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the introduction, i.e. Un P, (X, ,3)(@*)4 is at most O-dimensional. Then the restriction of
any T -fixed stable pair (F, s) on X to any chart U, has a Cohen—Macaulay support curve
with at most two asymptotic plane partitions and is described by a box configuration as
above. See [8, Prop. 2.5, 2.6]:

Lemma 1.4. Suppose| ), P,(X, 5)(6*)4 is atmost 0-dimensional. Then forany[(F, s)] €

P,(X, ,fi)((c*)4 and any o € V(X), the Cohen-Macaulay curve Cr|y, has at most two
asymptotic plane partitions.

Lemma 1.5. Suppose | J,, P,(X, ,8)<C*>4 is at most O-dimensional. Then, for any n € 7,
P.(X, BT = P,(X, ﬁ)((c*)4 consists of finitely many reduced points.

1.2. K-theory class of obstruction theory. Let X be a toric Calabi—Yau 4-fold and con-
sider the cover {Uy }ev (x) by maximal (C*)*-invariant affine open subsets. We discuss

the DT and PT case simultaneously. Let E = I, with Z € IT = I,(X,B)7T, or
E = I°, with [I* = {Ox — F}] € PT = pP,(X, ,B)T. In the stable pairs case, we
impose Assumption 0.1 of the introduction so PT = P©" is at most 0-dimensional
by Proposition 1.5. We are interested in the class

(CH*
—RHom(E, E)g € K~ 7 (pb).

Note that in this section, we work with the full torus (C*)*. In the next section, we will
restrict to the Calabi—Yau torus 7 C (C*)* when taking square roots. This class can
be computed by a Cech calculation introduced for smooth toric 3-folds in [23,33]. In
the case of toric 4-folds, the calculation was done in [8, Sect. 2.4]. We briefly recall the
results from loc. cit.

Consider the exact triangle

E - Ox —> E/,
where E/ = Oz when E = Iz, and E/ = F when E = I°. In both cases, E’ is 1-

dimensional. Define Uypg := Uy N Up, Uy, := Uy NUg N U,, etc., and let Ey =
Ely,, Eap := Ely,, etc. The local-to-global spectral sequence, calculation of sheaf

cohomology with respect to the Cech cover {Us}aev(x). and the fact that E’ is 1-
dimensional give

—RHomy (E. E)o=— Y _ RHomy,(Ey. Eq)o+ Y RHomy,,(Esp. Eup)o-
aeV(X) afeE(X)

On U, = C*, we use coordinates x1, x2, x3, x4 such that the (C*)*-action is
t-xi =tix;, foralli=1,2,3,4and 1 = (11, ta, 13, 14) € (C*)*,
Denote the T-character of E'|y, by

Zy = ey, -
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In the case E = O, the scheme Z |y, corresponds to a solid partition 7 @) a5 described
in Sect. 1.1 and

(a)
Tijk

Zo= Y o'l (12)

i,jk=11=1
When E’ = F, we use the short exact sequence
0> 0Oc—>F—Q—0,
where C is the Cohen-Macaulay support curve and Q is the cokernel. Then
Zo =00y, TTOIy, (13)

where Oc|y, is described by a solid partition 7@ and Qluy, is described by a box
configuration B as in Sect. 1.1 (by Assumption 0.1). In this case, trocy, is given by

the RHS of (12). Moreover, trg|,,. is the sum of 7 over all w € B@,
For any a8 € E(X), we consider

Za/g = trE’lUmg .

Inboth cases, E = Iz and E = [°, there is an underlying Cohen-Macaulay curve C| Uap -
Suppose in both charts Uy, Ug, the line Lyog = P! s given by {xp = x3 = x4 = 0}.
Note that Uyg = C* x C3. Then C lu,p 1s described by a point-like plane partition Aqg
(its cross-section along the x;-axis) and

Aap

Zotﬁ = Z Z['z/_llé{_ll‘i_l (14)

Jk>1 =1

Using an equivariant resolution of E,, Eqg, one readily obtains the following formu-
lae for the T-representations of —RHom(E, Eq)o, RHom(Eyg, Eqg)o (see [8, Sect.
2.4], which is based on the original calculation in [23])

Zy Py =
' _RHom(Eq, Eq)o = Zy + ; - ZoZy,
1083t NHixl3ly

Z P34
— U_RHom(Egg. Egp)o = 6(11) (—Za,s b 2eb

ZapZap | 15
i3ty i3ty op aﬂ) (15

where 6 is the involution on K OT (pt) mentioned in the introduction and

8(t) = Zt",

nez
Pozq = (1 —1)(1 — ) —13)(1 — 14),
Prg = (1 —-0)1 —13)1 —14). (16)

As in [23], one has to be careful about the precise meaning of (15). For instance, in the
DT case, when 7@ is point-like, the formula for tr_rHom(E,.E,), 10 (15) is Laurent
polynomial in the variables ;. However, when 7@ is curve-like, the infinite sum (12)



K -Theoretic DT/PT Correspondence for Toric Calabi—Yau 4-Folds 241

for Z, first has to be expressed as a rational function and tr_RHom(E,, £,), 15 then viewed
as a rational function in the variables ¢;.

The problem with (15) is that it consists of rational functionsinty, t2, t3, t4. From [23],
we learn how to redistribute terms in such a ways that we obtain Laurent polynomials.
Let B1, B2, B3, Ba be the vertices neighbouring «. Define®

Zop  Prns =
F = —Z + . . Z Z ’
p Py oy T
4
F i(t'/’ tir, t"/’)
Vo 1= ' _RHom(Eq, Eq)o + Z aﬂll%
— 1

i=1

—mep —m&ﬁ —mgﬁ
E . 1 Fap(ta.t3,1)  Fopltaty "™, 13t) ™ 1at) ™)
ap =1 -1 1
-1 -1

: a7)

where {;, t;7, ti, tin} = {11, 12, 13, 14} and

_ —m’ 4
(t, 12, 13, t2) V> (1] 0t oty P )

corresponds to the coordinate transformation U, — Ug and mqg, m(/xﬁ, mgﬁ are the
weights of the normal bundle of L,g defined in (5). Then

U _RHom(E.E)o = Y Va+ »_ Ep.
aeV(X) apek(X)

and V, Eqp are Laurent polynomials forallee € V(X)andaf € E(X)by [8,Prop.2.11].

Remark 1.6. When we want to stress the dependence on Z,, Z,g and distinguish between
the DT/PT case, we write VEZ, VIZ)Z, Eg}ﬂ , E}Z)Zﬂ for the classes introduced in (17).

1.3. Taking square roots. Leta € V(X). As before, denote by By, ..., s € V(X) the
vertices neighbouring o and labelled such that Lyg, = {x;7 = x;» = x;» = 0}, where
{i’,i”,i"} ={1,2,3,4)\{i}. We define

3
_ — f a tir, tin, tim
Vo .= 2y — P123247Z4 + Z —aﬂ,(lz —lt' ")
i=1 !
1 = = P13 =
+— —Z + P VA4 —ZoZ + Zaps Z s
(1 — t4){ afis 123 (—a afis o aﬂ4) 1 i afs L afy

’ 4
—Mgp “Map “Map
ifap (a3 ta)  fap (ot ity T Y
€up =1 —
af = 4 1 1
11—z 1—1

)

’ "
—Mgp Mg Mg
o t_lfaﬁz(tlat&tzl) g (it o, o )
afy = b 1 1 1 —1
) )

’

8 We only write down Fgg and Eyg when Lyg = Plis given by {x, = x3 = x4 = 0}, i.e. the leg along
the x1-axis. The other cases follow by symmetry.
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’ "
—map Mg —Myg
fap (2. 18)  Haps (it 0ty Ty )

€up; =13 -~ - y
-1 1 —1t;
—My, _m(/x _m:;
—1 'apg 1,12, 13 apyg 1 s 12 IRA
L fep ) gty Pty st )
Cupy =1y 1 — — s
-1 1—1
P =
fdﬁl = —Zaﬂ] + _Zaﬁ| Za,B| ,
hi3
fop, = —Zap, + —Zap, Zap,
1nts
P> =
faps = —Zaps + —Zaps Zap;
515}
Py =
fop, = —Zap, + — Zapy Zaps (18)
Nt

where Pr3 := (1 —1)(1 — 13) etc. In these formulae, there is an asymmetry with respect
to the fourth leg, which we discuss below in Remark 1.10. Also note that these formulae
become symmetric in 1,2,3 when the fourth leg is empty, i.e. Zyg, = 0. Recall that in
the PT case, we impose Assumption 0.1 and there is no fourth leg. We stress that, at this
point, we do not yet impose the relation 7121314 = 1.

The first observation is that V, and €y are Laurent polynomials in the variables
11,1, 13, t4. Indeed in the expression for €y (18), both numerator and denominator

vanish at ; = 1, so the pole in #; = 1 cancels. In order to see that v, is a Laurent
polynomial, one shows that it has no pole in #; = 1 for each i = 1, 2, 3, 4. Indeed,
substituting
Zop:
Zy = 2Py
1—4

into (18), where - - - does not contain poles in #; = 1, one finds that all polesin#; = 1
cancel.
Now we restrict to the Calabi—Yau torus t12¢3t4 = 1. Using definition (18), we find

Vo = Vo +Vy, Egp =€qp+64p,

for all « € V(X) and ¢ € E(X). This follows from a straight-forward calculation
using t1#13t4 = 1 and the following two identities (and their permutations)

= Pa3 P Pa3q
P23+ P13 = Po3s, ——+ll— 7 = .
I3 Iy 13 121314

Finally we note that, after setting 1721324 = 1, V,, and €4 do not have T'-fixed part
with positive coefficient. This follows from the fact that V,, and E4g do not have T-fixed
terms with positive coefficient (see comments in [8, Def. 2.12]). We therefore established
the following:

Lemma 1.7. The classesVy, €4 are Laurent polynomialsinty, 12, t3, t4. Whentitat3t4 =
1, they satisfy the following equations

Va = Vyu +Va, Eaﬁ = €up +§aﬂ~

Moreover, for titat3ts = 1, Vg, €4p do not have T -fixed part with positive coefficient.
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Remark 1.8. When we want to stress the dependence on Zy, Zyp and distinguish be-
tween the DT/PT case, we write V%T, VIZ, e?gﬁ, eFZ’zﬁ for the classes introduced in this
subsection.

Remark 1.9. In the case of I,(C*, 0), the possibility of an explicit choice of of square
root of V, first appeared in [28] and was kindly explained to us by Piazzalunga. The
choice of square root in (18) is non- unique For instance, in the case of I,(C*, 0), [28]
instead work with vy, = Zy — P123Z4 Z . Our choice is convenient when taking limits
in Sect. 2.

Remark 1.10. Our choice of square root (18) is asymmetric in the indices 1, 2, 3, 4,
i.e. index 4 is singled out. Later, when we add the insertion of Definition 0.2 (giving V,,
in (19)), we want to single out the fourth direction. Putting y = 4, we want [—V, ] equal
to zero when Z, is not scheme theoretically supported in the hyperplane {x4 = 0} and
we want [—V, ] equal to the vertex of DT/PT theory of the toric 3-fold {x4 = 0} = C3
when Z,, is scheme theoretically supported in {x4 = 0} (Proposition 2.1).

1.4. K-theoretic insertion. We turn our attention to the K -theoretic insertion in Defini-
tion 0.2. Using Vi, €4 defined in the previous section, we define

~ Z [/, t; //, tim
Vy = —yZ +Zy ot/fi,(t i i )’
i=1 z
~ L tl 7 1 7 —malgl - :x O‘ﬂl
€ap; ‘= €ap t+ 1—1 YZup, (12, 13, 14) — 1= f VZap, (121 , 13t t4t1 ),

- _ 1 o — _m/ﬂ _m//ﬂ
€upy = Cup, + ap (11,13 13) = 37—y Zop, (1115 P ont, P un ),
— 2

_ 1 _ _m — —

~ B B B

€apy 1= €up; + aps (11, 12, 13) — T Zats (115 Bonty T ug ),
— 13

~ 14 — 1 — —Mmgg *m/ﬂ *m”fg
Saps 1= Capy + T VZap, (11,12, 13) — = VZap, 1ty 0ty 3t .
— 14 — U

(19)
Then
v 7 _ P = : Taﬁ,- (t1, 12, 13, 14)
Vy =2y —yZoy — P12324Z¢y +Z T
i=1 !
—l 7 D — = P —
+ a—1 { - Zaﬁ4 - t4yZaﬂ4 + P123(Zaza/34 - ZaZaﬁ4) + aﬂ4zaﬁ4 ,

-1 . ~Tap Mg Mg
5 t_l aﬁl(ll,IQ,l3,t4) aﬁl(l‘l , ot 1,t3t1 ! t4t )
afy = ,
11— 11—

’ "
—Mmapy | “Magp “Mag
—1 aﬂz(tlat25t3at4) Olﬂz(tltz a27t2 7t3t2 * 2,t4t2 “ 2)
eaﬁz =10 1 1 1 ’
- tz -

! "

—Map —Myp -1 —Myg

g (1, tz,t3,t4) fups ity B 0oty 17 )

e(xﬁ3 —t 1 s
1— t3 1— f3
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’ "
7 s —Map, TMap, TMapy 1
_ifap (3, 18)  fap ity 0t "ty 1)

Cups = ,
o [ .

~ — P23 —

fap (11, 12, 13, 14) = —Zop, — 1y Zop, + %Zu{ﬂl Zap; »

~ — P13 —
foapy (11, 12, 13, 14) i= —Zop, — 2y Zap, + Ezaﬁzzaﬂz,

~ — P12 —
fups (t1, 12,13, 14) '= —Zypy, — 13V Zupy + Ezaﬂ; Zapss

- _ Pis _
fap,(t1, 12,13, 14) '= —Zop, — 14y Zop, + EZQ/&;ZQ/&;-

Lemma 1.11. The classes Vg, "e'aﬂ are Laurent polynomials in ty, t2, 13, t4.

Proof. By Lemma 1.7, Vy, €4p are Laurent polynomials in 1, 12, 13, #4. Therefore, it
suffices to only consider terms involving y, for which it is easy to see that all poles in
ti=1G(=1,2,3,4) cancel. m]

Remark 1.12. When we want to stress the dependence on Z,, Zyg and distinguish be-

tween the DT/PT case, we write V2T, V2T, DT &PT for the classes introduced in
Zy Zy Zap Zop
(19).

We introduce some further notations. On each chart U, = C* with coordinates

(xfa), xéa), xéa), xf‘a)) the (C*)*-action is given by

t-x® = x0x®, Vi=(,10,n 1) e (CH

for some characters Xl.(“) : (CH* — C* withi = 1,2, 3, 4. We recall that both fixed
loci 17, PT consists of finitely many fixed points, giving rise to local data

Z = ({Za}aevx). {ZapapeEx))-

In DT case, Z, are point- or curve-like solid partitions and Z,g are finite plane partitions.
In the PT case, Z, are box configurations (see (13)) and Zg are finite plane partitions.
Recall that in the stable pairs case we impose Assumption 0.1 from the introduction.
Finally, we introduce the following notation. For any 1, ;213 1, y¢ € K{ *C(pb), we
set

wq wy ll)3 wy a wq wy IIJ3 wy a
W W W3 WA Ay . .2 43,3, 2% T2, T2, 2, T2 %
(6257 y =1 ) 5yl =y Pty Ty Py Ty (20
. .. * .
and we extend this definition to KOT xC (pt) by setting

(2] =

where we use multi-index notation t := (f1, 2, 3, #4, y) and this expression is only
defined when no index b equals 0.
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Theorem 1.13. Let X be a toric Calabi—Yau 4-fold, B € H»(X, Z) andn € Z. Let L be a
T -equivariant line bundle on X and denote the character of L|y, by y (@) (t) € KOT (Uy).
Then

LgL.y)= Y 1)(’“)'2( I - NDT)( [T - %,ﬂ)

Zel,(X.p)T aeV(X) aBeE(X)
PapLoy) = ), <—1>”“”'Z( I1 [—V‘Z])< [1 [—alzfﬁ]),
ZePy(X.B)T aeV(X) aBeE(X)

where the sums are over all T-fixed points Z = ({Za}o,ev(x), {Zaﬂ}aﬁeE(X)) and
Vz,. €z, are evaluated at

(1. 0. 13,14, 9) = VO 57O, 157 O, 17 O. 70 - y).

Proof. We discuss the DT case; the PT case is similar. We suppose L = Oy and discuss
the general case afterwards. For any Z € IT, we have

1
ch (1/K1Vir|zz> ] )
In 5(Ox, y) = Z (1) ©lz ch(A*(Ox'1z®y™))

= ch (AT ) ch((@et(OF 1z @ y~1))2)

By Lemma 1.7,

1/TVlr Z vz, + Z ezaﬂ (21)

aeV(X) afeE(X)

At any fixed point Z € IT, we have
AOF @y

[n] ~1yy 4

(det(Oy" ® y™1))?2

_ ART(X,07®y7h)
7 (det(RT(X, 07 ® y~1)7)

where (’)E?] was defined in (1). Calculation by Cech cohomology gives

—1 -1
trRF(X,OZ®y—1) = Z T (Uy,02,) Ry  — Z trF(Uaﬁ,OZaﬁ) Ry . (22)
aeV(X) afeE(X)

As T-representations, trr(y,,0,,) = Za, Where Z, was defined in (12). Suppose Pl =

@ _ 4

Log = {x, = xi"‘) = 0}, i.e. leg Zyp is along the x{“)-axis, then

UL (Uap. Oz,) = 50" (1)) Zap,
where x, )(t) denotes the character corresponding to the (C*)*-action on the first co-

ordinate of Uyp = C* x C3 and 8(r) was defined in (16). Next, we use the following
essential 1dent1ty

e(L) D)

ch(A°LY) = QL)
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for any T-equivariant line bundle £. Hence

h(A*L* 1 —e1(D) el (L) (L)
ch( )1 = —e T —e T (23)
ch((det £*)2) e 29D
Furthermore, we recall the following relations in the K-group
A (EQF)=ANEQA°F,
(E®F) ® 24)

det(E® F) =det E ® det F.

From (21), (22), (24), and the fact that ch(-) is a ring homomorphism, we at once
deduce

h((detVz,)?) ch(A*(Oz, ® y1))
In,ﬁ(OX7 y) = (_1)0(£)|Z c ._ o o
z%:T aﬂm ch(A*Vz,)  ch((det(Oz, ® y~1))?)

nl ch((det8z,,)?) ch(A*(Oz, ® y™)
aBeE(X) ch(Aez,) ch((det(Og,, ®y*1))%)’
(25)

where vz, , e Zap WeEIE defined in (18). Using multi-index notation for t = (t1, 12, 13, t4),
where t1113t4 = 1, we write

Zot — ZruZa , VZO, — Zthoz _ thZa’

U7y VZg wz,
uz vz wz,
Uzyp VZag WZyg

Note that vz_, €Zup+ Zap are all Laurent polynomials (Lemma 1.7). However, Z, is in
general a Laurent series (we will redistribute its term shortly). Combining (23) and (25),
we find

)
o _WZy

12—t 2\ “Za 1 MZg ]
I,8(Ox, y) = Z(—l)o(ﬁ)‘z 1_[ 1_[ (m)(l 2y -1y ?)
Zell aeV(X)Uzy Vzq Wzq 1 2 —1 2

“Zyp "Zap

172 —t 2 _"Zap 1 “Zap 1
| | | | Uerﬂ ”foﬁ (t 2 )’2 -1 2 y 2)
t -T2

ABEE(X) UZgp V705 WZyg 2 —1

= > @z T [—Va]'l_[(l*u%y% iy

Zell aeV(X) UZy
71«201/3 l ”leﬁ ,l
[] —ewsl- [ 7 y2—t72y77),
afeE(X) UZyp

where, for each « € V(X) and a8 € E(X), the corresponding terms in the product are
evaluated in

t= (01313 = (V0. X0, X0, 1P 1))
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The terms in the products over uz,, UZ, Can be “absorbed” into V,, €4g. This can be
achieved by distributing

= > Za®y+ Y. 8V ) Zup®y

aeV(X) afeE(X)

over Vy, €4 as in (19). We conclude

I p(Ox. y) = Z(—l)"“”'Z( I1 [—Va])( [1 [_éaﬂ])

ZelT a€eV(X) afeE(X)
This finishes the case L = Oyx. Replacing y by
7wy, 7Py
establishes the general case. O

Remark 1.14. In the case I, (C*, 0), which is discussed in [28], our definition of VZ(, (19)
differs slightly from loc. cit., who take (1 — y~')Zy — P123Z4 Z4. The difference of the
second term was discussed in Remark 1.9. The difference of the y-term is explained as
follows. For I, ((C4, 0), Nekrasov—Piazzalunga consider the invariant defined in Defini-
tion 0.2 but with L @ y~! replaced by (L") ® y (and L = Oy). Note the following
two identities

ANEY = (—)*EAE @ det(E)*,
det(EY) = det(E)*,

forany E € KOT xC (pt). This shows at once that our definition differs from loc. cit. by

an overall factor (—1)". In the vertex formalism, it results in replacing yZ, by y~!Z,
in (19).

We end with an observation about the powers of the equivariant parameters. The
expressions [—Vy], [—Eaﬁ] a priori involve half-integer powers of ¢, t2, 13, 4 (formal
square roots). In fact, taking a single leg of multiplicity one with weights mqyg = 0,

/

My = — 1,m) 5= —1 already shows that non-integer powers indeed occur in the edge.

Nonetheless, for the vertex we have the following:

Proposition 1.15. We have

~ 1
[Vl € Qt1. 12, 13, 14, ¥y2) /(1121314 — 1).

Proof. We first consider the case that Z, satisfies Zyg, = Zyp, = Zapy = Zap, = 0.
As before, we will use multi-index notation for t = (¢1, 1, 13, t4). A monomial 7 in
V,, contributes as follows to [—V,]:

[Ft'] = (12 — ¢t 2)F! = (1 - f_”)ﬂFl.

t 2

Hence, non-integer powers can only come from tF1 = (det(F1Y)) % Therefore, it suf-
fices to calculate (det(-))% of

va =Zg— y7a - F123Z(x7ao
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Writing Z, = ), 1", we find

u

~ 12 1
(det VO{)E = = y_ftu’
1—[ 1 —4 l:[

u Y2t

where we used that det(P 12324 Zy) = 1.

. Zup: . .
For the general case, write Z, = Z?:l ]ff;’, + W, where W is a Laurent polynomial.

Next, substitute this expression for Z, into definition (19) of V,; and cancel all poles. Up
to this point in the calculation, the relation #1#273t4 = 1 is not imposed. Then, similar to

the calculation above, taking (det(-))% of the resulting Laurent polynomial gives only
integer powers of ¢;. O

1.5. K-theoretic 4-fold vertex. Let A, u, v, p be plane partitions of finite size. This
determines a T-fixed Cohen-Macaulay curve C C C* with solid partition defined by
(9). We denote this solid partition by wcm (X, i, v, p). Consider the following:

e All T-fixed closed subschemes Z € C* with underlying maximal Cohen-Macaulay
subcurve C. These correspond to solid partitions 7w with asymptotic plane partitions
A, I, v, p indirections 1, 2, 3, 4. We denote the collection of such solid partitions by
HDT(A, W, v, p). Any € HDT(A, W, v, p) determines a character Z, defined by
the RHS of (12) and hence, by (19), a Laurent polynomial

SDT +1 +1 £1 +1
Vy €Qliy 5,1, yl/ (st — 1),

e Assume at most two of A, i, v, p are non-empty. Consider all T-fixed stable pairs
(F, s) on X with underlying Cohen-Macaulay support curve C. These correspond to
box configurations as described in Sect. 1.1. We denote the collection of these box
configurations by TIPT (A, , v, p). Any B € TTIPT (A, 11, v, p) determines a character
Zp defined by the RHS of (13), where the Cohen-Macaulay part is given by (12)
with solid partition Tcm (A, i, v, p). By (19), this determines a Laurent polynomial

~PT +1 +1 +1  +1
Vg € Q7,157,151 yl/(ninty — 1).

Definition 1.16. Let X, 1, v, p be plane partitions of finite size. Define the DT 4-fold
vertex by

Vngup (t, Y. Qo) = Z (_l)o(ﬁ)ln [_’\‘/‘jl?T] q|n|
HEHDT(A,M,V"O)

€ Q(t1, 1o, 13, 14, y%)/(flle‘SM R

where o(L)|; = 0, 1 denotes a choice of sign for each =, [-] was defined in (20), ||
denotes renormalized volume (Definition 1.2), and RHS is well-defined by Lemma 1.7.
Note that the powers of #; are integer by Proposition 1.15.

Next, suppose at most two of A, i, v, p are non-empty. Define the PT 4-fold vertex
by

VE;Eup(t’ Vs Do(c) = Z (_1)0(£)|B[_v1;T] q\B|+|7TCM()nM,V,P)|
BellPT(x,;,v,p)
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€ Q(t1, ta. 13, ta, y2) /(1121312 — 1) (),

where o(£)|p = 0, 1 denotes a choice of sign for each B, | B| denotes the total number
of boxes in the box configuration, and |wrcMm (R, 1, v, p)| denotes renormalized volume.
We often omit o(L) from the notation.

Similarly, to any finite plane partition A, we associate a character Z; defined by RHS
of (14). We then define edge terms

- L1 11y
EPT(t,y) = ENT(t, y) i= (= 1)° O[B4, 1 € QU , 1], 17, 1], y2) /(tiat3ty — 1),

where €7, was defined in (19).

The vertex formalism reduces the calculation of I, g(L, y), P, g(L, y) for any toric
Calabi—Yau 4-fold X, B € Hy(X, Z),and n € Z to a combinatorial expression involving
V;.uvp and E;. We illustrate this in a sufficiently general example. Let X be the total
space of Opa2 (—1) @ Op2(—2). Let B = d [P'], where P! lies in the zero section P2 C X,
and let L be a T'-equivariant line bundle on X. Denote the characters of L|y,, L|y,, by
y @) € KL (Ua), y“P (1) € K[ (Uyp) foralle = 1,2, 3and all «f. Then Lemma 1.3
and Theorem 1.13 imply

Z Lig(L,y)q" = Z qfl.—1,—2()L)‘*'fl,—l,—z(ll)"'fl,—l,—z(\))
n

A,V
[+l +v]=d

. EDT| —(13 VDT | — EDT| —(12
L0606, 7 (0, 6,0)y) Y An@ @, 0,5,04,7 V(L 0,5.0)0) S W ,0,6,702 (10,13,1)y)
VPT 2 @)1, o~ 5 CEPT 2 —(23) -1 2
w@@ Vi e nn.ud O 5 n o)y v s nn.ug 7@ 6 nn.ug)y)
vPr 11

-1 -1 -3
V80 (142,79 (o ) y)

where the sum is over all finite plane partitions A, u, v satisfying |A| + |u| + [v] = d.
Here the choice of signs for the invariants 1, g(L, y) is determined by the choice of
signs in each vertex and edge term. Replacing DT by PT, the same expression holds for
the generating function of P, g(L, y).

We conjecture that the DT/PT 4-fold vertex satisfy Conjecture 0.6. As above, for
finite plane partitions A, u, v, p, we denote by wcm(A, i, v, p) the curve-like solid
partition corresponding to the Cohen-Macaulay curve with “asymptotics” A, w, v, p.
We normalize the DT/PT 4-fold vertex so they start with ¢° (whose coefficient is in
general not equal to 1). This is achieved by multiplying by g ~7eM®.1.v.0)

Using the vertex formalism, we verified the following cases:

Proposition 1.17. There are choices of signs such that

- DT
q lrem (v, ) | VA;w,o(t’ v, q)

- A PT DT N
=4 rem gt )l Vk;wp(t’ Y, q) V@@@Z(I’ Y, C]) mod q

in the following cases:
o forany || + ||+ |v|+|p| < land N =4,
o forany |M + |u|+ |v|+|p| < 2and N =4,

e forany M+ |ul+ v+ |p| <3and N =3,
o forany |M| + ||+ |v| +|p| < 4and N = 3.
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In each of these cases, the uniqueness statement of Conjecture 0.6 holds.

Remark 1.18. (Sign rule) Let X be a toric Calabi—Yau 4-fold and g € Hy(X, Z). Let
Z = {{Zy}aev(x), {ZaplapeE(x)} be an element of the fixed locus U, In(X, ,B)T. Con-
sider charts U, = C* and Uyp = C* x C3. Suppose that Z, Zyg are set theoretically
(but not necessarily scheme theoretically!) contained in {x4 = 0}. Denote by 7 the solid
partition corresponding to Z,, then we define

op1(Ze) == (=D l_[ (—1)1—#legs containing w}

w=(a,a,a,d)er
a<d
where (a,a,a,d) € w means 1 < d < w44, When Z,, is 0-dimensional, this reduces
to opr(Ze) = (—1)FH#Hl@aader:a<d] which coincides with the sign discovered by
Nekrasov—Piazzalunga [28, (2.60)].9 Then opt(Z,) produces the correct unique signs
(up to overall sign) in our verifications of Conjecture 0.6 as listed in Proposition 1.17. A
similar formula appears to hold on the stable pair side.'” Denote by A the plane partition
corresponding to Zyg, then we define

Oedge(Zap) 1= (=) @M T (),

(a,a,d)exr
a<d

This produces the unique signs in our verifications of Conjecture 0.16 as listed in
Proposition B.2 (and it is also consistent with the signs required in the calculations
in [9]).

We now show that Conjecture 0.6 implies Theorem 0.7 (global K -theoretic DT/PT
correspondence).

Proof of Theorem 0.7. For ease of notation, we consider the case where X = Totp
(O(=1) ® O(=2)) and B = d [P']. The general case follows similarly. Conjecture 0.6
implies that there exist choices of signs such that

Z[n s(L,y)q" = Z qfl.—l,—z()\)‘*'f],—l.—Z(H)+fl,—l.—2(‘))
n

PNTRY
[A[+ el +|v|=d
CEYT —(13) V2ol (1) = —(12)
(t1,02,13,14, 7" 7 (12,13,14) y) ~ Ab (t1,12,13,14, 7 (11, 12,13, 14)y) — 1 1(t2,11,13,14, 7 (11,13,14) y)
VPT oo 2 =@ -1, ,—1 2 EPT 2 —23),—1 2
@@ e g 7@ @ ng Lana)y) Ty W s nnud v @ nn.ad)y)
'VE))TQZ| 11 2 =(3)(p -1 —1 2y,
(2t "ty 03ty a0y, Yy (g0 1300, 1487) y)
= VDT Vor [ =1, -1 2 =@ =1, 1 2
B (T L 1 B I L A G E

.vor | 11 11
DD (17! 17 31,1412 (a1t st st y)

Z qf1,71_72()»)+f1,71,72(M)+f1_71,72(v)
P TRY
[A|+ pl+v|=d

9 In loc. cit. the sign is (—1)I7I+H#{(@.a.a.d)en :a<d} The difference is explained by the fact that they use

a different choice of square root as discussed in Remark 1.9. See also [24] for further discussions on the sign
rules.

10 Then Z, corresponds to a Cohen-Macaulay support curve described by a solid parti-

tion mcy together with a box configuration B C g (Sect. 1.1). The sign opr(Zy) =

(_1)|nCM|+|B|+#[(a,a,a,d)€3 ra<d} 1—[ w=(a.a.a.d)ercy (_1)1—#{legs containing w} works in all our

. a<d
calculations.
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EFT —(13) VT &l () EPT| —(12)
ANttt 7Y (12, 63,14) y) T ARD Dty ,12,13,14, 7 ) (11,12, 13, 84)y) —10 (t2,11,13,14, 7 (11,13,14) y)

PT PT
-V, E,

—1 -1 2 —1 —1
vﬁ@l(tz ity st a2 7O 6 e

1

-1 - —(23),—1
1312,1413)Y) |(t|t2 4,03 ¥ (65 sn,uid)y))

. VPT

w\@@|(tzr.’1,tf‘,tstl,z4r,2,7<3>(tztf‘

Al nn)y)
= (X to@e»a") - (X PuspLova").
n n

O

Remark 1.19. Let X be a toric Calabi—Yau 4-foldandlet I := I,(X, B), P := P,(X, B).
Consider the “virtual holomorphic Euler characteristic” of 1

1

O @ JKF |
A° /Nvirv )

X(I, @}’ir) = x(IT,

ch (JK;H/) ,
B Z%;(—l)o(ﬁ)lze (mf> ch (A- Nvirlzv)td <mf) ’

and its stable pairs analogue with I replaced by P. Then one can develop a (simpler)
vertex formalism for these invariants. We checked in the case of a single leg of multi-
plicity one with a single embedded point that the analogue of the DT/PT correspondence
(Conjecture 0.6) fails for all choices of signs.

Another natural thing to try is to replace L in Definition 0.2 by a T -equivariant vector
bundle of rank 2 or 3 or a K-theory class of rank —1 (more precisely: the class of —L
where L is a T-equivariant line bundle on X). In none of these cases there exists an
analogue of the DT/PT correspondence either. The special feature of the tautological
insertion of Definition 0.2 is that, after it is absorbed in the vertex as in Sect. 1.4, the
vertex V, has rank zero as we will prove in Proposition 2.3 below.

2. Limits of K-Theoretic Conjecture

2.1. Dimensional Reduction. Let X be a toric Calabi—Yau 4-fold and 8 € H)(X, Z).
Let Z = {{Zo}aev(x), {ZaplapeE(x)} be an element of either of the fixed loci

Unx. ' Jrx. T,

where we recall Assumption 0.1 from the introduction. We will work in one chart U, =
c4.

Suppose the underlying Cohen-Macaulay curve corresponding to Z, lies scheme

theoretically inside the hyperplane {x4 = 0}. In the stable pairs case, this implies Z, is
scheme theoretically supported inside {x4 = 0}, however in the DT case Z, may have
embedded points “sticking out” of {x4 = 0}.
Proposition 2.1. If Z,, lies scheme theoretically in {xs = 0}, then Nz, |y=, = V%IZ,
where V3Z]3 is the (fully equivariant) DT/PT vertex of [23, Sect. 4.7-4.9] and
[33, Sect. 4.4—4.6]. If the underlying Cohen-Macaulay curve of Zy lies scheme the-
oretically in {x4 = 0}, but Zy does not (which can only happen in the DT case), then
[Vz,ly=r, = 0.
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Proof. When Z, lies scheme theoretically inside {x4 = 0} € C* =: U,, the statement
follows at once by comparing (19) to [23, Sect. 4.7-4.9], [33, Sect. 4.4-4.6].

Suppose we consider the DT case and the underlying maximal Cohen-Macaulay curve
of Z, is scheme theoretically supported in {x4 = 0}, but Z,, is not scheme theoretically
supportedin {x4 = 0}. The vertex vz, does not have T -fixed part with positive coefficient
by Lemma 1.7. Therefore, it suffices to consider the 7T-fixed terms arising from setting
y=1t = ( tt3)~ 1 in the y-dependent part of Vza~

As usual, we write

3 Zﬁ
2 api
Za:i_lthi-FW,

where 1, B2, B3 are the vertices in {x4 = 0} neighbouring @ and W is a Laurent
polynomial in 71, 72, 13, t4. The only terms involving y in Vz, are —yW. Since Z is not
scheme theoretically supported inside {x4 = 0}, W contains the term +#4. Setting y = #4
this term contributes

—ytg = —1.

Furthermore, the underlying maximal Cohen-Macaulay curve of Z, is contained in
{x4 = 0}, so all negative terms of W are of the form —#,"'t,”2 ;"> with wy, wa, w3 > 0.

Therefore W does not contain terms of the form —z4 (which equals —#;~ ! ty ! ty ! ). Hence
Vz, ly=r, has negative T'-fixed part and the proposition follows. O

Remark 2.2. Consider a chart Uyg = C* x C3 and suppose in both charts Uy, Ug,
the line Log = P! is given by {x = x3 = x4 = 0}. Suppose mgﬁ = 0. Consider a
Cohen-Macaulay curve Z,g which is scheme theoretically supported on {x4 = 0}. Then,
similar to Proposition 2.1, ézaﬂ ly=t, = E3zlzﬂ, where E%]zﬁ is the fully equivariant DT
(and therefore PT) edge of [23, Sect. 4.7-4.9].

Proof of Theorem 0.8. The first part of Theorem 0.8 is an immediate corollary of Propo-
sition 2.1. Note that on RHS we obtain —g due to our choice of signs.'!

For the second part of Theorem 0.8, we choose signs as in Conjecture 0.6 and we
assume this can be done compatibly with the choice of signs of all 7'-fixed points which
are scheme theoretically supported on {x4 = 0} as stated in the theorem. Then the second
part of the theorem follows. O

Proof of Theorem 0.10. We recall the vertex formalism for K-theoretic DT invariants
of toric 3-folds from [2,27,31] (the stable pairs case is similar). We have

ch((KYir|,)2)

—_— vir f
Ch(A’(NVirlZ)V) td(T;712)7),

XD, B), 0"y = 3" e(Ob]lz)
Zely(D.p)C

where TI"ir| z 1s the virtual tangent bundle, i.e. dual perfect obstruction theory, of I :=

I,(D,B) at Z, Ob; := hl(TIV“), and the square root exists by [27, Sect. 6]. Note that

. 1
for different choices of square roots (K Iv“lz)i, the first Chern class (modulo torsion)
does not change, so the invariants remain the same (see also [2, Section 2.5]). Moreover

n Choosing all signs of all T'-fixed points which are scheme theoretically supported on {x4 = 0} equal to
+1 amounts to replacing —g by ¢ on RHS of (2).
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NYI'|, denotes the (C*)3-moving part of TIVir |z and (-)/ denotes (C*)3-fixed part. By
[23, Lem. 6], 7;""| z has no (C*)>-fixed terms with positive coefficients,'> hence

5 ch((KYir|)2)

1,(D, ,6Vir — N P
xUn(D, B), Or") (A~ (1))

Zel,(D,B)C’

From (23) and (24), we deduce!?

wo.p. 0= X (T =) T ER).

Zel,(D,p)T “acV(D) aBeE(D)

where the sums are over all T-fixed points Z = ({ZQ}QGV(D), {Zaﬂ}aﬁeE(D)) and
V3212’DT, ESZI;;DT are evaluated at the characters of the ((C*)3-acti0n onUy ND,UypND

respectively. .
The generating function ), x (I,(D, B), O)") ¢" is calculated using the K -theoretic

3-fold DT vertex ViD;DT (t, g) much like in the calculation after Definition 1.16. Since
the DT/PT edge coincide [33, Sect. 0.4], the result follows from Theorem 0.8 and a
calculation similar to the proof of Theorem 0.7. O

2.2. Cohomological limitI. Again,let Z = ({Zy}oev (x), {ZaplapeE(x)} be an element
of either of the fixed loci

Une.p’, e g7,

~

where we recall Assumption 0.1 from the introduction. We will work in one chart Uy
C* or Uyp = C* x C3 with standard torus action (6).

Proposition 2.3. For any o € V(X) and aff € E(X), we have

Vz, lay =0, ezglaniiy =0,

i.e. the ranks of Vz, and €z, are zero.
Let Zcm o be the underlying Cohen-Macaulay curve of Zy and denote by A, i, v, p
its asymptotic plane partitions. In the DT case, define

Wy = Z " + Z (1 — #{legs containing w}) ™.
weZo\ZcM,« WEZCM,«
In the stable pairs case, define

Wy = Z "+ Z (1 — #{legs containing w}) 1",

weB@ WEZCM,«

where B is the box configuration corresponding to the fixed point Zy (13). Then the
terms involving y in the Laurent polynomial iz, are —yW .

12 1y fact, it has no ((C*)3—ﬁxed terms with negative coefficient either by [23, Lem. 8].

13 This is the K-theoretic vertex formalism for DT theory on toric 3-folds [2,27,31]. See [23] for the
(original) cohomological case.
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Suppose P! = Log = {x2 = x3 = x4 = 0}, i.e. leg Zyp lies along the x1-axis. Then
the terms involving y in the Laurent polynomial 6Zaﬁ are precisely

7 d
Y| 4« an

Proof. By definition of W, we have

o Wy ml +0(H — 1)> (26)

f=1 ity Pt )

—m,
(121,

4
Zag; (tir, tin, tim)
=

where Zyg,, W, are all Laurent polynomials. Plugging into (19) gives the following
identity in Z[tlil, tzil, t_;—Ll, yil]
Vz, — Wy —yWo) =0 mod (1 —1,1 —12, 1 — 13,1 — (t111213) ).

o

This implies
Vz oy = (We — yWo)la11,1) = 0.

Moreover, we find that the only terms in Vz, containing y after redistribution are —yW,.
Next we turn our aNttention to the edge term €z, , defined in (19). Multiply numerator
and denominator of €Zup by #; so the denominator becomes #; — 1. Sinse numerator
and denominator both contain a zero at #; = 1, the Laurent polynomial € Zap is of the
following form
=1 (tl fotﬂ

where the term O(#; — 1) obviously has rank 0. Next, we write

~YZap — 5 vy iy )FOW=D, @D
“ ot ;" "‘ﬁ,ml “ﬁ,ml afy

Aap

Zap= Y > 1 iy

Jk>11=1

where A is the finite plane partition describing Zyg. Substituting into (27), one easily
finds

€z.la,1,1,1,1) =0.

Moreover, the terms involving y in (27) are

— il
—YZap+yo— gy il !
o oty ln=1 (12t aﬁ,t}t] “ﬂ,z4t| by
modulo multiples of (1 — 1). This yields the result. O

Wesett; = eb* foralli = 1,2,3,4and y= eP™ The relation t1tt374 = 1 translates
into A1 + A2 + A3 + Ay = 0. We are interested in the limit b — 0.
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Proposition 2.4. For any a € V(X) and af € E(X), the following limits
;EI%)[_VZQ ] |ti :eb)“i ’y:emb ) l}ii;[})[_ezaﬁ ] |ti :eb)“i ’y:emb

exist in Q(Ay, Aa, A3, Ag, m)/ (A1 + A2 + A3 + Ag).

Proof. Using multi-index notation for t := (#1, 12, 13, 4, y), Where 1121314 = 1, we

write
Vz, :Zr” —er.
v w

These sums are finite by Lemma 1.7. This representation is unique when we require that
the sequences {v}, {w} have no elements in common. Proposition 2.3 implies that the
number of + (i.e. “deformation”) and — (i.e. “obstruction) terms in both expressions
are equal, i.e.

;1—%:1:0.

Recall that Vz, has no T-fixed part with positive coefficient (Lemma 1.7). When one of
the w is zero, [~Vz,] = 0 and the proposition is clear. Next, write the components of
the weight vectors in the sum as follows

V= (Ulv U2, U3, U47 Um)
and similarly for w. Then

Hw ((wl)q + woko + wW3A3 + wakg + wy,m) b + 0(172))
l_[v ((Ul)\.] + VoA + U3A3 + Ugrg + vyym) b + 0(b2))

[_VZO[ ] |t,‘ :ebk,— ’y:emb =

Since the number of factors in numerator and denominator is equal, say N = " 1 =
Zw 1, we can divide numerator and denominator by bY and deduce that the limit exists
and equals

_ nw(wl)‘l + WA + W3A3 + Wakg + Wy )

lim [V b oemb = 28
bﬁO[ Zu]|t"_ebkl y=emt Hv(vl)nl + VoA + U3A3 + Ugrg + U m) (28)

The proof for €z, is similar. m

Proof of Theorem 0.12. Consider the generating series
Z In,ﬂ (L’ y) |t,-:eb)‘i ,y:ebm qn’ Z P"ﬁﬂ(L’ y) |t,-:eb)‘i ,y:ebm qn'
n n

Both series are calculated by the vertex formalism of Theorem 1.13. Proposition 2.4
implies that the limits b — 0 exist. Recall that for any equivariant line bundle £ we
have (23)
ch(A*L*)  1—e a®
= = e
ch((det£¥)?) e~ 31D

c1(£) _q (L)
2 2

—e
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Let t := (t1, 1, 13,14, y) and use multi-index notation. If £ = t%, where w =
(w1, wy, w3, wq, Wy ), We obtain

ch(A°L¥)

S = (WiA1 + woky + W3A3 + warg + w,,m)b + O(bz)
ch((det £L*)2)

t,-:eh)‘i ’y:ebm
=e(L)b+ Ob?).

Therefore, in the DT case, we have

1

—)
ch /KV1r|
( n ) ch(A*(L"]z @ y~1))
ch ( A /Tlviqzv) ch((det(LI|z @ y~1))?)
—pV. (e( _ ,/T,Vir|z) + O(b)) : (e(Rr(X, L®0y)Y ®em) + O(b))

o (\/(_1);eth(lz,lz)e(Eth(lz, 17))
e(Ext'(Iz, I2))

: (e(Rl"(X, L® Oz @) + O(b))

t —ebhi ,y=e”’"

+0w0

for some N € Z (and similarly in the PT case). By equation (28) in the proof of

Proposition 2.4, we know N = 0. Taking b — 0 proves the first part of the theorem.
Next assume Conjecture 0.6 holds. The second part of the theorem follows from

Theorem 0.7. O

Remark 2.5. Taking the cohomological limit of Proposition 2.4 and settingm = —A| —
A2 — A3, one recovers the cohomological 3-fold DT/PT vertex from the cohomological
4-fold DT/PT vertex (this follows from Proposition 2.1). Using the vertex formalism,
the 4-fold cohomological DT/PT correspondence therefore implies the 3-fold cohomo-
logical DT/PT correspondence. This gives the second diagonal arrow of Fig. 1 in the
introduction.

2.3. Cohomological limit 1I. As before, let Z = {{Zy}aev(x), {ZaplapeEx)) bE an
element of either of the fixed loci

Une.p’, P87,

where we recall Assumption 0.1 from the introduction. We will work in one chart U, =
C* or Uyp = C* x C3 with standard torus action (6). In the DT case, Zq, is a point- or
curve-like solid partition, whose renormalized volume we denote by |Z|. In the stable
pairs case, Z, consists of a Cohen-Macaulay support curve Zcm o together with a box
configuration B@ (13). We denote the sum of the renormalized volume of ZcM, and

the length of B by |Z,| as well.
In this section, we set t; = ePiforalli = 1,2,3, 4, y = ebm, O = gm, and take the
double limit b — 0, m — oo. In (4), we recalled the definition of the cohomological

DT/PT invariants I£%°, PS4 studied in [8]. In [8], we defined

Vcoho, DT Vcoho, PT

Ecoho,DT
Apvp Apvp A

coho,PT
EA

’ )
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which are defined precisely as in Definition 1.16 but with the Nekrasov bracket [-]
replaced by T-equivariant Euler class e(-).

Proposition 2.6. For any o« € V(X) and aff € E(X), we have

. Ry | Zo| _ ,(__\/coho | Zo|
i (1=V2,19"%)], vy yoms gmg = €(=VE) @1,

m—00

lim (187,147 ")|

m— 00

where f (o, B) was defined in (10).

n = e(_ECz(;l;O) Qf(oz,ﬂ)7

ti=ePi y=emb Q=mq

Proof. We continue using the notation of the proof of Propositions 2.3 and 2.4. We
already showed

Wal _ Hw(wl)‘l + WA + W3A3 + Wakg + Wy m) <Q>|Wa|

[T, (viA1 + v2h2 + V3A3 + Vads + Vym)

lim [_Vza ] |ti —=ebhi dr:emb q m

b—0
(29)

where W,, was defined in the statement of Proposition 2.3. In fact, y always appears in
Vz,» €z,, With power +1, 50 Wy, v, are elements of {0, 1}.
As before, we set T := (11, 2, 13, 14, y) and we write

Wa:Zr“—Zrc,
a C

where the collections of weights {a} and {c} have no elements in common. Observe that
the rank of W,, equals the renormalized volume | Z, | (Definition 1.2). By Proposition 2.3,
the terms of (29) involving m (i.e. w;,, # 0 or v, # 0) are precisely

na(—a])\.l — Ay — AzA3 — A4Aq + m)m*Zg 143, 1 Q\Zal
Hc(—C])\.] — oAy — C3A3 — C4hg +m)

Mo_gat2 _ogahs g
_ Ha(_al n aj as-y as=t +1)

_ m m 02|
Ce M ok ks _ gk
HC( Clo 2 C3m 4o +1)

Therefore, sending m — o0, this term becomes Q'Z“|. As we saw in the proof of
Theorem 0.12, the terms of (29) which do not involving m (i.e. w,, = v,, = 0) together
are equal to e(—VCZ‘(’YhO). So in total, we have

fim (172,14 = V) Q.

b—0
m—0o0

ti=ebti y=emb, QO=mgq

Next, we turn our attention to Ezaﬂ- Let Aqp be the asymptotic plane partition corre-
sponding to Zyg. Denote the term in between brackets in (26) by

PIRCE
a C
where {a} and {c} have no elements in common. By (26), the rank of this complex is

P EDIR N CH)
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where f(«, B) is defined in (10). Consequently, the terms of
bli_r)r})[—ezaﬁ] |y, —ebh y=emb

involving m are equal to

Ha(alkl +arAo +azA3 +asiq + m)m_zu 14y, 1 Qf(a’ﬂ)
l_[c(cl)‘l + CpA2 + C3A3 + C4Ag + M)
A A A A
B Ha(alﬁl +a2;2 +agﬁ3 +a4z4 +1) f@p)

- A A A A
Hc(clﬁl +CZWZ +C3W3 +C4W4 +1)

Taking m — oo, this reduces to Q@A) As in the case of the vertex, we conclude

i (87,0147,

m—00

— o(—[Ecohoy ) f(a.p)
ti=ePi y=emb Q=mq — e( EZO{ﬁ )@ ’

O

Proof of Theorem 0.15. The first part of the theorem follows from Theorem 1.13 and
Proposition 2.6. Moreover, by Proposition 2.6 and Definition 1.16 we have

: DT __y\/coho,DT
%E)I% V)\MUP (t’ Vs ‘]) |t,~:e”)‘i,y:e”’b,Q:mq - VA.I/LV/) (Q)v

m—00

: PT __ y\/coho,PT
};lj;l(l) V)L;u)p (tv Y, Q) |t,‘=eb}‘i,y=emh,Q=mq - Vk;wp (Q)s

m—00

where A, 1, v, p are finite plane partitions and in the stable pairs case, we assume at most
two of them are non-empty. Moreover, the choices of signs for RHS are determined by
the choices of signs for LHS. We deduce that Conjecture 0.6 implies Conjecture 0.14. O
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Appendix A: Hilbert Schemes of Points

In this appendix, we consider Nekrasov’s Conjecture 0.5 in the two cohomological limits
discussed in Sect. 2.2, 2.3 (see also [26,28]).

Let X be a toric Calabi—Yau 4-fold with T-equivariant line bundle L. By Theo-
rem 0.12, we have

lim 7, 0 (L, Y)l;, —otti b = lim cn (LMY @ ™),

m=0 J{Hilb" (X) 1}

m—0

where the invariants on the RHS are defined by localization (3). Since L™ is a rank n
vector bundle, we have

(@Y @e™) =) a(@"™hym",

i=0
and similarly at any T'-fixed point. Hence'#
i 1y0(L gy = 0" [ @
m:% [Hilb" (X) Zl(rﬁ)

These invariants were studied in [7], where it is conjectured that there exist choices of
signs such that the following equation holds

o
> q" / en (L) = M(—g)/x 1D esX) (30)
[Hilb” (X)]¥ir

o(L)

where all Chern classes are T-equivariant, [ x denotes T -equivariant push-forward to a
point, and

9]

1
M(q) = —_—
@ =1 G0
n=1
denotes MacMahon’s generating function for plane partitions.
As noted before in [26, Sect. 5.2], the conjectural formula (30) is a special case of
Conjecture 0.5 as can be seen as follows.!> For any n > 1, we have

(1 5 105 5 1y ]
b0 [ ANy 2 g 1y 7 g =] li=e™ y=er®
b Mm@+ 22) (1 +23) (g +23) (bn)* + O (b))
D=0 (Aahsha) ()t + O(b)))(e H g3 — e g ) g% — e " gh)
m(Ay+A2) (A1 +A3) (A2 + A3)

Chah(h +a+ A3 (gt — g8

14 Note that on a smooth projective Calabi—Yau 4-fold, [Hilb" (X )]Xi(rﬁ) has degree 2n and the limit m — 0
would not be needed.

15 Unlike [26], which was motivated by physics, our motivation for (30) came from our analogous conjecture
on smooth projective Calabi—Yau 4-folds [7, Conj. 1.2].
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Recall the following identity

q 1
E — | = _
Xp((l —q)z) [a=

n=1

Let Lics = Ops @ 1121518 Taking m = —(di 11 + dara + d3h3 + ds)rs) and using

Theorem 0.12, we see that Nekrasov’s conjecture implies (30) for X = C*. Since LHS
and RHS of (30) are “suitably multiplicative”, (30) also follows for any toric Calabi—Yau
4-fold X (see [7, Prop. 3.20] for details).

Finally, we consider the following limit (Theorem 0.15)

tim (1,.0(Ox. ") ")

m—00

_ o / L
ti=eP*i Q=mgq [HIb" (X)13r
where the RHS is defined by localization, i.e. (4). For any n > 1, we have

(e ey e e 15 15 10" ]
220 1y g 1y 3 g "]

ti=ePi y=emb, 0=mq

0 n
im m(dy +A2) (A1 +A3) (A2 + A3) (’")
m—00 MA2A3(A + A2 + A3) (1 i (2)11)2

m

(A1+A2) (A 1+A3) (Ao+A3) . _
— { 1}»]122)\3(l)q+312+§\3)3 Q ifn=1
0

otherwise.

Therefore, Nekrasov’s Conjecture 0.5 implies that there exist choices of signs such that
the following identity holds

(A1 +A0) (A1 +23) (Ao +A3) 0

o
Z Q"/ | = ¢ ARah3ti+io+iz)
- [Hilb" (CHIY,

This formula was also originally conjectured by Nekrasov and discussed in [7, App. B].
Note that the exponent appearing on RHS equals — f(C“ c3(C*) (interpreted as a T-
equivariant integral). Therefore, Conjecture 0.5 and the vertex formalism together imply
that there exist choices of signs such that the following equation holds

o0
ZQ"/ | = o Qfyes()
0 [Hilb" (X)]vir

o(L)

Appendix B: Local Resolved Conifold

We start with the following lemma, which recovers [33, Lemma 5] after applying
dimensional reduction and cohomological limit I.

Lemma B.1. There exist unique choices of signs such that

[yt1]
VD .00 y.q) = Exp (ﬁq) .
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Proof. For every length n of the cokernel, there is only one T-fixed point, and the
character of the corresponding stable pair is

1 "
+ t
l—ll Z 1

i=1

Z, =

The corresponding vertex term is easily computed as

n n
D B
i=1 i=1
and we choose (—1)" for the corresponding sign. Then

VFIT),Q,Q,QU» y,.q) = an(—l)n[—vn]

n>0
n )
1 1 -yt
-Sotor [T
>0 i=1 +—h
E 1 1—yh
= Ex
Pl\Y =*q -5
[yl >
—exp (20g).
[11]
where in the third line we used [31, Ex. 5.1.22]. a

Let X = D x C, where D = Totp1 (O(—1) @ O(—1)) is the resolved conifold. Consider
the generating series

Zx(v,4, Q) =Y Py (0, ) ¢" 0%
n,d
Using the vertex formalism, we verified Conjecture 0.16 in the following cases.

Proposition B.2. Conjecture 0.16 holds for curve classes 8 = d[P 1 withd =1,2,3,4
up to the following orders:

ed=1,

o d = 2 modulo q6,
e d = 3 modulo q°,
o d =4 modulo q’.

Moreover, the choices of signs in these verifications are unique and compatible with the
signs in Conjecture 0.6 (and therefore also the signs of Theorem 0.8 by Remark 0.9).

Proof. For degree 1 the conjecture is equivalent to

[y]
[Lllyiqllylq~1]
The edge term for one leg with multiplicity 1 is

Zx1(y,9) =

é=t4_yv



262 Y. Cao, M. Kool, S. Monavari

therefore, by Lemma B.1, we conclude

Zx10: ) =V 0,000 9.0 Vi 6.0.60 3. Ol 1 - - (~DI-E]

[y] ynl [yt
=—="gE =
ik Xp(( RN )q>

= —mq Exp ((y% + y*%)q)

[#4]
_ [v]
[tally2qlly2ig—"]

The other cases have been checked by an implementation of the vertex formalism in
Mathematica. o

Consider the generating series of K -theoretic stable pair invariants of the resolved coni-
fold

Zp(g, Q) =Y _ x(Pu(Y,d[P']), O} ¢" Q“.
n,d

We already saw that the 4-fold PT vertex/edge reduce to the 3-fold PT vertex/edge for all
stable pairs scheme theoretically supported on D C X after setting y = 4 (Proposition
2.1 and Remark 2.2). By the same type of argument as in Proposition 2.1, one can show
that all stable pairs not scheme theoretically supported in D € X contribute zero after
setting y = t4. Therefore!'®

Zx(3.4.0)| _ =Zp(~q.0).
y=t4
Hence Conjecture 0.16 implies

—q0
(I —q/K)(1 —qxK)

This equality was recently proved by Kononov—Okounkov—Osinenko [21, Sect. 4], which
gives good evidence for Conjecture 0.16 from our perspective. Applying the preferred
limits discussed by Arbesfeld in [2, Sect. 4], this formula coincides with an expression
obtained using the refined topological vertex by Iqbal-Kozg¢az-Vafa [20, Sect. 5.1]. More
precisely, setting § = g« and 7 := gk ~! yields [20, Eqn. (67)]. The formula also
coincides with the generating series of motivic stable pair invariants of the resolved
conifold obtained by Morrison—-Mozgovoy—Nagao—Szendr6i in [25, Prop. 4.5].

Consider the two cohomological generating series for X = Totp1 (O(—=1)®O(—1)®
O) defined by (3) and (4):

Zp(—q, Q) = EXP( ) K= (mm)é.

20, q. Q) =) | P (O.m) " Q%
n,d
ZPN(P, Q) =) P PO
n,d

16 Recall the origin of the minus sign from Theorem 0.8.
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Applying cohomological limits I and II (Theorem 0.12 and 0.15), Conjecture 0.16 and
a calculation similar to the one in Appendix A imply

Z5M(m, q, Q) = Jim Zx

i i
— _ n\n
oyt = ( (1-0q" ) :
’ 1

n=

~ =exp|——2).
ti=eP*i y=eMb P=mgq ( A4 )

ZPW(P, Q) = lim Zy

m—0oQ

A wall-crossing interpretation of the first formula is discussed in [17]. Putting m = A4 in
the first expression yields the famous formula for the stable pair invariants (or topological
string partition function) of the resolved conifold. The second formula was conjectured,
and verified up to the same orders as above in [8, Conj. 2.22].
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