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Abstract: In this paper, we study lattice gauge theory on Z* with finite Abelian struc-
ture group. When the inverse coupling strength is sufficiently large, we use ideas from
disagreement percolation to give an upper bound on the decay of correlations of local
functions. We then use this upper bound to compute the leading-order term for both the
expected value of the spin at a given plaquette as well as for the two-point correlation
function. Moreover, we give an upper bound on the dependency of the size of the box
on which the model is defined. The results in this paper extend and refine results by
Chatterjee and Borgs.

1. Introduction

1.1. Background. Gauge theories are crucial tools in modern physics. For instance, they
are used to formulate the Standard Model. These quantum field theories describe how
different types of elementary particles interact. Even though such models have proved to
be very successful in physics, they are not mathematically well-defined. This problem
was considered important enough to be chosen as one of the Millenium Problems by the
Clay Mathematics Institute [11].

Euclidean lattice gauge theories, with underlying structure group given by e.g. U (1),
SU(2) or SU(3), appear as natural and well-defined discretisations of gauge theories
on hyper-cubic lattices [17]. These discretizations have been proven to be very useful
as tools to study the corresponding quantum field theories using e.g. simulations, high
temperature expansions and low temperature expansions [12]. However, there is also
hope that one would be able to take a scaling limit and in this way obtain a rigorously
defined continuum gauge theory. As a first step in this direction, it is often instructive
to try to understand relevant properties of slightly simpler models of the same type.
The decay of correlations is an important property to try to understand in any model
in statistical physics. For lattice gauge theories, this type of property is given further
relevance due its connection with the mass gap problem in Yang—Mills theories. This is
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the main motivation for the current paper, where we study the decay of correlations in
Abelian lattice gauge theories.

While lattice gauge theories with a finite Abelian structure group are not of known
direct physical significance in the context of the Standard Model, they provide toy models
for development of tools and ideas which can later be generalized to more physically
relevant models. For this reason, they have been studied in the physics literature, see,
e.g., [2,8,13] and the references therein, as well as in the mathematical literature, see
e.g. [2,6,7,16].

1.2. Lattice gauge theories with Wilson action. The lattice Z* has a vertex at each point
in R* with integer coordinates, and an edge between nearest neighbors, oriented in the
positive direction, so that there are exactly four positively oriented edges emerging from
each vertex x, denoted by dx;, i =1, ...,4. We will let —dx; denote the edge with the
same end points as dx; but with opposite orientation. Each pair dx; and dx; of directed
edges defines an oriented plaquette dx; Adx ;. 1fi < j, we say that the plaquette dx; Adx
is positively oriented, and if i > j, we say that the plaquette dx; A dx; = —dx; A dx;
is negatively oriented.

Given real numbers a; < by, ay < by, a3 < bz and a4 < bg, we say that B =
(la1, b1] x [az, bl x [a3, b3] x [a4, bsl) N Z* is a box. When B is a box, we write
E p for the set of (positively and negatively) oriented edges both of whose endpoints are
contained in B, and Pp for set of the oriented plaquettes whose edges are all contained
in Ep. We will often write e and p for elements of Ep and Pp, respectively.

In this paper we will always assume that a finite and Abelian group G has been
given. This group will be referred to as the structure group. We let X, be the set of
G-valued 1-forms on Ep, i.e., the set of functions o : Ep — G with the property that
o(e) = —o(—e). Whenever o € X, and e € Ep, we write o, := o (e). Each element
0 € X, induces a configuration do on Pp by assigning

(do)p := 0¢; +0ey + 0y +0¢,, pE Pp, (1)

where eq, e, e3, e4 are the edges in the boundary dp of p, directed according to the
orientation of the plaquette p, see Sect. 2.1.3. The set of all configurations on Pp which
arise in this way will be denoted by X p,.

Next, we let p be a faithful, irreducible and unitary representation of G. With G and
p fixed, we define the Wilson action by

S(0) ==Y Nirp(do),), o€ g, )
PEPB

Letting ;y denote the uniform measure on X, and fixing some g > 0, we obtain an
associated probability measure (1 g on g, by weighting g by the Wilson action:

wpp©0) = Zgle P’ up(0), o€ gy, 3)
where Zp g is a constant that ensures that i g g is a probability measure. The probability
measure (g g describes lattice gauge theory on B with structure group G, representation
0, coupling parameter B and free boundary conditions. We let Ep g denote expectation
with respect to g, g.
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1.3. A distance between sets. Let B and B’ be two boxes in Z* with B’ € B. In all of our
results, we need a measure of the distance between sets of plaquettes Py, P, € Pg. To
be able to define such a measure, we now introduce the following graph. Givenw € X p,
and ©’ € Tp,,, let G(w, @') be the graph with vertex set supp @ U supp «’, and an edge
between two distinct plaquettes p;, py € supp w Usupp &' if p; and £ p; are both in the
boundary of some common 3-cell (see also Definition 1). For distinct p1, p2» € Pp, let

1
distg p'(p1, p2) := Emin{|suppw| +[suppe’|: w € Tpy, @ € Tp,, sit.

“4)
p1 and p; are in the same connected component of Q(a), o ) }
for p € P, letdistg p/(p, p) := 0, and for sets Py, P, C P, let
diStB,B/(Pl, Py) = min diStB,B/(pl, P2)- 5)

P1€P), p2eP

When B’ = B, we write distp instead of distz, 5. We mention that for any two distinct
plaquettes pi and p>, one can show that distg p'(p1, p2) is bounded from above and
below by some constant times the graph distance (in the lattice Z*) between the corners
of p1 and the corners of p;.

1.4. Preliminary notation. To simplify notation, for 8 > 0 and g € G, we let

PR p(g)
¢ﬁ (g) = eﬁm trp(O) ’ (6)

and

alB) =Y dp(e).

geG~{0}

The function «(B) will be used to express upper bounds on error terms in our main
results. We mention that for any finite Abelian group G with a faithful representation p,
there are constants C > 0 and £ > 0 such that a(B8) < Ce P4 In other words, o (B)
decays exponentially in S.

Next, for 8 > 0 such that 30a(8) < 1, we define

— 20 . 2 7
A= 15 —Sa(ﬁ))z[ 1 —30"‘(/3)]’ "

and
Cy := 30. (8
We note that as 8 — oo, C1(B) \( 4/9.

When P is a set of plaquettes, we let § P denote the set of all plaquettes in P which
shares a 3-cell with some plaquette which does not belong to P.
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1.5. Main results. In several recent papers, the expected value of Wilson loop observ-
ables have been rigorously analyzed with probabilistic techniques, for different structure
groups [4,6,7,9]. The Wilson loop is an important observable in lattice gauge theories
because it is believed to be related to the energy required to separate a pair of quarks
[5,17]. Another important observable is the spin-spin-correlation function, which is
thought to be related to the so-called mass gap of the model [5]. In the first three main
results of this paper, we study variants of this function in the low-temperature regime,
by giving results which describe the decay of correlations of local functions. The first
of these results is the following theorem. To give the statement, when w € Xp, and
P C Pgand P = —P, weletw|p:= (w), - ¥ ecp) denote the restriction of w to P in
the natural way (see also Sect. 2.1.10).

Theorem 1. Let B be a box in Z*, and let B > 0 be such that 30a(B) < 1. Further, let
f1. f2: Tpy — C and assume that there are disjoint sets P, P, C Pp such that for all
w € Tp, we have fi(@) = fiw|p,) and fr(@) = fr(@|p,). Then, if 6 ~ wp.p, we
have

ICov(f1(do), f2(do))| < Cill filloo | f2lloo(Carar(B)) 5272 )

where C1 = C1(B) and C; are given by in (7) and (8) respectively.
In particular, if p1 € Pp and py € Pp are distinct, then

[Cov(tr p((do) ). tr p((do) py))| < C1(dim p)*(Cra(B) ™. (10)

Remark 1. Since a(B) decays exponentially in 8, Theorem 1 shows that the covariance
of two local functions decays exponentially both in 8 and in the distance between the
corresponding sets Py and P;.

Remark 2. We mention that if one for disjoint plaquettes p1, po € Pp knew which
configurations attained the minimum in (4), then the methods used in this paper could be
adapted slightly to describe the first order behaviour of Cov (tr p((do)p,), trp((do) pz))
for sufficiently large B.

With Theorem 1 at hand, it is natural to ask how the decay of the covariance in (10)
relates to the so-called spin-spin correlation Eg g[tr o((do),) tr p((do) )] The next
theorem, which improves upon a special case of Lemma 4.2 in [2], is a first step towards
answering this question.

Theorem 2. Let B be a box in Z*, and let B > 0 be such that 5a(B) < 1.
Further, let p € Pg and f: G — C. Then, if distg ({p}, (SPB) > 11, we have

B s[£(do))] = (O + 3 (&)~ 1) d5()'2)
ecdp geG

(an
5 11
< % max| £ () = FO)].

Remark 3. When B tends to infinity, we have Zeeap deG o (®"? = a(p)®, and
hence the right hand side of (11) will in general tend to zero much faster than the term
Zeeap deG (f(g) - f(O)) o (2)'? on the left hand side of the same equation. Conse-

quently, Theorem 2 captures the first- and second-order behaviour of Eg g f ((do),)].
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Combining Theorem 1 and Theorem 2, we obtain the following result as a corollary.

Theorem 3. Let B be a box in Z*, and let B > 0 be such that 30a(8) < 1. Further; let
P1, p2 € Pp be distinct, and let f1, fo: G — C. Then, zfdistB({p], P2}, SPB) > 11,
we have

Ep g f1((do)p) f2((do) )] = ] (f,- O+ Y > (fi®) = £1(0) dp (g)lz)‘
je{l,2} ecdp geG (12)
dista (p1), (Sa ()"
< Cill fillool falloo (Co0t(B) ™ PV 8] fil o falloo
1 —5a(B)
where C1 = C1(B) and C», are given by (7), and (8) respectively.
Remark 4. For N > 1,let By be the box [-N, N]*NZ*. By applying Ginibre’s inequal-
ity [10], one can show that whenever f is a real-valued function which depends only on
a finite number of plaquettes, then the limit

Jim By p[ f(do)] (13)

exists and is translation invariant (see e.g. Section 2.3 in [7]). From this result, it follows
that Theorems 1, 2 and 3 holds also in this limit.

By using the same strategy as for the proof of Theorem 1, we obtain the following
result, which extends Theorem 5.3 in [6]. In this result, dist7y (X, Y) denotes the total
variation distance between two random variables X and Y.

Theorem 4 (Compare with Theorem 5.3 in [6] and Theorem 2.4 in [2]). Let B and B’
be two boxes in 7> with B’ C B, and let B > 0 be such that 30a(f) < 1.
Further, let P C Pp, and let o ~ up g and o' ~ g g. Then

distry ((do)|p, (do")|p) < C1|P|(C2a(B))
where C1 = C1(B) and C; are given by (7) and (8) respectively.

Remark 5. In contrast to Theorem 5.3 in [6], which hold only for G = Z,, Theorem 4
is valid for any finite Abelian group. Moreover, our proof can easily be adapted to work
for other lattices such as Z" for n > 3, as well as for other actions such as the Villain
action. Moreover, we mention that even in the case of G = Z;, we use a completely
different proof strategy than the strategy used in the corresponding proof in [6].

disty g/ (P,Pg~Pgr)
b

Remark 6. By [1], a critical value for 8 in the case G = Z, is given by 0.22. In compar-
ison, when G = Z,, the assumption on $ in the above results is either that 5607 < 1
(equivalently, 8 > 0.40) or that 30e 48 < 1 (equivalently, 8 > 0.8).

Remark 7. In this paper, we always use the measure given by (3), corresponding to free
boundary conditions. However, with minor changes to the proofs in the paper, one can
obtain results analogous to our main results for zero or periodic boundary conditions.

Remark 8. Using the theory as outlined in [4], some of the ideas in this paper might
extend to finite non-Abelian structure groups as well. However, in some of the proofs,
we use tools from discrete exterior calculus which are not valid in a non-Abelian setting.
Consequently, such a generalization would be non-trivial.

Remark 9. The main novelty of this paper is the use of a coupling argument, similar
to arguments in e.g. [3,15], in to obtain upper bounds on both the covariance of local
functions and on the total variation distance. Also, we give natural extensions and gen-
eralizations of several technical but useful lemmas from [7].
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1.6. Structure of the paper. In Sect. 2, we give a brief summary of the foundations of
discrete external calculus on hypercubic lattices, which we will use throughout the rest
of this paper. Next, in Sect. 3, we give upper and lower bounds for the probability that
certain plaquette configurations arise in spin configurations. In Sect. 4, we discuss the
structure and properties of paths in the graph G(w®, 0() for 0@, 0 € Tp,. In
Sect. 5, we define a notion of two sets being connected, and prove a lemma suggesting
the usefulness of this concept. In Sect. 6, we define another measure dist"é (p1, p2) of the
distance between two plaquettes, and state and prove a lemma which gives a relationship
between this function and the functiondistg p/(p1, p2) defined in the introduction. These
results are then used in Sect. 7 to give an upper bound on the probability that two sets are
connected. In Sect. 8, we give a connection between the event that two sets are connected
and the covariance of local functions supported on these sets, and then use this connection
to give a proof of Theorem 1. In Sect. 9, we give a similar connection between the event
that two sets are connected and the total variation distance, and then use this observation
to give a proof of Theorem 4. Finally, in Sect. 10, we prove Theorems 2 and 3.

2. Preliminaries

2.1. Discrete exterior calculus. In this section, we give a very brief overview of discrete
exterior calculus on the cell complexes of Z" forn € N. For a more thorough background
on discrete exterior calculus, we refer the reader to [6].

All of the results in this section are obtained under the assumption that an Abelian
group G, which is not necessarily finite, has been given. In particular, they all hold for
G =7.

2.1.1. Oriented edges (1-cells) The graph Z" has a vertex at each point x € Z" with
integer coordinates and an (undirected) edge between nearest neighbors. We associate
to each undirected edge e in Z" exactly two directed or oriented edges e and —e with
the same endpoints as e; e is directed so that the coordinate increases when traversing
e, and —e is directed in the opposite way.

Lete; := (1,0,0,...,0), €2 :== (0,1,0,...,0), ..., e, := (0,...,0,1) and let
dey, ..., de, denote the n oriented edges with one endpoint at the origin which naturally
correspond to these unit vectors (oriented away from the origin). We say that an oriented
edge e is positively oriented if it is equal to a translation of one of these unit vectors,
i.e., if there exists a point x € Z" and anindex j € {1,2, ..., n} such thate = x +de;.
If x € Z"and j € {1,2,...,n}, then we letdx; := x +de;.

Given a box B, we let Ep denote the set of oriented edges whose end-points are both
in B, and let E7; denote the set of positively oriented edges in E.

2.1.2. Oriented k-cells For any two oriented edges ey € Ep and ey € Ep, we consider
the wedge product ej A e satisfying e; A e; = 0 and

e1 Ney =—(ex ANep) = (—ep) Aep =ex A (—eq). (14)

If e, ea, ..., ex are oriented edges which do not share a common endpoint, we set
et Nex AN---ANep =0.

Ifeyr, en, ..., ex are oriented edges and ey A - -+ Aex # 0, we say thatey A - -+ Aeg is
an oriented k-cell. If there exists an x € Z" and j; < j» < - < ji suchthate; = dx;,,
then we say that ey A - - - Aeg is positively oriented and that — (e A - - - A eg) 1S negatively
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oriented. Using (14), this defines an orientation for all k-cells. If not stated otherwise,
we will always consider k-cells as being oriented.

If A is a set of oriented k-cells, we let A* denote the set of positively oriented k-cells
in A. If A = —A , then we say that A is symmetric.

2.1.3. Oriented plaquettes We will usually say oriented plaquette instead of oriented
2-cell. If x € Z" and 1 < j; < jo <, then p := dx; A dxj, is a positively oriented
plaquette, and we define

ap = {dxj], (d(x +ej1))j2, —(d(x +ej2))j1, —dez}.

If e is an oriented edge, we let de denote the set of oriented plaquettes p suchthate € dp.
We let Pp denote the set of oriented plaquettes whose edges are all in Ep.

2.1.4. Discrete differential forms A G-valued function f defined on a subset of the set
of k-cells in Z" with the property that f(c) = —f(—c) is called a k-form. If f is a
k-form which takes the value f}, . ; (x) ondxj A ---Adxj, itis useful to represent
its values on the k-cells at x € Z" by the formal expression

fx) = Z Fiveie ) dxjy Ao Adxjy.

I<ji<--<jiksn

To simplify notation, if ¢ := dxj, A --- Adxj, is a k-cell and f is a k-form we often
write f. instead of fj, . j (x).

Given a k-form f, we let supp f denote the support of f, i.e. the set of all oriented
k-cells c such that f(c) # 0.

Now let B be a box, and recall that for k € {1,2,...,n}, a k-cell ¢ is said to be
in B if all its corners are in B. The set of G-valued k-forms with support in the set of
k-cells that are contained in a B will be denoted by X p ;. The set of G-valued 1-forms
with support in Ep will also be denoted by X g, = Xk, and will referred to as spin
configurations, and the set of G-valued 2-forms with support in X p, will be referred to

as plaquette configurations.

2.1.5. The exterior derivative Given h: 7' — G,x € Z",andi € {1,2,...,n}, we
let

0ih(x) == h(x +e;) — h(x).

Ifke{0,1,2,...,n — 1} and f is a G-valued k-form, we define the (k + 1)-form df
via the formal expression
n
df)= Y > 0ify.. i dxi Adxj A Adxy), x €L

I<ji<--<jp=ni=l1

The operator d is called the exterior derivative.
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2.1.6. Boundary operators If x € 7" and j € {1,2, ..., n}, then

n n
AWz dxp) =D @) dxi Adxj =Y Kypemi —Feop) dxi Adx;
i=1 i=1

j—1 n
= Z(“éxﬂi:)% —Wi=p)dxi Ndxj — Z K rre=3 —Hr=p) dxj Adx;.
i=l1 i=j+1

Here we are writing ¥, _; for the Dirac delta function of x with mass at x. From this
equation, it follows that whenever ¢ = % + de; = dx; is an oriented edge and p is an
oriented plaquette, we have

1 ife € dp,
(dOF =z dxj))P =1-1 if —eedp, (15)
0 else.

Note that this implies in particular thatif 1 < j; < j» < n, p = dxj;, Adxj, isa
plaquette, and f is a 1-form, then

(df)p = (df)jy.p(x) =D fo

ecdp

Analogously, if k € {1,2,...,n} and c is a k-cell, we define dc as the set of all
(k — D-cells ¢ = dxj, A--- AdXj,_, such that

(d(HAX:); d)?jl ARRE /\d)?jk_l))c = 1.

Using this notation, one can show that if f is a k-form and ¢ is a (k + 1)-cell, then

Adf)eg =Y fe
cedco
Ifk € {1,2,...,n}and ¢ is a k-cell, the set ¢ will be referred to as the boundary of ¢.

Whenk € {0, 1,2,3,...,n— 1} and c is a k-cell, we also define the co-boundary dc of
¢ as the set of all (k + 1)-cells ¢ such that ¢ € 9¢.

Finally, when k € {1, 2, ..., n} and c is a k-cell, we will abuse notation and let
d(dc) = |_J dc'.
c’'edc
Similarly, when k € {0, 1,2, ...,n — 1} and c is a k-cell, we let
d(dc) = |_J ac'.
c'ede

The following lemma will be useful to us.

Lemma 5 (The Bianchi lemma, see e.g. Lemma 2.5 in [7]). Let B be a box in 7" for
some n > 3, and let w € X py. Then, for any oriented 3-cell ¢ in B, we have

> w,=0. (16)

pedc
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2.1.7. Boundary cells Letk € {1,2,...,n}. When A is a symmetric set of k-cells, we
define the boundary of A by

SA:={ceA:ddc Z A}

If Bis abox and e € §Ep, we say that e is a boundary edge of B. Analogously,
a plaquette p € §Pp is said to be a boundary plaquette of B. More generally, for
ke{0,1,...,n—1},ak-cell cin B is said to be a boundary cell of B, or equivalently

to be in the boundary of B, if there is a (k + 1)-cell ¢ € ¢ which contains a k-cell that
is not in B.

2.1.8. Closed forms If k € {1,...,n — 1} and f is a k-form such that df = 0, then we
say that f is closed.

2.1.9. The Poincaré lemma

Lemma 6 (The Poincaré lemma, Lemma 2.2 in [6]). Letk € {0, 1, ...,n— 1} and let B
be a boxinZ". Then the exterior derivative d is a surjective map from the set of G-valued
k-forms with support contained in B onto the set of G-valued closed (k + 1)-forms with
support contained in B. Moreover, if G is finite and m is the number of closed G-valued
k-forms with support contained in B, then this map is an m-to-1 correspondence. Lastly,
ifk€{0,1,2,...,n— 1} and f is a closed (k + 1)-form that vanishes on the boundary
of B, then there is a k-form h that also vanishes on the boundary of B and satisfies
dh = f.

Recall from the introduction that when B is a box in Z", we defined
Tpy ={w e Tpa: 3o € g, suchthatw = do .

From Lemma 6, it follows that w € X p; if and only if dw = 0.

2.1.10. Restrictions of forms If o € Yy, E C Ep issymmetric, wedefine o |g € X,
fore € Ep by

@ 1g)e = o, ifeeE
Ele=10 else.

Similarly, if v € X p,, P € Pp is symmetric, we define w|p € Xp > for p € Pp by

v, ifpeP
Wlp)p = {OP else.

2.1.11. Non-trivial forms Letk € {1,2,...,n}. A k-form f is said to be non-trivial if
it is not identically equal to zero.
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) B

Fig. 1. Above, we illustrate the setting of Example 1; the red edges represent the edges e and ¢’, and the blue
plaquettes represent the plaquettes in the supports of  and o'.

2.1.12. Irreducible forms Let B be abox in Z", and let w € X p,. If P C suppw is
symmetric, and there is no symmetric set Py C Pp such that

(i) P € Py C suppw, and
(i1) w|p, € X p, (equivalently d(w|p,) = 0),

then w is said to be P-irreducible (see Fig. 1). If w € Xp, is P-irreducible for all
non-empty, symmetric sets P C supp w, then we say that w is irreducible. Finally, note
that if o € X p, is ¥-irreducible, then w = 0.

Example 1. Assume that we are given two edges e, ¢’ € X, with de N +de’ = 0,
that are not in the boundary of By. For g € G~{0}, let w := d(gh¥, — g¥_.) and
o' = d(g¥, — g¥_) (see Fig. 1). Then, by definition, we have w, o’ € Zp,, and one
easily verifies that w and ' are both irreducible.

On the other hand, if p € supp w, and we define P := {p, —p}and Py := supp »'LI P,
then o'|p) = @' € Zp, , and hence » + ' is not P-irreducible, implying in particular
that it is not irreducible.

More generally, one can show that if P C supp w + ' is symmetric, then w + o’ is
P-irreducible if and only if P has non-empty intersection with both supp @ and supp w’.

Lemma 7. Let B be a box in 7", let w € X py, and let P C supp w be non-empty and
symmetric. Then there is a symmetric set P' C supp w such that w|pr € £ p, and w|p’
is P-irreducible.

Proof. Consider the set S of all symmetric sets P’ € Pg which are such that

(1) P C P’ C suppw, and
(2) w|pr € Xpy.

Since supp w is symmetric and @ € X p,, we have w € S, and hence S is non-empty.
Moreover, if we order the elements in S using set inclusion, S is a partially ordered
set. Since Pp is finite, S is finite, and hence there is a minimal element P’ € S. By
definition, any such minimal element is P-irreducible, and hence the desired conclusion
follows. |

2.1.13. The dual lattice The lattice Z" has a natural dual, called the dual lattice and
denoted by *Z". In this context, the lattice Z" is called the primal lattice.

The vertices of the dual lattice *Z" are placed at the centers of the n-cells of the
primal lattice.

For k € {0, 1, ..., n}, there is a bijection between the set of k-cells of Z" and the
set of (n — k)-cells of xZ" defined as follows. For each x € Z", let y := *x(dx; A
-+ ANdxy) € *Z" be the point at the centre of the primal lattice n-cell dx; A - -+ A dx,,.
Letdy; = y —dey,...,dy, =y — de, be the edges coming out of y in the negative
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direction. Next, let k € {0,1,...,n} and assume that 1 < i| < --- < iy < n are
given. If x € Z", then ¢ = dx;; A--- Adx; isak-cellin Z". Let ji, ..., ju—k be any
enumeration of {1, 2, ..., n}~\{i1, ..., i}, and let sgn(iy, ..., ik, j1, - .., ju—k) denote
the sign of the permutation that maps (1,2, ...,n) to (i1, ..., ik, ji, .-, ju—k). Define

*(dxj N--- ANdx) =sgn(iy, ..., ik, ji, ..., jn—k)del Ao /\dyjn—k
and, analogously, define

s (dyjy Ao Adyj, ) =880ty ooy Jaks Bt oo, i) dXip A Adx,

= (—l)k(n_k) SgN(it, .oy iky 1y - ooy Jnk) dXxiyp Ao Adx,.

2.1.14. Minimal non-trivial configurations The purpose of the next two lemmas is to
describe the non-trivial plaquette configurations in X p, with smallest support.

Lemma 8. Let B be a box in 7*, and let o € Y py. If @ # 0 and the support of w does
not contain any boundary plaquettes of Pp, then either |supp | = 12, or |supp w| > 22.

Proof. Let P := supp w.
By Lemma 5, if ¢ is an oriented 3-cell in the primary lattice, then

[o0cN P| €{0,2,3,4,5, 6}.
Consequently, if e = *c in an oriented edge in the dual lattice, then
|de N xP| € {0,2,3,4,5,6). (17)

Let %P be the set of unoriented plaquettes obtained from %P by identifying p and
—p for each p € *P. It then follows from (17) that each unoriented edge e in the dual
lattice which is in the boundary of a plaquette in * P must be in the boundary of at least
two plaquettes in % P.

In other words, the set * P is a closed surface in the dual lattice. One easily verifies
that the closed (non-empty) surfaces in the dual lattice which contains the fewest number
of plaquettes are 3-dimensional cubes (see Fig. 2), and hence we must have |%P| > 6.
If % P| > 6, then by the same argument we must have |« P| > 11 (see Fig. 2).

Since |supp w| = | P| = 2|*P]|, the desired conclusion follows. O

Lemma 9 (Lemma 4.6 in [7]). Let B be a box in Z*, and let w € X py. If the support of
w does not contain any boundary plaquettes of Pp and |supp w| = 12, then there is an
edgedx; € Ep and g € G~{0} such that

w= d(gdxj).

When B is abox in Z* and w € ¥ Py, We say that a plaquette p € Pp is frustrated
(inw) if w, # 0.
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suppo P =suppdo *P |P|

11

\

—
\
—

11

Fig. 2. The above table shows projections of the supports of the non-trivial and irreducible plaquette configu-

rations in Z* which has the smallest support (up to translations and rotations), using the notation of the proof
of Lemma 8

2.2. up,g as a measure on plaquette configurations. Let B be a box in 74, and let
B > 0.1In (3), we introduced 1 p g as a measure on Xg,. Using Lemma 6, this induces
a measure on X p, as follows. For w € X p,, by definition, we have

ZUEEEB rdo=w HpePB ¢/3 ((dU)P)
ZO‘EZEB I—[pePB ¢ﬁ ((da)l’) .

If o € Xy, thendo € Xp,. Consequently, the previous equation is equal to

uppo € Tgy:do = w}) =

ZUEZEB cdo=w npePB dp(@p)
Zw’eZpB ZJEEEB cdo=w’ l_[pGPB (]5/3((1);,)

Changing the order of summation, we get

(I—[pePB Pp(wp))|o € Ty do = vl
(Zw/eEpB ]_[PEPB d)ﬂ(w;;))’{a € EEB cdo = a)/}|

By Lemma 6, the term |{o € g, : do = o'} is equal for all " € Ep,, and hence in
particular, for all " € Xp, we have {0 € Zg,: do = o'} = [{o € Zg,: do = w}].
Combining the above equations, we thus obtain

HpEPB ¢/3 (a)p)
Zw’e):pB npePB ¢ﬁ(a);7) .

usp({0 € Syt do = w)) = (18)
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Consequently, g g induces a measure on plaquette configurations. In order to simplify
notation, we will abuse notation and use up g and Ep g for both the measure on X,
and for the induced measure on X p,,.

2.3. The activity of plaquette configurations. When BisaboxinZ*,w € Pgand 8 > 0,
then, recalling the definition of ¢4 from (6), we abuse notation and write

pp@) = [] op@p).
PESuUpp @

The quantity ¢g(w) is called the activity of w (see e.g. [2]). Using this notation, since
¢5(0) =1, for any w € X p,, we also have

[] ¢s@n =[] os(@p) =¢p@)
pePp PESUpp w

and hence, using (18), we can write

¢p(@)
Zw/GEPB ¢f3 (@) .

The following lemma is referred to as the factorization property of ¢g in e.g. [4].

wa.p({o}) = (19)

Lemma 10. Let B be a box in 72, and let B > 0. Further, let w, ' € X py be such that
suppw Nsuppw’ = @. Then

pp(w+a) = dp(w)pp ().

Proof. By definition, we have

pp(w+) = ]_[ op((w+a),) = ]_[ op(wp + ).

pesupp(w+w’) pesupp(w+w’)

Since w and w’ have disjoint supports, we have

l_[ ‘15/3(‘017*‘“’;): l_[ ¢p(wp +0) 1_[ ¢ﬁ(0+“’/p)

pesupp(w+a’) PESupp @ pesupp o’
= [T () TT ¢s(e
pESupp w pEsupp o’

Since by definition, we have
[T os(0p) ] ¢6(@),)=ds@ap@).
PESUpp ® pesupp o’
the desired conclusion immediately follows. O

Combining (19) and Lemma 10, we obtain the following lemma. This lemma can
be extracted from the proof of Lemma 4.7 in [7], but we state and prove it here as an
independent lemma for easier reference.
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Lemma 11. Let B be a box in 7, let B >0, andletv € Xp,. Then

/‘LB,ﬁ({a) € Xpg: Olsuppy = V})
MB,;‘S({CU € Xpy: w|suppv = 0})

=¢p(v). (20)

Proof. Let P = supp v. Further, let

Epyi= {a) € Xpyiwlp = v},
and, similarly, let

Epo={we Tp,: w|p =0}.
By (19), we then have

1.p({w € Tpy: @lsuppy = v}) — Y wctr, ¢ﬁ(w), 1)

l/«B,ﬂ({w € Xpy: Wlsuppy = O}) Zwe:‘,’p,O dp(w)

Since v € X p, by assumption, we have dv = 0. Consequently, for any w € Xp,, we
have

diw—v)=dowo—dv=0-0=0,

and hence (w — v) € X p,. This implies in particular that the mapping @ — @ — visa
bijection from Ep , to Ep o, and hence the right-hand side of (21) is equal to

Zwegp_u ¢I3 (w) _ Z(DEEPYV ¢ﬁ((w —V)+v)
Za)egp‘,, ¢,B(a) - U) B Zwegpﬁv ¢/3 (a) - U) .

(22)

Next, note that if € £p ,, then (w — v) and v have disjoint supports. Consequently,
for such @ we can apply Lemma 10 to obtain

Pp((w —v) +v) = dp(w —v)Pp(v).

Plugging this into the left hand side of (22), we obtain

Lwegp, PpU@ =) +V) 3 e, Pp(@ —)hp(V)
Zwegpw ¢ﬂ (CL) - \)) B Zweé‘p_u ¢/3 ((I) - l))

= ¢p(v).

Combining the previous equations, we obtain (20) as desired. O

2.4. Notation and standing assumptions. Throughout the remainder of this paper, we
assume that a finite Abelian structure group G, and a faithful, irreducible and unitary
representation of p has been fixed.
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3. The Probability of Sets of Plaquettes Being Frustrated

In this section we will state and prove three propositions which will be useful in later
sections. We mention that although these are technical, they might be useful outside the
scope of this paper. The first of these results is the following proposition, which extends
Proposition 4.9 in [7].

Proposition 12. Let B be a box in 72, let B > 0be suchthat Sa(B) < 1, andlet P C Pp
be non-empty and symmetric. For M > |P*|, let H% M= Hg p .y be the set of all
w € X py such that there is v € X p, with | o

(1) P < suppv,

(2) v is P-irreducible,

(3) |suppv| = 2M, and

“4) @|suppv = V.

Then

5M_|P+|O{(ﬂ)M
1 —5a(B)
Before we give a proof of Proposition 12, we state and prove a few lemmas which

will be used in the proof. The first of these lemmas is Lemma 13 below, which essentially
is identical to Lemma 4.7 in [7].

Mﬂ»N(H%,M) =

Lemma 13. Let B be a box in Z*, let B > 0, and let v € Y pg. Then

“B.B ({w € Ypy: wlsuppv = V}) < ¢p(v). (23)
Proof. Since
/‘LB,ﬁ({w € Xpy: w|suppu = V})

_ MBp ({w € Xpy: Olsuppy = V})
I/LB,ﬁ({w € Xpy: @lsuppy = O})

: MB,ﬂ({w € Xpy: Olsuppy = 0}),

and 1B, g is a probability measure, we have

//LB,/S({U) € Xpy: Olsuppy = V})
MB.ﬂ({w € Ypy: CU|suppu = 0}) '

MB,ﬁ({w € Xpy: Wlsuppy = V}) .

Using Lemma 11, we obtain (13) as desired. O

The next result we will need in the proof of Proposition 12 is the following lemma,
which gives an upper bound on the sum of the activity of the plaquette configurations v
which satisfies (1), (2), and (3) of Proposition 12.

Lemma 14. Let B be a box in 7*, and let B > 0. Further, let P C Pg be non-empty
and symmetric, let m > |P*|, and let T1p ,, be the set of all plaquette configurations
v € Xp, such that

(1) P < suppv,
(2) v is P-irreducible
(3) |supp v| = 2m.



1326 M. P. Forsstrom

Then
> ) <5 a gy

vellp

Remark 10. Lemma 14 is very similar to Lemma 4.9 in [7], and is also similar to
Lemma 3.11 in [14] and Lemma 1.5 in [2]. We remark however that our proof strategy
yields a strictly better upper bound than the corresponding proofs in [2] and [14]. This
would yield a strictly larger lower bound on f in the main results of this paper, and hence
we give an alternative proof here.

Proof of Lemma 14. Let £ := |Py|. We will prove that Lemma 14 holds by giving a
injective map from the set I1p ,, to a set of sequences p© & 0 of Govalued
2-forms on Pp, and then use this map to obtain the desired upper bound. To this end,
assume that a total ordering of the plaquettes in Pp and a total ordering of the 3-cells in
B are given. If I1p ,, is empty, then the desired conclusion trivially holds, and hence we
can assume that this is not the case.

Fix some v € I1p 4.

Let {p1, p2, ..., p¢} ;= P*, and define

p© = v|p.

Now assume that for some k € {{,€ + 1,...,m}, we are given 2-forms
@ @b, ®) guch that

(i) foreach j € {€+1,€+2,...,k}, we have suppv") = suppvV=V Li{p;, —p;} for
some p; € Pp, and
@ii) foreach j € {¢,¢+1, ..., k} we have v|suppv(_,~) =),

Consider first the case that dv® = 0. Since, by (ii), we have vlsupp b = v®

it follows from (2) that we must have v®) = v. On the other hand, by (i), we have
|supp v®)| = 2k, and hence using (3) we obtain k = m. Consequently, if k < m, then
dv® = 0. Equivalently, in this case there is at least one oriented 3-cell ¢ in B for
which (d v("))C # 0. Let cx+1 be the first oriented 3-cell (with respect to the ordering
of the 3-cells) for which (dv®),,,, # 0. Since v € Xp,, we have (dv),,, = 0, and
consequently there must be at least one plaquette p € suppv N (8ck+1 . supp v(k)). Let
Pi+1 be the first such plaquette (with respect to the ordering of the plaquettes).
Define

+ly . Jvp A p=Epra
Vp =) o) -
v,  otherwise.
Note that if v®, @D & satisfies (i) and (ii), then so does v**D_ Using induc-
tion, we obtain a sequence v® VD ) of 2_forms with supp v® = P which

satisfies (i) and (ii). We now show that such a sequence must satisfy v =y To thisend,
note that by (i), [supp v®| = 2m and by (ii), Y suppvim = v Since |supp v| = 2m,
it follows that V™ = v,

We now use the above construction of sequences (v(z), p&h v(”‘)), each cor-
responding to some v € I1p ,,, to get an upper bound on Zuenp,,, ¢p(v). To obtain

such an upper bound, note first that for each k € {£,¢+1,--- ,m — 1}, given &),
the 3-cell cx41 is uniquely determined. Next, given v® and ¢4, there are at most five
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possible choices for pi.1. Finally, note that for each k € {1, 2, ..., m}, we must choose
vy, € GN{0}. Since forv € I1p ;, the mapping v > WO D -y g injective,
we obtain

m
Yo=Y [ ¢, =5 [ > ¢><g>2} .
vellp m vellp ,, pesupp v 2eG {0}
Recalling the definition of «(8), the desired conclusion now follows. O

Proof of Proposition 12. Foreachm > |P*|letI1p ,, be defined as in Lemma 14. Then,
by definition,

>
M5 = J Drm.
m>M

Consequently, by a union bound, we have

o o0
MB,/S(H;M) < Z we.p(Mpm) < Z Z ne.p({w € Spy: ©lsuppy = v}).

m=M m=M vellp ,,

By Lemma 13, forany m > M and any v € Ilp ,, C X p,, we have

M“B.p ({a) € Xpy: ®lsuppy = V}) < ¢p(v).

Applying Lemma 14, we thus obtain

o o
Yo Y usplloe ey oy =v)) < Y 5" la(pyn.
m=M vellp , m=M

The right-hand side in the previous equation is a geometric sum, which converges exactly
if Sa(B) < 1.

In this case, by combining the previous equations, we obtain
5M7\P+|a(IB)M

1 —=5a(p)

as desired. O

1 p(05 ) <

The next result is a small variation of Proposition 12 which turns out to be useful
when we work with pairs of plaquette configurations.

Proposition 15. Let B and B’ be two boxes in Z* with B' C B, let B > 0 be such that
5a(B) < 1, and let Py S Py be non-empty and symmetric. For M > | P{|, let H%O’M
be the set of all pairs (w, ') € Xpy x Xp,, such that thereis v € X p, and V' € Zp,,
with

(1) ®|suppy =V and wl|suppv’ =,

(2) Py C suppv Usupp/,

(3) for all symmetric sets P C supp v and P’ C supp v/ which satisfies satisfies PUP' =
Py, v is P-irreducible and v' is P'-irreducible.

(4) |supp v| + [supp v'| = 2M.
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Then

21PN (M — | Py SMIES ()M

(1—5a(p))? @)

ws.p x wp,p(p ) <

Proof. For non-empty and symmetric sets P C Pg, and m > | P*|, recall the definition
of Hg’ p.m from Proposition 12.
For my > 0, define

HZ — EPB ifm()zo,
B.fmo " 1 else.

Analogously, for non-empty and symmetric sets P C Pp/, and m > |P*|, recall the
definition of 1'[%, Pm from Proposition 12, and for mq > 0, define

Iz o Zpy if mg =0,
B'Wmo " ) gy else.
Then, by definition, we have
M—|P*~ P*|

— > > >

em S U U % pome X g po o M—my-
PCPy:  mo=|P*|

pP=—_p

Consequently, by a union bound, we have

M—|P§~ P
HB.g X MB/aﬂ(n%(),M) = Z Z /’LBvﬂ(ni,P,mo)'LLB/sIs(H%’.PU\P,Mfmo)' (25)

PCPy: mo=|P*|
=P

If P =0, then

M—|P}~P*|
Z KB, (Hg,P,mo) MB'vﬂ(Hg’,PO\P,M—mO) = “B,ﬂ(ni,@,o) “Bﬂﬂ(ngf,Pg,M)

mo=|P*|

>
= MB/»ﬂ(HE’,PO,M)‘
Similarly, if P = Py, then

M*|PS’\P+\
Z 'u’B-ﬂ(Hg,P,mo) MB,vﬁ(Hg’,PQ\P,M—m()) = MB’.E(HE,P(),M) MB,?:B(Hg/,@,O)

mo=|P*|

= /LB»ﬂ(HlZ?,PO,M)'
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Consequently, we have

M—| P~ P*|

Z Z MB’ﬁ(HIZE,P,mo) 'uB/sﬂ(Hg’,Po\P,M—mo)

PCPy:  mo=|PT|

P=—P
= ws.p(3 pyu) + 5.6 (5 py 1) (26)
M—|Py~P*|
+ Z Z MB,ﬁ(HE,P,mo)MB/,ﬁ(Hg’,Po\P,M—mO)'

PDCPCPy:  mo=|P*|
P=_pP

Since Sa(B) < 1, we can now apply Proposition 12 to obtain

HB,ﬂ(HJZB,PO,M) + “Bﬂﬂ(ng’,Po,M)
M—|P{~P*|
+ Z Z I’LB’ﬂ(Hg,P,mo) /’LBlvﬁ(ng’,Po\P,Mfmo)
WCPCPy:  mo=|P*|
P

SMI ()M
7 1-5a(B)
M—|P§~ P

DD

5moflP+|a(,3)mo 5(M—mo)—|PJ\P+\a(‘3)Mfmo

ot b D) [—5a(p) @7)
e
_ z_SM_|P+|“(/3)M + Z M_l%\l”l SM-IPT g (gyM
- 1 —35a(B) (1 —5a(B))?

PWCPCPy:  mo=|P*|
P

5M—|Pg|a(ﬂ)M 5M—|P0+|a(ﬂ)M

+ QP —2)(M — |PF+ 1)

1 —5a(B) (1 —5a(B))?
. 5M 1Rl ()M
[Pyl _|\pT W
= 20 = 151+ D 5
Combining (25), (26) and (27), we finally obtain (24) as desired. |

The last result of this section is the following proposition, which provides a matching
lower bound for the inequality in Lemma 13.

Proposition 16. Let B be a box in 7%, let B > 0 be such that 5a(B) < 1, andletv € Ypy
be such that distg (supp v, §B) > 7.
Then

(1 _ 5a(B)°|supp |
2(1 = 5a(B))

Remark 11. For any given v € X p,, he ratio between the upper and lower bound in (28)
can be made arbitrarily close to one by taking 8 sufficiently large.

)(bﬁ(‘)) =< NB,ﬂ({w € Xpy: Olsuppy = V}) < dp(v). (28)
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Proof. Since the upper bound in (28) is a direct consequence of Lemma 13, we only
need to show that the lower bound in (28) holds. To this end, note first that

MmB.B ({a) € Xpy: Olsuppy = V})
. NB,/S({UU € Xpy: Wlsuppy = V})
HB,ﬁ({CU € Xpy: Olsuppy = 0})

(29)

: MB,ﬂ({w € Xpy: Olsuppy = 0}),

Assume that p € Pp and that o’ € X p, is such that @'|, # 0. By Lemma 7 there
exists an irreducible and non-trivial plaquette configuration v’ € X p, with p € supp v’
and ' |supp v = V'. By Lemma 8, any non-trivial plaquette configuration v" € X p, must
satisfy |(supp v')*| > 6. Consequently, by Proposition 12, applied with P := {p, —p}
and M = 6, we have

56_105(,3)6

MB,ﬂ({w € Xpyiolp # 0}) = Tot(ﬂ)'

Next note that for @ € Xpg, the event w|suppy # 0 is equivalent to that supp w N
(suppv)™ # 0.

Consequently, by a union bound, we obtain

Z 56_101([3)6

MB,ﬁ({w € py: Olsuppy = 0}) >1- 1 —5a(8) . (30)
pE(suppv)*
On the other hand, by Lemma 11, we have
wE Xp,: wls =v
MB,ﬁ({ Pp |suppu }) = pp(v). 31)
MB,ﬁ({w € Xpy: w|suppv = 0})
Combining (29), (30) and (31), we obtain the desired lower bound. |

4. Paths, Optimal Paths and Geodesics

The following definition, which we recall from the introduction, will be central in the
rest of this paper.

Definition 1. Given two boxes B and B in Z*, w € Yp, and o’ € p,letG(o, ') be
the graph with vertex set supp w U supp ' and an edge between two distinct plaquettes
P1, P2 € suppw U supp o' if either dp; N dpy # Bor dp; NA(—pa) # 0.

If p1, pa € suppw U supp ' are neighbors in G(w, o’), we write p; ~ pa.

The main reason for introducing the graph G(w, @) is to be able to talk about paths
and geodesics in this graph. To be able to talk about general properties of such paths,
we introduce the following notation.

Definition 2. Let B be a box in Z*, and let the plaquettes pi1, p2,..., pm € Pp be
distinct. If for each k € {1,2,...,m — 1} we have dpy N £Ipry1 % 0, then P :=
(p1, p2, ..., pm) is said to be a path (from p; to p,,) in Pp.
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When P = (p1,p2,..., pm) 1s a path, we let Image(P) denote the set
{p1, P2, ..., pm}, and let |P| := |Image(P)| = m.

Note that if B and B’ are two boxes in Z* with B’ C B and P is a path in Pg/, then
P is apathin Pp. Also,ifw € £p,, ' € Xy and P is a path in G(w, o), then P is
a path in Pg. Conversely, if P is a path in Pg, g € G~{0}, and we define w € X p, and
o' € Xp, by letting ' = 0 and w, = g forall p € Py, then P is a path in G(w, o).
Note that in this example, w has full support. The next lemma shows that in some cases,
there is @ € X p, and ' € Xp,, with relatively small supports such that a given path P
is a path in G(w, o).

Lemma 17. Let B be a box in Z*, and let P = (p1, pa, - .., pm) be a shortest path from
p1 to py, in Pg. Then there is 0@, oM ¢ > py such that

(1) P is a path in G0, 0, and
() |supp @] + [supp V| < 12|P|.

Proof. We first choose a sequence of oriented edges as follows.

(i) Letk; :=1.1f m > 2 and ap; NXap> # 0, pick e; € dp; N£dp>. Otherwise, pick

any e; € apj.
Now assume thatey, ez, ..., e; | are givenforsome j > 2.Ifthereisk € {1,...,m}
such that dp; N t{ey, ez, ..., ej_1} = ¥, we choose e; as follows.
(ii) Letk; > 1 be the smallest integer such that dpy; N *{er, ez, ..., e;_1} = 0.

Ifkj +1 < mand Bpkj N d:Bpij # {0, pick e € E)pkj N :E:Bpkj+1. Otherwise, pick
any ej € dpy;.

Let £ be the smallest positive integer which is such that dpx N t{e, ez, ..., e¢} # 0
forallk € {1,2,...,m}.
Fix any g € G~{0} and define 6@, o (D ¢ Yy by

ae(O) = Z (gHéc*:ej - gMAL*:fej)v ec Ep

JE{1.2,....6}:
Jj is even

and

O'él) — Z (g“ée=e_,~ — gH‘e:,ej), ee€ Ep.

je{l,2,...,¢}:
Jj is odd

We will show that 0@ := do© and 0V := doV have the desired properties.
Since P is a path, (1) is equivalent to that

{p1:p2: - pm} S suppo® Usuppo®. (32)
To see that this holds, fix some k € {1, 2, ..., m}, and define
Joe=1{je{l.2,....0: ej € £op}.

By the choice of the edges eq, ea, . .., e, the set Ji is non-empty.

Now let j, j* € Ji be such that j < j'.

By the choice of e, we have ¢; € 8pkj, and since j € Ji, we also have e; € £dpy.
Consequently, ej € dpk; N +dp, and thus pr; ~ pi. By the same argument, we also
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have pi, ~ pi. Consequently, (pk;. pk. px;,) is a path in G(@?, ). Since P is a
shortest path, P contains Pk;j DPks and Pk and k; < kjs (since j < j'), we must have
kj e {k —1,k} and kj € {k, k+1}.

Since ej € £dpy, we cannot have kj,1 = k, and since k; € {k — 1, k}, we thus have
kjs1 = k + 1. Consequently, if j* # j’, we must have j' = j + 1.

In other words, we have either J;, = {j} forsome j € {1,2,...,¢},or Jr = {j, j+1}
for some j € {1,2,...,£—1}.

This implies in particular that

suppw® if j is even

€
Pr supp M if j is odd,

and thus (1) holds.
To see that (2) holds, note simply that

Isupp @] + |supp M| < 6(supp o @| + |suppoV|) = 12¢ < 12/P].
This concludes the proof. O

Lemma 18. Let B and B’ be two boxes in 7, let P;, P, C P U Pg be disjoint, and
assume that w € X p, and o' € Xp, are such that that Py < P, in G(w, o). Further,
let P := (p1, p2, ..., pe) be a geodesic in G(w, 0') between py € P and py € Ps.
Then

|P| < (Isupp | + |supp &']) /2.

Proof. Since P is a geodesic in G, we must have

Image(P) N (— Image(P)) = 9,
and

+ Image(P) < suppw U supp '
Consequently, we have

2|P| < [suppw U supp@'| < [supp w| + [supp '] (33)

From this the desired conclusion immediately follows. O

Remark 12. If we either assume that 90 p N&Pp = ¢ forall p € Image P or consider
lattice gauge theory with zero boundary conditions, then one can quite easily show
that (33) can be replaced with

10|P|/3 < |supp w| + [supp o’|.

If we have zero boundary conditions, then this stronger inequality can be used to replace
the constant C; defined in (8) with the smaller constant 33/3 - 10.

Definition 3. A path P = (py, p2 ..., pm) is said to be optimal if

@) p1, p2, ..., pm—1 all have the same orientation, and
(ii) forany i, j € {1,2,...,m},if dp; N (Op; Ud(—pj)) # ¥, then|i — j| < 1.
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The next lemma gives an upper bound on the number of optimal paths of a given
length.

Lemma 19. Let B be a box in 72, let p1 € Pp, and let m > 2. Then there are at most
40 - 152 optimal paths P = (p1. pa. - - - » Pm) With pm # £p1.

Proof. Note first that for any p € Pp, we have |E§p| = 4, and if ¢ € ép, then

|@c){p}l = 5.
Since P is a path, we have

p2 € £(3dp1~{p1}).
Since

[£(@3p1~tp1)| =245 =40,

the desired conclusion holds in the case m = 2. A
On the other hand, for each plaquette p € £(3dpi1~{pi}), we also have —p €

:t(aé J2RN pl}), and exactly one of p and — p has the same orientation as p;. Since P
is optimal, if m > 3 then the plaquettes p; and p> must have the same orientation, and
hence in this case, given pp there are at most 40/2 = 20 possible choices of p».

Next, assume that m > 4 and that j € {3, ..., m — 1}. Since P is a path, we have

pj € £(80pj_1~{pj-1}).
and since P is optimal, we have
pj & +0dp;a.

Since P is a path, we have |épj_1 N :I:épj_2| > 1. Since j < m, the plaquettes p; and

pj—1 must have the same orientation, and hence, given p1, p2, ..., pj_1, there are at
most2-(4—1)-5- % = 15 possible choices of p;. By the same argument, since the last
plaquette can have any orientation, it follows that given p1, p2, ..., pm—1, there can be

atmost 2 - (4 — 1) - 5 = 30 possible choices of py,.

To sum up, we have showed that there are exactly 40 optimal paths P = (p1, p2)
with py # £pi, and if m > 3, there are at most 20 - 15m=3 .30 optimal paths P =
(p1, P2, - - -» Pm) With p,, # £p1. This concludes the proof. m]

Lemma 20. Let B and B’ be two boxes in 7*, and let py, p» € Pg be disjoint. Further,
let w € Xp, and ' € Xp,, and assume that {p1} < {p2} in G(w, &'). Then there is an
optimal geodesic P from py to py in G(w, o).

Proof. Since {p1} < {p2} in G(w, '), there exist at least one geodesic from p; to p;
in G(w, ). Let (pV, p@, ..., p™) be such a geodesic.
Then, for any 12, ..., T,,—1 € {—1, 1}, the path

()] (m—1)

7~'-»7—'m—1p

p(m))

Pi=(p", ap
is also a geodesic from pj to ps in G(w, @'). In particular, we can choose 13, .. ., Tyy—| €
{—1, 1} such that P is an optimal geodesic from p;j to py in G(w, @'). This concludes
the proof. O
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5. Connected Sets of Plaquettes

Definition 4. Let B and B’ be two boxes in in Z*, and let v € p, and ' € = Py

Let P, P, € Pp U Pp/ be two disjoint sets. If there is p; € P; and p; € P, and a
path from p; to p; in G(w, @), then we say that P; and P, are connected in G(w, o')
and write P; <> P, (in G(w, @')). Otherwise, we say that P; and P, are disconnected,
and write Py +» P (in G(w, »')).

Note that with this definition, if p1, po € Pp U Ppr,w € Ep, and o’ € Py then
there is a path from p; to ps in G(w, o) if and only if {p;} < {p2} in G(w, ®). Note
also that if P;, P € PpU Pp/,w € Tp, and o' € Xpy then, by definition, P; <> P>
in G(w, @) if and only if P, <> P in G(w, @"). Moreover, P; <> P, in G(w, ') if and
only if P <> § P in G(w, ).

Re remark that if w € X p,, then the connected components of G(w, 0) are called
vortices in [4,6], and correspond to the support of polymers in [2].

Our main reason for introducing a notion of sets of plaquettes being connected is the
following lemma.

Lemma 21. Let B be a box in Z*, and let B = 0. Further, let Py, Py C Pp be symmetric
and disjoint, and let f: ¥ py, — Cand g: Lp, — Cbe suchthat f(w) = f(w|p,) and
g2(®) = g(w|p,) forall ® € T p,=. Finally, let oV, 0V ~ B, g be independent. Then

Ep.p x EB,ﬂ[f(w(o)lp.)g(w(o)lpz) [P Py in G, a)(l))]]

(34)
=Epg x IEB,ﬁ[f(a)(O)|p1)g(a)(1)|p2) -H‘[Pl «+ Prin g(a)(o), a)(l))]].
Proof. Given 0@, » € Xp,, let
Py = Pi(w,0) :={p € Pg: 3(dp) < P inG(w, o)}

Then P is the set of all plaquettes in Pp which shares a 3-cell with some plaquette in
Pp which is connectqd to Pj. A

Note that the set P; can be determined without looking outside Pj in »@ and W,
and that

d(@?]) =d(@®]5) =0.

This implies that even if we know (| A and | #,» We cannot distinguish between

o], 5 andw®|, 5. Consequently, we have
Epg x Ep,g [g(a)(o)lpz) | P, N P =0, w(o)lﬁl, a)(l)|[gl]
=Epp x Eppfg(@Pln) | P20 A =0, 0@, 015 ]
This implies in particular that
Eppg x Ep,p [f(w(O)IPl)g(w(O)le) [P N P = @]]

= EB,ﬂ X EB,/S [f(w(0)|Pl)g(w(l)|P2) -HA[PZ N 131 = @]]
Noting that
P« PyinG(0®, 0M) & Py0 P =1,

the desired conclusion follows. O
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6. Distances Between Plaquettes

Assume that two boxes B and B’ in Z* with B’ € B, and sets P, P, C Py U Pp
are given. Recall the definition of distg g/ (P, P2) from (5). Using the notation of the
previous section, we have

1
distg p/(Py, P2) = 3 min[lsuppw| +|suppo’|: w € Tpy, @ € Tp,, st
P < PyinG(o, w’)}.

We now define another measure of the distance between sets of plaquettes which will
be useful to us.

distZ(Pl, P) = min min{lPl : P is a path from p; to p> in PB}.
PIEPI, 2P

We mention that we do neither claim nor prove that the functions distp p/ and dist’g
defined above are distance functions, and this will not be needed in the rest of this paper.
The following lemma gives a relationship between the distances distp g’ and dist7;.

Lemma 22. Let B and B’ be two boxes in Z* with B’ C B, and let P;, P, C Pg be
disjoint. Then

disty (Py, Py) < distg g (P, Pa). (35)
and
distg(P1, P2) < 6disty (P, P). (36)

Proof. We first prove that (36) holds.

To this end, let P be a path from p; € Pjto p» € P> in Pp with |P| = dist’g(Pl, P).
Then P is a shortest path from p to ps, and hence by Lemma 17 there is 0©, oD e Ypy
such that P is a path in G(0@, @) and |supp 0@ | + |supp V| < 12|P|. Since P is
a path in G, wM) from p; € P to p» € P>, we have P, < P> in G(@©, o),
and hence

12|P
# = 6|P| = 6dist}; (P, Pa).

1
distp (P1. P2) < > (Jsupp 0@ +|suppwV]) <

This concludes the proof of (36).

We now show that (35) holds. To this end, assume that w € ¥ p, and o ex Py, are
such that that P; <> P, in G(w, o) and |supp w| + [supp &'| = 2distg p/(Pi, P2). By
the definition of dist g/ (P1, P2), such plaquette configurations w and ' exists.

Since P <> P> in G(w, '), there exists at least one path in G(w, @) between some
p1 € P1 and some py € P,. Let P be such a path. Then by definition, we have

dist’g’B,(Pl, P) <|P|.
Moreover, by Lemma 18, we have
|P| < (Isupp | + [supp w'|) /2 = distp g/ (P, P2).
Combining these equations, we obtain
distp (P1, P2) < distp p/(Py, P2)

as desired. O
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7. The Probability of Two Sets Being Connected

The purpose of this section is to give a proof of the following result, which gives an
upper bound on the probability that two given sets are connected.

Proposition 23. Let B and B’ be two boxes in Z* with B’ C B, let > 0 be such that
30a(B) < 1, and let P\, P» C Pp be disjoint. Then

UB.g X PLB’,/S({C‘) € Xpy, o e Ypy: Pr< Pyin g(w,a/)})

Ci|P1](C2a(B))
= 2

distg g (P1,P2)

Before giving a proof of this result at the end of this section, we will state and prove
the following lemma, which gives an upper bound on the probability that a given path
P is a path in a random graph G (w, o').

Lemma 24. Let B and B’ be two a boxes in Z* with B’ C B, and let B > 0 be such that
Sa(B) < 1. Further, let p1, p» € Pp be distinct, and let P be a path from p1 to p; in
Pg.
Then
nep % np pg({ow € Tpy, @ € Tp,, 1 Pisa geodesic in G(w, »)})
_ 57 Plaoa gyt
— 2(1=5a(B)?

where M = max<|73|, distg p'(p1, p2)>.

Proof. Let w € Xp, and o' € Y p, be such that ‘P is a geodesic from p; to p> in
G(w, @), and let Py := + Image P. O

We now claim that the following holds.

Claim 25. There are symmetric sets Pc supp w and P’ c supp o’ such that

(@) Py PUP,
(b) for all symmetric sets P C P and P’ C P’ which satisfies satisfies P U P’ = Py,
| p is P-irreducible and a)/|};, is P'-irreducible.

Proof of Claim. We will give a proof by contradiction. To this end, and assume that no
symmetric sets P C supp w and P’ C supp ' which satisfy both (a) and (b) exist.

1. Let Py := supp w and 136 := supp ’. Note that, by assumption, since P is a geodesic
in G(w, ') and Py = £ Image P, (a) holds with P = Py and P’ = P.

2. Fork =1,2,3, ..., assume that sets P,_; and P,é_l such that (a) holds with P =
Pr_jand P’ = }3,;_1 are given.

Since (a) holds with P = P;_; and P’ = f’,é_ |» by assumption, (b) must fail.

Consequently, there must exist symmetric sets P C Isk_l and P’ C f’,é_l such that

P U P’ = Py, and such that either wlp,_, is not P-irreducible or w/lﬁ;ﬁ,l is not P’-

irreducible.
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At the same time, by Lemma 7, there is 13k C 13;(,1 and 1312 - 13,2_ | such that o| A, is
P-irreducible and w| 5, is P’-irreducible.
k
Since Py = P U P’ , we have Py C supp | p, U supp o'| 5 = Pr N P and hence (a)
k
holds with P = P and P’ = P}.
Also, since either | Py is not P-irreducible or o'| pr is not P’ irreducible, we must
- k—1

have | Pe| + 1P| < | 1]+ 1Pl

Repeating the above argument, we obtain an infinite sequence of sets (f’o, f’(;), (f’l , 131’ )y e
with

|Pol + | Pyl > |Pi|+|P{| > | P2 +|P5] > ....

However, since Py is finite and Py C I3k U P , this is impossible, and hence our
assumption must be false. This concludes the proof. O

Using Claim 25, we let P c supp @ and P c supp w’ be symmetric sets which
satisfy (a) and (b) of this claim, and define v := w| 5 and V' := &'| 4,.

Note that by definition, v and v’ satisfy (1), (2), and (3) of Proposition 15.

Next, since P is a geodesic in G(w, '), it follows that P is a geodesic in G(v, V).
Using Lemma 18, it follows from (a) and the definition of v and v’ that

[supp v| + [supp V']
2

> |PI.
On the other hand, by the definition of dist p/, we must also have

|supp v| + [supp V']
2

> distp, p'(p1, p2).

To sum up, we have showed that if v € X p, and o e py are such that P is a
geodesic fr_om p1 to py in G(w, '), and we let 1:1%0’ )y be as in Proposition 15, then
(w, ) € Hf,o’ - Consequently,

nep % g p({o € Tpy, @ € Tp,,: Pis a geodesic in G(w, ') })
e
< upp % pup gy )
Applying Proposition 15, we thus obtain

ne.g x up p({w € Tpy, o € Tp, 1 Pisageodesic in G(w, »')})
_ 2PIm — P PPl p)M
- (1 —5a(B))?

Since p; and p; are distinct, we have |P| > 2, and hence M — |P| > 1. Using the
inequality x < 2* —1 valid for all x > 1, the desired conclusion follows. a
We now give a proof of Proposition 23.
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Proof of Proposition 23. Let w € Ep, and o’ € £ Pps and assume that P; < P> in
G(w, @'). Then, by Lemma 20, there is p; € Py, p» € P>, and an optimal geodesic from

p1to prin G(w, o).
Consequently, we have the upper bound

1B.p X MB,,ﬁ({w € Spy, @ €Tp,: Py < Pyin g(w,w)})
< upp x MB/,ﬂ({w €Sp,, 0 €Zp,:IpieP, ppePrand  (37)
an optimal geodesic P from p to ps in G(w, @’ )})

By Lemma 19, given m > 2 and p; € Py, there are at most 40 - 15”2 optimal paths
‘P of length m which starts at p; and ends at some p € Pp.

Since P; and P, are disjoint, we have dist};(P;, P,) > 2. Consequently, for any
m > dist} (Py, P2), there can be at most | Py - 40 - 15m—2 optimal paths which starts at
some p; € P; and ends at some py € P.

In particular, this implies that for any m > dist”}_fg (Py, P>), there are at most | Py | - 40 -
15m—2 paths which starts at some p; € P and ends at some p> € P> which can be an
optimal geodesic in G(w, ') for some w € Xp, and ' € Tp,,.

On the other hand, given a path P from p; to py, by Lemma 24 we have

peg % upp({w € Tpy, o € Tp,, 1 Pisageodesic in G(w, )})
5—|7>\(loa(ﬂ))max(\PlydiSIB_B/(Pl,Pz))
<
- 2(1 — 5a(B))?

Combining there observations, and summing over all m > distE(Pl, P»), we thus
obtain

1B.p X MB,,ﬁ({w € Spy, @ € p,,:3pi € Py, py € Pyand (38)

an optimal geodesic P from pj to ps in G(w, ' )})

00 5—m (1Oa(ﬁ))maX(m’diStB'B/(Pl’PZ))

< > Aopy 15 _
m=dist’, (P, P) 2(1 = 5a(B))

[ee]

20| Py | max(m,distz g/ (P, P2))

et ol B 2 3m(10 UM, BIE LR 39

152(1 = 5a(B)?* £ (10e(5) >
m=dist}, (Py, P2)

We now rewrite the sum in (39) as follows. First, note that by Lemma 22, we have
diStE(Pl, Py) < distg p/(P1, P2).

Consequently,
)
Z 3m(1Oa(‘3))max(m,dlst3‘3/(pl,pz))
m=dist]§(P1 P)
diStB’B/(Pl,Pz)—l

= > 3oa@) PP N (G0ag)”. 40y

m:dist’g(Pl,Pz) m=distB‘B/(P|,P2)
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The first term in (40) is a finite geometric sum, and the second term is an infinite geometric
sum which converge since 30« () < 1. Hence the previous equation is equal to

i , fot distg g/ (P1,P2)
3dlStB,B (P,P) _ 3d15tB(P1,P2) diStB’B/(Pl,Pg) (3()0[(/3)) istg g/ (P1, P2

301 (100(5)) 1~ 30a(p)

Since 30 (B) < 1, we can bound the previous equation from above by

1 1 disty, g (P, P2)
[2 . 30a(ﬂ)](30a(ﬂ)) '

Combining the previous equations, we obtain

BB X /,LB/“B({(,() €Xpy, o €Xp,: Py < Pyin (a),a/)})

20| P | 1 1 disty g (P1, P2).
= 15201 - 50(8))2 [5 I 30a<ﬁ)](30“(’3 )

Recalling the definition of C from (7) and the definition of C, from (8), we obtain the
desired conclusion. O

8. Covariance and Connected Sets

We now use the notion of connected sets to obtain an upper bound on the covariance of
local functions.

Lemma 26. Let B be a box in Z*, and let B > 0. Further, let Py C Pp and P, C Pp be
symmetric and disjoint, and let fi, f>: Xp 2 — C be such that f1(w) = fi(w|p,) and
fo(w) = fa(wl|p,) for all € X py. Finally, let o, o ~ B, g be independent. Then

cov(fit@). fr@)|
= 20 fillsoll folloo g x ({0, @ € Tpy: Pr> Prin G, 0)}).
Proof. Note first that
Ez /1@ £2(@)] = Epg x Eg | 1(0) fo(@) [Py & Pyin G, 0]
+Epp x Ep g fi(@) f2(0) K[P o Prin G0, 0] .

Since fi(0”) = fi(@"|p) and fo(0”) = fi(«"|p,) for all @ € X p,, we can apply
Lemma 21 to obtain

Ep x Epg| 1@ f2() - H[P1 o P2in G(, 0] ]
=Egp x Epp| f1(0) o) H[Pr & Prin G, o]
=Epp x Ep [ f1(®) fa(e)]
~Enp x Ep g i) o) H[P1 < Prin G, 0]
=Eg [ f1(@)]Egp[f2(0)]
—Epp x Epp[ i@ @) K[P1 < PrinG(w,0)]].
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Combining the previous equations, we obtain
Eg.g[ f1(@) f2(w)]
=Es [ f1(@)]Ep [ f2(e)]
—Epp x Epp| 1@ £2(0) [Pl & PinG(0.0)]|

+Epp % Bp [ fi(0) o) K[ & Prin G, o],
and hence
Cov( i), fo(@) = B g x Ep g fi@) fo(@) F [P < Py in G(w, ]|
~Epp x Epp| i@ @) K[P1 < PinG(,0))]].

From this the desired conclusion immediately follows. O

We now combine the previous lemma with Proposition Proposition 23 to obtain our
first main result.

Proof of Theorem 1. By combining Lemma 26 and Proposition 23, we immediately
obtain

[Cov(fido). f2do)| = €1(C208) ™ ") filos I oo

This concludes the proof of the first part of Theorem 1.

To see that the second claim of the theorem holds, we apply the first part of the
theorem with f1(w) = tr p(wy,), f2(w) = tr p(wp,), P1 = {p1}, and P> = {p2}, and
note that since p is unitary, we have || f1|lcc < dim p and || f2|lcc < dim p. O

9. Total Variation and Connected Sets

The next lemma gives a connection between the total variation distance of two restricted
configurations and the property of two sets being connected in the same configurations.
The proof of this lemma uses a coupling of the two configurations. We mention that this
coupling is the same type of coupling that is used in e.g. [15] and [3].

Lemma 27. Let B’ C B be two boxes in 74, and let B > 0. Let Py C Ppr. Further, let
w ~ up,pand o' ~ g g. Then

distzy (w|py, @'| py)
< g x MB/’ﬂ({a) € Xp,. 0 € Xp,: Py < (Pp~Pp)in g(w,a/)}).
Proof. Givenw € Xpy and o’ € Zp,,, let
P:={pe Pyg:{p}) < Ppg~Py inGw,»))

(see Fig. 3B).
Next, define

P = (Pg~Pp)U{p e Pp: 3(dp) < Pg~Pp inG(w, )}.
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B B w B

(A) (B) (©)

Fig. 3. In the three figures above we let the green and blue disks represent the connected components of
G(w,0) and G(0, ') respectively for some @ € ¥ pp and o €% Py (see A). The clusters of partially

overlapping disks correspond to connected components in G(w, ). In B the red area corresponds to the set

13, and in C the red area corresponds to the set P

(see Fig. 3C) and note that Pp~\ Pg' C P and that

suppw| 5 U suppa)’|f:, =P.

Note also that the set P can be determined without looking outside P in w and
o'. Together, these observations imply that if we let @ ~ pup g and o' ~ up g be

independent, then, conditioned on P = IS(a), '), we have

da
w'PB/\ﬁ =w |PB/\I3' (41)

We now use this observation to construct a coupling (@, @) of @ ~ up gand @ ~ up g.
To this end, let w ~ up g and @’ ~ g g be independent.

Given P = P(w, ), define

w:=w
VANENIEN
oi=wlptolp p
By (41), we have
N d A
Olp, p=@p, p (42)

and hence @ ~ g g. Since @ ~ g, g by definition, it follows that (&, @") is a coupling
of @~ upgand & ~ up g.
By the coupling characterization of total variation distance, we therefore have

distry (@l py, @'l py) < B,p X MB/,ﬁ({w €Xp,, 0 €Tp g dlp # @/IPO})-
If ®|p, # &'| py, then

Py < Py~ Py,

and hence it follows that
distzy (@|py, @'|py) < pwp,p X MB,ﬁ({wa o' € Tp,: Py <> (Pp~Pp)inG(w, a)’)}).

This completes the proof. O
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We now use the previous lemma to give a proof of Theorem 4.

Proof of Theorem 4. By Lemma 27, we have
distry (@|py, @'l py) < g
x wpp({o € Try @ € Tyt Py o (PesPp) in (@, 0)}).
On the other hand, by Proposition 23, we have
B.p X MB/,ﬂ({w € Bpy, 0 € Bp,: Py < (Pg~Pp)in (a),a/)})
< C1|Pol(Cra(B))

Combining the previous equations, we thus obtain

distp pr(Po,Pp~Pg)

; dist, 5 (Po. P~ Py
distry (w|py, @'| py) < C1|Pol(C2e(B)) istp 5 (Po, Pp~ Ppr)

as desired. O

10. The Expected Spin at a Plaquette

In this section, we give proofs of Theorem 2 and Theorem 3.

Proof of Theorem 2. We first define two useful events.
Let

A= {o € X, : Jirreducible v € Xp, with (do)|suppy = v,
p € suppv and |(supp v)*| > 11},
and, fore € dp and g € G, let
Acg:={0 € TE,: Vp' € 0e we have (do), = g}.

Note that since dist B({ rl 8PB) > 6, these events are all well-defined. Moreover, by
Lemma 8 and Lemma 9, since distp ({p}, 8PB) > 11, we have

lo€Se,: o), #0}=Aul] || A (43)

ecdp geG {0}

We now give upper bounds of the 1 g g-measure of the events defined above.
To this end, note first that by Proposition 12, applied with P = {p, —p}and M = 11,
we have
5 10 ol :3) 11

up,p(A) < T@t(ﬂ)' (44)

If for some e € dp the event A ; happen, then there must exist an irreducible

plaquette configuration v € Xp, with (do)|suppy = v and suppv N de # (. From
Proposition 12, applied with p’ € de and M = 6, and a union bound, we obtain

S (p)°®
0<1 —MB,ﬂ(Ae'O) = Z #(Olﬁ()/’d

p'€de

(45)
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Next, note that if {e, ¢’} C dp and g € G~.{0} then it follows from Proposition 12,
applied with P = (de U d(—e)) U (0’ Ud(—€'))and M = |P*| =6+6—1 = 11, that

a(B)!!
D uBpAegNApg) < ———— (46)
geG {0} : * L= 5a(ﬂ)

Finally, if we for e = dx; € dp and g € G~.{0} define (€8 by
vy = d(g dx))
then d(v(¢®)) = 0, supp v(©8) = = +Je, and by Lemma 9, we have
0 € Aeyg & (do)| 5, =18
Moreover, we have
o€ A0 (do)|;, =0.
Consequently, we can apply Lemma 11 with v = v(©:#) to obtain

up.g(Acg) . MB,ﬁ({U € XEy: (d0)|suppv(fv3> = v(e,g)})
/“LB,/S(AE,O) I'LB,ﬂ({J € EEB: (d0)|suppu(€vg) = 0})

=¢p()? @)

We now combine the above equations to obtain (11). To this end, note first that by
the triangle inequality we have

En [ /(@)= (10 + 3 Y (1@ - r@)80)7)

ecdp geG
= [Epp[f((d0)p) = FO)] = D upp(Ae0) D (f(2) — f(0)d()"
ecap geG
+ > (1Bp(Ac0) = 1) Y (F(&) = F(0) p()"
ecdp geG
< [Epplf(do)p) = O] =Y npp(Ae0) Y (F(2) = f£(0)) ()| (48)
ecdp geG
121 = mpp(Ae) Y (F(9) = F() p(e)"?]. (49)
ecap geG

To get an upper bound on (48), we first rewrite (43) as a union of disjoint events;

{0 €Ty (do), #0)=Au | ] ( | ] @A, N Ai,,’g)>.

geG~ {0} “"ECap: e'eE e"edp\E
E#(

(50)
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Using first (47) and then (50), we immediately obtain

o £(o)p) = FO] = D 1tp.p(Aen) Y (F@) = £O0) $5.5(0)

ecdp geG

L e L1 (o)) = O] = 3 Y (F®) = FO) mpplAe)|
ecdp geG
(50)
= (mpp+ Y Y wmp(Aag N Ang) max|f) — £O)
{e1,e2}Sp geG {0} #
(44,46) 510q(p)!! +<|8p| a(p!
<1—5a(ﬂ) 2 )1—5a(ﬂ)

> -max| f(g) — f(0)].
geG
To obtain an upper bound on (49), we use (45) to get

D (1= uppAe) Y (f(2) = f(0) p(2)"

ecap 2cG

Sa(p)° ;

5232 Z T sap Ml @~ 1O GZ $p(2)'2.
€<Sop p'ede 2610}

Finally, note that (lafl) =6, that ) |E§e| =4 .6, and that

ecap

S ot @2<( Y 95@?)° = ()

geG~{0} geG {0}

Combining the above equations, we thus get

Egp| £(do)p)] = (FO + 3 D (£ - 1) 6()?)

ecdp geG

10, g1 11 50(8)12
§<5 B 6 (B) L)

1 —-5x(B) 1—5a(B) 1—5a(B) > 'g‘ea(’;‘|f(8) — ).

Since 5a(8) < 1, we have 5104+6+24. 55a(,8) < 5" and hence the desired conclusion
follows. O

Proof of Theorem 3. Note first that, by definition, we have

Ep,p [fl ((dU)PI )fz((dU)Pz)]
= Cov(fi((@o)y). f2((d0) ;1)) + Ep g ((d0) ) [Es g ((d0),,)].
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Consequently, by the triangle inequality we have

Es [ f1(do)p) fo(do)p)] = [T (H0+ Y Y (fi0) - £,0) b))

je{l1,2} ecdp; geG

< [Cov( (o)), (o))

+|Eg.p[f1((d0)p) |Es g f2((do) )]
=TT (H0+ X X (fi® - £,0)s@"2)].

je{1,2} ecdp geG

For the second term, note that for any x, y, a, b € C, we have |xy —ab| < |(x —a)(y —
b)| +la(y — b)| + |b(x — a)|. Using this inequality and Theorem 2, we obtain

Ep,p [fl ((da)m )]EB,IS [f2 ((da)m)]

- I (50+ X Y (f© - £,0) ")

jefl,2} ee&p_,- geG

506(,3)
. — £:(0
= el{—()[]} 1—5a(B) ga();(|f](g) fiC )|

Sa(B)
2 f_ Soz()ﬂ) 'T;]Gag|fj(g) — [ 0] -g]eaé(}fl_j(gﬂ.

Jel0.1}

Combining the previous equations and using Theorem 1, we get

Eg [ f1(d0)p) £2(@0)p)] = [T (£H@+ D Y (i@ = £,0) ds0)2)

jef{1,2} ecap geG
dist s
< C1ll fillsoll f2lloo (Caar () B2 P 1P2)

. ((Sa(m)“

2
) [T max|si0) - 10|

1=50(8)) 2l
5a(8))"!
+( 5a()ﬁ) 2 maxm(g) fi(o)"f;eag\flfj(gﬂ-

Jjefo,1}

Noting that, for j € {0, 1}, we have
(g)— (0 <2 ; ,
max| f;(g) = f;(0)] < 2max| /; (s)|

we obtain (12) as desired. |
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