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Abstract: We prove that the isomonodromic tau function on a torus with Fuchsian
singularities and generic monodromies in GL(N ,C) can be written in terms of a Fred-
holm determinant of Plemelj operators. We further show that the minor expansion of
this Fredholm determinant is described by a series labeled by charged partitions. As an
example, we show that in the case of SL(2,C) this combinatorial expression takes the
form of a dual Nekrasov–Okounkov partition function, or equivalently of a free fermion
conformal block on the torus. Based on these results we also propose a definition of
the tau function of the Riemann–Hilbert problem on a torus with generic jump on the
A-cycle.
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1. Introduction

A central object in the study of monodromy preserving equations is the so-called tau
function [1], which encodes important information about the system, e.g. by generating
the Hamiltonians governing its dynamics. Tau functions, when expressed as Fredholm
determinants, bring together concepts from mathematics and physics: notable examples
are the relation between Painlevé III and the two-dimensional Isingmodel [2], PainlevéV
and quantum correlations of Bose gases [3], and between Painlevé III and self-avoiding
polymers [4], among others. An important example is the formulation of the general tau
function of Painlevé VI as a Fredholm determinant [5,6], and consequentially taking
the form of Nekrasov partition functions [7,8] or equivalently free fermion conformal
blocks.

While this correspondence was originally derived by using methods from two-
dimensional Conformal Field Theory (CFT) [6,9–14], it was later directly proven by
representing the tau functions as Fredholm determinants in [5,15–17] for the cases of
Painlevé III,V,VI, and for Fuchsian systems on the sphere. Not only does the Fredholm
determinant representation of the tau function provide an explicit formulation of the
general solution to the Painlevé equations (Painlevé transcendents), but also reveals the
combinatorial structure in terms of charged partitions underlying the tau functions, that
are organized as a convergent power series in the isomonodromic time: such a represen-
tation is especially remarkable given the transcendental nature of these solutions.

A fascinating property of Painlevé equations is that they can be expressed as time-
dependent Hamiltonian systems with a Calogero-type potential: this is the so-called
Painlevé-Calogero correspondence [18,19]. In particular the sixth Painlevé equation
with the parameters α0, α1, α2, α3, can be expressed as a Hamiltonian system with an
elliptic potential [20],

(2π i)2
d2Q(τ )

dτ 2
=

3∑

n=0

αn℘′(Q + ωn), (1.1)

where

ω0 = 0, ω1 = 1

2
, ω2 = τ

2
, ω3 = τ + 1

2
. (1.2)

For a specific set of parameters, αi = m2

8 , i = 0, 1, 2, 3, this is the equation of the 2-
particle nonautonomous Calogero–Moser system whose particles are positioned at ±Q
in their center-of-mass frame, that we write below in (1.3), and the associated Lax pair
lives on a torus with one puncture at z = 0, making it the simplest example to study
isomonodromic deformations on a torus.

In this paper, we first extend the determinant formalism of [5] to construct the tau
function of the 2-particle nonautonomous Calogero–Moser system as a Fredholm de-
terminant that is explicitly determined by hypergeometric functions. We then generalise
our construction and show that isomonodromic tau functions on a torus with an arbitrary
number of Fuchsian singularities [21–25] have a Fredholm determinant representation,
and its minor expansion can be written in terms of Nekrasov functions [7,8]. This ex-
tends and completes the analysis of [26,27], where these cases were studied by using
CFT methods. We conclude by outlining the general ideas behind the extension of the
Widom constant’s approach of [16] to the present case.
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Overview of the results. Our starting point is the equation of motion for the 2-particle
nonautonomous Calogero–Moser system [23]

(2π i)2
d2Q(τ )

dτ 2
= m2℘′(2Q(τ )|τ), (1.3)

where m ∈ C is an arbitrary complex parameter, and the Weierstrass ℘ function is
defined in terms of the theta function θ1 by

℘(z|τ) := − ∂2

∂z2
log θ1(z|τ) − 1

6

θ ′′′
1 (0|τ)

θ ′
1(0|τ)

≡ − ∂2

∂z2
log θ1(z|τ) − 1

6

θ ′′′
1

θ ′
1

, (1.4)

θ1(z|τ) :=
∑

n∈Z
(−1)n− 1

2 e
iπτ

(
n+ 1

2

)2
e
2π i
(

n+ 1
2

)
z
, (1.5)

with the theta function satisfying the following periodicity properties:

θ1(z + 1|τ) = −θ1(z|τ), θ1(z + τ |τ) = −e−2π i(z+ τ
2 )θ1(z|τ). (1.6)

The modular parameter of the torus τ lies in the upper-half planeH and assumes the role
of the isomonodromic time. The equation (1.3) arises as the compatibility condition of
the following linear system on a torus with one puncture [21–23],

∂zYC M (z, τ ) = YC M (z, τ )LC M (z, τ ),

2π i∂τYC M (z, τ ) = YC M (z, τ )MC M (z, τ ),
(1.7)

where (LC M , MC M ) is the Lax pair of 2-particle non-autonomous Calogero–Moser
system

LC M (z, τ ) =
(

P(τ ) mx(−2Q(τ ), z)
mx(2Q(τ ), z) −P(τ )

)
,

MC M (z, τ ) = m

(
0 y(−2Q(τ ), z)

y(2Q(τ ), z) 0

)
.

(1.8)

The functions x(ξ, z), y(ξ, z) and P in (1.8) are respectively,

x(ξ, z) = θ1(z − ξ |τ)θ ′
1(0|τ)

θ1(z|τ)θ1(ξ |τ)
, y(ξ, z) = ∂ξ x(ξ, z), P = 2π i

d Q(τ )

dτ
. (1.9)

As opposed the behaviour of the Lax matrices on the sphere, the Lax matrix LC M in
(1.8) is not single-valued, and satisfies the relations

LC M (z + 1, τ ) = LC M (z, τ ), LC M (z + τ, τ ) = e−2π i Q(τ )σ3 LC M (z, τ )e2π i Q(τ )σ3 .

(1.10)

Subsequently, the solution of the linear system (1.8) has the following monodromy
properties around A,B cycles of the torus and around the puncture:

YC M (z + 1, τ ) = MAYC M (z, τ ), YC M (z + τ, τ ) = MBYC M (z, τ )e2π i Q(τ )σ3 ,

YC M (e2π i z, τ ) = M0YC M (z, τ ),

(1.11)
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under the constraint

M0 = M−1
A M−1

B MA MB, (1.12)

and without loss of generality, it is always possible to set MA to be diagonal by conju-
gation. Introducing the monodromy exponent a /∈ Z + 1

2 around the A-cycle, we have

MA = e2π iaσ3 , M0 ∼ e2π imσ3 , (1.13)

where ∼ means "in the same conjugacy class of", σ3 is the Pauli sigma matrix, and m
is the free parameter of the equation (1.3). Furthermore, the Hamiltonian of the system
(1.8) is the A-cycle contour integral [21,25]

HC M (τ ) =
∮

A
dz

1

2
tr L2

C M (z, τ ) = P(τ )2 − m2℘(2Q(τ )|τ) + 4π im2∂τ log η(τ),

(1.14)

where η(τ) is Dedekind’s eta function

η(τ) :=
(

θ ′
1(0|τ)

2π

)1/3

. (1.15)

The generator of the Hamiltonian HC M is called the (isomonodromic) tau function TC M
of the 2-particle non-autonomous Calogero–Moser system, and is defined by

2π i∂τ log TC M (τ ) := HC M (τ ). (1.16)

Our first result, proving a conjecture (equations 3.47, 4.10) of [26], is that the tau function
TC M in (1.16) is proportional to the Fredholm determinant of an operator whose entries
are determined solely by hypergeometric functions.

Theorem 1. The isomonodromic tau function TC M for the one-punctured torus is given
by the following expression:

TC M (τ ) = det
[
1 − K1,1

] ( e−2π iρη(τ)2

θ1(Q(τ ) − ρ)θ1(Q(τ ) + ρ)

)
e
2π iτ

(
a2+ 1

6

)

ϒ1,1(a, m),

(1.17)

where ρ is an arbitrary constant, Q(τ ) is the solution of the equation of motion for
the 2-particle nonautonomous Calogero–Moser system (1.3). The kernel K1,1(z, w; τ)

reads

K1,1(z, w; τ) =
(

−e−2π iρ Ỹout (z+τ)Ỹin(w)−1

e2π i(z−w+τ )−1
Ỹout (z+τ)Ỹout (w+τ)−1−1

1−e−2π i(z−w)

1−Ỹin(z)Ỹin(w)−1

1−e−2π i(z−w) e2π iρ Ỹin(z)Ỹout (w+τ)−1

e2π i(z−w−τ )−1

)
. (1.18)

and the corresponding operator acts on L2(S1) ⊗ (C2 ⊕ C
2
)
. The function

Ỹin(z) = (1 − e−2π i z)m × diag(e2π iaz , e−2π iaz)

×
(

2F1(m, m − 2a,−2a, e−2π i z) − m
2a 2F1(1 + m, m − 2a, 1 − 2a, e−2π i z)

me−2π i z

2a+1 2F1(1 + m, 1 + m + 2a, 2 + 2a, e−2π i z) 2F1(m, 1 + m + 2a, 1 + 2a, e−2π i z)

)
,

(1.19)
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is the local behavior of the solution to the associated three-point spherical problem for
z → −i∞, normalized in such a way that the monodromy around −i∞ is diagonal and
equal to e2π iaσ3 , well-defined as a series in e−2π i z , convergent for |e−2π i z | < 1, 2F1
are hypergeometric functions, and the function Ỹout is defined by

Ỹout (z) := e2π i(ν+δν(a,m))σ3σ1Ỹin(−z)σ1, e2π iδν(a,m) = �(−2a)�(1 + 2a − m)

�(1 + 2a)�(−2a − m)
.

(1.20)

This expression for Ỹout , which is well-defined as a series in e2π i z , was obtained in [28],
where ν parametrizes the B-cycle monodromy MB and δν(a, m) is a shift depending on
a, m. σ1 is a Pauli sigma matrix, m is the monodromy exponent around the puncture,
a is the monodromy exponent around the A-cycle of the torus, and ϒ1,1 is an arbitrary
function of the monodromy data.

An important consequence of the Fredholm determinant representation of the tau
function in Theorem 1 is the combinatorial expansion in terms of Nekrasov partition
functions, or equivalently free fermion conformal blocks, thatwe show inTheorem3.The
results for the 2-particle nonautonomousCalogero–Moser system are further generalized
to the isomonodromic problem on an n-punctured torus C1,n which is characterised by
the following N × N system of linear differential equations [25,29]

∂
∂zY

(
z; τ, {zi }n

1

) = Y
(
z; τ, {zi }n

1

)
L
(
z; τ, {zi }n

1

)
,

(2π i) ∂
∂τ
Y
(
z; τ, {zi }n

1

) = Y
(
z; τ, {zi }n

1

)
Mτ

(
z; τ, {zi }n

1

)
,

∂
∂zk

Y
(
z; τ, {zi }n

1

) = Y
(
z; τ, {zi }n

1

)
Mzk

(
z; τ, {zi }n

1

)
,

z, z1, . . . , zn ∈ C1,n; τ ∈ H,

k = 1, . . . , n

(1.21)

where1 Y(z) ∈ GL(N ), and L , Mτ , Mzk ∈ glN are the Lax matrices. The isomon-
odromic time evolution in this case is generated by n + 1 Poisson commuting Hamilto-
nians, that can be obtained as before from contour integrals of 1

2 tr L2, and are generated
by the isomonodromic tau function TH :

2π i∂τ log TH := Hτ = 1

2

∮

A
tr L2(z)dz, ∂zk log TH := Hk = Resz=zk

1

2
tr L2(z).

(1.22)

In Theorem 2 we show that the isomonodromic tau function for the linear system (1.21)
is also described by a Fredholm determinant (3.49). Furthermore, Theorem 4 generalizes
Theorem3, describing the tau function of the ellipticGarnier system in terms ofNekrasov
partition functions.

Outline of the paper. This paper is organised as follows.We introduce our mainmotivat-
ing example, the 2-particle nonautonomous Calogero–Moser system, in Sect. 2.We then
introduce the pants decomposition for the one-punctured torus, and construct Plemelj
operators acting on functions holomorphic on the annuli of the pants decomposition, in

1 The dependence on the variables τ , z1, . . . , zn of the functionsY(z), L(z), M(z), Hk , Hτ , TH is dropped
henceforth for brevity.
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Sect. 2.1. In Sect. 2.2, we show that the Fredholm determinant of the Plemelj operators
constructed in Sect. 2.1 is described by hypergeometric functions, and show its relation
to the isomonodromic tau function TC M proving Theorem 1, in Sect. 2.3.

We extend the construction in Sect. 2 to the case of a GL(N ) linear problem over
a torus with n Fuchsian singularities, in Sect. 3. In proving Theorem 2, we show that
the isomonodromic tau function TH in (1.22) can be written in terms of the Fredholm
determinant of 3-point Plemelj operators constructed on boundary spaces of the pants
decomposition of the n-punctured torus.

In Sect. 4.1, we perform the explicit minor expansion of the Fredholm determinant
of the n-point in Theorem 2. Using previously obtained results for the tau functions
associated to rank-1 linear systems,wewrite the explicitNekrasov sum representation for
the tau functions of the 2-particle nonautonomousCalogero–Moser system inTheorem3,
and the elliptic Garnier system in Theorem 4. Finally, in Sect. 5, we outline a possible
representation of the tau function on the one point torus in terms of determinant of a
particular combination of Toeplitz operators and e2π iτ∂z , which we propose to be the
generalization of the Widom constant.

2. The 2-Particle Nonautonomous Calogero–Moser System: A Toy Model

Wedefined the isomonodromic tau functionTC M for the equation (1.3) in equation (1.14)
as the generator of the corresponding Hamiltonian. Another notion of a tau function
describes it as a Fredholm determinant (if it exists) of an operator whose vanishing locus,
called the Malgrange divisor [30], defines the non-solvability of some linear problem
[31,32]. In this spirit, following the construction in [5], we define a tau function as the
Fredholm determinant of certain Plemelj operators. The overview of the construction
for the one-punctured torus is as follows:

• the pants decomposition [33] of the one-punctured torus consists of a trinion with
two legs identified [34], whose boundaries become the A-cycle of the torus;

• a linear system with 3 Fuchsian singularities, whose solution is explicitly described
by hypergeometric functions, is associated to the trinion;

• boundary (Hilbert) spaces are defined on the two legs of the trinion;
• two Plemelj operators,P� andP⊕, are defined in terms of the solutions to the linear
systems on the torus and on the trinion respectively. The Plemelj operators project
one boundary space on to the other, effectively ’gluing’ the cut along the A-cycle and
giving us the one-punctured torus;

• a tau function is then defined in (2.29) as a determinant of some combination of
(restrictions of) the operators P� and P⊕.

2.1. Pants decomposition and Plemelj operators. Let us introduce the 2 × 2 matrix-
valued function Ỹ (z) that solves the following auxiliary linear system on a cylinder with
3 punctures at −i∞, 0,+i∞:

∂zỸ(z) = Ỹ(z)L3pt (z), L3pt (z) = −2π i A0 − 2π i
A1

1 − e2π i z
, (2.1)

whose fundamental solution Ỹ(z) is described by hypergeometric functions, see [5,26].
The local monodromy exponents of the Lax matrix in (2.1) are chosen so that they
coincide with those on the torus (1.13):

A0 ∼ aσ3, A1 ∼ mσ3, (2.2)



Isomonodromic Tau Functions 1035

Fig. 1. Pants decomposition of C1,1

and Ỹ(z) itself is chosen in such a way that

Ỹ(z)−1YC M (z)

is regular and single-valued around z = 0 and has no monodromy around the closest A-
cycles. In other word, Ỹ(z) “approximates” analytic behavior ofY(z) in the fundamental
domain having the samemonodromies around puncture and around two closestA-cycles.

The trinion T can then be viewed as being obtained by cutting the torus along its
A-cycle, see Fig. 1, inducing a homomorphism of monodromy groups π1(C3,0) →
π1(C1,1)

MA M0M−1
B M−1

A MB = 1 = (MA)M0(M−1
B MA MB)−1 := M3pt

−i∞M3pt
0 M3pt

i∞ , (2.3)

that defines the monodromies of the three-punctured cylinder around −i∞, 0,+i∞ in
terms of the monodromy representation of the torus as in Fig. 1b.

Remark 1. The linear system (2.1) is simply the usual three-point Fuchsian problem on
the sphere, having mapped the sphere to a cylinder by z → e−2π i z . The punctures at
0, 1,∞ become punctures at −i∞, 0, i∞ respectively.

Definition 1. Out of the solutions YC M (z), Ỹ(z) of the linear problems (1.7), (2.1)
respectively, we define two matrix-valued functions YC M (z), Ỹ (z) with diagonal mon-
odromies around the boundary circles Cin and Cout in Fig. 1, by the following equations:

YC M (z)|Cin := YC M (z)|Cin ∈ Hin, YC M (z)|Cout := M−1
B YC M (z)|Cout ∈ Hout ,

(2.4)

Ỹ (z)|Cin ≡ Ỹin(z) := Ỹ(z)|Cin ∈ Hin, Ỹ (z)|Cout ≡ Ỹout (z) := M−1
B Ỹ(z)|Cout ∈ Hout .

(2.5)

Notice that YC M (z) and Ỹ (z) also solve (1.7), (2.1) respectively. Moreover,

Ỹ (z)−1YC M (z) = Ỹ(z)−1YC M (z), (2.6)
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so effectively they can be exchanged in the formulas where they appear in the form of
such ratios. Notice also that under such definition

YC M (z + τ) = YC M (z)e2π i Qσ3 , z ∈ Cin . (2.7)

TheHilbert spacesHin ,Hout on the boundaries of the pantsCin, Cout respectively (see
Fig. 1) have an orthogonal decomposition into spaces of positive and negative Fourier
modes. A Hilbert spaceH defined as the direct sum ofHin andHout is then associated
to the trinion T :

H := Hin ⊕ Hout = (Hin,− ⊕ Hout,+
)⊕ (Hin,+ ⊕ Hout,−

) := H+ ⊕ H−, (2.8)

where

H+ = Hin,− ⊕ Hout,+, H− = Hin,+ ⊕ Hout,−. (2.9)

The functions f (z) ∈ H then have the decomposition

f (z) =
(

fin
fout

)
=
(

fin,−
fout,+

)
⊕
(

fin,+
fout,−

)
≡ f+ ⊕ f−, (2.10)

where

f+ =
(

fin,−
fout,+

)
∈ H+, f− =

(
fin,+

fout,−

)
∈ H−, (2.11)

and the ± parts of the function are defined by their Fourier expansions:

fin,+ = e2π iazσ3
∞∑

n=0

fin,ne−2π inz, fin,− = e2π iazσ3
∞∑

n=1

fin,−ne2π inz,

fout,+ = e2π iazσ3
∞∑

n=0

fout,ne−2π inz, fout,− = e2π iazσ3
∞∑

n=1

fout,ne2π inz,

(2.12)

where the coefficients fin,±n, fout,±n are column vectors. On the space H we intro-
duce two Plemelj projectors in terms of the solutions to the linear systems (1.8), (2.1)
respectively.

Definition 2. The Plemelj operator P�1,1 : H → H is defined in terms of the solution
to the linear system on the torus (1.8) as

(
P�1,1 f

)
(z) =

∫

Cin∪Cout

dw

2π i
YC M (z; τ)�2(z, w; τ)YC M (w; τ)−1 f (w)

≡
∫

C

dw

2π i
YC M (z; τ)�2(z, w; τ)YC M (w; τ)−1 f (w), (2.13)

where

�2(z, w; τ) =
⎛

⎝
θ1(z−w+Q−ρ)θ ′

1(0)
θ1(z−w)θ1(Q−ρ)

0

0 − θ1(z−w−Q−ρ)θ ′
1(0)

θ1(z−w)θ1(Q+ρ)

⎞

⎠ . (2.14)
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The function �2(z, w; τ)dw in (2.14) is a twisted Cauchy kernel, with the properties

�2(z + τ,w; τ) = e2π i Qσ3−2π iρ�2(z, w; τ),

�2(z, w + τ ; τ) = �2(z, w; τ)e−2π i Qσ3+2π iρ, (2.15)

The variable2 Q ≡ Q(τ ) is the solution of the non-autonomous Calogero–Moser system
(1.3), and ρ is a parameter encoding a U (1) B-cycle monodromy of the twisted Cauchy
kernel as can be seen in (2.15). It does not appear in the linear problem (1.7), but rather
it is an arbitrary parameter whose role will become clear later (see remark 2). The
expansion of �2(z, w; τ) for z ∼ w reads

�2(z, w; τ) = 1

z − w
+ diag

[
θ ′
1(Q − ρ)

θ1(Q − ρ)
,−θ ′

1(Q + ρ)

θ1(Q + ρ)

]

+
1

2
(z − w) diag

[
θ ′′
1 (Q − ρ)

θ1(Q − ρ)
,
θ ′′
1 (Q + ρ)

θ1(Q + ρ)

]

− 1

6
(z − w)

θ ′′′
1

θ ′
1
+O

(
(z − w)2

)
.

(2.16)

Definition 3. Since the integrand in (2.13) has a singularity at w = z, we define the
following rule: each time w approaches z, we go around the singularity in clockwise
direction. Sometimes it is also useful to use the notation C = Cin ∪ Cout , and C, C for
the shifted contours as in Fig. 2.

One can verify that P2
�1,1

= P�1,1 , and that the space of functions on the annulusA ,
which is defined by the equation (2.36) (see also Fig. 1a), is

HA ⊆ kerP�1,1 . (2.17)

Definition 4. The Plemelj operator P⊕ : H → H is defined in terms of the solution of
the 3–point linear system (2.1) as

(P⊕ f ) (z) =
∫

Cin∪Cout

dw
Ỹ (z)Ỹ (w)−1

1 − e−2π i(z−w)
f (w)

=
∫

C
dw

Ỹ (z)Ỹ (w)−1

1 − e−2π i(z−w)
f (w). (2.18)

For z ∼ w,

1

1 − e−2π i(z−w)
= 1

2π i(z − w)
+
1

2
+
2π i

12
(z − w) +O

(
(z − w)2

)
. (2.19)

It can be verified that P2⊕ = P⊕, and

ker P⊕ = H−. (2.20)

Furthermore, one can prove that

P⊕P�1,1 = P�1,1, P�1,1P⊕ = P⊕, (2.21)
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T

Cin Cout

Cin Cout

A

Fig. 2. Contours

and therefore, the space of functions on the trinion T in Fig. 1a is defined as

HT := im P⊕ = im P�1,1 . (2.22)

The components of P⊕ under the orthogonal decomposition are obtained by com-
puting its action on the function f (z) ∈ H:

(P⊕ f )(z)in =
∮

Cin

dw
1

1 − e−2π i(z−w)
fin(w)

+
∮

Cin

dw
Ỹin(z)Ỹin(w)−1 − 1

1 − e−2π i(z−w)
fin(w)

+
∮

Cout

dw
Ỹin(z)Ỹout (w)−1

1 − e−2π i(z−w)
fout (w), (2.23)

(P⊕ f )(z)out =
∮

Cout

dw
1

1 − e−2π i(z−w)
fout (w)

+
∮

Cout

dw
Ỹout (z)Ỹout (w)−1 − 1

1 − e−2π i(z−w)
fout (w)

+
∮

Cin

dw
Ỹout (z)Ỹin(w)−1

1 − e−2π i(z−w)
fin(w). (2.24)

To analyze the formulas above we notice that

Ỹout (z) ∈ C[[e2π i z]] ⊗ e2π iazσ3 End(C2), Ỹin(z) ∈ C[[e−2π i z]] ⊗ e2π iazσ3 End(C2),

(2.25)

2 Here on, we drop the τ dependence of Q for brevity.
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and

∫ 1
2 +ic

− 1
2 +ic

dw
1

1 − e−2π i(z−w)
f (w) =

{
f+(z), Im z < c
− f−(z), Im z > c.

(2.26)

Because of (2.25), (2.26), the action of P⊕ on f (z) in (2.23), (2.24) can be rewritten as

(P⊕ f )(z) =
(

(P⊕ f )in,−
(P⊕ f )out,+

)
⊕
(

(P⊕ f )in,+
(P⊕ f )out,−

)

=
(

fin,−
fout,+

)
⊕
(
a b
c d

)(
fin,−
fout,+

)
,

(2.27)

where a,b, c,d are the components of P⊕ with respect to the decomposition H =
Hin ⊕ Hout :

(a f )(z) =
∮

Cin

dw
Ỹin(z)Ỹin(w)−1 − 1

1 − e−2π i(z−w)
fin(w), z ∈ Cin,

(b f )(z) =
∮

Cout

dw
Ỹin(z)Ỹout (w)−1

1 − e−2π i(z−w)
fout (w), z ∈ Cin,

(c f )(z) =
∮

Cin

dw
Ỹout (z)Ỹin(w)−1

1 − e−2π i(z−w)
fin(w), z ∈ Cout ,

(d f )(z) =
∮

Cout

dw
Ỹout (z)Ỹout (w)−1 − 1

1 − e−2π i(z−w)
fout (w), z ∈ Cout .

(2.28)

The functions Ỹin, Ỹout are the local solutions of the three-point problem (2.1) around
∓i∞, defined in Definition 1. They are given by, respectively (1.19), which is well-
defined as a series in e−2π i z , convergent for |e−2π i z | < 1, and (1.20), which is well-
defined as a series in e2π i z .

Definition 5. The tau function T (1,1) is defined, in terms of the Plemelj operators
P⊕,P�1,1 in Definitions 4 and 2, as:

T (1,1)(τ ) := det
H+

[
P−1

�1,1,+
P⊕,+

]
, (2.29)

where

P·,+ := P·|H+ . (2.30)

In general, it is useful to introduce the following notation:

Notation 1. T (g,n) denotes the determinant tau function on genus g Riemann Surfaces
with n Fuchsian singularities.
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2.2. Constructing the Fredholm determinant. As a stepping stone to Theorem 1, that
links the determinant tau function (2.29) to the isomonodromic tau function (1.16), in
the following proposition we show that the tau function T (1,1) of Definition 5 depends
solely on the operators a,b, c,d defined by the three-point problem.

Proposition 1. The tau function T (1,1)(τ ) is the Fredholm determinant of an operator
acting on L2(S1) ⊗ (C2 ⊕ C

2
)
, explicitly determined by hypergeometric functions

T (1,1)(τ ) = det
[
1 − K1,1

]
, (2.31)

where

K1,1(z, w) =
⎛

⎝
−e−2π iρ Ỹout (z+τ)Ỹin(w)−1

1−e−2π i(z−w+τ )

Ỹout (z+τ)Ỹout (w+τ)−1−1
1−e−2π i(z−w)

1−Ỹin(z)Ỹin(w)−1

1−e−2π i(z−w) e2π iρ Ỹin(z)Ỹout (w+τ)−1

1−e−2π i(z−w−τ )

⎞

⎠ , (2.32)

Ỹin and Ỹout are the solutions of the three-point problem on the cylinder (2.1), given by
(1.19) and (1.20) respectively, ρ parametrizes the U (1) shift of the B-cycle monodromy
of P� , and τ is the modular parameter of the torus.

Proof. Starting from the Definition (2.29) of T (1,1), we compute the action of P−1
�1,1,+

P⊕,+ on a function f ∈ H+:

F := P−1
�1,1,+

P⊕,+ f ⇒ P�1,1 F = P⊕ f , F ∈ H+. (2.33)

Noting that for any projector P acting on a vector x , one has x −Px ∈ ker P , and that3

ker P�1,1 = HA :

F = (F − P�1,1 F) + P�1,1 F = A + P⊕ f, A := F − P�1,1 F ∈ HA . (2.34)

In components, A reads

A =
(

Ain,−(z)
Aout,+(z)

)
⊕
(

Ain,+(z)
Aout,−(z)

)
. (2.35)

The identification of Cin with Cout , that produces the torus from the trinion as in Fig. 1,
is implemented at the level of functional spaces by setting

Ain,± = ∇−1Aout,±, (2.36)

where ∇ : Hin → Hout is a translation operator acting on an arbitrary function g(z) ∈
Hin as

∇g(z) = e2π iρg(z − τ). (2.37)

The factor e2π iρ takes into account the U (1) B-cycle monodromy of the Cauchy kernel
in (2.15). Using the explicit form of P⊕ in (2.27), together with the fact that F ∈ H+,
equation (2.34) reads:

(
Fin,−
Fout,+

)
⊕
(
0
0

)
=
(

Ain,−
Aout,+

)
⊕
(

Ain,+
Aout,−

)
+

(
fin,−
fout,+

)
⊕
(
a b
c d

)(
fin,−

fout,+.

)
(2.38)

3 When
(
1 − K1,1

)
is invertible,H = HT ⊕ HA , and therefore ker P�1,1 = HA .
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The H− components of (2.38) are solved by

Aout,− = −c fin,− − d fout,+ = ∇ Ain,− ,

Ain,+ = −a fin,− − b fout,+ = ∇−1Aout,+ ,
(2.39)

and substituting (2.39) into (2.38) gives

F =
(

Fin,−
Fout,+

)
=
(

fin,−
fout,+

)
−
(∇−1c ∇−1d

∇a ∇b

)(
fin,−
fout,+

)
:= (1 − K̂1,1

)
f. (2.40)

We note that the kernel K̂ in (2.40), when expressed in spherical coordinates, becomes
the one appearing in Section 4 of [26]. It is however more natural to conjugate the kernel
K̂1,1 by the operator diag(1,∇−1):

K1,1 := diag(1,∇−1) K̂1,1 diag(1,∇) =
(∇−1c ∇−1d∇

a b∇
)

(2.41)

The advantage of such a conjugation is the following: recall that we identify Cin and
Cout with two copies of the A-cycle obtained by cutting the B-cycle of the torus. They
are given by the segments in Fig. 3 with endpoints identified.
After the conjugation, K̂1,1 is defined on a single circle, since all the functions on Cout
are translated by τ , as is clear from the explicit expression

K1,1(z, w) =
⎛

⎝
−e−2π iρ Ỹout (z+τ)Ỹin(w)−1

1−e−2π i(z−w+τ )

Ỹout (z+τ)Ỹout (w+τ)−1−1
1−e−2π i(z−w)

1−Ỹin(z)Ỹin(w)−1

1−e−2π i(z−w) e2π iρ Ỹin(z)Ỹout (w+τ)−1

1−e−2π i(z−w−τ )

⎞

⎠ . (2.42)

The tau function T (1,1) in (2.29) is therefore

T (1,1)(τ ) = det
H+

[
P−1

�1,1,+
P⊕,+

]
= det[1 − K1,1]. (2.43)

��
Let us highlight the block determinant structure of the tau function

T (1,1)(τ ) = det
H+

[
P−1

�1,1,+
P⊕,+

]
= det

[
1 −

(∇−1c ∇−1d∇
a b∇

)]
, (2.44)

which will prove important in theorem (2), that generalizes proposition 1 to the case of
a genus 1 surface with n punctures, with tau function T (1,n).

Cin

Cout

0 1

τ 1 + τ

Fig. 3. Cin ,Cout in coordinates on the torus
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2.3. Relation to the Hamiltonian: Proof of Theorem 1. In this section we prove that the
logarithmic derivative of the tau function (2.29) differs from the Hamiltonian (1.14) by
a factor that we compute. Let us recall the main statement of Theorem 1:

TC M (τ ) = det
[
1 − K1,1

] e−2π iρη(τ)2

θ1(Q − ρ)θ1(Q + ρ)
e
2π iτ

(
a2+ 1

6

)

ϒ1,1(a, m), (2.45)

where ϒ1,1 is an arbitrary function of the monodromy data of the system (1.7).

Proof. Recall from (2.13), (2.18) that

P�1,1 f (z) =
∫

C

dw

2π i
YC M (z, τ )�2(z, w; τ)YC M (w, τ)−1 f (w) (2.46)

P⊕ f (z) =
∫

C
dw

Ỹ (z)Ỹ (w)−1

1 − e−2π i(z−w)
f (w), (2.47)

and since P⊕ does not depend on τ , the logarithmic derivative of T (1,1) in (2.29) is (see
also pg. 20 in [5])

∂τ log T (1,1)(τ ) = − trH P⊕∂τP�1,1 . (2.48)

The computation of the τ -derivative of P� needs careful analysis. In principle, the
operator P� acts on different spaces for different values of the complex moduli: to
define its derivative we need a local identification of these spaces (connection). In the
spherical case such an identification is absolutely natural, because we can keep the
system of contours Cin,out untouched while varying the complex moduli; which is no
longer true in the torus case, since the position of Cout depends on τ , see Fig. 3. In order
to make the spaceHout τ -independent we identify it withHin using the shift operator∇
defined in (2.37), by setting Hout = ∇H′

in , where the space H′
in is isomorphic to Hin .

This identification gives us a new operator P ′
�1,1

acting on “time-independent” spaces:
P ′

�1,1
: Hin ⊕ H′

in → Hin ⊕ H′
in .

P ′
�1,1

:= diag(1,∇−1)P�1,1diag(1,∇). (2.49)

We identify H′
in with the space of functions on C′

in , which is just another copy of Cin ,
introduced for convenience to describe the block structure of P ′

� by indicating the
positions of the arguments of the kernel. Using these notations, the kernel ofP ′

� is given
by the following expressions:

P ′
�1,1

(w, z) = P�1,1(w, z), for w, z ∈ Cin,

P ′
�1,1

(w, z) = e−2π iρP�1,1(w + τ, z), for w ∈ C′
in, z ∈ Cin,

P ′
�1,1

(w, z) = e2π iρP�1,1(w, z + τ), for w ∈ Cin, z ∈ C′
in,

P ′
�1,1

(w, z) = P�1,1(w + τ, z + τ), for w, z ∈ C′
in .

(2.50)

Now we define the τ -derivative of P�1,1 simply as

∂τP�1,1 := diag(1,∇)∂τP ′
�1,1

diag(1,∇−1). (2.51)



Isomonodromic Tau Functions 1043

Using (2.50) we get the kernel of ∂τP�1,1 explicitly:
(
∂τP�1,1

)
(w, z) = ∂τP�1,1(w, z) for w, z ∈ Cin,

(
∂τP�1,1

)
(w, z) = (∂τ + ∂w)P�1,1(w, z) for w ∈ Cout , z ∈ Cin,

(
∂τP�1,1

)
(w, z) = (∂τ + ∂z)P�1,1(w, z) for w ∈ Cin, z ∈ Cout ,(

∂τP�1,1

)
(w, z) = (∂τ + ∂w + ∂z)P�1,1(w, z) w, z ∈ Cout .

(2.52)

Therefore,4

−trH(P⊕∂τP�1,1) = −
∮

C
dw

∮

C

dz

2π i

1

1 − e−2π i(z−w)
tr

{
Ỹ (z)Ỹ (w)−1∂τ

(
YC M (w)�2(w, z)YC M (z)−1

)}

−
∮

C
dw

∮

Cout

dz

2π i

1

1 − e−2π i(z−w)
tr

{
Ỹ (z)Ỹ (w)−1∂z

(
YC M (w)�2(w, z)YC M (z)−1

)}

−
∮

Cout

dw

∮

C

dz

2π i

1

1 − e−2π i(z−w)
tr

{
Ỹ (z)Ỹ (w)−1∂w

(
YC M (w)�2(w, z)YC M (z)−1

)}

= Iτ + Iz + Iw, (2.53)

where

Iτ := −
∮

C
dw

∮

C
dz

2π i

1

1 − e−2π i(z−w)
tr
{

Ỹ (z)Ỹ (w)−1∂τ (YC M (w)�2(w, z)YC M (z)−1
}

,

(2.54)

Iz := −
∮

C
dw

∮

Cout

dz

2π i

1

1 − e−2π i(z−w)
tr
{

Ỹ (z)Ỹ (w)−1∂z

(
YC M (w)�2(w, z)YC M (z)−1

)}

(2.55)

Iw := −
∮

Cout

dw

∮

C
dz

2π i

1

1 − e−2π i(z−w)
tr
{

Ỹ (z)Ỹ (w)−1∂w

(
YC M (w)�2(w, z)YC M (z)−1

)}
.

. (2.56)

In the multiple integrals we always use the convention that z is inside w (recall that the
notation C, C is explained in Fig. 2) and we close the contours in the direction of A .
The reason for such choice of the contour is the following: the kernel

(
∂τP�1,1

)
(w, z)

is regular at z = w since ∂τ
1

w−z = 0 and (∂τ + ∂z + ∂w) 1
w−z = 0, which means that the

relative positions of the arguments of ∂τP�1,1 can be arbitrary. Keeping this in mind we
first act on

(
P�1,1

)
(w, z0), viewed as a function of w, by P⊕(z, w): the action results in

an integral over w, whose contour should be chosen according to Definition 3. Namely,
since P⊕(z, w) has pole along the diagonal, we deform the contour for w to C, and also
move z to C for convenience. After this, we set z0 = z and integrate over z on C to take
trace.

4 We drop the τ dependence of YC M , LC M and MC M in this proof for brevity
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The integration of w over C then picks up the residue at w = z. Let us begin with the
integral Iz :

Iz = −
∮

C
dw

∮

Cout

dz

2π i

1

1 − e−2π i(z−w)
tr

{
Ỹ (z)Ỹ (w)−1∂z

(
YC M (w)�2(w, z)YC M (z)−1

)}
= I (1)

z + I (2)
z ,

(2.57)

where

I (1)
z := −

∮

C
dw

∮

Cout

dz

2π i

1

1 − e−2π i(z−w)
tr
{
Ỹ (w)−1YC M (w)∂z�2(w, z)YC M (z)−1Ỹ (z)

}
,

(2.58)

I (2)
z := −

∮

C
dw

∮

Cout

dz
1

1 − e−2π i(z−w)
tr
{
Ỹ (w)−1YC M (w)�2(w, z)∂zYC M (z)−1Ỹ (z)

}
.

(2.59)

To compute I (1)
z , we expand �2(w, z) as in (2.16), and use (2.19)

I (1)
z = −

∮

C
dw

∮

Cout

dz

2π i

1

1 − e−2π i(z−w)
tr
{
Ỹ (w)−1YC M (w)∂z�2(w, z)YC M (z)−1Ỹ (z)

}

= −
∮

C
dw

2π i

∮

Cout

dz

2π i
tr

{
Ỹ (w)−1YC M (w)

[
− 1

(w − z)3
+

iπ

(w − z)2

]
YC M (z)−1Ỹ (z)

}

−
∮

C
dw

2π i

∮

Cout

dz

2π i
tr

⎧
⎨

⎩
Ỹ (w)−1YC M (w)

2(w − z)

⎡

⎣

⎛

⎝
θ ′′
1 (Q−ρ)

θ1(Q−ρ)
0

0
θ ′′
1 (Q+ρ)

θ1(Q+ρ)

⎞

⎠− 1

3

θ ′′′
1

θ ′
1

− 1

6
(2π i)2

⎤

⎦ YC M (z)−1Ỹ (z)

⎫
⎬

⎭

= − 1

2

∮

Cout

dz

2π i
tr
{
∂2z
(
Ỹ (z)−1YC M (z)

)
YC M (z)−1Ỹ (z)

}
+
1

2

∮

Cout

dz tr
{

LC M − L3pt
}

+
∮

Cout

dz

2π i
tr

⎧
⎨

⎩
1

2

⎛

⎝
θ ′′
1 (Q−ρ)

θ1(Q−ρ)
0

0
θ ′′
1 (Q+ρ)

θ1(Q+ρ)

⎞

⎠− 1

6

θ ′′′
1

θ ′
1

− (2π i)21

12

⎫
⎬

⎭ , (2.60)

with LC M (z), L3pt (z) given in (1.8), (2.1) respectively. Similarly, I (2)
z reads

I (2)
z = −

∮

C
dw

∮

Cout

dz

2π i

1

1 − e−2π i(z−w)
tr
{

Ỹ (w)−1YC M (w)�2(w, z)∂zYC M (z)−1Ỹ (z)
}

=
∮

C

dw

2π i

∮

Cout

dz

2π i
tr

{
Ỹ (w)−1YC M (w)

[
1

(w − z)2

]
∂zYC M (z)−1Ỹ (z)

}

+
∮

C

dw

2π i

∮

Cout

dz

2π i
tr

⎧
⎨

⎩
Ỹ (w)−1YC M (w)

w − z

⎡

⎣

⎛

⎝
θ ′
1(Q−ρ)

θ1(Q−ρ)
0

0 − θ ′
1(Q+ρ)

θ1(Q+ρ)

⎞

⎠− iπ1

⎤

⎦ ∂zYC M (z)−1Ỹ (z)

⎫
⎬

⎭

= −
∮

Cout

dz

2π i
tr
{
∂z

(
Ỹ (z)−1YC M (z)

)
∂zYC M (z)−1Ỹ (z)

}

+
∮

Cout

dz

2π i
tr

⎧
⎨

⎩

⎛

⎝
θ ′
1(Q−ρ)

θ1(Q−ρ)
0

0 − θ ′
1(Q+ρ)

θ1(Q+ρ)

⎞

⎠ LC M (z)

⎫
⎬

⎭− 1

2

∮

Cout

dz tr LC M (z).

(2.61)
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Plugging the expressions for I (1)
z in (2.60) and I (2)

z in (2.61) into (2.57), observing
that tr LC M = tr L3pt = 0, and rearranging the terms we find:

Iz = − 1

2

∮

Cout

dz

2π i
tr
{
∂2z

(
Ỹ (z)−1YC M (z)

)
YC M (z)−1Ỹ (z)

}

−
∮

Cout

dz

2π i
tr
{
∂z

(
Ỹ (z)−1YC M (z)

)
∂zYC M (z)−1Ỹ (z)

}

+
∮

Cout

dz

2π i
tr

⎧
⎨

⎩
1

2

⎛

⎝
θ ′′
1 (Q−ρ)

θ1(Q−ρ)
0

0
θ ′′
1 (Q+ρ)

θ1(Q+ρ)

⎞

⎠− 1

6

θ ′′′
1

θ ′
1

− (2π i)21

12

⎫
⎬

⎭

+
∮

Cout

dz

2π i
tr

⎧
⎨

⎩

⎛

⎝
θ ′
1(Q−ρ)

θ1(Q−ρ)
0

0 − θ ′
1(Q+ρ)

θ1(Q+ρ)

⎞

⎠ LC M (z)

⎫
⎬

⎭ . (2.62)

Let us integrate by parts the first two terms in (2.62):

− 1

2

∮

Cout

dz

2π i
tr
{
∂2z

(
Ỹ (z)−1YC M (z)

)
YC M (z)−1Ỹ (z)

}

−
∮

Cout

dz

2π i
tr
{
∂z

(
Ỹ (z)−1YC M (z)

)
∂zYC M (z)−1Ỹ (z)

}

= +
1

2

∮

Cout

dz

2π i
tr
{
∂z

(
Ỹ (z)−1YC M (z)

)
∂z

(
YC M (z)−1Ỹ (z)

)}

−
∮

Cout

dz

2π i
tr
{
∂z

(
Ỹ (z)−1YC M (z)

)
∂zYC M (z)−1Ỹ (z)

}

= − 1

2

∮

Cout

dz

2π i
tr
{
−L3pt (z)

2 + LC M (z)2
}

. (2.63)

Therefore,

Iz =1

2

∮

Cout

dz

2π i
tr

⎧
⎨

⎩−L3pt (z)
2 + LC M (z)2 + 2

⎛

⎝
θ ′
1(Q−ρ)

θ1(Q−ρ)
0

0 − θ ′
1(Q+ρ)

θ1(Q+ρ)

⎞

⎠ LC M (z)

⎫
⎬

⎭

+
1

2

∮

Cout

dz

2π i
tr

⎧
⎨

⎩

⎛

⎝
θ ′′
1 (Q−ρ)

θ1(Q−ρ)
0

0
θ ′′
1 (Q+ρ)

θ1(Q+ρ)

⎞

⎠− 1

(
1

3

θ ′′′
1
θ ′
1

+
(2π i)2

6

)⎫⎬

⎭

(1.14)= −2π ia2 +
1

2π i
HC M +

P

2π i

(
θ ′
1(Q − ρ)

θ1(Q − ρ)
+

θ ′
1(Q + ρ)

θ1(Q + ρ)

)

+
1

4π i

(
θ ′′
1 (Q − ρ)

θ1(Q − ρ)
+

θ ′′
1 (Q + ρ)

θ1(Q + ρ)

)
−
(

1

6π i

θ ′′′
1
θ ′
1

+
(2π i)

6

)
. (2.64)

To compute the first term in (2.64), we use the explicit form (2.1), (2.2) and recall that
the contour Cout is simply the interval [τ, τ + 1]:

∮

Cout

dz

4π i
tr L2

3pt (z) = 2π ia2. (2.65)
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The second term of (2.64) is simply the isomonodromic Hamiltonian, while all the other
terms are constants, that are unaffected by the integration. The term Iw in (2.56) vanishes
because the z-loop is contractible.

Iw = 0. (2.66)

Finally, we compute Iτ :

Iτ =−
∮

C
dw

∮

C

dz

2π i

1

1−e−2π i(z−w)
tr
{

Ỹ (z)Ỹ (w)−1∂τ

(
YC M (w)�2(w, z)YC M (z)−1

)}

= I (1)
τ + I (2)

τ + I (3)
τ , (2.67)

where

I (1)
τ := −

∮

C
dw

∮

C
dz

2π i

1

1 − e−2π i(z−w)
tr
{

Ỹ (w)−1∂τ (YC M (w))�2(w, z)YC M (z)−1Ỹ (z)
}

,

(2.68)

I (2)
τ := −

∮

C
dw

∮

C
dz

2π i

1

1 − e−2π i(z−w)
tr
{

Ỹ (w)−1YC M (w)∂τ (�2(w, z)) YC M (z)−1Ỹ (z)
}

(2.69)

I (3)
τ := −

∮

C
dw

∮

C
dz

2π i

1

1 − e−2π i(z−w)
tr
{

Ỹ (w)−1YC M (w)�2(w, z)∂τ

(
YC M (z)−1

)
Ỹ (z)

}
.

(2.70)

As for I (1)
τ ,

I (1)
τ = 0

because the z-loop is contractible. Now computing the integral I (2)
τ ,

I (2)
τ = −

∮

C
dw

∮

C

dz

2π i

1

1 − e−2π i(z−w)
tr

{
Ỹ (z)Ỹ (w)−1YC M (w)∂τ (�2(w, z)) YC M (z)−1

}
= 0, (2.71)

because ∂τ�2(z, w) is regular at w = z. Since I (1)
τ and I (2)

τ vanish, Iτ = I (3)
τ . Finally,

we compute the integral I (3)
τ by expanding � as before:

Iτ = I (3)
τ = −

∮

C
dw

∮

C

dz

2π i

1

1 − e−2π i(z−w)
tr

{
Ỹ (w)−1YC M (w)�2(w, z)∂τ YC M (z)−1Ỹ (z)

}

=
∮

C

dw

2π i

∮

C

dz

2π i
tr

{
Ỹ (w)−1YC M (w)∂τ

(
YC M (z)−1

)
Ỹ (z)

(w − z)2

}

−
∮

C

dw

2π i

∮

C

dz

2π i
tr

⎧
⎨

⎩
Ỹ (w)−1YC M (w)

w − z
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×
⎡

⎣iπ1 −
⎛

⎝
θ ′
1(Q−ρ)

θ1(Q−ρ)
0

0
θ ′
1(−Q−ρ)

θ1(−Q−ρ)

⎞

⎠

⎤

⎦ ∂τ

(
YC M (z)−1

)
Ỹ (z)

⎫
⎬

⎭

= −
∮

C

dz

2π i
tr
{
∂z

(
Ỹ (z)−1YC M (z)

)
∂τ

(
YC M (z)−1

)
Ỹ (z)

}

−
∮

C
dz tr

⎧
⎨

⎩

⎡

⎣iπ1 −
⎛

⎝
θ ′
1(Q−ρ)

θ1(Q−ρ)
0

0
θ ′
1(−Q−ρ)

θ1(−Q−ρ)

⎞

⎠

⎤

⎦MC M

⎫
⎬

⎭

= −
∮

C

dz

2π i
tr
{
∂z

(
Ỹ (z)−1YC M (z)

)
∂τ

(
YC M (z)−1

)
Ỹ (z)

}
. (2.72)

Again, in the last line of (2.72) we used the fact that MC M in (1.8), is regular at the
puncture. Therefore,

Iτ = −
∮

C
dz tr

{
∂z

(
Ỹ (z)−1YC M (z)

)
∂τ

(
YC M (z)−1

)
Ỹ (z)

}

= −
∮

C
dz tr

{(
∂z Ỹ (z)Ỹ (z)−1 − ∂zYC M (z)YC M (z)−1

)
∂τ YC M (z)YC M (z)−1

}

= −
∮

C
dz
{(

YC M (z)−1Ỹ (z)L3pt (z)(YC M (z)−1Ỹ (z))−1 − LC M

)
MC M

}
. (2.73)

To compute the above expression, we study the behavior of LC M , MC M , L3pt in (1.8)
and (2.1) respectively, at z = 0, using the expansions

x(2Q, z) = 1

z
+

θ ′
1(2Q)

θ1(2Q)
+O(z), (2.74)

and

y(2Q, z) =
[

θ ′′
1 (2Q)

θ1(2Q)
−
(

θ ′
1(2Q)

θ1(2Q)

)2
]
+O(z)

= ℘(2Q) +O(z).

(2.75)

Substituting (2.74) and (2.75) in the Lax matrices one finds (the solutions YC M (z), Ỹ (z)
can be simultaneously re-normalized in such a way that their monodromy around z = 0
is e2π imσ3 )

LC M = YC M (0)−1mσ3YC M (0)

z
− i

mθ ′
1(2Q)

θ1(2Q)
σ2 + Pσ3 +O(z),

MC M = ℘(2Q)σ1 +O(z),

L3pt = Ỹ (0)−1mσ3Ỹ (0)

z
− 2π i

(
A0 +

A1

2

)
+O(z). (2.76)

From equation (2.76), it follows that

YC M (z)−1Ỹ (z)L3pt (z)(YC M (z)−1Ỹ (z))−1 − LC M

= −2π iYC M (0)−1Ỹ (0)

(
A0 +

A1

2

)
YC M (0)−1Ỹ (0) + i

mθ ′
1(2Q)

θ1(2Q)
σ2 − Pσ3,

(2.77)
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so, the integrand in equation (2.73) has no pole, and

Iτ = 0. (2.78)

We have thus shown that the logarithmic derivative of the tau function T (1,1) in (2.48)
is

2π i∂τ log det
[
1 − K1,1

] (2.31)= 2π i∂τ log T (1,1) (2.48)= −2π i trHP⊕∂τP�

(2.53)= 2π i (Iτ + Iz + Iw)
(2.66),(2.79)= 2π i Iz

(2.64)= −(2π i)2a2 + HC M −
(
1

3

θ ′′′
1

θ ′
1
+

(2π i)2

6

)

+ P

(
θ ′
1(Q − ρ)

θ1(Q − ρ)
+

θ ′
1(Q + ρ)

θ1(Q + ρ)

)
+
1

2

(
θ ′′
1 (Q − ρ)

θ1(Q − ρ)
+

θ ′′
1 (Q + ρ)

θ1(Q + ρ)

)

(1.16)= 2π i∂τ log TC M − (2π i)2a2 −
(
1

3

θ ′′′
1

θ ′
1
+

(2π i)2

6

)

+ P

(
θ ′
1(Q − ρ)

θ1(Q − ρ)
+

θ ′
1(Q + ρ)

θ1(Q + ρ)

)
+
1

2

(
θ ′′
1 (Q − ρ)

θ1(Q − ρ)
+

θ ′′
1 (Q + ρ)

θ1(Q + ρ)

)

= 2π i∂τ log TC M − (2π i)2a2 − (2π i)2

6

+ 2π i
d

dτ
log

(
θ1(Q − ρ)θ1(Q + ρ)

η(τ)2

)
. (2.79)

In the last line we used the heat equation for θ1

4π i∂τ θ1(Q ± ρ) = θ ′′
1 (Q ± ρ), (2.80)

the expression for Dedekind eta function

η(τ) =
(

θ ′
1

2π

)1/3

, − 4π i
d

dτ
log η(τ) = − 1

3θ ′
1
4π i

dθ ′
1

dτ
= −1

3

θ ′′′
1

θ ′
1

. (2.81)

As well as the fact that P = 2π i d Q
dτ

, leading to

4π i
d

dτ
log θ1(Q ± ρ) = 1

θ1(Q ± ρ)
4π i

d

dτ
θ1(Q ± ρ)

= 4π i
d Q

dτ

θ ′
1(Q ± ρ)

θ1(Q ± ρ)
+

1

θ1(Q ± ρ)
∂τ θ1(Q ± ρ)

= 2P
θ ′
1(Q ± ρ)

θ1(Q ± ρ)
+

θ ′′
1 (Q ± ρ)

θ1(Q ± ρ)
. (2.82)

Integrating (2.79) on both sides, we obtain (1.17) where the explicit form of the kernel
K1,1 is in (2.42). ��
Remark 2. Due to the factor θ1(Q+ρ)θ1(Q−ρ)

η(τ)2
in (1.17) between the isomonodromic tau

function TC M and the determinant tau function T (1,1), we have the following statement:

T (1,1)|ρ=±Q = 0, (2.83)
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i.e. the zero locus of the Fredholm determinant in ρ computes the solution to the equation
(1.3). This is an isomonodromic version of Krichever’s solution of the isospectral elliptic
Calogero–Moser model [26,27,35], and justifies the introduction of the extra parameter
ρ.

Further comments are in order:

1. We see that, in contrast to the spherical case, now there are two different tau functions,
TC M and T (1,1). It is usually supposed that the object called ’tau function’ is related to
free fermions, has a determinant representation, and satisfies some bilinear relations.
It turns out that only T (1,1) has such properties, in particular, it was shown in [36] that
equation (1.3) is equivalent to some bilinear relations on the two ρ-independent parts
of T (1,1). These bilinear relations are the consequences of the blow-up relations for
the theory with adjoint matter (for other examples of such equations see [37]). The
free-fermionic nature of T (1,1) was shown in [26]. Instead, TC M has one property,
which T (1,1) does not have: its derivative gives the Hamiltonian.

2. A consequence of the determinant expression (1.17) for TC M is the following relation
between the solution Q to the nonautonomous elliptic Calogero–Moser equation and
the determinant (see equations 3.56 and F.3, [26]):

θ3(2Q(τ )|2τ)

θ2(2Q(τ )|2τ)
= ie3iπτ/2

det(1 − K1,1|ρ= 1
4 +

τ
2
)

det(1 − K1,1|ρ= 1
4
)

. (2.84)

3. Generalization to the n-Punctured Torus

We now generalize the discussion of the previous section to the GL(N ) linear system
(1.21) on a torus with n punctures, using the expressions derived in [25] for the matrices
L , Mzk , Mτ . In this case the matrix elements Li j of the Lax matrix L(z) are

Li j (z) = δi j

[
Pi +

n∑

k=1

θ ′
1(z − zk)

θ1(z − zk)

(
S(k)

i i + �k

)]

+ (1 − δi j )

n∑

k=1

x(Qi − Q j , z − zk)S(k)
i j

(3.1)

while the matrix elements of the M-matrices (1.21) are

(Mzk )i j (z) = −δi j
θ ′
1(z − zk)

θ1(z − zk)

(
S(k)

i i + �k

)
− (1 − δi j )x(Qi − Q j , z − zk)S(k)

i j ,

(3.2)

(Mτ )i j (z) = 1

2
δi j

n∑

k=1

θ ′′
1 (z − zk)

θ1(z − zk)

(
S(k)

i i + �k

)
+

n∑

k=1

y(Q j − Qi , z − zk)S(k)
i j ,

(3.3)

where the functions x(u, z), y(u, z) are defined in (1.9). The dynamical variables5

Q1, . . . , QN , P1, . . . , PN satisfy
∑

i Qi =∑i Pi = 0 and are canonically conjugated,

5 In the interest of brevity, we omit writing the τ , z1 . . . zn dependence of the functions L(z), M(z), Y (z)
and the dynamical variables Qi ’s, Pi ’s.
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and the matrices S(k) satisfy the Kirillov-Kostant Poisson bracket

{
Qi , Pj

} = δi j ,
{

S(k)
a , S(m)

b

}
= δkm f ab

c S(k)
c , (3.4)

where we defined S(k) := S(k)
a ta in terms of a set of generators ta of slN , and f ab

c are
the slN structure constants. The residues take value in gl(N ) due to the U (1) factors�k .

Notation 2. Given an N-tuple of parameters (ξ1, . . . ξN ), and a function g(ξi ), i =
1, . . . , N of these parameters, we define

g(ξ) := diag ( f (ξ1), . . . , g(ξN )) . (3.5)

In particular, when g(ξi ) = ξi , this is

ξ = diag (ξ1, . . . , ξN ) . (3.6)

Remark 3. The generic isomonodromic problem on genus one surfaces is formulated in
[25] under the requirement that the matrices S(k), parametrizing the slN residues at the
punctures zk , satisfy

n∑

k=1

S(k)
i i = 0. (3.7)

For consistency of the construction, (3.7) will be imposed on the slN component of the
residues, S(k).

The matrices L , Mzk , Mτ are not single-valued on the torus, but rather under the shift
z → z + τ behave as (using notation 2)

L(z + τ) = e−2π i QL(z)e2π i Q − 2π i
n∑

k=1

�k

Mzk (z + τ) = e−2π i QMzk (z)e
2π i Q + 2π i

n∑

k=1

�k,

Mτ (z + τ) = e−2π i Q (Mτ (z) + L(z)) e2π Q − 2π i P − (2π i)2
1

2

n∑

k=1

�k, (3.8)

so that the solution of the linear system (1.8) will transform as follows:

Y(z + τ) = MBe
−2π i

∑n
j=1

(
z−z j+

τ
2 +

1
2

)
� jY(z)e2π i Q, (3.9)

where MB ∈ SL(N ). The pants decomposition corresponding to the n-punctured torus
consists of n trinions, as shown in Fig. 4, with each trinion T [k] associated to its own
three-point problem.

∂zỸ [k](z) = Ỹ [k](z)L [k]
3pt (z),

L [k]
3pt (z) = −2π i A[k]

0 − 2π i
A[k]
1

1 − e2π i z
, (3.10)
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. . .T [1] T [2] T [n]

C[1]
in C[1]

out

C[1]
out C[2]

in

C[2]
in C[2]

out

C[2]
out C[3]

in C[n−1]
out C[n]

in

C[n]
in C[n]

out

C[n]
outC[n+1]

in = C[1]
in

A [1] A [2] A [n−1]

A [n]

Fig. 4. Pants decomposition for the n-punctured torus

where

A[k]
0 ∼ σ k, A[k]

1 ∼ μk, (3.11)

σ k = ak −
k−1∑

j=0

� j1, μk = mk + �k1 (3.12)

for k = 1, . . . n. As in the 1-point case, we choose Ỹ [k](z) in such a way that

Ỹ [k](z)−1Y(z)

is regular and single-valued around z = zk and has no monodromies around two closest
A-cycles.

In (3.12) we introduced a U (1) parameter �0 shifting the monodromy exponent
σ 1 around C[1]

in , whose significance will become apparent in Sects. 4.2 and 4.36. The
monodromy exponents mk , ak parametrize the SL(N ) component of the monodromy,
and the ak’s satisfy an+1 = a1. In terms of the original problem on the torus, the
monodromy exponents σ k , μk in equation (3.10) are defined by the conjugacy class of
the monodromies around the punctures {zk}n

k=1, and around the circles Cin , Cout being
glued in the pants decomposition (see Fig. 4), which are respectively

Mk ∼ e2π i μk , MC[k]
in

= M−1
C[k−1]

out
= G−1

k e2π i σ k Gk, (3.13)

for k = 1, . . . n, and

MC[n]
out

= M−1
B e−2π i(σ 1−∑n

j=1 � j1)MB . (3.14)

The matrix Gk is the matrix that diagonalizes MC[k]
in

= M [k−1]
Cout

, while Gn+1 := MB is

the matrix that diagonalizes M [n]
Cout

as in the one-punctured case, and we fixed G1 = 1.

The total Hilbert spaceH is decomposed into a direct sum of spacesH[k] corresponding
to each pair of pants:

H :=
n⊕

k=1

H[k] = H+ ⊕ H−, (3.15)

6 From the point of view of the dynamical system, the monodromy exponents on C[1]
in have the role of initial

conditions, so that it is natural that �0 doesn’t appear in the Lax matrix, contrary to �1, . . . , �N , which are
residues at the punctures.
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where

H± :=
n⊕

k=1

(
H[k]

in,∓ ⊕ H[k]
out,±

)
, (3.16)

Definition 6. Corresponding to the solutionsY(z), Ỹ [k](z) of the linear problems (1.21),
(3.10) respectively, we define two matrix-valued functions: Y (z) with diagonal mon-
odromies around the boundary circles C[k]

in and C[k]
out , and Ỹ [k](z) with diagonal mon-

odromies around C[k]
in and C[k]

out (see Fig. 4), by the following equations:

Y (z)|C[1]
in

:= Y(z)|C[1]
in

∈ H[1]
in , Y (z)|C[n]

out
:= M−1

B Y(z)|C[n]
out

∈ H[n]
out . (3.17)

Ỹ [k](z)|C[k]
in

≡ Ỹ [k]
in (z) := G−1

k Ỹ [k](z)|C[k]
in

∈ H[k]
in , (3.18)

Ỹ [k](z)|C[k]
out

≡ Ỹ [k]
out (z) := G−1

k+1Ỹ
[k](z)|C[k]

out
∈ H[k]

out , (3.19)

with G1 = 1, and Gn+1 = MB .

The functions f [k](z) ∈ H[k] are decomposed as

f [k](z) =
(

f [k]
in,−

f [k]
out,+

)
⊕
(

f [k]
in,+

f [k]
out,−

)
. (3.20)

The generalization of Definition 4 to the n-punctured case is as follows:

P⊕ :=
n⊕

k=1

P [k]
⊕ (3.21)

whereP [k] is the Plemelj operator given by the solution to the three-point problem (3.10)
in the pants decomposition,

(
P [k]

⊕ f [k]) (z) =
∫

C[k]
in ∪C[k]

out

dw
Ỹ [k](z)Ỹ [k](w)−1

1 − e−2π i(z−w)
f [k](w)

:=
∫

C[k]
dw

Ỹ [k](z)Ỹ [k](w)−1

1 − e−2π i(z−w)
f [k](w).

(3.22)

Equivalently,

P [k]
⊕ :

(
f [k]
in,−

f [k]
out,+

)
⊕
(

f [k]
in,+

f [k]
out,−

)
�→
(

f [k]
in,−

f [k]
out,+

)
⊕
(
a[k] b[k]
c[k] d[k]

)(
f [k]
in,−

f [k]
out,+

)
, (3.23)
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where

(a[k]g)(z) =
∮

C[k]
in

dw
Ỹ [k]

in (z)Ỹ [k]
in (w)−1 − 1

1 − e−2π i(z−w)
gin(w), z ∈ C[k]

in ,

(b[k]g)(z) =
∮

C[k]
out

dw
Ỹ [k]

in (z)Ỹ [k]
out (w)−1

1 − e−2π i(z−w)
gout (w), z ∈ C[k]

in ,

(c[k]g)(z) =
∮

C[k]
in

dw
Ỹ [k]

out (z)Ỹ
[k]
in (w)−1

1 − e−2π i(z−w)
gin(w), z ∈ C[k]

out ,

(d[k]g)(z) =
∮

C[k]
out

dw
Ỹ [k]

out (z)Ỹ
[k]
out (w)−1 − 1

1 − e−2π i(z−w)
gout (w), z ∈ C[k]

out .

(3.24)

The functions Ỹ [k]
in , Ỹ [k]

out are the local solutions of the k-th three-point problem around
∓i∞, respectively, defined in Definition 6. In the case of a semi-degenerate system (i.e.
a linear systemwith a single independent local monodromy exponent at z = 0 instead of
N ) these solutions are described by generalized hypergeometric functions N FN−1 (see
eq. 19 in [38]). Similar to (2.20), P2⊕ = P⊕, and

ker P⊕ = H−. (3.25)

Generalizing Definition 2, we now introduce the Plemelj operator described by the
solution to the n-point linear system (1.21),

(
P�1,n f

)
(z) =

∮

C�

dw

2π i
Y (z)�N (z, w)Y (w)−1 f (w), (3.26)

where

C� :=
n⋃

k=1

C[k]
out ∪ C[k+1]

in , C[n+1]
in := C[1]

in , (3.27)

and

�N (z, w) = diag

(
θ1(z − w + Q1 − ρ̃)θ ′

1(0)

θ1(z − w)θ1(Q1 − ρ̃)
, . . . ,

θ1(z − w + QN − ρ̃)θ ′
1(0)

θ1(z − w)θ1(QN − ρ̃)

)
,

(3.28)

where

ρ̃ := ρ −
n∑

j=1

� j

(
z j − τ

2
− 1

2

)
, (3.29)

and as before ρ is an arbitrary parameter, and �N transforms as

�N (z + τ,w) = e−2π i Q+2π i ρ̃ �N (z, w), �N (x, w + τ) = �N (z, w)e2π i Q−2π i ρ̃ .

(3.30)

The shift of the parameter ρ in (3.29) makes the monodromies of the Cauchy kernel
time-independent (see equation (3.9)), and the following is true:

HA ⊆ kerP�1,n , (3.31)
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whereA :=⋃n
k=1A

[k] in Fig. 4, and the space of functions are defined by the equation
(3.45). It is straightforward to check that P2

�1,n
= P�1,n , and one can further prove:

P⊕P�1,n = P�1,n , P�1,nP⊕ = P⊕. (3.32)

The space of functions on T :=⋃n
k=1T

[k] in Fig. 4 is
HT := im P⊕ = im P�1,n . (3.33)

Definition 7. The determinant tau function T (1,n) is defined in terms of the Plemelj
operators in equations (3.21), (3.26), as

T (1,n) := det
H+

[
P−1

�1,n
P⊕
]
. (3.34)

We now proceed to formulate the generalization of proposition 1 to the present case.

3.1. Block-determinant representation of the tau function.

Proposition 2. The tau function T (1,n) in (3.34) is the Fredholm determinant of a block

operator acting on L2(S1) ⊗
(⊕2n

k=1 C
N
)

:

T (1,n)(τ, z1, . . . , zn) = det
[
1 − K1,n

]
, (3.35)

where

K1,n =

0
0
c[1]

0
0

0
a[1] b[1] 0 0 0

0
b[n]∇
0

0 0 0 ∇−1c[n] ∇−1d[n]∇
0
0U1 V1

W1
0

0

U2

W2

V2

U
n−1

V
n−2

W
n−2

..
.

..
.

. . .

. . .

. . .

. . .

. . .
,

(3.36)

and

Uk =
(

0 a[k+1]
d[k] 0

)
, Vk =

(
b[k+1] 0
0 0

)
, Wk =

(
0 0
0 c[k+1]

)
. (3.37)

The operators a[k],b[k], c[k],d[k] defined in (3.24), and ∇ is the shift operator defined
in (3.41).
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Proof. The proof goes along the same lines as that of Proposition 1. Recalling the
definition of the tau function in (3.34) and of the Plemelj operators in (3.22), (3.26), we
compute the action of P−1

�1,n ,+P⊕,+ on a function f ∈ H+:

F := P−1
�1,n ,+P⊕,+ f ⇒ P�1,n F = P⊕ f , F ∈ H+. (3.38)

Now we use that for any projector P acting on a vector x , one has x −Px ∈ ker P , and
that7 ker P�1,n = HA :

F = (F − P�1,n F) + P�1,n F = A + P⊕ f, A := F − P�1,n F ∈ HA . (3.39)

The orthogonal decomposition of A is

A =
n⊕

k=1

A[k] =
(

A[k]
in,−

A[k]
out,+

)
⊕
(

A[k]
in,+

A[k]
out,−

)
. (3.40)

The z-dependent B-cycle monodromy in (3.9) implies that the monodromies around C[1]
in

and C[n]
out (see Fig. 4) are given by (3.14), prompting the following expression for the

shift operator ∇ : H[1]
in → H[n]

out

∇g(z) = e
2π i
(
ρ−(z−τ)

∑n
j=1 � j

)

g(z − τ), (3.41)

in order to ’glue’ the boundary spaces on Cin , Cout . The factor e2π i z
∑n

j=1 � j in the above
definition of ∇ leads to the following action of ∇−1:

∇−1h(z) = e
−2π i

(
ρ−z

∑n
j=1 � j

)

h(z + τ). (3.42)

Identifying the boundaries C[n]
out with C[1]

in , and C[k]
out with C[k+1]

in for k = 1 . . . n − 1,
produces the torus from the pants decomposition as in Fig. 4, and translates to the
following constraints on A in (3.40):

A[1]
in,± = ∇−1A[n]

out,±; A[k]
out,± = A[k+1]

in,± , k = 1, . . . , n − 1, (3.43)

where the translation operator∇ : H[1]
in → H[n]

out is defined as in (3.41).Component-wise,
equation (3.39) reads

F =
(

Fin,−
Fout,+

)
⊕
(
0
0

)

=
n⊕

k=1

(
A[k]

in,−
A[k]

out,+

)
⊕
(

A[k]
in,+

A[k]
out,−

)
+

(
f [k]
in,−

f [k]
out,+

)
⊕
(
a[k] b[k]
c[k] d[k]

)(
f [k]
in,−

f [k]
out,+

)
.

(3.44)

7 As in the previous section, when
(
1 − K1,n

)
is invertible,H = HT ⊕ HA , and therefore ker P�1,n =

HA .
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Imposing the condition that the H− component of F is zero, and using the constraints
in (3.43) we get

A[1]
in,+ = −a[1] f [1]

in,− − b[1] f [1]
out,+ = ∇−1A[n]

out,+,

A[k]
in,+ = −a[k] f [k]

in,− − b[k] f [k]
out,+ = A[k−1]

out,+ , for k = 2 . . . n,

A[k]
out,− = −c[k] f [k]

in,− − d[k] f [k]
out,+ = A[k+1]

in,− , for k = 1 . . . n − 1,

A[n]
out,− = −c[n] f [n]

in,− − d[n] f [n]
out,+ = ∇ A[1]

in,−.

(3.45)

Substituting (3.45) in (3.44),

F =
n⊕

k=1

(
A[k]

in,−
A[k]

out,+

)
+

(
f [k]
in,−

f [k]
out,+

)
=

n⊕

k=1

(
f [k]
in,−

f [k]
out,+

)

−

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 . . . 0 ∇−1c[n] ∇−1d[n]
0 0 a[2] b[2] 0 0 0 0 . . . 0 0 0
c[1] d[1] 0 0 0 0 0 0 . . . 0 0 0
0 0 0 0 a[3] b[3] 0 0 . . . 0 0 0
0 0 c[2] d[2] 0 0 0 0 . . . 0 0 0
0 0 0 0 0 0 a[4] b[4] . . . 0 0 0
...

...
...

...
. . .

...
...

...

0 0 0 0 . . . 0 0 0 0 0 a[n] b[n]
0 0 0 0 . . . 0 0 0 c[n−1] d[n−1] 0 0

∇a[1] ∇b[1] 0 0 . . . 0 0 0 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

×

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f [1]
in,−

f [1]
out,+

f [2]
in,−

f [2]
out,+

f [3]
in,−

f [3]
out,+
...

f [n]
in,−

f [n]
out,+

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

:= (1 − K̂1,n
)

f. (3.46)

Similar to (2.41), we conjugate K̂1,n with the diagonal operator diag
(
1, 1, . . . ,∇−1

)

K1,n := diag(1, . . . ,∇−1) K̂1,n diag(1, . . . ,∇) (3.47)

obtaining equation (3.36). ��
Remark 4. It is straightforward to recover (2.29) from the kernel below.

Moreover, the block form of the tau function T (1,n) includes naturally an (n − 1) ×
(n − 1) sub-block identical to the tau function appearing in pg. 18 of [5] for the n + 2-
punctured sphere, as emphasised in Fig. 5. This is a consequence of the fact that if we cut
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0
0
c[1]

0
0

0
a[1] b[1] 0 0 0

0
b[n]∇
0

0 0 0 ∇−1c[n] ∇−1d[n]∇
0
0U1 V1

W1
0

0

U2

W2

V2

U
n−1

V
n−2

W
n−2

..
.

..
.

. . .

. . .

. . .

. . .

. . .

Fig. 5. Kernel

the tube that joins the first and last trinion in Fig. 4, (i.e. if we take the limit τ → +i∞),
we obtain a Fuchsian problem for an n + 2-punctured sphere:

lim
τ→+i∞ T (1,n) ∝ T (0,n+2). (3.48)

3.2. Relation to the Hamiltonians.

Theorem 2. The isomonodromic tau function TH in (1.22) is related to the Fredholm
determinant of the operator K1,n in (3.36) as

TH (τ ) = det
[
1 − K1,n

]
eiπτ tr

(
σ 2
1+

1
6

)
e−iπ N ρ̃

×
N∏

i=0

η(τ)

θ1 (Qi − ρ̃)

n∏

k=1

e−iπ zk
(
trσ 2

k+1−trσ 2
k

)
ϒ1,n,

(3.49)

where ϒ1,n is an arbitrary function of the monodromy data of the linear system (1.21),
Qi ≡ Qi (τ, z1, . . . , zn) are the Calogero-like dynamical variables in the linear system
(3.1), σ k = ak +

∑
j<k � j are the monodromy exponents defined in (3.13), and an+1 =

a1,

ρ̃ = ρ −
n∑

k=1

�k

(
zk − τ

2
− 1

2

)
, (3.50)

and ρ is an arbitrary parameter.

Proof. Let us recall equation (3.34):

T (1,n) = det
H+

[
P−1

�1,n
P⊕
]
, (3.51)
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where the operators P⊕, P�1,n are defined in (3.22) and (3.26) respectively. The loga-
rithmic derivative of the tau function T (1,n), has two main components: the derivatives
with respect to the modular parameter τ , and the position of the singularities {zk}n

k=1:

δ log T (1,n) = 2π idτ ∂τ log T (1,n) +
n∑

k=1

dzk ∂zk log T (1,n). (3.52)

Computation of this derivative can be done exactly in the same way as in [5, page 20]:

δ log T (1,n) = −2π i trH
[
P⊕∂τP�1,n

]
dτ −

n∑

l=1

trH[l]
[
P [l]

⊕ ∂zkP�1,n .
]

dzk (3.53)

The computation for the first term in (3.53) is the same as in the proof for Theorem 1 in
Sect. 2.3: the τ -derivative is given by

− trH
[
P⊕∂τP�1,n

] =
n∑

l=1

I (l)
τ + Iw + Iz, (3.54)

where

I (l)
τ = −

∮

C[l] dw

∮

C[l]
dz

2π i

1

1 − e−2π i(z−w)
tr

[
Ỹ [l](z)Ỹ [l](w)−1∂τ

(
Y (w)�N (w, z)Y (z)−1

)]
,

Iz = −
∮

C[n] dw

∮

C[n]
out

dz

2π i

1

1 − e−2π i(z−w)
tr

[
Ỹ [n](z)Ỹ [n](w)−1∂z

(
Y (w)�N (w, z)Y (z)−1

)]
,

Iw = −
∮

C[n]
out

dw

∮

C[n]
dz

2π i

1

1 − e−2π i(z−w)
tr

[
Ỹ [n](z)Ỹ [n](w)−1∂w

(
Y (w)�N (w, z)Y (z)−1

)]
. (3.55)

Note that the contours of Iz , Iw involve only the final trinion, because the identification
z ∼ z + τ glues C[n]

out to C[1]
in , as in Fig. 4. Like in the case of one puncture, Iτ =∑l I (l)

τ

vanishes because Mτ in (3.3) has zero residue at the punctures,while Iw vanishes because
the z-loop is contractible. Using the notation 2,

∑

i

θ ′
1(Qi − ρ̃)

θ1(Qi − ρ̃)
(L)i i ≡ tr

[
θ ′
1(Q − ρ̃)

θ1(Q − ρ̃)
L

]
, (3.56)

we are then left with the following expression (see (2.64) for comparison) for the first
term in (3.53):

− trH
[
P⊕∂τP�1,n

] = Iz = 1

2

∮

C[n]
out

dz

2π i
tr
[
−L [n]

3pt (z)
2 + L2(z) + 2iπ trL [n]

3pt

]

+
1

2

∮

C[n]
out

dz

2π i

[
2
θ ′
1(Q − ρ̃)

θ1(Q − ρ̃)
L(z) +

θ ′′
1 (Q − ρ̃)

θ1(Q − ρ̃)
− 1

(
1

3

θ ′′′
1

θ1
+

(2π i)2

6

)]
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= Hτ

2π i
+

d

dτ
log

(
e−iπτ tr

(
σ 2
1+1/6

)
eiπτ N

∑n
j=0 � j

N∏

i=1

θ1(Qi − ρ̃)

η(τ )

)
(3.57)

In the last line we used

N∑

j=0

� j = 1

2

N∑

j=1

� j , (3.58)

so that

iπ tr L [n]
3pt = N

2
(2π i)2

n∑

j=0

� j
(3.29)= 2π i∂τ log

(
eiπ N ρ̃

)
. (3.59)

Let us now compute the second term in (3.53):

−
n∑

l=1

trH[l]
[
P [l]

⊕ ∂zkP�1,n

]

= −
n∑

l=1

∮

C[l] dw

∮

C[l]
dz

2π i

1

1 − e−2π i(z−w)
tr

[
Ỹ [l](z)Ỹ [l](w)−1∂zk

(
Y (w)�N (w, z)Y (z)−1

)]

=
n∑

l=1

(
I (l,1)
zk

+ I (l,2)
zk

+ I (l,3)
zk

)
, (3.60)

where

I (l,1)
zk

:= −
∮

C[l] dw

∮

C[l]
dz

2π i

1

1 − e−2π i(z−w)
tr

[
Ỹ [l](z)Ỹ [l](w)−1∂zk Y (w)�N (w, z)Y (z)−1

]
= 0 (3.61)

since the z-loop is contractible, and

I (l,2)
zk

:= −
∮

C[l] dw

∮

C[l]
dz

2π i

1

1 − e−2π i(z−w)
tr

[
Ỹ [l](z)Ỹ [l](w)−1Y (w)∂zk �N (w, z)Y (z)−1

]
= 0 (3.62)

since ∂zk �N (w, z) is regular in w ∼ z. The term I (l,3)
zk is computed by expanding �N

for w ∼ z as in (3.28), and using (2.19):

I (l,3)
zk

:= −
∮

C[l]
dw

2π i

∮

C[l]
dz

2π i

1

1 − e−2π i(z−w)
tr

[
Ỹ [l](z)Ỹ [l](w)−1Y (w)�N (w, z)∂zk Y (z)−1

]

=
∮

C[l]
dw

2π i

∮

C[l]
dz

2π i
tr

[
Ỹ [l](w)−1Y (w)

1

(w − z)2
∂zk Y (z)−1Ỹ [l](z)

]
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+
∮

C[l]
dw

2π i

∮

C[l]
dz

2π i
tr

[
Ỹ [l](w)−1Y (w)

w − z
×

(
θ ′
1(Q − ρ̃)

θ1(Q − ρ̃)
− iπ

)
∂zk Y (z)−1Ỹ [l](z)

]

= −
∮

C[l]
dz

2π i
tr
{(

Y (z)−1Ỹ [l](z)L [l]
3pt (z)(Y (z)−1Ỹ [l](z))−1 − L(z)

)
Mzk (z)

}

+
∮

C[k]
dz

2π i
tr

{(
θ ′
1(Q − ρ̃)

θ1(Q − ρ̃)
− iπ

)
Mzk (z)

}
. (3.63)

Note that (3.63) can be different from zero only for l = k, because the integrand is
regular for l �= k. To compute the first and second term, we use the regular parts L(z)reg

and L [k]
3pt (z)reg of L(z) (eq. (3.1)) and L [k]

3pt (eq. (3.10)), as well as the explicit expression
(3.2): for Mzk :

−
∮

C[k]
dz

2π i
tr
{(

Y (z)−1Ỹ [k](z)L [k]
3pt (z)reg(Y (z)−1Ỹ [k](z))−1

)
Mzk (z)

}

= 2π i tr
(

A[k]
1 A[k]

0

)
+ iπ trA[k]

1
2 = iπ

(
trσ 2

k+1 − trσ 2
k

)

= d

dzk
log
(

eiπ zk (trσ 2
k+1−trσ 2

k )
)

, (3.64)

where we used the identity

tr
(

A[k]
0 A[k]

1

)
= 1

2
tr
(

A[k]∞
2 − A[k]

0
2 − A[k]

1
2) = 1

2

(
tr σ 2

k+1 − tr σ 2
k − trμ2

k

)
.

(3.65)

To compute the second term in (3.63), we note that Mzk in (3.2) is simply the singular
part at zk of L in (3.1) with a negative sign, so that
∮

C[k]
tr L(z)Mzk (z)

dz

2π i
= −

∮

C[k]
1

2
tr L2(z)

dz

2π i
= tr

(
Sk L(zk)reg

) = Hzk (3.66)

The last term in (3.63):

∮

C[k]
dz

2π i
tr

{(
θ ′
1(Q − ρ̃)

θ1(Q − ρ̃)
− iπ

)
Mzk (z)

}
=

N∑

i=1

(
S(k)

i i + �k

)(θ ′
1(Qi − ρ̃)

θ1(Qi − ρ̃)
− iπ

)

=
N∑

i=1

(
S(k)

i i + �k

) θ ′
1(Qi − ρ̃)

θ1(Qi − ρ̃)
− iπ N�k

(3.67)

since tr S(k) = 0. To simplify (3.67) further, let us first substitute (3.1), (3.2) in (3.66):

Hzk =
N∑

i=1

S(k)
i i Pi + (P-independent part) , (3.68)
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which implies, together with the canonical Poisson bracket {Qi , Pj } = δi j , that

d Qi

dzk
= ∂ Hzk

∂ Pi
= S(k)

i i (3.69)

Then (3.67) becomes

−
∮

C[k]
dz

2π i
tr

{
θ ′
1(Q − ρ̃)

θ1(Q − ρ̃)
Mzk (z)

}
=

N∑

i=1

(
S(k)

i i + �k

) θ ′
1(Qi − ρ̃)

θ1(Qi − ρ̃)
− iπ N�k

(3.29)=
N∑

i=1

(
d Qi

dzk
− dρ̃

dzk

)
θ ′
1(Qi − ρ̃)

θ1(Qi − ρ̃)
− iπ N�k

= d

dzk
log

(
e−iπ N zk�k

N∏

i=1

θ1(Qi − ρ̃)

)

(3.29)= d

dzk
log

(
eiπ N ρ̃

N∏

i=1

θ1(Qi − ρ̃)

)
. (3.70)

Substituting (3.64), (3.66), (3.70) back in (3.63),

I (l,3)
zk

= δl
k

[
d

dzk
log
(

eiπ zk
(
tr σ 2

k+1−tr σ 2
k

)
eiπ N ρ̃

)
+ Hzk +

d

dzk
log

N∏

i=1

θ1(Qi − ρ̃)

]
.

(3.71)

Putting it all together (3.53):

δ log det
[
1 − K1,n

] (3.35)= δ log T (1,n) = −2π i trH
[
P⊕∂τP�1,n

]
dτ

−
n∑

l=1

trH[l]
[
P [l]

⊕ ∂zkP�1,n

]
dzk

(3.54),(3.61)= −2π i

(
n∑

l=1

I (l)
τ + Iw + Iz

)
dτ +

n∑

l=1

(
I (l,1)
zk

+ I (l,2)
zk

+ I (l,3)
zk

)
dzk

(3.58),(3.62),(3.72)= Hτ dτ +
n∑

k=1

Hzk dzk

+2π i
d

dτ
log

(
e−iπτ tr

(
σ 2
1+

1
6

)
eiπ N ρ̃

N∏

i=1

θ1(Qi − ρ̃)

η(τ )

)
dτ

+
n∑

k=1

[
d

dzk
log
(

eiπ zk
(
trσ 2

k+1−trσ 2
k

)
eiπ N ρ̃

)
+

d

dzk
log

N∏

i=1

θ1(Qi − ρ̃)

]
dzk

(1.22)= δ log TH
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+δ log

[
e−iπτ tr

(
σ 2
1+

1
6

)
eiπ N ρ̃

N∏

i=1

θ1(Qi − ρ̃)

η(τ )

n∏

k=1

eiπ zk
(
trσ 2

k+1−trσ 2
k

)
]

(3.72)

Integrating (3.72) and substituting (3.29), we obtain (3.49). ��

4. Charged Partitions and Nekrasov Functions

In this section, we expand the Fredholm determinant (3.35) in terms of its principal mi-
nors labeled by random partitions, and show that the resulting combinatorial expression
takes the form of a Fourier series of Nekrasov functions, known as dual Nekrasov–
Okounkov partition function [8] in the self-dual Omega-background, for a class of four-
dimensionalN = 2 supersymmetric gauge theories called circular quiver gauge theories.
These are gauge theories with multiple SU (N ) gauge groups, each of which is coupled
to two matter hypermultiplets in the bifundamental representation, and their partition
functions are equal to free fermion conformal blocks on the torus.

4.1. Minor expansion. The Hilbert space L2(S1) admits a natural orthonormal basis
of Fourier modes. We now compute the minor expansion of the Fredholm determinant
(3.35) in this particular basis. The kernels of the operators a[k],b[k], c[k],d[k] in (3.24)
read:

a[k](z, w) = 1 − Ỹ [k](z)Ỹ [k](w)−1

1 − e−2π i(z−w)
,z, w ∈ C[k]

in ,

b[k](z, w) = Ỹ [k](z)Ỹ [k](w)−1

1 − e−2π i(z−w)
,z ∈ C[k]

in , w ∈ C[k]
out

c[k](z, w) = − Ỹ [k](z)Ỹ [k](w)−1

1 − e−2π i(z−w)
,z ∈ C[k]

out , w ∈ C[k]
in

d[k](z, w) = Ỹ [k](z)Ỹ [k](w)−1 − 1

1 − e−2π i(z−w)
,z, w ∈ C[k]

out .

(4.1)

Since the solution Ỹ [k] to the k-th three-point problem defined in (3.10) is multivalued on
Cin, Cout , with monodromy determined by σ k, σ k+1 respectively as in equation (3.13),
the matrix elements of the kernels in (4.1) have the following (twisted) Fourier series
representation:

a[k]
α,β(z, w) =

∑

−r,s∈Z′
+

a−r;α
s;β e

2π i z
(
1
2−r+σ

(α)
k

)

e
2π iw

(
− 1

2−s−σ
(β)
k

)

,

b[k]
α,β(z, w) =

∑

r,s∈Z′
+

b−r;α
−s;βe

2π i z
(
1
2−r+σ

(α)
k

)

e
2π iw

(
− 1

2 +s−σ
(β)
k+1

)

,

c[k]
α,β(z, w) =

∑

r,s∈Z′
+

cr;α
s;βe

2π i z
(
1
2 +r+σ

(α)
k+1

)

e
2π iw

(
− 1

2−s−σ
(β)
k

)

,

d[k]
α,β(z, w) =

∑

r,s∈Z′
+

dr;α
−s;βe

2π i z
(
1
2 +r+σ

(α)
k+1

)

e
2π iw

(
− 1

2 +s−σ
(β)
k+1

)

,

(4.2)



Isomonodromic Tau Functions 1063

with α, β = 1, . . . , N , and Z
′
+ denoting the set of positive half-integers. The Fourier

coefficients a−r;α
s;β ,b−r;α

−s;β, cr;α
s;β,dr;α

−s;β were computed in [5], but we will not need their

explicit form. A submatrix of either a[k],b[k], c[k],d[k], of size i × j , is denoted by
two unordered sets {(r, α)1, . . . , (r, α)i } ∈ 2Z

′
+×{1,...,N } and {(s, β)1, . . . , (s, β) j } ∈

2Z
′
+×{1,...,N } where r, s are the Fourier indices in the expansion (4.2), and α, β are the

matrix ("color") indices. Such sets comprised of positive (negative) Fourier modes will
be denoted by I (J ). Minors of K will then be denoted by collections of such sets
�I := {I1, . . . , In}, �J := {J1, . . . , Jn}, and a generic minor K �I , �J has the form:

K �I , �J =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 . . . 0
(∇−1c[n])J1

Jn

(
∇−1d[n]∇

)J1

I1

0 0
(
a[2])I2

J2

(
b[2])I2

I3
. . . 0 0 0

(
c[1])J2

J1

(
d[1])J2

I2
0 0 . . . 0 0 0

0 0 0 0 . . . 0 0 0

0 0
(
c[2])J3

J2

(
d[2])J3

I3
. . . 0 0 0

.

.

.
.
.
.

. . .
.
.
.

.

.

.
.
.
.

0 0 . . . 0 0 0
(
a[n])In

Jn

(
b[n]∇

)In

I1

0 0 . . . 0
(
c[n−1])Jn

Jn−1

(
d[n−1])Jn

In
0 0

(
a[1])I1

J1

(
b[1])I1

I2
. . . 0 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (4.3)

A combinatorial interpretation in terms of Maya diagrams and charged partitions proves
vital in expressing the minors as Nekrasov functions: the multi-indices (I, J ) can be
viewed as the positions h(m(α)) and p(m(α)) of ’holes’ and ’particles’ respectively, of
a coloured Maya diagram m(α), where α = 1, . . . , N , see Fig. 6. Each particle (hole)
carries a positive (negative) unit charge, so that the total charge associated to everyMaya
diagram is

Q(m(α)) := |p(m(α))| − |h(m(α))|. (4.4)

Using the notation

�m :=
(
m(1), . . . ,m(N )

)
, �Q :=

(
Q(1), . . . ,Q(N )

)
, (4.5)

the total charge is

Q :=
N∑

α=1

Q(α), (4.6)

and it is the same for every N -tuple of coloured Maya diagrams appearing in our ex-
pansions. Each Maya diagram determines uniquely a charged Young diagram (Y,Q) as
exemplified in Fig. 6. Consequently, the minors can be labeled by N -tuples of charged

partitions
(�Y, �Q

)
.

Definition 8. With the labels in terms of partitions Y and charges Q, let us define the
trinion partition function by the following expression:
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. . . 15
2

13
2

11
2

9
2

7
2

5
2

3
2

1
2

−1
2

−3
2

−5
2

. . .

Q

Fig. 6. Young and Maya diagrams

ZYk ,Qk
Yk+1,Qk+1

(
T [k]) = Z Ik ,Jk

Ik+1,Jk+1

(
T [k]) := (−1)|Ik+1| det

⎛

⎜⎜⎜⎝

(
a[k])Ik

Jk

(
b[k])Ik

Ik+1

(
c[k])Jk+1

Jk

(
d[k])Jk+1

Ik+1

⎞

⎟⎟⎟⎠ ,

(4.7)

where k = 1, . . . , n, and In+1 = I1, Jn+1 = J1. T [k] is the k-th trinion in the pants
decomposition in Fig. 4.

Note that the determinant in (4.7) is non zero for |Ik+1| + |Jk | = |Ik | + |Jk+1|, which
in turn implies that all the Maya diagrams carry the same charge Q.

Proposition 3. The determinant tau function T (1,n) in (3.72) has the following minor
expansion in terms of the trinion partition functions in (4.7):

T (1,n) =
∑

�Q1,... �Qn

∑

�Y1,...�Yn∈YN

e
2π iτ

[
1
2

( �Q+�σ1
)2− 1

2 �σ 2
1 +|�Y|

]
−2π i

(
ρ− τ

2 +τ
∑n

j=1 � j

)
Q

×
n∏

k=1

Z
�Yk , �Qk
�Yk+1, �Qk+1

(T [k]) (4.8)

where the Z
�Yk , �Qk
�Yk+1, �Qk+1

(T [k]) is the determinant defined in (4.7), �σ1 :=
(
σ

(1)
1 , . . . , σ

(N )
1

)
8

is the vector of monodromy exponents along the A-cycle of the torus, with modular
parameter τ .

8 Note that here, differently from (3.13) where we collected the monodromy exponents σ
(1)
i , . . . , σ

(N )
i into

diagonal matrices denoted by σ i , we organize them into vectors �ai , since they are summed with the charges
�Qi , that are vectors in the root lattice Z

N of glN .
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Proof. From (4.3), we can read off the minor expansion of the tau function (3.35) in
terms of the trinion partition functions in (4.7):

T (1,n) =
∑

( �I , �J )

n−1∏

k=1

Z Ik ,Jk
Ik+1,Jk+1

(
T [k])× (−1)|I1| det

⎛

⎜⎜⎜⎝

(
a[n])In

Jn

(
b[n])In

I1

(
c[n])J1

Jn

(
d[n])J1

I1

⎞

⎟⎟⎟⎠ . (4.9)

Additionally, we can write the last factor in (4.9) as follows

det

⎛

⎜⎝

(
a[n])In

Jn

(
b[n]∇

)In

I1(∇−1c[n])J1
Jn

(
∇−1d[n]∇

)J1

I1

⎞

⎟⎠

(3.41),(3.42)=
⎛

⎝
∏

(r,α)∈J1

e−2π iρe
2π iτ

(
1
2 +r+σ

(α)
1 −∑n

j=1 � j

)
⎞

⎠ det

⎛

⎜⎝

(
a[n])In

Jn

(
b[n])In

I1(
c[n])J1

Jn

(
d[n])J1

I1

⎞

⎟⎠

×
⎛

⎝
∏

(s,β)∈I1

e2π iρe
2π iτ

(
− 1

2 +s−σ
(β)
1 +

∑n
j=1 � j

)
⎞

⎠ = det

⎛

⎜⎝

(
a[n])In

Jn

(
b[n])In

I1(
c[n])J1

Jn

(
d[n])J1

I1

⎞

⎟⎠

× exp

⎧
⎨

⎩
∑

(r,α)∈J1

⎡

⎣−2π i

⎛

⎝ρ − τ

2
+ τ

n∑

j=1

� j

⎞

⎠ + 2π iτ
(

r + σ
(α)
1

)
⎤

⎦

⎫
⎬

⎭

× exp

⎧
⎨

⎩
∑

(s,β)∈I1

⎡

⎣2π i

⎛

⎝ρ − τ

2
+ τ

n∑

j=1

� j

⎞

⎠ + 2π iτ
(

s − σ
(β)
1

)
⎤

⎦

⎫
⎬

⎭

= det

⎛

⎜⎝

(
a[n])In

Jn

(
b[n])In

I1(
c[n])J1

Jn

(
d[n])J1

I1

⎞

⎟⎠ e
2π iτ

[
1
2

( �Q+�σ1
)2− 1

2 �σ 2
1 +|�Y|

]
−2π i

(
ρ− τ

2 +τ
∑n

j=1 � j

)
Q

. (4.10)

In the second line of (4.10), we used the fact that if σ 1 is the monodromy exponent on
C[1]

in , then the monodromy exponent on Cout is σ 1 −∑n
j=1 � j Since s ∈ I1, the hole

positions in the corresponding Maya diagramm are h(m) = {−s1, . . . ,−sk}, and since
r ∈ J1, the particle positions are p(m) = {r1, . . . , rl}.

To obtain the last line in (4.10), we use the following equalities:

∑

l

rl +
∑

k

sk = Q(m)2

2
+ |�Y|, #r − #s = Q(m), (4.11)

which can be read off from Fig. 7 noting that the r ’s and s’s are to the left and right sides
of the axis respectively. As an example, in the Fig. 7, p(m) = { 132 , 9

2 ,
3
2

}
, h(m) = {−3

2

}
.

|Y | is the #boxes in the Young diagram which in the present example is 12. The charge
Q(m) = 2.

∑
r is the blue area and

∑
s is the red area in the Fig. 7. Equations (4.9),

(4.10) imply (4.8). ��
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Fig. 7. Pictorial proof of (4.11)

Although the determinant tau function T (1,n) in (3.35) admits the expansion (4.8), the
trinion partition functions (4.7) are known explicitly in terms of Nekrasov functions only
in the case where the Lax matrix residues are of rank-1. We denote the determinant tau
function for a generic Fuchsian system on the torus with rank-1 residues,i.e. residues of
the formμk = (μ1, 0, . . . , 0), andmonodromyexponents aroundC[k]

in given by T̃ (1,n) :=
det
[
1 − K̃1,n

]
. Using the expressions for ZYk ,Qk

Yk+1,Qk+1
(T [k]) computed in [5,17] for the

rank-1 case, we obtain9

T̃ (1,n) =
∑

�Q1,... �Qn

∑

�Y1,... �Yn

e
−2π iQ

(
ρ− τ

2 +τ
∑n

j=1 � j+
1
2

∑n
j=1 � j

)

e
2π iτ

[
1
2 ( �Q1+�σ1)2− 1

2 �σ 2
1 +| �Yn |

]

×
n∏

j=1

e
−2π i(z j −z j−1)

[
1
2 (�σ j+ �Q j )

2− 1
2 �σ 2

j +| �Y j |
]

(4.12)

×
n∏

k=1

e2π i �Qi · �νi
Z pert

(
�σk + �Qk, �σk+1 + �Qk+1

)

Z pert (�σk, �σk+1)
Zinst

×
(
�σk + �Qk, �σk+1 + �Qk+1| �Yk, �Yk+1

)

= det
[
1 − K̃1,n

]

where we set z0 := zn , the Fourier series parameters �νi were defined in [5,17] in
terms of the normalization of the three-point solution, and we have used introduced the
functions

Z pert (�σ , �μ) :=
N∏

α,β=1

G
(
1 + σ (α) − μ(β)

)

G
(
1 + σ (α) − σ (β)

) , (4.13)

G(x) being the Barnes’ G-function, and

Zinst

(
�σ , �μ| �Y , �W

)
:=

N∏

α,β=1

Zbif

(
σ (α) − μ(β)|Y(α),W(β)

)

Zbif

(
σ (α) − σ (β)|Y(α),Y(β)

) , (4.14)

9 Time-independent term 1
2
∑n

j=1 � j comes from the ratios of the asymptotics of U (1) corrections to

solutions of the 3-pt problems, given explicitly by (sin π(z − zk ))�k .
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s
a(s)

l(s)

Fig. 8. Arm and leg length

with

Zbi f
(
x |Y′,Y

) :=
∏

�∈Y

(
x + 1 + aY′(�) + lY(�)

) ∏

�′∈Y′

(
x − 1 − aY(�′) − lY′(�′)

)
.

(4.15)

In the above equations, �σ , �μ ∈ C
N , �Y, �W ∈ Y

N , where aY(�) and lY(�) denote
respectively the arm and leg length of the box � in the Young diagram Y, as in Fig. 8.

Remark 5. In (4.12), the expression

Z D := e2π iτ �σ 2
1 det

[
1 − K̃1,n

]
(4.16)

is the Nekrasov–Okounkov dual partition function [8] of a circular quiver N = 2,
SU (N ) gauge theory. By the AGT correspondence [39], Z D is equal to a conformal
block of N free fermions on the torus, as in [27]. Consequently, we expect Z D in (4.16)
to satisfy appropriate bilinear equations, along the lines of [12,13].

Our next goal is to relate the explicit expression (4.12) for the tau function T̃ (1,n) of
a linear system on the torus with rank-1 residues, to the tau function TH of an isomon-
odromic problem, where the residues are generic and satisfy the constrain (3.7). With
the observation that any SL(2) matrix can be reduced to rank-1 by a scalar transfor-
mation, we will do this for the cases of the 2-particle nonautonomous Calogero–Moser
system and of the elliptic Garnier system, which is the restriction to N = 2, �( j) = 0,
j = 1, . . . , n of the linear system (1.21).

4.2. Reduction to rank-1 residues: the case of 2-particle nonautonomous Calogero–
Moser system. With the above considerations in mind, we formulate the tau function
of the equation (1.3) in terms of the dual Nekrasov–Okounkov partition function (4.12)
for theN = 2∗ gauge theory10: the Lax matrix LC M in (1.7) behaves as follows around
the puncture z = 0

LC M (z) =
(

P mx(2Q, z)
mx(−2Q, z) −P

)
= mσ1

z
+O(1), (4.17)

10 This is the SU (2), N = 2 Super Yang-Mills theory with one massive adjoint hypermultiplet.
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so that it has rank-2 residue. To make it rank-1, we perform the scalar gauge transfor-
mation

LC M (z) → L̃C M := LC M (z) − λC M (z)−1∂zλC M (z)12,λC M (z) = θ1(z)
m, (4.18)

after which the Lax matrix and its behavior around the puncture become

L̃C M (z) =
(

P − m
θ ′
1(z)

θ1(z)
mx(2Q, z)

mx(−2Q, z) −P − m
θ ′
1(z)

θ1(z)

)
= m

z

(−1 1
1 −1

)
+O(1). (4.19)

As a consequence of (4.18), themonodromies will be dressed by additional scalar factors
that we denote by gB(z), g1 for the B-cycle and for the monodromy around the puncture
respectively. The absence of a factor gA for the A-cycle, as well as the expression for
gB(z), are determined by the periodicity of theta functions:

λC M (z + τ) = θ1(z + τ)m = e
−2π i

(
z+ τ+1

2

)
m
λC M (z) := gB(z)λC M (z), (4.20)

λC M (z + 1) = θ1(z + 1)m = eiπmλC M (z) := gAλC M (z). (4.21)

The z-dependence of the factor gB(z) leads to a nontrivial factor g1 for the monodromy
around z = 0:

g1 = e−2π im . (4.22)

The Hamiltonian tau function T̃C M associated to the gauge-transformed Lax matrix
(4.19) is:

2π i∂τ log T̃C M := 1

2

∮

A
dz tr L̃2

C M . (4.23)

Proposition 4. The tau function (1.17) of the equation (1.3) is related to the tau function
(4.23) of the rank-1 Lax matrix in (4.18) as

TC M (τ ) = T̃C M (τ )
(
η(τ)e

iπτ
6

)−2m2

, (4.24)

where m is the monodromy exponent at the puncture and τ is the isomonodromic time.

Proof. We begin with the equation (4.23):

2π i∂τ log T̃C M = 1

2

∮

A
dz tr L̃2

C M
(4.18)= 1

2

∮

A
dz tr L2

C M +
∮

A
dz
(
λ−1

C M (z)∂zλC M (z)
)2

= 2π i∂τ log TC M + m2
∫ 1

0
dz

(
θ ′
1(z)

θ1(z)

)2

.

(4.25)
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A

Cε

0 1

τ

iε

Fig. 9. Contour of integration

To compute the last term in (4.25), consider the following integral over the deformed
contour Cε as in Fig. 9

2π i Resz=τ

(
θ ′
1(z)

θ1(z)

)3

=
∮

Cε

(
θ ′
1(z)

θ1(z)

)3

dz

=
[∫ 1+iε

iε
+
∫ 1+iε+τ

1+iε
+
∫ iε+τ

1+iε+τ

+
∫ iε

iε+τ

](
θ ′
1(z)

θ1(z)

)3

dz

=
∫ 1+iε

iε

[(
θ ′
1(z)

θ1(z)

)3

−
(

θ ′
1(z)

θ1(z)
− 2π i

)3
]

dz

= 6π i
∫ 1+iε

iε
dz

(
θ ′
1(z)

θ1(z)

)2

− 3(2π i)2
∫ 1+iε

iε

θ ′
1(z)

θ1(z)
+ (2π i)3

= 6π i
∫ 1+iε

iε
dz

(
θ ′
1(z)

θ1(z)

)2

+
5

2
(2π i)3.

(4.26)

To obtain the last line we use that
∫ 1+iε

iε

θ ′
1(z)

θ1(z)
dz = [log θ1(z)

]1+iε
iε = −iπ. (4.27)

The residue on the left hand side of (4.26) is computed shifting z by τ and expanding
around 0:

Resz=τ

(
θ ′
1(z)

θ1(z)

)3

= Resz=0

(
θ ′
1(z + τ)

θ1(z + τ)

)3

, (4.28)

and
(

θ ′
1(z + τ)

θ1(z + τ)

)3

=
(

θ ′
1(z)

θ1(z)
− 2π i

)3

= 1

z3
− 6π i

z2
+
1

z

(
θ ′′′
1

θ ′
1
+ 3(2π i)2

)
+O(1).

(4.29)

Therefore,

Resz=τ

(
θ ′
1(z)

θ1(z)

)3

= θ ′′′
1

θ1
+ 3(2π i)2. (4.30)
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Substituting (4.30) in (4.26), and taking the limit ε → 0 we get

2π i

m2 ∂τ log

(
T̃C M

TC M

)
(4.25)= lim

ε→0

∫ 1+iε

iε
dz

(
θ ′
1(z)

θ1(z)

)2

= 1

3

θ ′′′
1

θ ′
1
+
1

6
(2π i)2

(2.81)= 2π i∂τ log η(τ)2eiπτ/3.

(4.31)

Therefore,

η(τ)−2m2
e−iπτm2/3T̃C M = TC M , (4.32)

having set the integration constant to 1 without any loss of generality. ��
Theorem 3. The isomonodromic tau function TC M admits the following combinatorial
expansion:

TC M (τ ) =
(
η(τ)e−iπτ/12

)2(1−m2)

θ1

(
Q(τ ) + ρ − m(τ+1)

2

)
θ1

(
Q(τ ) − ρ + m(τ+1)

2

) e
−2π i

[
ρ− τ

2

(
m+ 1

2

)
− m

2

]

×
∑

�Q

∑

�Y∈Y2

e
2π iτ

[
1
2 ( �Q+�a)2+|�Y|

]

e
2π i
[ �Q·�ν−Q

(
ρ− m(τ+1)

2 − τ
2

)]

×
Z pert

(
�a + �Q, �a + �Q + m

)

Z pert (�a, �a + m)
Zinst

(
�a + �Q, �a + �Q + m| �Y , �Y

)
ϒ̃1,1, (4.33)

where the functions Zinst , Z pert are defined in (4.14), (4.13) respectively, �a = (a,−a),
with a the local monodromy exponent around the A-cycle of the torus, m is the monodromy
exponent at the puncture z = 0, ρ is an arbitrary parameter, Q is the solution of the
equations of motion of the 2-particle nonautonomous Calogero–Moser system (1.3), �Q
is the vector of charges (4.5), Q is the total U (1) charge (4.6), and ϒ̃1,1 is an integration
constant depending on monodromy data.

Proof. The linear system (4.19) is the specialisation of (3.1) to the case n = 1 (with the
puncture at 0), N = 2. The corresponding monodromy exponents �σ1, �σ2, and the U (1)
shifts �0, �1 in (3.12), and the parameter ρ̃ in (3.29), for the present case are

�σ1 =
(

a − m

2
,−a − m

2

)
,

�σ2 =
(

a +
m

2
,−a +

m

2

)
, (4.34)

�0 = m

2
,�1 = −m, ρ̃ = ρ − m(τ + 1)

2
. (4.35)

Theorem 2 then implies that the tau function T̃C M in (4.24) can be written as a Fredholm
determinant of an operator we call K̃1,1 whose minor expansion has an interpretation
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through Nekrasov functions as in (4.12), of the tau-function in (3.49). Therefore,

TC M
(4.24)= η(τ)−2m2

e−iπτm2/3T̃C M

(3.49)= η(τ)−2m2
e−iπτm2/3eiπτ tr

(
σ 2
1+

1
6

)
e−2π i ρ̃ η(τ )2

θ1(Q + ρ̃)θ1(Q − ρ̃)

× det
[
1 − K̃1,1

]
ϒ̃1,1,

(4.34),(4.35)=
(
η(τ)e− iπτ

12

)2−2m2

e2π iτa2

θ1(Q + ρ − m(τ+1)
2 )θ1(Q − ρ + m(τ+1)

2 )
e
−2π i

[
ρ− τ

2

(
m+ 1

2

)
− m

2

]

× det
[
1 − K̃1,1

]
ϒ̃1,1

(4.12)=
(
η(τ)e− iπτ

12

)2−2m2

e
−2π i

[
ρ− τ

2

(
m+ 1

2

)
− m

2

]

θ1

(
Q + ρ − m(τ+1)

2

)
θ1

(
Q − ρ + m(τ+1)

2

)
∑

�Q

∑

Y∈Y2

e
2π iτ

[
1
2 ( �Q+�a)2+| �Y |

]

×e
2π i
[ �Q·ν−Q

(
ρ− m(τ+1)

2 − τ
2

)] Z pert

(
�a + �Q, �a + �Q + m

)

Z pert (�a, �a + m)

×Zinst

(
�a + �Q, �a + �Q + m| �Y , �Y

)
ϒ̃1,1. (4.36)

��
Remark 6. Equation (4.33) coincides with equations (3.48) (4.10) in [26], obtained by
CFTmethods. To compare the two expressions, one has to setσ = 0 and sendρ+ 1

2 +
τ
2 →

−ρ + m(τ+1)
2 in the expressions of [26].

4.3. Elliptic Garnier system and Nekrasov functions. For the N × N case, it is in general
only possible, with a scalar gauge transformation, to reduce the rank of the residues to
N − 1, which means that the minors can be written in terms of Nekrasov functions only
in the case of semi-degenerate residues, as in [14,17].11 Therefore, we restrict the Lax
matrix in (3.1) to N = 2, which can always be reduced to rank-1 by the scalar gauge
transformation

λ(z) =
n∏

k=1

θ1(z − zk)
mk (4.37)

where mk is the local monodromy exponent at the puncture zk . The new Lax matrix is

L̃ := L − λ(z)−1∂zλ(z)12 = L(z) −
n∑

k=1

mk
θ ′
1(z − zk)

θ1(z − zk)
. (4.38)

11 In the context of class S theories [40,41] these are called minimal punctures. The AN−1 six-dimensional
theory compactified on a torus with n minimal punctures gives rise to a four-dimensional circular quiver gauge
theory.
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The U (1) factors around the punctures are given by

gk = e−2π imk , (4.39)

while gA, gB(z), are induced as before by the periodicity of theta functions:

λ(z + τ) =
n∏

k=1

θ1(z − zk + τ)mk

= e
−2π i

∑n
k=1

(
z−zk+

τ+1
2

)
mk

λ(z) := gB(z)λ(z), (4.40)

λ(z + 1) =
n∏

k=1

θ1(z − zk + 1)mk = eiπmλ(z) := gAλ(z), (4.41)

where we defined

m :=
n∑

j=1

m j . (4.42)

Again, we want to find the relation between the isomonodromic tau function TH of the
SL(2) elliptic Garnier system [24,25,29], and the GL(2) tau function T̃H for the system
with rank-1 residues obtained from the scalar gauge transformation (4.37), defined by

2π i∂τ log T̃H =
∮

A
dz

1

2
tr L̃(z)2, ∂zk log T̃H = Reszk

1

2
tr L̃(z)2. (4.43)

Proposition 5. The tau function T̃H (4.43) of the rank-1 system is related to the tau
function TH (1.22) of the Garnier system (whose Lax matrix is (3.1) restricted to N = 2,
�i = 0 for i = 1, . . . , n) as

TH (τ ) = T̃H (τ )

n∏

k=1

(
η(τ)e

iπτ
12

)−2m2
k
∏

l �=k

(
θ1(zk − zl)

η(τ )e− iπτ
3

)−mk ml

, (4.44)

where mk is the local monodromy exponent at the puncture zk , k = 1, . . . , n, and τ is
the modular parameter of the torus.

Proof. Under the transformation (4.37), the zk-derivative of T̃H is

∂zk log T̃H = Reszk

1

2
tr L̃2 = Reszk

1

2
tr L2 + Reszk

(
λ−1(z)∂zλ(z)

)2

= ∂zk log TH +
n∑

j=1

Reszk

[
m2

j

(
θ ′
1(z − z j )

θ1(z − z j )

)2

+
∑

l �=k

m j ml
θ ′
1(z − z j )

θ1(z − z j )

θ ′
1(z − zl)

θ1(z − zl)

⎤

⎦

= ∂zk log TH + ∂zk log

⎡

⎣
∏

l �=k

(θ1(zk − zl))
2mk ml

⎤

⎦ . (4.45)
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C

0 1

τ

Fig. 10. Contour of integration

In the last line we use that

n∑

j=1

∑

l �=k

m j ml Reszk

(
θ ′
1(z − zk)

θ1(z − zk)

θ ′
1(z − zl)

θ1(z − zl)

)
= ∂zk log

⎛

⎝
∏

l �=k

θ1(zk − zl)
2mk ml

⎞

⎠ ,

(4.46)

and

Reszk

(
θ ′
1(z − zk)

θ1(z − zk)

)2

= 0. (4.47)

We now turn to the computation of the τ -derivative:

2π i∂τ log T̃H =
∮

A
dz

1

2
tr L̃2

=
∮

A
dz

1

2
tr L2 +

∮

A
dz
(
λ−1(z)∂zλ(z)

)2

= 2π i∂τ log TH +
n∑

k=1

∫ 1

0
dz

[
m2

k

(
θ ′
1(z − zk)

θ1(z − zk)

)2

+
∑

l �=k

mkml
θ ′
1(z − zk)

θ1(z − zk)

θ ′
1(z − zl)

θ1(z − zl)

⎤

⎦ (4.48)

Let us consider the A-cycle integral of the first term in equation (4.48).
The computation goes along the same lines of the n = 1 case (4.26), but in the present

case we do not shift the contour by iε, since the singularity zl is now in the interior of
the contour C in Fig. 10:

2π i Resz=zl

(
θ ′
1(z − zl)

θ1(z − zl)

)3

=
[∫ 1

0
+
∫ τ+1

1
+
∫ τ

τ+1
+
∫ 0

τ

](
θ ′
1(z − zl)

θ1(z − zl)

)3

dz

= 6π i
∫ 1

0

(
θ ′
1(z − zl)

θ1(z − zl)

)2

dz − 3(2π i)2

×
∫ 1

0

θ ′
1(z − zl)

θ1(z − zl)
dz + (2π i)3

= 6π i
∫ 1

0

(
θ ′
1(z − zl)

θ1(z − zl)

)2

dz − 1

2
(2π i)3,

(4.49)
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while

2π i Resz=zl

(
θ ′
1(z − zl)

θ1(z − zl)

)3

= 2π i
θ ′′′
1

θ ′
1

(2.81)= 3(2π i)2∂τ log η(τ)2. (4.50)

Equating (4.49), (4.50), we see that the first term of (4.48) simply consists of n copies
of the 1-point computation (4.31):

∮

A
dz

n∑

k=1

m2
k

(
θ ′
1(z − zk)

θ1(z − zk)

)2

= 2π i∂τ log

[
n∏

k=1

(
η(τ)e

iπτ
6

)2m2
k

]
. (4.51)

We then turn to the computation of the second term of (4.48):

Ikl :=
∮

A
dz

θ ′
1(z − zk)

θ1(z − zk)

θ ′
1(z − zl)

θ1(z − zl)
. (4.52)

To compute Ikl , we consider the following integral over the deformed contour C in
Fig. 10:

[∫ 1

0
+
∫ 1+τ

1
+
∫ τ

1+τ

+
∫ 0

τ

]
dz

θ ′
1(z − zk)

θ1(z − zk)

(
θ ′
1(z − zl)

θ1(z − zl)

)2

= 2π i
(
Resz=zk + Resz=zl

) θ ′
1(z − zk)

θ1(z − zk)

(
θ ′
1(z − zl)

θ1(z − zl)

)2

.

= 2π i

[(
θ ′
1(zk − zl)

θ1(zk − zl)

)2

+
d

dzk

(
θ ′
1(zk − zl)

θ1(zk − zl)

)]
(2.80)= 2π i

θ ′′
1 (zk − zl)

θ1(zk − zl)

= (2π i)2∂τ log θ1(zk − zl)
2. (4.53)

The left-hand side of (4.53) is

[∫ 1

0
+
∫ 1+τ

1
+
∫ τ

1+τ

+
∫ 0

τ

]
dz

θ ′
1(z − zk)

θ1(z − zk)

(
θ ′
1(z − zl)

θ1(z − zl)

)2

=
∫ 1

0
dz

θ ′
1(z − zk)

θ1(z − zk)

(
θ ′
1(z − zl)

θ1(z − zl)

)2

−
∫ 1

0
dz

(
θ ′
1(z − zk)

θ1(z − zk)
− 2π i

)(
θ ′
1(z − zl)

θ1(z − zl)
− 2π i

)2

= 4π i Ikl − 1

2
(2π i)3 + 2π i

∫ 1

0
dz

(
θ ′
1(z − zl)

θ1(z − zl)

)2

(4.51)= 4π i Ikl − 1

2
(2π i)3 + (2π i)2∂τ log

(
η(τ)2e

iπτ
3

)
. (4.54)

Equating (4.54) and (4.53), we find

Ikl = 2π i∂τ log

(
θ1(zk − zl)

η(τ )e− iπτ
3

)
. (4.55)



Isomonodromic Tau Functions 1075

Therefore, the second term of (4.48) reads

n∑

k=1

∑

l �=k

mkml

∫ 1

0
dz

θ ′
1(z − zk)θ

′
1(z − zl)

θ1(z − zk)θ1(z − zl)
= 2π i

n∑

k=1

∑

l �=k

mkml∂τ log

(
θ1(zk − zl)

η(τ )e− iπτ
3

)

= 2π i∂τ log

⎡

⎣
n∏

k=1

∏

l �=k

(
θ1(zk − zl)

η(τ )e− iπτ
3

)mk ml
⎤

⎦ . (4.56)

Substituting (4.51) and (4.56) in (4.48),

2π i∂τ log T̃H = 2π i∂τ log TH

+ 2π i∂τ log

⎡

⎣
n∏

k=1

(
η(τ)e

iπτ
6

)2m2
k
∏

l �=k

(
θ1(zk − zl)

η(τ )e− iπτ
3

)mk ml
⎤

⎦ .
(4.57)

Combining (4.45) and (4.57) we find

+2π idτ∂τ log T̃H +
n∑

k=1

dzk∂zk log T̃H = 2π idzk∂τ log TH +
n∑

k=1

dzk∂zk log TH

2π idτ∂τ log

⎡

⎣
n∏

k=1

(
η(τ)e

iπτ
6

)2m2
k
∏

l �=k

(
θ1(zk − zl)

η(τ )e
−iπτ
3

)mk ml
⎤

⎦

+
n∑

k=1

dzk∂zk log

⎡

⎣
∏

l �=k

θ1(zk − zl)
2mk ml

⎤

⎦ (4.58)

Integrating the above equation on both sides and setting the integration constant to 1,
we obtain

T̃H

TH
=

n∏

k=1

(
η(τ)e

iπτ
6

)2m2
k
∏

l �=k

(
θ1(zk − zl)

η(τ )e− iπτ
3

)mk ml

. (4.59)

��
Remark 7. Note that (4.44) takes the form of the partition function for a Coulomb gas
on a torus, with the first term encoding the self-interaction of the particles, while the
second term encodes the pairwise interactions.

Using Proposition 5, it is possible to write the tau function of the elliptic Garnier
system as a Fourier series of Nekrasov partition functions.
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Theorem 4. The isomonodromic tau function of the elliptic Garnier system (see (3.49)
restricted to N = 2) admits the following combinatorial expression:

TH (τ ) = ϒ̃1,n
e−2π i(ρ̃− τ

4 )

θ1 (Q − ρ̃) θ1 (Q + ρ̃)

n∏

k=1

(
η(τ)e

−iπτ
12

)2−2m2
k

e−2π i zk m2
k

×
∏

l �=k

(
θ1(zk − zl)

η(τ )e− iπτ
6

e−iπ(zk−zl )

)−mk ml

×
∑

�Q1,... �Qn

∑

�Y1,...�Yn

e−2π iQ(ρ̃− τ
2 )e

2π iτ
[
1
2 ( �Q1+�a1)2+|�Yn |

]

×
n∏

j=1

e
−2π i(z j −z j−1)

[
1
2 (�a j+ �Q j )

2+|�Y j |
]

×
n∏

k=1

e2π i �Qi ·�νi
Z pert

(
�ak + �Qk, �ak+1 + mk + �Qk+1

)

Z pert (�ak, �ak+1 + mk)

× Zinst

(
�ak + �Qk, �ak+1 + mk + �Qk+1| �Yk, �Yk+1

)
,

(4.60)

where the functions Zinst , Z pert are defined in (4.14), (4.13) respectively, �ak = (ak,−ak),

ak being the sl2 local monodromy exponent on the circle C[k]
in in Fig. 4, mk is the sl2

monodromy exponent at the puncture zk , Q ≡ Q(τ ; z1, . . . , zn) is the Calogero-like
variable in the Lax matrix (3.1) specialized to N = 2, τ is the modular parameter, ϒ̃1,n

is an integration constant that depends on the monodromy data, (�Y, �Q) are charged
partitions,

ρ̃ = ρ −
n∑

j=1

� j

(
z j − (τ + 1)

2

)
, (4.61)

and ρ is an arbitrary parameter.

Proof. The Lax matrix (4.38) is the same as (3.1) specialised to n-punctures, N = 2.
The monodromy exponents �σk , theU (1) shifts�k in (3.12), and the parameter ρ̃ defined
in (3.29) read as follows for the present case:

� j = −m j for j = 1 . . . n, �0 = m

2
, (4.62)

with m defined in (4.42), and

�σk =
⎛

⎝ak −
k−1∑

j=0

� j , −ak −
k−1∑

j=0

� j

⎞

⎠ , ρ̃ = ρ −
n∑

j=1

� j

(
z j − (τ + 1)

2

)
. (4.63)

Theorem 2 then implies that the tau function T̃H in (4.44) can be written in terms of a
Fredholm determinant of an operator we call K̃1,n which in turn can be written in terms
of Nekrasov functions as in (4.12).

TH
(4.44)=

⎛

⎝
n∏

k=1

(
η(τ)e

iπτ
6

)−2m2
k
∏

l �=k

(
θ1(zk − zl)

η(τ )e− iπτ
3

)−mk ml
⎞

⎠ T̃H
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(3.49)=
⎛

⎝
n∏

k=1

(
η(τ)e

iπτ
6

)−2m2
k
∏

l �=k

(
θ1(zk − zl)

η(τ )e− iπτ
3

)−mk ml
⎞

⎠ eiπτ tr
(
σ 2
1+

1
6

)
e−2iπρ̃

× η(τ)2

θ1(Q − ρ̃)θ1(Q + ρ̃)

(
n∏

k=1

e−iπ zk
(
trσ 2

k+1−trσ 2
k

)
)
det
[
1 − K̃1,n

]
ϒ̃1,n,

(4.62),(4.63)= e2π iτa21 e−2π i(ρ̃− τ
4 )

θ1(Q − ρ̃)θ1(Q + ρ̃)

n∏

k=1

(
η(τ)e

−iπτ
12

)2−2m2
k
∏

l �=k

(
θ1(zk − zl)

η(τ )e− iπτ
6

)−mk ml

×
n∏

k=1

e
−2π i zk

(
a2k+1−a2k+m2

k+mk
∑k−1

j=1 m j+mk

)

det
[
1 − K̃1,n

]
ϒ̃1,n

(4.12)= e−2π i(ρ̃− τ
4 )

θ1(Q − ρ̃)θ1(Q + ρ̃)

n∏

k=1

(
η(τ)e

−iπτ
12

)2−2m2
k

e−2π i zk m2
k

×
∏

l �=k

(
θ1(zk − zl)

η(τ )e− iπτ
6

e−iπ(zk−zl )

)−mk ml

×
n∏

k=1

e−2π i zk
(�a2k+1−�a2k+mk

)
ϒ̃1,n ×

∑

�Q1,... �Qn

∑

�Y1,... �Yn

e−2π iQ(ρ̃− τ
2 )

×e
2π iτ

[
1
2 ( �Q1+�a1)2+| �Yn |

] n∏

j=1

e
−2π i(z j −z j−1)

[
1
2 (�a j+ �Q j )

2− 1
2 �a2j+| �Y j |

]

×
n∏

k=1

e2π i �ak ·νi
Z pert

(
�ak + �Qk, �ak+1 + mk + �Qk+1

)

Z pert (�ak, �ak+1 + mk)

×Zinst

(
�ak + �Qk, �ak+1 + mk + �Qk+1| �Yk, �Yk+1

)
. (4.64)

��

5. Comments on the Riemann–Hilbert Problem on the Torus and Generalization
of the Widom Constant

It is known from [16] that the isomonodromic tau function of a linear system on a sphere
can be identified with the so-called Widom constant [42], which depends only on the
N × N jump matrix G(z) of the associated Riemann-Hilbert problem (RHP) with unit
determinant. For the 4-point isomonodromic problem on a sphere, the general RHP can
be recast as a RHP on a unit circle with the jump G(z) is given by the ratio of the
solutions ψin,out of the auxiliary 3-point problems:

G(z) = ψin(z)−1ψout (z), (5.1)

and admitsBirkhoff factorization. Finding the opposite factorization to (5.1) is equivalent
to solving the RHP with the above jump condition, which in turn is the same as solving
the general 4-point RHP.
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Following the same logic, we rewrite12 the Fredholm determinant (1.17) in terms of
the ratio of the solutions to the 3-point problem Ỹ as defined in (2.1), and the projectors
�± onto H0±, where H0± are spaces of functions with identical A-cycle monodromies
(in this section “+” and “−” are understood in the sense of (2.12)):

T (1,1) = det
H−⊕H+

(
1 −

(
Ỹ−∇−1�−Ỹ −1

+ �− − Ỹ−�−Ỹ −1−
�+ − Ỹ+�+Ỹ −1

+ Ỹ+∇�+Ỹ −1−

))
, (5.2)

where we set

Ỹ−(z) := Ỹout (z + τ), Ỹ+(z) := Ỹin(z). (5.3)

Using the fact that �∓ vanishes on H0±, and conjugating (5.2) by the matrix diag(
Ỹ −1− , Ỹ −1

+

)
, which is an isomorphism H− ⊕ H+ → H0− ⊕ H0

+, we get:

T (1,1) = det
H0−⊕H0

+

(
1 −

(∇−1�−Ỹ −1
+ Ỹ− − �−Ỹ −1− Ỹ+

−�+Ỹ −1
+ Ỹ− ∇�+Ỹ −1− Ỹ+

))
. (5.4)

Defining the jump function

J (z) := Ỹ −1− (z)Ỹ+(z), (5.5)

and writing ∇ explicitly as in (2.37), we propose the following definition for a tau
function generalizing the Widom constant to the case of the torus.

Definition 9. The torus tau function for the jump J (z) defined in (5.5) is

T (1,1)[ρ, J ] := det
H0−⊕H0

+

(
1 − e−2π iρ+τ∂z �− J−1 �− J

�+ J−1 1 − e2π iρ−τ∂z �+ J

)
, (5.6)

where

det J (z) = 1,

ρ is an arbitrary parameter, and τ is the modular parameter.

Let us nowfind an appropriate definition of the correspondingRHP.Consider the solution
to the the torus one-point linear system Y(z) in (1.7), whose monodromies inside the
fundamental domain are the same as themonodromies of the solution to the 3-pt problem
Ỹ(z). The function

�(z) := Ỹ(z)−1Y(z) (5.7)

is analytic inside the fundamental domain, and satisfies the following relation on the
A-cycle,

�(z + τ) = J (z)�(z)e2π i Q[J ], (5.8)

where

Q[J ] = diag(Q1[J ], . . . , QN [J ]),
N∑

i=1

Qi [J ] = 0, (5.9)

12 In this section, we use the SL(N ) analogues of the objects studied in Sect. 2 for the one-punctured torus.
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making it a natural candidate for solution of the RHP. An important observation here is
that unlike in the spherical case, on the torus we have an extra diagonal twist e2π i Q[J ],
which implies that�(z) is not a function, but a section of some non-trivial vector bundle
on the torus. So we propose the following

Definition 10. The solution of the RHP �(z) (5.7) with jump J (z) on the A-cycle of
the torus, is a section of a vector bundle, which is analytic in the fundamental domain
and satisfies (5.8) at the boundaries. The complex moduli of the bundle Qi [J ] are some
functionals of J .

We conjecture that the RHP for generic jump J (z) is solvable, and moreover, that
complex moduli of the vector bundle are given by zeroes of T (1,1)[ρ, J ] in ρ as in
(2.83):

T (1,1) [Qi [J ], J ] = 0. (5.10)

It should not be hard to verify that the ρ-dependence of T (1,1)[ρ, J ] should be factor-
izable as in the 1-point case (1.17), or even in the more general case (3.49), with the
ρ-independent part that we denote by T (1,1)

0 [J ]:

T (1,1)[ρ, J ] = eNπ iρ
N∏

i=1

θ1 (ρ − Qi [J ]) T (1,1)
0 [J ]. (5.11)

Furthermore, the solution to the RHP (5.8) is not unique. Namely, if �N (z) is a solution
to the N × N RHP, then

� ′(z) = �(z) · e2π ikz, (5.12)

where
∑N

i=1 ki = 0, is also a solution with the moduli of the vector bundle given by

Q′ = Q + kτ, (5.13)

using the Notation 2. This demonstrates that Qi ’s are points on the same complex torus
over which the RHP is formulated (they are the Tyurin points that parametrize the vector
bundle on the torus, as in [43,44]), and is consistent with (5.11).

The next point of discussion is the distinction between what is called the direct RHP
(5.8) and the dual one (5.5). In the spherical case the direct and dual RHPswere identical,
and even in the present case it seems that we can rewrite the dual RHP in a similar way,
Ỹout (z+τ) = J (z)Ỹin(z). However, the important differencewith respect to the spherical
case is that here,�(z) is analytic for �z ∈ [0,�τ ], Ỹin(z) is analytic for �z ∈ (−i∞, 0],
and Ỹout (z) is analytic for�z ∈ [�τ, i∞). So the dual RHP is actually the same Birkhoff
factorization problem as in the spherical case, while the direct one is different.

Another interesting question regards the possible options for J (z). In the 1-puncture
case J (z) was constructed from (5.3), where Ỹ−, Ỹ+ were the analytic continuations of
the same function in two different regions. We do not know the features of the RHPs
with such jumps, which jumps are more natural to consider, and what is the natural
τ -dependence of J (z).

In the torus case, the jump J (z) can be in principle τ -dependent, but we can also con-
sider τ -independent jump J (z) and find a limit to the usualWidom constant. Namely, set-
ting ρ = τ/2, one finds that the eigenvalues of e−2π iρ+τ∂z acting onH0− are e2π i(n+1/2)τ

for n ≥ 0, and similarly for e2π iρ−τ∂z acting onH0
+ (recall the definition ofH+ in (2.12)).
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They vanish in the τ → i∞ limit, so we are left with the standard determinant giving the
Widom constant. We also see this degeneration at the level of the RHP (5.8): �(z) at the
boundaries can be first approximated by Fourier series’ decaying towards the interior of
the fundamental domain, and then consistency conditions around z = τ/2 will introduce
corrections of order O

(
eπ iτ

)
.

Another observation is that equation (5.8), for rational J (z), can be considered as the
solution to a q-difference linear system. In this case Q[J ] has a different interpretation:
following the q-difference generalization of the approach of [45] to difference equations,
we introduce the following function

�̂(z) = �(z)e−2π i z Q[J ]/τ , (5.14)

which solves an equation

�̂(z + τ) = J (z)�̂(z). (5.15)

Then, Q[J ] parametrizes the local monodromy of the q-difference system, since

�̂(z + 1) = �̂(z)e−2π i Q[J ]/τ , (5.16)

and the monodromy matrix e−2π i Q[J ]/τ is defined up to multiplication by e−2π ik/τ , due
to the presence of the τ -periodic exponentials e−2π ikz/τ .

Another interesting question is then the following: what is the meaning of the torus
tau function in this case of the q-difference system, and what information can we extract
about the local monodromy from equation (5.10)? What is the generalization of the
Widom formula for the variation of T (1,1)[ρ, J ] under the variations of J (z)? We leave
all these questions for a future work.

6. Outlook and Discussion

An immediate question regards the modular properties of tau functions on the torus
which provides a way to study the so-called connection constant [10,46]. A starting
point in analyzing the modular properties of the tau function TH in (3.49) is the free
fermion conformal block Z D in (4.16), whose transformations can be obtained by using
the results of [47–51], where the so-called modular kernel, governing the behavior of the
conformal block under modular transformations was derived. The other key ingredient is
the variable Qi that appears in the argument of the theta functions. Its modular properties
have been studied in [20] for the SL(2) one-punctured case, for which Q is the solution
of the equation (1.3).

A natural continuation of this work is the generalization of the Fredholm determinant
representation of tau functions on higher genus (g ≥ 2) Riemann surfaces, and for g ≥ 1
caseswith irregular singularities. Themain obstacle in providing explicit formulas for the
tau function in both these cases is that the corresponding pants decomposition necessarily
contains trinions with no external legs (see Fig. 11), for which the construction for the
matrix elements of the Plemelj operators is not clear. Solving the problem posed by
the all-internal trinion would immediately allow us to generalize several results on the
Riemann sphere [15,16,52,53] to the case of the torus.

The explicit formulas for the higher genus case would have important consequences
in theoretical physics as well: the relation between the isomonodromic tau function and
free fermion conformal blocks argued in [54] would provide new explicit formulas for
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Fig. 11. Pants decomposition for a genus-2 Riemann surface

higher genus conformal blocks. From yet another perspective, the determinant tau func-
tions studied in this paper coincide with partition functions of topological string theory
on certain local Calabi-Yau threefolds, as already observed in [26], and the identifica-
tion with determinants provides a powerful nonperturbative definition of such partition
functions [28,55–58]. Further extending our construction to higher genus Riemann Sur-
faces and irregular punctures would provide explicit formulas for cases that have proven
inaccessible by usual methods, like the topological vertex [59]. In CFT, these would
be given by irregular conformal blocks on Riemann surfaces (for relations of irregular
conformal blocks on the sphere with Painlevé equations, see also [38,60–62]).
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