Commun. Math. Phys. 394, 833-885 (2022) Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-022-04413-x M ath emat i c al

Physics
®

Check for
updates

S-Duality and the Universal Isometries of q-Map Spaces

Vicente Cortés, Ivan Tulli

Department of Mathematics, University of Hamburg, Bundesstrae 55, 20146 Hamburg, Germany.
E-mail: vicente.cortes @uni-hamburg.de E-mail: ivan.tulli@uni-hamburg.de

Received: 21 February 2022 / Accepted: 25 April 2022
Published online: 3 June 2022 — © The Author(s) 2022

Abstract: The tree-level g-map assigns to a projective special real (PSR) manifold of
dimension n — 1 > 0, a quaternionic Kéhler (QK) manifold of dimension 4n + 4. It is
known that the resulting QK manifold admits a (3n + 5)-dimensional universal group
of isometries (i.e. independently of the choice of PSR manifold). On the other hand,
in the context of Calabi—Yau compactifications of type IIB string theory, the classical
hypermultiplet moduli space metric is an instance of a tree-level g-map space, and it is
known from the physics literature that such a metric has an SL(2, R) group of isometries
related to the SL(2, Z) S-duality symmetry of the full 10d theory. We present a purely
mathematical proof that any tree-level q-map space admits such an SL(2, R) action by
isometries, enlarging the previous universal group of isometries to a (3n+6)-dimensional
group G. As part of this analysis, we describe how the (3n + 5)-dimensional subgroup
interacts with the SL(2, R)-action, and find a codimension one normal subgroup of
G that is unimodular. By taking a quotient with respect to a lattice in the unimodular
group, we obtain a quaternionic Kihler manifold fibering over a projective special real
manifold with fibers of finite volume, and compute the volume as a function of the base.
We furthermore provide a mathematical treatment of results from the physics literature
concerning the twistor space of the tree-level g-map space and the holomorphic lift of
the (3n + 6)-dimensional group of universal isometries to the twistor space.
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1. Introduction

In the context of type IIB string theory, S-duality is an SL(2, Z)-symmetry of the full
10d-theory that relates strong coupling effects with weak coupling effects. When com-
pactifying the 10d-theory on a Calabi—Yau 3-fold X, one obtains a 4d effective theory
with a moduli space MHB (X). Furthermore, MHB (X) is supposed to inherit an S-duality
action by isometries when all or certain quantum correctlons are included [AP12, Section
2.2]. The moduli space MHB (X) has the structure

MEP(X) = MUBI(X) x Mi(X) (1.1)

where MEIEA(X ) is known as the vector multiplet moduli space, and MEE,I(X ) as the
hypermultiplet moduli space. MHB (X) has the structure of a projective special Kéhler
(PSK) manifold, while ./\/IHB (X) has the structure of a quaternionic Kéhler (QK) mani-
fold. S-duality then descends to an action on MHB (X), acting trivially on MHB (X) and
non-trivially on MHB (X), so we focus on the later. When one considers the classical ge-
ometry of MHB (X) (i.e. the geometry obtained by dropping all quantum corrections in
the string couphng constant gg, and also taking the large volume limit), it has been shown
in the physics literature that S-duality acts by isometries [BGHLOO0], and can be even
enhanced to an action of SL(2, R) by isometries. An argument using the twistor space
associated to MHB (X) can be found in [APSV09, AP12], while a direct argument can be
found for example in [ABL18, Section 2.2]. Furthermore, a discussion of the isometries
of g-map spaces from the supergravity literature is given in [dWVVP93,dWP96]. Our
intention, however, is to do a purely differential geometric treatment, avoiding arguments
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from supergravity or string theory, and hence making it accessible to the mathematician
with training in differential geometry.

Our first objective in this paper is to do a purely mathematical treatment of the S-
duality action by isometries on any tree-level g-map space. More precisely, we give a
proof that any tree-level g-map metric admits an SL(2, R)-action by isometries, and
show how it interacts with the previously known universal group of isometries from
the mathematics literature [CDJL20, Appendix A]. When the tree-level q-map metric
is realized by the classical geometry of MI}IIE/[(X ) in string theory, the SL(2, R)-action
corresponds to the action induced by S-duality. Our proof that the SL(2, R)-action acts
by isometries is done by showing that the infinitesimal action is given by Killing fields;
together with the simplifying Lemma 3.14, which allows us to reduce the problem to
showing that the Killing field property holds along a certain low dimensional submanifold
of the tree-level g-map space. The original argument of [BGHLOO] relies on analysing
the 4d low energy effective actions of type IIA and IIB string theory, which we want
to avoid in our purely differential geometric argument. On the other hand, the direct
argument of [ABL18, Section 2.2] relies on two facts, namely that the S-duality action
on the classical MIPIIE,I(X ) is isometric, and that the pull-back of the classical IIB metric
by the mirror map coincides with the classical type IIA metric (which has the usual tree-
level g-map metric form reviewed in Sect. 2). The calculation establishing the latter fact
is however omitted, which is why we chose to present our alternative explicit arguments.

A g-map space is obtained by composing two constructions. First we start with
a projective special real (PSR) manifold (H, g7;) and construct a projective special
Kihler (PSK) manifold (M, g37) Vvia the supergravity r-map, see [CHM12,CDJL20]
and references therein. On the other hand, the (one-loop corrected) supergravity c-map
takes a PSK manifold (M, g7r) and produces a 1-parameter family (N, grs) of QK
metrics [RLSV06, ACDM15], known as the 1-loop corrected Ferrara-Sabharval metric.
The composition of the two previous constructions produces what is known as a (one-
loop corrected) q-map space. In the following we take the 1-loop parameter ¢ = 0, and
hence focus only on (N, g57) := (No, gb) obtained from PSR manifolds (H, g7/) via

the g-map. The case ¢ = 0 is the so-called tree-level case, and hence (N, gy) is refered
to as a tree-level g-map metric. Our plan for the first part of the paper will then consist
of the following:

e In Sect. 2 we review the universal isometries for tree-level g-map spaces that are
known in the mathematics literature [CDJL20, Appendix A]. If dim(H) = n —
1 > 0, then the tree-level g-map space (N, gz7) has dim(N) = 4n + 4. Any such
(N, g7) has a group acting by isometries of the form L, := Iwa(SU(1,n + 2)),
where Iwa(SU(1, n + 2)) denotes the solvable Iwasawa subgroup of SU(1, n + 2).
Furthermore, (N, g7) has a group acting by isometries of the from L := Ly X, L».
Here L1 = R. ¢ x R" comes from isometries of the PSK manifold in the image of the
r-map, and ¢y : L1 — Aut(L,) is a certain homomorphism depending on the cubic
polynomial 4 (¢) defining the PSR manifold. The group L has dimension 3n + 5.

e In Sect. 3 we define the S-duality SL(2, R)-action on N. To define the action, it
will be convenient to perform a diffeomorphism of N that in the string theory setting
corresponds to the classical mirror map [BGHLOO]. We remark that even though we
are not in the string theory setting (and hence there are no compactified theories on
mirror Calabi—Yau’s to relate), the formulas defining the classical mirror map still
make sense as a diffeomorphism of N.

With the help of the 3n + 5-dimensional universal group L of isometries, we show that
the S-duality action of SL(2, R) is generated by Killing vectors and is thus isometric.
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More precisely, let e, f, h be the usual generators of the Lie algebra s[(2, R) satisfying

le, f1=h, [h,el=2e, [h, f1=-2f, (1.2)

and let X, Xy and X be the corresponding vector fields on N, representing the in-
finitesimal S-duality action. X, turns out to be a Killing vector field of any c-map space.
On the other hand, the fact that X y and X, are Killing really uses the fact that we are a
on a tree-level g-map space. For example, it will be easy to see that setting the 1-loop
parameter to ¢ # 0 breaks the isometry generated by X, (and hence the one by X 7, by
(1.2)).
e The main results of Sect. 3 are the following:

Theorems 3.16 and 3.17: Let (N, &) be a tree-level g-map space associated to the
PSR manifold (H, g7¢) with dim(H) = n — 1 > 0. Then S-duality acts by isometries,
and there is a (3n + 6)-dimensional connected Lie-group G of isometries containing the
isometries of the L-action and S-duality. The Lie algebra of G is isomorphic to

R x (sh(R) x (R" x b)) (1.3)

with the brackets described in Sect. 3.3. The lie algebra b denotes a certain real codi-
mension 1 sub-algebra of the Lie algebra feis,, 5 (R) of the Heisenberg group.
Furthermore, in Corollary 3.20 we consider how G is enlarged by the isometries obtained
from the automorphisms of the PSR manifold H.

The other main result from this section is the following:

Theorem 3.21: Consider a tree-level g-map space (N, gz) associated to a PSR manifold
(H, h) with

1
h(t%) = gkabctatbtc, kape € 7. (1.4)

Furthermore, recall the nilradical n C g from Corollary 3.12. Then there is a lattice I
of the normal and unimodular codimension 1 subgroup SL(2, R) x exp(n) C G, acting
by isometries on (N, g7). The quotient gives a fiber bundle N/I" — H with fibers of
finite volume.

In Sect. 3.5 we compute the fiber-wise volume density of N — H, and explicitly study
the volume growth of the fibers of N/I" — 7 in the cases where 7 is a maximal PSR
curve. This will allow us to conclude that N/ T is of finite volume only when H is the
incomplete maximal PSR curve. In the case of a complete PSR curve with arclength
parameter s € (—00, 00) we show the following dichotomy holds. Either the sublevel
and superlevel sets of s : N/I' — R are both of infinite volume or, only the sublevel
sets are (for the appropriate orientation of 7). The latter case occurs precisely when the
PSR curve is homogeneous.

In the second part of the paper we revisit and do a mathematical treatment of re-
sults from the physics literature [NPV07,APSV09, AP12] concerning the twistor space
(Z,Z,1,1)0f (N, g7) and the holomorphic lifts of the universal isometries to (£, Z, A, T)
(here Z denotes the complex structure of Z, A the holomorphic contact distribution, and
T the real structure [Sal82]). More specifically, in Sect. 4 we discuss the following:

o Any tree-level g-map space (N, gy) lies in the image of the HK/QK correspondence,
and hence has an associated (pseudo-)hyperkihler (HK) manifold (N, gy, I1, I2, I3),
together with a circle bundle P — N with a hyperholomorphic connection 5. If
(N, g7) is any QK manifold in the image of the HK/QK correspence, we will describe
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the twistor space (2, Z, A, T) of (N, g7) interms of the “HK-data" (N, gn, I1, 2, I3)
and (P — N, n). This description has the advantage that the HK data is usually easier
to describe and handle than the QK data. On the other hand, since the description
works for any QK space obtained via HK/QK correspondence, it holds not only for the
tree-level g-map case, but also any c-map space, or any c-map space with “mutually
local instanton corrections" [CT22] .

e We will then restrict the previous twistor description to the case where (N, gy) is
a tree-level c-map space, and discuss certain holomorphic Darboux coordinates for
the contact structure A found in [NPVO7]. It is clear that the local contact distribution
defined by those coordinates coincides with ker A, but it is a bit more tricky to show
that they are actually holomorphic with respect to the holomorphic structure of Z.
This difficulty originates from the fact that » € Q!(Z, £) is valued in a holomorphic
line bundle £ — Z, and when discussing holomorphic Darboux coordinates for A
one needs to make sure one is working in a holomorphic trivialization of £ — Z.

e On the other hand, any group action by isometries of a QK manifold lifts canonically
to a holomorphic action on its twistor space, preserving the holomorphic contact
distribution and commuting with the real structure [NT87]. If (N, g7) is a tree-level
g-map metric, this means that the (3n + 6)-dimensional group of isometries G lifts to
the twistor space. This in particular includes the lift of S-duality previously studied
in [APSV09,AP12]. We finish Sect. 4 by explicitly discussing the lift of the G-action
to the twistor space.

Finally, in Sect. 5 we present a quick outlook on what is known in the physics literature
regarding the S-duality action on the quantum corrected versions of Mg%[ (X) (see
for example [AS09,AP12,AMP13,ABMP16,ABMP18,AP19]), and also state future
directions regarding the mathematical treatment of such quantum corrected cases.

2. Review of q-Map Metrics and Their Universal Group of Isometries

In this section we review the supergravity r-map, c-map and q-map. At each step we also
discuss the universal groups of isometries that are known in the mathematics literature.

2.1. The r-map. The r-map produces a projective special Kihler (PSK) manifold
(M, g77) from a projective special real (PSR) manifold (H, g7). We recall the cor-
responding definitions below. Our main references will be [CHM12,CDJL20].

Definition 2.1. A projective special real (PSR) manifold is a Riemannian manifold
(H, g7¢) such that H C R”" is a hypersurface, and there is a homogeneous cubic poly-
nomial /2 : R" — R satisfying

e HC{teR" | h(t)=1}.

o g1 = —*hlrHxTH-
We will denote the coordinates of R” by ¢, where @ = 1, 2, ..., n. In particular, we
will write & as follows:

1 .
h(t%) = gkabct“tbt‘ 2.1)
where the coefficients k;,. € R are symmetric in the indices.

U n the physics literature this is also expected to extend to the case of non-mutually local D-instanton
corrections [APP11], but a mathematically rigorous construction of such metrics is not currently understood.
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Definition 2.2. A conical affine special Kéhler (CASK) manifoldis atuple (M, gy, @y,
V, &) such that

o (M, gy, wy) is a pseudo-Kidhler manifold. We denote its complex structure by J
(e gu(J—, =) = om(—, —)).

e V is a flat, torsion-free connection on M satisfying Vwys = 0 and dvJ = 0, where
dy : Q3 (TM) — Q’,{;l (T M) is the natural extension of V, and we think of J as an
element of Q}W(TM).

e V& = D& = 1d, where D is the Levi-Civita connection and Id is the identity map
onTM.

e gy is negative definite on D = Span{£, J&} and positive definite on D.

Assume that & generates a free R.-action on M and that J& generates a free S'-
action on M. Then u = % gm(&, &) gives a moment map for the S!-action, and by
performing the Kéhler quotient M = n=1(—=1/2)/S" (recall that gy (£, &) < 0), we
obtain a Kéhler manifold (M, g37).

Definition 2.3. The Kihler manifold (M, g77) obtained via the previous Kihler quotient
is called a projective special Kéhler (PSK) manifold.

An easy way to obtain PSK manifolds is via the notion of CASK domains [ACDO02,
CDS17]:

Definition 2.4. A CASK domain is a tuple (M, §) such that

e M C C"1\{0} is a C*-invariant domain (with respect to the usual C*-action on
C™1\ {0} by multiplication).

e § : M — C is a holomorphic function, homogeneous of degree 2 with respect to
the C*-action.

e With respect to the natural holomorphic coordinates (X 0 ..., X ™y of M, the matrix
0°F
% = (5x57) @2

satisfies that Im(t;;) has signature (n, 1) and Im(‘l,','j)Xin <Ofor X e M.

From this data, one obtains a CASK manifold (M, gy, wy, V, &) by
gy =Im(r;))dX'dX’, wy = %Im(ri DAXTAdX &= Xy + X 0 (23)

The flat connection V is defined such that dx’ := Re(d X") and dy; = —Re(ﬂ) is a

X!
flat frame of T*M.

In the case of a CASK domain, & and J& generate a free C*-action on M, so we can
perform the Kihler quotient from before and obtain a PSK manifold (M, &)

Now consider a PSR manifold (H, g7) defined by the real cubic homogeneous
polynomial £, and let U = R - H C R"\{0}. We define M := R" +iU C C" with
the canonical holomorphic structure, where global holomorphic coordinates are given
by z := b% +it* € R" +iU. On M we consider the metric

8 = dz"dz (2.4)
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where

K:=—logK(@), K():=8h(t)= % ettt =Y =" ..
(2.5)

Then it can be shown that (M, g7r) 1s a PSK manifold [CHM12]. Its corresponding
CASK manifold is defined via the CASK domain (M, §), where M C C"*! is given by

M={X ... xH=Xx"Q,0eCc™ | x°eC*, zeM) (2.6)

and

h(X',..., X" 1. xexbxe
S(X) = w0 = _gkabcT

0 o X=XH=X"...,x".

2.7)

Remark 2.5. In the following, the indices labeled by i, j, k, . . . range from O to n, while
those labeled by a, b, c . .. range from 1 to n.

The relation between the coordinates X’ on M and the coordinates z* of M is given
by

X 0.
F:z, z =1. (2.8)

Definition 2.6. The construction described above, which associates the PSK manifold
(M, g77) with the PSR manifold (H, g7¢), is called the r-map. The corresponding in-

clusion map (H, gx) — (M, g37) 1s also called the r-map. A similar double use of
terminology applies to the c-map and g-map discussed below.

2.2. The universal group L1 = R~q X R" of isometries of r-map spaces. From (2.4)
and (2.5), one finds the following explicit expression for a PSK metric in the image of
the r-map

1 9% logh(t)
EM = T4 grao0b
_ (_ kapet© .\ Kacakpert“ttét!
4h(t) (4h(1))?

(db®db” + dt®dt?)

)(db“dbb +di%di) | (2.9)

where we recall that z¢ = b% +it?. If dimgr(H) = n — 1, it then follows that g3; has a
group R” of isometries acting by translations in the b coordinates. Furthermore, there is
a group R of isometries acting by scalings z¢ — Az“. Combining the two, we obtain
the group L1 := R. ¢ x R" of isometries. This group is independent of the original PSR
manifold.
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We remark that the map R..o x H — U givenby (r, p*) — rp“ is a diffeomorphism,
allowing us to identify M = R" +iU = H x L. With respect to this identification we
can rewrite (2.9) as

1 3dr2 1 kapep®  kacakver p<p®p¢p” ) b
— = + — — + dbadb 5 S H
83 = 18+ 1 r2< 1 42 P
1 (2.10)
= 18H+ 8L (p)

where g7, (p) is a family of left-invariant metrics on L parametrized by p € H.

2.3. The c-map. The supergravity c-map assigns a 1-parameter family of QK metrics to
a PSK manifold [RLSV06, ACDM15]. We describe the supergravity c-map in the case
that the PSK manifold (M, g37) comes from a CASK domain (M, ), since this will be
the case of interest to us.

Let N = M xR0 x R*"*3, where n = dim¢ (M). We consider global coordinates on
N givenby (z%, 0, &, ¢, 0) € M xRogx R¥*2 xR, wherei = 0, ..., n. Furthermore,
given ¢ € R we denote N, := {p > —2c} C N, and define the metrlc gps On N, by

¢ p+c p+2c , 1 ( i 2(p+o) i_.) —
= — dp® — —(NY — ——=7'7/ \W;W;
8Fs p M40 T ap pk )T
p+c 2
_— +Gdet — 01y — 4cd°K)?, 2.11
ey 20y 0+ Gde! = £1dG — ded K @.11)
where N;; := —2Im(z;;); N is the inverse matrix; W; := dzi - ri,»dg/; K = Nijz’fj;

K = —log(K);and d‘ = i(3—9). It is shown in [ACDM135, Theorem 5] that the metric
(Ne¢, grg) is QK and positive definite.

Remark 2.7. We are using a slightly different convention from [ACDM15] in the nor-
malization of the variables. Our conventions are such that the scalings o0 — —4o,
{l — 2;,, ¢! — 2¢' takes the expression (2.11) to the one in [ACDM15, Equation 4.11]
(one also needs [ACDM15, Equation 4.12] for a direct comparison). Notice that there
is a difference in the sign of 7;; (and hence N;; and K'), due to the opposite convention
in the signature of the starting CASK domain, with respect to [ACDM15].

In the following, we set ¢ = 0, and focus on the simplified tree-level metric (N, g&w) =
(No, g2). In this case (2.11) reduces to
~ =g+ dp” l(fo _2 ZHWW; + L(d +det — 'dg)?
EN = 8m 402 4p KZZ i 64p2 0 +¢d¢ £dg)”.
(2.12)

Definition 2.8. Let (M, §) be a CASK domain and (M, g3p) its PSK manifold. Given
¢ € R, the map M, &) — (N, glis) described above is called the (1-loop corrected)
supergravity c-map. If we set ¢ = 0, we call the map (M, &) — (N, g7) the tree-level
supergravity c-map.
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2.4. The universal group Ly = Iwa(SU(1,n + 2)) of isometries of tree-level c-map
spaces. Consider a c-map space (N, gf:s) with dimg(N) = 4n + 4. Furthermore, let
Ly :=1Iwa(SU(1, n +2)) be the solvable Iwasawa subgroup of SU (1, n+2). The group
L, is diffeomorphic to R~ x R*"*3 with the group structure given by [CHM12]:

r, i, 1) - (0,8, ¢ 0) = (rp, T + NG+ e+ ro + (G — ).
(2.13)

Furthermore, L, contains the Heisenberg group Heisy,+3(R) = {1} x R¥"+3 < L, as
its nilradical. N

Letting L> act on (z%, p, &, ;i, o) €N by acting trivially on z¢ € M, it is easy
to check that it acts by isometries on any tree level c-map metric g5 = ggs; while
Heisz,13(IR) C L3 acts by isometries on any c-map metric ggg.

We denote the generators of the infinitesimal action of L, on N by

1~ 1 . ~ . .
D=p3p+§§i35+§§lazi+0’80, Pi=a£i+§'iag, XIZ%—KZB(;, Z = 0.
(2.14)

In particular, P;, X iand Z correspond to the infinitesimal action of Heis,+3(IR). The
non-trivial commutation relations among D, P;, X' and Z are given by:
: j j X' P
[P, X/1 =252, [X' Dl= > [Pi, D] = IR [Z,D]=Z. (2.15)

As in the r-map case, we have N = M x Ly, and we see from (2.12) that we can
write

8y = &t 81,(2), (2.16)

where g1, (2) is a family of left-invariant metrics on L;, parametrized by z € M.

2.5. The g-map.

Definition 2.9. The g-map is the composition of the r-map and the supergravity c-map.
That is, the composition of (H, g3¢) — (M, g37) — (N¢, ggg) for some ¢ € R. If the

take ¢ = 0, we call the corresponding space (No, ggs) a tree-level g-map space.

We describe the special structure that some terms of grg acquire when ggg is in the
image of the g-map. Besides the specific form of the PSK metric term g7 given in (2.9),
we have that the matrices 7;; and N;; have the special form

1 b, c 1 b.c
—3kapez?2°2° Fkabez’z
i) = 3 2 : 2.17

(l]) < %kachbZL —kapez” ( )
and

Ny = (—4h(t) + 2kapcb b1 —2ka;,cbbtc>
Ly) — S

—2kgpebPt¢ 2k gpet® (2.18)
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where in the above expressions, we have used our previous conventions on the indices
i, j and a, b, c. In particular, the first entries are the i = j = 0 components, the off-
diagonal elements are the i = 0, j = a ori = a, j = 0 components, and the lower
block on the diagonal consists of the i = a, j = b components. The identities (2.17) and
(2.18) follow from the specific form of the holomorphic prepotential § given in (2.7),
together with the formula N;; = —2Im(z;;).

The inverse N/ can be easily computed, and it is given by

i 1 b? > 1
V)= 4h(t) <b“ bbb — (Gt ) Gap = 2 )kabcf (2.19)

The invertibility of G, follows from the fact that —3%h defines a Lorentzian metric on
U = R.g - H, together with the fact that 4(¢) > Oon U.

The special structure of the terms (2.17), (2.18), (2.19), will be crucial for the results
that we wish to prove.

2.6. The universal group L = Ly X, Ly of isometries of tree-level g-map metrics. Let
(N, g7) be a tree-level g-map space of dimension 4n + 4 (i.e. corresponding to a PSR
manifold H with dimg(H) =n —1 > 0).

Because (N, gz) is in particular a tree-level c-map space, it has the group Ly =
Iwa(SU(1, n + 2)) acting by isometries. Now let ¢, : L1 — Sp(R?*?) c Aut(Iwa
(SU(1, n +2))) be the homomorphism defined as follows:

e For 1 € Roo C Li, we let ¢, (%) - (p, £, ¢%, Co, Las 0) = (p, A=3/220, 27 12¢,
)\3/24_0 1/2€ 0)
e Forv € R", we have

0 Y
¢ ¢
e | ¢t 1 (0ot _
on(©) - £0 N gO +z kahcvav v é- + 5 kabcva vb§C — Eav? (2:20)
Ca é‘a - _§ kubcv Ve — kabcvhé‘c
o o

In particular, it is easy to check that ¢y, (v) acts by an Sp(2n + 2) transformation on
(¢',¢;), and that ¢;, (v + V") = @5, (v) o @5 (v"). We remark that in the formula (2.20)
above, the terms with k. differ in sign with respect to [CDJL20]. This is again due
to the opposite conventions in the signature of the CASK manifold, with respect to
[CDJL20].
e For (A, v) € L one then defines ¢, ((A, v)) = @r((1,v) - (X, 0)) := @ (V) o @i (X).
It is straightforward to check that ¢ is a homomorphism.
We then obtain the group L = Ly X, Iwa(SU (1, n +2)), and it acts by isometries on

the tree-level g-map metric (N, &7)» as shown in [CDJL20].
The Killing vectors corresponding to the action of the R" factor in L are given by

Va 1= 0pa + %000 — La0y, — kapel 07, (2.21)

while the Killing vector corresponding to the R o factor of L is given by

3 .. 1 I~ 3~
D = baabﬂ +la8ta — 5( 340 — E{“Z);a + E{aaza + 5{032’0 (222)
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The non-trivial brackets among the infinitesimal generators Dy, V,, D, P;, X i, Z of
the L-action on N are given by:

j ; X! P,
:_zsizv [XvD]ZT’ [Pi,D]:?, [Z,D]ZZ,

[Py, Vil = Puy  [Va, Pyl = kape X6, [Va, XP1=82X0, [V, D11=V,, (223)

3 1 3 1
[Po, Dil = =Py, [P, Dil = =2 Pa, [XO,Dﬂ:EXO, (X4, Dyl = 2X*.

Combining previous remarks for the c-map and r-map, we find that in the tree-level
g-map case we have N = M x Ly = H x L, and that we can write g3 using (2.10) and
(2.16) as

1
8N = 781 +8L(P). (2.24)

where g7 (p) is a family of left-invariant metrics on L, parametrized by p € ‘H.

3. S-Duality for Tree-Level q-Map Spaces

Let (N, g7) be atree-level g-map space. We will first define two sets of global coordinates

on N, usually called in the physics literature the type ITA and type IIB coordinates. These
coordinates are related by the so-called “classical mirror map”z, which in our case will
just be a certain diffeomorphism of N. We then define the S-duality SL(2, R)-action
on N, following the usual action of S-duality on the type IIB fields [BGHL00]. We
will describe how the resulting SL(2, R) action interacts with the universal group of
isometries L, and use this to show that the S-duality SL(2, R)-action acts by isometries
on any tree-level g-map metric. We then finish the section showing that one can combine
the S-duality isometries with the L-action isometries into a Lie group G of universal
isometries for tree-level q-map spaces.

3.1. The type IIA and type IIB variables. We start by discussing two systems of global
coordinates on N, the so-called type IIA and type IIB coordinates. While the tree-level
g-map metrics and the action of the universal group of isometries L = L1 X, Ly are
more naturally expressed in terms of type IIA coordinates, the S-duality action is more
naturally described in terms of type IIB coordinates.

Definition 3.1. We define two systems of global coordinateson N = M xR g x R¥"*+2 x
R:

e The global coordinates (z%, p, Z:i, ;‘i, o) € M x R.y x RZ"*2 x R in which gy is
expressed in (2.11) will be called type IIA coordinates.

e On the other hand, by isolating one of the R-factors of R?™*2 < N and combining
it with the factor R C N as the upper half-plane H := R +iR.( we can consider
another set of global coordinates on N given by (b* +it?, 71 + i1, c%, ¢4, 0o, V) €

2 We use quotes because there is a priori no underlying Calabi—Yau manifold, and hence no relation between
moduli of mirror Calabi—Yau’s.
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M x HxR"xR" xR xR = N, related to the type ITA coordinates via the so-called
classical mirror map [BGHLO00,AP12]:

2
T
p=72h(t), “=ptitt, P=n, = —nbY,

- k - k
T, = ca+ “zbcbb(cc —ub®), Zo=co— aTth“bb(cC — b 3.1)

kabc

1
0 = =2y +Tic0) +ca(c® — 7b%) — A “PCpach et — b9,

where we recall that /(¢) is the cubic polynomial defining the PSR manifold:
1 a.b.c
h(t) = gkabct 7. 3.2)

The coordinates (b* +it?, T1 +i 1y, co, cq, ¢, ¥) related to (2%, p, E, {i, o)via(3.1)
will be called type IIB variables.

Remark 3.2. Ttis not hard to check that (3.1) is a diffeomorphism between the two global
coordinates. Indeed, the inverse can be written explicitly as

=V2h"1)p, b +it" =z 1 =¢" ¢ =—" -

~ ka c ~ kﬂ Cra
Ca =28+ b C co =% — 6b b bh{ (3.3)
_ _g 5 . kabe arb S
Y= > (Co S —bb7¢) — (§a

kabc kabc

bbeey — b“z (¢ —¢%").

In the first equation, we have used that 4(z) > 0 on M, so that Tp = /2h~! (Hp is
valued in R. .

3.2. The S-duality action. Consider N with the global type IIB variables (b® +it%, 7| +
i, c?, ¢4, co, ¥) from Definition 3.1. In these variables, we define the following SL.(2, R)-
action [BGHLO00,AP12]:

T+b
+d’

€)- (06 @) (56 (e

Definition 3.3. The SL(2, R)-action defined by (3.4) will be called the S-duality action.

Ti=14+i1) = t* = et +d|t?, ¢4 — ca,

34

Proposition 3.4. With respect to the decomposition N = H x L, and the corresponding
decomposition of the metric g = ;lt g + gL (p) from (2.24), the S-duality action is a
fiber-wise action with respect to the projection into the first factor

NoH, @E=b+it" 03¢ o) (), 3.5)
h(t)3

leaving the gy summand of g3 invariant.
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Proof. To prove that S-duality acts fiber-wise with respect to N — 7, it is enough
to observe that in type IIA variables it only acts on the #“-coordinates by an overall
rescaling. This is obvious from (3.4) together with the fact that the classical mirror map
(3.1) leaves t“ invariant. .

On the other hand, since S-duality acts trivially on the H-factor of N = H x L, it
follows that it leaves the %gH summand of g3 invariant. O

We will now describe the infinitesimal S-duality action, both in type IIA and type
IIB variables. We do this as follows: denote by e, f, h € sl(2, R) the generator of the
Lie algebra s[(2, R) given by

A RS (A B

le, fl=h, [h,el=2e, [h, fl==-2f. (3.7)

The infinitesimal action in type IIB variables is then described by the following lemma:

satisfying

Lemma 3.5. Let Y,, Yy and Y}, be the generators of the infinitesimal S-duality action in
type IIB variables. Then:

Yo =07 + b*Qpa — €00y
Y= (17 — 1)y — 211120, + 11180 + ¢ Bpa — Yy, 3.8)
Yy = 21107, + 21207, — 19070 — b%Opa + ¢ pa — €00cy + Yoy

Proof. This follows easily from a direct computation using the definition of the S-duality
action in type IIB variables given in (3.4). O

Because we want to see how S-duality interacts with the universal isometries L,
and the latter are more naturally described in terms of type IIA variables, it will be
convenient to describe S-duality in type IIA variables (at least infinitesimally). This
amounts to conjugating the action (3.4) in type IIB variables by the mirror map (3.1)
relating type ITIA and type IIB variables. Given the complexity of the mirror map, the
S-duality action in type ITA variables turns out to be quite complicated. We however
can describe quite concisely the infinitesimal S-duality action in type IIA variables as
follows:

Proposition 3.6. Let X,, Xy and X, be the generators of the infinitesimal S-duality
action on N expressed in type IIA variables. Then:

Xe = 8,0 + 000
Xy = @ph()™" = ("))d0 + @oh (1) ~'b" = 02" 3z

Kabe ,
+”T"°(;bgc — 2P ph() "3z,

1 i~ kabe _ .

#(500+ 80 + =2 ph() 00 )i,

+% 90 + (b = e — 00,

babbg-c bubbbcg-o é-O
2 6 )>_7

+[20n 07 (= 8 = % — kane (o —Gh)
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k ‘
#2200 Ja,
Xp = 29,0 + ¢D;0 — Tody, + 00y + iy — 1“9 — b pa

(3.9)
Proof. Let M : N — N be the Mirror map from type IIB to type IIA variables described

in (3.1). The expressions for X,, X y and X}, in terms of Y, Y and ¥}, given in Lemma
3.5 can then be found via

AMYelpio1py) = Xelpe dMT 1) = Xplpe dMTilpng1p) = Xalp -
(3.10)

In order to perform these computations, one then needs to compute the infinitesimal
mirror map d M. The relevant expressions are given by

‘L'ze_’C

dM(dy,) = dp,  dAM () = —p31aKd, + dya
kab ~ kab .
dM () = 9,0 + b dpa — %bbb‘z}a + %babblf&zo
Kab :
+ ( —co — cab* + %babbc‘)ag
dM(aba) = aba + 'L'la a+k, b (lcc — T]bc)aN
¢ T Rabel & (3.11)
1 1
+ ka,,c( — §bbcc + —bbbcrl)a~

2 %o
rblec cbet
(= eam s (LS - LY,
dM kabe ¢ kabe bic kabe b ¢ kabe bic
(Ber) = =g+ 250507, — <25 azo+(ca—Tb ¢+ =25 rl)ag

dM(d,) = 0, +¢%9,  dM(d) = O, —T10o,  dM(3y) = =20, .

The result then follows from a straightforward, but rather tedious, computation using
(3.11), (3.8) and (3.1). More details on the computation are given in Appendix A. O

Remark 3.7. As can be seen from (3.9), while X, and X, are very simple, X  is highly
non-trivial in the usual type IIA variables in which g3 is written. This complexity is
expected, since in the string theory setting S-duality is non-manifest in type IIA variables.

Proposition 3.8. X, and X}, are Killing vector fields on (N, aw)-

Proof. Notice that from Proposition 3.6 and equation (2.14) we find that X, = Py,
where Py is one of the generators of the Heisenberg group action given in Sect. 2.4.
Furthermore, notice that

Xy =D — Dy (3.12)

where D is the generator of the dilation action of Iwa(SU (1, n + 2)) given in (2.14),
while D is the generator of the dilation action coming from the PSR manifold isometries,
given in (2.22). Since Py, D and D are Killing fields, we conclude that X, and X must
also be Killing fields. O
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Remark 3.9. Notice that X, is a Killing vector field of any c-map space (including the
1-loop deformations). However, the fact that X}, is Killing really uses the fact that we
are on the tree-level g-map space case. It is easy to check that X, (and hence X ) is no
longer a Killing field if we set the 1-loop parameter to ¢ # 0.

The fact that the remaining vector field X f is Killing in the tree-level case is harder
to show, and will be proven in Sect. 3.4, using the results from the following section.

3.3. The universal group L = Ly Xy, Ly of isometries and S-duality. In this section
we wish to show how S-duality interacts with the universal group of isometries L =
Ly Xy, Ly of (N, g7) given in Sect. 2.6. We will use this in the next section to show
that X 7 is a Killing field, and hence that S-duality acts by isometries.

Recall the generators Dy, D, V,, P;, X i 7 of the left action of L on N given in
Sect. 2.6, and the generators X,, X r, Xj of the S-duality action given in (3.9). Further-
more, recall from Proposition 3.8 that

X.=Py, Xp,=D-—-Dj. 3.13)

We can therefore interchange the generator D with X}, and generate the infinitesimal
L-actionby D, V,, P;, X', Z, Xj,.

Proposition 3.10. Ifdim(H) = n—1 > 0, there is a 3n+6 dimensional Lie algebra g of
vector fields on N generated by D, X', P,, Py = X,, Xy, Xp =D — D1, Vu, Z where
a=1,...,nandi =0, 1, ..., n, satisfying the following commutation relations:

e D, X!, P; and Z have the non-trivial commutation relations:

i )
i

: ; ; X P
[P, X7]=—28; Z, [X,D]=7, [Pi,D]=7, [Z,D]=Z2. (3.14)

o X., Xy and Xy, satisfy:
[Xe. Xp1= —Xp,  [Xp Xl=—2Xe, [Xp.X;1=2X;.  (3.15)

In particular, they span a subalgebra sl(2, R)°P C g isomorphic to sl(2, R). Note
that the linear map sl(2, R) — sl(2, R)? which maps (h, e, f) to (Xp, X, Xy) is
an anti-isomorphism. Multiplying it with —1 yields an isomorphism.

e We have additionally the following non-trivial commutation relations:

[Py, Val = Pay [V, Po]l = kape XS, [Va, XP1=080X0, (X1, Val = V,
0

X X
[Xf9 Pl =V, [D,Xf]ZTf, [Z7Xf]=7 (316)

[Py, Xpl = Pu, [Xn, X21=X° [Z,X41=2Z.

In particular, the V, form an n-dimensional abelian subalgebra of Killing fields. It
can be extended to an n + 1 dimensional abelian subalgebra by adding either X°, D,
Xy or Z; and to an n + 2 dimensional abelian subalgebra by adding X% and X f-



848 V. Cortés, 1. Tulli

Proof. Most of the brackets follow from the already known brackets from Sects. 2.4
and 2.6, together with the identity (3.13). The brackets in (3.15) follow from the fact
that X., X r and X}, are the fundamental vector fields of the action by left-multiplication
in SL(2, R), i.e. the right-invariant vector fields which evaluate to e, f, h at the neutral
element. The fact that they are right-invariant is responsible for the minus sign compared
to the brakets of e, f, h € sl(2, R).

Since the only new part of the algebra is obtained by the addition of X ¢, we include
the computations of the brackets involving X ¢ that are not obvious, namely: [X 7, X n,
[Xr, VL [Xr, Pal, [Xr, Z]and [X ¢, D].

o [X/ X']:

(X7, X1 = —Q2ph™' = 9P, — (—2ph '+ (9?35 =0

(3.17)
(X7, X = =@2ph~'b" = %03y — (=200~ b +£°¢")3, = 0.
o [Xf, VeI
kﬂ c c — c
X (V) = @oh™ = ()dca + =T @0"0 ph ™" = £ 0,
+kape (€ = 2ph™ %), G18)
VaXp) =X7(Vy) = [Xf, V] =0.
o [Xy, Pyl
Xy(P) = k"z’” ("c¢ —2b"b ph™")0,
3.19)
kabe 1 b 1 (
Pa(Xf) =V, + ) (7¢° =2b"b ph™ )0y = [Xfa Pl=V,.
o [Z, X/l
1 0 X0
[Z,Xf1=Z(Xs)—0= 5(350 —%,) = 5 (3.20)

o [D, X r]: from the fact that the functions (z¢, p, g:i, z i o) are eigenfunctions of D

with the respective eigenvalues (0, 1, %, %, 1), we see that X 7 is an eigenvector of

Lp for the eigenvalue %, sothat[D, Xr]=X/2. O
Let g be the Lie algebra of vector fields on N from Proposition 3.10. Let
b :=span{Z, P,, X'}, n:i= span{V,, Z, P,, X'}, R":= span{V,}. (3.21)

Then the commutation relations of Proposition 3.10 show that n is a subalgebra of g,
and that h C n is an ideal with complementary abelian subalgebra R", i.e.

n=R"xbH. (3.22)
Furthermore, we see that

u:=span{X,, X, X5, V., Z, P,, X'} (3.23)
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is a subalgebra of g, which splits as
u=s[2,R)? xn. (3.24)
Finally, it is easy to check that [D, u] C u, such that
g=RD xu. (3.25)

We can summarize the results as follows.

Corollary 3.11. The Lie algebra g of Proposition 3.10 has the structure
g=RD xu=RD x (sL(R)” x n) = RD x (sL(R)?” x (R" x §)). (3.26)

We furthermore have:
Corollary 3.12. The subalgebranw C g is the nilradical of g.

Proof. The fact that n is an ideal follows immediately from the commutation relations
of g given in Proposition 3.10. On the other hand, the fact that it is nilpotent follows
from the fact that ny = [n, n] = span{XO, X4, Z}, nyp = [n,ny] = span{Z, XO}, ny =
[n, n2] = {0}. In the previous computation of n; we used that span{k,,. X} = span{X°},
which follows from the non-degeneracy of the Hessian of the cubic polynomial, together
with [BC02, Lemma 1]. Finally, to show that its maximal, assume that n’ D n is any
ideal strictly bigger that n. It is not difficult to show using the commutation relations that
either n’ contains sl (R)°P, in which case it cannot be nilpotent; or it does not contain
sl (R)°P and n’ = n ® R(4D — X},), which is neither nilpotent, since [n’, n'] = n and
[W,n]=n. O

Corollary 3.13. The Levi-Malcev decomposition of the Lie algebra g of Proposition
3.10 is given by

g =sLR)” x (RD" x n),
where
D' =4D — X, e RD x sLh(R)” =RD' @ slh(R)? = gl,(R).

Here 51 (R)P = s[5 (R) is the Levi subgroup and v = RD’ x n is the radical, which
happens to be non-unimodular and contains the nilradical n as a codimension one ideal.

Proof. From the commutation relations of Proposition 3.10 we see that D’ commutes
with sl (R)°P and that the operator ad p |, has the eigenspace decomposition

span{XO, Z} @ span{X“} @& span{V,, P,}

with the respective eigenvalues (—3, —2, —1). In particular, tr(adp/) = —4n — 6 # 0,
which shows that the radical t = RD’ X n is not unimodular. O
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3.4. The (3n+6)-dimensional group of universal isometries. In Proposition 3.8 we have
shown that X, and X, are Killing vector fields. Here we wish to show that the remaining
generator X ¢ of S-duality is also a Killing vector field, which will imply that S-duality
acts by isometries. We will later show that the L-action and S-duality combine into a
3n + 6-dimensional connected Lie group G of universal isometries of (N, g7).

To show that X ¢ is a Killing field, we will use some of the previous algebra structure
found in Proposition 3.10 to simplify the computation. In the following, we consider the
PSR manifold H as embeddedin N = R,.¢ x M X R21+3 yia

p=0EYeH—> (1,0+ix*,0) € Ryog x M x R¥"3 =N, (3.27)

Lemma 3.14. Assume that we have shown that Lx ;gx(p) = 0 for p € H C N. Then
ﬁxfgﬁ =0on N

Proof. In the following, it will be convenient to consider the nested submanifolds H =
NoC Ny CNyCN3= Ndeﬁnedby

Nl :={(,0,ba+il‘a,§i,zi,0')eﬁ | bﬂ=§-i=5=0=0, p =1} (3.28)
Nz::{(lo,ba'i'lta,;l,aya)eﬁ|ba=§l=Z=U=0} .

so that by our assumptions Lx,gxly, = 0. We want to show that Ly, gyly, =0
implies that Lx , gxly N,,, = 0, with the final step then showmg that Lx g7 = 0.

With respect to the coordinates (x' = (p, b*+it?, 0, ¢, ;0 ;a, o) we will denote
Lx, gy = Tijdx' 'dx/. We first consider the Killing field D; = D — X, satisfying

3
[D1, Xs]= —EXf. (3.29)
From this and the fact that D is Killing we find that
3
Lo Lx gy = —5Lx8x (3.30)

which we can write in the previous coordinates (x') as

3
Dl(Y}j)+Tkj8x,-le+7}k3ij’f:—ETij. (3.31)

Denoting the flow of D as ®p, ;, we obtain the following system of first order, linear,
homogeneous ODE:s satisfied by the 7;;(®p, (p)) for p € N:

3
T3 (@, 1 (P)) + T (@ (P)3ys DY + Tt (@py 1 (P, D + S T3 (P, 1 (p)) = 0.
(3.32)

d
dt

In particular, we find that if p € H, then the 7;;(®p, ;,(p)) give a solution to the
previous system satisfying the initial condition 7;;(®p, 0(p)) = T;j(p) = 0. Hence,
we must have that for all p € H and all ¢

Tij(®p,.i(p)) =0. (3.33)
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Since D, |N1 = t%9;a, we find that for (1,0+it%,0) € H
®p, (1,0+it%,0) = (1,0+ie'1%,0) (3.34)

so that we conclude that T;; |N1 = 0 and hence Lx f gﬁ'ﬁl =0.

Next we consider the Killing field D, which satisfies [D, X r] = lx 7. Since 3D +
Dy = 4D — X, is a Killing field commuting with X ¢, we see that Ly, g5 is invariant
under the flow of 3D + D;. Note that applying the flow to N we obtain N». This
follows from the fact that 3D + Dy = 3pd, + t%0;a on Nj. From EngNWI =0 we
hence conclude that Ly gnly, = 0. (Alternatively, we could have applied a similar
argument as for D to the flow of D.)

Finally, using the brackets:

(X7, Po)l=Xp, , [Xyp, Pal=Va, [Xy, X1=0, [Xr, Z] = -x%/2 (3.35)

and the fact that X, P;, X*, Z and V, are Killing one obtains that Ly 18N is invariant
under the transformation group generated by the Lie algebra

R" X heisy,,3 = span{V,, P;, X', Z}.

Since the orbit of N» C N under that group is the whole manifold N and Ly 8y, =0,
we conclude that Ly, g7 =0. O ‘

Proposition 3.15. X ; is a Killing vector field on (N, &)

Proof. By the previous lemma, we only need to check that Lx , g5 = 0 on points of the
form (p, b* + it”,i", E,-, o) = (1,0+ir%,0,0,0) where the r* satisfy h(t%) = 1 (i.e.
on points of H C N).

In the following all the Lie derivatives will be evaluated at points (1, 0+i t4,0,0,0) €
‘H C N. We then have

1 o
fo(4 2)‘71 = —3d¢%dp (3.36)
and using equation (2.9) we find

kapet?t¢ kapet®  kacakpept©tieet!
ﬁngﬁ‘H= g+ (S - e Jdcean”  (3.37)

Furthermore, the Lie derivative of the line-bundle term gives:

Lx, (Wlpz(da +Gde — ;ida)z) ‘H = —%dadzo (3.38)
Computing the Lie derivative of the remaining term of g7
L, (- L i - Ez"zf)W,Wj) (3.39)
4p K
is a little bit more tricky. We do this in steps: we first have that

(3.40)

B —37000 _0rO0pN0Oa 4 ¢
EXf(NU)‘ = og 0a &% 40 ib g ipoc ‘ =0
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Lx, 277 /K)| = _6% _4?7;0_2% =0 (341
Xf( Yay4 / )‘H_ _4%_2% _211121?4-0 _zé-azl_zzucb H— ( . )

_ abi0,c _ »c bi+0,c _ »c
L',xf(r,;/(z))‘ = < Kapez 2(¢ 27— 8%) Rabez"(¢ 27— ¢ )) ' —0 (342)
H

kapez? (2026 — £€)  —kape (2026 — £€)

In particular, from (3.42) one obtains
1 ) 2i )
Ly, (Wo)lp = 5o + kapet"1°db* — ?’kabct“rbﬁd(ph*‘)

1
= —do +kapet’1db® — 4idp + 2ikapet“tPdtC
B abc P abc (3.43)

Lx; (Wa)lp = 2ikapet db” +kapet”t°d (ph™")
= 2ikapct db® + kapet’t¢dp — %kabctbtckdeftdtedtf
Denoting
AT = (VU — 275 (3.44)

we can then use the previous results to compute

1 .. 1
ﬁXf(_ %AUW"WJ‘)‘H - <_ E[cxf’("‘OO'WO'z)

+ Ly (A" WoTW, + AW, Wo) + L, (AW, W) ) (H

(3.45)

= %[Re(ﬁxf(WO)Wo)’H — ;Re(ﬁxf IWo) Wy + L:Xf(Wa)iWO)’H

(~ R, wa )|, ]

For each of the terms above we obtain

1 _ o 1 ~
—Re(L’X f(Wo)W()) ‘H = dodd+ < Kapet"1°d do + skapet"1°db a5

4 16
1
+§kacdtctdkbeftetf db®dc? +2dpdc° — kapetPt¢dr®d® (3.46)
14 _
—gRe<LXf(iWO)Wa) N
“ o~ 3 0, dab s L3 d 3.b 1,0
= ——dpdi, — =dpdi” + —kpeqtt?dt’di, + —kpeqtt¢dt’dl
2 2 4 4
1 , 1
—Tékabct“t‘dgbdo — gkdbctbtc aepttédb?de” (3.47)

¢ — .
—gRe<£Xf(Wa)1WO)‘H
3 3 1 -
= —Ed,odg'o + Zkbcdtftddtbd;‘) — Zkabct“tcdbbdg‘o
1 . .
—gkabct“t‘kdeft‘tddbbdgf (3.48)
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1 talb Gab o
- - R
(5 = 5 Re(Lx, W Wh)|
o~ 3 o Ly h ~ 3 h 0
= 5d,od§;, + Ed,oa'g - kepnt! t"dt¢dg, — Zkgfhzf hdréde
1 1
+Zkadct“tckheftbtedbdd§f — Ekbeftedbbd;“f (3.49)

Summing up all contributions, we find that

Lo — 1 kb
_ AW . — _ 470 abc 0 14
/:X/( A WZW,>‘H Sd¢%dp - Kabe 71 104,

kapet®  kacakpept“titct! 1 o~
_( abcl” — RacdKbef )d@'adbb+—d0'd§()
2 8 8
I
—Exf(4 S8 Lo +Tagi - ¢id%) ).,
(3.50)
so that Ly, g5l = 0. By Lemma 3.14 we then conclude that Ly, gz = 0. O
From the previous results we obtain
Theorem 3.16. S-duality acts by isometries on tree-level g-map spaces (N, W)

Proof. We have shown in Propositions 3.8 and 3.15 that the generators of the infinitesi-
mal S-duality action X,, X  and X, are Killing vectors. This implies that the S-duality
action of SL(2, R) defined in equation (3.4) is isometric. O

Theorem 3.17. Let (N, gy) be atree-level g-map space associated with a PSR manifold
(H, gr) withdim(H) = n — 1 > 0. Then there is a (3n + 6)-dimensional connected Lie
group of isometries G containing the isometries of the L-action and S-duality. The Lie
algebra g of G has the structure

g=RD x (sLh(R)” x (R" x b)) 3.51)
with the brackets described in Sect. 3.3.
Proof. Consider the Lie algebras of Killing fields

[:=span{D, X', Py, Xo, X, Va, Z}, sl(2, R)°P = span{X,, X7, Xn}t, (3.52)

corresponding to the infinitesimal L-action and the infinitesimal S-duality action. Fur-
thermore denote by Isog (N, g7) the identity component of the isometry group of (N, g77).
Since [ ¢ Lie(Isog(N, gw)) and s[(2, R)P C Lie(Isog(N, g7)) generate the Lie alge-
bra g, we conclude that g C Lie(Isog (N, gw))- 1t follows that there exists a unique

connected Lie subgroup G C Isop(N, &) with Lie(G) = g. Obviously G contains the
isometries corresponding to the S-duality and L actions, while the structure of the Lie
algebra g follows from the previous Corollary 3.11. O

Corollary 3.18. Recall the identification N = H x L together with the decomposition
(2.24) of gz as

1
85 = 78H +8L(P) (3.53)
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where g1 (p) is a family of left-invariant metrics (with respect to the L-action) on L
parametrized by p € H. Then G acts fiberwise by isometries with respect to the projec-
tion N — 'H. In particular, when restricted to a fiber L, = L, it acts by isometries on

(L, gr(p)).

Proof. We already know that L and S-duality act fiberwise with respect to the projection
N — 'H (Proposition 3.4). As a consequence, the same is true for the group G generated
by these groups. O

We can therefore conjecture the following:

Conjecture 3.19. Let Isog(L, g1 (p)) be the connected component of the identity of
the isometry group of (L, gr(p)). Then G can be characterized as the intersection
Nperdsoo(L, gL(p))-

Corollary 3.20. Let H C R" be a PSR manifold and denote by
Aut(H) :={A € GL(n,R) | AH = H} C Aut(h) := {A € GL(n,R) | A*h = h}

its group of automorphisms. Then Aut(H) acts by isometries on the corresponding tree-
level g-map space (N, g77). Moreover; this action normalizes the (3n + 6)-dimensional
connected Lie group of isometries G of Theorem 3.17 such that we have a semi-direct
product

Aut(H) x G C Iso(N, gx)-

Proof. The faithful isometric action of Aut() on Nis explicitly described in [CDJL20,
Appendix A]. An element A € Aut(H) C GL(n, R) acts naturally on M = R" +iU,
U = R - H, by the identification R" +iU = TU. In formulas, this is simply z =
(z* = b* +it*) — Az. The action is extended to N as follows:

(0, 2,¢%¢,%0,¢,0) = (p, Az, ¢°, AC, S0, (AT)TIE, 0),

where ¢ = (¢%), ¢ = (Z,)" € R" and (AT)~! is the contragredient matrix. We already
know from [CDJL20, Appendix A] that this action normalizes the isometric action of
the group L, which is simply transitive on each fiber of N — . To see that it also
normalizes the group G D L it suffices to observe that the vector field X y is manifestly
invariant under the above action of Aut(H) C Aut(k). 0O

Theorem 3.21. Consider atree-level g-map space (N, gw) associated to a PSR manifold
(H, h) with

1
h(t%) = gkabct“tbtc, kape € 7. (3.54)

Furthermore, recall the nilradical n C g from Corollary 3.12. Then there is a lattice T’
of the normal and unimodular codimension 1 subgroup SL(2, R) x exp(n) C G, acting
by isometries on (N, &w)- The quotient gives a fiber bundle N/T — H with fibers of
finite volume.

Proof. Consider the homomorphism A : g — R given by X +— tr(adX), and notice that
ker(A) = sl (R)°P x n. It then follow that the corresponding codimension 1 subgroup
SL(2, R) x exp(n) C G is unimodular and normal.
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By the commutators in Proposition 3.10 we see that n is a nilpotent Lie alge-
bra with integer structure constants, under the assumption k,5. € Z. Then by Mal-
cev’s theorem there is a lattice of the form exp(A) in the nilpotent group exp(n),
where A consists of the integer span of a Malcev basis (a particular case of a Mal-
cev basis is given by (P,, V,, X0 xe, Z), corresponding to lower central series n =
span{P,, V,, X°, X% Z},n; = [n, n] = span{X?, X?, Z},ny = [n, n;] = span{Z, X},
n3 = [n, np] = {0}). One can now check from the commutators in Proposition 3.10 that
under the S-duality action of SL(2, Z) by automorphisms of n the lattice A is preserved.
This implies that the lattice exp(n) is normalized by SL(2, Z), so SL(2,Z) x I" is a
lattice in SL(2, R) x exp(n) C G.

Now we can take the quotient of the manifold N by SL(2, Z) x T", which amounts
to taking a quotient of every orbit of SL(2, R) x exp(n). The space of orbits is H, so we
get a fiber bundle over H with orbits of finite volume. 0O

In the following Sect. 3.5 we compute the fiber-wise volume density of N — H with
respect to gz. We furthermore analyze the volume growth of the fibers of finite volume

of N/T' — ' in the cases where H is a maximal PSR curve.

3.5. Application: volume properties of q-map spaces associated to PSR curves. In this
section we consider N/I' — "H obtained from Theorem 3.21 and study the volume
properties of N/T when H is a PSR curve. Since N/ I" — H has finite volume fibers,
N /T has a chance of having finite volume. We will see that this is the case only when H
is the incomplete PSR curve, giving rise to an incomplete QK manifold N/ I" of finite
volume.

Let (H, h) be a PSR manifold of dimensionn —1 > 0 and (N, g7) the corresponding
tree-level g-map space of dimension 4n + 4. The fibers of the canonical projection
m : N — H are homogeneous submanifolds under the isometric action of the group
SL(2,R) x exp(n) C G from Theorem 3.21. We will consider H as a submanifold of
N via the natural inclusion:

HCHX{rp, b0, ¢ o)) =H xR, x R¥"3 =N, (3.55)

provided by the global coordinates (¢, p, b?, E,-, {i, o), wheret = (t%) e U = R -
H = H x R.q is decomposed as t = rp with r = (h(1))'/3 and h(p) = 1. Notice that
the fibers 7~ (p) are orthogonal to H with respect to g7 by (2.24).

We start by computing the fiber-wise volume density corresponding to (N, gw) and
7 : N — H. Namely, we compute the function § € C*°(N) defined by

*\ @2
detgw — (5(F)dvol ;)®2 (A3"+5(T L)) =R, (356
8| 7. 3oy (8(p)dvol )™= € (IyH) (3.56)
where p € N, p = n(p), dvol s denotes the product of the the differentials of the
fiber coordinates (r, p, b%, ¢;, ¢ i o), and (T,,H)J- denotes the orthogonal complement

of T,)H C Tﬁﬁ with respect to gz. We then study in Sect. 3.5.1 the case when H
is a complete PSR curve, and study the volume growth of the finite volume fibers of
N/T' — H, where I is as in Theorem 3.21.

Proposition 3.22. The function §(p) is a positive constant multiple of

87
pn—"g , (3.57)
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where é3; € C ® (M) C C*®(N) is the positive function defined by

_ (5 (T o \®2 n+l 1\ o
detggg) 1y = CrrPIIOIE ) e(A ((T,,H) M)) ~R, (3.58)

where dvoly; N denotes the product of the differentials of the fiber coordinates (r, b*) of

the fibration M — H of the PSK manifold associated to the PSR manifold (H, h) via
the r-map. Here (T), H)10 denotes the orthogonal complement in M.

Proof. Consider the CASK manifold (M, gy, wy, V, &) associated to M, gp)- Its
metric volume form is parallel to the flat connection V, since it is a constant multiple of
apower of the V-parallel Kihler form wy;. This implies that for V-affine coordinates ¢,
I =1,2,...,2n+2, the function det(gM(aql , aq, )) is constant. Changing the indefinite
metric gjs, which in the present conventions is negative definite on D = span{&, J&},
to a positive definite metric gy by multiplying it by —1 on D yields a metric with the
same volume form. Hence, det(g, (041, 947)) is also constant. By [CHM 12, Corollary
6] we know that the metric coefficients of the metric gz; with respect to the coordinates

(1) = (&, ¢') are given by

const
&y (g’ dq”). (3.59)

8n (0, 9g,) =

where const € R- . We conclude that (for a new const > 0)

const
detgy (9, . ;) = e (3.60)

Observing that the coefficients of dp? and (do +Z,-d ci=ct dEI-)2 in g7 have coefficients
1/p? (up to constant factors), it is then easy to check that the proposition follows. O

Proposition 3.23. The function 857 € C®(M) C C®°(N) is given by

3
537(P) = % et (7 (), (3.61)

where p € N, n1(p) = p € H, p = (p%), and

1 .
Vab(P) = —Kabe” + 7 (kaca P P") Koy p° ) - (3.62)
Proof. This follows immediately from (2.10). O
Proposition 3.24. Consider the Riemannian metric gy = —92 loghonU =R.g - H,
the evaluation of which along H is yapdt®dt®. Furthermore, with respect to the natural
coordinates t*, a = 1,2,...,n,on U C R", let & = t,0;a. Then gy is related to the
affine special real (ASR) metric gasg = —3%honU as follows:
1
gu§p.§p) = _EgASR(%_pa §p) =3, gulgt = gasrlgs (3.63)

forall p € 'H. Here & IJ; =T, H C T,U = R" denotes the orthogonal complement of
the line R& ), with respect to gy (or equivalently gasr).
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Proof. Using the homogeneity of 4 (¢) = %kabct“t" t¢ we obtain

gasr(§,8) = —6h, gy(§,§) =—6+9=3. (3.64)

Restriction to H then yields the first statement. The other equation follows from the fact
that the one form kgpct%¢2dt¢ vanishes on EIJ; =T,H. O

From the previous proposition, we then obtain the following

Corollary 3.25. For p € H C U we have

(3.65)

3%*h(p)
atagtb

1
det(vap(p)) = 5(—1)”—1det (

Summarizing, we obtain the following theorem:

Theorem 3.26. The fiber volume density function § € C ®(N) of any tree-level g-map
space w : N — 'H is given by
0*h(x(P))
et
araorb

where const is a positive constant depending only on n = dim(H) + 1.

1/2
, (3.66)

5(5) = const
([7) - pn+3rn+1

In the following subsections we specialize to PSR curves, that is to the case dim ‘H = 1.
It is sufficient to consider maximal PSR curves.

Definition 3.27. A PSR curve H C {x € R?2 | h(x) = 1} (see Definition 2.1) is called
maximal if it is a connected component of the curve {x € R2 | h(x) =1, det 9%h(x) <
0}.

Note that complete curves are always maximal but the converse is not true. The maximal
PSR curves are listed in [CHM12, Theorem 8]. Up to isomorphism, there are precisely
three maximal PSR curves: two are complete and one incomplete.

3.5.1. The case of a complete PSR curve As an illustration, we will now compute the
density function 6 for the two complete PSR manifolds of dimension 1. By Theorem
3.26 this amounts to computing the function

Aj = |det O
" ’ ¢ <8t“8tb)
along H. Recall that there are two complete PSR curves [CHM 12, Theorem 8], which are
distinguished by the fact that one is homogeneous, that is has a transitive automorphism
group, whereas the other has a finite automorphism group. To minimize the number
of parentheses (in expressions like (tH?), we will denote the coordinates of R2 by
X1, Xp rather than t1 12, since powers of the coordinates will be involved in the explicit
expressions. o .

Let I" be a lattice in SL(2, R) x exp(n) C Iso(N, g5) and denote by N/ T the
corresponding quotient manifold. The main qualitative result of this section is that the
volume of the fibers of N/ I' along the two ends of the base curve is either asymptotically
exponentially increasing or asymptotically decreasing to zero. The homogeneous PSR

172
3.67)
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curve has ends of both types while the inhomogeneous complete PSR curve has divergent
volume along both ends.
We first consider the PSR curve

Ho={(x1,x2) | xixa=1, x; > 0}. (3.68)
It is the unique homogeneous PSR curve, up to isomorphism. Its associated tree-level
g-map space turns out to be the symmetric space N = % [CHM12, Corollary
4]. We denote by h(x) = xlzxz the corresponding cubic polynomial. A straightforward
calculation shows that
Ap =2xy. (3.69)
Next we compute the PSR metric in the global coordinate x; in order to determine the
volume density of N along H.
Proposition 3.28. The metric g3y = —1*8>h of the homogeneous PSR curve 1 : H — R?
is given by
dx12
gH =60—. (3.70)
X1
In particular, its arc-length parameter s measured from (x1, x2) = (1, 1) € H is given

by s = v/6log(x).
Proof. Eliminating x, = 1 /xf we compute

2
dxj

gn = —2xadx} — 4xjdxidx; = 67 (3.71)
1

O

Proposition 3.29. The fiber-wise volume density of the tree-level g-map space N =
% associated to the homogeneous PSR curve (H, h) has the following form

with respect to the coordinates (s, r, p, 0, ¢ i E,').

const s
§=—=exp|—] . 3.72
P33 P <\/6 ) G72
Proof. This follows from Theorem 3.26 together with the results of this subsection. O

Corollary 3.30. After taking a quotient of N — H by a lattice in the fiber-wise preserv-
ing group SL(2, R) x exp(n) C Iso(N), the fiber-wise volume increases exponentially
along the homogeneous PSR curve H for s — oo, and decreases exponentially for
s — —oo. In particular, the total volume is infinite.

Next we consider the curve
He={(x1.x2) | xi(x{ —x3) =1, x; >0} (3.73)
3

with cubic polynomial 2(x) = xj — x 1x§. It is the unique inhomogeneous complete
PSR curve, up to isomorphism. A direct computation shows that

4
A} =16x7 — —. (3.74)
X1

In particular, we see that we have the asymptotics Ay, ~ 4x; as x| — oo.
To interpret the result, we need to compare x| with the arc-length parameter of H.
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Proposition 3.31. The metric g7 = —t*3h of the inhomogeneous complete PSR curve
L H— R%is given with respect to the (local) coordinate x1 > 1 by:
6 (1—1/4x)\  ,
=—|—— | dx7. 3.75
s x%(1—1/x13 ! G172

In particular, the arc length parameter s measured from (xg, x2) = (1, 0) satisfies s ~
V6log(x1) as x; — oo. (Hence the asymptotics coincides with the exact value for the
homogeneous curve).

Proof. Eliminating x; = =, /xl2 — 1/x; we obtain

gH = —6x1dx12 +4dxydx dxy + 2x1dx22
2x1 + 1/x%)?
= [ —6x; +22x; + 1/x2) +M dx?
2(x1 — 1/x2) (3.76)
6 (1—1/4x3
xi 1 —1/x7
O

Corollary 3.32. Consider the inhomogeneous complete PSR curve H and the corre-
sponding complete [CHM12, Theorem 4 and 5] (compare [CDJL20]) g-map space
(N, g7)- Then the fiber-wise volume density of the QK manifold in the coordinates

(S7 r,p,0, Z:;" ;l) Sal‘isﬁes

t
S~ %exp <L> , s — 00, (3.77)
o°r

V6

where s ~ \/6log(xy) is the arc length parameter on 'H. In other words, the asymp-
totics coincide with the exact value obtained for the g-map space associated to the
homogeneous PSR curve.

Corollary 3.33. After taking a quotient of N — H by a lattice in SL(2, R) x exp(n) C
Iso(N, g77), the fiber-wise volume increases exponentially as a function of the arc-length
parameter s along both ends of H. In particular, the total volume is infinite.

Proof. Note that contrary to the homogeneous case of Corollary 3.30, in this case we
have s — oo along both ends of the curve, since 1 < x| < oco. O

Remark 3.34. This symmetric behavior is consistent with the fact that 6 : (x1, x2) —
(x1, —x2) is an automorphism exchanging the two ends of the curve H and extending
to an isometry of (N, gz7) normalizing SL(2, R) x exp(n) C Iso(N, g7), by Corollary
3.20. Moreover, the lattice can be chosen to be invariant under the above involution of
N, such that it induces a fiber-preserving isometric involution of the quotient space,
inducing the map 6 on H.
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3.5.2. The case of an incomplete PSR curve Finally, we consider the curve

H:={(x1.x) | xi@xf+x3) =1 3x]—x; <0, x>0

13 (3.78)

={(x1.x) | xi(F+x)=1,0<x; <4~ x2 > 0},

associated to the cubic polynomial z(x) = xi (x]2 + x%). It gives the unique incomplete
maximal PSR curve [CHM12], up to isomorphism.
In this case, we have for x € H that

4
A} = o 16x7 (3.79)

so that AZ — Oasx; — 4713, and A7 ~ 4/x; as x; — 0.

Proposition 3.35. The metric gy = —*3%h of the incomplete PSR curve 1 : H — R?
is given with respect to the the global coordinate 0 < x1 < 4=1/3 by:

_ 3

P\ =1y

In particular, if s denotes the arc length parameter we have s ~ —\/g log(x1)asx; — O,

while s ~ const as x; — 471/3.

Proof. Eliminating x, = £,/1/x1 — xl2 we obtain

gH = —6x1dx12 — 4xydx1dxy — 2x1dx§

2x1 + 1/x%)2
o),

= [ —6x; +2(2x1 + 1/x%) +
( x1 +22x1 +1/x7) 200~ 1/x2)

6 (1—1/4x3
= O (LD e
X 1 —1/x3

Corollary 3.36. Consider the incomplete PSR curve H and the corresponding q-map
space (N, gx). Then the fiber-wise volume density of the QK manifold in the coordinates

(s,7,p,0, &, ¢') satisfies

s const «/ZS (3 82)
~—exp|l——], s— 0, .
P53 P\ T8

(3.81)

O

where s ~ —\/glog(xl) is the arc length parameter on 'H.

Corollary 3.37. After taking a quotient of N — H by a lattice in SL(2, R) x exp(n) C
Iso(N, &%), the fiber-wise volume decreases exponentially as a function of the arc-length
parameter s along the end of H corresponding to s — 0o, and remains of finite volume
on the other end corresponding to (x1, x3) = (4_1/3, 31/2. 4_1/3). In particular, we
obtain that the (incomplete) QK manifold N/ T is of finite volume.
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Remark 3.38. In [CT22], certain instanton corrections to c-map spaces were studied,
where the instanton corrections are encoded in the notion of mutually local variation
of BPS structures. When including such instanton corrections, several of the previous
universal continuous isometries of the tree-level g-map space are either broken, or ex-
pected to be broken down to a discrete subgroup. For example, the SL(2, R) isometries
are expected to break down to a discrete subgroup SL(2, Z) [AP12]; while the isome-
tries corresponding to the Killing fields P; are broken down to a discrete group [CT22,
Corollary 5.7 and Remark 5.8]. Provided the lattice I' C SL(2, R) x exp(n) thus acts
by isometries of the instanton corrected quaternionic Kihler metric, one can then ask
whether the instanton corrections to N/ I" can be chosen such as to remove the incom-
pleteness of the previous example while keeping the volume finite. This would give
examples of complete QK manifolds with finite volume.

4. Lift of the Universal Isometries to the Twistor Space

Let (Z,7, A, 7) be the twistor space of the tree-level g-map space (N, gw)> where 7 de-
notes the complex structure, A the holomorphic contact structure, and 7 the real structure
(see [Sal82,Swa91]). In this section we wish to do a mathematical treatment of previ-
ous results from the physics literature [NPV07,APSV09, AP12] discussing holomorphic
Darboux coordinates for A, and the lift of S-duality to the twistor space. More precisely,
our aim is the following:

e We will give an explicit description of the twistor space of any QK manifold obtained
via HK/QK correspondence. The description will be in terms of the HK data, which
are usually the one that admits a more explicit and simple description. For this, we
will make use of certain results and notations from [ACM13].

e We will then restrict to the case where the QK manifold is a tree-level g-map space
(N, g) and discuss a distinguished set of holomorphic Darboux coordinates for
A, originally found in [NPVO7] via projective superspace arguments. In particular,
we wish to discuss why the distinguished Darboux coordinates for A are actually
holomorphic in the complex structure of Z. The reason this is not immediate is
because A is a holomorphic 1-form valued in a holomophic line bundle £ — Z, and
when discussing holomorphic Darboux coordinates for A one must also make sure
one is working in a holomorphic trivialization of £ — Z.

e Finally, since the (3n + 6)-dimensional group G from Sect. 3.4 acts by isometries
on (N, g7), it must lift to an action on (Z,Z, A, ) preserving the twistor space
structure [NT87]. In other words, the lift must act holomorphically, preserve the
contact distribution, and commute with . We end the section by discussing the lift
of G. In particular, this includes the explicit lift of S-duality that was described in
[APSV09,AP12], together with a lift of the L-action.

4.1. Review of the twistor space of a QK manifold. Let (N, g7) by a QK manifold
of dimension 4n with n > 2, and let Q — ‘N denote the associated quaternionic
structure, a parallel subbundle Q C End(T'N) admitting local trivializations (J1, J2, J3)
by skew-hermitian endomorphisms satisfying the quaternion relations. The twistor space
of (N, gx) is then defined as the sphere bundle ¢ : Z — N given by

Z,={JeQ,|J*=—1}, peN. 4.1)
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It is well known (see [Sal82]) that Z — N carries a canonical complex structure Z,
holomorphic contact structure A, and real structure 7 (i.e. an anti-holomorphic involution
of (Z, 7)) with certain compatibility properties. Furthermore, the fibers g ' p)=2 =
CP! are holomorphic submanifolds of (Z, 7), transverse to the contact distribution, and
having normal bundle O(1)®2". Conversely, by / a theorem due to LeBrun [LeB89], from
the previous data of (Z,Z, A, 7) and g : Z — N one can invert the twistor construction
and recover gz;.

On the other hand, the bundle of frames of Q — N determines a principal SO(3)-
bundle S — N. It is known that N := S x R.¢ — N carries a canonical pseudo-HK
structure (N , 8, I 1, fz, f3) known as the Swann bundle or HK cone (see [Swa91] and
[ACDM15, Section 1] for a review on the construction). In particular, the SO(3)-action
acts by isometries on (N , &), and rotates the complex structures fa; while the R ¢-action
due to the R. o-factor of N acts by homotheties on g. The twistor space of (Z,Z, A, T)
of (N, g7) can be described in terms of (N g, fl, fz, f3) as follows [Swa91,Hit13]:

e By fixing one of the complex structures, say 13, one obtains an SO(2) C SO(3)
action ﬁxmg I3, and C* = SO(2) x R.¢ acts holomorphically on (N 13) The
quotient (N Iz) /C* then gives (Z, 7), which is independent of the chosen 13

o Ifw, := g(]a—, —) denotes the Kihler forms of the pseudo-HK manifold (N , 8, I 1,
b, I3), then @ := &; +i®, gives a holomorphic symplectic form for (N, I3). If K-
denotes the generator of the previous holomorphic C*-action, then the complex
rank 2n distribution Ker(ig1.027)/K"0 — N descends to a holomorphic contact
distribution D on (Z, 7) defining the contact structure X as a holomorphic one-form
with values in a holomorphic line bundle £ — Z. It is given by the canonical
projection A : TZ — L =TZ/D.

e The real structure t descends from the anti-holomorphic action of I 1 on (N s f3).

4.2. The HK cone associated to an HK manifold with rotating circle action. Elaborating
on work of Haydys [Hay08], it was shown in [ACM 13] how to construct a conical pseudo-
HK manifold N of dimension 4 + 4 from a pseudo-HK manifold N of dimension 4n
with a rotating circle action. The manifold N was called the conification of N. In the
following we will mostly drop the prefix ‘pseudo’ for simplicity.

We start by describing the HK cone (N, 85> W) associated to an HK manifold
(N, gn, wy) with rotating circle action as explicitly as possible, following [ACM13].
If (N, g7 Q) denotes the QK manifold obtained from (N, gn, wy) via HK/QK cor-
respondence, then the HK cone associated to the HK manifold coincides with the HK
cone associated to the QK manifold, described in the previous section [ACDM15]. We
will then use this to describe the twistor space of the QK manifold in terms of the HK
manifold with rotating action.

Let us recall what the initial HK data for the HK/QK correspondence is:

e We require a pseudo-HK manifold (N, gy, wy) together with a vector field V on
N satisfying:
Lyw) = 2wy, Lywry=2w;, Lyw3=0. 4.2)

We assume that V is time-like or space-like, and that f : N — R is a non-vanishing
Hamiltonian for V, with respect to w3:

df = —yws . 4.3)
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We furthermore define

_en(v. V)

fr=f T (4.4)

and assume f3 is non-vanishing on N 3.
e We also need an S!-principal bundle 7 : P — N with connection 7, such that

1
dn =n"(w3 — Ed(lVgN))- (4.5)

Such a bundle turns out to be hyperholomorphic, in the sence that the curvature
¥ F = dn satisfies that F is of type (1, 1) with respect to I, fora = 1, 2, 3 (see for
example [Hit13]).

With this data, we construct the HK cone (1(7 s 8> @y ) as follows. We will use the
notations and construction of [ACM13].

Letting V denote the horizontal lift of V to P with respect to 1, and X p the funda-
mental vector field of P, we define

Vs:=V+ f3Xp, (4.6)

and the one forms on P (below we identify tensor fields on N with their pullbacks to
P)

1 1 1
03P = n+§LVgN, Glp = Etva)z, 6?2P = —ztva)l. 4.7

Notice that

do = n*wy, Lyin=0, Ly =0, Lyof =-20, Ly,6f =20].
(4.8)
Letting 6, := f‘le(f and (iy) = (i, j, k) for o = 1,2,3 denote the canonical

generators of the imaginary quaternions Im(H) C H; we consider the 1-form 6 €
Q!(P, Im(H)) given by

3
0 := Z Oni - (4.9)
a=1

Now let ¢ be the right-invariant Maurer-Cartan form on H* := H — {0}, so that for
q € H* we can write ¢ = dgq ~q_1 = @o + ZZ:I Ouly-If eg, e1, 2, e3 denote the right
invariant vector fields of H* coinciding with the canonical basis at ¢ = 1, we then have

@alep) = 8ap, a,b=0,1,2,3. (4.10)
We furthermore denote
Ad, :H — H, Ady(x) =qxq . (4.11)

3 The subscript for f3 is only to remember that it is built from a Hamiltonian of V with respect to w3.



864 V. Cortés, I. Tulli
Letting N :=H* x P, we can extend 0 to 6 € Q1(N, H) by setting
3
0="00+ ) Oaie =g +Ad(®). 4.12)
a=1

Furthermore, let @, € Qz(]’\7 ) be given by
o = d(|q1” f0a) . (4.13)

and let eg‘ denote the left-invariant vector field on H* which coincides with the canonical
basis vector e3 at ¢ = 1. Let V3L = eg‘ — V3 € I'(N, TN) and consider N the space of

integral curves of V3L together with the projection 7 : N — N.We assume that N is a
Hausdorff manifold. We then have:

Theorem 4.1 [ACM13, Theorem 2]. There is a pseudo-HK structure (g, fa) on N with
exact Kéhler forms @, € Q2(N) such that

T Dy = Dy - (4.14)
Furthermore, the position vector field &g on H* C H, &n(q) = g, projects to a vector
field & suchthat (N, g, &y, &) is a conical HK-manifold. In particular, the right-invariant
vector fields ey, for o = 1, 2, 3 descend to Killing vector fields J, &, generating a faithful
SO(3)-action on the three-dimensional space spanned by the two-forms g.

An explicit form for @, in terms of the HK data is given by [ACM13, Lemma 3]:
Do = 2|q|2f(<po AN Qo +9p A @y + 9o A (Adg8)o — 6o A o
+og A (Adg0), — ¢, A (Adﬁ),g) + |q|2(Adqa))a , (4.15)

where («, B, ) are in positive cyclic order.

4.2.1. The c-map case It is well known that QK manifolds in the image of the 1-loop
corrected c-map can be obtained by applying the HK/QK correspondence to a HK man-
ifold obtained via the rigid c-map [ACDMI15]. More precisely, if M is a CASK domain
and M is the associated PSK manifold, then the QK manifold obtained by applying the
1-loop corrected c-map to M can also be obtained by applying the rigid c-map to M, and
then the HK/QK correspondence, with the 1-loop parameter corresponding to a choice
of Hamiltonian f for the rotating vector field [ACDM15].

In this subsection we wish to recall the description of the HK-manifold associated to
a 1-loop corrected c-map space via HK/QK correspondence, and furthermore describe
the HK cone data associated to it. This will be used later when we describe the Darboux
coordinates for the contact structure of the QK twistor space. We will mostly use the
formulas from [CT22], with the corresponding instanton corrections set to O (i.e. setting
all BPS indices ©2(y) = 0 for all charges y).

Let (M, §) be aCASK domain of signature (2, 2n) (notice that this s, asin [CT22], the
opposite4 signature from Definition 2.4) and (N, gn, wy) the associated HK manifold (of
signature (4, 4n)) via the rigid c-map. Let Z fori = 0, ..., n be the natural holomorphic

4 To obtain the signature convention of Definition 2.4 it suffices to replace the holomorphic prepotential §
by —35.
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coordinates on the CASK domain M C C™! and let Z; := 3F/0Z' and T =
82F/0Z2'9Z7 . In the following, if v, w € R¥"*? where v = (v;, v'), w = (w;, w') and
i =0,1...,n;then we denote by (—, —) the symplectic pairing

(v, w) = viw' —viw;. 4.16)

By combining (4.16) with the wedge product, we can describe the HK manifold (N, gy,
wy) explicitly by [CT22, Section 2.4]:

! (d¢ Andt), “4.17)

o1 +iwy = —(dZ AdE), w3 = —(dZ NdZ) — —
2 4

where ¢ = (Z;, ') and Z = (Z;, Z'); while the metric gy is given by
gn = 2n(Im(2));;dZ'dZ’ + 2—(Im(r))” W,W;, Wi:=dg —1;d¢/, (4.18)
T

where gy = (Im(7));;d ZidZ' is the conical affine special Kihler metric. We remark
that W; differs from W; defined below (2.11) just in the convention of the signature of
the CASK metric defined by 7;; (i.e. with respect to (M, §) of signature (2, 2n) we have

W; = dz,- — (—tij)dgj). The rotating vector field V is given by
V= z(iz"azi —i7Z afi) , (4.19)

while if we denote by & the Euler vector field of the CASK manifold, and r :=
em(, &), then

f= 22 — ¢, fi= 2% — c, for ceR. (4.20)

On the other hand, the hyperholomorphic circle bundle (P, 1) associated to (N, gy,
Wy, V, f)isgivenby P = N X S with connection [CT22, Section 4]

1 T — 1
n=do — (¢ AdE)+-(Or? = or%) = Sy gw
f 4.21)
=do — — (¢ AdC) —nr?y
47
where we have set 77 := rizt J£8&m (note that in the present conventions V denotes the

V-horizontal lift of 2J&, not the horizontal lift of J& as in [CT22]).
The QK metric we obtain by doing HK/QK correspodence to the HK data (N, gn, wq,
V., f) with the hyperholomorphic bundle (P, 1) and taking
N:={(Z,¢,G,0)eP | Argz% =0) (4.22)

is given by [CT22, Equation 5.8]:

p+c p+2c 5 4(p +c¢) 1 c .~\2
S e P R A O P S TS Y
&N 0 &m 4(p +c)p? P ,02(p+2c)< T (€. d¢) 4 )
I oo 20040 N\
_%WZ<N - )W, (4.23)
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where p = f; 7' == Z'/Z° and ﬁij = Im(z;)), K = ﬁ,-jzizj, K = —log(K). In
particular, if we perform the rescaling

4 o 4 : :
p—>—p, 0> —, ¢c—> —c, " —> - (4.24)
b4 4 b4
we can write
p+c p+2c 2 (p+0) 2
= ot dp? + (d +(C,dE) — 4 dCIC)
= 0 ™ Gk v e O T AE T
1 ii 2(,0+C) _
——W-(N'/ Al J)W , 425
1, oK j (4.25)

matching (2. 11) Here we have used that ﬁij = Im(z;;) = Im(al.z/%) = %(—ZIm
(812] (=38))) = 5 Nij, taking into account that — is the prepotential for which the signa-
ture of (Im(ag( $))) is (2n, 2). Furthermore, setting ¢ = 0 we obtain

dp’ ! i 2 iz)\w 0
gM+4IO 64 2<d0+<{ d§>) - 4__le<N _EZZ )W] = 8FS »

(4.26)

8N =
matching (2.12).

4.3. The QK twistor space in terms of the HK cone. Let (N, &7 Q) be the QK space
obtained by applying the HK/QK correspondence to the data (N, gy, wy, V, f) and the
hyperholomorphic line bundle (7 : P — N, n) (see [ACDM15, Theorem 2]). In this
section, we use the description of the twistor space of (N, g¥» Q) in terms of the HK
cone given in Sect. 4.1, together with the description of the HK cone in terms of the
HK data (N, gy, wy, V, f) and (wr : P — N, n) from Sect. 4.2, in order to obtain a
description of the twistor space in terms of the HK data.

o The complex manifold (Z, 7): Let (1(7 s 8> @y ) be the HK cone associated to the
data (N, gn, wy, V, f),and (r : P — N, n). Furthermore, consider the previous
auxiliary space N = H* x P from Sect. 4.2, together with the projection 7 : N —> N.
Let go + gq1i + g2 + g3k € H*, and consider the complex coordinates z = go +ig3
andw = g1 +ig> on H* = C? \ {O} Recall that on N we have the commuting actions
generated by the vector fields V3 and e3. With respect to the complex coordinates
(z, w) we can write:

VE=ek — V3 =izd, —i70; — iwdy +iWdy — V3,
€3 =120, —iZ0z +1w0dy — Wy . 4.27)

For future reference, we note that e3L generates an S'-action on H* given by
Az, w) = (Az, Aw), (4.28)
while e3 generates the S'-action given by

A (z,w) = (Az, Aw). (4.29)
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Since [V3L, e3] = 0, we have that e3 descends to a vector field K on N , and by
[ACM13, Theorem 2] we have K = [3& and
Lxkl=0, Lxly=-2L, Lxl=2I. (4.30)

Furthermore, the § I_action on N admits a natural extension toa C*-action, and descends
to the quotient N.Itis easy to check that the C*-action on Nis generated by 5(ez+ieo).
From the fact that a vector field of type (1, 0) with respect to a complex structure J is
holomorphic if any only if its real part preserves J we obtain the following lemma.

Lemma 4.2. The vector field
1 .
K0 .= S (K —il;K) 4.31)

on N is I3 holomorphic. Furthermore, it generates an Ix- holomorphic C*-action on N,
descending from the C* -action generated by 5(e3+iep) on N.

The twistor space Z of N, together with its holomorphic structure is then obtained
by the holomorphic quotient (see for example [Hit13, Section 4]):

(2,1):= (N Ig)/(C (4.32)

K10 -

Even more, the function u = g(&, &£)/2 gives a moment map for the U(1)-action
generated by K, so (Z,Z) has a (pseudo)-Kéhler structure (gz, Z), induced from the
Kihler quotient

(2,Z,82) = (N, I3, 8)//U()k . (4.33)

e The holomorphic contact structure A: we consider the holomorphic symplectic
form on N in complex structure /3 given by

W=+ . (4.34)

To describe this holomorphic symplectic form as explicitly as possible, we consider
as before the complex_ coordmates z and w on the H* factor of N. We then have by
(4.13) and (4.14) that & € Q! (N C) defined by

= |q* £ (@) +i6)) (4.35)
satisfies

di=w =w)+ivy =7 . (4.36)

In terms of the coordinates z and w on the H* -factor of N , it follows from a straight-
forward computation using (4.12) that A can be written as

*= flzdw — wdz + (2> + w01 +i (22 — w0y — 2izwbs) 437
= f(zdw — wdz + 726+ + w20_ — 2izwbs) '

where 64 := 0] £ i6,.
Using that

VE = izd, —iZ0- — iwdy, + Wy — V — f3Xp, (4.38)
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one can easily check that
LVXLI = f(=2izw — 2izwb3(—V3)) =0

£V3L1“ = f(£V3L (zdw — wdz) + L1 (°02) + Lyr (w?6-) + £V3L(—2izw93)) =0

(4.39)
where we used that 83(V3) = 1 and (compare with equation (4.8))
Lyrz? =202, Lypw® = =2iw?, L6, = =2i6,,
£V3L9, = 2i6_, /JV3L93 =0. (4.40)
We conclude that & descends to a 1-form i € Q! (N , C) such that
Fh=% di=1. (4.41)

Lemma 4.3. The complex 1-form s fg—holomorphic. Furthermore, if R, denotes the

action by x € C* under the holomorphic C*-action on N generated by K0, we also
have
R*% = x%h. (4.42)

X

Proof. To show this, we recall from Lemma 4.2 that the vector field K 1.04s [ 3-holomorphic,
and that e3 projects to K . In particular, we conclude that ¢ g1.02 is a holomorphic 1-form

in complex structure /3 and
T g0 = TR D = 10,0 . (4.43)
On the other hand, using (4.36), (4.37) and (4.27), we find that
Loy @ = Logh — d(teyh) = 20k = 2T A (4.44)
It then follows that
Lgrodr = 2iA (4.45)

and hence that A is holomorphic in complex structure f3.
On the other hand, recall that %(e3 +1ieq) generates a C* -action on the H* -factor of

N acting by

(z, w) = (xz,xw). (4.46)
Using (4.37), we then find
R¥% = x%X. (4.47)

X

Finally, since R, descends to N , R, and T commute, so that

TR = R¥% = 7*(x*h) = R'A=x%%. (4.48)



S-Duality and the Universal Isometries of q-Map Spaces 869
Proposition 4.4. Consider the holomorphic line bundle
L:=NxxC— Z (4.49)

associated to the action x - z = x>z of C* on C. Then A descends to a holomorphic
sectionof T*ZQ L — Z (i.e a holomorphic 1-form on Z withvalues in L), and ) defines
a holomorphic contact distribution on Z matching the canonical contact structure of
the twistor space.

Proof. Notice that
FH10h = T KA = togh = logley (B /20) =0 = 1g10A=0.  (4.50)

so that A is vertical with respect to N > Z. By the transformation rule of X under the
C*-action from Lemma 4.3, we conclude that % descends to a holomorphic 1-form on
Z with values in L.

To see that A defines a holomorphic contact structure on Z, we note that if 2n =
dimc(N), then

-n

R A 1
AANdA = (2i)”+1LKI 0w A (Lgrow)" (2 )n+1 —— o™ 451

Since K -0 generates the C* -action from above, and (¢r )"*! gives a holomorphic volume
form on N, it follows that A A dA" descends to a non-degenerate holomorphic form on
Z, valued in £8@*+D Tt then follows that A defines a holomorphic contact structure on
Z. The fact that it matches the canonical contact structure on the twistor space follows
from the remarks at the end of Sect. 4.1. 0O

Remark 4.5. From the previous proof it follows that if L — Z is the canonical bundle
of Z, and K* the dual bundle, then £ = (I*)1/®*D (i.e. £ is an (n + 1)-root of K* with
respect to the tensor product of bundles).

For future reference, we remark that smooth sections of £ — Z can be identified
with smooth functions N — C homogeneous of degree 2 with respect to the action
generated by K. In turn, such functions can be identified with functions N — C which
are homogeneous of degree 2 with respect to the action of e3, and invariant under the
action of Vg A particular example of this is given by the function zw N > C,
which then defines a smooth section of £ — Z. Latter we will see that th1s section is
holomorphic.

e The real structure t: via the identification

(Z,7) = (N, 13)/(C (4.52)

KLO "

the real structure T on (£, 7) descends from the anti-holomorphic map I 1: (I\A/ I 3) —

(1\7 , f3). The fact that it descends to an involution comes from the fact that 12 =—1
acts as the identity on the quotient by the C*-action.
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4.3.1. Local expressions of the contact structure In the followmg, we sett == w/z.
From (4.37), we can then write the following expression for A € Q! (N C):

~ dt
%= f(T +170, — 2065 + t9_> zw. (4.53)

Each of the two factors in the above expression is invariant under the V3L—action. In

particular, zw descends to a function [zw] on N, homogeneous of degree two with
respect to the K 1.0_action, while

dr )
f(T +1710, — 205 + t9_> (4.54)

descends to a 1-form )AL() on N , invariant under the K !9-action. We can then locally
write

A =0 [zw]. (4.55)

Furthermore, since ):0 is invariant under the K !:%-action, it descends to a 1-form )
on the twistor space Z, while [zw] gives a section s of L — Z, being a function on N
homogeneous of degree 2 with respect to the K '%-action.

We can therefore locally write

A=2Xio-s. (4.56)

To describe Aq in local coordinates, it is enough to identify N with a submanifold of N
transverse to V3L, and pick local coordinates for the transverse submanifold. In particular,
if we pick coordinates of the form (z, w, x%) then we have

dr .
Aozf(TH 19+|1;,—2193|N+r9_|1<,)

i (4.57)
:f7+t—19f|ﬁ—2i93”|ﬁ+zef|ﬁ,

where the restrictions 6|5 and 9; |5 = fOuly only depend on the x“-coordinates.

We finish this section with the following useful lemma, which will be used to prove
that Darboux coordinates for A to be discussed in the next section, are actually holomor-
phic coordinates on the twistor space.

Lemma 4.6. The section s of L — Z is holomorphic. In particular, since X is a holo-
morphic section of T*Z @ L — Z, the 1-form Lo on Z must also be holomorphic.

Proof. We use the notation from [ACM13, Section 2]. In particular, we consider the real
codimension 1-distribution D @ E of TN and the endomorphisms I,of DOE — N

used to describe the complex structures I, on N. More specifically:
D = span{eg, eq, V, 1.V}, E = (span{V, T,V cT'P. (4.58)

where L inside T P is taken with respect to the metric of P given by

2 2 *
gp=—nN"+7gN, (4.59)
f3
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and W denotes the horizonal lift of a vector field with respect to 1.
Showing that s is holomorphic is equivalent to showing that [zw] is an /3-holomorphic
function on N, which in turn reduces to checking that

d(zw) = id(zw)|peE - (4.60)

We consider the frame (e, ey, ‘7170, VT/D’“ E;) as in [ACM13], where E; is a frame for E
and (eq, ex, Wo, W,,) a global frame for D. In [ACM13] it is shown that I, splits as

Iy = Zx|span{eo,ea} @ Zl'span{Wg,VT/&} @ I~a|E (4.61)

In particular, since d(zw) vanishes when evaluated on (Wo, VV&, E;), it is enough to
check that

(’I;kd(zw))(ea) =id(zw)(ey), a=0,1,2,3. (4.62)
This follows from the fact that
Leo) =es, Ti(es) = —eo, Tlen) =er, Ti(ea) = —er. (4.63)
together with the identities

d(zw)(eo) = 2zw, d(zw)(e3) = 2izw, d(zw)(er) = |z)* — |w|*,
d(zw)(er) = i(|z]* — |w?). (4.64)

It then follows that [zw] is a f3-h010m0rphic function on N , and hence that s is a
holomorphic section of L — Z. O

4.3.2. Darboux coordinates for the case of tree-level g-map spaces We now wish to
focus on the tree level g-map case, and describe A in the natural variables appearing in
the context of c-map metrics. We will also discuss certain Darboux coordinates for A,
first found in [NPVO7]. Our previous arguments (i.e. Proposition 4.4 and Lemma 4.6)
will allow us to show that they are actually holomorphic coordinates on (Z, 7).

LIn the following, we identify N with the following submanifold of N, transverse to
Vi

N:={Z.¢'.¢.o.q)e N | ArgZ) =0} =N xH* C N,  (4.65)

which then has coordinates (p, z¢, ;‘i, Ei» 0,7, w), where f = p = 27r% and 7% =
VANVAS
In this case, by Sects. 4.2.1 and (4.7) one finds that the 1-forms 6, on P satisfy:

6= —2(z.de), 0.=-~Z.ag) 6= - L ragy+
A A T

There formulas correspond to the conventions at the beginning of Sect. 4.2.1, where §
produces a CASK manifold of signature (2, 2n). In order to relate back to the conventions

of Sects. 2 and 3, corresponding to the QK metric (2.12), we perform the rescalings (4.24)
from Sect. 4.2.1

7. (4.66)

N =

p—> —p, 0 — i, ;" — —g" 4.67)
T 4
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and write everything in terms of the prepotential —§ producing a CASK manifold of sig-
nature (2n, 2) (in particular, we redefine Z; = 9§ and 7;; = 0,id,;§ from Sect. 4.2.1
by Z; := 0 (—3) and t;; := 9idz; (—§)), obtaining
6, = — T (Znde). 6. =—Znde). b5=C v L ranys
YT Ay C T T Ty SRR TY Ty
(4.68)
As we saw in Sect. 4.2.1, the rescalings (4.67) take the QK metric (4.23) obtained via
HK/QK correspondence to (2.12). In particular, after the scaling we have the relation
2 2
o= %h (t) = %e"c corresponding to the Mirror map. On the other hand, we now have
%,0 = 272 which implies p = 7TTle()|ze”C (here we have used that 72 = |Z0|26’K5 =

0,2 .
%e"c), so we find the relation

2 72
%e_lc = 12%%e* — 271Z2% = . (4.69)
Recall the definition of the vector Z = (Z°, ..., Z", Zy,....2n), Zi = —BZ,S(Z
., Z™).Henceinterms of the normalized central chargesZ =7/ ZO (Z%, Fi), where
= 7'/70 (in particular, z° = 1) and F; := F;(z°,...,7") = F(ZO,...,Z”) =
—8215(20, e, Z”)/ZO arehomogeneousofdegree Zero; andusingthatﬁIN = —%dCIC,
we can write
T ~ —_—
uly = g7 1Z.de), o-ly =Ty
o do . 1 < ) 1d¢K (4.70)
38 = 167 T 1es O T g
and hence,
dt T~ ) = do 1
o= 1(4 gy Far) - L))
o=1r ; 8ft( ¢) 8f< Z) l16f 16f€ dg)
4.71)

The claim, following [NPV07], is that one can obtain Darboux coordinates as follows:

Proposition 4.7. Let . € Q'(Z, L) be the holomorphic 1-form valued in L, deﬁnmg the
holomorphic contact structure of (Z,1). Then on the open subset Zy := N x (CP! —
{0,00}) € Z = N x CP!', we can write

A= %(da+(é,d§))~s= é(dm?,-dg" —EdE) - s, (4.72)
where
Si :é_i _%(I—l l+tZ)
E=% - %(rlm +7F)) (4.73)
i
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and s is the holomorphic section of L — Z given in Lemma 4.6. In particular, (£, El , Q)
are holomorphic coordinates on (Z,T).

Proof. We start by computing

gds' —&ldg; = (¢, d;>+—<t—1< 0y +1(Z, 1))
+%(—t‘ (Z,;)dt+(Z,§)dt)+8ifﬂ 4.74)

+’22< (dZ.¢)+1(dZ, ;>>—ﬂ<f‘<2 de)

+1(Z.dt)) — AfdK

where for the 8i f % and —4 fd°K terms we have used that the CASK relation F; = t,'jzj
implies

2 2 2 2
Ty . Ty5— A\dt T T dt
(- Fre+3T)T = (— FudT 2T )T

2 t 2
i ;i\ dt i 5 _x\dt
- (en) - (e
dt
=8if—.
t
and by using the relation d F; = rijdzi
.L,Z 7:2 .. . .
—ZzFid" — IF idz + —2dF 2+ —zdF = —Iz(iNijZszl — iNl'jZle])
2
T . 4.76
=_Z2 l'jZlZ]dCK )
= —4fdK

On the other hand, we find that

da =do — "2\ Z. o) 442, >)+—<t—2<z ) —(Z, )t
. . ; 4.77)
- 72(t_1<d2,§)+t<d2,§))— 7(t_1<Z,dC>+t<Z,d§)),
so we conclude that
do +&dE — E1dE; = fsz'fﬂ +do +(2,de) —itnn@t~(Z,de)
+1 (7 d¢)) —Afd°K
di v (4.78)

(
_ Zi(W + a7 (6d0) - Zd’fic)) .
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Hence,
1 ~ . o~
A= g(da +&dE' — E'dE) - 5. 4.79)
l

By Proposition 4.4 and Lemma 4.6 we know that A is a holomorphic section of T*Z ®
L — Z and s is a holomorphic section of £. Hence,

1 ~ o~
Mo = o-(da+ §dg' —£'dg;) (4.80)

is a holomorphic 1-form on the twistor space.
Now consider the (0, 1) vector

O +iToy (4.81)
and the (2, 0) form
d(do +&dE" — €1 dE;) = 2dE; A dE" . (4.82)
We then have
0 = d&; NdE (0 +iT0;) = d&' +iT*dE' = T*d&' =id§'. (4.83)

so that £/ is holomorphic. Similarly, we find that & is holomorphic. Finally, since £’ and
&; are holomorphic, and X is (1, 0), we conclude that « is also holomorphic. O

4.3.3. Darboux coordinates for the case of 1-loop corrected g-map spaces Once we
have figured the Darboux coordinates for the tree-level g-map case, we don’t have to
do much work to obtain the case with 1-loop corrections. Indeed, in terms of the HK
data (N, gn, wg, f, V) and (P, n) of the HK/QK correspondence from Sect. 4.2.1, the
1-loop parameter ¢ € R appears only in f via

f=2mr’—c. (4.84)
We can therefore write the local expression for the contact form A in (4.57) as

A=A c% .5, (4.85)

where A% is the contact form for the tree-level case from before. We therefore obtain the
following corollary from Proposition 4.7.

Corollary 4.8. Let A € Q(Z, L) be the holomorphic 1-form valued in L, defining the
holomorphic contact structure of (Z,T). Then on the open subset Zy :== N x (C —
R<p) CZ=N x CP!', we can write

1 -~ . o~
A= g(dot +&dEN —E'dE;) - s, (4.86)
where
Ei _ éhi . %(I—lzi +17')
=7 - %(t_lFi +iF)) (4.87)

iTz 1,5 = .
o0=0— T(I (Z,¢)+1t{Z,¢)) — 8iclog(t),
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log(t) uses the principal branch, and s is the holomorphic section of L — Z given in
Lemma 4.6. Furthermore, (é;‘ él, o) are holomorphic coordinates on (Z,1).

Remark 4.9. e We can of course change the branch cut and branch of the log(¢) and
obtain new holomorphic Darboux coordinates.
e By performing the coordinate change of fiber coordinate t — —i¢, we find that the
following are Darboux coordinates for A:

gh=0rl+ %(flzi —17")
E=C+ 2@—15 —Fy) (4.88)

Q=0+ 22( N7, ¢y —1(Z,¢)) — Siclog(t),

recovering the expressions found in the physics literature [AP12, Equation 2.13].

4.4. Lifting the universal isometries of tree-level g-map spaces to the twistor space.
Let (N, g7) be a tree-level g-map space with dimg(N) = 4n +4 (n > 1), and G the
(3n +6)-dimensional universal group of isometries discussed in Sect. 3.4.If (Z,Z, A, 1)
denotes the twistor space of (N, gw)- then it is known that the action of G must lift
canonically to an action on (£, Z, A, 7) preserving the twistor space structure [NT87]
(i.e. it acts holomorphically, preserves the contact structure, and commutes with 7). In
the following, we wish to explicitly describe the lifts of the universal isometries that
correspond to either an S-duality transformation, or to a an L-action transformation. For
the explicit description of the lift of the S-duality, we will follow the presciption given
in the physics literature [AP12].

To show that the explicit descriptions from below match the canonical lifts, we will
make use of the following lemma:

Lemma 4.10. If f is an automorphism of (Z,T, k., T) covering the identity map of N
with respect to the canonical projection Z — N, then f = Idz. Hence, if we have a
two lifts fi and f> of an isometry f of (N, gy) to (2,1, A, ) that preserve the twistor
structure, then f1 = f>.

Proof. Fix p € N and recall that the fibers Z pof Z — N are holomorphic submanifolds
of (Z,7) with Z, = CP! [Sal82, Section 4]. Using that f is holomorphic and fiber-
preserving to conclude that it preserves the sphere Z, and acts on it as an element
of PSL(2, C), which is the group of holomorphic automorphisms of CP!. Since it
furthermore commutes with the antipodal map | z, we conclude thatit acts as an element
of PSU(2). That element is induced by an element of SO (3) actingon Q, = R3>Z p =
S2, where Q — N denotes the quaternionic structure of N. Therefore it has a fixed point
A € Z,. Using the horizontal lift with respect to the contact distribution determined by
A, we can connect A to any element B € Z by a horizontal curve (this follows from the
fact that the holonomy group of any QK manifold contains Sp(1) = SU(2)). That curve
is the unique horizontal lift & of a curve ¢ in N from p to ¢ = 7 (B) with initial condition
A. Now since f preserves the contact distribution, it follows that it maps ¢ to another
horizontal lift of the same curve ¢ with the same initial condition, since f(A) = A. So
f acts as identity on ¢ and hence f(B) = B. O
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From Lemma 4.10 it follows that the lifts that will be discussed below coincide with
the canonical lifts. We start by discussing the lift of the S-duality action, previously
found in [APSV09,AP12].

The Darboux coordinates (4.73) found before match precisely the Darboux coordi-
nates from [APSV09,AP12], provided we scale the fiber coordinate by

t— —it. (4.89)
Indeed after such a scaling, we get
éi = {i + %(r‘lzi — 17
~ ~ ‘L’2 1 J—
§i=¢i+ ?(t Fi —tFj) (4.90)
. 1,5 =
a=0—+3(t (Z7§>_t(zﬂé‘>)7

matching [AP12, Equation 2.13] (without the 1-loop correction term for «, since we are
on the tree-level case).
We can now apply the lift of the S-duality action on the twistor space found in [AP12]:

Definition 4.11. With respect to the (smooth) splitting Z = N x CP!, the lift of

the S-duality action is such that on the ¢-variable of the CP!-fiber over (r = 71 +

i, b%, 1%, ¢, co, cq, W) we have that (CCI Z) € SL(2, R) acts as

4.91)

ab t._C‘L’2+(C‘L'1+d+|C‘L'+d|)t
cd ety +d+ct+d| —ctot

This defines a global lift of the S-duality action (see Remark 4.12 below). We furthermore
remark that the SL(2, R) transformations generated by X, and by X}, (i.e. producing an
SL(2, R) transformation with ¢ = 0) act trivially on 7, and hence leave the twistor fiber
invariant. In other words, the complexity of the transformation (4.91) is only due to the
“hidden" symmetry generated by X ;.

Remark 4.12. To check that the lift (4.91) actually defines an action of SL(2, R) it is
convenient to follow the suggested Cayley transform of [AP12, Equation 3.5 and 3.6]
on the #-coordinate given by

t+i 1+
= l., =—i < . (4.92)
t—1i 1—z
Under the new fiber coordinate z, we have that (4.91) is now
ab cT+d
= —2Z. 4.93
(cd> el (*99)

It is then straightforward to check that (4.91) actually defines a lift of the SL(2, R)-action
to Z.

Proposition 4.13 [APSV09,AP12]. The lift of S-duality to the twistor space defined
by (4.91) defines a holomorphic lift of S-duality to the twistor space. Furthermore, it
preserves the holomorphic contact distribution and the real structure. In particular, it
must coincide with the canonical lift of S-duality to the twistor space.
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Proof. On the holomorphic coordinates (£, ’5,-, «) on the twistor space the element

(" b ) € SL(2, R) acts as follows [APSV09, AP12]:

d
RN LAV (RN S S G
0+ d $0+d’ @7 ST e+ )
% d —c\ (% c?/(cg” +d)
(a)_) (—b a)\a)” "“bcg 5\ _L2(ag® + by + 20160+ )
(4.94)
where « is related to the previous coordinate « via @ = —2a — &' él In particular, in the
(&, él, a) coordinates we have that
~ . L~ 1 .~
»= —.(doe +EdE —£'dE) s = — - (dT+EdE) -5 (4.95)

To check the transformation rule (4.94), it is enough to compute the infinitesimal
action of S-duality on (&, & , @) and see that it matches the infinitesimal version of (4.94).

The above transformation rule shows that the action of (c Z) on Z is holomorphic away
from the divisor D C Z given by
={peZ|s(p=0U{pecZ|ct’+d=0}, (4.96)
where we remark that {p € Z | s(p) = 0} = ({0} x N) U ({oo} x N).
Since the action of i Z is globally defined and continuous on Z, and the divisor

D is defined by the zero sets of the holomorphic section s and the holomorphic function
c&% + d, it follows by the Riemann removable singularity theorem that the action is

holomorphic on all of Z. Furthermore, under the action of <CCZ 2) given in (4.94) one
can check that
(da +E'dE) — (da +E'dE) ) (cE + d) . (4.97)

so that in particular the contact distribution is preserved away from D. By continuity of
A it must then be preserved on all of Z.

To check that the lift is compatible with the real structure, it is enough to check that
(4.91) commutes with the antipodal map t — —1/7. Indeed, we have

- —_—1
ab 1 crzt—(crl+d+|cr+d|) [ ab ]
A =2)= — = -t . 4.98
(Cd) ( t) (cti+d +|cTt +d))T +cma cd (4.98)
It then follow from Lemma 4.10 that the lift of S-duality given by (4.91) coincides
with the canonical lift. O

We now discuss how to holomorphically lift the universal isometries of (N, &w)
corresponding to the L-action, to its twistor space. These turns out to be simpler that the
S-duality case from before, and the transformation rules of the holomorphic Darboux
coordinates (§', Sl , &) from Sect. 4.3.2 turn out to have a very appealing relation to the
transformation rules of the variables (¢*, {l, o), as we will see below in Proposition
4.15.
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Definition 4.14. We define a lift of the action of L on N to Z = N x CP! by declaring
that it should act trivially on the CP! fiber.

Notice that the previous definition is consistent with the lift of S-duality, since the
lift of S-duality is such that the SL(2, R) transformations contained in L (i.e. those
generated by X, and X},) also leave invariant the twistor fiber.

Proposition 4.15. The lift of the L-action to Z is holomorphic, preserves the contact
distribution and commutes with the real structure. Furthermore, it acts on the holomor-
phic Darboux coordinates (§', i é;, a) with the same transformation rules of (¢, {,, o)
under the correspondence {' <> &', ¢; <> %‘,, o <.

Proof. Let us first focus on Ly = Iwa(SU (1, n +2)) = Roo x R¥"*2 x R and denote
an element of Ly by (r, 1, k) € Roo x R2*2 x R, where we have used the short-hand
notation n = (7;, n'). We then recall that the action of (r, , k) on a point (z, p, {,0) €
M x Roo x R x R = N is given by

r, 0, 6) (2, 0,8,0) = (2,7, NTE + 1,70 + /T (8, n) +) . (4.99)

In particular, due to the relation p = 'L’zzh(t) /2 we find that 1) — /r7 under the
previous transformation.
We then find that under the action of (r, n, k)

=04+ z(t_lzi — 17 — Jret+ +ﬁ2(t—lzi i3y = JrE 4y
E:—(ﬁ—(fl —tF)—>«/JE,+n,+«/_—(t Fi —(Fi) = Jrei +7;
a=o+ 202 o)~ 1Z.e) — r(o+—(r—1<z &) —1(Z.¢))
+ ﬁ((; + E(z—lz —12), n)) +K
(4.100)
or in more abbreviated notation
(0. 10) - (6. 0) = (VFE 41,7+ F(E ) +6) (4.101)

Notice that (4.101) matches the action of (r, n, k) on (¢, o) under the replacement
¢t £ ¢ < &, 0 < . Furthermore, (4.101) show that the lift of L, is holomorphic
away from the divisor:

—{peZ|s(p)=0}. (4.102)

Since the lift extends continuously to a global lift to Z, it must then be holomorphic on
all of Z.
On the other hand, we have that under the action of (r, n, k)

do+ (&, dE) —rda+/r{d&, n) +r(E,d&) +/r(n, d§)

(4.103)
=r(da+{§,dE)),

so that the contact distribution is preserved on Z — D. By continuity of A, it must then
be preserved on all of Z.
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We now focus on the action of L1 = R.¢ x R” generated by the trivial lift of the
vector fields D; and V“. Recall that the R. g-factor acts via

A2 0,22 2% 00, Car o) = (A29, p, A0 AT V204 03280, A2, 0)
(4.104)

so the relation p = 'L’zzh(t) /2 implies that 7o — A 73/275. One then easily checks that
b (€08 80, 8av ) = (W20 0712 00,0 P ) (4.105)

matching the previous transformation rule for ({i, E, o). On the other hand, recall that
the R”-factor of L acts via

b b + v
14 14
o o
¢ °
vl e = (0 4 {0y (4.106)
%o S+ %@bcv“vbvcio + Shapcv 0?5 — o0
Sa Ca — %gokabcvbvc - kabcvbgc

Q

o

By a straightforward, but slightly tedious computation, one can show that the lifted
action acts on (¢', &, ) via

50 5"
ia B s-a +€Ova B
v-lé | =%+ %kjbcv“vbvcéo + %kabcv”vbé‘;" — & (4.107)
€ §a — %Sokabcvbvc - kabcvbsc
o o

matching the previous action on ({i, E, o).

Formulas (4.105) and (4.107) show that the lift is holomorphic on Z — D, and by the
same argument as before, we then get that they must be holomorphic on all of Z.

Furthermore, one can check that the action of L leaves the form da+(&, d&) invariant,
so that the contact distribution is preserved on Z — D. As before, continuity of A then
implies that the contact distribution must be preserved on all of Z.

Finally, the fact that the lift of L preserves the real structure follows trivially from the
fact that it leaves the twistor fibers invariant. We then conclude that lift of the L-action
coincides with the canonical lift of the L-action to the twistor space. O

5. Outlook for the Cases with Quantum Corrections

In this final section, we go back to the string theory setting, and summarize which
quantum corrections of the tree-level g-map metric of Mg‘f/[ (X) are known or expected
to preserve the S-duality SL(2, Z)-action by isometries (see for example [AP12]). Along
the way, we mention how a similar “S-duality" action by isometries can be conjectured
to hold for certain QK metrics, which are formulated in a setting independent of string
theory.

The type of quantum corrections that M{}E’/I (X) receives is divided into the following

types (see the review [Alel3, Section 1.2.3] and the references therein for more details):
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e o’-corrections: these modify the form of the prepotential (2.7) to

% = Scl +§w‘s (51)

where §¢ matches (2.7) and §,, 5 is the term containing the effects of perturbative
o’-corrections and world-sheet-instanton corrections. If x (X) is the Euler number of
the Calabi—Yau three-fold X; Lis(x) denotes the polylogarithm functions; ng,o) e Z
denote the genus-0 Gopakumar-Vafa invariant associated to y € H»(X, Z); and
Hy (X, Z) denotes the set of non-zero combinations of the form ¢,y for g, € Zx
and {y“} a given basis of Hy(X, Z), then §, s is given by (see [Alel3, Equation
1.28])

Sw.s. = x(X)

t3)(Z%* (2% 3

20273 (2wi)3
(27i) (27i) Y=qay“€H; (X.Z)

n;")Lg(eZ”iqaZ“/Z”), (5.2)

where ¢ (x) denotes the Riemann zeta function, and (ZO, Z% witha =1,2...,n
denote the special holomorphic coordinates. The first term in (5.4) corresponds to the
perturbative a’-correction, while the last term gives the contribution due to world-
sheet instantons. We remark that due to the particular form of the correction §y s,
the metric is no longer in the image of the g-map.
These types of corrections break the continuous SL(2, R) of isometries that was found
for the tree-level q-map metric, in particular the ones corresponding to the generators
X and X},. Furthermore, it can be shown that the discrete group SL(2, Z) C SL(2, R)
does not survive these corrections either [BGHLO0O, Section 4.4], so S-duality is broken
when one includes «’-corrections.

The previous statements can be easily abstracted to a string theory-independent setting
via the use of mutually local variations of BPS structures (see the beginning of [CT22,
Section 3] for areview of this notion). More precisely, consider a CASK domain specified
by (M, §.1) where dimc (M) = n+ 1 and § has the form (2.7) (i.e. the CASK manifold
associated to a PSK manifold in the image of the r-map). One can define a natural (trivial)
rank 2n + 2 lattice ' — M spanned by y' := Re(d;i) and y; := —Im(dz,), where VA
are the canonical holomorphic coordinates of M and Z; := 9§¢/0 Z!. Furthermore, a
canonical central charge describing the CASK geometry is given by Z ;i := Z' and
Zy; = Z;.To this data we can attach numbers £2(y) € Z with y € I" such that the tuple
(M, Z, T, Q) satisfies the conditions of a variation of BPS structures. We will assume
that if Q(y) # O then y € spanZ{yi}, where i = 0,1, ...,n, so that the variation
of BPS structures is mutually local. Furthermore, letting A* := Spang_ {y“} — {0},
we assume that the BPS indices have the following structure (compare with [AMPP15,
equation (4.5)])

Q(qo0v°) = x
Qqoy° +qay®) = Qgay®) forgay® € AT or —gay® € A* (5.3)
Q(y) =0 else.

This particular structure is important for having the S-duality SL(2, Z) isometries, when

also including mutually local D-instanton corrections (see the next point).
One can then define the modified prepotential § = §¢ + Sw.s as follows:

z%* (29?2 3

"X oxi} T @2ri)

Fus. = Q(y)Lis(e¥"i9aZ12% (5.4)

y=qay®€A*
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If § = §e1 + Sw.s defines a CASK domain on My C M, then we can consider the
QK metric obtained via the tree-level c-map as the metric containing the analog of the
a’-corrections from before. These kind of metrics are then not expected to have the
SL(2, R) (or SL(2, Z)) of isometries, acting via the S-duality action that was found for
the corresponding tree-level g-map metric.

e gg-corrections: perturbatively in the string coupling g, the metric only gets 1-loop
corrections which corresponds to taking ¢ = x(X)/192n for the c-map construction.
Hence, the «’ and 1-loop gs-corrections give a metric within the class of (I1-loop cor-
rected) c-map metrics. On the other hand, the non-perturbative g;-corrections are divided
in the so-called D-instanton corrections (which in Type IIB string theory are themselves
divided into D(-1), D1, D3, and D5 corrections) and NS5-instanton corrections. These
corrections take the metric outside the class of c-map metrics.

While the inclusion of the full non-perturbative quantum corrections is not well under-
stood, the inclusion of the D-instanton corrections was described in the physics literature
[APSV09], by using the twistor space formulation of QK metrics. However, a mathe-
matical treatment dealing with the issues of domains of definition of the metric and its
signature has not been given yet. On the other hand, if one considers only the case with
D(-1) and D1 instanton corrections, one lands in the case of the so-called mutually-local
instanton corrections, which is better mathematically understood. A mathematical treat-
ment of such mutually-local instanton-corrected QK metrics was given in [CT22] (see
also [AB15] for a treatment from the physics literature using twistor methods).

While the o’ and 1-loop g,-corrections break the S-duality isometries, it has been
shown in the physics literature that these are restored if one adds: either the D(-1)
and D1 instanton corrections [AS09,AP12]; or D(-1), D1 and D3 corrections [AMP13,
ABMP16,ABMP18,AP19]. Furthermore, S-duality is also expected to act by isome-
tries when all the non-perturbative corrections are included. In a follow up work, the
authors intend to do a mathematical treatment of S-duality for the case of mutually local
D-instanton corrections, inspired by the work of [AS09, AP12]. More precisely, the start-
ing point would be a CASK geometry associated to a mutually local variation of BPS
structures of the form given in (5.3), with holomorphic prepotential § = F¢] + Sw.s- By
applying the construction of [CT22], one then obtains an “instanton corrected" QK met-
ric. This instanton corrected QK metric would be the analog of the metric of Mglﬁ,l (X)
with o’-corrections, 1-loop, and D(-1), D1 instanton corrections, and the expectation is
that such a metric carries an S-duality SL(2, Z)-action by isometries.
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A. Computation of the Infinitesimal S-Duality Action in Type ITA Variables
In this appendix we do the required computation of Proposition 3.6. Namely we wish to
show that

X, = azo + E() 0o

Xy =Qpht)™" = (¢°))d.0 + 2ph(t)"'b* — £%¢“)da

kabc kabc

. . 1 i~

+ =00 = 2P ph (), + (50 + ¢ T +
+ %30 + (£°6" — ¢Mdpe — ¢p0),

babb c babbbc 0 0 - .

2§ - 6§)>_%(G_Ml)

ph(t)~' b bc)a;:o

+[20n07 (= % = 6% — kane
k
+ =2 gechye o,
Xp = 2¢%,0 + 900 — Gody, + 006 + pd), — 100 — b O
(A1)

using the relation

AMTelpgo1 () = Xelps dMTplpgo1() = Xplps dMTnlpg10p) = Xnlp

(A.2)
together with the formula for the infinitesimal mirror map:
‘L’zeilC
d./\/l(afz) = 8 3p, dM(a[a) = —,Oatalcap + 0sa

kabe b kabe bic
AM(Br) = B0+ b0 — “T0"B0, + <25 B,
Kabe
+< — o — cgb + %babbcc) 0y
1 I 1
dM(@pe) = 0y + 7100 + kape (56 = 116 )35, +kape (= 56" + 50067 ),

+< ey +kabc(rlb3bcc B cb6cc))a(7
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kabe . kab kab kabe )
dM(3pa) = —0a + azcb‘azb — %Cbbbcazo + (ca - C;Cbbcc + %bbb‘rl)a(,
dM(0.,) =9, + %0y, dM(0cy) = 0, — T10o, dM(dy) = =20, , (A.3)
and the formula for Y., Y and Y}, obtained in Lemma 3.5:
Yo = 3 + b99ca — cody
Y= (15 — 1)y — 2111205, + 11180 + T dpa — Y, (A4)
Yy = 27107 + 21207, — 1990 — b Opa + ¢ dea — ey + Yoy

We start computing X,:

Kab Kab Kab
Xe = 0,0+ b9 — "sz”bfaga + %b"bbbcago + ( —co — cab” + %b%”&)aﬂ
k k k k
b (= o + T, — b g, + (ca - Tobe+ “Tbcbbb”n)aa)
+2¢00, (A.5)
kabe apb c kabe apbyc
= g0+ (0 =~ P + S BT )2y

= 3,0 + L00q

where in the last equality we have used the formula for the mirror map (3.1).
The next easiest to compute is X, where we obtain:

k k

X = 211 (90 -+ b0 — <0060, + =2 p b b,

(= co—cab®+ ””Cbabb )a, )

+4p0, — 1 (= p0jukC, + 00 ) — co (3, — 710 ) — 200,

ka

k k
%bbbcazo + (ca — “3”“ pbet 4+ 24

b
6Cbbbc )aa)
>

Lo . Lyl
= b [0 + 71000 + ke (56 = 116 )35, + kave (= 367+ 5060 )

0
rbbec  cbet
+<—Ca‘l,'1 +kabc< 3 — 6 ))30]

= 20200 + 090 — C003, + 005 + By — 1400 — b Bpa

kabc
5 0%

+c“<—8;a+

(A.6)

where as before, in the last equality we have grouped the components together and used
the mirror map 3.1. In the first equality, we have furthermore used that p = 75 2h(t))2 =

tzze_’C /16 for the d,-component.
Finally, the expression for X s gives:

Kabe yppeq . Kabe papbyes
2 ¢ 6 §

Xp = (3 —o))(90 + 500 —

+ (— co — cab* + %b"bbc‘)&,)
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‘L’zeflC

0y + 711 (= pdha kO, + 000 ) — v (9, — 710, )

I I I
"0 + w10+ Kane (56 = T1b )3, +kape (= 36"+ 3670 )

%o
bl cbet
+(_Caf1+kabc( 3 - 6 ))80]
= 2oh(1) ™" = (€"?)d,0 + ph (D)~ — 25 ")dca
# 2 b i pny i,
(%(a + 01T 4 Kabe ph(t)*lb“b"bC)a;O + %900
+ (¢ — ¢Yope — ¢ pd,
- - babb c babbbc 0
[2ph(t)7l(_§()_ba§a_kabc( 2§ - 6 { ))
g—O g kabc aeb.c
- S =T+ = o, (A7)

where in the last equality we have used again the Mirror map (3.1) and organized the
terms by components.
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