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Abstract: We prove that cluster observables of level-sets of the Gaussian free field on the
hypercubic lattice 74.d > 3, are analytic on the whole off-critical regime R \ {A.}. This
result concerns in particular the percolation density function 6 (k) and the (truncated)
susceptibility x (k). As an important step towards the proof, we show the exponential
decay in probability for the capacity of a finite cluster for all # # h,, which we believe to
be a result of independent interest. We also discuss the case of general transient graphs.

1. Introduction

Motivation and main results. We consider the level-set percolation for the Gaussian
free field (GFF) on a connected, locally finite, transient graph G = (V, E). Of particular
interest is the case of the hypercubic lattice Z¢ in dimensions d > 3. The Gaussian
free field ¢ = (¢x)xev is defined as the centered Gaussian process with covariance
E(gxpy) = g(x,y) for all x,y € V, where g(-, -) stands for the Green function of
the simple random walk on G. Given & € R, we are interested in the excursion set
{op = h}:={x € V : ¢, > h} seen as a random subgraph of G (with the induced
adjacency). As h varies, this defines a percolation model for which one may expect to
see a phase transition in / from a percolative regime—where {¢ > h} contains an infinite
connected component—to a non-percolative regime—where all the clusters of {¢ > h}
are finite. Consider the percolation density function defined by

6 (h) :=P[IC,o(h)| = o],

where C,(h) denotes the connected component (or cluster) of a fixed origin 0 € V in
{¢ > h}. We can then define the percolation critical point h, given by

h(G):=sup{lh e R: 6(h) > 0}.

The first and most fundamental question in percolation theory is the existence of a
non-trivial phase transition, which in our case corresponds to —oo < h, < +00. A
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soft argument due to Bricmont et al. [BLM&87] shows that the GFF percolates above
any negative level, i.e. h*(Zd) > 0 (> —oo) for all d > 3—see also [AS18] for a
proof that h,(G) > 0 for every transient graph G. The strict inequality /,(Z%) > 0
has been recently proved [DPR18a] in the case of Z? for all ¢ > 3. The opposite
inequality #, < +00 is a bit more delicate. In the special case G = Z4, d > 3, this
was proved by Rodriguez and Sznitman [RS13]—the case d = 3 had already been
obtained in [BLMS87]. It is also known that 4, < +oo for regular trees [Szn16] and
graphs of polynomial growth satisfying certain regularity properties [DPR18b, Remark
7.2 1)], but this remains open for more general transient graphs. Remarkably, this is
in contrast with the classical Bernoulli percolation, for which proving the existence of
a percolative regime is in general much harder than proving the existence of a non-
percolative regime—see [DCGR+20].

Once the existence of a phase transition is established, the next important question
concerns the uniqueness of the critical point, i.e. whether %, defined above is the only
value at which one can see a qualitative change in the large-scale behavior of the model.
This immediately raises the question of whether there are critical points at other values
of h and how to define them. There are two main approaches to this question.

From a percolation theory perspective, a natural approach consists in defining alter-
native critical parameters i and h.,, which characterize a strongly percolative and a
strongly non-percolative regime, respectively. In the last decade, this approach has been
successfully implemented in the case G = Z¢: definitions appeared in many works—see
e.g. [RS13,PR15,DRS14,Szn15]—and more recently it has been proved by Duminil-
Copin, Goswami, Rodriguez & Severo [DCGRS20] that indeed & = hy = hyy. This
equality is often referred to as “sharpness” of phase transition and is also expected
to hold for other transient graphs, but this remains open. The corresponding result for
Bernoulli percolation on Z¢ was obtained in the highly influential works of Aizenman
& Barsky [AB87] and Menshikov [Men86] (on the subcritical phase) and Grimmett &
Marstrand [GM90] (on the supercritical phase).

From the point of view of statistical physics, a classical approach consists in con-
sidering a function (such as 6) describing the macroscopic behavior of the model, and
define the critical points to be the singularities of that function. Uniqueness of the crit-
ical point then corresponds to the analyticity of this function on R \ {4}, which is
precisely the main result of the present article. Let us mention that the corresponding
result for Bernoulli percolation on Z¢ has been proved on the subcritical phase by Kesten
[Kes81] and on the supercritical phase by Georgakopoulos and Panagiotis [GP]. Hermon
and Hutchcroft [HH21] also proved a corresponding result for Bernoulli percolation on
non-amenable transitive graphs.

In order to state our main result, we need to introduce some notation. Let X denote
the family of all finite subsets of V. We say that a cluster observable F : X — C has

subexponential growth if |F(S)| < e0€ap(S) ¢ cap(S) — oo. Here cap(S) denotes
the (harmonic) capacity of S, the (vertex) closure of S—see Sect. 2 for definitions.
Finally, for a cluster observable F' : X — C and a subset X € X, consider the function

F¥ R = C defined by

FX(h) :=EIF (Cx (1) ¢y () <00

where Cx (h) denotes the union of all clusters in {¢ > h} intersecting X.
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Theorem 1.1. Let G = 7Z¢, d > 3. Then for every observable F : X — C of subex-

ponential growth and every X € X, the function Fr is well-defined and analytic on
R\ {hy}.

Notice that the analyticity of the percolation density 6 on R \ {A,} follows from

Theorem 1.1 by taking F = 1, for which f{o} = 1 — 6. Besides 6, other functions of
interest are the (truncated) susceptibility

x (h) :=E[Co (W) 1c, )| <00l

the (finite) open clusters per vertex
() =E[ICo ()|~ Lic, iy <oo]:
the truncated k point function
‘L')];(h) :=P[Cx (h) connected, |Cx(h)| < o0]
and the (non-truncated) k point function
tx (h) :=P[Cx (h) connected],
where X € X with | X| = k. The following is a corollary of Theorem 1.1.

Corollary 1.2. Let G = Z%, d > 3. Then all the functions 6 (h), x (h), k (h), r){(h) and
tx(h), X € X, are analytic on R\ {h,}.

The only function for which Corollary 1.2 does not follow readily from Theorem 1.1
is the (non-truncated) k point function tx (k). In order to deduce its analyticity, simply
notice that by the uniqueness of the infinite cluster (see e.g. [RS13, Remark 1.6]) and
the inclusion—exclusion principle, we can write

x(h) = o () + 1 = P[ _J{ICc ()] < o0}]
xeX
=tfm+1— > (~DIMPCy(h)| < o).
N£YCX

We remark that the analyticity of tx (k) may break down on the supercritical phase if
uniqueness of infinite cluster does not hold. Indeed, for Bernoulli percolation there are
examples [HH21] of transitive non-amenable graphs for which 7 has a discontinuity at
the uniqueness critical point p,, which in this case satisfies p. < p, < 1.

. —X . . . .
Our proof of analyticity of F~ makes crucial use of the following convenient series
decomposition. For every integer N > 0 and /& € R, consider the event

An () :={[Cx (h)] < 00} N{N < cap(Cx(h)) < N +1}.

We can then write

F(n) =Y EIFCx(h)1 4] (L.1)
N=0
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With the series (1.1) in hands, it is enough to show that each term Ff, (h) =
E[F(Cx(h))1 A% (h)] can be analytically extended to a domain of C containing R \ {/,}

on which the series converges locally uniformly. A crucial step to establish such a con-
vergence is proving that IP’[AI}\(,(h)] decays exponentially in N and locally uniformly
in h # h,. This is the content of the following theorem, which we believe to be of
independent interest.

Theorem 1.3. Let G = 74, d > 3. Then for every ¢ > 0 and X € X, there exists
c=c(X,e,d) > 0 such that IP’[AZ)\(,(h)] < e_”Nfor every N > 0 and every h € R with
|h — hy| > €.

It is easy to prove that there exists ¢’ = ¢’(d) > 0 such that cap(K) > ¢'|K |% for
every subset K C Z¢. The following corollary thus follows readily from Theorem 1.3.

Corollary 1.4. Let G = 74, d > 3. Then for every ¢ > 0 and X € X, there exists

c=c(X,e,d) > 0such that P[N < |Cx(h)| < o0] < exp{—cNdd;z}for every N > 0
and every h € R with |h — hy| > ¢.

The order of exponential decay in the upper bounds provided by Theorem 1.3 and
Corollary 1.4 are believed to be the correct ones. Optimizing on the constant ¢ governing
the rate of exponential decay is more challenging and beyond the scope of this article,
but we believe that our techniques might shed some light on this problem as well.

In recent years, large deviation problems for GFF percolation events have attracted
considerable attention—see e.g. [Szn15,NS20,Nit18,Szn19b,GRS21]. A common fea-
ture in these problems is a deep connection with potential theory and in particular the
notion of capacity. Typically, the exponential rate of decay is given by the solution of
a constrained optimization problem involving the Dirichlet energy and, in some cases,
the percolation density 6 as well—see e.g. [Szn19a,Szn20,Szn21] for results in that
direction for the closely related model of random interlacements. It is therefore relevant
to understand the regularity of 6 in order to study these optimization problems. Moti-
vated by this, it has been recently proved [Szn19c] that for the vacant set of random
interlacements, 6 is C! on an interval of the parameter space, which is conjectured to
coincide with the supercritical phase. We expect that the techniques developed in the
present article may be helpful to study similar questions for the random interlacements
and other strongly correlated models as well. The proof of Theorem 1.3 is based on a
coarse graining argument which is very much in the spirit of the works cited above.
However, we would like to highlight a key new aspect of our work: we use a coarse
graining procedure that involves, at the same time, multiple scales instead of only one.
We describe this multi-scale coarse graining scheme in more details in the end of this
section.

We now discuss the case of general transient graphs. First, we observe that the (uni-
form) exponential decay for IP’[A])\(, (h)] always implies the analyticity of T see Propo-
sition 2.2. By a simple shift-argument, one can show that such exponential decay holds
for all negative values of / on any transient graph—see Proposition 2.3. This implies the
following theorem. Recall that /,.(G) > 0 is known to hold [BLM87] for every transient
graph G.

Theorem 1.5. For every transient graph G, every observable F : X — C of subex-

ponential growth and every X € X, the function Fr s well-defined and analytic on
(—00, 0).
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Under weaker assumptions on the decay of ]P’[A (h)], wecan prove that 7 is smooth
for observables F' : X — C of (at most) polynomlal growth, i.e. satisfying |F(S)| <
C |cap(S)|C for all S € X and some constant C € (0, co0). We say that a sequence
(cn)n=0 of positive real numbers decays super-polynomially fast if limy_, l‘;fé—c]’\‘,’) =

—00. We define

for everyX € Xthere exists(cy)n>0
no= sup { h € (—o0, hy) decaymg super-polynomially fast such
thatIE”[AN(h, ] < cyforeveryh’ < h

We also define an analogous parameter in the subcritical phase

A for everyX € X'there exists(cy)n>0
h:=inf { h € (hy, +00)|decaying super-polynomially fast such
thatIP’[A]}f,(h/)] < cyforeveryh' > h

Theorem 1.6. For every transient graph G, every observable F : X — C of (at most)
polynomial growth and every X € X, Fis well-defined and C* on R \ [h, h).

The parameters h and h defined above can be seen, respectively, as an alternative
definition of the classical parameters 4 and &, mentioned above—see [DCGRS20] for
the precise definitions. Indeed, for the case G = Z¢, one can prove that finite clusters have
stretched exponential tails for 7 > h** and h < h, therefore h < n <hy < h < Nyy,
which in turn implies h = hy, = h as the equallty h = h** is known in this case
[DCGRS20]. It is natural to expect that the equality i = h, = hholdsin great generality,
but sharpness of phase transition remains open beyond Z<. It is also natural to expect
that, independently of sharpness, one might be able to bootstrap the decay of ]P’[AX ()]
from super- polynonnal to exponential via a coarse graining argument, thus proving that
0 is analytic on R \ [h h]. This is essentially what we do in the proof of Theorem 1.3
for the case G = 74 we start from a sub-optimal decay provided by the assumption
h € R\ [k, hy] (= R\ {h,} by [DCGRS20]) and enhance it to the desired exponential
decay through a coarse graining argument—see the discussion below for more details.
On general graphs though, developing a coarse graining argument is more challenging
due to a poorer understanding of their geometry.

About the proof. As mentioned above, our proof makes crucial use of the series
(1.1). We first use a shift-argument based on the Cameron—Martin formula to naturally

construct an analytic extension of the function fl)f, =E[F(Cx(h))1 A% (h)] to the whole

complex plane C forevery N > 0. This construction provides a simple way to effectively
estimate the growth of this entire function along the imaginary direction. More precisely,
we prove in Proposition 2.1 that 71)\(, (h +ir) < exp{ %tz(N + 1)}m§ (h) for every
N > 0 and h, t € R. Due to this result, it is not difficult to deduce the locally uniform
convergence (and therefore analyticity) of the series (1.1) from the (uniform) exponential
upper bound for }P[A% (h)] on the real line—see Proposition 2.2. This exponential bound
is then provided in the case G = Z¢ by Theorem 1.3, which is the most technical part
of this article.

Before discussing the ideas involved in the proof of Theorem 1.3, we would like
to highlight some key differences between GFF level-sets and Bernoulli percolation.
Kesten’s proof [Kes81] of analyticity for Bernoulli percolation on the subcritical phase



192 C. Panagiotis, F. Severo

is based on a series expansion similar to (1.1), but in terms of the cluster size N = |Cx]|.
Since in the subcritical phase the cluster size decays exponentially in probability [AB87,
Men86] and the expansion in the imaginary direction also grows (at most) exponentially
in N, one can prove that the series converges locally uniformly near the real line and is
therefore analytic. This strategy does not work in the supercritical phase though: while the
expansion in the imaginary direction is still exponential in N, the decay of the cluster
probabilities is exponential in its boundary size [KZ90], which is typically of order

N @ = o(N). Motivated by this issue, Georgakopoulos & Panagiotis [GP] considered
a series decomposition in terms of the size of (multi- )interfaces instead, in which case
both the expansion in the imaginary direction and the decay on the real line are of the
same exponential order. For the GFF level-sets though, none of these decompositions can
work as the decay on the real line is subexponential in both the volume and boundary
sizes. Nevertheless, we observe that both the imaginary expansion and the decay of
cluster probability (in both subcritical and supercritical phases!) are exponential in the
capacity of the cluster, thus allowing us to make effective use of the series expansion
(1.1). This fact is due to an entropic repulsion phenomenon that emerges from the strong
(non-integrable) correlations of the GFF, which in turn are deeply related to the potential
theory attached to the random walk.

We will now outline the main ideas present in the proof of Theorem 1.3. As mentioned
above, a quite substantial multi-scale coarse graining argument takes place in the proof.
We start by discussing the more natural single-scale coarse graining approach with the
hope of making the need for a multi-scale argument more apparent. This single-scale
approach would consist in choosing an appropriate scale L and observe that on the event
A% (h) one can find a family F of L-boxes on which an unlikely event (so called bad
event) happens. Then one can hope to prove that, for every given F, the probability that
all of these boxes are bad is at most ¢V, while keeping the combinatorial complexity
(i.e. the number of possible families F) of order ¢’™). In order to prove the desired
exponential upper bound, one can use the harmonic decomposition of GFF on each
box of F into the sum of a local and a global field and then consider two cases: either
most boxes of F are globally bad—which corresponds to the global (harmonic) field
deviating from O—or many boxes are locally bad—which corresponds to the occurrence
of an unlikely percolation event for the local field. By applying a large deviation result of
Sznitman [Szn15], one can prove that the probability of the first case decays exponentially

in the capacity, i.e. it is smaller than eV, as desired. In the second case though, one

can use independence to show that its probability is smaller than plLfl, where py is the

probability of a single L-box being locally bad. On the one hand, since the available a
priori bound on py is only stretched exponential in L and the geometry of F is completely
arbitrary, one quickly notices that in order for the desired inequality plL}—I < e N tohold
uniformly in F, it is necessary to choose L not too large. On the other hand, because
of the arbitrary geometry of F again, it is necessary to take L sufficiently large in order
to have a combinatorial complexity of order ¢°¥). As a consequence, choosing such a
scale L becomes impossible, suggesting the need of a multi-scale approach.

Our multi-scale coarse graining construction goes roughly as follows. For each con-
figuration ¢ € An(h) we construct a set of bad (and very-bad) boxes F consisting
of multiple scales. We do so inductively in the scales, starting by a sufficiently large
scale L such that the combinatorial complexity is of order ¢’V). We then look at all
the boxes where something unlikely happens—these boxes are called bad—and we add
to F all those boxes where something “very unlikely” happens—these boxes are called
very-bad. Here “very unlikely” corresponds to an event depending on a box B € F for
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which an improved a priori upper bound of type g; < e~¢®(8) holds. If these boxes
have capacity of order N, we are done. Otherwise, we can go down to a smaller scale
L’ < L and inspect the bad L’-boxes contained in the remaining L-boxes (i.e. bad but
not very-bad) and add to F those L’-boxes which are very-bad. By continuing this pro-
cess, we eventually obtain either a family of very-bad boxes with capacity of order N
or a very large number of bad boxes of the smallest scale Ly. We can then prove that the
probability of both cases is smaller than e ~“V. Since each time we go down one scale
we look only inside certain boxes of the previous scale, it turns out that we can do so by
keeping the combinatorial complexity of order ¢?V), as desired. For this construction to
work though, one has to define the notions of bad and very-bad boxes in a very careful
way so that a certain propagation property holds—see item (iii) of Definition 3.2.

Organization of the paper. In Sect. 2 we review the potential theory attached
to the simple random walk and describe the shift-argument used to extend each term
of the series (1.1) to an entire function. We then prove Theorems 1.5 and 1.6 and also
deduce Theorem 1.1 from Theorem 1.3, to which the remaining sections are dedicated. In
Sect. 3, we describe the large deviation argument used to prove Theorem 1.3. In Sect. 4 we
prove the (deterministic) multi-scale coarse graining theorem stated in Sect. 3. Finally,
in Sects. 5 and 6 we prove the decay in probability for the notions of bad and very-bad
boxes introduced in Sect. 3.

2. Potential Theory and Analytic Extension

We start by introducing some notation. For any pair x,y € V we write x ~ y if
{x,y} € E. Given § € X, we may consider its (inner) boundary 0S:={x € S : Iy €
V\S, x ~ y}, its outer boundary 9°*’S:={x € V\S: Iy € §, x ~ y} and its closure
S:=85Uas.

We now recall some potential theory attached to simple random walk (SRW) on the
graph G = (V, E), which is assumed to be locally finite, connected and transient for
the SRW. We denote by P, the canonical law of the discrete-time SRW on G starting
at x € V and write (X,),>0 for the corresponding process. We let g(-, -) stand for the
Green function of the walk,

o0

1
g(st):z_ Px[an)’], forxsyev’ (21)
a0y &

where d(y) denotes the degree of y. It is well known that the Green function is finite (as
G is transient), symmetric and positive-definite. Therefore, we can effectively define the
GFF ¢ = (¢x)xev as the centered Gaussian field with covariance matrix g. In the case
of Z4,d > 3, it is well known that g(x, y) < [lx — y||357.

Given a finite and non-empty K C V, we write

e¢]

1
gx(x,y)i=—= ) PXy=y,n<Tg], forx,yeV. (2.2)
d(y) =
for the Green function of simple random walk killed on the boundary of K, where
Tx := inf{n > 0 : X, € V\K}. For x € V, consider the equilibrium measure

ex (x) :=d(x)Px[I-IK = 0]l ek, Where Hg := min{n > 1: X, € K}. The capacity
of K is defined as its total mass,

cap(K):= Y ek (x). (2.3)

xekK
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The capacity is an increasing and sub-additive function, i.e. cap(A) < cap(A U B) <
cap(A) + cap(B) forevery A, B C V. The following variational characterization of the
capacity is useful for obtaining lower bounds:

cap(K) = (inf Ew) ™, (2.4)

where E (v) := ZX’ y v(x)v(y)g(x, y) and the infimum ranges over all probability mea-
sures v supported on K. As a direct consequence, one has the following inequality

|K| |K|
< cap(K) < - . 2.5)
SUpyek 2yek 8(*,¥) infrex Y ok 8(x, )
In the special case of the box By, = [0, L)d on Z%, one can conclude that
cap(Br) =< L2 forall L > 1. (2.6)

The optimizing measure in (2.4) is precisely the normalized equilibrium measure
ek (x) :=ek (x)/cap(K). Further, for every K C K' CC Z% one has the sweeping
identity

cap(K) = Y ex/(x)Pi[Hg < o0], 2.7)

xeK’

where Hg := min{n > 0: X, € K}. Consider the Dirichlet inner product defined as

E(f,9)=— ) Af()gx) 2.8)

xeV

for every pair of functions f, g : V — R for which the sum converges (for instance, if
either Af or g has finite support), where A f (x) := Z},Nx (f(y)— f(x)) is the Laplacian
of f. One also has the following variational characterization of capacity in terms of the
Dirichlet energy

cap(K) = it}f EL ), (2.9)

where the infimum ranges over all functions f such that £(f, f) is well defined and
f(x) > 1 for every x € K. The optimizing function in (2.9) is called the harmonic
potential of K and is given by

Jx (%)= Py[Hg < 0.

In fact, fx takes value 1 on K and is harmonic on V\K, i.e. Afg(x) = O for all
x € V\K.

Given a function f : V — C for which the Laplacian A f(x) has finite support, we
introduce the complex measure

Pr(dg) = exp {—=3E(f, £) — E(f. )} P(dg). (2.10)

Notice that when f takes real values, the Cameron—Martin formula implies that P risa
probability measure and furthermore, the law of ¢ under Py coincides with the law of

(¢x — f(x)) under P. This observation will allow us to extend the probability of local
events to the complex plane.



Analyticity of Gaussian Free Field Percolation Observables 195

Proposition 2.1. Let F be a cluster observable such that for every N > 1 thereis M > 0
Jorwhich |F(S)| < M forevery S € X with cap(S) < N. Forevery X € X and N > 0,

the function f;{, (h) = E[F(Cx(h))1 A% (h)] extends to an entire function such that for
every h,t € R,

FXh+in] < eXp{%tZ(N+ 1)}W§(h), 2.11)

where mﬁ (h) = E[|F(Cx (h))|]lA§(h)]'

Proof. Let S € X. We start by extending & +— P[Cx (h) = S] to the complex plane. For
every z € C, we define

63 (2):=Ps[Cx (0) = § = Elexp [~ 422E(f5. f5) - z6<f§, 0} 1e0=s]

—E&(f<, 1 —
z cap(S)}Z (fs <P)) Cx(0) S]Zk.

= exp{—

2.12)

First notice that since the event {Cx(0) = S} only depends on ¢ restricted to S and
hfs = hon S, it follows from the Cameron—Martin formula that ¢ g‘ (h) is indeed equal
to P[Cx(h) = S] for h € R. In order to prove that 9? (z) is analytic on C it suffices to
show that the series in (2.12) converges locally uniformly. Indeed, this follows directly
from the fact that for all n > 0,

E(f-, E(fs,
ZM Z| Us: ‘/’)| 2l = exp {12E (5. o)1}

k=0

and E[exp {|z€(f§, <p)|}] is finite for every z € C as £(f5, ¢) is a Gaussian random
variable.

We will now obtain a bound for Og( (h +1it) in terms of 93( (h) for h,t € R. By the
Cameron—Martin formula, we have

03 (h+i1) = Bigg[Cx(h) = 1 = Elexp | dreap($) — i1€(fs, 0)} Leyan=s].

Since |exp {—itE(f5. ¢)}| = 1 a.s., we obtain

6% (h+i1)| < exp{3t2cap($)}P[Cx (h) = S]. (2.13)
Finally, for every z € C, we define
—X
Fy@:= Y F($)0 ). (2.14)
SeAy

Here Ay denotes the family of all sets § € X’ such that N < cap(§) < N+1.By (2.13)
and our assumption on F,

Z |F($)0¢ ()| < exp{3Im(z)|*N} sup |F(S)| < oc.
SeAy SeAy
We can then apply the Weierstrass M-test to conclude that the series in (2.14) converges

locally uniformly and therefore f,)\(, isindeed analytic on C. The inequality (2.11) follows
readily from (2.13). |
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With Proposition 2.1 in hands, we can now easily obtain a sufficient condition for
the analyticity of 7.
Proposition 2.2. Let X € X. Ifthere exists a constantt > 0 such that ]P’[A% (W] <e N

forevery N > Qandh € (a, b), then FXis analytic on (a, b) for every cluster observable
F of subexponential growth.

Proof. By Proposition 2.1 and our assumption on the decay of P[A% (h)], we obtain that
|f§(z)| < exp{—%t(N — 1)} SUPSGAN|F(S)| for every z € (a, b) x (—~/1, /7). By the

subexponential growth of F it follows that the series F (2) => Vo f,)\(, (z) converges
uniformly on (a, b) x (=+/1, /1), hence it is analytic on that set. O

Notice that Theorem 1.1 follows directly from Proposition 2.2 and Theorem 1.3,
whose proof is presented in the following sections. Theorem 1.5 follows from Proposi-
tion 2.2 and the following simple result. Recall that {¢ > &} is known to percolate for
every h < 0 on any transient graph [BLMS87].

Proposition 2.3. For every transient graph G, X € X, h < 0 and N > 0, we have
P[AN ()] < exp{—3h*N}.
Proof. Leth < 0and S € Ay. Recall that by the Cameron—Martin formula,
P[Cx (h) = S] = Py [Cx (0) = S]
= exp [~ 112E(fs. 1) | Blexp {(~hE(f5. )} 1eyor=s)
Notice that on the event {Cx(0) = S}, we have ¢, < 0 for every x € 3°'S D 3S.

Moreover, Afs(x) = 0 forevery x € V' \ 39S and A fs(x) < 0 for every x € aS. It
follows that exp{—h&(f5, ¢)} < 1 ontheevent {Cx (0) = S}. Furthermore, £(f3, f3) =

cap(E) > N. Overall we obtain
P[Cx(h) = S] < exp {—%th} P[Cx(0) = S]

and the desired inequality follows by summing over S. O
We finish this section by proving Theorem 1.6.

Proof of Theorem 1.6. Letus write D (h, R) for the closed disk in the complex plane that
is centred at /2 and has radius R. Consider some & € R\ [k, h] andlet R = (N + 1)_1/2.

By Proposition 2.1 and the Cauchy estimate, we can bound the kth derivative of Fﬁ as
follows
k'Mpg

—X
D FN ] = ==,

where Mg = Sup.cp gy Ifi (z)]. The inequality (2.11) implies that

Mg <e'? sup |[F(S)|  sup  P[AX ()]
SeAy h'€[lh—R,h+R]
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Thus, by the (at most) polynomial growth of F and the superpolynomial decay of
P[A (h")], it follows that |8k7§, (h)| decays to 0 super-polynomially fast and uniformly
on compact subsets of R \ [ﬁ, ﬁ]. We can now conclude that the sum Z?vo:omkfi (h)]
converges uniformly on compact subsets of R \ [, h], hence the kth derivative of Fr (h)
exists and is equal to Yy _, KF N (h). O

3. Exponential Decay of Capacity on Z¢

In this section, we will introduce some definitions and state the technical results needed
for the proof of Theorem 1.3. Since the capacity is sub-additive, there is always some

(random) u € X such that cap(C, (h)) > w. By the transitivity of 74 and a union

bound, we can assume without loss of generality that X = {0} and henceforth omit X
from the notation.

3.1. Markov decomposition and harmonic deviations. We start by introducing some
notation. Given an integer L > 1, let By = [0, L)d, U, = [-L, 2L)d, D; =
[-3L,4L)? and K, = [—100L, 101L)¢. We will write B (z) = z + BL, UL(z) =
z+Ur, Dy (z2) = z+ Dy and K1 (z) = z+ K, for their translates with respect to a vertex
z € L7 We will view LZ¢ both as a graph that is naturally isomorphic to Z? and as
the collection of all the boxes By (z). Given abox B = By (z), we consider the Gaussian
fields

£8 =Efox, | =) PdXry =ylgy, vli=g,—&E forxez!, (3.1)
y

where K = K (z). One then has the decomposition
O = l/ff +$f, vx € Z4.

It is clear that Sf = ¢ (and therefore I/J)f = 0) for every x € 74 \ K. The Markov
property implies that ¥ is independent of o (¢, x € Z4\K), hence it is independent
from £5. Moreover, £? is harmonic in K and the covariance matrix of ¥ is equal to
the Green function gg for simple random walk killed on the boundary of K. The fields
£8 and y 8 are often called harmonic and local fields, respectively. The aforementioned
decomposition of ¢ is of great importance for large deviation results as it will allow
us to distinguish local contributions (driven by 1) from global ones (driven by £). In
this subsection we focus on estimating the global contributions, which correspond to
deviations of & and are governed by the capacity.
Lete > 0and L > 1. We say that the box B = By (z) € LZ% is (&, ¢)-good if

|.§f| < ¢ foreveryx € D,

where D = Dy (z). If B isnot (&, ¢)-good, we will call it (€, ¢)-bad. Sznitman [Szn15]
obtained a precise estimate for the probability that many boxes of the same scale are
(&, )-bad. For our purposes, a multi-scale version of Sznitman’s result is necessary.
To formally state this new version, we will need the following definition. Consider
a family F containing at least one box from each of L{Z%, L,Z%, ..., L,Z%, where
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1 <Lj <Ly <... < L, are integers. We say that F is well-separated if for every
pair of distinct boxes By, (z), By, (w) € F, the boxes K, (z) and Ky, (w) are disjoint,
where 1 < i < j < r. We remark that for a well-separated family F, the local fields
V8, B € F, are independent from each other, which will be useful in the following
sections in estimating the probability of certain events. Finally, we define

T=%F):= B
BeF

The following is a slight modification of Sznitman’s result.

Lemma 3.1. There is a constant cy > 0 such that the following holds. For every ¢ > 0
there is a constant § > 0 such that for every well-separated collection F with |F| <
dcap(X), we have

P(Bis(£, ¢) — bad VB € F) < exp (—coszcap(E)) .
Proof. 1t suffices to prove that for some constant ¢’ > 0, we have

P[ ﬂ {sup£® > &}] < exp (—c’ezcap(E)) . (3.2)
BeF D

Indeed, notice that & B are centered and either £ (F~) or (F*) has capacity at least
cap(X)/2 by the sub-additivity of the capacity, where 7~ :={B € F : infp&f <
—e}and D(FH):={B € F : supp&8 > &}. Moreover, there are 2171 < pbeap(x)
possibilities for F*, so it is enough to take § > 0 sufficiently small.

The proof of (3.2) is essentially the same as in [Szn15, Corollary 4.4]. We will point
out the necessary changes. The results mentioned throughout this proof are from [Szn15].

We attach to  the collection F of functions f from F into Z¢ such that f(B) € D.
Let v be the equilibrium measure of ¥ and A(B) = v(B)/cap(X). Define

Zp = MBEP(f(B))
BeF

and

Z =sup Zy.
feF

We need to show that there exists a constant C = C(d) > 0 such that

var(Z ) < () (3.3)
forevery f € F and
IFl \1/2
E[Z]<C (cap(E)) . (3.4)

The first inequality can be obtained by arguing as in the proof of [Sznl5, Theorem
4.2]. Due to the fact that boxes in F have in general different scales, we need to slightly
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modify the argument from [Szn15, Theorem 4.2] in order to obtain the second inequality.
Indeed, following the proof of [Sznl5, Lemma 4.3] we get

E[(Z; — Zi)?]

B) — k(B 00 B") — k(B’ o0 / ’

B,B'eF
3.5)

for every f, k € F, where C’ is a constant, L denotes the scale of B and L’ denotes the
scale of B’. It follows from (3.5), (3.3) and the fact that || f (B) — k(B)||oo < 7 L that

4

E[(Zs — Z)*] < 49C'E(Z7) < 0’

where C” = 49CC’. Setting Z; = \/cap(%)Z ; we obtain
El(Zp - Zu"1' 2 < V.

Now given x € (0, /", for every L > 1 we pick the largest integer / such that
I < 7xL/+/C" and for each box B € F of scale L, we partition D into disjoint boxes,
each having || - || o-diameter at most /. If f, k € F are such that for every B € F, f(B)
and k(B) lie in the same box of D, then it follows from (3.5) that E[(Z  — Zk)z]l/2 <Xx.
Arguing as in page 1820 of [Sznl5] we obtain (3.4). We can now use the Borell-TIS
inequality as in the proof of [Szn15, Corollary 4.4] to obtain

1
P[] {sup&”® = e}l < exp {—m@ - |E(Z>|>+}

ger D

with o2 = supg var(Z ). With (3.3) and (3.4) in hands, the desired result follows once
we choose § > 0 so that C+/3 < g/2 and § is much smaller than ¢’. O

Notice that by applying Lemma 3.1 to a single box B € LZ? and recalling (2.6), we
have

P(Bis(, &) — bad) < exp (—cszLd_2> . (3.6)

3.2. Bad Boxes and Multi-scale Coarse Graining. Our aim now is to set up the abstract
multi-scale coarse graining scheme used to prove Theorem 1.3. This is encapsulated
in Theorem 3.3 below, which is purely deterministic and whose proof is postponed to
Sect. 4. In the next subsections, we deduce the desired exponential decay of capacity in
the subcritical and supercritical phases separately by applying Theorem 3.3 with well
chosen notions of “bad” and “very-bad” events.

Let us start by giving some definitions and introducing some notations. For every
integer L > 1 and h € R, let C,(k, L) be the set of boxes of L7 that contain a vertex
of C,(h). We recall that the inner vertex boundary aC,(h, L) of C,(h, L) is defined as
the set of boxes in C,(h, L) that have a neighbour in LZ? \ C,(h, L).

We will introduce a general framework that will allow us to study both the supercritical
and the subcritical regime. To this end, we consider a family of “bad events” indexed by
boxes B = By (z) € L7, satisfying certain properties. In what follows, the diameter is
measured with respect to the graph metric of Z¢.
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Deﬁnition 3.2 (Admissible bad events). Given L > 1, we say that a family of events
&y with B = By (z) € LZ%, i e {b,vb}, is h-admissible if it satisfies the following
properties:

1) Eg and é'gb are disjoint for every B,
(i) if L < diam(C,(h)) < oo, then Ep := £4 U £Y? happens for every B € 3C,(h, L),
(i) item:prop if a pair B, B’ of neighbouring boxes lies in C,(hk, L) and Sg happens,
then £g/ happens.

For our purposes, both £ g and 5}’;’ will be chosen to be unlikely events, with Sl‘;b in
particular being extremely unlikely, in the sense that its probability decays exponentially
in cap(B). Item (ii) can be thought of as an initiation property that ensures that the union
of the boxes B € C,(h, L) for which £p happens, has capacity at least cap(C, (h)). Item
(iii) can be thought of as a propagation property. 1deally, we would like the event Sgb
to happen for most boxes in dC, (1, L). If this is not the case, then we have many boxes
B € dC,(h, L) for which £ g happens. In this case, item (iii) ensures that for many boxes
in C,(h, L) that are adjacent to dC, (h, L), the event £g happens. Continuing in this way
we explore more and more boxes for which £€p happens.

With such events in hand, we will associate to C,(h) an interface Z such that for
each box B of Z, £p happens. An interface 7 is a finite collection of disjoint boxes of
L1Z4, Ly7¢, ... LiZ% for aninteger k > O and 1 < L| < Ly < ... < L. For most
of the Z we will consider, o will be contained in a bounded component of Z4 \ T (thus
the term “interface”), but it will be more convenient for us not to add this condition in
the definition. When Ep happens for each box B of Z, we will say that Z occurs. There
are two subsets of 7 that play an important role. The first one, denoted B, is the set of
boxes B € T such that é'g happens. The second one, denoted VB, is the set of all boxes
B € T such that Egb happens.

In the following theorem, we construct a family of interfaces Z of small cardinality
such that whenever A y (h) happens, some interface Z € Zy occurs for which either VB
has large capacity or 3 has large cardinality. To avoid any confusion, we remark that the
notation B C L;Z¢ means that all boxes in B are of scale L.

Theorem 3.3 (Multi-scale coarse graining). Let ELie {b,vb}, B € L74, L >1,bea
Sfamily of events which are h-admissible for each L > 1. Forevery p > Qand § > 0, there
exist constants 0 <t =t(d, p,8) < 1, Lo = Lo(d, p,5) > 0, No = No(d, p,5) > 0
such that for every N > Ny, there is a family Ty of interfaces such that the following
hold:

(@) |Zy| < &V,

(b) foreveryZ € Iy, we have Lo < Ly and |Z| < §tN,

(c) on the event Ay (h), some I € Ty occurs with Ly < diam(C,(h)) and B C L\Z¢,
and one of the following holds:

(c1) cap(Upeyp B) = N/4d,
(c2) |BIL] > tN.

We stress that the constants ¢, Ly and Ny in the above theorem depend only on d, p
and § and not on the choice of Eg and Sgh . We also remark that for our applications,
Ep will be chosen in such a way that its probability decays stretched exponentially with
exponent the constant p appearing in the statement of the theorem.
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3.2.1. Exponential decay in the supercritical regime We will split the proof of Theorem
1.3 into two parts, depending on whether & belongs to the supercritical or the subcritical
regime. We will first handle the supercritical regime. Our aim is to choose £ g and Egb
appropriately and then apply Theorem 3.3.

To this end, consider an integer L > 1 and a box B € L74. We define Ly =
1

[L/M] =~ LT log(L), where M = LL%/log(L)J. A connected subgraph of B is

called dense if it intersects at least %K ~ %Md boxes of LoZ? contained in B, where

K is the number of boxes of LoZ? contained in B, and has diameter at least L/5—the
latter follows immediately for any connected subgraph that intersects at least %K boxes
contained in B, provided that L is large enough, but we will not need this fact. Note that
if M divides L, then B contains M“ boxes of LoZd but it contains fewer boxes if M
does not divide L.

Fix i’ < hy and g9 := (hy — h')/2. Forany h < I, let Sg be the intersection of the
events

(bl) for every B’ which is either B or a neighbour of B, {¢ > h} N B’ contains a dense
cluster,

(b2) {¢ > h} N B contains a dense cluster that is not contained in C, (h),

(b3) Bis (&, gp)-good,

and 5};1’ be the union of the events

(vbl) for some B’ which is either B or a neighbour of B, {¢ > h}N B’ does not contain
a dense cluster,

(vb2) alldense clusters of {¢p > h}N B are contained in C, (1), but for some neighbouring
box B’ of B, {¢ > h}N B’ contains a dense cluster that is not contained in C, (h),

(vb3) B is (&, gg)-bad.

We shall verify that the family of events 51"9 is h-admissible. It is straightforward
to verify that Eg and €§h are disjoint for every B, so that (i) holds. Let us verify (ii).
Considerabox B € 9C,(h, L).If Sgb happens, then there is nothing to show. If Sgb does
not happen, then the non occurrence of (vb1) and (vb3) directly implies the occurrence of
(b1) and (b3), respectively. It remains to check that (b2) holds. Let B’ € LZd\CO (h, L)
be a neighbour of B. Since (b1) happens, {¢ > h}N B’ contains a dense cluster, which in
turn is not contained in C, (k) as B’ is disjoint from it. From this and our assumption that
(vb2) does not happen, we can conclude that (b2) happens, as we wanted. Finally, let us
verify (iii). Consider two neighboring boxes B, B” € C,(h, L) such that Sg happens.
If 5;’/’, happens, then there is nothing to show. Otherwise, (b1) and (b3) clearly happen
for B” in place of B. It is not hard to see that property (b2) happens for B”, since (b2)
happens for B and (vb2) does not happen for B”.

The events appearing in (b2), (vbl) and (vb2) are unlikely to happen. However, it
will be convenient for us to work with events that, in addition to being unlikely, are
independent on different boxes that are far away from each other. For this reason, we
will now introduce certain local bad and very-bad events. In what follows, given a box
B = By (z), U stands for U (z) and D stands for Dy (z).

We say that B is (1, h, £)-good if for every function g : D — R which is harmonic
in D and |g(x)| < ¢ for all x € D, the following happen:

° {wB + g > h} N U contains a cluster of diameter at least L/5,
e for every pair Cy, C; of clusters of {WB +g > h}NU of diameter at least L /5, there
is a path in {® + g > h} N D connecting C; to C,.
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If B is not (Y, h, £)-good, we will call it (i, h, €)-bad. It is not hard to see that if Sg
happens for some B € C,(h, L) and L < diam(C,(h)), then B is (¥, h, &g)-bad (with
the choice g = &%), since C,(h) N U contains a cluster of diameter at least L/5. The
following result will be proved in Sect. 5.

Proposition 3.4 (Decay of badness). For every h' < hy and 0 < ¢ < hy — I, there
exist constants ¢; = c1(h', &) > 0 and p = p(d) > 0 such that for every h < h' and
L=>1,

P[BLis(Y, h, e) — bad] < e_cle_

We now define another local event. We say that B is (, h, €)-very-good if for every
function g : D — R which is harmonic in D and |g(x)| < € forall x € D, the following
happen:

o forevery B’ which is either B or some neighbour of B, {wB +g > h} N B’ contains
a dense cluster,

o for every neighbour B” of B and every pair of dense clusters of {y? + g > h}N B
and {8 + g > h} N B”, respectively, there is a path in {t/% + g > h} N D visiting
both dense clusters.

If B is not (¢, h, ¢)-very-good, we will call it (¢, h, €)-very-bad. It is not hard to see
that if Egb happens and B is (&, €g)-good, then B is (, h, &9)-very-bad. The following
result will be proved in Sect. 6.

Proposition 3.5 (Decay of very-badness). For every h’ < hy and 0 < & < hy — I/,
there exist a constant ¢y = cy(h', &) > 0 such that for every h < h' and L > 1 large
enough,

P[BLis(r, h, €) — very-bad] < e—CzLd’z.

Assuming Theorem 3.3 and Propositions 3.4 and 3.5, we are now in position to prove
Theorem 1.3 for % in the supercritical regime.

Proof of Theorem 1.3. for h < h,. Consider some h < h’ < h, and let p > 0 be the
exponent of Proposition 3.4. Consider also a constant § > 0 which will be chosen along
the way to be sufficiently small. We start by applying Theorem 3.3 for the choice of
events Sg and El”;b mentioned above to obtain a family Zy as in the statement of the
theorem. For each Z € 7y, we will prove an exponential upper bound for the probability
that 7 occurs satisfying either (c1) or (c2) and then apply a union bound over all Z € Zy.

First, let us fix Z € Zy and a pair of subsets 71,7, C Z such that Z; satisfies

cap( UBefl B) > N/4d and 7, satisfies 7o C 1,74 (where L1 is the smallest scale

of 7) and |Iz|Lf > tN. We will bound separately the probability that VB = Z; and
B = 7,. We start with the latter. Let Ié be a well-separated subset of 7, that is maximal
with respect to this property. By the maximality of Z),, for every B, (z) € I, there is
some Br, (w) € Ié such that K7, (z) N K, (w) # ¥, hence |I§| > 201_d|12|. Notice
that the local fields 5, B € 7}, are independent of each other (since 7} is well-separated)
and each box in Ié is (Y, h, &9)-bad (since the boxes of Z have scale smaller than the
diameter of C,(h)). Therefore, by Proposition 3.4 and independence, we have

P[Z occurs with B = 7] < exp{—201"%¢|tN}.
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We shall now bound the probability that VBB = Z;. First, we restrict Z; to a well-
separated subset with capacity of order N. Let L1 < Ly < ... < Ly be the scales of
71. Let I’f be a subset of Z; N LyZ4 which is well-separated and maximal with respect

to this property. Proceeding inductively, for eachi € {1,2, ..., k}, let ! { be a subset of
TN L; Z¢ such that U';:i Z{ is well-separated and 7' { is a maximal set with respect to this

property. Finally, let 7| = Uf’:l z { . It follows from the maximality of the construction

that for every B € 7 of scale L; there exists B’ € 7] of scale L; > L; such that the
| - ||co-distance between B and B/ is at most 201L ;. In this case, for every x € B we
have that P,[Hp' < 00] > g, where ¢ = q(d) > 01 1s a constant depending only on the
dimension d—see e.g. [Law91, Proposition 2.2.2]. It then follows from the sweeping
identity (2.7) that cap(2(Z})) > gcap(X(Z1)) > gN /4d.

Notice that each box in Zj is either (£, g9)-bad or (v, h, gg)-very-bad. Let E(Z})
be the (random) union of the boxes in Z] that are (£, &9)-bad and let W(Z]) be the
(random) union of the boxes in Z{ that are (y, h, &p)-very-bad. By the sub-additivity of
the capacity,

N
either cap(E(Z})) > Y or cap(V(Z}

3d ))Zg

Applying Lemma 3.1 and a union bound over all possibilities for E(Z}) we obtain

P |:I occurs with VB = 7| and cap(E (Il)) > e :| Zexp{ coe(z)cap(J)}

_ 2
< 2°"Nexp {‘ CoggqN } ’

where the sum ranges over all possible 7 such that cap(J) > qN . Recall that | 7| <
|I{| < |Z| < 8tN, so that we can indeed guarantee that 7 satlsﬁes the hypothesis of

Lemma 3.1 by decreasing the value of § if necessary. The term 2%V above accounts for
the number of possible 7. For the second case, notice that

ap(¥@) = Y apBr@=C Y LI

By, (2)eV(I}) B, ()W (I))
by the sub-additivity of the capacity and (2.6). Hence by Proposition 3.5, we have

P [I occurs with VB = 7 and cap(V(Z})) > —i| Zexp —C Z Lj.l_z
Br, ()eJ

525’Nexp{—%},

where the sum ranges over all possible J for \Il(I’) such that cap(J) > "N
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Since |Zy]| < AN applying a union bound over all Z € Zy and all possible 71, Z, C

7, and decreasing § even further, if necessary, we obtain that

P[An(h)] < exp{stN}2*N

2
—cejgN N
X (exp{—ZOl_dcltN} + 25N exp :i} +2N exp {_czq })

8d 8Cd
< exp{—c'N}

for some constant ¢’ > 0 depending only on /" and d, as desired. O

3.2.2. Exponential decay in the subcritical regime We now move on to the proof of
Theorem 1.3 for 4 in the subcritical regime. We will implement a strategy similar to the
one we used for the supercritical regime.

First, we need to choose suitably the events Eg and Sl’;b .Given h > h' > h,,
go=(h' —hy)/2andabox B € L7Z4, let Ep be the event that {¢ > h} N U contains a
cluster of diameter at least L /5, and let Eg :=Ep N{Bis(&, g9) — good} and 5};” =&pN
{Bis(&, e9) — bad}. It is straightforward to see that this family of events is #-admissible
when C,(h) has diameter at least L, since then for every box B € C,(h, L), the event
Ep happens.

Notice that when the event 511; happens, {wB > h — gy} N U contains a cluster of
diameter at least L /5. The latter happens with probability decaying stretched exponen-
tially.

Proposition 3.6. For every h' > hy, there exist constants c3 = c3(h',d) > 0 and
p = p(d) > 0 such that for every h > h' and L > 1,

IP’[{WB > h} N U contains a cluster of diameter at leastL /5] < e L,
Proof. This is a simple consequence of the (subcritical) sharpness of GFF percolation
on 74 (i.e. hy = hyy) mentioned in the introduction. Indeed, by the main result of
[DCGRS20], for every h > h,, there exist p = p(d) € (0, 1) and ¢ = ¢(d, h) such that
forevery N > 1,

Plo < [l¢ > hdBy] < e~ N’, (3.7)

where {0 < []lg¢ > hd By} denotes the event that o is connected to By in {¢p > h}.
Assume that {xpB > h} N D contains a cluster of diameter at least L/5 and let g9 =
(h' — hy)/2. Up to a probability decaying exponentially in L¢~2, B is (£, £g)-good by
(3.6). When this happens, {¢ > h — g9} N D contains a cluster of diameter at least
L /5. The latter event has probability decaying stretched exponentially in the subcritical
regime by (3.7). O

Assuming Theorem 3.3 and Proposition 3.6, we are now in position to prove Theo-
rem 1.3 for & in the subcritical regime.

Proof of Theorem 1.3. for h > h,. The proof is similar to that of the case h < h,
presented in Sect.3.2.1. Consider some h > h’ > h,, and let p > 0 be the exponent of
Proposition 3.6. Consider also a small enough constant § > 0. We can apply Theorem 3.3
to obtain a family Zy satisfying the conclusion of the theorem. Fix Z € Zy and a pair
of subsets 7|, Z, C 7 as in the proof of the case 4 < h,. If B = 7, happens, then we
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restrict to a maximal well-separated subset 7} of Z,. Arguing as in the previous section
and using Proposition 3.6 and independence, we deduce that

P[Z occurs with B = 1,] < exp{—201_dC3tN}.

If VB = 7 happens, then we restrict to a well-separated subset Z| of Z; defined as in
the proof of the case < h, for which we have cap(X(Z})) > gcap(2(Z)) = gN/4d.
Then we apply Lemma 3.1 to conclude that

. C()é‘%qN
P[Z occurs with VB =71] <exp 3 — .

4d

A union bound over all Z € Zy and over all possible subsets Z1, Z, of Z gives

20N
PlAy ()] < 25N exp(61N) (exp{—zordcgrzv} +exp {—mfqu < exp{—¢'N}

for some constant ¢’ > 0 depending only on /4" and d, as desired. O

4. Multi-scale Coarse Graining Construction

We will now proceed with the proof of Theorem 3.3. In order to prove the theorem
we need to introduce some notation. For every integer L > 1, let 5(L) and VB(L)
be the set of boxes B € C,(h, L) such that Sg and El';b happens, respectively. Finally,
define Z(L) := B(L) U VB(L). Notice that by properties (i)—(iii) of Definition 3.2,
we know that if diam(C,(h)) > L then B(L) N VB(L) = @, 3C,(h, L) C Z(L) and
"' B(LY N Cy(h, L) C VB(L).

The following lemma will be used in the proof of Theorem 3.3. For simplicity, we
may henceforth identify any set of boxes F with its union X (F) = Uz B.

Lemma 4.1. If the event Ay (h) happens and in addition diam(C,(h)) > L, then we
have cap (VB(L) U (3C,(h) N B(L))) = N/2d.

Remark 4.2. In general, dC, (h) is not contained entirely in Z(L). See Fig. 1.

Proof. We will show that X :=VB(L) U (BCO (hnN B(L)) is a separating set of C,(h),
namely that for every x € C,(h), any infinite path starting from x must visit eventually
X.

We first partition C, (k) into C,(h) N VB(L), C,(h) N B(L) and C,(h) \ Z(L). It is
clear that X is a separating set of C,(h) N VB(L). Let us show that X is also a separating
set of C,(h) N B(L). Indeed, each box of 3°! B(L) lies either in LZ? \ C,(h, L) or in
Co(h, L), and in the latter case, it must lie in VB(L) by property (iii) of Definition 3.2.
With this observation in mind, consider an infinite path y starting from some vertex in
Co(h) N B(L). If y eventually visits VI3(L), then there is nothing to show. If y does not
visit VB(L), then consider the subpath 3’ of y up to the first vertex u € 3C,(h) that y
visits. Then y’ visits only vertices in C,(h, L) and by our assumption, it does not visit
any vertices in 9°“' B(L) because 3°“' B(L) N C,(h, L) C VB(L). Thus all vertices of
v’ lie in B(L). In particular, this holds for u, hence u € B(L) N dC,(h) C X.

It remains to consider C,(h) \ Z(L). First, notice that for every component S of
Cy(h, LY\Z(L), we have 0°“'S C Z(L) because dC,(h, L) C Z(L).Moreover, 3°*' SN
B(L) = ¥ because otherwise some box of S would belong to Z(L) by property (iii) of
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Fig. 1. An illustration of an interface Z(L). Each box of C, (%, L) is depicted by a square. Red boxes belong
to B(L), blue boxes belong to VI3(L) and uncoloured boxes belong to C, (h, L)\Z(L). The two curves depict
3Cy (h)

Definition 3.2. Thus 9°“'S C VB(L), which implies that VIB(L) is a separating set of
Co(h, L)\ Z(L), hence it is a separating set of C,(h)\Z (L), as desired.
We can now easily deduce that cap(X) > cap(C,(h)). Notice that

cap(C,(h)) > cap(d°“'C,(h))/2d > N/2d

because when we start a simple random walk from some x € 9C, (%), one way to never
visit C, (h) again is to first visit a given neighbour y € 3°*’C,(h) and from there to never
visit C,(h) U 8! C, (h) again. O

We are now ready to prove Theorem 3.3.

Proof of Theorem 3.3. Our aim is to construct an occurring multi-scale interface Z for
every configuration on the event A y (k). We will construct Z by starting from Z(2¥) for a
certain choice of 2F and then adding boxes of smaller and smaller scales. We will divide
the definition of Z into segments. At each step of the first segment we will add at most

boxes, at each step of the second segment we will add at most boxes,

N

J(N) F(F(N))
and so on, where f(N) = logb(N), b = 3(d — 2)/p. The process will stop once we
reach a scale of size roughly L or if it happens that (c1) or (c2) is satisfied before we
reach that scale.

It suffices to prove the theorem for p < 1. Consider an integer L > 1 and let N > N,
where Ny is a large enough constant that will be determined along the way. Assume that
the event Ay (k) happens and let

1,1 = max {0 < k < log(diam(C,(h))) : 1Z1,1(25)| = —fZV) } :

where I1,1(2k) :=7(2%). Notice that k1,1 is well-defined, since |Z; 1(1)| > |9Cy(h)| >
cap(Co(h)) > N/2d, provided that Ny is large enough. By further increasing the value
of Ny, we can assume that 2511 < r:= %diam(Co(h)) because |C,(h, [r])] < 6. By
definition,

N
Z11(L _
|Z1,1(Ly,D)] < I
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Fig. 2. An illustration of Z/ | on the top and Z} , on the bottom. The boxes of B} | and 53| , are depicted
as red and the boxes of VB’I 1 and VB’I , are depicted as blue. Uncoloured boxes are not included in Ii | or
I/

1,2

where Lj 1 :=2K1%1 < diam(C, (h)).
We now define an interface Ii,l as follows. If |71 1(L1,1)| > %, then we let

Ii,l :=71,1(L1,1). Otherwise, the number of boxes of Ll,lZd that contain a box of

I1,1(2k1’1) is at least

‘T, @an N
20 T 2FNY

‘We choose —|Z1.1(L1,1)| boxes of 7; 1 (2k1v1) that are disjoint from 7 1 (L1,1)

N
24 f(N)
in an arbitrary way and we add them to Z; (L 1) to obtain an interface Ii,l. In both
cases we have

N , N
24 f(N) ' J(N)

We then naturally define VB/LI = (VB(LI,I) U VB(Zklvl)) N Ii’l and B’l’l =
(B(Ly1,1) U Bk N 7} ;- For the set VB3| | we have

either cap(VB| () = N/4d or cap(VB| ) < N/4d.
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In the first case, the process stops because (cl) is satisfied, and we let Z = VB ;. In
the second case, we would like to check whether (c2) is satisfied. For that purpose, we
consider two cases according to whether

/

N
| Bl < Ty

N
B/l,1| > d 7O or
291 (N)

In the first case, we stop the first segment of our process. In the second case, we move
on to the second step of the first segment. We remark that along the way of the second
and every subsequent step, we will define some integers k; ;, L; ; and some collections

Ii” j of 2%i.j-boxes and L; j-boxes, where L;; = 2ki i+l To avoid repetition, let us
mention that we will use the notation VBL/. = (VB(L; ;) U VB2kiiy) N I[.”j and
Bj ;= (B(Li,j) U Bki) N I ;.

For the second step, we will require N to be large enough so that f(N) > 4d. Now
let

k12 = max{k = 0: [7,2(2%)] = %},

where 1'1,2(2]‘) is the set of boxes of Z(2¥) that lie in some box of Bi,l- To see that k1 2
is well-defined, notice first that

cap(0Cy(h) N By 1) > N/4d (4.1)

Indeed, as VB(L1,1) C VB |, we obtain that cap (Vl’)’/L1 U (0Co(h) N Bqu) > N/2d
by Lemma 4.1. The sub-additivity of capacity gives

cap (VB} | U (3C,(h) N B} 1)) < cap(VB] ) +cap(dC,o(h) N B ;).

Inequality (4.1) follows now from our assumption that cap(VB/U) < N/4d. Hence
71 2(1), which contains 9C, (h) N B’L |» has size at least N /4d. Moreover, by our assump-

tion that |B] || <

defined.
Let now L1, :=2%12*1 Arguing as in the first step, we obtain an interface 71 , such
that

N
————, we obtain that k1 2 < ki 1. This proves that &k » is well-
20 (N) 2o |

, N
aryan = Sy

that is obtained from Z; (L 2) by adding enough 2k1.2_poxes of 11,2(2"12) that are
disjoint from the boxes of Z; 2 (L1 2). At this point, we take cases according to whether

2 2
cap( U VB/],]‘) > N/4d or cap( U VB’L]-) < N/4d.
j=1 j=1

/

As before, if the first case happens, the process stops and we define Z = U§=1 VB i

while if the second case happens, then we check whether

, N N
|Bl,2| > W or |B/1’2| < W
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Similarly, if the first case happens, we end the first segment. If the second case happens,
then we continue to the third step. At this point, we need a generalisation of Lemma 4.1
which will ensure that |[Z; 3(1)] > N/4d and more generally that |Z; ;(1)| > N /4d for
the subsequent steps. This is proved in Lemma 4.3.

Continuing in this manner, we obtain a sequence of interfaces (Ii, i) j>1, Where Ii’ j

is contained in B’l i1 We claim that eventually for some integer j; > 1,

| <

no N / N
cap(UVBlvi) > N/4d or S <18y I

i=1

Indeed, if cap ‘./, VB, .) < N/4d for all j > 1, then by Lemma 4.3 and the sub-
i=1 1,i

additivity of the capacity we have cap(Z { j) > N /4d. On the other hand, by (2.6) and
the sub-additivity of capacity again, we have

NLI2
Z/ N < CI/ -Ld_-2 < L,j
cap( 1,])_ | 1,]| 1,j = F(N)
We thus conclude that
(N)\ 755
L11_<£dc)“. 4.2)

However, it follows from the definitions that (L1, ;) j>1 is a strictly decreasing sequence,
and so (4.2) cannot hold for arbitrary large ;.

We end the first segment as soon as we reach a step j; as above. We shall now decide
whether we start the second segment or not. If it happens that

J
cap( U VB/]J) > N/4d or
j=1

N 1Bl < and Ly, > f(N),
20 f Ny = Pl f(N)

(4.3)

then our process stops. In the first case, we simply set Z = Uj L, VB, ;. In the second
case though, we set Z = B(L1,j;) N7 ,‘/1 if [B(L1,j,) NT ol = |B(2k' USNaWA 1 il
and 7 = B(Zk‘vfl) N I{’ i otherwise. In other words, 7 contalns only one of the sets
B(L1,j,) OILJ.I and B(2¥1i1) N Zi’jl , namely that of larger size. If (4.3) is not satisfied,

then we move on to the second segment.
Arguing in a similar manner, we obtain a sequence of occurring interfaces (Ié’ j) =1

such that |Z} jI < N/f(fFN)) for all j > 1, where each Ié,j lies in I{,jl . The segment
ends when we reach a certain step j» such that either

2 i
/ N / —N
cap(J U vB;;) = V/ad or iy = PRl = F Gy

i=1j=1
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The process stops at the end of the second segment if

cap(O leJ VB;J) > N/4d or

i=1j=1

D=

| and Ly j, = f(f(N))”.

N
P
FfN)

In thatcase, we setZ = U,-2=1 j/:i=l VB;’/.,I = l’)’(Lz,]-z)FWLZil.2 orZ = B(2k2=-f2)ﬂI§1jz,
as appropriate. .

N /
Ty = P

Proceeding inductively, we define sequences of occurring interfaces (Z] j)j.l

. ‘]=1’
(Ié’j)f:], ... such that |Il.”j| < N/f°(N) for all i and j, where f° denotes the

i-fold composition of f. At the end of an arbitrary kth segment, we either have
i N N
k Ji / /
Cap(Ul-zl j=1 VBL,]) > N/4d or W < |Bi,j,'| < W.
m(N, L) be the largest integer such that f*"(N) > M := d2?C L4=2. Notice that m is
well-defined for every N such that f(N) > M. If the desired conditions are not satisfied
at the end of the ith segment for every i < m, we move on to the (m + 1)th segment.

This segment plays a special role, as we are defining each 7, i) in such a way that

Let m =

/
2 M = |Zm+1,j| < M

At the end of the (m + 1)th segment we have cap( U;”:ll ]:":1 VB ,.) > N/4d or

N N m+1 | Ji
e 1Blst j| < M.Fmally, wesetZ = /T Ui, VB, ;.7 = B(Lm+1,j,) N
Tyt jy 00T = BRI lima) NI as appropriate.

It is not hard to see that if (c1) is not satisfied, then (c2) is satisfied for

LP

Indeed, if the process stops at the end of the ith segment for some i < m, then the
. 1

smallest scale L of Z (which s either L; ;; or %Li,j,-) is at least %Li,j,. > %fc” (N)»r and
1B; ;.| N
> -

2 — 2d+1 fot (N)

of Theorem 3.3). Thus |5 |L'f > 27P=4=1 N On the other hand, if the process stops at

the end of the (m + 1)th segment, then we can argue as in the proof of (4.2) to deduce
that

|B| >

(here we use the notation introduced above the statement

1

M \ 7=
Lint1 jun 2 (m) =2L.

Thus the smallest scale L; of Z (which is either L1, j,,, Or %L,,,H,jmﬁ) is at least
/

1 m+1vjm 1|

5Lm+1,j, = L and [B| > :

N
= S which implies that [B|L] > tN.
Since 1 < 27°~9~1 the desired assertion follows in both cases.
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The above construction gives us a family of interfaces Z satisfying all the properties
claimed in Theorem 3.3. The only properties that do not follow immediately from the
construction are that [Zy| < ¢V and that |Z| < §¢N for every Z € Zy.In order to prove
these inequalities, we will treat each segment separately. We start with the first segment

To determine 7] ; i j=1,2,...,j1, weneed to first determine the sequence (L1 ])

Recall that by construct1on we have L;; < diam(C,(h)). As we mentioned above
Corollary 1.4, acluster of capacity at most N has volume (and therefore diameter) at most

ClNd 7 < C1N3, thus L1 <diam(C,(h)) < C|N3. Therefore, (L, j) _; issimply a
strictly decreasing sequence of powers of 2 with exponents at most log, (C N?3), whichin
turn implies that there are at most 2logr(CINY) — ¢ 1 N3 possibilities for (L ])J : |- Once
the scales (L, ])] | are fixed, we should bound the possibilities for I/ 1 <j <.
Notice that for all j = 1,2, ..., ji, each box of I’ is at distance at most C1N3 from
the origin and furthermore |Ii’]| < N = |_N/f(N)J Hence, foreach 1 < j < ji, the
number of possibilities for Ii, j given L ; is at most

>(4)

k=1 k

where N| = CoN 3d s an upper bound for the number of boxes of L. jZd and %Zd
at distance at most C; N from the origin, and the sum accounts for the possible values

of |Z/ .| Using the inequality (") (%)k ¢k and the monotonicity of the combinatorial
coefﬁ01ent ( ) for k < n/2 we obtain that

Ny / Ni /

N N{ N
E )<~ eM < exp {3N; log —L
pri Ny N

for every N large enough so that N1 < % Overall, there at most

\ N v logy (C1N?) N log2 (V)
CIN JoriiaThShes 45
! (,;(J) fexp{ TE) l *

possibilities for the first segment. By increasing C3 if necessary, the term inside the
exponential in (4.5) is also an upper bound for the number of boxes of the first segment
contained in Z.

Moving on to the second segment, first notice that all scales (L2, ,)j2 | are powers
of 2 smaller than f(N) 5 (recall that (4.3) does not hold) Therefore, there are at most
f(N)» ﬂ possibilities for (L, j)]_l Since Lyj, < f(N)P and every box of the second

segment is contained in Z| which in turn contains at most N boxes, we deduce

L1
that for every j = 1,2,..., j», the boxes of Ié j are chosen from a set of at most

d d
Nif(N)r < C4NLf(N)J5_1 =: N} boxes. Hence for each 1 < j < j, the number of
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possibilities for Z) j given L ; is at most

N / /

N N.
E < 2) §exp{3N210g(—2>},
P k N>

where No = [N/f(f(N))]. Overall, there are at most

N ’
(50

k=1

Nlog?(f(N)) }
FUFN))

possibilities for the second segment, where for the last inequality, we increase the value
of C3 if necessary.

Setting go(N) := N, gi(N) = fOi(N) for 1 <i <m and gn+1(N) := M (recall
that M = d2¢C Ld_2), we see that for the boxes of an arbitrary ith segment, there are
at most

< exp {C3

)10g2 (rn?)

{ Nlog2<gi1<N>)}
exp (3 ——MmMMmM
gi(N)

possibilities. Overall, we deduce that

m+1

log?(gi—1(N))
|.Zx| < exp {C3N —} . (4.6)
; gi(N)

Furthermore, the term inside the exponential in (4.6) is an upper bound for |Z|.
Therefore, it remains to prove that

m+1

log?(gi—1(N))
C; Z e < 8t, 4.7)

provided that L and N are large enough (recall from (4.4) that t = ST M) We start by
bounding the (m + 1)th term. By the definition of m, we have f om+l)(N')y < M, which
1

implies g,,(N) = f°"(N) < eM? _Since gm+1(N) = M, we have

2
o (en (V) _ o117 “s)
8m+1 (N)
Now, let us handle the sum up to the mth term. First notice that for all i < m,

logg"’(% gz_b (gi—1(N)). Now, recall that b = 3(d —2)/p > 2 and observe that

log>~?(x) < 27" 10g?>?(f(x)) forall x > Cs. Since gi_1 (N) > gn(N) > Cs forall L
and N that are large enough, one readily deduces

log> ™ (gi—1(N)) = 27 og® ™" (gi (V).

Iterating the last inequality, we obtain that log?~?(g;_1(N)) < 2/—™ logz_b (gm—-1(N)),
which in turn implies

i log?(gi—1(N))

2-b
(V) < 2log™ 7 (gm-1(N)). (4.9)

i=1
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By the definition of m we know that f°"(N) > M, which implies g,,—1(N) =
1
Fem=D(N) > ¢M”  Plugging this in (4.9) gives

i log?(gi-1(N) _ /143 (4.10)

& (N)

Combining (4.8) and (4.10), we deduce that

i=1

m+1

s Zlog (gi-1(N))

<3C3M
gi(N)

i=1

Recalling the definitions of M and ¢, we see that t = C¢ M ~1+7%  Since by definition
1)

b = 3(d —2)/p, the desired inequality (4.7) follows readily as long as § > 3CL63M EICEN

which can be guaranteed by making L sufficiently large. This completes the proof. O

Forl <i<m+landl <j < j,let

i—1 Jk

J
%i,j= UUVB;CJ U UVB;J
=1

k=11=1

We now prove the lemma mentioned in the proof of the above theorem. We recall that
for convenience we identify sets of boxes with the corresponding subsets of Z<.

Lemma 4.3. For every i, j > 1 we have cap (VB; j U (3C,(h) N B ;)) = N/2d.

Proof. As in the proof of Lemma 4.1, the desired result will follow once we show that
X;.; = VBi ;U (3C,(h) N B, ;) is a separating set of Co (h). Recall the definitions of I} ;
andZ; ;(L; ;). Wewill prove that X; ;isa separating setof C, (h) in the special case where
I L= =T711(L1,1), I 12 = =T12(L12), - j = T7; j(L;,j). The general case follows

easily by removing ( 1,1\11»1([‘1,1)) (Ii’z\Il,z(Ll’z)) U...uU (Il./,j\I,',j(Li,j)>
from X; ;.
It is clear that X; ; is a separating set of C,(h) N W,-,j. ‘We claim that

every box ina‘)”tB,-,jlies either inV_B,-,jor inL,',jZd \Co(h, L; ), “4.11)

which implies that X; ; is a separating set of C, (/) N B; ; by arguing as in the proof of
Lemma4.1. Indeed, for (i, j) = (1, 1), the claim follows from property (iii). Proceeding
inductively, assume that the statement holds for an arbitrary (7, j). Let (k, [) be the next
pair of indices, i.e. (k,]) = (i, j+1)if j < jior (k,]) = (i +1,1)if j = j;. Clearly,
every box in 9°' B; ; lies either in LkJZd \ Co(h, Li 1), in which case there is nothing
to show, or in C, (A, Lk ;). So let us consider a box B € 3°“' By ; N Cy(h, Li ;). Then B
has a neighbour B’ € By C B;, j» which implies that B is contained entirely in 5; ; or
in 8””’5’[,]»

If B is contained in 5; j, then B € VBy; C %k,l because of our assumption
that B € 9°"" By N Co(h, Lg ;). Let us now assume that B is contained in some box
B € 3°“'3; ;. It follows from our inductive hypothesis that B” lies either in VB; ; or
in L; ;Z9\C, (h, L; j). Notice that L; ;Z9\Cy(h, L; ;) C L1 Z\Co(h, Ly.1), since any
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box By € LkJZd is contained in a box By € Li,jZd and if By intersects C,(h), then so
does B». Thus B lies either in WW orin Lk,lZd \Co(h, L ). This proves the inductive
statement and the claim follows. e

It remains to handle C,(h) \ Y; j, where Y; ; = VB, jUB; ;. Let Z; j; = Co(h, Lj j)\
Y; j. Then we claim that 3°* Z; ; is contained in V_Bi, ;j which implies that %i, jisa
separating set of C,(h) \ Y; ;. We will prove the claim inductively. For (i, j) = (1, 1),
this follows from the proof of Lemma 4.1 where it is shown that for every component .S
of Cy(h, L1,1) \ Z(L1,1), we have 9%US C VB(L1.1).

Assume that the statement holds for some (i, j). We will prove it for the next pair
of indices (k, /). Let S be a component of Z; ;. Although S C Zi , it is possible that
some box of S is contained in B3; ;. Let us assume that this is the case. Then by the
connectivity of S and (4.11), all boxes of S are contained in B; ;. Notice that %1 S lies
in C,(h, L 1) because otherwise some box B of S lies in 8°*'C,(h, Ly ;) N B; j, hence
B is contained in Y ;, which contradicts the definition of Z; ;. From this we deduce that
9°"'S C Yx.;. Moreover, no box of 3°*’S lies in By ; because otherwise some box of §
lies in Zy ; C Yy ; by our assumption that S is contained in B; ;. Therefore, 9% S lies in
VB,

Let us now assume that no boxes of S are contained in B; ;. Then § lies entirely in
Co(h, L; j)\Y; j, since Yy ; contains %i, ;- We can now apply the induction hypothesis

to deduce that 9°“* S is contained in W,-, i C V_Bk, ;. This completes the inductive proof.
O

5. Decay of Badness

In this section, we will prove Proposition 3.4. We will make use of the (supercritical)
sharpness of phase transition for GFF percolation [DCGRS20] (i.e. 1 = h,). We say
thatabox B = By (z),z € LZ%,is (¢, h)-good if there exists a connected component in
{¢ > h}N B with diameter at least L /5 and furthermore any two clustersin {¢ > A} NU
having diameter at least L /10 are connected to each other in {¢ > h} N D. By the main
result of [DCGRS20], for every i’ < h, there exist p = p(d) € (0, 1) and ¢ = c(d, h')
such that forevery & < h’ and L > 1,

P[Bpis(¢, h) — good] > 1 — ¢~L*. (5.1)

Our aim is to express the event that a box is (¥, &, €)-bad in terms of events depending
on ¢, so that we can use (5.1). For this purpose, we will make use of the following
classical fact about discrete harmonic functions. For any function f : Dy — R which
is harmonic in Dy, we have that

1f) = fFDII=C I flloo /N (5.2)

for neighbouring x and y in [-2N,3N)?, where C’ = C’(d) > 0 is a universal
constant—see [Law91, Theorem 1.7.1]. We shall apply this result for f = &% and
B being a (&, €)-good box for a certain value of ¢ > 0. We first need to introduce some
definitions. |

Consider an integer N > 1 and let L = [N/M] ~ N, where o = (2d + 1) and

M =N, We say that a connected subgraph C of Dy is very dense if C N Uy contains
a connected subgraph of diameter at least N /5 and for every box B = By (z), z € LZ¢
contained in Dy, C N B contains a connected subgraph of diameter at least L /5.
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Given 0 < ¢ < h, — h, we say that a strong local uniqueness happens in By
if {¢ > h + ¢} N Dy contains a very dense cluster and furthermore, for every k €
{—TeL*7,..., [eL%]}, every box B = Br(z), z € L7¢ contained in Dy is (¢, h —
rL~%)-good, where r = k — 1 — 7dC’¢ and C’ is the constant appearing in (5.2). We
denote by NSLU(4, ¢, N) the event that strong local uniqueness does not happen in By .

Lemma 5.1. Foreveryh' < hy, there exist constantsc = c(h’,d, &) > 0, p = p(d) > 0
such that for every h < h' and N > 1,

PINSLU(h, &, N)] < e~N".

Consider now the boxes of L2Z4 contained in Dy. Given such a box B, we define
Conf(h, €, B) as the event that there are a set S C D of cardinality |S| > L and an
integer k € {— [eL*],..., [eL¥]} suchthat h — kL™ < ¢, < h — rL™* for every
x € S,wherer = k—1—7dC’¢. In other words, when the event Conf(h, €, B) happens,
@y 1s confined for at least L vertices in D. Finally, we define

Conf(h, &, N) := U Conf(h, ¢, B),
B

where the union is taken over all boxes of L2Z¢ contained in Dy .

Lemma 5.2. For every h' < hy and every 0 < & < hy — I/, there exist constants
c=ch',e,d) >0, p=p(d) > 0such that for every h < h' and N > 1,

P[Conf(h, &, N)] < e~N".

Proposition 3.4 follows readily by applying the following (deterministic) lemma for
8 = (hy — h' — &) /2 together with (3.6) and Lemmas 5.1 and 5.2 above.

Lemma5.3. Leth < hy, 0 < ¢ < hy —hand § < hy —h —¢. For every N > 1
large enough, if the box By is (¥, h, €)-bad, then one of the events { Byis(&, §) — bad},
NSLU(h, ¢ + 38, N) or Conf(h, ¢ + 68, N) happens.

We now turn to the proof of each of the above lemmas.

Proof of Lemma 5.3. If By is (£, §)-bad or the event Conf(k, ¢ + §, N) happens, then
there is nothing to prove, so let us assume that By is (£, §)-good and Conf(%, € + 8, N)
does not happen. We need to show that NSLU(#, ¢ + §, N) happens. To this end, if
{¢ = h +¢e+ 8} N Dy does not contain a very dense cluster, then NSLU(k, € + §, N)
happens, so let us assume that {¢p > h + ¢ + 6} N Dy does contain a very dense cluster
C.

We claim that for some function f : Dy — R which is harmonic in Dy and satisfies
|f(x)] < e+ forevery x € Dy,

{@ + f = h} N Uycontains a clusterC,of diameter at leastN /Swhich is not
connected to Ciin{g + f > h} N Dy. (5.3)

Indeed, By is (¥, h, €)-bad, so it follows from the decomposition of ¢ that there is a
function f as above for which either {¢ + f > h} N Uy does not contain a cluster of
diameter atleast N /5 or (5.3) happens. However, C; contains a cluster of {¢+ f > h}NUy
of diameter at least N /5, which implies that (5.3) happens.
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Fix now a box B = B;2(z) € L274 that intersects Co. We assume that N is large
enough so that D = D;2(z) is contained in [-2N, 3N )d. Notice that

(px+ma[))(f(u)z(px+f(x)zhforxeC20D (5.4)
ue
and
O+ miB fu) <@+ f(x) <hforx e 3®C,ND. (5.5)
ue

Since f is harmonic in Dy and |f(x)| < € + 6 for every x € Dy, we have that
| f(x) — f(y)| < C'(¢+8)/N for neighbouring x and y in [—2N, 3N)d by (5.2). Since
D has diameter at most 7dL2, we conclude that

max f(u) — min f(u) < 7dC'(¢ + §)L2/N < 7dC’ (e + §)L™°.
ueD ueD

Consider the smallestk € {— [(e + §)L*], ..., [(e + 8)L*]} such that max,cp f(u) <
kL~%. Then max,ep f(u) > (k — 1)L™%, hence

milr)l fu) > mal))( f@) =7dC' (e + )L™ > (k— 1 —=7dC' (e +8))L™*. (5.6)

We can now deduce from (5.4) and (5.5) that
o>h—kL“onC,ND (5.7)
and
¢ <h—rL %ondC,ND, (5.8)

wherer =k — 1 —7dC'(¢ +9).

Now as Conf(h, ¢ + 8§, N) does not happen and (5.7) holds, for all but at most L — 1
vertices x of C; N D we have ¢, > h —rL™% Weclaimthat {p > h—rL™*}NCoN D
contains a cluster of diameter at least L. Indeed, notice that C» N D contains a connected
set of diameter at least 3L> because the graph distance between B and 8D is 3L°.
Consider a path y in C; N D connecting two vertices u and v with graph distance
d(u,v) > 3L2%. Then we have that

j—1
317 <Y d(xi, Xis1),
i=1

where xo = u, x; = v and x1, ..., x;_ are the vertices of y in between u and v such
that h — kL™ < @, < h —rL™%, ordered in turn of appearance in y as we move
from u to v. As y can have at most L — 1 vertices x such that 7 — kL™% < ¢, <
h—rL~%, we can deduce that j < L, hence forsomei € {0, 1, ..., j — 1} we have that

d(x;, Xiy1) > 3J£ > 3 L. The subpath y’ of y in between x; and x;4; has thus diameter

atleast 3L —2 > L and ¢, > h — rL™ for every x € y’. Consider the cluster C3 of
{p > h—rL™®} N DN Uy containing y’. We will show that C; contains C3, which
proves the claim. To this end, recall that C; is a cluster of {¢p + f > h} N Uy. Notice that
forevery x € D, ¢y + f(x) > ¢y + mingep f (1) > ¢, +rL™% by (5.6), hence

{p=h—rL™*}NnDC{p+f=>h}ND. (5.9)
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Since C; and C3 overlap at y’, we deduce that C; contains C3.

Considerabox By (w) € LZ4 lyingin B thatintersects C3. We will show that By (w) is
(¢, h—rL™%)-bad, which implies that NSLU (%, £+8, N) happens, as desired. Recalling
the definition of a very dense cluster, we see that By (w) intersects C; as well. Notice
that both C3 N Uy (w) and C; N UL (w) contain a cluster of diameter at least L /5 because
both C3 and C; have diameter at least L/5. On the other hand, C3 is not connected to
Ciin{gp > f+h} N Dp(w) by (5.3) and the fact that C3 C C;. Using (5.9), we can
deduce that C3 is also not connected to Cy in {¢ > h —rL™*} N Dy (w). Thus By (w) is
(¢, h — rL=%)-bad. O

Proof of Lemma 5.1. Letus start by constructing a very dense cluster. Let R = [L/100]
and let F be the set of boxes B € RZ such that D is contained in Dy . If every box in F
is (¢, h + €)-good, then {¢p > h + e} N Dy contains a cluster C such that C N B contains
a cluster of diameter at least R/5 for every B € F. This is because for every pair of
neighbouring boxes B and B’ in F, both {¢ > h+&}N B and {¢ > h+¢}N B’ contain a
cluster of diameter at least R/5, and these two clusters are connected in {¢p > h+e}N D.
Provided that N is large enough, it follows that for every box B € LZ? contained in
Dy, C N B contains a cluster of diameter at least L /5 and furthermore, C has diameter
at least N/5. In other words, C is a very dense cluster.

If for every k € {—[eL%],..., [eL*]}, all boxes of LZ¢ contained in Dy are
(¢, h — r L=%)-good, then we have strong local uniqueness. Increasing the value of N,
if necessary, we can assume that h — rL™% < h, for k = — [¢L*], hence for every
k € {—[eL*7, ..., [eL¥]} as well. Since we are considering at most C M boxes in
total (the boxes of LZ¢ contained in Dy and the boxes of F) and we are considering
2 [eL*] + 2 different level-sets (with the & + ¢ level-set included), we can apply (5.1) to
obtain that

PINSLU(, &, N)] < 2 [eL%] +2)CM4e™R" < ¢=<'N”

for some constants ¢’ = ¢/(h’,d) > 0 and p’ = p'(d) > 0, as desired. ]

Proof of Lemma 5.2. 'We will show that the probability of Conf (%, &, B) decays stretched
exponentially for every B € L>Z?. Then the desired result will follow from a union
bound over all B € L?>Z? lying in Dy and the fact that there are polynomially many
choices for B.

In order to prove the aforementioned result, consider a subset S of D of cardinality
L and an integer k € {—[eL*],..., [eL%]}. We will estimate the probability that
h—kL™ < ¢y < h—rL™ for all x € S and then apply a union bound over all
possible S and k. Letus set hy :=h — kL~% and hy :=h — r L~%. Choose a subset S’ of
S such that for every x, y € S” we have d(x, y) > 2, and S’ is a maximal subset of §
with respect to this property. Then |S’| > ﬁ. Now conditioning on ¢y, for y € 7\ 8,
we obtain

Pl < gc < ho Ve e S1=E[P[h <o <ho¥xe§ |0y e 2\ 8] =

’ L
E[]‘[ Plhi<gc<hrloy.ye Z"\S/)]] < (= h)Pl < (hy — hy) 1.

xes’

For the second equality, we used that conditionally onall ¢, y ¢ S, the random variables
@x, x € 8" are pairwise independent. For the first inequality, we used that

Plh < ¢x < hy | 0@y, y € Z4\ S)] < hy — hy
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which follows from the fact that conditionally on o (¢y,y € 7\ S, ¢, is a normal
random variable with variance 1 (the value of the mean is not important), hence its
probability density function is bounded by 1.

On the other hand, D contains (7L2)d vertices, hence there are at most (7L2)dL
possible subsets of D of cardinality L. A union bound over the 2 [¢L%] + 1 possible
values of k and the subsets of D of cardinality L implies that

P[Conf(h, &, B)] < (2 [eL*] + 1) (TLA (hy — hy) 51

By our choice of «,

(2[eL*] + 1) (TLD ™ (hy — hy) 771 = exp {ZdL log(L) + ———Llog(L) + O(L)}

2d + 1
=exp{—Llog(L)+ O(L)}.

This completes the proof. O

6. Decay of Very-Badness

In this section, we will prove Proposition 3.5. First, we need to express the event that B
is (¢, h, €)-very-bad in terms of ¢ and &.

We say that a box B is (¢, h, €)-very-good if for every function g : D — R which
is harmonic in D and |g(x)| < ¢ for all x € D, the following happen:

o for every B’ which is either B or some neighbour of B, {¢ + g > h} N B’ contains
a dense cluster,

o for every neighbour B” of B and every pair of dense clusters of {¢ + g > h} N B
and {¢ + g > h} N B”, respectively, there is a path in {¢p + g > h} N D visiting both
dense clusters.

If B is not (¢, h, €)-very-good, we will call it (¢, h, €)-very-bad.
We shall now introduce another event that will be used to handle the non-uniqueness
of a dense cluster. We define H (h, &, B) to be the event that there are

e afunction g : D — R which is harmonic in D and |g(x)| < ¢ for all x € D, and
e apair Cy, C; of clusters of {¢ + g > h} N U of diameter at least L/5,

for which there is no pathin {¢+g > h}N D connecting C; with C,. Itis not hard to see that
if H(h, e, B) happens and B is (&, §)-good for some § > 0, then B is (¥, h, ¢ + §)-bad.

Recall that the definition of a dense cluster involves considering the boxes of LyZ?¢
that are contained in By,. In order to construct a dense cluster, we will need to work with
the columns of this collection of Lo-boxes. To define them precisely, let {e1, e2, ..., eq}
be the standard basis of Z<. Given a collection JF of boxes of RZ¢ for some R > 1, the
columns of F paralleltoe;,i € {1, 2, ..., d} are defined as follows. For every sequence
of integers (Yj)ljl':l,jﬁ’ the set of boxes Br(z) € F,z = (21,22, ...,24) Withz; = y;
for every j # i, will be called a column of F parallel to e;.

We will now prove Proposition 3.5.

Proof of Proposition 3.5. Notice that if By is (i, &, &)-very-bad and (&, §)-good for
some § > 0, then it is (¢, &, € + §)-very-bad. Applying this observation for § = (h, —
h' — ¢)/2 and using Lemma 3.1 to handle the case that B is (£, §)-good, we see that
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(after redefining ¢) it suffices to prove that for every i’ < hy and 0 < & < hy — h' there
is a constant ¢ = ¢(’, &, d) > 0 such that for every h < h’

_cL42

P[Bris(p, h, &) — very-bad] < e

Recall that Ly = [L/M7, where M = LLZT%/Iog(L)J. For simplicity, we will
assume that M divides L, so that L /M is an integer. The general case can be treated
similarly.

We will first focus on the existence of a dense cluster. Consider the boxes of LOZd
contained in Uy, and notice that they form a partition of U,. We will show that when only
a few columns of this partition contain a (¢, & + ¢)-bad box, {¢p > h+¢e} N B’L contains
a dense cluster, where B is either By or a neighbouring box of By . The latter easily
implies that {¢ + ¢ > h} N B} contains a dense cluster for every function g : Dr — R
which is harmonic in Dy, and |g(x)| < € for all x € Dy. Then we will proceed to show
that the probability of having many columns that contain a (¢, i + €)-bad box decays
exponentially in L42,

Among the columns of the partition of Uy, that are parallel to e;, i = 1,2,...,d,
consider those that contain a box which is (¢, h + €)-bad. We let ®; be the event that

d—1
there are at least % such columns. When the event Uf‘lzl ®; does not happen, we

will show that {¢ > h +¢e} N B/L contains a dense cluster. To this end, since the dense
cluster needs to lie in B} , we need to restrict to the collection of boxes B, (z) such that
Dy, (z) is contained in B; . Let us assume that L is large enough so that this collection
is non-empty. This collection forms a partition of a smaller box B} that is contained in
B/L. Notice that the number of boxes in each column of B/L/ is M — 6. Let I" be the set
of boxes of the partition of B/ that are (¢, & +&)-good. Then for every ¢;, I' contains at

least
Mt 1
M—-6)"" = == (1 - = | (M —6)"!
10(2d — 1)! 52d - 1!
columns parallel to e;, provided that L is large enough so that

d—1
< (M —6)41

By Lemma 6.1 below, a connected component F of I" contains at least %(M —6)? boxes.
Increasing the value of L, if necessary, we can assume that %(M — 6)" > %M 4 5o that

JF contains at least %M 4 boxes. For each pair of neighbouring boxes B = Br,(z), B'in
F,both {9 > h+e}N B and {¢ > h+¢}N B’ contain a cluster of diameter at least Lo/5,
hence there is a path in {¢ > h + &} N D visiting both clusters, where D = Dy, (z).
By combining all these clusters, we obtain that {¢ > & + ¢} N B contains a cluster C
visiting all boxes of F.

To show that C is dense, it remains to estimate its diameter. Since F contains at least
%M 4 poxes, it must intersect a column Col(B”, T') of B] which is contained entirely in
I". Since F is a connected component of I', it must contain Col(BZ, I') entirely. In other
words, C contains a vertex from the first and the last box of Col(B’L/, I'), which implies
that C has diameter at least (M — 8)Lg. We have that (M — 8)Lo = L — 8Ly > L/5,
provided that L is large enough. Thus C is a dense cluster.
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We will now estimate P[Ule ®;]. Tothisend, leti = 1,2,...,d and S be a set

of % boxes that lie in different columns of Uy, parallel to e;. We will first count
the possibilities for S and then estimate the probability that for a fixed S as above, all
its boxes are (¢, h + ¢)-bad. Notice that there are A9=1 columns parallel to e;, where
A = 3 M, and each column contains A boxes. Hence there are at most

_ - Ld72
24 A4 —exp A9 T 10g24) | < ex {c—}
p[ g( )} < exp log” 2(L)

possibilities for S, since we can construct S by first choosing a set of columns and then
picking a box from each column of this set.

Moving on to the probabilistic estimate, let S’ be a subset of S which is well-separated
and is maximal with respect to this property. Then it is not hard to see that |S’| >
2017¢|S|. Let g = (hy — b’ — €)/2. We will now consider two cases. Either at least
|S’|/2 boxes of S are (&, g9)-good or at least |S’|/2 boxes of S’ are (£, 9)-bad. In the
first case, because we have assumed that all boxes of S are (¢, h +¢)-bad, we can deduce
that at least | S"| /2 boxes of S” are (¥, h +¢, £g)-bad. Applying Proposition 3.4 and using
a union bound over the subsets of S” we obtain

Plat least|S'| /2boxes of 'are(ys,  + &, &) — bad] < 215"l exp{—c1|S|L{ /2} < exp{—c2 L2},

where in the last inequality we used that

d-2
N A — 6.1
ST M s e 6.1)
and
d-27p
L
IS1LE > C3d—10.
log®~"(L)

On the other hand, if the second case holds, we can argue as follows. Let T be the set of
boxes of S’ that are (&, &9)-bad. Applying Lemma 6.2 below, we see that cap(Z (7)) >
r L2 for some constant » > 0. We shall now apply Lemma 3.1 and for this reason we
need to check that |T'| < §r L4~2, where § is the constant of Lemma 3.1. This inequality
follows from (6.1) by choosing L to be large enough. Hence a union bound over the
subsets of S’ implies that

P[at least|S’| /2boxes ofS'are(£, &) — bad] < 2!5'1 exp{—crel L7} < exp{—csL972).

Opverall, we obtain that
d—2

PUL , ®;] <exp{C—r-—
[Vimi @il = P{ log?—2(L)

} (exp{—chd_z} + exp{—C4Ld_2}) < exp{—C5Ld_2}.

Let B; be a neighbouring box of Bz. We shall now consider the event that for some
function g : D — R which is harmonic in D and |g(x)| < & forall x € D, and a
pair Cq, C; of dense clusters of {p + g > h} N By and {¢ + ¢ > h} N B, respectively,
there is no path in {¢ + g > h} N Dy connecting C; to C>. Leti = 1,2, ..., d be such
that B; = By =+ Le;. Notice that for every Lo-box B intersecting C;, j = 1,2,C; N U
contains a cluster of diameter at least Lo/5. Hence each column of By, U B} parallel
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to e; that intersects both C; and C, must contain a box B € LyZ? such that H(h, ¢, B)
happens, since otherwise, C; and C are connected in {¢ + g > h} N Dy. We will show
that many columns are intersected by both clusters. Indeed, it follows from the definition
of a dense cluster that each of C; and C; intersects at least 319~ /4 columns parallel to
e;. In particular, at least M?~! /2 columns parallel to ¢; are intersected by both C; and
C», and all of them contain a box B € LyZ? such that H (h, ¢, B) happens.

To estimate the probability of the event that at least M¢~!/2 columns contain a box
B e LOZd such that H (h, ¢, B) happens, we consider two cases. Either at least M d-1 /4
columns contain a (£, £9)-bad box or at least M4~ /4 columns contain a box B such that
H (h, ¢, B) happens and B is (&, g9)-good. When H (h, ¢, B) happens and B is (&, &9)-
good, B is (i, h, € + g)-bad. In both cases, we can argue as above to obtain the desired
decay. O

We will now prove the two lemmas mentioned above. In what follows, columns refer
to the usual lines of Z¢ (of width 0, opposed to union of boxes as considered above).

Lemma 6.1. Letd > 2 and 0 < x < m. Consider a subset T of By, such that for

every direction e;, I' contains at least (1 — )c)Ld_l columns of By, parallel to e;. Then
I contains a connected set of size at least (1 — (2d — 1)!x)L4.

Proof. We will prove inductively on the dimension that the statement of the lemma holds
for all I" (as in the statement) and all 0 < x < m.

For d = 2, the statement holds because any pair of vertical and horizontal columns
shares a common vertex. Let us assume that it holds for some d > 2. We will prove it for
d + 1. Consider a subset I" of the (d + 1)-dimensional box By as in the statement of the
lemma. Foreachi =2,3,...,d+ 1, let m; be the numberof k € {0, 1..., L — 1} such
that ' N ({k} x [0, L)d) contains at most (I — y)L¢~! columns of the d-dimensional

box {k} x [0, L)d parallel to e;, where y = 2dx. Notice that I" contains at most

mi(1 — )L (L —m) L4 = L9 — myL?™!

columns parallel to e;, because for the remaining L —m; elements of the set {0, 1..., L—
1}, T'nN ({k} x [0, L)d) contains at most L¢~! columns. Hence L9 — m,'yLd_1 > (1-—
x)L?, which implies that m; < % =£.

Consider one of the remaining L — Y% m; > L/2 sets I N ({k} x [0, L)?) and
notice that it satisfies the assumption of our inductive hypothesis for x replaced by y.
Hence I' N ({k} x [0, L)d) contains a connected set S of size at least (1 — z)L¢, where
z=(2d — !y = (2d)!x. To find a connected set of the desired cardinality, consider
somel # k,1 € {0, 1, ..., L — 1} and notice that among the at least (1 — x)L¢ columns
of By, parallel to ¢; that lie in I', S meets at least (1 —x — z)Ld > (1 —Qd+Dx)L?
of them. The union of § with the columns that it meets forms a connected set of size at

least (1 — (2d + 1)!x)L4*!. This completes the proof. |

Lemma 6.2. For every 0 < r < 1, there is ¢ = c(r,d) > 0 such that the following
holds. For every T' C By that contains one vertex from at least r L~ columns parallel
to ey, cap(I') > cL472,

Proof. We will assume without loss of generality that any column parallel to e intersects
I at O or exactly 1 vertex. Let F| be the face of By, intersecting all columns of By parallel
to e1 and let T/ be the projection of T" to F;. We claim that cap(I") > rcap(I'") for some
constant t+ = t(d) > 0. Indeed, recall the variational characterization of the capacity
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(2.4). Let v’ be the probability measure supported on I'” such that cap(I'’) = E(v/)~!
and define v to be the probability measure supported on I" such that v(x) = v/(x"), where
x’ is the projection of x to Fy. Then cap(I") > E(v)~'. Notice that by projecting I" onto
F1, the distance between its vertices decreases. Since the Green’s function g(x, y) is
asymptotically decreasing in the distance ||x — y||, we have E(v) > t(d)E(v) and the
claim follows.

We will now lower bound the capacity of I'' by applying (2.5). To this end, notice that
I/ contains at least 7 L9~ vertices and consider some vertex x € I"’. Since the number
of vertices in F) that are at || - || o-distance k from x is of order k?~2, it is not hard to see
that there are constants t; = t{(d, r) > Oand r, = 1,(d, r) > 0 such that for at least #; L
values of k € {0, 1, ..., L — 1}, T/ contains at least k=2 vertices at distance k from
x. The desired lower bound on cap(I"") follows now from (2.5). |
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