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Abstract: Critical intermittency stands for a type of intermittent dynamics in iterated
function systems, caused by an interplay of a superstable fixed point and a repelling
fixed point. We consider critical intermittency for iterated function systems of interval
maps and demonstrate the existence of a phase transition when varying probabilities,
where the absolutely continuous stationary measure changes between finite and infinite.
We discuss further properties of this stationary measure and show that its density is not
in L7 for any ¢ > 1. This provides a theory of critical intermittency alongside the theory
for the well studied Manneville-Pomeau maps, where the intermittency is caused by a
neutral fixed point.

1. Introduction

Intermittency refers to the behaviour of a dynamical system that alternates between
long periods of exhibiting one out of several types of dynamical characteristics. In their
seminal paper [36] Manneville and Pomeau investigated intermittency in the context of
transitions to turbulence in convective fluids, see also [12,29], and distinguished several
different types of intermittency. An illustrative example of a one-dimensional map with
intermittent behaviour is the Manneville—Pomeau map

T:[0,1] = [0, 1], x > x +x** (mod 1)

for some o > 0. The source of intermittency for this map is the presence of a neutral
fixed point at the origin, which causes orbits to spend long periods of time close to zero,
while behaving chaotically once they escape.

The dynamics of the Manneville—-Pomeau map and similar maps with a single neutral
fixed point have been extensively studied over the past decades. It is known for example
that such maps admit an absolutely continuous invariant measure (acim) and that their
statistical properties are determined by the characteristics of the fixed point. See [10,11,
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18,20,21,28,34,39] for results on Manneville-Pomeau type maps, and [16,23,35,37,40]
for other related results on one-dimensional systems with neutral fixed points.

Intermittency caused by neutral fixed points was also studied in random dynamical
systems, see e.g. [6-9,24,25]. These results show that a random dynamical system, built
as a mixture of ‘good’ maps with finite acim’s and ‘bad’ maps with slower mixing rates
or without finite acim’s, inherit ergodic properties typical for the ‘good’ maps: e.g., the
random systems still admit a unique finite acim. On the other hand, it is clear that in
the random mixture of good and bad maps, the presence of bad maps should be visible
in the properties of the acim. In [25] it was shown that in the random system built
using the ‘good’ Gauss and ‘bad’ Rényi continued fractions maps, the density of the
acim is provably less smooth than the invariant density of the Gauss map. This loss of
smoothness is an interesting new phenomenon, which deserves further study.

The topic of the present paper is another type of intermittency observed in random
dynamical systems: the so-called critical intermittency introduced recently in [2,22]. To
illustrate the concept, consider the Markov process generated by random applications
of one of the two logistic maps 7T>(x) = 2x(1 — x) and T4(x) = 4x(1 — x): for each n,
independently

P T>(x,), with prob. ps,
"I ) Ty (x,),  with prob. ps =1 — py.

The dynamics of these two maps individually is quite different: 74 exhibits chaotic
behaviour and admits an ergodic absolutely continuous invariant probability measure,
while 73 has % as a superattracting fixed point with (0, 1) as its basin of attraction.
Under random compositions of 7> and 74 the typical behaviour is the following: orbits
are quickly attracted to % by applications of 75 and are then repelled first close to 1 and
then close to O by one application of 74 followed by an application of either 7> or 7j.
Since 0 is a repelling fixed point for both maps, orbits then leave a neighbourhood of 0
after a number of time steps, see Fig. 1. This pattern occurs infinitely often in typical
random orbits and is the result of the interplay between the exponential divergence from
0 under 7> and T4 and the superexponential convergence to % under 75. Figure 2c shows
an orbit under random compositions of 7> and 74 as well as an orbit of a point under
a Manneville—Pomeau map in (a) and a random orbit under compositions of the Gauss
and Rényi maps in (b).

The dynamical behaviour of random compositions of the two logistic maps 7> and
Tx was studied in [2,4,5,15,22] among others. In [2,22] the authors investigated the
existence and finiteness of absolutely continuous invariant measures for this random
system and for iterated function systems consisting of rational maps on the Riemann
sphere. One particular result from [2] states that the random dynamical system generated
by i.i.d. compositions of 7> and T4 chosen with probabilities p> and ps = 1 — p, admits
an absolutely continuous invariant measure that is o -finite on the interval [0, 1] and that
is infinite in case p; > % An interesting question that was left open in [2] is whether

for pr < % this measure is infinite or finite.

In this article we answer this question. We consider a large family of random interval
maps with critical intermittency that includes the random combination of 7> and 7j.
The systems we consider consist of i.i.d. compositions of a finite number of maps of
two types: bad maps which share a superattracting fixed point and good maps that map
the superattacting fixed point onto a common repelling fixed point. To be precise, the
families of maps we consider are defined as follows.
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Fig. 1. Critical intermittency in the random system of logistic maps 75, 74. The dashed line indicates part of
a random orbit of x

Throughout the text we fix a point ¢ € (0, 1) that will represent the single critical
point of our maps, both good and bad.
A map T, : [0, 1] — [0, 1] is in the class of good maps, denoted by &, if

(G1) Tglo,c) and Tg|(c,1) are c? diffeomorphisms onto (0, 1) and 7, ({0, ¢, 1}) < {0, 1};

(G2) T, has non-positive Schwarzian derivative on [0, ¢) and (c, 1];

(G3) to T, we can associate three constants ¢ > 1,0 < K, < 1 and M, > r, such
that

Kglx — ™! < [DTo(x)| < Mglx — ™1 (1.1)
(G4) we have [DT,(0)], |DT,(1)| > 1.

These conditions imply in particular that at least one of the maps Tgl[0,c] or Tgl(c,1
is continuous, and that both branches of T, are strictly monotone. Note also that the
conditions K, < 1 and M, > r, are superfluous, since we can always choose a smaller
constant K and larger constant M to satisfy (1.1), but we need these specific bounds in
our estimates later. The critical point c is mapped to either O or 1 under each of the good
maps and both 0 and 1 are (eventually) fixed points or periodic points (with period 2) by
(G1) that are repelling by (G4). Examples include the doubling map and any surjective
unimodal map, see Fig. 3a and b.

The choice of conditions (G1)-(G4) is based on two factors: firstly, these conditions
incorporate the most important properties of the ‘good’ logistic map T4 (x) = 4x(1 —x),
which is the primary motivating example for this work, and secondly, the techniques
used in this paper are motivated by the work of Nowicki and Van Strien [32] where
the following result has been proven. Throughout the text we let A denote the one-
dimensional Lebesgue measure.

Theorem 1.1. SupposethatT : [0, 1] — [0, 1]isunimodal, C 3 has negative Schwarzian
derivative and that the critical point of T is of order r > 1. Moreover assume that the
growth rate of |DT" (c1)|, c1 = T (¢), is so fast that

S D en] V" < . (1.2)
n=0
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Fig. 2. Intermittent behaviour of orbits of a a single Manneville-Pomeau map with « = 1.5, b a random
mixture of the Gauss and Rényi continued fractions maps where the Gauss map is chosen with probability
p = 0.1 and ¢ a random mixture of the logistic maps 7, and 74 where the map 7} is chosen with probability
p=0.6
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Fig. 3. Four maps with critical point ¢ = % a and b Show two good maps, while in ¢ and d we see the graphs

of two bad maps

Then T has a unique absolutely continuous invariant probability measure [ which is
ergodic and of positive entropy. Furthermore, there exists a positive constant K such
that

w(A) < Ka(A)T, (1.3)

for any measurable set A C (0, 1). Finally, the density p = Z—‘A‘ of the measure | with
respect to A is an L™~ -function where t = r/(r — 1) and L'~ = (<, L' and

L'={pelL' :fo1 lpl'dr < oo}

Formally this result is not immediately applicable to the good maps we introduced.
The difference, however, is not principal and the conclusion remains exactly the same,
the main reason being that the conditions (G1) and (G4) imply the growth rate (1.2), and
hence any good map admits a unique probability acim.

A map Tp : [0, 1] — [0, 1] is in the class of bad maps, denoted by B, if
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(B1) Typl0,c) and Tp|(,1) are C?3 diffeomorphisms onto (0, ¢) or (¢, 1), T ({0, 1}) C
{0, 1} and Ty (c) = c;

(B2) Tp has non-positive Schwarzian derivative on [0, ¢) and (c, 1];

(B3) to T, we can associate three constants £, > 1,0 < K, < 1 and M, > £} such
that

Kplx — |71 < |DTy(x)| < Mplx — |71, (1.4)
(B4) we have |DT(0)|, |[DT(1)| > 1.

In particular (B1) implies that T}, is continuous, and that 7}, strictly monotone on the
intervals [0, c] and [c, 1]. In contrast to (G3), note that in (B3) we have assumed that £;,
is not equal to one. This means that DT (c) = 0, so ¢ is a superattracting fixed point
for each bad map. An immediate consequence of the presence of a globally attracting
fixed point at ¢ is that the only finite invariant measures are linear combinations of Dirac
measures at 0, ¢, and 1. For examples, see Fig. 3c and d.

The random systems we consider in this article are the following. Let 71, ..., Ty €
& U B be a finite collection of good and bad maps. Write g ={1 < j < N : T; € &}
and Xp = {1 < j < N : T; € B} for the index sets of the good and bad maps
respectively and assume that X, X5 # . Write ¥ = {1,..., N} = ¥g U Xp. The
skew product transformation or random map F is defined by

F:2Nx10,11 - =N % [0,1], (@, x) = (0w, Ty, (x)), (1.5)

where o denotes the left shift on sequences in XN, Let p = (p j)jex be a probability
vector representing the probabilities with which we choose the maps 7, j € X. We will
consider measures of the form IP x up, where IP is the p-Bernoulli measure on >N and
up is a Borel measure on [0, 1] absolutely continuous with respect to A and satisfying

> pj/,Lp(Tj_lA) = jup(A),  forall Borel sets A [0, 1]. (1.6)
JEX
In this case P x ftp is an invariant measure for F* and we say that u, is a stationary

measure for /. We also say that a stationary measure (i is ergodic for F if P x pup is
ergodic for F. Our main results are the following.

Theorem 1.2. Let {T; : j € X} be as above and p = (pj) jex a positive probability
vector.

(1) There exists a unique (up to scalar multiplication) stationary o -finite measure [ip
for F that is absolutely continuous with respect to the one-dimensional Lebesgue
measure A. Moreover, this measure is ergodic.

. dup . . . .

(2) The density % is bounded away from zero, is locally Lipschitz on (0, ¢) and (c, 1)
and is not in L1 for any g > 1.

We call the measure pp from Theorem 1.2 an acs measure.

Theorem 1.3. Let {T; : j € X} be as above and p = (p;) jex a positive probability
vector. Let 1y be the unique acs measure from Theorem 1.2. Set 0 = Zbe)jg pblp. Then
Wp is finite if and only if 6 < 1. In this case, there exists a constant C > 0 such that

oo
Hp(A) < C - Y 05 A(A) s (L.7)
k=0
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for any Borel set A C [0, 1], where rmax = max{rg : g € X} and lpax = max{{ :
b e Xp}.

As we shall see in (4.12) the bound in (1.7) can be improved by not bounding
mixtures {pry = l—[f.‘=1 €y, 74 by their maximal value €X_ rmay, but this improvement
does not change the qualitative behaviour of the bound.

It will become clear that the density dd# in Theorem 1.2 blows up to infinity at the

points zero and one and also (at least on one side) at c. Theorem 1.3 says that %
is integrable if and only if 6 is small enough, namely & < 1. This intuitively makes
sense since for a smaller value of 6 the attraction of orbits to ¢ is weaker on average
and consequently orbits typically spend less time near zero and one once a good map is
applied.

The inequality (1.7) is the counterpart of the Nowicki-Van Strien inequality (1.3),
and naturally gives a substantially worse bound due to the presence of bad maps. It is
not immediately clear how much worse (1.7) is in comparison to (1.3). However, the
following holds.

Corollary 1.1. Let {T; : j € X} be as above and p = (p;) jex a positive probability
vector. Suppose 6 = ZbezB puly < 1. Then there exist K > 0 and » > 0 such that for
any Borel set A C [0, 1] with A(A) € (0, 1) one has

1

e ) = KAy

Moreover, the acs measure pp from Theorem 1.2 depends continuously on the prob-
ability vector p € RV,

Corollary 1.2. Let {T; : j € X} be as above. For each n > 0, let p, = (pn,j)jex
be a positive probability vector such that sup, Zhezg Pnbly < 1 and assume that

lim,—ooPn =Ppin Riv . Then the sequence iy, converges weakly to L.

The problem of finding acs probability measures for random interval maps that are ex-
panding on average is well studied and results often rely on bounded variation techniques
from Lasota and Yorke [27]. There are several articles that extend these techniques to
include random interval maps that are not expanding on average. See in particular [33,
Section 4] and [14,30,31]. These methods require the infimum of the absolute value of
the derivative of the random map to be positive and thus they do not apply to our class
of maps with a critical point. For this reason it is e.g. not clear if one can conjugate the
random map in the current paper to a random map that is expanding on average and is
composed of Lasota—Yorke type maps as is the case in [33, Section 4]. Thus, we resort
to techniques similar to those used by Nowicki and Van Strien in their proof of Theorem
1.1.

To be more precise, for the existence result from Theorem 1.2 we use an inducing
scheme. This approach is inspired by [2], but the choice of the inducing domain needed
some care. With the help of Kac’s Lemma we then obtain that the acs measure is infinite
in case 6 > 1. To prove that this measure is finite for & < 1 we use an approach similar
to the one employed in [32]. The main difficulty here is that it may take an arbitrarily
long time before the superattracting fixed point is mapped onto the repelling orbit by
one of the good maps, which decreases the regularity of the density of the acs measure.

In (B3) we have assumed that for any bad map 7} the corresponding value ¢ is not
equal to one. Note that a bad map T} for which we allow ¢, = 1 satisfies | DT (c)| > 0,
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so in this case c is an attracting fixed point for 7}, but not superattracting. It should not
come as a surprise that results similar to Theorems 1.2 and 1.3 also hold in case some or
all of the bad maps T}, have ¢; = 1. The proofs presented for these theorems, however,
do not immediately carry over. In the last section we explain how the results are affected
in case some or all maps T}, satisfy £, = 1 and what the necessary changes in the proofs
are.

The paper is organised as follows. In Sect. 2 we list some preliminaries and first
consequences of the conditions (G1)—(G4) and (B1)—(B4). Section 3 is devoted to the
proof of Theorem 1.2 and in Sect. 4 we prove Theorem 1.3. In Sect. 5 we prove Corollaries
1.1 and 1.2 and explain what the analogues of Theorem 1.2 and 1.3 are in case £;, = 1
for one or more b € ¥ and how the proofs of Theorem 1.2 and 1.3 need to be modified
to get these results. We end with some final remarks.

2. Preliminaries

We start by introducing some notation and collecting some general preliminaries.

2.1. Words, Sequences and Invariant Measures. For any finite subset ¥ € N and any
n > 1weuseu € X" todenote awordu = uj - - - u,. £° contains only the empty word,
which we denote by €. On the space of infinite sequences Q = = we use

[al=[u; - upl={weQ:wr=uy, ..., w, = uy}

to denote the cylinder set corresponding to u. The notation |u| indicates the length of u,
so [u| = n foru € X". For two words u € ¥" and v € £™ the concatenation of u and v
is denoted by uv € X"*". For a probability vector p = (p;) jex and u € X" we write
pu = [1i2; pu; with py = 0if n = 0. We use o to denote the left shift on Q: for w € Q
andalln e N, (cw), = wp+1-

Given a finite family of Borel measurable maps {7 : [0, 1] — [0, 1]} jcx, the skew
product or the random map F is defined by

F:Qx[0,1] > Q2x[0,1], (w, x) — (Ua), T, (x)).
We use the following notation for the iterates of the maps T;. For each w € €2 and each
n € Ny define

X if n=0
T B — Tn — 9 ’ 2.1
w0, (X) = T, (x) Ty, 0 Tuy,_ 00Ty (x), forn=>1. 2.1

With this notation, we can write the iterates of the random system F as
F'(w,x) = (6", T} (x)). (2.2)
The following lemma on invariant measures for F holds.

Lemma 2.1. ([30], see also Lemma 3.2 of [19]) If all maps T; are non-singular with
respect to A (that is, A(A) = 0 if and only if)\(Tj_lA) = 0forall A C [0, 1] measurable)
and P is the p-Bernoulli measure on 2 for some positive probability vector p, then the
P x A-absolutely continuous F-invariant measures are precisely the measures of the
form P x p where 1 is absolutely continuous w.r.t. A and satisfies

Z pju(Tj_]A) = u(A) forall Borel sets A. (2.3)
jex
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Now let (X, F, m) be a measure space and 7 : X — X measurable and non-singular
with respecttom. Foraset Y € F suchthat0 < m(Y) < oo andm(X\Un>l T_”Y) =
0, the first return time map ¢y : Y — N U {oo} given by -

gy(y) =inf{n > 1 : T"(y) € Y} (2.4)

is finite m-a.e. on Y, and moreover m-a.e. y € Y returns to Y infinitely often. If we
remove from Y the m-null set of points that return to Y only finitely many times, and
for convenience call this set Y again, then we can define the induced transformation
Ty : Y — Y by

Ty (y) = T (y).

The following result can be found in e.g. [1, Proposition 1.5.7]. Note that this statement
asks for T to be conservative. This is not used in the proof however and the condition
m(X\U,>, T™"Y) = 0 is enough to guarantee that the induced transformation is well
defined.

Lemma 2.2. (see e.g. Proposition 1.5.7.1in [1]) Let T be a measurable and non-singular
transformation on a measure space (X, F,m) and let Y € F be such that0 < m(Y) <
oo and m(X \ Uns1 T_"Y) = 0. If v K mly is a finite invariant measure for the
induced transformation Ty, then the measure u on (X, F, m) defined by

u(B) = Zv(Yﬂ KB\ ij T’jY)

k=0 j=1
for B € F is T-invariant, absolutely continuous with respect to m and [t|y = v.
We will also use the following result on the first return time.

Lemma 2.3. (Kac’s Formula, see e.g. 1.5.5. in [1]) Let T be a conservative, ergodic,
measure preserving transformation on a measure space (X, F,m). Let Y € F be such
that 0 < m(Y) < oo and let gy be the first return map to Y. Then fY oy dm = m(X).

One can also obtain invariant measures via a functional analytic approach. Here we
give a specific result for interval maps. Let / be an interval. If 7 : [ — [ is piecewise
strictly monotone and C!, then the Perron—Frobenius operator Pr is defined on the
space of non-negative measurable functions 4 on I by

h(y)
Prh(x) X_; DTN (2.5)
yeT~{x}

A non-negative measurable function ¢ on 7 is a fixed point of Pr if and only if it
provides an invariant measure p for T that is absolutely continuous with respect to A by
setting u(A) = fA ¢ d for each Borel set A.

For a random map F using a finite family of transformations {7 : I — I}ex, such
that each map 7 is piecewise strictly monotone and C!, and a positive probability vector
P = (pj) jex. the Perron—Frobenius operator P is given on the space of non-negative
measurable functions 4 on I by

Prh(x) =Y piPrh(x), (2.6)

JjeX
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where each PTJ. is as given in (2.5). Let [P denote the p-Bernoulli measure on 2. Then a

non-negative measurable function ¢ on / is a fixed point of P if and only if the measure
du _
=

In Sect. 3.3 it will be shown that the density d{% from Theorem 1.2, which is a
fixed point of the Perron—-Frobenius operator for the random system F given by (1.5),

P x u, where u is the absolutely continuous measure with @, is F-invariant.

. L L d
is bounded away from zero. From this it is easy to see that (2.6) implies that % blows
up to infinity at the points zero and one and also at least on one side of c.

2.2. Estimates on Good and Bad maps. Now let T : [ — I be a C3 map of an interval
I into itself. The Schwarzian derivative of T at x € I with DT (x) # 0 is defined by

_DT(x) 3
ST =570 ~ 2

(DZT(X)>2. 2.7

DT (x)

We say that T has non-positive Schwarzian derivative on I if DT (x) # 0 and
ST (x) < 0forall x € I. A direct computation shows that the Schwarzian derivative of
the composition of two transformations 77, 7» : I — [ satisfies

S(T3 0 T)(x) = STy(T1(x) - |DT1 (x)[> + STy (x). (238)

Hence, S(T> o T1) < 0 provided ST < 0 and ST; < 0.

From (2.8) it follows that for a finite collection {7} : I — [} ey of C? interval maps
with non-positive Schwarzian derivative, we can write the Schwarzian derivative of T,
neNandw € €, as

n—1 i
ST (x) = ) ST, (TH(x)) - ‘ [ 07, " x)) ’ (2.9)
i=0 j=1

By (G2) and (B2) this implies that for a collection of good and bad maps {7} jex, T,
has non-positive Schwarzian derivative on [0, 1] outside of the critical points of 7.} for
allw € Qandn € N.

We will use the following two well-known properties of maps with non-positive
Schwarzian derivative (see e.g. [17, Section 4.1]).

Minimum Principle: Let / = [a, b] be a closed interval and suppose that 7 : [ — [
has non-positive Schwarzian derivative. Then

|DT (x)| > min{DT (a), DT (b)}, Vx € [a, b]. (2.10)

A consequence of the Minimum Principle is that for any 7 € & U B the derivative
|DT| has locally no strict minima in the intervals (0, ¢) and (c, 1). In particular, there
cannot be any attracting fixed points for T in (0, ¢) and (c, 1). Therefore, if T € B, then
T"(x) - casn — oo forall x € (0, 1).

Koebe Principle: For each p > 0 there exist K > 1 and M® > 0 with the
following property. Let J C I be two intervals and suppose that 7 : I — [ has non-
positive Schwarzian derivative. If both components of 7' (/)\7 (J) have length at least
o - A(T(J))), then

1 DT
L _DTW ko yrye 2.11)
K ) DT (y)
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and
DT (x) _
DT(y)

T(x)—T
1‘ < M® . M Vx,y e J. (2.12)

B AT (D)

Note that the constants K ), M) only depend on p and not on the map 7.
From (2.11) one can obtain a bound on the size of the images of intervals: Let
J' C J be another interval. By the Mean Value Theorem there exists an x € J' with

IDT (x)] = 2ZUD and ay e J with |DT(y)| = 2ZYD Hence,

) XON
1 A(J) - DT (x) M(J)) _ MT(J)) - (p))»(J’) 2.13)
K® x(J) = DT(y) A(J)  MT(J)) ~ () ‘

Recall the constants £, K;, and M}, from condition (B3) and set £,jn = min{¢, : b €
¥p}and £ = max{l, : b € Xp}. (B3) gives us control over the distance between
T)(x)andc.

Lemma 2.4. Foralln e N, w € Zg and x € [0, 1],

(1€|x - c|)e(”'“'e“" <|T"(x) —c| < <M|x — c|)l”’”l”’” , (2.14)
with constants K = (%)ﬁ € (0,1) and M = (%)m >
1.

Proof. 1t follows from (B3) that for any j € ¥p and x € [0, 1],
T30 el = 1,00 = Ty = | [ DTyay] = BRI EEE g
c max

By induction we get that for each n € N and w € ZF,

n—2
min{K, : be X 142020 bon by
T, (x) —c| = ( - B}> S —cfferten.(2.15)
Kmax

From (B3) we see that % < 1. The lower bound now follows by observing
that

n—2 n 1 1

(142 o o )/ b)) Y- <
i=0 i=1 Cmin min

The result for the upper bound follows similarly, by noticing that in this case from (B3)

it follows that w > 1. O

It follows that under iterations of bad maps the distance |7} (x) — c| is eventually
decreasing superexponentially fast in 7.

Furthermore, note that there exists a § > 0 such that |DT,(x)| < 1 for all x €
[c —&,c+ 8] and b € Xp. This implies

ITp(x) —cl < |x —c| (2.16)

forallx € [c —§,c+d8]and b € Xp.

The upper bound on |7} (x) — c| that we obtained in Lemma 2.4 will be used in Sect.
4 to prove that pp in Theorem 1.3 is infinite if & > 1. The lower bound from Lemma
2.4 will be used for the proof that up is finite if 6 < 1.
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3. Existence of a o -finite acs Measure

From now on we fix an integer N > 2 and consider a finite collection 7y, ..., Ty €
® U B of good and bad maps in the classes & and B. As in the Introduction write
Y6={1<j<N:Tje®}and Xp ={1 < j < N : T; € B} for the corresponding
index sets and assume that X, X5 # ¥. Write ¥ = {1,2, ..., N} and set 2 = =N for
the set of infinite sequences of elements in X. In this section we prove Theorem 1.2, i.e.,
we establish the existence of an ergodic acs measure and several of its properties using
an inducing scheme for the random system F. We fix the index g € ¥ of one good
map T, and start by constructing an inducing domain that depends on this g.

3.1. The induced system and return time partition. The first lemma is needed to specify
the set on which we induce. For each k € N let x; and x,’( in (0, ¢) denote the critical

points of Tgk closest to 0 and c, respectively. Furthermore, let y; and y,’C in (¢, 1) denote
the critical points of Tgk closest to 1 and c, respectively.

Lemma 3.1. We have x; | 0, x; + ¢, y; L ¢, yx t 1ask — oo.

Proof. Leta and b denote the critical points of ng in (0, ¢) and (c, 1), respectively. Then
at least one of the branches ngl(O,a) and Tg2|(;,,1) is increasing. Suppose that ngl(O,a) is
increasing. It then follows from the Minimum Principle that ng (x) > min{ ;—‘, DTg2 ) -
x} for each x € [0, a]. To see this, suppose there is an x € (0, a) with ng(x) <
min{;—‘, Dng(O) - x}. Then there mustbe a y € (0, x) with DTg2(y) < min{Dng(O), %}
and a z € [x, a) with Dng(z) > % On the other hand, by the Minimum Principle,
Dng (y) > min{Dng 0), DTg2 (z)}, a contradiction. Combining this with Dng 0 >1
and defining L : (0,1) — (0,a) by L = (ng|(o’a))_1, we see that LK(a) | 0 as
k — oo. Furthermore, define R : (0,1) — (b, 1) by R = (Tg2|(b,1))*1. If Tg2|(b,1) is
increasing, we see that similarly R¥(b) 1 1 as k — o0o. On the other hand, if Tg2|(b’1)
is decreasing, we have RL*(a) 1 1 as k — oo. Finally, if ng|(0,u) is decreasing, then

Tg2|(b,1) must be increasing, which yields LRF (b) | 0as k — oo. We conclude that
xr 4 Oand y; 1 1 as k — oo. It follows from (G1) that c is a limit point of both of the

sets Ugen(Tgl0.0) ™ ks vid) and Ugen (T e 1) ™ (k. 3. So x4 ¢, vy | cas
k — oo. O
By the previous lemma and (G1), for k € N large enough it holds that
To(xy) < xp or To(xy) > yp, and
Te(p) < xor Te(yp) = v 3.1)

and, using also (G4), (B1) and (B4), forevery j € X,

T;(10, xk 1 U [y, 11) € [0, x3) U (v, 1] and
IDTj(x)| >d > 1 forallx € [0, x¢) U (yx, 1] and some constantd. (3.2)
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Fix a ¥ € N for which (3.1) and (3.2) hold. We introduce some notation. Let t € X be
such that t # g, and define

C=l[g--gtl=I[g"1], (3.3)
—
K times
]Oz(xl(v-xl/()v le(y,ivyl()v JZJOU]lv (34)
Y=CxJ. (3.5)

The next lemma shows that P x A-almost all (w, x) eventually enter Y under iterations
of F, and hence that P x A-almost all (w, x) € Y will return to Y infinitely many times.

Lemma 3.2.

P x x(sz x 0,11\ | J F—"Y) —0. (3.6)

n=1

Proof. For P-almost all o € Q we have o”w € [g] for infinitely many n € N. For
any such n and each x € (0,¢) U (c, 1) either T} (x) € Jor T)})(x) & J. If T)!(x) €
(0, x Uy, 1), then it follows from (3.2) that there is anm > 1 such that 7" (x) € J.
If T (x) € [x]., ¢)U(c, y.]it follows from (3.1) that Ta’)’+1 (x) =TgoT)(x) € (0, x,]U
[yr. 1), which means that we are in the first case if T£+1 (x) ¢ J. Hence, there exists a
measurable set A € Q x [0, 1] with P x A(A) = 1 such that for each (w, x) € A we
have T} (x) € J for infinitely many n € N.

We define
o
E=A\|JF™My (3.7)
n=1
and for each x € [0, 1] we define
o
& = {weQ:(w,x)eA\UF—"Y}, (3.8)
n=1

which is the x-section of £. It follows from Fubini’s Theorem that £, is measurable for
A-almost all x € [0, 1] and that

Px i€ = / P(E)dM(x). (3.9)
[o.1]

Combining this with P x A(A) = 1, it remains to show that P(€,) = 0 holds for A-almost
all x € [0, 1] for which &, is measurable.

Letx € [0, 1] for which &£, is measurable. According to the Lebesgue Differentiation
Theorem (see e.g. [38]) we have that P-almost all @ € 2 is a Lebesgue point of the
function 1g¢ . Consider such an w and suppose that w € &,. Then (w,x) € A, so

there exists an increasing sequence (n;);en in N that satisfies ng (x) € J for each
J € N. Recall that o denotes the left shift on sequence. If ' € 0™ C N [w) - - - wy, j],
then 7/ (x) = T,’(x) € J and so F"i(',x) € Y, which gives ' ¢ &. So &
and o7 C N [w - - wy j] are disjoint for each j € N, which together with @ being a
Lebesgue point of 1¢_yields that
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. P((Ex Uo ™ C) Nwy -+ wn;]) B P(Ex Nlw; -+~ wn;]) .\ P(o™"C Nlw; - wn;])
- P([w; - wn;]) — P(lor o)) P([w; - wn;])
— lg (0) +P(C), as j — oo.

Since P(C) > 0, we find that w € &, gives a contradiction. We conclude that P(€,) = 0.
O

By Lemma 3.2 the first return time map ¢y, see (2.4), and the induced transformation
Fy are well defined on the full measure subset of points in Y that return to Y infinitely
often under iterations of F, which we call Y again. The set of points in Y that return to
Y after n iterations of F' can be described as

YNF'(Y)= U [w1 - @] X (T" )" (J) mod P x2a, (3.10)
weCNo~"C

which is empty for n < «. Note that in (3.10) in fact [w; - - - @, ] = [g"t k42 - - - 0 g°1]
and that by construction each map 7,}|; in (3.10) consists of branches that all have
range (0, ¢) or (c, 1) or (0, 1), since any branch of 7|, maps onto (0, 1). Therefore,
Y N F7"(Y) can be written as a finite union of products A = [ug“t] x I of cylinders
[ug“t] € C with |u| = n and open intervals I C J, each of which is mapped under F”
onto C x Jy or C x J;. Call the collection of these sets P, and let o = Un> « Pn. Let
Pc and X ; denote the normalized restrictions of IP to C and A to J respectively.

Lemma 3.3.(1) The collection « forms a countable return time partition of Y, i.e., the
measure Pc x )\.‘](UAE(X A) = 1, any two different sets A, A’ € a are disjoint and
on any A € «a the first return time map @y is constant.

(2) Let w denote the canonical projection onto the second coordinate. Any x € J is
contained in a set w(A) for some set A € a.

Proof. The factthatPc x Ay (U, cq A) = 1follows from Lemma 3.2 and it is clear from
the construction that the first return time map ¢y is constant on any element A € «. To
show that any two elements are disjoint, note that for A, A’ € P, this is clear. Suppose
therearel <m < n,A = [ug“t]xI € P,and A" = [vg¥t]x I’ € P, suchthat ANA" #
@.Sincet # gwegetn > m+x+1and [ug“t] = (gt V12 - - U & tUpmaiesn -+ - Uy g°t1.
Moreover, I N 31’ # @ or I = I'. In both cases, note that F"+**+1([vg“t] x 91') C
Q x {0, 1}, so by (G1) and (B1) also F"([vg“t] x 91") C © x {0, 1}, contradicting that
F™(A) C Y. This proves (1).

For (2) note that, since « is a partition of Y, for each x € J it holds that there is an
A = [ug“t] x I € a withx € I or x € dl. In the first case there is nothing to prove,
so assume that x € d/. Then Ty(x) € 9J; for some i € {0, 1}. From the first part of
the proof of Lemma 3.2 it then follows that there is an n > |u| and an w € C such that
T (x) € J.If we write I’ for the interval in 7., (J) containing x, then this means that
there exists a set A’ = [vg“t] x I’ € o with x € w(A"). ]

The second part of Lemma 3.3 shows that even though the partition elements of «
are disjoint, their projections on the second coordinate are not. The same is true for the
first coordinate as the same string u can lead points in J to Jy and J;.
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3.2. Properties of the induced transformation. It follows from (3.10) and Lemma 3.3
that for each A € o we have either Fy(A) = C x Jy or Fy(A) = C x J;. For any
[ug“t] x I € «a, the transformation Ty |; is invertible from / to one of the sets Jy or Jj.
Define the operator Py 7 : L'(J, A7) — L'(J, A;) by

h(Tul; ' (x))
Pu,th(x) =\ |DTuli (Tl ' (1))
0, otherwise.

, i Tul Hx) # 9, 3.11)

The random Perron—Frobenius-type operator Py : LYJ,xp)) = LYJ, %)) on Y is
given by

Pr= Y Pc(ul)Pu. (3.12)

[ught]xlea

Note that Py is not exactly of the same form as the usual Perron—Frobenius operator in
(2.6). Nonetheless, we have the following result.

Lemma 3.4. If ¢ € L'(J, A)) is a fixed point of Py, then the measure Pc x v with
v = @d\y is invariant for Fy.

Proof. For each cylinder K € C and each Borel set £ C J we have

Pc x v(Fy (K x E)) = Z Pc(ug“t1Nno ™KW N T, E)

[ugkt]xlea

—Pek) Y Pe(u) fE Pa.10dis

[ught]xlea
=PC(K)/ Pypdh,
E
=Pc xv(K x E).

O

In Lemma 3.5 below we show that a fixed point of Py exists. For m € N, set
Uy = \/;'.1:_01 Fy ! o. Atoms of this partition are the m-cylinders of Fy. Introducing for

each Z = ﬂ?’;ol FY_j([ujg"t] x I;) in oy, the notation

m—1 m—1
I _
Cz=()o Zi=0Mug“r] and Jz = () Tosur-u; (1) (3.13)
j=0 j=0

we obtain Z = Cz x Jz. Writingoz = o X% Wil|c, and Tz = Tugu,--u,_, |7, We have
F}"lz = o0z x Tz. Each Tz has non-positive Schwarzian derivative, so we can apply
the Koebe Principle. The image Tz(Jz) either equals Jy or J;. Choose a p > 0 such
that Iy := [x¢ — p,x. + p] € (0,¢) and I} := [y, — p, Y« + p] < (c, 1). There is a
canonical way to extend the domain of each Tz to an interval I containing Jz, such that
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Tz(I) equals either Ip or I} and S(Tz) < 0 on /. Then by the Koebe Principle there
exist constants K@ > 1 and M® > Qsuch thatforallm € N, Z € a,, and x, y € Jz,

1Pz _ i, e
K®) = DTz(y)

DTz(x) M©®

DTz(y) 1‘ S Gy w120 = Tzl (3.15)

Note that for the random Perron—Frobenius-type operator from (3.12) we have for each
m > 1 that

1

P =50 > Pe(C)Pr,. (3.16)

Zeay,
where Pr, is as in (2.5).

Lemma 3.5. (cf. Lemmata V.2.1 and V.2.2 of [17]) Py admits a fixed point ¢ € L LT, 0
that is bounded, Lipschitz and bounded away from zero.

Proof. Foreachm e Nand x € J,

1 Pc(Cz)
PPIG) = — —
MW=56 2 b,

xeTz(Jz)

(3.17)

Using the Mean Value Theorem, for all m € N and Z € «,, there exists a £ € Jz such
that

MTz(Jz2))
MZYZ)) ot 3.18
"7) IDTZ(§)| (3.18)
Set K| = o MKOMP) oo 5 s as in (3.14) and (3.15). Since DTy (&) and

P(C)-minfA(Jo), - (/)]” . i
DTz (y) have the same sign for any y € Jz, (3.18) together with (3.14) implies

m Pc(Cz) 5 AJz)
Pylx) < Z P(C) . K(p)k(Tz(Jz)) < Ki Z Pe x Aj(Cz x Jz) = K].

Zewy, Zewy,

(3.19)

Moreover, if for A = [ug“t] x I € o we take x, y € I, then for any Z € «,, it holds
that x € Tz(Jz) if and only if y € Tz(Jz). For such Z, let xz, yz € Jz be such that
Tz(xz) = x and Tz(yz) = y. Then by (3.15)

Pc(Cz) 1 1
PI(x) — Py < ‘ _
. riol Z P(C) |IDTz(x2)|  IDTz(y2)]
xeTz(Jz)
< Y PeCH————KilT2(x2) — T2
= DT g A TR
XETZEnjz)

KiPy1(x)|x — yl. (3.20)
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Together (3.19) and (3.20) imply that the sequence (% Z’}:ol Pél)m is uniformly

bounded and equicontinuous on I for each A = [ug“t] x I. By Lemma 3.3(2) it
follows that the same holds on J. Hence, by the Arzela-Ascoli Theorem there exists a
subsequence

my—1

2

mg

converging uniformly to a function ¢ : J — [0, 0o) satisfying ¢ < K; and for each
=[ug“t] x I exandx,y eI,

lp(x) — (NI = Kip(x)|x — yl. (3.21)

Hence, ¢ is bounded and by Lemma 3.3(2) it is clear that ¢ is Lipschitz (with Lipschitz
constant bounded by K 12). Itis readily checked that ¢ is a fixed point of Py, so that P¢c x v
with v = @ dA is an invariant probability measure for Fy.

What is left is to verify that for each A = [ug“#] x I € « the function ¢ is bounded
from below on the interior of /. Suppose that there is such an A = [ug“s] x [ for
which infyc; ¢(x) = 0. Then from (3.21) it follows that ¢(y) = O for all y € I, hence
v(I) = 0. Either I C Jpor I C J|.If I C Jy, then for any set A" = [vg¥t] x I’ € «
with Ty (I”) = Jy it holds that

Pc x Aj(A'NFy1A) >0
and, by the Fy-invariance of P¢c X v,
Pc x v(A' N Fy'A) < Pe x v(Fy 'A) = Pe x v(A) =0,

which together give inf,c;s ¢(x) = 0 and therefore, like before, v(I") = 0. There are
sets A’ = [vg¥t] x I’ with I’ C Jy and Ty(I') = Jy, so we can repeat the argument to
show that also for any set A” = [vg¥t] x I" € a with Ty(I"") = J; we have v(I”) = 0.
SoPc xv(A) =0forall A € «. If I € J; we come to the same conclusion. This gives
a contradiction, so ¢ is bounded from below on each interval 1. m]

It follows from Lemma 3.4 that Pc x v with v = @dA; is a finite Fy-invariant
measure. To show that Pc x A j is Fy-ergodic we need the following result, which states
that the sets w(A) for A € «,, shrink uniformly to A-null sets as m — oo.

Lemma 3.6. lim sup{i;(Jz) : Z € a),} = 0.
m—0Q

Proof. Set§ =sup{r;(Jz) : Z € a} < l.Fixanm andletZ = ﬂ;’?;o] FY_j([ujg’“t] X
1j) =Cz x Jz € a;; as in (3.13). Set

Jz—ﬂ wour 1 (1))

sothat Jz = Jz N Tyl (In—1). Let Ji,i € {0, 1}, be such that Tyy..u,,_, (Jz) = Ji.

ug--Uy,

It holds that Ty...u,,_, ( Z) = Iy—1, 50 A(Tyy..u,,_»(J7)) < & and thus

MTuguy-up > (J7 \ J2) > A(J;) = 8.
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Since J \ Jz consists of at most two intervals, with (3.14) and (2.13) this gives

Uz _hUz\Jz) 1 (e, Uz \Jz) 1 hg(i) =8
Uz lz) 7 KD a(Tayew,(Uz)) — K@ 2y

1 Ay(Jj)—48
K@ 500

Set Kj := max {1 —
steps, we obtain

11 =0, 1} € (0, 1). Then by repeating the same

hi(Jz) < Kihg(Uz) < -+ < K{"hy (o) < KT,
which proves the lemma. O
Lemma 3.7. The measure Pc x Ay is Fy-ergodic.
Proof. Suppose E C Y with Pc x A;(E) > 0 satisfies FY_IE = Emod P¢c x A;. We
show that Pc x Aj(E) = 1. The Borel measure p on Y given by

p(V) = /V 15 (@, )0 ()dPe(@)dhy (x)

for Borel sets V is Fy-invariant. According to Lemmas 2.2 and 2.1 this yields a stationary
measure [t on [0, 1] thatis absolutely continuous w.r.t. A and satisfies (P x f1)|y = p. Let
L := supp(jt|s) denote the support of the measure fi|;. Since p is a product measure,
this gives supp(p) = C x L and so by the definition of p we get C x L € E and
p(E\(C x L)) = 0. Since ¢ is bounded away from zero, this yields

E=CxL modPc x Ajy. (3.22)

To obtain the result, it remains to show that A ; (J\L) = 0.
We have C x L =J o, Cz x (JzNL)and F;"(C x L) = Uz, CzxT;'L.
From the non-singularity of Fy w.r.t. Pc x A it follows that for each m € N,

CxL=E=F,"E=F;,"(CxL) modPc x Ay, (3.23)
which yields
JzNL = TZ_IL mod Ay, foreach Z € «ay,. (3.24)

Let ¢ > 0. Since A;(L) > 0, it follows from Lemma 3.6 and the Lebesgue Density
Theorem that there are i € {0, 1}, m; € Nand Z; € «y,, such that

Tz,(Jz;)) =J;i and Aj(Jz;, NL) > (1 —¢e)A;(Jz).

By (3.24), TZ_[_ ! (Ji\L) = Jz;\ L mod A ;. The Mean Value Theorem gives the existence
of a§ € Jz, such that
ri(Tz;(Jz;))
—————— = [DTz )l
rr(Jz;)
and from (3.14) it follows that

A1 (Tz,(Jz \ L)) = / \ |DTz,|d) < KP|DTz,(&)|A;(Jz, \ L).
']Zi L
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Hence,

)\J(Ji\L) _ )\J(TZ,'(JZ,- \L)) < K(ﬁ))&J(JZ,'\L) < K(ﬁ)s (3 25)
Ay (i) Aj(Tz;(Jz)) — rAgUz) ’ ’

So, foreach ¢ > 0 we can find ani = i(¢) for which (3.25) holds. If for each &g > 0 and
each ig € {0, 1} there exists an ¢ € (0, gg) such that i (¢) = iy, we obtain from (3.25)
that Ay (J\L) = 0. Otherwise, there exists &g > 0 and iy € {0, 1} such that i(e) = ip
for all ¢ € (0, g9). Without loss of generality, suppose that iy = 0. Then (3.25) gives
A7(Jo\L) = 0. By the equivalence of v and A, and the fact that every good map has
full branches it follows that

Pe x v((C x Jo) N Fy 1 (C x J1)) > 0. (3.26)
Together with the Poincaré Recurrence Theorem this gives that
A={(w,x) € C x Jy: Fy'(w, x) € C x J; for infinitely many m € N} (3.27)

satisfies Pc x v(A) > 0, and therefore Pc x A;(A) > 0. Together with A;(Jo\L) =0
it follows from the Lebesgue Density Theorem that there exists a Lebesgue point x €
7 (A)N L of 174)nr. Since x € w(A), for infinitely many m € N there exists Z,, € oy,
such that x € Jz, and Tz, (Jz,,) = Ji. This again together with Lemma 3.6 yields that
for each ¢ > 0 there exist m € N and Z € «, such that

Tz(Jz)=J1 and A;(JzNL)=1-¢e)Ar;(Jz).
Similar as before, this gives A;(J1\L) = 0,s0 A;(J\L) = 0. O

3.3. The proof of Theorem 1.2. In the previous paragraphs we collected all the ingredi-
ents necessary to prove Theorem 1.2.

Proof of Theorem 1.2.(1) We have constructed a finite Fy-invariant measure Pc X v
which is absolutely continuous with respect to Pc x A ;. Since F is non-singular with
respect to P x A, we can therefore by Lemma 2.2 extend P¢ x v to an F-invariant measure
P x u which is absolutely continuous with respect to P x A. Lemma 3.2 immediately
implies that u is o-finite. What is left to show is that P x p is the unique such measure
(up to multiplication by constants) and that it is ergodic.

A well knownresult [1, Theorem 1.5.6] states that a conservative ergodic non-singular
transformation 7 on a probability space (X, B, m) admits at most one (up to scalar
multiplication) m-absolutely continuous o -finite invariant measure. Therefore, it suffices
to show that F is conservative and ergodic with respect to P x 1. We are going to deduce
these properties of F from the corresponding properties of the induced transformation
Fy.

In the proof of part (2) below we will see that the density of ’2—’; is bounded away
from zero. Hence, 1 < p. Combining Lemma 3.2 with Maharam’s Recurrence Theorem
gives that F is conservative with respect to P x u and thus also with respect to P x A.
Furthermore, from the ergodicity of Fy with respect to P¢ x A it follows by Lemma 3.2
combined with [1, Proposition 1.5.2(2)] that F is ergodic with respect to P x A.

(2) For the density ¢ := % it holds that {/|; = ¢. Since we can take « in the definition
of J as large as we want, v is locally Lipschitz on (0, ¢) and (c, 1). Moreover, it is a
fixed point of the Perron—Frobenius operator from (2.6) and thus for all x € [0, 1],
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—K
@(T,

X)
Per -
S IDTE(Ty " x)

V(x) =Pry(x) > (3.28)

From Lemma 3.5 we conclude that ¢ is bounded from below by some constant C > 0.
It remains to show that v is not in L? for any ¢ > 1. To see this, fixab € Xp. Since ¢
is bounded from below by C > 0, we have for all k € Z>¢ and x € [0, 1] that

1
Y (x) =Py (x) = C - pyp) _ . (3.29)
i oo Z ID(TTH ()]
Ye(TgTy) = {x}

Let &y, My, rg, Mg, K¢ be as in (B3) and (G3). From (B3), (G3) and Lemma 2.4 we get

k
DT T = DT (T DI [IDTH (T ()]

i=1

k—1
< MITE () = s [T (M1 T () = el )
i=0
. k—1 _
< MyMf(M|y — ¢« D [Tty — =D
i=0
= Kily — %, (3.30)

for the positive constant K1 = My M, é‘ M € ~1. On the other hand, from (G3) we obtain
forany y € (T, TI;‘)_1 {x} as in the proof of Lemma 2.4 that

k Kg k r
Ix = Te(O) =TTy, (y) — Tg(c)| = r_|Tb () —cl®
g
and then Lemma 2.4 yields
¥ = Te(©)] = Kaly — |4 (331)

. Ky o
for the positive constant Kp = r—gKeb’g. Now for any g > 1 we can choose k € Zx>
” >

large enough so that 7 := (1 — E;krg_l)q > 1. Combining (3.28), (3.30) and (3.31) we
obtain

Cpg p]lg q 1 Zk q
q _totb _ —L T
viwz (FER)( X et
Ye(Ty T~ x)

> K3lx — Ty (e)| 7"
for a positive constant K3. This gives the result. O
Remark 3.1. The result from Theorem 1.2 still holds if we allow the critical order £;
from (B3) to be equal to 1 for some b, as long as £max > 1. To see this, note that in
the proof of Theorem 1.2 condition (B3) only plays a role in proving that % & L1

for any ¢ > 1. Here we refer to Lemma 2.4 and the constants K and M , which are not
well defined if £,i, = 1. In (3.30) however, we use the estimates from Lemma 2.4 only
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for one arbitrary fixed b € X p. By the same reasoning as in the proof of Lemma 2.4 it
follows that

o 1 o0
Kp\ 71 b n Mp\ g1 b
<(E> |x—c|) <o —d=((3)" =) G

forany b € X p with £, > 1. Hence, if there exists at least one b € ¥ p with £, > 1, then
we can replace the bounds obtained from Lemma 2.4 in (3.30) and (3.31) by constants
K, = Mng’f(f—:)(é’g’g_l)/“b_” and K, = %(%—:)Z”’g/(‘z"_l) and obtain the same
result. In case £y = 1, then most parts from Theorem 1.2 still remain valid with the
exception that then we can only say that dd% ¢ L1ifg > rr:?ﬁ This follows from the
above reasoning by taking k = 0 in the definition of t in the proof of Theorem 1.2 and
by noting that T = (1 — r ] )g > 1 if g > Tmax

max Fmax—1°

4. Estimates on the acs Measure

In this section we prove Theorem 1.3. Recall the definition of & from Theorem 1.3:

0= ppls.

bEEB

4.1. The case 6 > 1. To prove one direction of Theorem 1.3, namely that the unique
acs measure  from Theorem 1.2 is infinite if 6 > 1, we introduce another induced
transformation.

Proposition 4.1. Suppose 6 > 1. Then the unique acs measure u from Theorem 1.2 is
infinite.

Proof. Fix a b € Xp. Recall the definitions of M from Lemma 2.4 and § from in and
below the proof of Lemma 2.4, and set y = min{3, %M‘l}. Leta € [c — y,c). Then
there exists a £ € (a, ¢) such that Tj(a) > & and sz(a) > &. Take [bb] X (a, &) as the
inducing domain and let

k(w, x) = inf{k € N: F¥(w, x) € [bb] x (a, &)} 4.1)

be the first return time to [bb] X (a, &) under F.If P x w([bb] x (a, &)) = oo, there is
nothing left to prove. If not, then we compute f[bb] w(a.6) dP x 1 and use Kac’s Formula
from Lemma 2.3 to prove the result.

So, assume that P x pu([bb] x (a,&)) < oo. The conditions that T,(a) > & and
sz (a) > & together with the fact that any bad map has c as a fixed point and is strictly
monotone on the intervals [0, c] and [c, 1], guarantee that for each n € N and w €
Eg N [bb] we get

T, ((a, &) N(a, &) = 0. 4.2)

For any w € [bb] and x € (a, &) it follows by (4.2) and (2.16) that 7]} (x) can only return
to (a, &) after at least one application of a good map. Assume that w € [bb] is of the
form

w = (b9bva)33w41 '-~7wnsngn+27"')a
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withn > 2, w; € ¥pfor3 <i <n,g € ¥;,andx € (a,§). Then k(w,x) > n+1.
Lemma 2.4 yields that

ITI(x) —¢| < (My)torton < 27 borton (4.3)

From (G3) and (4.3) we obtain that

5 (x)
T T (x) — Ty(c)| = / DTg(y)dy
c

M M

< ETSx) —ef's < £ 27 berbens,
rg rg

4.4)

Set
¢ =sup{|DT;(x)| : j e X, x €[0,1]}. 4.5)

Then ¢ > 1 by (G4), (B4). Assume k (w, x) = m +n for some m > 1. Then 7" (x) €
(a, &) so that by (G1),

|T)"" (x) — Ty(c)| = min{a, 1 — &}. (4.6)
Because of (4.4) this implies

M,

é_m—] .9l ~LonTg > min{a, 1 — £}. 4.7

T'g
Solving for m yields

m > Ki+Kaly, Ly (4.8)

n

min{a,l—&}r,

for constants K1 = (1 + log (T))/logg € Rand K, = log(2'¢)/log¢ > 0.
Note that K, K5 are independent of w, x, m and n.
We obtain that for any g € X,

Lo @Bxnz XX Bbbos-oughuta ) (o K+ Ko [ ).

neNsj w3,...,0n€Xp i=3

Since

Yo ) Plwzou) [ le, =1+ 0" =00,
i=3

neNsy w3,...,wp€Xp neN

we get f[bb]x(a,s) kdP x u = oo and from Lemma 2.3 we now conclude that u is
infinite. =



22 A.J. Homburg, C. Kalle, M. Ruziboeyv, E. Verbitskiy, B. Zeegers

4.2. The case & < 1. For the other direction of Theorem 1.3, assume 6 < 1. We first
obtain a stationary probability measure j for F as in (1.5) using a standard Krylov-
Bogolyubov type argument. For this, let M denote the set of all finite Borel measures
on [0, 1], and define the operator P : M — M by

Pv:ijvoTj_l, veM, (4.9)

jex

where v o ijl denotes the pushforward measure of v under 7. Then P is a Markov-
Feller operator (see e.g. [26]) with dual operator U on the space B([0, 1]) of all bounded
Borel measurable functions given by! Uf = Y jes pjfoTjfor f e B(0,1]). As
before, let A denote the Lebesgue measure on [0, 1], and set A,, = P"A for eachn > 0.
Furthermore, foreachn € Ndefine the Cesdromean p,, = % Z;é Ak Since the space of
probability measures on [0, 1] equipped with the weak topology is sequentially compact,
there exists a subsequence (i, )ken Of (14,)nen that converges weakly to a probability
measure it on [0, 1]. Using that a Markov-Feller operator is weakly continuous, it then
follows from a standard argument that Pt = [, that is, i is a stationary probability
measure for F. The next theorem will lead to the estimate (1.7) from Theorem 1.3. For
any b = by ---by € TX, k > 0, recall that we abbreviate py, = ]_[ff:l pp; and also let

by = ]_[le £y, where we use pp = 1 = £ in case k = 0.

Theorem 4.1. There exists a constant C > 0 such that for all n € N and all Borel sets
A C [0, 1] we have

(A <C- 3 pe YD ply (A (4.10)

8€X6  k=Opexk
Before we prove this theorem, we first show how it gives Theorem 1.3.

Proof of Theorem 1.3. The first part of the statement follows from Proposition 4.1. For
the second part, assume that & < 1 and that Theorem 4.1 holds. Let A C [0, 1]. Using
the regularity of A, for any § > 0 there exists an open set G C [0, 1] such that A € G
and A(G) < A(A) + 4. Using that (i, )ken converges weakly to fi, we obtain from the
Portmanteau Theorem together with Theorem 4.1 that

i(A) = (G) < lim inf 11y, (G)

o
—1,.—1
<C- ) pey, D poly- (MA)+8)D e (4.11)
geXG k:Obezlé

Since # < 1, the sum is bounded and with the Dominated Convergence Theorem we
can take the limit as § — 0 to obtain

AAYSC- 3 pe Y D ooty (A0 e (4.12)

geXG k=0 hGEI};

1 By definition of a Markov-Feller operator, the space of bounded continuous functions is required to be
invariant under the dual operator U. If there is a g € X for which Ty is discontinuous (namely at ¢), we then

first identify [0, 1] with the unit circle S 150 that T, can be viewed as a continuous map on § 1. With the same
identification any acs measure on S ! then gives an acs measure on [0, 1].
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This proves that & is absolutely continuous with respect to the Lebesgue measure on
[0, 1]. It follows that the probability measure /i is equal to the unique acs measure (tp
from Theorem 1.2. The estimate (1.7) follows directly from (4.12). |

It remains to give the proof of Theorem 4.1. We shall do this in a number of steps.

Proposition 4.2. There exists a constant K1 > 0 such that for alln € N, allu € X"
and all Borel sets A C [0, 1] with 0 < 3A(A) < %min{c, 1 — ¢} we have

AT A) < K (T 10, 3m) + M(Ty (e = 3n, ¢+ 3m) + M(T, ' (1 = 3n, 1D)),
where n = L(A).

Proof. Letn € N,u € X" and a Borel set A C [0, 1] with 0 < 3A(A) < %min{c, 1—
c} < 1begiven and write n = A(A). The map T, has non-positive Schwarzian derivative
on any of its intervals of monotonicity (see (2.9)) and the image of any such interval is
[0, c], [c, 1]or [0, 1]. Set A} = (n, ¢ —n) and A, = (21, c — 2n). Let I be a connected
component of Tu_lAl, and set f = Ty|; and I* = f~'A,. The Minimum Principle
yields

IDf(x)| > mai? |IDf (2)], for all x e I*. (4.13)
zedl*

Suppose the minimal value is attained at f~!(27) and set A3 = (2n,3n) and J =
f~'A3. By the condition on the size of A it follows from the Koebe Principle that

KP\Df(f~'@nm)| = |IDf(x)|,  forallx € J. (4.14)
Combining (4.13) and (4.14) gives

1

|Df(f~12m)
dr(y) = KD~ (A3).

AMfTANAY) = /

1
——d\ AA) -
s IDFCF Ty 400 = HA)

) f !
- a3 IDF(f1)]
We conclude that
My (AN @n, e —2m)) < KPA(T ' 20, 3m)). (4.15)
In case min,cy7+ |Df (z)| = f~'(c — 2n), a similar reasoning yields
MTT (AN @n, e —2m)) < KPA(T7 (€ = 3n, ¢ — 21). (4.16)

Furthermore, a similar reasoning can be done for the interval [c, 1] to conclude that

MITH (AN 20,1 =20)) < KO (AT 0+ 20, 043m) + A1 (1= 30,1 = 2)).

Hence, setting K| = max{K ™, 1} gives the desired result. O

Proposition 4.2 shows that to get the desired estimate from Theorem 4.1 it suffices to
consider small intervals on the left and right of [0, 1] and around c, i.e., sets of the form

I.(e) :=(c—¢,c+¢e) and Ip(e) :=[0,e) U (1l —¢, 1]

for ¢ > 0. We first focus on estimating the measure of the intervals I.(¢).
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Lemma 4.1. There exists a constant Ko > 1 such that for alln € N, u € DI DI
and all ¢ > 0 we have

MTT L (e)) < Kae. (4.17)

Proof. Letn e Nandu € £"~! x 5. Let e > 0. Suppose that & > %min{c, 1—c}.
Then
1 4e
AMTy () 1 < —/———. (4.18)
min{c, 1 — ¢}

Now suppose & < %min{c, 1 — c}. Again the map Ty has non-positive Schwarzian
derivative on the interior of any of its intervals of monotonicity and since u, € Xg
the image of any such interval is [0, 1]. Use Z to denote the collection of connected
components of Tu_llc(s). Let A € 7 and write J = J4 and I = I4 for the intervals that
satisfy A C J,A C [ and

1 1

Tu(J) = [c — S minfe, 1 = ¢}, + 5 minfc, 1 - c}],
3 . 3 .

To(l) = [c — Zmin{c, 1 — ¢}, c+ 7 minfc, 1 — c}].

Also, write f = Ty|;. Since f has non-positive Schwarzian derivative, it follows from
(2.13) that

MA) e HMSA) ey 2

O IR I0)) minfe, 1 — ¢}’ a1
We conclude that
2¢
. B b H__ =
M e = Y a) < K T g 2 MU0 = K S
(4.20)

e3)
Defining K> = 2maxi2.K ) he desired result now follows from (4.18) and (4.20). O

minf{c,1—c} °

To find A, (IC (s)), first note that from Lemma 2.4 it follows that foralle > 0,n € N,
ue Xy,

T, (I(e) € I(R '), 4.21)

By splitting X" according to the final block of bad indices, we can then write using
(4.21) and Lemma 4.1 that

n—1
n(le@) =3 3 3 Y punr(Tygple@) + D por(Ty ()

k=0yexn—k-1geXs pexsk bex”,
. -1
= Z Z Z Z pvgb)L IC(K_I Zb )) Z pb)\(lc(K_leeb ))
k=0vezn—k-1ge¥s pexk bexy
n—1
- -1 - ~1
= Z Z Z pepbKaK et + Z pp2K ety .

k=0 g6 pexk beXy
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Taking K3 = max {K2,2( X ,cx, pe) '} K1 > 1 then gives

n
-1
n(Ie(e)) < K3 Y PePbe™ . (4.22)
8€Xc k=0 pexk

We now focus on Ip(e) = [0,e) U(l — e, 1]. Fixan0 < g9 < %min{c, 1—c}anda
t > 1 that satisfy

IDT;(x)| > t, for all x € Iy(ep) and each j € . (4.23)

Such &g and ¢ exist because of (G4) and (B4). From (G3) it follows that for each 0 <
e <egpand g € Xg,

1Ty (x) — Tg(c)| =

Clx —c|s.

X K,
[ DTy = 2

c Tg
Set K4 = max{(l{g’lrg)rz:1 : & € g} > 1. Then (G1) implies that

T, o(e) S Io(et™") U I(Ksg™ ). (4.24)

Furthermore, from (B1) it follows that for each ¢ € (0, &g) and b € Xp,

T, o(e) C Io(et™). (4.25)
Write each u € X" as
u=Dbg - bsg; (4.26)
for some § € {l,...,n}, where for each i we have b; = b;1---b;i, € Elg and
8 = 81 8im € B¢ forsome ki, ms € Z=g and ky, ... ks, my, ... ,mz_; € N.
Define
s, if my > 1,
S =
s—1, ifm;=0.

Moreover, we introduce notation to indicate the length of the tails of the block u:

di = |b;g; - - - bzgs], ief{l,....5)
Gi.j = 18i.j+1 - GimDiv1Giv1 - bsgs|, i € {1, ..., 5}, j€{0,...,m;}.

If necessary to avoid confusion, we write s(u), k; (u), etcetera to emphasize the depen-
dence on u.

Lemma 4.2. There exists a constant Ks > 0 such that for each 0 < ¢ < g9, n € N and
u=>b;g---b;g; € ¥,

_ _ o Z_,I 7.1
Ty ') S Toet™ My Ui, b1g1 bi—1gi-1 (Ks(et 4i.1)"b; ’gu)

—1
mi N
U Uz 1 U, =2 blgl ‘bi—18i-1bigi1-8i j-1 L(Ks(et™ T ) 7).
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Proof. We prove the statement by an induction argument for 5. Let u be a word with
symbols in ¥, and write u = b;g; - - - b;g; for its decomposition as in (4.26). First
suppose that § = 1. If m| = 0, then the statement immediately follows from repeated
application of (4.25). If m > 1, then repeated application of (4.24) gives

my

o(e) € To(er™ qu)UIC(K4(€t q1.1y"s1, 1) U e <K4(at ‘flz)glf) 4.27)
By setting K5 = K~ 'Ky, applying (4.21) and (4.25) then yields
—ll g
Ty 5 To(®) lo(sfdl)uIC(Ks(sfq“)ebl g“) U b 1 811 (Ks(st_‘“'l) g‘«f).

Note that this is true for the case that k; = 0 as well. This proves the statement if
§ = 1. Now suppose s(u) > 1 and suppose that the statement holds for all words v with
§(v) = s(u) — 1. In particular, the statement then holds for the word byg; - - - b;g;. Note
that m| > 1. Again, by repeated application of (4.24) it follows that

Ty Toer™®) € To(er 9 U I (Kaer™11Y501 ) U U o Lo (KaGer= /s ). (4.28)
Furthermore, applying (4.21) and (4.25) then yields
r ol
Ty Io(et_dz)CIo(st_d')UIC<K5(st air) ) g”) U - _ (Ks(sfth)gl-f).
This together with the statement being true for the word bog; - - - b;g; yields the statement

for u. O

Combining Lemmas 4.1 and 4.2 gives

s m;
AT o (e)) <28t_d1+ZK2K5(8t gi.1" ey +> > KaKs(et™ ‘Iw)gu
i=1 i=1j=2

Let rmax = max{r, : g € ¥g}and seta := tY/rmax > 1. Then

ZZ“ "= Z 1—1/a

i=1 j=2 L=
so that
s m;
ATy o)) < 26!/ 4 KyKs Y ") gl /rmaxgar) +ZK2K5(8I i) 75
i=1j=2 i=1

< (24 2255 \ovma 4 gy i(st_q"")l‘:ilrg_ill (4.29)
=< T~ 1/a 2K Z : .
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Proposition 4.3. There exists a constant K¢ > 0 such that for each ¢ € (0, &9) and
neN,

n—1
In(lo(€) < K6 Y pg . Y puly - s .
8€%6  k=Opexk
Proof. Letn € N. Then with (4.29) we obtain

dano@) = Y pur(Ty ' Uo(e)))

uex”

s(a) _ _

K>K5 1 . N

(2+ )8 /Tmax 4 Ky K 2 : p“E :(St—qz,l(u)) b; (W g; 1 (W)
I=1a ues"  i=1

KoK T ol
— <2+ 1271/5>81/rmax + KK Z Z Tis (u)}(i)pu(é‘l_qi‘l(u)) bi(“)rgi,l(“)’
—1/a
i=lueXx”

(4.30)

where we defined T = L%J which is the largest value s(u) can take. Let us consider
the second term in (4.30). First of all, note that a word u € X" satisfies s(u) > 1 if and
only if m1(u) > 1. Therefore,

n—1
fue " :su)>1} = U Tk x B x kL
k=0

Hence, defining the function y on {0, ...,n — l}2 by

xkoqg)y=>" > pbpg(st—q)‘“’ﬁ"?l, (k,q) €10,...,n— 1}, (431)

bexk 826

we can rewrite and bound the term with i = 1 in (4.30) as follows:

uex” k=0 yexn—k-1
n—1
<&/ N yeon—k—1). (4.32)
k=1
Secondly, note that for each i € {2, ..., t} awordu € X" satisfies s(u) > i if and only
if mj_1(u), kj(w),m;(u) > 1. Foreachk € {1,...,n—1}andg € {0,...,n — k — 2}
andi € {2,..., t} we define

Aikg=ve 201 5(v) =i — 1, vy g1 € Zg). (4.33)

The set A; x4 contains all words of length n — k — g — 1 that can precede the word
big; - - - bsgs with |b;| = k and [gi,2 - - - &i.m;bi+18i+1 - - bsgs| = q. So
n—1n—k-2
fue X" :s(u) >i}= U U Ajkg X 2’; x X x 24, ie{2,...,1}.
k=1 ¢=0
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Hence, using (4.31) we can rewrite and bound the sum in (4.30) that runs from i = 2 to
T as follows:

T

i=2 ueX”

T n—1ln—k-2

Z Z Z Z pvipvx (k. q)

i=2 k=1 q=0 Vi€Ajrqvrexq~!

nX:qu: x (k, Q)Z Z Z PviPvy

2
k 0 i= 2V1€A,kqu€2q 1

|M\ T

n—1n—k—2
<> > kg, (4.34)
k=1 ¢g=0

Here the last step follows from the fact that

YooY s ). > gl (4.35)

i=2 Vi€Aj kg vexn—k—q-2 geXg

Combining (4.32) and (4.34) gives

n—1n—k—1
3 Xt s @paler 1) < e 5 . 0
i=1 uex” k=1 ¢g=0

Furthermore, for each b € E'é and g € X we have again by setting ripax = max{r; :
j € X} and o = r1/max that

n—k—1 n—k—1

—1.—1 —1
Do < 3 () < < —
= -6 " o

Ly < Ly
—1 log(a)
4.37)

where the last step follows from the fact that f(x) = 7= is a decreasing function and
limy 0 f(X) = 505 Og - - Hence, combining (4.30), (4.36) and (4.37) gives

n—1n—k—1

K> K 1/’"mdx q by 'rg
An(lo(e))§<2+1 T +K2K5) +K2Ks Y Y Y > popglet g

k=1 ¢=0 bEEk g€Xs

,1 _ e
) Vs T E Y popes "+ foxt

k=lpexk se¥g

1

<2+ K2K5

-1
<K¢ ). Pan: > Pyloe™ T

8€XG  k=Opexk

where K¢ 2+ K>Ks 20‘;:11) + Kég&“ o

= +(
min{p, : g€}
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We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. Let A C [0, 1] be a Borel set. First suppose that A(A) > %
Then there exists a constant C = C (%") > 0 such that

(M) <1203 pe 3 S puty-r(a) s (438)

geXG k=0pe E];;

Now suppose that L(A) < %0 and set ¢ = 3A(A). It follows from Proposition 4.2 that
foralln € Nand all u € " we have

MITTTA) < Ky (T o)) + (T e (e))).

Together with (4.22) and Proposition 4.3 this yields for all n € N that

o0
—1,-1
An(A) < K1 - (K3 + Ke) Z pgz Z Poly - e e

g€XG k=0 bele‘g

This gives the result. O

5. Further Results and Final Remarks
5.1. Proof of Corollaries 1.1 and 1.2. In this section we prove Corollaries 1.1 and 1.2.

Proof of Corollary 1.1. We use the bound (1.7) obtained in Theorem 1.3. For conve-
nience, we set £ = fpax and x = A(A)Y/mx The asymptotics is determined by the
interplay between 0¥ \ 0 and x 17 ' 1. First suppose 6 < x!/¢. Then A(A) > §¢max,
so there exists a constant C = C(6“mx) > 0 such that

1

) = C o iy

Now suppose 6 > x!/¢. Note that 6V > x/¢" if and only if

1
log N + Nlog{ < log (log;)
0g

Since log N < N, this last inequality is satisfied if we take for example

N — { 1 log <logx>J _ { 1 log <10g(1/x))J 7 5.1)
1+log? log 6 1+logt log(1/6)

where | y| denotes the largest integer not exceeding y. Taking N as in (5.1), note that it
follows from 6 > x1/¢ that N > 0. Then ok > xl/gk for all K < N as well, and hence

9] . N . 00 . N v o0
ngxl/ﬂ zzekxl/li + Z ekxl/z Szek_xl/ﬁ + Z Gk-l
k=0 k=0 k=N+1 k=0 k=N+1
1 9N+l
< xl/ZN +

< < (1+6)oV.
1—0 1—60—1-6
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From (5.1) we see that N > 1+10g£ log (iggg} — 1, thus

1 log(1/x)
exp(N logf) < exp <<1 Tlog? log <log(1/0)) - 1) log 6)

log 6
exp (% loglog(1/x) + C(¥, 9))

GN

. logg Fmax g
= C (¢, 0)(log(1/x)) #eet =C e, 9)(m) ’

where we set » = l(l’ﬁéé ee) > 0, and where C(¢,0) € R and C(¢, #) > 0 are constants

that only depend on ¢ and 6. We conclude from the bound (1.7) that

1
“log”(1/i(A))

for some positive constant K. O

up(A) < K

The proof of Corollary 1.2 consists of two steps. Firstly we show that any weak limit
point of up, is a stationary measure, i.e., satisfies (2.3), and secondly that any weak
limit point of wp, is absolutely continuous with respect to the Lebesgue measure. The
corollary then follows from the uniqueness of absolutely continuous stationary measures
given by Theorem 1.2.

Proof of Corollary 1.2. For each n > 0, let p, = (pn,j) jex be a positive probability
vector such that sup,, Zbe)jg Pn.blpy < 1 and assume that lim,_, o p, = p in Riv for
some p = (p;)jex. Let ji be a weak limit point of jip,. Again, note that such a /i exists
because the space of probability measures on [0, 1] equipped with the weak topology
is sequentially compact. After passing to a subsequence we have for any continuous
function ¢ : [0, 1] — R that

n—00

lim pdup, =/ pdt.
[0,1] [0,1]

Moreover, by the stationarity of the measures (i, it follows that for eachn > 1,
/ (pdu'pn an]/ (pOTjd/"l’plz'
[0.1] jex

To prove that /i is stationary for p, it is sufficient to show that for each j € X,

lim p,,,jf 9oT;dup, = pj/ 9o T;dfi. (5.2)
[0,1] [0,1]

n—oo

If j € X p this is obvious, since then ¢ o T is continuous. For j € X themap o T
might have a discontinuity at c. In this case, we let g5 be the continuous function given
by @s(x) = ¢oT;(x)forx € I\ (c—4§, c+9) and ;s is linear otherwise. Then we have

lim
n—oo

pn,jf ws dup, —Pj/ wadﬂ‘ =0,
[0,1] [0,1]
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by the weak convergence and since p, ; — p; asn — oo. Also, we have

p,,,j/. onjdupn—p,,,j'/ psdup,| < Cup,([c —8,c+8]) > 0asé — 0,
[0,1] [0,1]

where the convergence is uniform in n because of (1.7). Similarly,

<Ci([c—86,c+68]) > 0asd — 0,

Pj/ onjdﬂ—pj/ wsdji
[0,1] [0,1]

The last three relations imply (5.2).

To show that [i is absolutely continuous with respect to the Lebesgue measure A
we proceed as in the proof of Theorem 1.3. We set 0 = sup,, ZbeEB Pty < 1. Let
A C [0, 1] be a Borel set. By Theorem 1.2 every up, satisfies (1.7), so that

o0
~ k-1
Mpn (A) < Cn Zek)\,(A)emaxrmax,
k=0

where the constant C, depends on (deEc p,,,g)_l and (min{p, , : g € EG})_1 (and
properties of the good and bad maps themselves that are not linked to the probabili-
ties). Since each p,, n > 0, is a positive probability vector and lim,_, - p, = p, both
these quantities can be bounded from above and C := sup,, C, < oo. From the weak
convergence of jip, to fi we obtain as in (4.12) using the Portmanteau Theorem that

o0
i(A) <C Z ék)\’(A)[;lﬁxrr;z}X.
k=0

Hence, ji < A. By Theorem 1.2 we know that up is the unique acs probability measure
for F' and p. So, i = ptp. O

5.2. The non-superattracting case. With some modifications the results from Theorem
1.2 and Theorem 1.3 can be extended to the class B! 2 9B of bad maps of which
critical order ¢;, in (B3) is allowed to be equal to 1. We will list the modified statements
and the necessary modifications to the proofs here. Note that for each T € B!\ B,
we have DT (¢) # 0, and due to the minimal principle, | DT (c)| < 1. So we consider
Ti,...,Ty € & U B! wich}g ={1<j<N:Tje %l}andZ(;, g as before and
such that £, £\ g # @. Furthermore, we write again £ = {1,..., N} = EgUZ}.

Theorem 5.1. Let {T; : j € X} be as above and p = (pj) jex a positive probability
vector.

(1) There exists a unique (up to scalar multiplication) stationary o -finite measure (ip
for F that is absolutely continuous with respect to the one-dimensional Lebesgue

measure A. This measure is ergodic and the density % is bounded away from zero
and is locally Lipschitz on (0, ¢) and (c, 1).
(2) Suppose £max > 1.
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(i) The measure jvp is finite if and only if 0 = ZbeZIL puly < 1. In this case, for
each € (0, 1) there exists a constant C (é) > 0 such that

o
~ ~ —k .—1
pp(A) < C(B) - > GFA(A) man"max (5.3)
k=0
for any Borel set A C [0, 1], where rmax = max{rg : g € T} and bpax =
max{{, : b € Xp}.
(1) The density % is not in L1 for any q > 1.
(3) Suppose pax = 1.
(i) The measure p is finite, and for each n = (17;,)176211g such that np, > 1 for each

be 2}3 and é()]) = Zbezl'; punp < 1 there exists a constant C(n) > 0 such that

o0
~ —k -1
pp(A) < C() - Y O A(A)Tmax"max (5.4)
k=0
forany Borelset A C [0, 1], where nmax = max{n, : b € Eé}. IfX:bE}:}9 % <
1, so if the bad maps are expanding on average at the point c, then we can get the
estimate
1p(A) < C - A(A) s (5.5)
for some constant C > 0 and any Borel set A C [0, 1].
.. d
(ii) If rmax > 1, then % & L9 foranyq > rmr:“%.]ﬁmoreover, Zbe):}g % <1,
thendc% € L9 foralll < q < tma

Fmax—1"

d
(i) [f rmax = 1 and Y ezt pfiey; < 1. then 52 € L.

The main issue we need to deal with in order to get Theorem 5.1 is adapting
Lemma 2.4, i.e., finding suitable bounds for |7} (x) — c|, since the constants K and

M from Lemma 2.4 are not well defined in case Lmin = 1. This is done in the next two
lemmata. For the upper bound of |7} (x) — c| we assume £n,x > 1 since we only need
it for the proof of part (2)(i).

Lemma 5.1. Let {T; : j € X} be as above. Suppose Ly > 1. There are constants
M > 1and$ > 0 such that foralln e N, w € (E}g)N and x € [c — 6, ¢ + 8] we have

n _ T boybon
|T,)(x) —c| < (M|x —c| . (5.6)

Proof. Similar as in the proof of Lemma 2.4 it follows that there exists an M > 1 such
that for any b € ¥p and x € [0, 1] we have

| Th(x) — c| < M|x — c|*. (5.7)

Furthermore, there exists a § > 0 such that |DTy(x)| < 1 forall x € [¢c — §, ¢ + 8] and
b € X} This implies

1Tp(x) —c| < |x —cl (5.8)
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forallx € [c —8,c+d8]and b € E}g. Note that X5 # ( because £max > 1. We set
v=min{lp : b € X¥p} > 1 and M= Mﬁ. Foreachn € Nand w € (E}g)N, write

mn,w) =#1 <w; <n: 4L, > 1} 5.9

The statement follows by showing that foralln € N, w € (E}})N and x € [c — 8, c+ 6]
we have

—m(n,w Zw "'an
|T£(x) —c] < (M(lfu ( ))/(v71)|x —C|) 1 . (5.10)

We prove (5.10) by induction. From (5.7) and (5.8) it follows that (5.10) holds for
n = 1. Now suppose (5.10) holds for somen € N. Letw € (E}Q)N andy € [c—§, c+4].
If £,,,, = 1, then the desired result follows by applying (5.8) with j = w41 and
x =T} (y). Suppose £,,,, > 1. Then, using (5.7),

T (y) — ¢ < MIT/" (y) — c|bon

—m(n, _ 1, Loy -+l
< (M(17U m(n m))/(U71)+U m(n+ w)ly _C|> ] wn+l'

Using that

—mn,w) _ ,,—mn+l,w)
—m(n+l,w) — v v

v , (5.11)

v—1
the desired result follows. O

Lemma 5.2. Let {T : j € X} be as above. Let 1 = (77;,)b€211B be a vector such that

np > 1 foreach b € Ell;. Set N, = max{np, £p} for each b € Eé. Then there exists a
constant 12(;7) € (0, 1) such that foralln e N, w € (Z};)N and x € [0, 1] we have

N ooy ***Tlon .
(Rl —el)™ ™" = 17200 =<l (5.12)
Proof. Note from (B3) that for each b € 211; we have

Kplx — |71 < Kplx — ¢|%7! < [ DTy(x)!.

The result now follows in the same way as in the proof of Lemma 2.4 by setting fpmin =

min{Kj :beZ}j,} ) ﬁ

min{n, : b € 2}9}, Nmax = max{ny : b € Z}g} and K () = ( O

f]max
Proof of Theorem 5.1. Firstly, note that (1), (2)(ii) and the first part of (3)(ii) immediately
follow from Remark 3.1. Moreover, as in [17, Section 5.4] it can be shown that (5.5)
implies that % isin L9 if rmax > 1and 1 < ¢ < ™2 eiving the remainder of 3(ii).

max— 17
It is immediate that (5.5) implies that % isin L if rmax = 1, so (3)(iii) holds. Hence,
it remains to prove (2i) and (3i).
Suppose 6 = Zbez}, pplp > 1, which means that £;,,x > 1. The proof that in
this case pp is infinite follows by the same reasoning as in Sect. 4.1 by now taking
y = min{§, %]\;1_1} with 8 and M as in the proof of Lemma 5.1. Now suppose 6 < 1. Let

n= ("b)bezg be a vector such that n, > 1foreachb € 2113 andé(n) = Zbe):}g Pullp <
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1 with again 7, = max{ny, €,}. Applying Lemma 5.2 yields that for alle > 0,n € N,
be (Zp),

Ty (1) € L(Rap~'e), (5.13)

where we used the notation 7, = 7jp, - - - 1jp, for a word b = by - - - b,,. Following the
line of reasoning in Sect. 4.2 with (5.13) instead of (4.21), we obtain that there exists a
constant C(n) > 0 such that

1p(A) < C) - Y B A(A) I mas (5.14)
k=0

for any Borel set A C [0, 1]. In case £max > 1 we can choose 3 to satisfy fimax = €max
and such that & () — @ is arbitrarily small, which yields (2)(i). In case £nx = 1, then
Nmax = Nmax, SO this together with (5.14) yields the first part of (3)(i).

Finally, for the second part of (3)(i), suppose £ax = land A = Zbezg % < 1.
Setting Ky, = |DTy(c)| foreach b € (Ellg)” and n € N, note that foralle > 0,n € N,
be (Zp)",

T, (L(e) € I(K, ). (5.15)

By using (5.15) instead of (4.21), letting pp = K|’ ! pb play therole of py, in the reasoning
of Sect. 4.2 and noting that A¥ = Zbe(g Lyk Db, we arrive similarly as for Theorem 4.1

to the conclusion that there exists a constant C > 0 such that for all n € N and all Borel
sets A C [0, 1],

o0
(M) <€) pg(ZAk)x(A)’El. (5.16)
geXg k=0
This proves the remaining part of (3)(i). O

5.3. Final remarks. The results from Theorem 5.1 contain one possible extension of our
main results to another set of conditions (G1)—(G4), (B1)—(B4). In this section we discuss
some of the questions that our main results brought up in this respect, i.e., about whether
or not some of the conditions (G1)-(G4), (B1)—(B4) can be relaxed, and questions about
other possible future extensions.

A condition that plays a fundamental role in the proofs of Theorem 1.2 and Theo-
rem 1.3 is the fact that the critical point is mapped to a point that is a common repelling
fixed point for all maps T';. We considered whether this condition can be relaxed, for
instance by assuming that the branches of one of the good maps are not full. However,
in this case the critical values of the random system are not just O, ¢, 1 but contain all
the values of all possible postcritical orbits of c. This has several consequences:

— An invariant density (if it exists) clearly cannot be locally Lipschitz on (0, ¢) and

(@, 1).
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— Proposition 4.2 and all subsequent arguments fail, since it is not sufficient to restrict
to neighbourhoods around only 0, ¢ and 1. One might try to solve this issue by
requiring that the postcritical orbits ‘gain enough expansion’ as was done in for
instance [32] for deterministic maps. An analogous condition for random systems,
however, would become much stronger since it would have to hold for all possible
random orbits of c.

— The argument using Kac’s Lemma might fail, because in that case there exist words
u with symbols in £ and neighbourhoods U of ¢ such that T, (x) is bounded away
from zero and one uniformly in x € U.

The dynamical behaviour of the system is governed by the interplay between the
superexponential convergence at ¢ and the exponential divergence from 0 and 1. In this
article we fixed the exponential divergence away from 0 and 1 and the two regimes 6 < 1
and 6 > 1 in Theorem 1.3 only refer to the convergence at c: For smaller 6 orbits are less
attracted to c. It would be interesting to see under what other conditions on the rates of
convergence to ¢ and divergence from O and 1 the system admits an acs measure. Could
one for example

- take exponential convergence to ¢ and polynomial divergence from 0 and 1, or

-replace the conditions (G4) and (B4) stating that all good and bad maps are expanding
atOand 1 by the condition that the random system is expanding on average at a sufficiently
large neighbourhood of 0 and 1?

There are also some additional questions that our main results raise. It would be
interesting for example to study further statistical properties of the random system such
as mixing properties and if possible mixing rates in case the acs measure is finite. It is
not clear a priori if the behaviour of the good maps dominates the statistical properties
of the random system, since trajectories spend long periods of time near the points 0,
c and 1. In this respect the dynamics resembles that of the Manneville-Pomeau maps,
and mixing rates might be polynomial rather than exponential. A way to approach this
problem is by estimating the measures P x A({¢y > n}), where ¢y is the first return time
to Y defined in Sect. 3 as they give information on the rates of decay of correlations. To
obtain the desired decay rates it is sufficient to obtain estimates for P x A({py = k})
for all k > n. Recall that every returning set {9y = k} is of the form C; x J(Cy),
where C;, ¢ =N is a cylinder set and J(Cy) C [ is an interval with return time k,
which depends only on Cj. Obtaining effective estimates on individual intervals J by
directly looking at pre-images of ¥ under the skew product system does not seem very
feasible at the moment, since cylinders can contain a positive proportion of bad maps.
An alternative approach could be a combinatorial construction as in [3] or [13], where
a two step induction process is introduced. To perform a similar construction we have
to find a suitable way to define the binding period or the slow recurrence to the critical
set, which takes into account the existence of bad maps.

Finally, in Theorems 1.2 and 5.1 we have seen that the regularity of the density d‘%
depends on whether or not there is a bad map for which c is superattracting: If €;ax > 1,
then dﬂ# is not in L7 for any ¢ > 1. On the other hand, if ¢,x = 1 and the bad
maps are expanding on average at ¢, i.e. ), 5 L w%’% < 1, then the density has the

same regularity as in the setting of Theorem 1.1 by Nowicki and van Strien. Indeed, in

this case, if rmax > 1, we have % € L% if and only if 1 < ¢ < ™ and in the
Fmax— 1
case that rpx = 1 we have % € L7 for all ¢ € [1, oc]. In view of this, one could

wonder for which ¢ > 1 we have dd# € LY in the intermediate case that £,,,x = 1 and
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D bes L \DYETI)(C)\ > 1, i.e. if ¢ is not superattracting for any bad map and the bad maps
are not expanding on average at c.
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