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Abstract: We find an explicit formula for the conformal vector of any quantum affine
W-algebra in its free field realization.

1. Introduction

The chiral part of a (super)conformal field theory is a vertex algebra which admits a
conformal vector L, for which the eigenvalues of the energy operator L lie in %Zzo and
the multiplicity of the O eigenvalue is 1. An important class of such vertex algebras are
quantum affine W-algebras Wk(g, x, ) [KRW], [KW] (see also [DSK]), attached to a
“good” datum (g, x, f, k) , where g = g @ gj is a basic Lie superalgebra, i.e. a simple
finite-dimensional Lie superalgebra over an algebraically closed field [F of characteristic
0 with reductive even part g5 and a fixed non-degenerate even invariant supersymmetric
bilinear form (.| .), x € gj is such that the eigenspace decomposition of g with respect

to ad x defines a %Z-grading

9= P g (1.1)

1
]EQZ

feg_1,andk eF.
A datum (g, x, f, k) is called good if f € g_; is such that

g/ C gy (1.2)

Hereafter g/ (resp. g;) denotes the centralizer of f in g (resp. g;), and we use notation
9<m = @ g, and similarly for > m, or < m, or > m. We also denote by p-,
< i<m
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pj, etc., the projection of g to g-o, g;, etc., along (1.1). A special case of a good
datum is a Dynkin datum, defined by x and f from an s£>-triple {e, x, f} in g5, where
[x,el=e, e, fl=x,[x, fl=—F.

Recall that a bilinear form (.| .) on g is called even if (gzlg;) = 0, supersymmetric
(resp. superskewsymmetric) if (a|b) = (—1)?@P®)(p|a) (resp. —(—1)P@P®)(b|a)),
and invariant if ([a, b]|c) = (a|[b, c]).

In [KRW] for an arbitrary datum (g, x, f, k) a vertex algebra homology complex

Vi@ @ F"@ F™ , d ) (1.3)

was constructed, where V¥ (g) is the universal affine vertex algebra of level k associated to
g, and FCP (resp. F™) is the vertex algebra of free charged fermions based on g.0Dg,
withreversed parity (resp. of free neutral fermions based on g1 ,2), and d(¢) is an explicitly
constructed odd derivation of the vertex algebra C¥ (g, x, f) := V¥(g) ® Fh @ F™,

Recall [K2] that for the construction of the vertex algebra of free fermions based on
a vector superspace A, one needs a superskewsymmetric bilinear form on A. In the case
of F°" this bilinear form is defined via the pairing of g-¢ and its dual g%, which is
identified with g-g, using the bilinear form (.|.); the former is non-degenerate since the
latter is. In the case of F™ this bilinear form is defined by the formula

<a,b>"=(flla,b]), a.b € gy (1.4)
The bilinear form (1.4) is non-degenerate if and only if
ad f :g1/2 — g—1,2 is a vector superspace isomorphism. (1.5)

Since property (1.2) is equivalent to [ f, g;] = g;—1 if j < 1/2 [KW], property (1.5)
holds for any good datum.
The Z-grading of the complex (1.3) is defined by

deg VF(g) = deg F™ =0, degg., = —degg’, = I.

The homology of the complex (1.3) is called the quantum affine W-algebra, attached to
the datum (g, x, f, k), and is denoted by Wk(g, x, f).

For a good datum, [go, f] = g—1, hence the orbit Go(f) is Zariski open in g_1,
and therefore the vertex algebra W* (g, x, f) is independent, up to isomorphism, of the
choice of f € g_1, satisfying (1.2).

The main result of [KW] on the structure of the vertex algebra wk (g, x, f)isTheorem
4.1, which states that for a good datum the j™ homology of the complex (1.3) is zero if
j # 0, and the 0-th homology is the vertex algebra W*(g, x, f), which is a subalgebra
of the vertex algebra C¥ (g, x, f) freely generated by d)-closed elements J tai} where
ai, ..., as is a basis of g/ consisting of eigenvectors of ad x. The elements J!%} can
be recursively computed, using equations (4.11) and (4.12) from [KW]. The “building
blocks” for construction of elements J{%! are the elements J@, a € gf , defined in
[KRW], see formula (2.7) in Sect. 2 of the present paper. Theorem 4.1(a) from [KW]

states that for each a € g{ j =g/ Ng_ j) the element J1*} — J(@ lies in the subalgebra
of the vertex algebra C¥(g, x, f), generated by elements J®, where b € g_, with
0 <s < j (recall that g{ # 0 only for j < 0 by (1.2)), and by the neutral fermions.

Consider the subalgebra Ek (g, x, f) of the vertex algebra ck (g, x, f) generated by
the elements J with v € g<o0, and by the neutral fermions. It follows from the above
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. . . . =k .
discussion that, for a good datum, all elements JW oy e gf, lieinC (g, x, f). Itis easy
to see that the elements J) with v € g, and neutral fermions generate a subalgebra

(_Zg(g, x, f) of the vertex algebra C(g, x, f) , and that the J® withv € g_( generate an
ideal U, ofEk (g, x, f) , such that Eg(g, x, f) N U_y = 0. Hence, the canonical map
Ek (g, x, f) — Eg (g, x, f) induces a vertex algebra homomorphism

Wh(g, x, f) — Cola. x. f). (1.6)

. —k .. . .
Since the vertex algebra C( (g, x, f) is isomorphic to the tensor product of the universal

affine vertex algebra vk (g,) of "shifted" level k" ([KWT], formula (2.5)), and the vertex
algebra F"®, the map (1.6) may be viewed as a free field realization (FFR) of the W-
algebra WX(g, x, f).

In the case of a good datum, for the a; € g]f. with j = 0 or —1/2 the elements J (¢ are
uniquely determined by the @; and they are explicitly constructed in [KW], Sect. 2. The
construction of these elements is still valid for an arbitrary datum, satisfying property
(1.5). Furthermore, provided that k # —h" (i.e. k is not the critical level), we also
constructed there an energy-momentum element L, with respect to which the elements
J@i} have conformal weight 1 —m;, where [x, ;] = m;q;, and this construction is again
valid for an arbitrary datum satisfying property (1.5).

In [KW], Theorem 5.1(c), we found an explicit expression for L in terms of the
elements J @) and the neutral fermions in the case of minimal W-algebras, which allowed
us to compute the FFR (1.6) for these W-algebras explicitly (see [KW], Theorem 5.2).

The main results of the present paper, valid for an arbitrary datum (g, x, f, k) satis-
fying property (1.5), are Theorem 3.1, which gives an explicit expression of the element
JUV in terms of the elements J/), J@ with a € gy and g_1,2, and of neutral free

fermions, and Theorem 3.2, which states that L = — T +1hv JU3, provided that k # —h".
This leads to an explicit formula for the image of L under the FFR (1.6) for an arbitrary
quantum affine W-algebra, attached to a good datum.

Our Theorem 3.2 assumes that k % —h", i.e. k is not critical, but the construction
of the W-algebra and Theorem 3.1 hold for an arbitrary k. However the structure of the
W-algebra w—h’ (g, x, f) is dramatically different [FF1]. This W-algebra for f = f,,
plays an important role in the geometric Langlands correspondence.

Throughout the paper the base field [ is an algebraically closed field of characteris-
tic 0.

2. The Complex (Ck(g, x, f), d)) and the W-Algebra wk (g, x, )

First, recall the construction of vertex algebras V(g), F°" and F™ . We shall use the very
convenient language of non-linear Lie conformal superalgebras and A-brackets [DSK].

Given a Lie superalgebra g with an invariant supersymmetric bilinear form B, consider
the F[0]-module F[d] ® g with the following non-linear A-bracket

[a,b] =[a,b]+AB(a,b)l, a,beg, 2.1)

and the universal enveloping vertex algebra V2 (g) of this non-linear Lie conformal
superalgebra. One often fixes such a bilinear form (.|.), lets B(a, b) = k(a|b), k € F,
and uses the notation V¥(g) = V& (g). Then V¥(g) is called the universal affine vertex
algebra for g of level k.
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The vertex algebra F'(A) of fermions based on the vector superspace A with a skew-
supersymmetric bilinear form < .,. > is defined as the universal enveloping vertex
algebra of the F[d]-module F[d] ® g with the non-linear A-bracket

[ayb] =<a,b>1, a,beA. 2.2)

Given a datum (g, x, f, k) as described in the introduction, the associated homology
complex (Ck (g, x, f), d)) is constructed as follows. Let A = [I(g=o ® gio), where
[T stands for the reversal of parity, and define on it a skewsupersymmetric bilinear form
< .,. >N by the pairing of the vector superspace I1g- and its dual IT g%, and let
A" = gy, with the bilinear form < a, b >"® defined by (1.4). Then C*(g, x, f) is
the universal enveloping vertex algebra of the non-linear Lie confirmal superalgebra
F[8](g ® A" @ A™) with the A-brackets defined by (2.1) and (2.2) on the summands
and zero between the distinct summands. The vertex algebra C¥(g, x, f) is isomorphic
to VK(g) ® F" @ F°, where F" = F(A") and F™ = F(A™). Letting

deg VF(g) = deg F™ =0, degg.o = —degg®y,=1on F", (2.3)
defines a Z-grading of this vertex algebra:

Cfe.x. /)= & C}. (2.4)
JEZL

In order to define the differential d(gy choose a basis {u;};_¢ of g, compatible with
parity and the %Z-grading (1.1), let {u'};cs be its dual basis of g with respect to the
bilinear form (.|.), i.e. (ui|u~j) = §;, j, and denote by {u,-}l.es>0 (resp. {u,-},-esl.) the part
of {u;}ics, which is a basis of g (resp. g;). Let {(pi}ies>0 be the corresponding to
{”i}ies>0 basis of I1g~q, and let {(pi}ies>0 be the dual basis of Tg? . Let {Di}ies,), be
the corresponding to {u;}es, , basis of A" . Foru € glet ®, = ZieSl/z y; D; (resp.
Pu = ies.,vigi)if prjou (resp. p~ou) y;u;, where y; € F.

Introduce the following element of the vertex algebra C* (g, x, f):

d= Y (D" @¢ @1+ (flu)@¢' @1)+ Y 10¢ ®@D;

€S~ i€Sipn

1 . .
3 2 DM@ 0 gt ®1. (2.5)

i,jJ€S=0

where p(i) stands for the parity p(u;) in the Lie superalgebra g. The element d is
independent of the choice of the basis of g. One checks that [d) d] = 0 ((KRW], Theorem
2.1), therefore [do), d()] = 0 and d(zo) = 0. Thus, d(g) is a homology differential of
the vertex algebra C*(g, x, f). The homology of the complex kg, x, f). d(o)) is the
quantum affine W-algebra WX (g, x, f).

One has the following formulas for the action of d(g) of the generators of the vertex

algebra C¥ (g, x, f) (cf. [KRW], formula(2.4)), where a € g, and thereafter we skip the
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tensor product signs:

doya =Y ((=DPD : @/u;. al : +k(alu;)de):

jES>O

doypa = p>0(@) + @l f) + (D" 0u+ > 9 o pogar
JES=0
. 1 o . )
dog' =5 Y (DO gyt where [uj,usl = ) i
J,S€S~0 i

doy®a= ) (ujlla, fHe’. (2.6)

JES1)2

Recall that the “building blocks” for elements of the W-algebra WX (g, x, f) are the
following elements of C*(g, x, f) for v € g:

TV =v+ Y (=)POPD g el 2.7)

j€S>0

Denote by ck (g, x, f) the subalgebra of the vertex algebra C k (g, x, f), generated by
the elements J ™ (v € S<q), ¢’ (i € S=¢), and ®; (i € S1,2). By (2.6), this subalgebra

is d(o)-invariant. Let, as above, Ek (g, x, f) be the subalgebra of ck (g, x, f), generated
by the J™) (v € S<), and the ®; (i € S1,2). Then, by (2.6), we have

—k
C (g.x, /) NdoCl(g. x. f)=0. (2.8)
Let k(a, b) = strg(ad a)(ad b) be the Killing form on g. Recall that
k(a,b) =2hY (a|b). (2.9

For the projection p; : g — g; (resp p~o : § — g>0) along the grading (1.1), define
the "partial" Killing forms

kj(a,b) =strg(p;(ad a)(ad b)) (resp. k~o(a, b) = strg(p>o(ad a)(ad b)).(2.10)

Elements J® for v € go obey A-brackets of the universal affine vertex algebra
VBo(go) [KRW , Theorem 2.4(c)]:

[J D, gD = J@D L )XBy(a,b), a,b € g, (2.11)

where
Bo(a, b) = k(alb) + %(K(a, b) — ko(a, b)). (2.12)

In fact, (2.11) holds for a € g;, b € g; withij > 0 (of course By(a,b) = 0ifij > 0
and i or j is non-zero). Hence, we have the following

Corollary 2.1. The factor algebra of the vertex algebra V B (g<¢) by the ideal, generated
by g-o, is isomorphic to the vertex algebra V5o (gp).
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The proof of the following formula from [KW], formula (2.6), uses formulas (2.6):

doy(IY) = Y (fvllupe’ + Y (=DPVCDD i, g

J€S>0 J€S=0

= > DPORORD ] U T k(lu ) + k0 (v 1)
JES- JES=
[v,ltjlégso !

(2.13)

From now on we shall assume that condition (1.5) holds, so that we can define the
basis {®'};cs,, of A", dual to {®;};cs,, with respect to the bilinear form (1.4). Then
we have: d(g)®' = ¢'.

As has been mentioned in the introduction, for a good grading the d()-closed elements

J1e} are uniquely determined for a € g{

Ji fora e gg can be constructed, provided that (1.5) holds, and they are as follows

(see [KRW], Theorem 2.4(a)):

for j = 0 or —1/2. The d(p)-closed elements

_1)p(a)

Jlat = gy 7 Z DI Dy ;4 : (2.14)

JESI)2
These elements obey A-brackets of the universal affine vertex algebra V 512 (gg):
(7}, g0 = gUabh 4 5By 2 (a, b), (2.15)
where

1
Bij2(a, b) = k(al|b) + kso(a, b) — EK]/Z(a’ b). (2.16)

The d(g)-closed elements JW forv e g 12 are as follows (see [KW] , Theorem
2.1(d)D:

(=HPW -
J{U} JO — 3 Z P! q)jq)[u_/,[ui,v]] :

i,j€S12
+ Z (2 TNl —(k(vlup) +k=0(v, u;))dDY), (2.17)
i€Si)
and one has ([KW], Theorem 2.1(e)):
[ 00 = glarl it g e gf veg!, . (2.18)

Remark 2.1. The elements goi coincide with the elements, denoted by (pl?" in [KRW] and
[KW], but are different from the elements, denoted by ¢’ in [DSK]. The advantage of
this less natural choice is that then the construction of the W-algebra WX (g, x, f) works
for an arbitrary finite-dimensional Lie superalgebra g with an arbitrary supersymmetric
(possibly degenerate) invariant bilinear form (.|.). (The simplicity of g and the non-
degeneracy of (.|.) are needed in the next sections.)
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3. A Formula for J{/} and the Energy-Momentum Element L of WX (g, x, f)

Choose a Cartan subalgebra b of go, containing a Cartan subalgebra of gg .Itis a Cartan
subalgebra of g. Choose a set of positive roots of g, compatible with the grading (1.1).
Recall that the dual Coxeter number 4" of the simple Lie superalgebra g with the
given invariant bilinear form (. | .) is the half of the eigenvalue of the Casimir operator
> jes u/uj on g, and it is given by the formula

1
hY = (plo) + 5 (010) (3.1)

where 6 is the highest root and p is the half of the difference between sums of positive
even roots and positive odd roots. Provided that k # —h", the energy-momentum (or
Virasaro) element of the vertex algebra C¥(g, x, f) is defined by [KRW] for an arbitrary
datum, satisfying (1.5):

L =1L%+dx + L+ L™, (-2)
where
1 .
L= ——%  udu; o,
2(k+hV).Z e
jes
Lh= 3" (1—mj): @¢))g;: —m;:¢log; .
j€S>O
1 .
ne __ _ . J L.
L _212 SO 1,
JE€SI)2

and the m ; are defined by [x, u;] =mu;.
The central charge of this Virasoro element is equal to (see [KRW], Remark 2.2)

1
c(g, x, k) = sdim go — 3 sdim g1/2 — o — (k +h")x|. (3.3)

k+hY
With respect to this L the elements ¢; (resp. /) are primary of conformal weight 1 — m;

(resp.m j), the @ ; are primary of conformal weight 1/2,anda € g; has conformal weight
1 — j and is primary, unless j = 0 and (a|x) # 0. Actually one has:

[Lyal = (3 + M)a — A*k(alx) for a € go. (3.4)

Furthermore, it was shown in [KRW] that the element d, defined by (2.5) is pri-
mary of conformal weight 1, hence [dy L] = Ad and d(o)L = [d;L]|— = 0. Hence,
the homology class of L defines an energy-momentum element of the vertex algebra
wk (g, x, f), which is denoted again by L. Note that though, for a good datum, the W -
algebra W¥ (g, x, f) is independent, up to isomorphism, of the choice of x with given
f [AKM], the element L does depend on x.

As has been mentioned in the introduction, the explicit expressions of the elements

Ji@ which generate the subalgebra W¥ (g, x, f) of the vertex algebra Ek(g, x, f), as-
sociated to a good datum, are known only for a € g_;, where j = 0 and % In view of

(1.6) it is important to find an explicit expression for J{/}. This is the first main result of
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the paper. The second main result is the formula L = —¢ +lhv JUY in wk (g, x, f). Both
results hold for an arbitrary datum (g, x, f, k), satisfying (1.5).
Let

Q = Y (ad u/)(ad u;).

J€So

Proposition 3.1. The operator Qg is diagonalizable on g; for each j > 0.

Proof. Choose a Cartan subalgebra b of gg ; it is a Cartan subalgebra of g, containing
x. Choose a set of positive roots in h*, compatible with the %Z-grading (1.1), and let
e;, fi be the Chevalley generators of g. Then for each j > 0, the g-module g; is the
sum of lowest weight modules with the lowest weight vectors that are commutators of
the e;, such that e; € g-¢. Since the restriction of ¢ to each of these summands is
diagonalizable, proposition follows. O

Let p- (resp. p;)€ h* = b be the half of the difference between the sums of positive
even and positive odd roots of b in g..¢ (resp. g;). (We idenitfy g with g* using (.|.)).

Proposition 3.2. The element p~ lies in the center of go if (1.5) holds.

Proof. Since [L"; J @] = (8 +A)(J@ —a) +1%(p-0 — hVx|a) for a € go, the Jacobi
identity

(@I ® L1 = (=P @POg® 7@, 1] = [[J; TP, L1, a,b € go

is equivalent to the equation 0 = — (A + w2 (p-olla, b]). Hence ([p=0, al|b) = 0 for all
b € go. It follows that [p~0, go] = 0. |

Theorem 3.1. For the datum (g, x, f, k), satisfying (1.5), the following element of
C*(g, x, f) is doy-closed:

SN = D D (1) sl D _lz L W) g .
JES12 2jeS0

k+hY .
_ v (x) (p=0) . B .
(k+h")oJ™ +90J>0 + 3 E SO LO I
JES12

Theorem 3.2. Assuming that the datum (g, x, f, k) satisfies (1.5), and that k # —h",
the element L + 1 JU/} of C(g, x, f) is d)-exact. Consequently L = — JU in

T+
W¥(g, x, f).

As an immediate consequence of (2.11), (2.12), (2.14)—(2.17) and Theorems 3.1 and
3.2, we obtain the following corollary.

1
k+hY

Corollary 3.1. Provided that the datum (g, x, f, k) is good and k # —h", one has
a homomorphism of the vertex algebra W*(g, x, f) to the vertex algebra V" (gy) ®
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F"(g1,2), such that

(=1r@ : .
— Z : d)J(I)[uj’a] cifac gg,
JESI)2

Ja s g4

o) . (_I)P(v) .
T 3 i@ — e 3 Wy ¢

€812 i,j€S1
- Z (klu;) + k=0 (v, 1)) dD" if v € gfl/z,
i€Sin
L — ! (lz:ujuﬁ+8((k+hv)x—p>0))—lz - PIgD ;- .
k+hV 2 J 2 J
€S0 Jj€S12

Corollary 3.2. If k = —h", then J'} is a central element of W*(g, x, f).

4. Proof of Theorem 3.1

Let U and V be finite-dimensional vector spaces over [F with a non-degenerate even
pairing < .,. >: U x V — F. Choose dual bases {u;};c; and {u'}ie;y of U and V
respectively, i.e. < u;, u/ >=§; ;. Then for any A € End U and B € End V we have:

Stry A = Z(—l)”(i) < Auj,u' >, stryB = Z(—l)!’“') <uj, Bu' >, (4.1)
iel iel
where, as before, p (i) stands for p(u;) (= p(ui )). This will be used to prove the following
lemma.

Lemma 4.1. For u, v € g we have

k<o(u, v) = k0, v) — strg=o p>oad [u, v], 4.2)
k=o(u, v) = %(K(u, v) — ko(u, v) + strgso p>o ad [u, v]), 4.3)
ko(u, v) = (Qoulv) = (u|R2ov). 4.4)

Proof. We may assume that (ad u)(ad v) preserves the %Z—grading (1.1) and that
p(u) = p(v). In order to prove (4.2), we use (4.1) with
U =g9-0,V=¢9<0,<..>=(]|), A= p-o(ad v)(ad u), B = p-o(ad u)(ad v).

We have by the second and then the first formula in (4.1):

ko, v) = strg_oB =Y (=DPO@l[u, [v,u'l) = Y (=D’ ([, ul, vlju’)
€S~ €S~
= (=DPOPO S PO (o, [ il = (—DPOPDsirg o A
€S~
= (=)PWPOsyry - ad v, ul + strg_, (ad u)(ad v) = —strg_, ad [u, v] + K= (u, v).

Formula (4.3) follows from (4.2) since « (1, v) = k~o(u, v) + ko(u, v) + Kk ~o(u, v). The
proof of (4.4) is similar, by letting U = V = gg, A = (ad u)(ad v). |
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Lemma 4.2. Let, as before, {u;}ies_, be a basis of g-o and {ui}ies>0 the dual basis of
g<0, i.e. (uilu!) =6; j, and let v € go. Then

D =DPPLug, u'l = 2p-0, (4.5)
€S~
strg_o ad v = 2(p=0v). (4.6)

Proof. Since the LHS is independent on the choice of dual bases, we may take for
{u;}ies., the basis {eq}uen_, Of g-0, so that the dual basis of g-g is {e_¢}aea., With
(eqle—y) = 1, and hence [ey, e_o] = . Then (4.5) follows.

For (4.6) we have:

strgo ad v = Y (=D, willu’) = Y (=P wllu, w']) = 2(v]p=0)

i€S8-0 i€S8-0
by (4.5). O

Denote by I, 11, ..., IV the operator d(q), applied to each of the six terms in the RHS of
the formula for J/} in Theorem 3.1. We have to prove that the sum of these six elements
of C¥(g, x, f) is equal to 0.

By formula (2.13) for v = f, element I is equal to the sum of the following four
elements:

In= ) 1@/ Oy Ip ==Y (~D)PV o/ Ul 4.7)
JES3/2 JESI
Ie == (=D)PD @l Ul .1y = 5™ (k(fluj) +e=0(f 1)) 997
JESI)2 JESI
(4.8)

By (2.13) for v = f and the last formula in (2.6), using that d g, is an odd derivation

of the vertex algebra ck (g, x, f), one obtains that element II is equal to the sum of the
following five elements:

Ia= Y (=)D @ gl qrp = 3" 3" (FlLf ujlwil) : g,

JES1)2 JE€S12 €832
4.9)
Ie =Y D (=)POCOD  igidy . (4.10)
JES12 €8]
Ip=— 3 (=)D ; @iy jUruetub @11
i,J€S1)2
Hp= ) (kU fujllu) +eso(lfujl ) @70 . (4.12)
i,j€S1)2

It is easy to see that /4 + I /p = 0, and since also I¢c + I I4 = 0, we obtain

I1+1] =Ig+Ip+1lc+1Ip+11IE. 4.13)
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Lemma 4.3. One has

(a)IIc =0. .

OIIp= Y > Py, JU .
i€S1n keSo

Proof. By (4.10), using that

O fujlud = Y i [Lf uj] wg])"™ @,

i€Sin
we obtain:
He= Y > (=DPPCOD (1 f ], u )™ : Dl gf @l :
i,j€S1/2 k€S
= Y Y (PO OCOD G [1f ], )" s ek
i,j€S12keS]
= (AL i, LfujTlug) = @7 @ gk -
>
i,j€S12 kES)

If one exchanges i and j in the summation of the last expression, / /¢ doesn’t change.
On the other hand, looking at each summand in this expression, we see that it changes
the sign, hence I Ic = —IIc, proving (a).

By (4.11), using that, for i, j € Sy,

[, il uid =) (LS )], uillu®yug,

keSo

we obtain:

Ilp =— Z Z(_l)p(z’)puo Dy g0 T 5,
i€S2 keSo

proving (b). O

Next, we treat the term III. For that introduce structure constants cfj and c’,‘.(v) for
i,j, ke S-oandv € go by

[ui,u;]= ch’-(juk, [v,u;] = chj{.(v)uk.
k

k

Lemma 4.4. (a) For v € go and k € S~¢ one has:

(57 V1= )" chwg/, (4.14)
j€S>0
T (PO Wk = N () dg] (4.15)

J€S>0
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(b) Foru € go, v € g2 and j € S~¢ one has

n Dyl P J W=Dy @l T Z c,{(u) S 0Dk 1, (4.16)
keS-o

npl @y s T W=l Dy T+ Z (—1)p(“)p(”)c,{(u) ckad, 1. (4.17)
keS-o

Proof. 1t uses the A-bracket calculus, see [K2], [DSK]. Formula (4.14) follows by the
non-commutative Wick formula, (4.15) by quasicommutativity, and (4.16) by quasiasso-
ciativity of a vertex algebra. As an example, we prove here (4.16). By quasiassociativity
we have

SOV ACOISRNE NV ACOR
—9 —a
_ (_1)p(u>(p</>+1>(/ LT, i s — - d%/ 9, i1 ).
0 0

Using (4.14), we obtain that the RHS is equal to

. —d —a
— Z C‘,i (u)(/O : CDvgz)k tdh— CD,,/O (pkdk )

keS~o
= > @@ Pkt = @0k ) = Y ) 9Dk -,
keS~o keS-o
proving (4.16) O

We have, by formula (2.13), for i € Sp:

do)J“) =" (flluiuhe! + Y (=DPOPDND iy,

Jj€S JE€SI12
It follows that
doy Y+ T T = A+ Ag + A3+ As, (4.18)
ieSy
where
Ar=)" Y (Il uyly @l 70, (4.19)
ieSy jeS
Ay=Y" > (=POPD i@ g0 (4.20)
i€So j€SI2
Ay =) Y (DO fllug u)) - Tl 4.21)
i€So jE€ST
Ay = Z Z (—1)PO (—1)POPGD+D J<u">¢jq>[ui7uj] . (4.22)
i€Sp jeSi2

In order to simplify expressions for those elements, recall the operator 2¢, defined
by (3.4). By Proposition 3.1, this operator is diagonalizable in g ;. Hence we can choose
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u; € g1,2 (resp. g1) to be eigenvectors of ¢ ; denote by a; (resp. b;) the corresponding

eigenvalues.
We have by (4.16):

Ap=Yy " Y (—)POCD iy, T e SN N koD,

i€So jeS12 keS1y2 i€So jESI)2

The first sum in this expression is equal to
Ay = Z Z : dD[u,-’uj]go]J(”’) :
i€So jeS12
while the second sum is equal to
.k .
Z -9 Z aq)[”",[ui-,uk]] -
keS12 i€Sy
Hence we obtain
Az:A/2+ Z ak:<pk8<1>k:.
keS12
Next, we obtain, using (2.6), (4.14) and (4.21),
Ay =A1 =Y 3 N el ((Fll uogt,
keS1ieSojeSs:
hence
Ay = A=) bi(flur)dg®,
keS
since

Zcik(f|[ui, ujl) = (f1S20ur).

JESI

Finally, for A4, given by (4.22), we have, using (4.15) and (4.23):

A=Ay — Y ar: (g )Py .
keS12

(4.23)

(4.24)

(4.25)

(4.26)

From (4.18)—(4.26) we obtain that the element III is equal to the sum of the four

elements

Iy ==Y Y (fllu' ul) s @l T,

ieSy jeSI
i€So j€S12
1 .
I = zzb,(ﬂuj)a(pf,
JESI

1 4 ,
HIp =3 D aji(: 0eH®; - glod; ).

JESI)2

(4.27)

(4.28)

(4.29)

(4.30)
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We have:
Iy =Y (=)D ) Y (L f DT,

jes ieSo
hence, by (4.7),

1114 = —1Ip. 4.31)
Using Lemma 4.3(b), we obtain

Ilp =—111Ig. (4.32)

Hence, by (4.13) and Lemma 4.3, we have

I+I1+111=1Ip+1Ig+I11c+111p. (4.33)
Next, we have

Ip+11Ic =Y ((k+hV)(fluj) + (p=olLf. u;D)dg?, (4.34)

JESI

. 1 .
IIg+11Ip = (k+hv).z c®;0¢" : _EZ F (0P
i€Si i€S12
+ D Py’ (4.35)
i€Si

Indeed, by (4.8) and (4.29), we have, using (4.3) and (2.9):

Ip+11lc = Z ((k + lbj)(f|l/t]) + hv(fluj)—l/co(f, uj)+lstrg>0 ad [f, uj])a(pj.
et 2 2 2

Applying (4.4) and (4.6) to the RHS, we obtain (4.34).
In order to prove (4.35), we rewrite (4.30) as follows:

1
1ip = - D0 (06" Py 1 = 9 9P, )
keSi 2

1
3 (P et = (0P )" ).
kESl/z

We also rewrite (4.12), using (4.3), (4.4) and (4.6), as follows:
. 1 . .
Ilg = (k+h") Z D@09 ) Z s Do 09"+ Z t Py pog109 1
i€Sin i€S1) i€Sin
Adding up these two expressions, we get (4.35).

Lemma 4.5. One has

Qo) = 2[p-0,u] for u € gi.
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Proof. Since elements I, I, III lie in the image of d(oy and d(zo) = 0, we obtain, using
(4.33):

0 = doUp + I11lc) + doy(I1Ig + I11p).

Substituting here (4.34) and (4.35) and using formulas (2.6) for the action of d(g) , we
obtain:
. 1 o
0= > D" <uj 5@ = [pso, ui] =" g0 .
i,jE€S1)2
Due to the non-degeneracy of the bilinear form < ., . >"® the lemma follows. O

Finally, we treat the remaining three elements I'V, V, and V1. Using (2.13), we obtain:

. k+hY .
— \2 . _ . . .
IV =—(k+h )Z (flu;)dg’ 5 Z 3: @), (4.36)
J€S J€S12
V== (p=ollfujD0¢7 + Y 0: Pl gujef . (4.37)
Jj€S) JESI)2

Using (2.6), we obtain

k+hY ; ;
5 D Cplad; - ;o) ). (4.38)
JESI2

Adding up (4.36)—(4.38), we obtain

IV+V+VI=—k+h")Y (fluj)dg! — 3 (p=ollf,u;jDog’/

VI =

jes JESI
' ! 4.39
—(k+hY) 30 1 @;d¢) 1+ D0 9 Dppguip’ o
JESI)2 JES12

Adding up (4.33) and (4.39), and using (4.34), (4.35) and Lemma 4.5, we conclude that
dyJ f} = 0, completing the proof of Theorem 3.1.

5. Proof of Theorem 3.2

First, introduce the following convenient notation. Let a (resp. a’) be the sum of some
g;’s (resp. the remaining g;’s) in (1.1). Then we let 8, o = 1 (resp. 0 ) if u € a (resp.
a’). Then we have foru , v € g:

D wilvyu' = 8y gvi Y @l ui = 8y.g_4v: (5.1)
i€S=o IS\

D @l uilv) = SugoWlv) = 8y wlv); (5.2)
ieS~o

D @) Wl) = S gy Wlu) = 8y (). (53)
ieS-o

Similar formulas hold if we replace S~ by So , and g~ and g by go ; these formulas
will be denoted by (5.1)" , (5.2)” and (5.3)’.
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Next, let v" denote the second summand on the right in (2.7). Then
v = Y (=DPO (gl i (54)
i,j€S=0
Next, by condition (1.5), we have
u' =W 1, i€ S, (5.5)

where the {u(")}iesl/2 is a basis of g2 , dual to {Mi}ieSl/z with respect to the bilinear
form (1.4).

Next, by the quasiassociativity of the normally ordered product, we have fori, j, k, [ €
S50

cil to =il + (=P8 g (5.6)
sl o =1 giplgh L+ (=P 50T (5.7)
seil el =il gl L+ (1P B

_ (_1)17(j)17(k)(_1)17(i)(17(j)+17(k))3i’l . @ka(pj - (5.8)

Lemma 5.1. We have, using (5.4):
Yo @)® =Y =D polluy, ' Dgie’ =Y @H i (5.9)

€Sy i,jeS=0 ieSy
D))= Y (=DPOPO Quy, uMpoluj, u'l) : pigd iy -
€Sy i,j,k,l€S~0
+ > =DPO | [, ' DG Qpig! = pidgd ). (5.10)
i,j,keS=o
[le.uijego

Proof. Using the invariance of the bilinear form (.|.) and (5.1)’, we obtain
D)=y 0 (=D pollue, w Dejg" :
ieSy J.keS-o

which is the first equality in (5.9) after replacing indices j, k by i, j . The proof of the
second equality in (5.9) is the same.
Using the invariance of the bilinear form (.|.) and (5.2)’, we obtain

D)= Y (=DPIPO (ug, u | poluk, ulD) 90" s rg”
ieSy J.k,r,seS~o
Using (5.8), we see that this is equal to

= Y EDPPPO (ug,w | poluk, u')) < 99 00"

J.k,r,seS~o

+ Y =D (lus, uM polux, ull) : (9g))e’ :
j.k,seS~o

— > =DPD (gl polur. ui11) s @t ¢
j.k,seS~0
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In the last term we used the invariance of (.|.) and relabeling of indices; we also used
that (a|b) # O implies that p(a) = p(b) in order to simplify the sign. Now (5.10) easily
follows. |

Lemma 5.2. Recalling that [u;, u;] = Zcfjuk fori, j, k € S~o, we have
k

Do PO gl = Y (=DPD poo(uy, u' Deie!

i,j,k,€S~o i,jeS~o

(5.11)
DD g, d gt = Y (—DPOPOL gt (5.12)
i,keS-o i,j,keS=o

D DD pog(uy, ' hgig? o

i,j€S>0

Proof. Using that cf.‘j = ([u;, uj] |uk), that the bilinear form (. | .) is invariant, equation
(5.1), and that p(i) + p(k) = p(j)if cf.‘j # 0, we obtain :

Y POk i = 3 ()P gl polu, ut]
i,j,keS=o Jj.keS=o

from which (5.11) follows.
By (5.11), the LHS of (5.12) is equal to

(Y = D DDyl

i,jES>() i,j€S>()
luj i g <)

Formula (5.12) follows. d

Lemma 5.3. The expression

Ao = Y (=DPOPO i lpooluj, u')) : gig’ pre :
i,j,k,leS-o

is equal to %A;ﬁo, where A is obtained from A o by replacing po by p+o .
Proof. Exchanging i with k and j with / in A_( , we obtain
Aco = Y (=DPDPO Q]| pooluj, u'l) : i/ grg! - .
i,j,k,1
Adding the two expressions for A g, we obtain A . O
From (5.4) we obtain

=Y E0POS i) g (5.13)

i,j€S~0
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Lemma 5.4. We have
Z (_1)[’(1’) . @i[f’ ui]Ch — Z (_1)1’(}) . qj[uj,ui](pi(pj .
€S i,J€S=0

Proof. Substituting in the LHS the expression (5.4) for v = [f, u;], we obtain, by
invariance of (.|.) and (1.4),

DY POy, uF ) Dl

i€Synj.keS-o

= > EDPD Y g [y, ) D g

Jj.k,eS=o i€Sin
= Z (—l)p(l) . ¢'[uj’uk](pk(/)‘i 5
j.keS-o
proving the lemma. o
Lemma 5.5. Let
Py =—f — Z (=D)PD - D[ £, u;] - +1/22 culug
i€S12 €Sy

k+hY .
—3p=0+ (k+h")aJ® — 5 Z:qfaobi:

i€Sin

—hY Z (_I)P(i) 3(pi3(pi - Z (_1)p(i)+p(k)ctl'(j I(Pk(pjui :
i€S~g i,j,keS=o

+ 0 DO g, u it -

i,kES>0
Then
(k+hIL =dio( ) (=D g’ ) + Ro. (5.14)
ieS-o

Proof. By (3.2) we have

1 .
k+h")L = = cwluj o +(k+hY)ox + (k+hY)LM + (k+hY)L™ . (5.15)
2 J
jes

Choosing, as usual, dual bases {h;} and {hi}, i = 1,---,1, of h and root vectors
{ea}aen,, le—ataen, of g, where (eqle—y) = 1, we obtain, using quasicommutativ-
ity of the normally ordered product, that the first term in the RHS of (5.15) is

1
1 : : .
§ (=P e ey 3 § h'hi — 9p = § (=DPD -yt
aeAL i=1 €S-

1 .
+EZ cutup—0psg. (5.16)

€Sy
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We also have

axh = 3 (=)D 0 i ) (5.17)

ieS-o

Using (5.16) and (5.17), equation (5.15) can be rewritten as follows:

. | .
(k+h")L =" (=P uul :+§Z cutup s —dpo

€S-0 €Sy

. - k+hY .
+k+h)OTY — (k+h") Z (—=D)PD ;¢ + Z S (PHD; ;.
i€S-o i€Sin

(5.18)

Next, we compute d(o) (: ¢; ul :),1 € S~0,using (2.6) and that d(g) is an odd derivation
of the normally ordered product:

doy G gin' ) =i’ 1+ Y (=D)PO grplut +(f uiyu’
j.keS-o

H=DPD Dy [u®, 10—k @i’ 1= D luk, u'lgigt :
keS-o

We have used for the 3-rd term in the RHS that (f|u;) = 0 if p(i) # 0, and formula
(5.5) for the 4-th term. It follows that

Y EDPVdoy gt )= (=DM D+ Y0 (PO OC il

€S~ €S~ i,j,keS=o
+f = 3 DO 0wy f]
i€Sin
= 2 DMt =k Y (=DPO s pidgt - (5.19)
i,keS-o i€S-q

We have used for the 3-rd term in the RHS that f = > (=1D)PD(flu;)u’ , and for the
ieS~o
4-th term that

=D D f1i= Y (DD G g’ ).

i€Sin i€Sin

Therefore (k +h)L — Y ;c5  (=1)PDd(o)(: g’ 2) is the difference of the right hand
sides of equations (5.18) and (5.19), which is Py. m|

Lemma 5.6. We have

Py =—-JV 4Py,
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where

Pr= ) DPOSfllug, u' D) s gig i+ Y (=DPD oy, ineig

i,jeS-o i,jeS-o

1 . . .

=5 2o OO g, lpoluj, ') : giel prg”
i,j,k,LeS=q

1 . ) . .

=5 2 CDPOwI, polu W' G dpig) - gidg’ )
i,j,keS=o

+ Y EDPD (ool u' D : g

i,jeS-o

—h" Y (=P s giagt + Y (=DPD: po(luy, W' Deied ;.
€S~ i,J€S>0

Consequently, by (5.14), we have
(k+h")L+JY = P| mod Im d o). (5.20)

Proof. First, we compute, using Lemma 5.1,

Z L g gl Z culup 42 Z (—1)P@ - po([uj,ui])(p,'goj :

ieSy €Sy i,jeS-o
+ Y EDPOPO Qg ) poluj, u'l) : pig! pro”
i,j,k,LeS~o
+ > (DO, polur, w' G dgip’ : — : gidg! ). (5.21)
i,j,keS=o

Hence, for Py, defined in Lemma (5.5), and J {/}, defined in Theorem 3.1, we have
Py+JY =4, (5.22)

where

A=(f"+ Z (=D)PD DL, ui 1P o) + %Z(: wup o —: Jh g )

i€Sin ieSp
+ Y 0P ool w DD gigl =k Y (=D)PD : gidg"
i,jeS-o €S-
+ ) =DPO s paoluy, u g (5.23)
i,j€S~0

Here we used Lemma 5.4 for the first term, formula (5.21) for the second term and
formula (5.12) for the last term.

From (5.23) it is straightforward to deduce that A = Pj. This completes the proof of
Lemma 5.6. |
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Lemma 5.7. Let
1

Py=—5 Y (DMt poluk, u' NG Bgi)g’ < = : gidg! )
i,j.keS=o
+ Y EDPD(ooolluj, w' DG g’ ) = 1Y Y (=P gidg’
i,jeS-o i€S-o
1 . . .
=5 2 OO, peolu 1) : (e -
i,j,keS-o

+ Y EDPOwI, paolur, u'l)) s gide? .
i,j,keS~o

Then
P, =P — %d(O)' Z (=DPD gy, 0@
i,j€S-0
Consequently, by (5.20), we have
(k+h")L+JY = P, mod Im d).
Proof. Tt is similar to that of Lemma 5.6, and therefore is omitted . m]
Lemma 5.8. Let
o= Y (aij:Qp) ¢ +bij i 09’ ),
i,j€S~0

where a;j, bij € F.
Then doye = 0 implies that ¢ = 0.

Proof. It is clear from (2.6). |

Now it is easy to complete the proof of Theorem 3.2. By Lemma 5.7, (k + k)L +
JU = P, mod Im d ) , where d(gy P, = 0 since dg)L =0 = d(o)J{f}. But P; has
the form of ¢ in Lemma 5.8, hence P, = 0.

6. Examples

6.1. Minimal W-algebras. Let6 € h* = b be the highest root for some ordering of roots
of the Lie superalgebra g. The W-algebra WX (g, 0/2, e_g) is called a minimal W-algebra
[KRW], [KW] if the %Z-grading (1.1) has the form

g= @}zflgj, where g_1 = Fe_y.

In this case f = e_gy lies in the non-zero nilpotent orbit of minimal dimension in one
of the simple components of gg. Conversely, if f lies in the non-zero orbit of minimal
dimension in a simple component of gg, then the corresponding W-algebra is a minimal
W-algebra in all cases, except when g = osp(3|n) and the simple component of gg is
so3. Minimal W-algebras were studied in detail in [KRW] and [KW].
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Obviously, for a minimal W-algebra, p; = x, and it follows from [KW], formulas
(5.6), (5.10), that p1,2 = (hY — 2)x. Hence,

p=o = (h" —Dx. (6.1)

Therefore, p-.o— (k+h¥)x = —(k+1)x, and the FFR, given by Corollary 3.1, coincides
with that, given by [KW], Theorem 5.2.

6.2. Principal W-algebras. Let {e., pV, fi} be a principal sl-triple, where
x = p" is the half of the sum of positive coroots of gg- Then the datum (g, 0V, fe, k)

is a Dynkin datum. The corresponding W-algebra WX (g, pV, f.) is called the principal
W-algebra, associated to g.
If g is a Lie algebra, then g+, = 0 and go = b, and therefore

p-0=p (€ h* =h), and gj* =0, (6.2)

where p is the half of the sum of positive roots of g. Hence the FFR in this case is a
homomorphism wk (g, 0V, fe) — VBO(h), for which
1

H —
2(k+hY)

culu; o +opY — ! dp (6.3)

: j: pavAL .
GS()

The principal W-algebras for arbitrary simple Lie algebras were first constructed in
[FF].

The element 2x is determined by its Dynkin labels 2«¢; (x), i = 1, ..., rank g, which
are known to take values 0, 1, and 2. In the case when g is a simple Lie algebra all the
Dynkin labels of 2p" are equal to 2.

Let now g be a basic Lie superalgebra, which is not a Lie algebra. Then g may have
several non-isomorphic sets of simple roots, and the Dynkin diagrams, corresponding to
the choices of positive roots, compatible with the grading (1.1) may be different. Below
we list the Dynkin labels 2a;(pY), i = 1, ..., rank g, for all basic Lie superalgebras g,
which are not Lie algebras. For exceptional Lie superalgebras g they can be found in
[H2]. We use notation for basic Lie superalgebras and their Dynkin diagrams from [K1].

I. Am,n), m>n>0,m—n=2k+1,k € Z>o:

where the number of white nodes at the beginning and the end is equal to k, and
the number of grey nodes is 2(n + 1).
Il. A(m,n), m >n>0,m—n =2k, k € Z>1:
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2 2 2 0 2 0 2 0 2 2 2 2
0—0—+—0—®—@—®—®— —®—@— 0—0—:—0

where the number of white nodes at the beginning (resp. end) is equal to k (resp.
k — 1), and the number of grey nodes is 2(n + 1) .
I111. Alm,m), m > 1:

In all cases I-III the total number of nodesism +n + 1.
1V. Bm,n), m >0, n > 1:

where the number of white nodesism—n ifm > n,andisn—m—1ifm > n—1;
the total number of nodes is m + n.
V. Cm),n > 3:

2 2 1

O—0O— "-OO\®
R 1
where the number of white nodes is n — 2.

VI. Dim,n), m >2,n > 1:

2 2 2 1 1 1 1
0O—0——0—®—Q@—  —@—&

\\® l
where the number of white nodesism —n — 1,if m > n+ 1, andis n — m if
m < n; the total number of nodes is m + n
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VII. D2,1;a):

1 1
NI
\® 1

where the simple roots are {€] + €2 + €3, €] — €2 — €3, —€] — € + €3}.
VIII. F(4):

where the simple roots are {%(8 +€] —€) —€3), %(8 — €1+ € +€3), %(—8 +
€] — ey +e€3), € — €3}
I1X. GQ3):

1 1 2
® —® -0

where the simple roots are {3, —3 + €], €2 — €1}.

Looking at these diagrams, we see that for all basic Lie superalgebras g, except for
A(m, n) with m — n even, which we shall exclude from consideration, the %Z—grading
(1.1), corresponding to the principal nilpotent element, is defined by

1
a;i(pY) =1 (resp = E) if «; is even (resp. odd),

where «;, i = 1, ..., rank g, are simple roots.. Hence this grading is compatible with the
parity and go = b. It follows that (6.2) still holds. Furthermore, g1,2 (resp. g—1,2) is a
purely odd space, spanned by the ey, (resp. e_q,), where the «; are all odd simple roots.
The element f € g_; can be chosen as follows. Let f0 (resp. f!) be the sum of all e_y,
with «; even (resp. odd); then

=70+ .

Remark 6.1. 1t is probably impossible to write down a complete FFR of an arbitrary W-
algebra, with explicit expressions for all elements beyond those of conformal weight 1, %,
and L. However, in many cases (including the minimal one) the W-algebra W* (g, x, f)
is generated by elements of conformal weight 1 and % (this happens, for example, when

gf 12 generates gio). In such cases formulas (2.14) and (2.17) can be extended to the
complete FFR of this W-algebra.
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7. Appendix A. A more Conceptual Proof of Theorem 3.2 for Dynkin Datum

The proof uses the following properties of the Dynkin datum:

(i) the restriction of the bilinear form (. | .) to gof is non-degenerate;

(ii) (even part of g_;) N (center of g =FFf;

(iii) gg is a direct sum of an abelian Lie algebra, basic Lie superalgebras, and g/ (n|n)
withn > 1;

(iv) (g Ix) =0.

Properties (i) and (iv) obviously hold. Property (ii) holds by the Brylinski-Kostant
Theorem [BK], [P] in the Lie algebra case, and its analogue in the Lie superalgebra case,
which follows from [H1] and [H2]. Property (iii) for classical (resp. exceptional) basic
Lie superalgebras holds by [Ho] (resp. [H1].

Lemma 7.1. Let L be the elementoka (g, x, f), givenby (3.1), and let L =— k+1h\/ J
, where JUV is an element of C* (g, x, f) given by Theorem 3.1. Let a € g‘g and J\ e
C*(g, x, f) be defined by (2.14). Then

(@) [LyJ 9] = (@ + 1) T + 22 (p-ola).
(b) [L;, '] = (@ + 0T + 22 (p-la).

Proof. From (2.11) and (2.14) we deduce

(719, 71 = 7@ 43 Bo(a, b), a € g, v € g<o. (7.1)
Using (2.14) we obtain
[J@,] = (~DPD . a € o), u € g (7.2)

From (7.1) and (7.2) we deduce, by making use of the non-commutative Wick formula,
fora € g(];,i € 8o, j € S12:

[J{a}/\ . J(Mi)](ui) 1=: J([a,uil)_](ui) :+(_1)P(a)17(i) . _](Mi)]([u,uil) .
. i : . N :
+(= 1Py g a1 (Bo(a, u') J“D+(—1)PD By (a, ui) J™ >>+5A230<a, (', uil),

) . ) 1 )
9 @90 ] = (—DP@OPUD @iy, :+§(—1)1’<“>,\2 (la, u’), u;)™
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+H=DPD 3" (<up fa, u] > D00 — < uj[a,uD] > D9, ),
i€

[J{a})hchj_]([f‘uj]) :]:(_I)P(a) . q)[a’uj]]([f»u,/]) . +(_1)p(d)17(j) -J jUalfuilD .

Summing up both sides of the first formula over i € Sp, the second and third formula

over j € Sy/2, we obtain the following three formulas for a € gg :

S T 16D g = 2k + hV)AT @, (7.3)
ieSy
D 1a",: d/0d; ] = —2ha™, (7.4)
JE€SI12
where a™ is the secind term on the right in (2.14) ,
Z (79, (=1)PD) . @i gUHuib . = 0. (7.5)
JES12
Using (7.1), we obtain
001 =0 = [J'9 D] fora € g . (7.6)

Using Proposition 3.2,
we obtain from (7.1):

[T, JP=0] = Ak + 1Y) (al p=0). (7.7)

Now we can complete the proof of the lemma. Formula (a) is straightforward by the
discussion in Sect. 3, cf. (3.4). Below we shall prove (b). We have for a € gg :

[J{a})\f{f}] — [J{a})“](f)] + Z (_I)P(i)[‘]{a}k - @t gUfuil) ]
i€Sin
1 i
_EZ[‘]{a})‘ o gt plu) - (k+l’lv)[./{a})\8.](x)]
i€Sy
1 .
+HJ1, 9 P07+ Sk k) p FARPRR L
i€Si)
The first and the fourth terms on the right are equal to 0 by (7.6), and the second term
equals 0 by (7.5). The third term equals —(k + h¥)AJ (@ by (7.3). The fifth term equals
A% (k + hV)(alp=o) by (7.7). The sixth term equals —(k + h¥)Aa" by (7.4). Thus, we
have :
VLN = (71955 TV = =+ h)(@ + )T = 22 (ke + hY)(al p=0)
= —(k+n")(@+ 1T + 2%l p=0)),

proving formula (b). Here we have used property (iv) of a Dynkin data. O

Remark 7.1. The same proof shows that Lemma 7.1 holds for arbitrary grading (1.1),
satisfying (1.5), if we replace the coefficient of 12 by (p~ola) — (k + h¥)(x|a).
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Lemma 7.2. Let M be an element of confirmal weight 2 (with respect t() L), which lies
in the subalgebra of C*(g, x, f), generated by the elements J'%}, a € 90 Suppose that

[J'9M] =0 forall acg]. (7.8)
Then M = 0.

Proof. By property (iii) of a Dynkin datum, the subalgebra of C* (g, x, f) generated by
the elements Ji¥, g € gg, is the affine vertex algebra V512 (go) (see (2.15), (2.16)),

associated to the Lie superalgebra g(]; , which is a direct sum of its center, some basic Lie

superalgebras and Lie superalgebras gl(n|n),n > 1, and a non-degenerative bilinear
form on it, for all, but finitely many values of k.. Therefore, for all, but finitely many
values of k, this vertex algebra carries the Sugawara element, with respect to which all

elements J19, ¢ ¢ gg, have conformal weight 1 (see e.g. [K2]); for gl(n|n) we use
the modification of the Sugawara construction, discussed in Appendix B. Hence, the

center of V 5172 (gg ) consists of the multiples of the vacuum vector. Since condition (7.8)

implies that M is a central element of V5172 (go) we conclude that M = 0 for all, but
finitely many k, hence for all k. O

Now we can complete the proof of Theorem 3.2. Since L has conformed weight 2
(hereafter conformal weight is meant with respect to L), by [KW], Theorem 4.1(a), L is
d0)-equivalent to an element of the form

gy — g 4 M, (7.9)

where f e g{ | and M lies in the subalgebra of C*(g, x, f) generated by the J@ with
a € go+g-1/2 and the ®;,i € Sypp . Letv € g/ and let JV € Ek(g,x, f) be an

element, given by [KW], Theorem 4.1(a). Since J Ui d()-equivalent to L, we have
in Wk(g, x, f)

PARIWAS Y L o). (7.10)

But, due to (2.8), equation (7.10) is an equality in (_Zk (g, x, f). It is easy to conclude
from (7.9), using (2.11) (which can be used since f/ € g—1 and v € g<p), that we have

the following equality in Ek (g,x, f):

YL v = gy Ar B oM, (7.11)
where A is a linear combination of elements of the form Y : 371 J @D | 3in ) : with

n>2oriy +---+i, > 1, and B is a linear combination of normally ordered products,
involving the ®;. Comparing (7.10) and (7.11), we conclude that

[f/i gf] =
Hence, by condition (ii), we have

f/ = yf for some y € F.
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Therefore, L - yJ (/) is a sum of normally ordered products of elements of Ek(g, x, f)
of conformal weight < 2. It follows that, for J {/} from Theorem 3.1, we have

L — yJY = M, (7.12)

where M is a d(g)-closed element of conformal weight 1. Hence, by [KW], Theorem
4.1(b) , M is a linear combination of elements of the form : J {a} y{0}. and 9J1¢} | where

a, b, c € gg. By Lemma 7.1, M satisfies (7.8), hence, by Lemma 7.2, M = 0, and we
have

L=yJ\, (7.13)
In order to complete the proof of Theorem 3.2, it remains to show that

1
- 7.14
v k+hY 719

For that we use the following formula, which can be deduced from the discussion of
properties of L in Sect. 3 :

(LT ] = @+ ATV + 22 (p=olv), veg, (7.15)
where A, is the conformal weight of J ), Using formula (7.15), we obtain

9 ’k
(glx )+

[LiyJUYN = @+20)psY) + A3(—y(k+hv)c 5 yB).  (1.16)

where

1 1
B = (p>olp=0) — (plp) + g(p1/2|p>o) + ﬁstrgoeagl/zﬂa

Using (7.13) and comparing (7.16) with
23
[LiL] = (@+20)L + D c(g, x, k),

where c(g, x, k), given by (3.3), is non-zero for generic k, we obtain (7.14) (and also
that 8 = 0). This completes the proof of Theorem 3.2.

8. Appendix B. Theorem 3.2 for g = gl(n|n)

Let g be a finite-dimensional Lie superalgebra over F with an even invariant supersym-
metric bilinear form (.|.). In order to apply the Sugawara construction, we need two
properties:

(i) the bilinear form (.|.) is non-degenerate, so that we can choose dual bases {u;} and
{u'} of g with respect to this form and construct the Casimir operator

Q=) uu €U;

1

(ii) the Casimir operator 2 acts on g as a scalar (which we denoted by 21").
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In this Appendix we consider g = g/ (n|n) with the bilinear form (a|b) = strab. The
property (i) holds, but (ii) fails. However, we will show that the Sugawara operator L2,
appearing in the formula (3.2) for L can be modified, so that the resulting modified L is
a Virasoro vector, which satisfies a modified Theorem 3.2 with the modified J /3.

Let I be the identity matrix in g and let

w = Z culup e VE(g). (8.1)

i

The following formulas are obtained by straightforward computations, where a € g:

Q) = —2@a|DI; (8.2)
[a,w] = 2ika — 2x(a|D]I; (8.3)
la, 1] = Ak(all); (8.4)
[a, : I%:] = 2 k(a|D)]I. (8.5)

Introduce the modified Sugawara operator

1 1
ngﬁw+2_k2:12:. (86)

It is straightforward to deduce from (8.3)—(8.5) the following two formulas:
[axL®] = Aa, hence [L%a] = (0 +A)a; (8.7)
[LY; L% = (0+2A)LS. (8.8)
Hence, we have the following proposition.

Proposition 8.1. The element L9 defined by (8.6) is a Virasoro vector of Vk(g) with
central charge 0, for which a € g have conformal weight 1. Hence, V*(g) is a conformal
vertex algebra of CFT type for all k # 0.

Finally, we have the following version of Theorem 3.2 for g = gl(n|n).

Theorem 8.1. Let L9 be defined by (8.6), let L be defined by (3.2) with this L?, and let
JUY be the element, defined in Theorem 3.1 for h¥ = 0. Then the element

~ 1
Jgur — jin_ — . 2.
2k
is d()-closed and L = —%J{f} is an energy-momentum vector of WX(g, x, f) with

central charge given by formula (3.3) with h™ = 0.

Proof. By the same proof as that of Theorem 3.1, the element JU s d(p)-closed, and
also, by (2.6), the element / is d(g)- closed, hence the same holds for : / 2 . Hence the
element J{/} is d)-closed.

Let L = 21—ka) +9x + L 4 L"¢ (cf. (3.2)). By the same proof as that of Theorem

3.2, we have: L+ %j s doy-exact. Since this element coincides with L + %J {7}, the
theorem is proved. O
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