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Abstract: We consider maps on a surface of genus g with all vertices of degree at least
three and positive real lengths assigned to the edges. In particular, we study the family
of such metric maps with fixed genus g and fixed number n of faces with circumferences
af, ..., o, and a B-irreducibility constraint, which roughly requires that all contractible
cycles have length at least 8. Using recent results on the enumeration of discrete maps

with an irreducibility constraint, we compute the volume Vg(g,) (a1, ..., op) of this family
of maps that arises naturally from the Lebesgue measure on the edge lengths. It is
shown to be a homogeneous polynomial in 8, «y, ..., «, of degree 6g — 6 + 2n and
to satisfy string and dilaton equations. Surprisingly, for g = 0,1 and 8 = 27 the
volume V;?,f ) is identical, up to powers of two, to the Weil-Petersson volume ng";P of
hyperbolic surfaces of genus g and n geodesic boundary components of length L; =

\ /ozl.2 — 472 i =1,...,n.For genus g > 2 the identity between the volumes fails, but

we provide explicit generating functions for both types of volumes, demonstrating that
they are closely related. Finally we discuss the possibility of bijective interpretations via
hyperbolic polyhedra.

1. Introduction

How large is the space of metric structures one can put on a surface of given topology? As
stated it is not a well-posed question, but it can be turned into one by a suitable restriction
on the class of metrics and/or choice of measure. This can be done in various ways.
One can take the discrete approach, in which one counts the number of combinatorial
maps (or ribbon graphs) one can draw on a surface with, say, fixed number of faces
of specified degrees. Roughly this can be understood as restricting the metric spaces
to those of fixed topology that can be assembled from gluing a given collection of
regular polygons of unit side length. Another approach is to reduce the space of metric
structures by imposing a constant curvature restriction. It is classical that such surfaces
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are equivalently characterized by their complex structure, so one is really dealing with
moduli spaces of Riemann surfaces. These moduli spaces are naturally equipped with
the Weil-Petersson symplectic structure that gives rise to a non-degenerate volume form,
so one may quantify the size of the space of hyperbolic metric structures by computing
the Weil-Petersson volumes of moduli spaces. Both approaches have a long history in
physics (e.g. two-dimensional quantum gravity, string theory) and mathematics (e.g.
combinatorics, algebraic geometry, geometric topology) and share many features.

For instance, both are integrable in the sense that appropriately defined generating
functions satisfy infinite hierarchies of partial differential equations (see e.g. [1] and ref-
erences). Weil-Petersson volumes appear in solutions to the KdV hierarchy [2—7], while
map enumeration problems are related to solutions of the KP and 2-Toda hierarchies [8—
10]. Both satisfy topological recursion equations (see [11] for an overview) in the form
of Tutte’s equation for maps [12-14] and Mirzakhani’s recursion for Weil-Petersson
volumes [15]. These are succinctly summarized in the data of a spectral curve [16,17].
Also at the level of statistical properties of random surfaces there is some overlap, though
the bulk of work in random maps has focussed on the planar case [18,19] while random
hyperbolic surfaces sampled proportionally to the Weil-Petersson volume have mainly
been investigated in the large-genus regime [20]. For recent progress on properties of
random maps surfaces of large genus see [21,22].

Despite the similarities there are still a lot of powerful combinatorial and probabilistic
techniques that have not yet found their way from one approach to the other. To facilitate
the transfer of methods it would be of significant help to understand the relation between
maps and hyperbolic surfaces at a bijective level, something that is currently lacking for
general hyperbolic surfaces. This work can be viewed as a first step in this direction, by
identifying a class of maps for which in certain situations the associated volumes agree
with the Weil-Petersson volumes.

Let us summarize how this rather unexpected coincidence arises from the combina-
torics of maps when we disallow short cycles. In the planar case the general problem of
enumerating maps with prescribed degrees and girth, i.e. the length of the shortest cycle,
was made accessible by Bernardi and Fusy [23,24] who introduced a tree encoding for
such maps. Planar maps with the slightly stronger constraint of d-irreducibility, which
requires that the girth is at least d and that the faces of degree d are the only cycles
of length d, were enumerated by Bouttier and Guitter [25,26]. In [27] we used their
methods to show that for each n > 3 and b > 1 the number of 2b-irreducible planar
maps with n faces of prescribed evens degrees and with no vertices of degree one admits
a simple formula, namely a polynomial in b and the face degrees. This can be extended
to higher genus if one imposes the irreducibility constraint on the universal cover of the
maps, leading to the notion of essentially 2b-irreducible maps on surfaces of arbitrary
genus. Having the enumeration encoded in polynomials makes it very easy to study the
limit in which both b and the face degrees become large, meaning that we are counting
maps in which all cycles are required to be long. In this limit one is naturally led to
consider continuous analogues of discrete maps in the form of metric maps, which are
maps with real lengths assigned to the edges. Such maps admit an analogous criterion
of irreducibility in which the discrete length 2b is replaced by a real minimal length 8.
Since there is a continuum of (essentially) B-irreducible maps the question of enumera-
tion becomes one of the computation of a volume with respect to a natural measure, just
like in the case of hyperbolic surfaces. In this case the measure arises in a simple fashion
from the Lebesgue measure on the real length assignments to the edges. As we will see
these volumes are closely related to the Weil-Petersson volumes of hyperbolic surfaces
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with geodesic boundary components of prescribed lengths, whose general computation
was first solved by Mirzakhani [15].

Whether this relation has a natural bijective interpretation is still very much an open
question in the general case. There are two regimes in which a bijective interpretation
is known. The first of these is the limit in which the boundary lengths of the hyperbolic
surfaces become large, in which case the underlying geometries literally approach (in
a Gromov-Hausdorff sense) those of metric maps [28,29] without irreducibility con-
straint. These metric maps, obtained from the B-irreducible metric maps by taking g
to zero, are precisely the ones appearing in Kontsevich’s proof [3] of Witten’s conjec-
ture. The other regime corresponds to taking all boundary lengths to zero, resulting
in hyperbolic surfaces with cusps. In the planar case such surfaces can be related to
2m-irreducible metric maps with faces of circumference 2 via two bijections of Rivin
[30,31] involving ideal polyhedra in three-dimensional hyperbolic space. Computations
by Charbonnier, David and Eynard [32,33] show that this relation indeed identifies the
corresponding metric map volumes with the Weil-Petersson volumes. This connection
will be summarized in Sect. 1.3 and prospects for generalizations to different topologies
and non-zero boundary lengths will be discussed. However, we start by giving precise
definitions and statements of our main enumerative results.

1.1. Definition of metric map volumes. A genus-g map is a (multi)graph that is properly
embedded in a surface of genus g, viewed up to orientation-preserving homeomorphisms
of the surface. Here properly embedded means that edges only meet at their endpoints
and that the complement of the graph is a disjoint union of topological disks. We denote
the set of vertices, edges, and faces of a map m by V(m), £(m) and F (m) respectively.
A cubic map is a map with all vertices of degree three. A map is rooted if it is equipped
with a distinguished oriented edge, the root edge.

A genus-g metric map is a genus-g map with all vertices of degree at least three
and a positive real number associated to each edge, which we interpret as the length of
the edge. A planar metric map is said to be B-irreducible for some f > 0 if there is
no simple cycle in the map that has length smaller than 8 and each cycle of length 8
corresponds to the contour of a face (of circumference ). For g > 1, a genus-g metric
map is essentially B-irreducible if its universal cover, seen as an infinite planar metric

map, is B-irreducible. We denote the set of such maps with n labeled faces by R;ﬂ ,1, and

the corresponding set of rooted maps by Rz(f,} ,),

The main quantity of interest is the volume Vg(ﬁ) (a1, ..., o) of the maps in ’Rgﬂ ,)l

whose ith face has circumference exactly «;, where the volume measure arises roughly
from the Lebesgue measure on the edge lengths. To avoid ambiguities in the normal-
ization of the volume measure and peculiarities that can occur for special choices of

oy, ...,q,, we take some care in its definition. The set T\’,g,ﬁ ,)l is naturally partitioned
into subsets sharing the same underlying rooted map (forgetting the edge lengths). A
special role is played by the rooted maps that are cubic, i.e. each vertex has degree three,

which have a maximal number of edges equal to 6g — 6 + 3n. We denote the set of these

rooted genus-g cubic maps by C ,,. For s € Cg , the corresponding subset of Rg? ,), is

described by a convex open polytope in the space Rigo_6+3n of possible length assign-

ments 61, . .., feg—g4+3n tO its edges (see Sect. 2 for details). Let us be the push-forward
of the (6g — 6 + 3n)-dimensional Lebesgue measure df; - - - dfgg_643, on this polytope
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to R((gﬁ ) and define the measure

Ms
Pen = D o (1)
; 2EG)]

on ’R,é,ﬂ ,),, which thus assigns zero measure to the non-cubic maps. Let Circ : ’R,i,ﬂ ,), —
[B, 00)" denote the assignment of circumferences to the n labeled faces. Then the push
forward of 1 , along Circ defines a measure on [, c0)" that has a density with respect
to the Lebesgue measure do - - - doy, on [, 00)". We define the volume of essentially
B-irreducible genus-g metric maps with n faces of circumferences oy, . . ., a, to be

Circypign

VP (a, ...,
g (@1 on) day - - - da,

where the second fraction represents the Radon—Nikodym derivatives. See Figs. 1 and
2 for the simple examples of (g, n) = (0, 3) and (g, n) = (1, 1), illustrating that

1 o?
Vo ez =5 Vi@ =L )

These examples are special in the sense that the irreducibility constraint is vacuous. In

general Vg(fs,,) will of course depend on S.

As a remark, we mention that we could have replaced the property of essential S-
irreducibility by that of having essential girth at least 8, where the essential girth of a
metric map is the minimal metric length of a simple cycle on the universal cover of the

map. Note that any essentially S-irreducible metric map necessarily has essential girth

at least . In fact, the set ’Rg,ﬁ ,)l of essentially B-irreducible metric maps is an open subset

of full Lebesgue measure in the set of metric maps with essential girth at least 8. Indeed,
the only maps that are missing in the former are those metric maps that have a simple

CET @ <o GN

1 1 1 1
51{a >astaqydrdazdas 51 {as>as+a; ydardazdas 5 1{as>ai+agydardazdas 51{a.ia2;a3}da1da2da3
aztaz>al
aztar>an

Fig. 1. There are four cubic planar maps with three labeled faces (which can be rooted in six ways
each). The formula below each map s gives the measure CirCyus on [B, 00)". For example, the measure
%l{al >ay+az}dop dapdas for the left map is obtained as the push-forward of the Lebesgue measure df; d6,d63

along (01, 02, 63) > (201 + 6 + 03, 62, 63). Adding up all four contributions gives (3 = %daldazdog,
hence V()(ﬂ3) (a1, 00, 03) = %

Fig. 2. There exists a single rooted cubic genus-1 map s € Cy 1. The push-forward of the Lebesgue measure

2 2
d61dO,dO3 along (01, 62, 03) > o = 261 +20, +203 is Of—édoz] .Hence p11 = ;—édal and V](ﬂl)(al) = ‘;—é
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cycle of length g in the universal cover that does not bound a face. These maps comprise
a subset of positive codimension and thus have zero Lebesgue measure. It follows that

Vg(fi) (a1, ..., o) also measures the volume of metric maps with essential girth at least
B, while —%Vg(fg,,)(al, ...,ap)withe; > B,i =1, ..., n,is the volume of metric maps
with essential girth exactly equal to 8.

1.2. Main results. For the determination of Vg(fi) we rely on the previous work [27], in
which we studied the enumeration of discrete maps with an irreducibility constraint. In
particular, we considered genus-g maps with n faces of even degrees 241, ..., 2¢, with
no vertices of degree one and that are essentially 2b-irreducible for a positive integer b.
This discrete notion of irreducibility is very similar to the one described above: it requires
that all simple cycles in the universal cover have (discrete) length at least 25 and they are
only allowed to have length exactly 2b if they bound a face of degree 2b. According to
[27, Theorem 1] these maps are enumerated by polynomials N g,)l 1, ..., L, of degree
6g—6+2ninb, £, ..., £,.See Sect. 2 for details and precise statements. In Proposition 7

we show that the set of essentially B-irreducible metric maps naturally arises in the limit
B)

of large b and ¢ and that the volume Vg(,n can be extracted from the leading order of the
polynomials N g(}?,l via

1 e ~(Apn
VP (ar, .. o) = 5[t*”g SN2 (Stan, .. Aray),

where [1¥] f () denotes the coefficient of t*in f (). This allows us to derive the first main
result describing several properties about the volume polynomials, which are analogous
to the discrete results of [27, Theorem 1].

Theorem 1. For any € [0,00), g > 0 and n > 1 (provided n > 3 if g = 0),
Vg(fi) (a1, ..., 0p) is a symmetric polynomial of degree 3g — 3 +n in a%, ceey Ot% and

a homogeneous polynomial of degree 3g — 3 + n in B2, a12, e a,%. The polynomials
satisfy the “string” and “dilaton” equations

| R
véﬁ)+1<a1,...,an,0>=52/ o Vi, .. o) day, ©)
j=1"f
aZV(lg)l 1
a(j‘;”*’ (ag,...,0,0) = E(zg - 2+H)Vg(§l)(0l1, S On)- “)
n+l

In the case g > 1 andn = 1, Vg(fgl) (1) is independent of B and is given by a rational

multiple ofoclégf4
The proof of this theorem is the subject of Sect. 2. Several polynomials for small g and

n are listed in Table 1. By homogeneously scaling all edge lengths and 8 it is easy to
see that for 8 > 0,

>6g—6+2n

V@i o) = (£ VD (Zay, ... Eay). )

The reason for choosing 8 = 2m as a natural reference value will become clear soon.
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Table 1. The first few polynomials V(ﬂ) (CTT 7))

g n Vi @y, am)
1
1
4 gM(1 ﬂ2
1 3 42 5 a4
5 game) *+ 1M1 — 1687 m() + 1B
1 3 3 5 a2 9 42 15 o4 215 46
6 T8M(3) T 7521 t g ML) ~ TP M@ — 5z BT My + gz ima) — T3P
1
1 1 1 a4
2 7682 + 383 (1,1) ~ 763 P
2 4 6
ma L mon o1 Bmay B'mqy B
3 w76t T536 T 768711 T 3072 — 1536t 2303
4 mE) L MED M) | M) m(l 1,1,1) /92'"(3) _ /32"1(2,1)
147456 ¥ 12288 T 6144 2048 1024 12288 2096
_Blmey  Brmg, D, Bomey g8
12288 2048 3072~ 49152
)
2 1 3538944
’ mes) o oman | 9mao o plo
70778880 + 4718592 T 35389440 — 70778880
3 me omey o masy  omaany o 29mas)  29mGan | Tmoo))
S 1698693120 © 70778880 T 141557760 + 4718592 T 212336640 T 35389440 T 3932160
_ B Blma)  296%ma)  9%mg) Bl 12
283115520 ~ 37748736 ~ 424673280 ~ 566231040 ~ 70778880 ' 169869312
m(7)
3 1 712282663960
They. are expressed irr terms of the basis m g, g0y (@1, - .. ,.an) = Z(Pl ) a%p] ;pz .. ~a,2,P" of sym-
metric even polynomials, where the sum runs over permutations (pq, ..., pn) of (¢1,...,4k,0,...,0). For

example, m () (a1, ) = a‘l‘ +oz§1 and m3 1)(ay, 02, @3) = a? 2 662 80+ ala? 042 042

V“@P can be found in [27, Table 1] and [34, Appendix B] respectively

0[2 +Oll(¥3 +0l20tl+ 0120[3 +Ot3O[1 +Ot3O[2.

Analogous tables for Ii’éh,)l and

The occurrence of polynomials in the volumes of metric maps is reminiscent of
Weil-Petersson volumes and we will shortly see that they are closely related. We start
by recalling the definition of the Weil-Petersson volumes. Let M (L1, ..., L,) be the
moduli space of genus-g hyperbolic surfaces with n labeled geodesic boundary compo-
nents of lengths L1, ..., L, > 0. It comes with the Weil-Petersson symplectic structure
o, which defines a natural volume measure w38 3" /(3g —3+n)! on Mg n(Li, ..., Ly).
In a celebrated work [15] Mirzakhani proved that the total Weil-Petersson volume
VWP(Ll, ooy Ly) of Mg ,(Ly, ..., Ly) is a symmetric polynomial in L?, ..., L2 of
degree 3¢ — 3 +n. Moreover she obtained a recursion formula that determines all
polynomials starting from V0 3 P(Ly, Ly, L3) = 1 and V1 P(L1) =1z (L2 + 4712) See
[34, Appendix B] for a table of Weil-Petersson volumes for small g and n in a format
similar to Table 1. The similarities should be apparent, especially when looking at the
coefficients of the basis polynomials of top degree.

In [35] Do and Norbury proved that the Weil-Petersson volumes satisfy the string
and dilaton equations

n Lj

Vo (L1, . ..,Ln,2m')=2/ LiV(Ly, ... Ly dL;, (6)
; 0
j=1

VWP

st g Ly, 27i) =2mi(28 —2+n)Vyy (L1,.... Ly). (7

aLn+1
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i
Lo

‘/O(.“:J:%(Ur +a}+03+ai) - @! ( } Vo = H(IL3 + L3 + L3 + L) + 2n°
Ls

(*) 1 1) . :

Fig. 3. Examples of the volume polynomials V(ﬂ (ap,...,an) of essentially p-irreducible metric
maps of genus g with n labeled faces of circumferences a1, ..., oy, compared to the Weil-Petersson vol-
umes V%P(Ll , ..., Ly) of hyperbolic surfaces of genus g with n labeled geodesic boundaries of lengths

Ly,...,L,. Inthe case g = 0, 1 and 8 = 27 they satisty V;?,f) =222 VXLP under the identification
Li2 = oti2 — 472 (see Corollary 2)

0/

It is easily seen that these equations are identical to (3) and (4), up to powers of two,

after the substitution L; =, /otl.2 — B2 and using the fact that they are even polynomials.

As was shown in [35, Theorem 4], in the case g = 0 and g = 1 the string and dilaton
equations uniquely determine the symmetric polynomials for arbitrary z in terms of the
base cases VOW3P 1 and VlwlP = 55 (L2 + 47r2) Comparing to (2), we immediately
deduce the following identity (stated for B = 2m, but the general relation is easily
deduced from (5)). See Fig. 3 for an illustration.

Corollary 2. For g =0andn > 3, or g = 1 and n > 1, we have the identity

ng?n”)(al, e 0y = 22728 V;}ilp <\/oz% —4n2, ..., \/a% — 4712) . (8)

For higher genus the identity (8) certainly does not hold. In particular, for g > 2 and
= 1 we know from Theorem 1 that V(zn)((xl) (0) { (@1) is a monomial in &y of

degree 6g — 6 +2n, while VWP ¢ /a —472)is certamly not. Nevertheless one may find
a close connection between the two Volumes at the level of generating functions. To this
end we fix an integer d > 0 and real numbers «j, ..., oy > oo = 27 and make the

implicit identification L; = a? — 472, such that in particular Ly = 0, and introduce

1
the formal power series

d
2. 2.
F& (x0, ... xa) = E o E Xip o X, VO ey e,

i1=0 in=0

d
F™(xo.....xa) = Z p Zx,l Y X, 22T VNN L),

i1=0 in=0

By convention VOV%P = Vo\fle = Vo\fvzp = Vl%P = ( because they fall outside of the stable

range. Take note of the factor 22~2¢~" in the second generating function! By Corollary 2
these generating functions are identical for g < 1.

In order to state expressions for these generating functions, we need to introduce sev-
eral formal power series. A central role is played by the formal power series
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R(xg,...,xq) = Z —oX;i +- - defined to be the unique solution to
ﬁ d
Z(R) =0, Z(r)::?Jl(ZT[«/;) - ZXi Io(LiN/r) ©
i=0
where Iy and J; are (modified) Bessel functions. Let also M,fvp(xo, ...,Xxq4) and
M ,EZ”) (x0, - - -, xq) be the power series defined recursively via

M =m0 = —, MM = m)P o, M), (10)

Oy R
(2m) (2m) (27)

M = ME (G + 0, MET ), k=1

Finally, for ¢ > 2 we introduce the polynomial
d>_d (= mk 1)
Pe(mi, ..., mag 3) = Y. @[ ——— an
dy,dz,...>0 k>2
Y on (k—1di=3g—3

where (‘L’élz rgh -+ )¢ are the yY-class intersection numbers on the moduli space M, ,

with n = Zk dr < 3g — 3 marked points (see Sect. 4.1 for details). For instance, for
g = 2, 3 the polynomials read (see e.g. [36, (5.27)-(5.30)] where my = —Ii+1/(1 — 1))

7m% N 29momy . m3

1440 5760 1152

_245m8  193mymt  53mami  205mImi  1Tmami  1121mamzm,

3720736 6912 | 6912 13824 11520 241920
TTmsmy  583m3  607Tm3  503mams  mg

" 414720 580608 2903040 " 1451520  82944°

Pr=—

Theorem 3 (Generating functions for metric maps and WP volumes). The generating
functions Fézn) of essentially 2 -irreducible metric maps are given by

1 R
F& = —/ dr Z(r)%, (12)
4 Jo
1
2m) (2m)
F =——1log M, , 13
1 4 08 Mo (13)
(2m)
2g7] M(27T) [W3 3
Fg(zn) = ry\ 282 P <M1(27r) T M(gﬂ) forg =2 (14)
(M ) 0 0
0

The generating functions F’ QN P of Weil—Petersson volumes are given by the same formulas
but with M,Ezn) replaced by M,:VP.
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The proof of this theorem is split into two parts. In Sect. 3, more precisely Proposi-
tion 8, we prove the formulas for metric maps in the slightly more general essentially
B-irreducible case, except that the polynomials P, remain unidentified. In Sect. 4 we
prove the analogous formulas for the Weil-Petersson volumes and identify the poly-
nomials P, through relations with intersection numbers. Formulas like these for the
generating functions of Weil-Petersson volumes have appeared before in various forms
of generality and various degrees of rigour [36-39], but for convenience we have in-
cluded more or less self-contained proof (in Sect. 4.3). Let us make several remarks
regarding the expressions.

One face/boundary As mentioned before Vg()zln )(oq) is monomial in «; while

Vg(v;/P) G/ a% — 472) is not for g > 2. Let us see how this comes about from the point of

view of the generating functions. The only difference is the term 72 / k! in the recurrence
(10), which ensures that (see Lemma 10)

M wp (—mH)
0, ...,0) =1,  whereas M (0,...,0) = -
The first consequence is that
F&| _y =0,  while
2 4 6
WP _72-2g yWP _ ng-2 —nTon 7w
FYP| =222y =2 Pg(—“ Sp ) #0

as expected. On the other hand, for a single face of perimeter oy we get

2 — 2
Vg(,lm(“l) = 0y FéZﬂ) =28 l<f3g*2>g a961M3(gjz)3

= x;=0
23-5¢ 6o—d
= mﬁ?g—z)g Ollg s
where in the last equality we used that Lemma 10 implies 0y, Ml(,zn) |x.:0 = —4-r-1

/(p+1)!. We see that it is indeed a monomial in the face perimeter «;. In case of the
Weil-Petersson volume nglp (L1), however, all terms in the polynomial P, contribute,
so the answer is not as simple (in particular not monomial in o).

2p42
a1p+

Explicit formulae in genus 0 Let us list some more explicit formulas for genus g = 0
when one or more faces (or boundaries in the Weil-Petersson case) are distinguished.
Taking derivatives of (12) while noting that Z(R) = 0 we easily find

3 _wp 1 R
D g =—§/ Io(Li/P)Z(P)dr,
0

0x1
9 9 1 (R
——FT =z f Io(L1+/T)Io(Lav/r)dr,
dx1 0x2 2 Jo
3 9 9 _wp

——— — R = éIO(L1@)10(L2ﬁ)10(L3ﬁ)axoR.

0x1 0xp 0x3
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In each case the integral can be performed explicitly using integral identities like [40,
Equation 5.11(8)]. For instance,

09 pwe _ LIVRILLWE) Io(Lav/R) = Lov/R [ (Lav/R) Io(LivVR)

dx1 0x3 0 L% — L% '
i WP:_42JT«/EJ1 (27‘[«/}) Iy <L1«/§>+L1\/EJO (ZH\/E) I (Lp/ﬁ)
0x1 (L2 +472)’

. 27 RJo (2nﬁ) I (Llﬁ) — L\RJ (27“/?) I (Llﬁ)

m(L3 +472)

d
+ ; — —Fy'F.
;xl 3X1 3)(,' 0

In particular, if the second boundary is a cusp (L, = 0) we obtain

o 9 we_ VR
dxoox; 0 Ly

I1(LiVR),

JZF WP - . . .
ax"z = R/2, providing a simple interpretation
0

while if both are cusps then it is simply

to the generating function R.

1.3. Interpretation via hyperbolic polyhedra. Convexideal polyhedraLetus concentrate
on the special case of essentially 2 -irreducible metric maps with n faces of circumfer-
ence g = 2. In this case it is easy to see that every edge has length in (0, 7). Indeed,
if an edge e would have length 7 or larger, one could find a contractible cycle of length
at most 27t by concatenating the contours (minus e itself) of the two faces adjacent to e.

In the case of genus g = 0 these metric maps are known since work of Rivin [31]
to have an interpretation in hyperbolic geometry. To understand this consider the three-
dimensional hyperbolic space H? in the Poincaré ball model, in which the open unit
ball in R3 is equipped with a constant negative curvature metric such that geodesics
correspond to circle segments that are orthogonal to the boundary. An ideal polyhedron
is a non-compact polyhedron in H* whose vertices all lie on the boundary sphere. Convex
ideal polyhedra are characterized by the positions of these vertices in the unit 2-sphere,
which are uniquely determined up to Mobius transformation of the 2-sphere. See Fig. 4b
for an example.

One may naturally associate a metric map to a convex ideal polyhedron, by consid-
ering the Voronoi diagram of the n vertices in the sphere (Fig. 4c), i.e. the planar map
whose underlying set consists of those points in the sphere that have more than one
closest vertex among the n (with respect to the standard round metric on the sphere).
An edge e of the Voronoi diagram is given a length 6, equal to the angle as seen from
the vertex in the center of either one of its neigbouring Voronoi cells. This angle is also
precisely the external dihedral angle of the edge of the convex ideal polyhedron dual to e.
It is easy to see that the resulting metric map is invariant under Mobius transformations
of the vertex set in the sphere and that each face has circumference 2. If one examines
the angle sums of the spherical polygons corresponding to simple cycles in the map, one
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(a) (d)

Fig. 4. a A 2m-irreducible metric map with all face of circumference 27 and edge lengths indicated by color
shading; b the corresponding convex ideal polyhedron; ¢ the Voronoi diagram of the vertices of the polyhedron,
which can be turned into a metric map by assigning length 6, to an edge e where 6, is the indicated angle as
seen from a neighbouring vertex; d the corresponding circle pattern on the sphere

will note that the metric map is also 2 -irreducible. It is a non-trivial theorem of Rivin
[31] that this determines a bijection between convex ideal polyhedra with n vertices and
2m-irreducible metric maps with n faces of circumference 2.

To see that there is a connection with the moduli space of My (0, ...) of genus-0
hyperbolic surfaces with n cusps (boundaries of length 0), one need only look at Fig. 4b
and observe that the boundary faces of the polyhedron correspond to ideal polygons in a
totally geodesic plane that carries the metric of the hyperbolic plane. Hence the boundary
of a convex ideal polyhedron naturally has the structure of a genus-0 hyperbolic surface
with n cusps. An earlier theorem of Rivin [30] shows that any element of M, (0, ...)
is uniquely obtained in this way. The combination of both of Rivin’s results therefore
provides a bijection between 2 -irreducible metric maps with n faces of perimeter 2
and the moduli space Mg , (0, ...). A computation by Charbonnier, David and Eynard
[33] (building on [32]) shows that the natural Lebesgue measure on metric maps is
mapped via this bijection to the Weil-Petersson measure (up to a power of 2), thus
giving a bijective interpretation to the special case

Vi 2m,2m, ) = 227 V(0,0 )

of Corollary 2.

As an aside let us record here that even the enumeration of discrete irreducible maps
has an interpretation in terms of compact ideal polyhedra. The short proof based on
[25,27] is contained in the appendix.

Proposition 4. For b > 2 the exponential generating function for the number P,fb) of
ideal convex polyhedra with n > 4 labeled vertices and dihedral angles in %Z is given
by

o0 n—2
1 1 1 1 —2b
Y AT — st o (1477 0)
T T T A TR A

1 2 5 2.3
= 50— DG =222+ b+ Db = Db -2+

where z — J~V(b; 2) is the formal power series inverse to r — J(b;r) = r2F (1 —

b, —b; 2; —r) and, F is the hypergeometric function, Fy (a, b; ¢; z) = Zflozo %i—?

In particular, P,Sb) is a polynomial in b of degree 2n — 6 for any n > 4.
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(b)

Fig. 5. a A hyperbolic surface with 4 geodesic boundaries extended to a complete hyperbolic surface; b a
hyperideal convex polyhedron represented in the Klein model by a Euclidean polyhedron with all vertices
outside the sphere and all edges meeting the interior of the sphere

Hyperbolic surfaces with geodesic boundaries 1t is natural to ask whether this bijective
explanation extends to higher genus or faces of larger circumference. Let us first discuss
the case of genus-0 hyperbolic surfaces with non-zero boundary lengths. Instead of hy-
perbolic surfaces with geodesic boundaries we may consider the complete hyperbolic
surfaces obtained by gluing to each boundary component an infinite hyperbolic cylinder
(Fig. 5a). It was shown by Schlenker [41] (see also [42, Theorem 1.1]) that any such sur-
face can be uniquely realized as the boundary of a hyperideal convex polyhedron, which
is a polyhedron in 3-dimensional hyperbolic space whose vertices all lie beyond infinity.
These polyhedra are most easily understood in the Klein model of three-dimensional
hyperbolic space in the open unit ball in which geodesics are straight line segments.
In this model a convex hyperideal polyhedron corresponds to the intersection of the
open ball with a convex Euclidean polyhedron that has all vertices strictly outside the
unit sphere but such that all its edges meet the interior of the ball (Fig. 5b). Just like
in the ideal case, a convex hyperideal polyhedron with n vertices is characterized by a
metric map with n faces with the edge lengths given by the external dihedral angles. Bao
and Bonahon [43, Theorem 1] identified the set of metric maps arising in this way (see
also [44] for an argument based on a variational principle). They are precisely the 27 -
irreducible metric maps with faces of arbitrary circumference, but with two additional
requirements: all edge lengths should be shorter than 7 (which is obviously necessary
if they are to be external dihedral angles of a convex polyhedron) and any simple path
starting and ending at a vertex on the same face but not contained in the contour of that
face should have length larger than 7. Combining with the result of Schlenker this set of
2m-irreducible metric maps is in bijection with hyperbolic surfaces with n boundaries
of arbitrary length. Because this set of metric maps has additional restrictions beyond
2m-irreducibility it is unlikely that this bijection can explain the general phenomenon
of Corollary 2 for g = 0. Moreover, the relation between the face circumference «; and

the boundary length L; will not be nearly as simple as L; = , /oci2 — 472 and it appears

that the Weil-Petersson measure is not mapped to a measure as simple as the Lebesgue
measure on the edge lengths. We thus leave it as an open question to find a bijective
interpretation of Corollary 2.

Higher genus Let us finally consider the case of essentially 277 -irreducible metric maps of
arbitrary genus g > 0 and n faces of circumference 2. Known results are conveniently
stated in terms of circle patterns. A circle pattern on a constant-curvature surface of
genus g is an embedded genus-g map with all faces of degree at least 3 and such that for
each face the vertices lie on a circle. See Fig. 4d for an example in genus 0 where only
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Fig. 6. a A bi-periodic circle pattern in the plane. Only the circles corresponding to a fundamental domain
of the torus are shown. b The corresponding boundary of the bi-periodic convex ideal polyhedron in the
upper-half space model of H3

the circles and vertices are drawn. A circle pattern naturally has a dual essentially 2 -
irreducible metric map with faces of circumference 2, in which the vertices correspond
to the circles and the length of an edge is the (exterior) intersection angle between the
neighbouring circles. According to [45, Theorem 4] this determines a bijection between
essentially 27 -irreducible metric map with faces of circumference 27 and circle patterns
with n vertices on genus-g surfaces of constant curvature (equal to 1 for g = 0, 0 for
g = l,and —1 for g > 2). The latter are viewed up to Mobius transformations in the case
g = 0 and up to similarity transformations in the case g = 1. When these circle patterns
are equipped with a measure arising from the Lebesgue measure on the intersection

angles of the circles, their total volumes is thus given by V;?,f )(27r, 2w, ..).

In the case g = 1, the circle pattern may be interpreted as an infinite biperiodic circle
pattern on the Euclidean plane (Fig. 6a). Viewing the Euclidean plane as the boundary
of 3-dimensional hyperbolic space (in the Poincaré upper-half space model), we obtain
a unique infinite biperiodic ideal convex polyhedron with vertices corresponding to the
nodes of the circle pattern (Fig. 6b). The boundary of this polyhedron is a Z>-covering
of a unique genus-1 hyperbolic surface with n cusps in M ,(0, 0, .. .). It seems likely,
but not proven, that this gives a bijective explanation for the special case

V20 m, 2, =27 v 0,0,...)

of Corollary 2. For genus g > 2, according to [46, Lemma 4.23 and Theorem 4.25] 27 -
irreducible metric maps with n faces of circumference 2 describe the external dihedral
angles of fuchsian ideal polyhedra of genus g (see [46, Sect. 1.4] for definitions), whose
boundaries correspond to coverings of genus-g hyperbolic surfaces with n cusps. Here
it is not quite clear what this means at the level of the measures. Note that by Theorem 8,

2 2—-2g—ny WP
VEDQm 2w, .. ) #2277V N0,0,..)  forg =2

but their generating functions are closely related. It is natural to ask whether one can
understand their relation from the perspective of the fuchsian ideal polyhedra.

2. From Discrete to Metric Maps

We start by recalling some definitions about irreducibility of (discrete) maps from
[25,27]. A planar map m is said to be d-irreducible for an integer d > 0 if all sim-
ple cycles have length at least d, i.e. m has girth at least d, and the only simple cycles of
length d are the contours of the faces of degree d. A genus-g map m for g > 1 is essen-
tially d-irreducible if its universal cover, seen as an infinite planar map, is d-irreducible.
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ME13,2,2,2) MP.6)
(a) (b) ©

Fig. 7. a A 2-irreducible planar map that is not 4-irreducible. b An essentially 4-irreducible genus-1 map that
is not 6-irreducible, because it contains an essentially simple cycle of length 6 that surrounds two faces, as
illustrated in the universal cover (c)

We will only be dealing with even maps, meaning that all faces have even degree. In
this case one may restrict attention to the criterion of essential 2b-irreducibility for an
integer b > 0. Note that every map is essentially O-irreducible. See Fig. 7 for examples.

2.1. Relation between polynomials. For g > 0, b > 1 and n > 1 (provided n > 3 if

g =0)and ¢y, ...,¢, > b we denote by /\;12,%31(61, ..., £y) the set of essentially 2b-
irreducible genus-g maps with n labeled faces of degrees 241, ..., 2¢, and no vertices

~ (D) .
of degree one. Let M;,n (€1, ...,4€,) be the corresponding set of rooted maps. We
enumerate this set via

N 1 1

IMP)(er, . )= — = —

s ! . (,; | Aut(m)) i (; 21 (m)|

meM i (i ln) meM, (01, ln)

where Aut(m) is the group of orientation-preserving automorphisms of the map m that
preserve the face labels. According to [27, Theorem 1], for each ¢ > O and n > 1 (and
n > 3 if g = 0) there exists a polynomial I\Afg’,)l 1, ..., ¢, of degree 2n + 6g — 6 in
b, 21, ...,4%,, which is even and symmetric in ¢1, ..., £,, such that

AL ) = RO Er )

for all £1,...,¢, > b > 1. For convenience we are restricting our attention to the
situation where the face degrees are strictly larger than b, so that we do not have to
deal with the small correction in the case £; = --- = £, = b and g = 0 (see [27,
Equation (1)]). With this restriction N g,)l 1, ..., £, equivalently counts genus-g maps
with essential girth at least 2b+2. In the limit that we will consider below in Lemma 5 the
distinction between essential 2b-irreducibility and having essential girth at least 2b + 2
does not survive, and as remarked at the end of Sect. 5 the continuum analogues of these
notions give rise to the same volumes.

Let m be a genus-g map with n > 1 labeled faces (n > 3 in case g = 0) of degrees
at least 2b and no vertices of degree one. A closed path on m is said to be an essentially
simple cycle if it lifts to a simple cycle in m® that encloses at most one lift of each
face in m. In [27, Sect. 2] we showed that m is essentially 2b-irreducible if and only if
each essentially simple cycle of m that encloses at least two faces (on both sides in the
case g = 0) has length strictly larger than 2b. This is a practical criterion since a map
contains only finitely many essentially simple cycles (as opposed to the infinitely many
simple cycles in its universal cover).

To understand how discrete maps and metric maps are related, we employ a method
akin to that of [47, Sect. 3]. The skeleton of a genus-g map m without vertices of degree
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one is the map Skel(m) obtained by deleting each vertex of degree two and merging its
incident edges. If m is rooted, we take the result to be rooted on the edge into which the
root edge of m was merged (with the same orientation). For a € (0, co) we let Skel, (m)
be the metric map obtained from Skel(m) by assigning length Sk to an edge of the
skeleton that corresponds to a chain of k edges in m. Then for » > 1 and g € (0, c0)
the metric map Skelg/;(m) is essentially -irreducible if and only if m is essentially
2b-irreducible. Moreover,

*(b)

~ (b
gn ={mE M( ) root degree at least 3} ’R(’S)

M o
is injective, where the root degree of m is the degree of the vertex at the origin of the

root edge. We may use it to introduce a discrete measure (i, on ’R;ﬁ ,1 that assigns to
each metric map s in the image a weight 1/(2|E(s)]),

SSkeIﬂ/b(m)
m= ) . 21E(Skel(m)|’
me g,n)

Lemma 5. As b — oo the measure p, converges after rescaling to the measure Lg ,
on R;ﬂ,), defined in (1),

6g—6+3n
on—1 ﬁ vague
2b Mo = s Hem

Proof. Fix a rooted genus-g map s with n labeled faces and |£(s)| = k edges and all
vertices of degree at least three. Comparing 11, to the definition (1) of 1 , itis sufficient
to prove that

on—1 B 08 =0%3n Z‘S vague s if s is cubic (15)
2b m Skelp/p(m) ) s 0 otherwise ’

~ x(b
where the sum ranges over the maps m € M:n) that have Skel(m) = s.

Denote the edges of s by ey, ..., ex. Let ¢! , cP be a complete list of essentially
simple cycles of s and foreachi = 1,...,p 1et ¢ e {O 1, 2} be the vector counting
the number of occurrences of each edge el,...,ein ¢ Let P, C R be the convex
open polytope defined by

P5={xeRiO:ci~x>ﬂf0ri=1,...,p}.

This is the polytope of length assignments mentioned in the introduction. If s is cubic

then w4 is the push-forward of the Lebesgue measure on Py to Rff ,),

It should be clear that the set of all rooted genus-g maps m with root degree at
least three and skeleton Skel(m) = s is in bijection with positive integer vectors x =
(x1,....x¢) € Zk>0 by taking x; to be the number of edges of m that are merged into
the edge ¢; (see [27, Sect. 2] for a more thorough discussion). Denote by f Je {0, 1, 2}"
foreach j =1, ..., n the number of occurrences of the edges ey, ..., e in the contour
of the face labeled j. Then the set of metric maps

Skelys({m < 13, : Skel(m) = )
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corresponds to the set of length assignments
Ps N {’ix erk andf/ -x € 2Zfor j =1, . n}

Since we always have Z;’-Zl f/ e (2Z)*, this amounts to 2"~! independent parity
conditions on x. In particular, any hypercube y+[0, ﬁ)k ,y € R, that is fully contained in

P, contains exactly 2*1=" elements. Hence, as b — oo the counting measure multiplied
6g—6+3n
by 27! (2% converges to the Lebesgue measure if k = 6g — 6+ 3n and to 0

if k < 6g — g + 3n. These two cases correspond precisely to s being cubic or not, thus
verifying (15). O

Recall that Circ : T\’,,(f g — [B, 00)" is the mapping that extracts the circumferences of
the n labeled faces.

Lemma 6. The push-forward measure CirC,u;, on [B, 00)" is given by the discrete
measure

; _ 10!
CirCupp = Y 1\/5,7,1(111,...,@,1)(s(ge1 26)

£1,... . ky>b
Proof. For any £, ...,¢, > b > 1 we compute from the definition of w; that
. l{root degree of m is at least 3}
Circ ({(ﬁz,...,ﬁe )}): £
SN AN pon 2. 2|E(Skel(m))]

o )
meM,, (€1,....t)

1
- 2 21E(m)]

o ()
meMy,(r.eiln)

= IMP) )l =N ).

O

We now have all ingredients to relate the volumes V( to the polynomials N ®) _n counting
essentially 2b-irreducible maps.

Proposition 7. For g > 0 and n > 1 (providedn > 3 if g = 0), V(ﬁ)(cxl, L. Qp)isa

symmetric polynomial in oz%, ey a,% of 3g — 3 + n and a homogeneous polynomial of
degree 3¢ — 3 +nin a%, ey Ol,zl, B2 and is explicitly given by
1 6g—6e2m, 0 (38D
VA @) = SO i ). (16)

Proof. Since Ng( (€1, ...,4,) is a polynomial of degree 6g — 6 +2nin b, 1, ..., ¢,,

we have
6g—6+3n n
1B b ¥ b
2 (21)) <,3) N (ﬁal,...,ﬁan)

b—00 _ (3 /3)
225 L0 m N 2 Qe L L),



Irreducible Metric Maps and Weil-Petersson Volumes 903

Together with Lemma 6 this implies the vague convergence of measures on [8, 00)”,

ﬂ 6g—6+3n
2n-l (E) Circ,jup

( Bt)
ragne l[t(’g 6J'Z”]N (zoqt, ey %ant) day - - - doy,.

b—00

On the other hand the mapping Circ : ’R,(f ; — [B, 00)" is continuous, so it follows
from Lemma 5 that we also have the vague convergence

B 6g—6+3n vague

So Circ,ig,, indeed has a density with respect to the Lebesgue measure de - - - da,

given by (16). Since ]\A/g’,)l 1, ...,4y)iseveninfy, ..., £, and we are extracting a homo-
geneous part of even degree, Vg(fl’;,) (o1, ..., 0p)is necessarily evenin 8, oy, ..., a,. 0O

2.2. Proof of Theorem 1. The first statement of Theorem 1 is proved in the Proposition
above. The fact that V(ﬂ )(ozl) is a rational multiple of o bg—4 is a direct consequence of
the analogous statement in [27, Theorem 2] that N é’l (€1) is independent of b.

It remains to Verify the string and dilaton equations. According to [27, Theorem 2]
the polynomials N ®) » satisfy the string equation

n zj
N (ot ) = Z( > 2Nk )
j k=b+1
—zjzif;{’,g(zl,...,zn)> (17

and the dilaton equation

NO et ) =N 00,00 = (428 = 2) NE) (01, . £,).(18)

For any integer p > 0,

¢ 0
(—e2P+1+ Z 2kk21’> — / 2k k2P dk
b

k=b+1

is a polynomial in £ of degree less than 2p + 2. Hence, the string equation implies that

(38
VI e o, 0) = 310N 20 e e, 1),

1
- 3 (51
= %Z[ﬁg 4+2"]/1 2k N2 (Stan, .o, Sty b, Yo, . Sty dk
S >tB
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[£68—6+2 o (31B) 1 1, 1 1
= 42/ 80T N 2 (2 oo pl0 1, 310, 51Q 41, ..., yl0t)da

= 22/ ozjV(ﬂ)(ozl,...,ozn).

Similarly, by Taylor expansion

2 x7 (D)
b 1 1
Nemar (€ by D) = N (G 00,0) = 235 6, 0)
8£n+1
is a polynomial of degree less than 6g — 6 + 2n in b, {1, ..., {,. Hence, the dilaton
equation implies
1
~ (51B)
82‘/(/3) 1 2N 2
0 0) = TN e e, 0)
do n+] aEn+]
- —(2g 2+l R 3 P (Ltar, . Loy

= %(Zg —2+mVEar, ... ap).

This finishes the proof.

3. Generating Functions for Irreducible Metric Maps

Let us fix an integer d > 0. The goal of this section will be to derive expressions for the
formal power series

e} d d
1
FP(ar. ... agix0,....x0) =Y = D x>, VB e e, (19)

n=1"""1i=0 ip,=0

where we use the convention g = 8. We already know that its coefficients are related

to the polynomials N é(b,), 1, ..., ¥, through the extraction of the homogeneous part of
top degree, i.e.

1
V@, ) = ST, O ... Sra. (20)

Explicit expressions for the formal generating functions of these polynomials were ob-
tained in [27], so it remains to carefully remove all sub-leading contributions. The main
result of this section, whose proof appears in Sect. 3.3 below, can be formulated as
follows.

Proposition 8. Let

d
ALGE 2%.11 CNOEDI (,/ (f — ﬂ2)r) Xi, 1)

i=0
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where Iy and J| are (modified) Bessel functions of the first kind, and let R® be the

formal power series solution to Z® (RP)) = 0. Define the moments Ml(,ﬂ) recursively
via

@ _ 1 ®) _ L(é)zﬁ B \ B
Ml = o M= (7 (5 o M2 )M p=1 @2

Then the partition functions F, g(ﬁ ) are given by

1 RB >
FP == / ar (zP) (23)
4 Jo
®__1 ®)
F7 = Y log My, (24)
g—1 B) B
2 - (M M,
F® = ( - ) Po| =i — | forg =2, (25)
(MO )2 MO MO
where for each g > 2 the polynomial 75g (my,...,m3g_3) is such that
P (mt, mat?, ..., m3g_3t3g_3) is homogeneous of degree 3g — 3 in t.

Note that upon setting 8 = 27 this yields the statement of Theorem 3 in the case
of essentially 2 -irreducible metric maps, except that the polynomials P, have not yet
been identified with P, in (11). This will be taken care of in Sect. 4.3 below.

3.1. Summary of generating functions for discrete maps. Our derivation of the gener-

ating functions F;’S ) is based on the discrete analogues obtained in [27]. We start by
reformulating the results of [27] in a form that is convenient for our current purposes.

Consider the formal generating function F ;h) of the polynomials N g’,), defined via

00 d d
A R R 1 R X oA
FP@ s Ro, o Fa) = D0 — 3 R Y R Ny, 0 ), (26)
n=1""1i=0 in=0
where we use the convention £o = b. We may view it as an element of Q[b, £1, ..., £4]
[Xo, ..., X4l i.e. as a formal power series in Xo, . . ., X4 with coefficients that are poly-

nomialsin b, ¢y, ..., 4,.
Let (b, ¢;r) € Q[b, £][r] and J(b; r) € Q[b][r] be the formal power series in r
defined by

00 p p—1
1. r =3 (;T [1@-k-—m» =2k —b~t—b1:=r), @7
p=0 """ m=0

O =1
J(bir) = I; m’L[O(b —m)b—m—1)=r ,F; (1 —b, —b:2; —r),
(28)

where 5 F is the hypergeometric function > Fy(a, b; ¢; 7) = Z;’io (“)(Z% %
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The expressions for F (éb) involve a formal power series ROy, ... b4 R0, ..., %)
that is defined to be the formal solution to

Z(b)(]%(b)) =0,

d
70 =200, . g ko, Ras )= by = Y T, L) &,
i=0
such that R©(0,...,0; ¢y, ...,£4) = 0.

It is shown in [27, Lemma 7] that for each p > 0 there exists a unique polynomial
Qp(b, j) of degree 2p + 1 in b and degree p + 1 in j such that

Jj—1 . .
2k +1 2j—1 2j—1
ST ) = (T )ep iy forj>bz0. (29
P 2p+1 Jjtk j+b

With the help of these we can introduce the moments

M@t i ) = Qp0. A+ ) L+ Z0@)| o (30)

0N

According to [27, Lemma 13 and Proposition 16] both R® and Mz(,h) for p > 0 may be
interpreted as formal power series in X, ..., X4y with coefficients that are polynomials

inb,¢y,...,44,just like I:";b). Then [27, Proposition 14-16] states that

I RO 1 (b, € ) (b, €;
—A—F(b)=/ EACTICRIES)
0

(1 + r)2b+1 ’

€29

~ 1 ~
B = — 1 log P, (32)

~(b) o (b)
A 1 M M;,” 5
by _ 1 g
Fg _Pg(A(b)’M(b)""’ =) for g > 2. 33)
140 0 140

Note that the first expression uniquely determines the formal power series I:"O(b) since it
is invariant under permutation of the pairs (x1, £1), ..., (x4, £4) and its coefficients up
to quadratic order in x; vanish. Here P, (mo, ..., m3g_3) is a universal polynomial with
rational coefficients for each g > 2. More precisely, Py is of the form

~ 202 ~

Py(mo, ..., m3g—3) = Pyg(0,...,0) —my® " Py(my, ..., m3e_3) (34)
for some polynomial ISg(ml, ..., m3g_3) such that 13g (u, uz, el ,u3g—3) is of degree
3g —3in .
3.2. Extract leading orders in the coefficients. Given a polynomial f(Xq, ..., X,), its

homogeneous part of degree k is

X, ... 1 X,).

It will be convenient for the exposition to introduce a linear operator that extracts the
homogeneous part in the coefficients of a power series as follows. For any p € Z we let
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Q,, be the linear operator on the ring of power series Q[ X1, ..., X,|[Z1, ..., Z;] with
polynomial coefficients extracting the homogeneous part of degree p + 2(i1 + - - - i;)

from the coefficient of Z’f e Z,’;’{’, ie.

QpF = Y (P20 iy (zi ZIFaXy L X 2y Z)) 2 2

We say that such a power series is of order p if Q,F # 0 and Qi F =0 forall k > p.

From their definitions we directly verify that 1 (b, £;r) € Q[b, £][[r] is of order O,
J(b;r) € Q[bIIr] is of order —2, and Z® € Q[b, 1, ..., L4l %o, ..., X, r1l is of
order —2 as well. Moreover, at leading order we have

o0

P
Qol (b, b;r) = 2;) (;!)2 (@ = by =1 (/@ = b)),
p:
B o0 (_1)p+1r[) 2[7_2 B \/F
Q_,J(b,r) = I; mb =) b/7),

d
QLZ® ) = gh (2b/r) — Z Iy <2,/(zi2 — b2)r> i,
i=0

where Iy and J; are (modified) Bessel functions of the first kind. It follows from [27,
Lemma 13] that R?) € Q[b, £1, ..., £41[ %0, . . ., %4l is of degree —2, so

QL ZPRD) = (2,20 (2 RP) = 0.

Therefore Q_> R® is the unique formal power series solution to QLZ® ) =0.
In order to find an expression for M;ﬁ ) we need the following lemma.

Lemma 9. For any p > 0 the polynomial t — Q ,(tb, 12 j) is of degree 2p + 2 and the
top-degree coefficient is given by

P p2p=2k jk+l

(p—k)!

Proof. Letus inspect the definition (29) of Q (b, j) thatis valid for integers j > b > 0.
For positive real numbers x, y we consider the summand in the limit b, j, k — oo while
maintaining the asymptotic ratios j/b*> — x and k/b — y. Stirling’s formula easily
gives

p!
Q2p+1)!

(127210, (th, 12 j) = 4P
k=0

2k+1+p\ (2j—1
( 2p+1 )( j+k) _ 22[7"'1 y2p+lel;7y2b2p+1(1 + O(b_l))
i) Qp+1)!

Since this is integrable as y — oo, approximating the sum in (29) by an integral we find
that Q , (b, b*x) grows as b*P*? and

4 k+1

2p+2 2 22p4 > 12?2 5 p! X
[b P*]Qp(b,bw:—/ dye =yl =4 2 -
Cp+ DIy Cp+ D= (p = k)

Substituting b — rb and x — j/b? gives the desired formula. O
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With the help of this lemma and Q_» (1 + )2 Z®) (r) = Q_» Z®) (r) we find

2,0, (1+7)3,) A +1) "0 ZO () = (1277210, (th, 28, )Q22 (1 + 1) 2P (1)

P 2p—2k
P b FQ 70,

Qp+DI = (p—0!

Hence Mf,b) is of order 2 p and satisfies

py r b2p—2k

Cp+ D= (p— 0!

o, MP = 47 (af+lsz_22<b>) (Q_, R®)). (35)

We are now in a position to extract the leading orders in the partition functions F g(b).
Note that [ dr I (b, €1; 1)1 (b, £2; ) /(1 +7)?P*1 € Q[b, €1, €2][] is of order —2 and

o, /d 1, 013 (b, ;1)

(1 + )2+ /d Qol (b, Ly1;1r) QLI (b, Ly;r).

Therefore ﬁéb) is of order —6 and

9 9 9 9 . 2-2R®
S =gy = / dr Qo1 (b, €1:7) Q1 (b, £2: 7).
0
(36)
Clearly F l(b) is of order 0 and satisfies
N 1 ~
b b
Q F” = — 73 loz my. (37)
For g > 2 we find with the help of (34) that £” is of order 6g — 6 and
~(b) or(b)
A ~ - (M M3, 3
Q6 76F(b) = —Q60_6 (M(b))2—2gP Al e, Ag
g g 8 0 8 Méb) M(gb)
(b) (D)
QM Qeg—6M5,_
= (@oM{")> % Py =L ) 39)
M QoM

where

5 383 3g-3
Po(miy, ..., m3g_3) = =[N\ Pe(myt, mat?, ..., m3g_3t°¢7).
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3.3. Proof of Proposition 8. The combination of (19), (20) and (26) translates for g > 0
into

1 )
F (i, ..., aqi X0, Xa) = §Q6g,6F<”>‘ . 39)

1 1 .
b=3B.ti=5a;, Xj,=x;

It therefore makes sense to introduce the following power series,

1P (@; ) = QoI (b, £; r>\b_1/8 =T/ @ =),
=2P:t=3

2
IO =201, = %711 (B
-2

Then Z#) (r) and R defined in (21) are related to Z® and R® via

d

=JP0) = > 1P @ r)xi,
i=0

YA (r) = 9_22(11) )

1 1, ¢
b=5p, ti=zai, Xi=x;

R® — Q_zﬁw)‘

b=1p. ti=a;, #i=x;
Next we verify that

M® — 4D o
P D!

| 1, »
Polb=1p. ti=3ai. 2i=x;

satisfy the relations (22). Rewriting (35) in terms Z #) and R®P yields the expression

r 2p—2k 3k+lz(ﬂ)
B = (B/2)
MpP =3

B)
(p—k)! ok (R®).

k=0

Taking the xo-derivative of Z B) (R (ﬂ)) = 0, and recalling that &g = B, we observe that
#(R(ﬂ))BXOR(ﬂ) = 1. Hence,

1
9 RP

(R(ﬂ)) —

PYAG
mMP == —
9

while for p > 1 we find

i B/ 9tz P

(8)
(p—k! " ark (R

()
oM =
k=1
r (ﬁ/2)2p—2k ak+lz(ﬁ)
B ]; (p—k)!  ork

(R(ﬁ)) 3X0R(/3)_

1 /B\?
_yBa p® _ L (P
- L (2)"

which is in agreement with (22).
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We have all ingredients to evaluate (39). For g = 0, (36) implies

0 8 @ 1R
B_an_szo = 5/ dr I(‘g)(oel;r) I(ﬂ)(az;r).
0

Using that Z® (R®)) = 0 and that the coefficients of the linear and quadratic terms of

Féﬁ ) vanish, it is easily seen that this expression integrates to

1 R® 2
FP = - / ar (2Pm)".
4 Jo

The expressions for g = 1 follows directly from (37). For g > 2 we introduce the
polynomial P, via

p_ P

Po(my, ..., m3g 3) = 2_ng(n~11, .., M3g3), mp =4 mmp.

Then the claimed expression for g > 2 follows from (38). This finishes the proof.

3.4. Expansion of the moments. For reference we compute the initial terms of the power
series Ml(,ﬂ ),

Lemma 10. Up to linear order the moments Ml(,ﬂ ) are independent of B and given by

MP =1 0 4 Xd:x'ozzp+2 +
P =1y — —— i
(p+ D! P

Proof. Up to linear order

oriz® o +1 7(B) 9k+2 y () gk+l [ (B)
o (R = T <0>+th g (O = 5 (i 0)

2% %42 d 2 k1
=(_1)k% (— )k+l% Xi 1_(a_i_1> +.-

Plugging this into (22) and performing the simple binomial sums we obtain the claimed
expansion. O

4. Weil-Petersson Volumes and Intersection Numbers

4.1. Relation to generating function of intersection numbers. Since the work of Kontse-
vich proving Witten’s conjecture [3] it is well-known that in the absence of irreducibility
constraints volumes of genus-g metric maps are closely related to intersection theory on
the moduli space of genus g curves. To be precise, let /Vg,n be the Deligne—-Mumford
compactification of the moduli space M, , of genus-g curves with n marked points.
It comes with n tautological line bundles, arising naturally from the cotangent spaces
at each of the n marked points. The Chern classes of these line bundles are denoted
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Y1, ..., Yn. The Yr-class intersection numbers correspond to integrals of products of
these over My ,,,

. dy , d d,
<Td1fdz"‘fdn)g,n-=/m wllwzz ,..l[/nn7

g.n

di,...,dy € Zzo, d1+---+d, =38 —3+n,

with the latter condition entering because Hg,n has dimension 6g — 6 + 2n. Kontsevich

showed in [3, Sect. 3] (see also [48]) that the volume of genus-g metric maps with n
faces of circumference «y, ..., o, is given by

Vil ) =207 YT

dy,..., d,>0

n a2d,‘
(TayTay - Ta g | [ o5
d;!
n= i=1
di++d,=3g—3+n

Besides the ¥, .. ., ¥, there is another important class «1, the first Mumford—Morita—

Miller class, which is also the cohomology class of the Weil-Petersson symplectic form
(up to a factor 272). One may then consider mixed v, k-intersection numbers

. d d
<K.i’n.cdl ...‘[dn>g!n.: /M K{”wll ...¢nn’

g.n

m,dy,...,d, € Z=o, m+d +---+d, =38 —3+n.

Mirzakhani has shown [5] that the Weil-Petersson volumes of genus-g hyperbolic sur-

faces with n boundary components of lengths L1, ..., L, are related to these via

om N 2d;
WP 3-3g— 2m) L;
Vol (Ly, .. Ly =277y el Ty Ty ta ) g ——— | | =
’ m! d;!
dy,....d,,m=0 i

i=1
di+-+dy+m=3g—3+n

Let us start by reformulating our partition functions F;O) and F'" in terms of the
conventional formal power series

O no_n s™ 7
Gy(s.to.t1,..) =) > (x{”zo%l'.--)g,n% #
n=0 m,ng,ny,...=0 T i>0 L
m+y_; inj=3g—3+n
>oini=n

Lemma 11. For g > 0 we have

_k d
0 -1 . 2k
FO(xo,....x0) = 257G (0. 10,11, ...)  with tk=72xiai ,
i=0
—k d
FMP(xo,....x0) =267 Gy(m? 10,11, ..)  with tk=72xiL?k.
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Proof. For the case of Weil-Petersson volumes we find

00 d d
1 Do
FgWP(xl, e Xg) = E ; E Xip - E x,»,lz2 28 anV};P(L,'l ..., L)

n=1""" =0 in=0
00 d om 7 2dk
1 5—5g—2n m Qm)* 1 L,
D SED SUIED SUE Ll D TR
n! ’ m! dy!
n=1 i1=0 in=0 dy,..., d,,m=>0 k=1
di+-+dp+m=3g—3+n
. © 4 d d . g2 Lizkdk
Y S T e [T
n=1"" =0 in=0  dyrdy,m=0 C k=1 k:

di+--+dy+m=3g¢g—3+n
and by interchanging the order of summations

WP
F (e, oo s xq)

00
1 b4
__ng—1 — m s 7 2dk
=2 E P E (k1" Ta, Tay Td, ) g.n oy H ! E X L;
n=1 j

“dy,.dy,m>0 T k=1
di+-+dy+m=3g—3+n

7T2m tl.qj
_2g 1 (KanO‘L’nl"'> " J .
10 "1 g, m) 0l
m,ngp,nt,...>0 T =0 J*
m+zlln, =3g—3+n
Yini=n

=25"1G (% 10,11, .. ).

The computation in the case of F ;0) is entirely analogous. O

4.2. Substitution relations for g > 2. Note that we have already established
wp _ | ) 2 WP 1 WP
Fy'' =— | dr Z(r)", F"" = ——1logM
4 Jo 24

as a consequence of Proposition 8 and Corollary 2. Therefore we focus on the case
g =2

Expression for the generating functions G (s, 19, 1, . . .) have been obtained in many
places in the literature (although often for special cases like s = 0), see [36, Sect. 5] for
an early reference and [36-39]. The general idea is that one can relate G (s, 19, 11, . . .)
to the corresponding generating function with its first one, two or three arguments set to
zero via appropriate argument substitutions. Schematically,

K1 to Y¥-class
Gg(S, to, t,...) —> Gg(O, to, t, .. .)

string equation

G¢(0.0, 11,12, ...)

dilaton equation

G4(0,0,0,1,...).
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The first substitution relies on a relation between intersection numbers involving k1
and pure y-class intersection numbers [2, Sect. 2]. It implies that [4, Theorem 4.1] (see
also [6,7,49,50])

Gg(sa t()a t]v t25 t3 .. ') = Gg(oa th t]’ tz + y25 t3 + 737 .. ')7 (40)
_ D
=G —nt e

We will include derivations of the other two substitutions, based on the approach of
[36,36], since they admit short proofs that are not quite spelled out in the literature (in
the required form). The starting points are the string equation [2, (2.22)]

3G,
T Ot >—Zn+1 FO.t0.11.) (41)

and dilaton equation [2, (2.47)]

G o 0
?lg(ovt()alla):<2g_2+ztla_t) Gg(ovt()stlv) (42)
i=0 !

satisfied by the generating function of i/-class intersection numbers. Note that these are
closely related to (or rather special cases of) the generalized string and dilaton equations
(6) and (7).

Lemma 12. For genus g > 2 we have

Gg(ovt()’tl’tZa"')=Gg(070’ f17f27-" ) (43)
t
Go(0,0,11,00,..) = (1—1)>" 286G, (0,0,0, ——, —— ...}, 44
1 — l‘l 1—1
where fj(to,t1,...) = Zk 0 lk“’u andu(ty, t1, . ..) is the formal power series solution

lOMZZ/?OO;tf.Mk

Proof. By taking a fo-derivative of u = ) oo 07 uk we observe that fj = 1 — 1/9;,u
and therefore for p > 1 we have

fp+l = (1 - fl) atofp-

Note that the string equation can be rewritten as

1 1 Zt1+1

i=1

oG
to

Using these identities we observe that

3 3G, = 0f, 0G
S=Gy(010 =, (5,111, falsif1 ) ) = ——g+Zﬁ—g
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Integrating the left-hand side from s = 0 to s = 7y we obtain the identity (43).
Similarly the dilaton equation implies that

9
2 (SZHGg(o, 0.1 —s. sty 513, ))
S

3G, =\ 3G,
= 5825 4 (28 — 25 G +5% Y
s ot (28 =2)s s lz’az,

B G, (42)
= 528 3(—?+(2g 2)Gg+(l—s) Z )

Integrating the left-hand side from s = 1 — 1 to s = 1 we obtain the relation (44). O

4.3. Proof of Theorem 3. Combining Lemma 11 with (40) we see that
FP(xo. ... x0) =2571G4(0,0, fi. fo. ..,

oo k k

levp * Yitp i 2k (=D 2k—2

f[? = Z k! u, = k! in Ll s V= (k _ 1)|]T lkZZ’
k=0 i=0

where u is the formal power series solution to

akRP V" bR "—ifl(znf) Zx, Io(Lin/i) & Z(w).

=0

This means that u expressed in terms of xo, ..., x4 is nothing but our formal power
series R. Moreover, comparing fi = 1 — 1/9,u and fp41 = (1 — f1) 9y fp (see the
proof of the lemma above) to (10), we conclude that

fe = L=ty — MPME.
Applying the further substitution (44) we thus arrive at

_MWP _MWP
F'P(xo. ... xq) = 267 (MyF)* "G, (0,0,0, ! 2

—M(\)NP ,—M(\)VP

WP 3 sWP

(11>2g I(MWP)Z 2 p M; M,
8 MSVP’M(\)VP’

This proves the formula for F, WP of Theorem 3.

(0)

The analogous computation starting from F ' of Lemma 11 yields

©) 3,00
M 1 M 2 )

FOxg, ... xg) =25 M Oy22sp, (2L 2
g 0 8 M(gO) MéO)

while Proposition 8 implies

(0) (0)
~ (M” M
— 0)\2—
FO(xo,....xa) = 287 (M2 Zng< L, —2 )

0 3@
MO MO
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For proper choice of d and «1, ..., ag the formal power series M,(,O), p > 0, are alge-

braically independent, so we may conclude that the polynomials agree, P, = Py for
every g > 2. This finishes the proof of Theorem 3.
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A. Proof of Proposition 4

According to Rivin’s theorem, ideal convex polyhedra with n labeled vertices and di-
hedral angles in % Z are in bijection with (unrooted) 27 -irreducible planar maps with
n labeled faces of circumference 27 and edges of length in 7 Z. After splitting each
edge of length 7k into k consecutive edges and forgetting the length assignments, one
obtains precisely the set of (unrooted) 2b-irreducible planar maps with n labeled faces
of degree 2b. These were enumerated in [25, Sect. 9.1]. According to [27, Theorem 1]
one may express
o - !
PP =N b,b.. )+ %(—1)",
which is indeed polynomial in b of degree 2n — 6. By [27, Proposition 15] we have

o (b) T (b:2)
Rbob ) == 21 [T e
, 0

1
—55 (1 = DU A+ T b2
where we used that (b, b; r) = 1. Together with the expansion
_i(l +J7 b))% = 1 Fz 4
2b ' 2b

this implies that

oo

n—2
1 1 1 1 —2b
>R s = ot (147
=t =t 2(1+2)? 2" 2% Zb( I Z))

Note that an expression like this was already pretty much contained in [25, (9.21)] (see
also [51, (2.7)]).
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