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Abstract: We introduce and study tetrahedron instantons, which can be realized in
string theory by D1-branes probing a configuration of intersecting D7-branes in flat
spacetime with a proper constant B-field. Physically they capture instantons on C? in
the presence of the most general intersecting real codimension-two supersymmetric
defects. Moreover, we construct the tetrahedron instantons as particular solutions of
general instanton equations in noncommutative field theory. We analyze the moduli
space of tetrahedron instantons and discuss the geometric interpretations. We compute
the instanton partition function both via the equivariant localization on the moduli space
of tetrahedron instantons and via the elliptic genus of the worldvolume theory on the
D1-branes probing the intersecting D7-branes, obtaining the same result. The instanton
partition function of the tetrahedron instantons lies between the higher-rank Donaldson—
Thomas invariants on C> and the partition function of the magnificent four model, which
is conjectured to be the mother of all instanton partition functions. Finally, we show
that the instanton partition function admits a free field representation, suggesting the
existence of a novel kind of symmetry which acts on the cohomology of the moduli
spaces of tetrahedron instantons.

1. Introduction

Since the discovery of Yang—Mills instantons as topologically nontrivial field config-
urations that minimize the Yang—Mills action in four-dimensional Euclidean space-
time [14], many important developments on the applications of instantons arose in both
physics [27,120,126] and mathematics [33,43]. In the Atiyah—Drinfield—Hitchin—-Manin
(ADHM) construction [8], the moduli space of Yang—Mills instantons on R* is given as
a hyperkahler quotient. In addition, the ADHM construction can be derived in a physi-
cally intuitive way using string theory [36,37,129]. For example, the moduli space M, i
of SU(n) instantons of charge k is given by the Higgs branch of the supersymmetric
gauge theory living on k D1-branes probing a stack of n coincident D5-branes in type IIB
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superstring theory. To avoid the noncompactness of M, i due to small instantons, Naka-
jima introduced a smooth manifold M,, x, which can be obtained from the Uhlenbeck
compactification of M, x by resolving the singularities [86]. Thereafter Nekrasov and
Schwarz interpreted M,  as the moduli space of U(n) instantons on noncommutative
R* [106], where the noncommutativity of the spacetime coordinates can be produced in
string theory by turning on a proper constant B-field [123].

The moduli space M, ; admits a U(1)? action which stems from the rotation symme-
try of the spacetime R*, and a U(n) action which rotates the gauge orientation at infinity.
Although M, ; is still noncompact because the instantons can run away to infinity of
the spacetime R4, the T-equivariant symplectic volume Z; of M,,  is well-defined [82],
with T being the maximal torus of U()Z x U(n). Using the equivariant localization the-
orem [7], Z; can be evaluated exactly and is given by a sum over a collection of random
partitions. Assembling Z; with all £ > 0 into a generating function, Nekrasov obtained
the instanton partition function Z = ) ., a* 2 of four-dimensional N = 2 SU(n)
supersymmetric Yang—Mills theory in the §2-background [110]. It turns out that both
the Seiberg—Witten effective prepotential [121, 122] and the couplings to the background
gravitational fields [5, 18] can be derived rigorously from Z [76,89,99,101,107,134].
The instanton partition function is also related to the A-model topological strings on
two-dimensional Riemann surfaces [75,77,112,133], the Virasoro/W-algebra confor-
mal blocks [3,132], and quantum integrable systems [102,105,113]. Recently, based
on the computation of the elliptic genus using supersymmetric localization techniques
[16,17], an alternative general approach to computing Z was provided in [56]. The major
advantage of this approach is that we no longer need to know M, ; explicitly, and Z is
given in terms of contour integrals with Jeffrey—Kirwan (JK) residue prescription [58].

Over the past few years, there have been several fascinating generalizations of the
Yang-Mills instantons on R*. The ADHM-type constructions of Yang—Mills instantons
on some other four-manifolds have been found [24,38,68,71,131]. Instantons also ap-
pear in higher-dimensional gauge theories [1,11,35], and we can get an ADHM-type
construction of instanon moduli spaces from the low-energy worldvolume theory on D1-
branes probing D(2p + 1)-branes with p = 3,4 [81]. The instanton partition function
Z is given by a statistical sum over random plane partitions (p = 3) or solid partitions
(p = 4), see [64] for a recent review. The p = 3 case gives the equivariant Donaldson—
Thomas invariants of toric Calabi—Yau threefolds [10,15,25,26,40,78-80], while the
p = 4 case defines the magnificent four model [95,103], and can be interpreted in terms
of equivariant Donaldson—Thomas invariants of toric Calabi—Yau fourfolds [20-22]. The
partition function of the magnificent four model is envisioned to be the mother of all
instanton partition functions [95].

In yet a different line of research, the concept of generalized field theory, which is
constructed by merging several ordinary field theories across defects, has been emerg-
ing in recent years. The spacetime X of a generalized gauge theory contains several
intersecting components, X = J , X 4. The fields and the gauge groups G4 = G|, on
different components can be different, and the matter fields living on the intersection
X 4 () X p transform in the bifundamental representation of the product group G4 X G g.
For instance, D1-branes probing a configuration of intersecting (anti-)D5-branes, in the
presence of a proper B-field, give rise to the spiked instantons in a generalized gauge the-
ory [92,93,104,119]. When each component X 4 of the spacetime is a noncompact toric
surface, the generating function of equivariant symplectic volumes of the instanton mod-
uli spaces can be similarly defined and is called the gauge origami partition function [96].
Applying the equivariant localization theorem, the gauge origami partition function can
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be expressed as a statistical sum over collections of random partitions, and provides a uni-
fied treatment of instanton partition functions of four-dimensional A/ = 2 supersymmet-
ric gauge theories [101], possibly with local or surface defects [2,4,9,46,65,69,97,118].
Nekrasov also derived an infinite set of nonperturbative Dyson—Schwinger equations
from the gauge origami partition function [92], leading to a number of interesting ap-
plications [59,60,62,63,72,94,108].

It is the goal of the present work to piece together the jigsaw puzzle of instantons by
studying D1-branes probing a configuration of intersecting D7-branes. With a proper
B-field, the ground state of the D-brane system is supersymmetric, and the low-energy
theory on D1-branes preserves A = (0, 2) supersymmetry in two dimensions. Since the
arrangement of various D-branes and open strings attached to them can be naturally as-
sociated with the vertices, edges and faces of a tetrahedron, we will call these instantons
the tetrahedron instantons. We carefully work out the moduli space of tetrahedron in-
stantons, which can be viewed as an interpolation between other instanton moduli spaces
that have been explored extensively. It is also a generalization of the moduli space of so-
lutions to the Donaldson—Uhlenbeck—Yau equations [34,124], which describe the BPS
configurations in higher dimensional super-Yang—Mills theory [1,11,35]. We compute
the instanton partition function Z using two approaches. Furthermore, we show that Z
admits a free field representation, suggesting the existence of a novel kind of symmetry
which acts on the cohomology of the moduli spaces of tetrahedron instantons.

The paper is organized as follows. In Sect. 2 we provide a string theory construction
of tetrahedron instantons and work out the instanton moduli spaces. In Sect. 3, we de-
scribe the tetrahedron instantons in the framework of noncommutative field theory. In
Sect. 4 we analyze the moduli space of tetrahedron instantons. In Sect. 5, we compute the
instanton partition function of the tetrahedron instantons using the equivariant localiza-
tion theorem. In Sect. 6, we calculate the instanton partition function of the tetrahedron
instantons from the elliptic genus of the worldvolume theory on the D1-branes probing
a configuration of intersecting D7-branes, and match it with the equivariant localization
computation. In Sect. 7, we give the free field representation of the instanton partition
function. We conclude in Sect. 8 with some comments and a list of interesting open
questions. We have included several appendices with relevant background material.

2. Tetrahedron Instantons from String Theory

We begin our discussion by describing the realization of tetrahedron instantons from
string theory, as this is the most natural setting they can be constructed.

Let us identify the ten-dimensional spacetime R with R""! x C* by choosing a
complex structure on R8. We take the coordinates on R"! to be x?, x°. The set of
coordinate labels of four complex planes is denoted by

4=1{1,2,3,4}, (1)

with the complex coordinate on C, C C* being z, = x>*~! + ix??. There are four
complex three-planes, (Ci =[l,eaCa C C* for A € 4V, where

4V = (g) ={(123), (124), (134), (234)} . 2)

For each A € 4V, we define
A={aecd|a¢A}l. 3)
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3

Fig. 1. A tetrahedron with the sets 4 and 4" associated with vertices and faces, respectively. Each vertex is
labeled by a € 4 and represents a complex plane C,. The edge connecting two vertices labeled by a and b

represents a complex two-plane (Cgb = C4 x Cp. The face A = (abc) € 4" has three vertices a, b, and c,
and represents a complex three-plane ((:134 = [Tueca Ca. The remaining vertex that is not in the face A € 4V
is denoted by Ae 4

It is beneficial to introduce a tetrahedron (see Fig. 1) to visualize the above data.

The tetrahedron instantons can be realized by k D1-branes along R!:! probing a
system of n4 D7 4-branes along R x (CZ for A € 4" in type IIB superstring theory.
We summarize the configuration of D-branes in Table 1. This can also be visualized by
a tetrahedron 7y, x, where n4 D7 4-branes sit on the face A, and k D1-branes can move
on the surface of the tetrahedron. Here we denote

n = (n4)4es” - 4)

We denote the Chan—Paton spaces of the D1-branes and D7 4-branes by vector spaces K
and N4, respectively. The presence of the D-branes breaks the ten-dimensional Lorentz
group SO (1,9) down to SO (1, 1)p9 X Haeg SO (2),, where SO (1, 1)(g is the two-

dimensional Lorentz group of R!:!, and SO (2), rotates the plane (x2“_1, xza).

2.1. Condition for unbroken supersymmetry. Let Q1 and Q g be the supercharges which
originate from the left- and right-moving worldsheet degrees of freedom. They are
Majorana—Weyl spinors of the same chirality,

IF'eQr =01, T'cQr =0k, &)

where
r.=rrt...r% r2=1. (6)
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Table 1. Tetrahedron instantons constructed from D1-branes probing intersecting D7-branes in type 1IB su-
perstring theory

R; C Cy Cs3 Cq Ry
XO Xl X2 X3 X4 XS XG X7 Xg X9
k D1 — ° ° ° ° ° ° ° ° —
n123 D7123 - - - - - - - ° °
ny24 D7124 - - - - - o . - - -
n134 D7134 - - - . ° - - - - -
n234 D734 - o o - - - - - -

Here — indicates that the D-brane extends along that direction, and e means that the D-brane is located at a
point in that direction

A set of parallel Dp-branes along x°, x1, ... x/r ij < --- < i preserves a linear
combination €7 Q1 + €g Q g of the supercharges with
eg =TT ... Tlre;. (7

Hence, the presence of both the D1-branes and the D7 4-branes imposes a constraint on
the preserved supercharges,

Laer = €L, (®)
where 'y = [2¢-112ap2b=1p2bp2e—112¢ for A = (abc). The Eq. (8) has no nonzero
solutions, since Ff‘ = —1. Hence, this configuration is not supersymmetric.

‘We can also reach the conclusion that supersymmetry is completely broken in the ab-
sence of a B-field by inspecting the ground state energy. As reviewed in Appendix A, the
zero-point energy in the Ramond sector is always zero due to worldsheet supersymmetry,
while that in the Neveu—Schwarz sector is given by

o__L,«

EY = > + 3’ ©))
where « is the number of DN and ND directions. For the D1-D1 and D7 4—D7 4 strings,
k =0and EO = —%. This state is tachyonic and is killed by the GSO projection. The
physical ground state that survives the GSO projection has zero energy and therefore
is supersymmetric. For the D1-D74 strings, x = 6 and E O — 4—1‘, indicating that the
ground state is stable but not supersymmetric.

The condition for unbroken supersymmetry is modified in the presence of a nonzero
Neveu—Schwarz B-field [123]. We turn on a constant B-field along C* in the canonical
form,

B = Zbadx2a—1 Adx*, b, €R, (10)
acd
and define
. 1+1ib, 1 1
o2 — & —— <V < —. (11)
1 —ib, 2 2

Then the constraint (8) is modified to be

1
exp Zﬁarz"*‘rz‘i €L =€, Vga=m (va + 5) € 0,m). (12)

acA
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There are also conditions for unbroken supersymmetry due to the D7,.4- and the D74-
branes,

exp (0ar2“—11“2“) €L = exp (19,,1“%—11“21’) €L, atbed (13)

If we label the 32 components of the ten-dimensional supercharges by the eigenvalues
(50, 51, 52, 53, 54) of

(F°r9, ~irlT2, —ir3rd, —irsrs, —iI‘7I‘8) , (14)
with s; € {£1}, the preserved supercharges obey

exp (isg0q +isp®p +isc¥:) = 1, V(abc) € 47, (15)
exp (isg 0y —ispVp) =1, Va #b €4, (16)

whose solutions are

2
1912172219321942?,
si=s=s3=s4==x1, sog=+1. a7
Hence, when the B-field is chosen to be
by = by = by = by = tan - = . (18)
1=02=03=0bg=tan — = —,
6 V3
or equivalently,
1
U1:U2=U3=U4=€, (19)

there are two preserved supercharges, which are right-moving supercharges Q. and O,
from the viewpoint of the common two-dimensional intersection R

One should keep in mind that the condition (18) for unbroken supersymmetry is
valid for the original string theory vacuum. However, a nonzero constant B-field away
from the supersymmetric locus in (18) can introduce instability in the form of open-string
tachyons. After tachyon condensation, the system may roll from the original unstable and
nonsupersymmetric vacuum down to a nearby supersymmetric vacuum [104,123,130].
Indeed, this phenomenon happens and plays an essential role in our system.

2.2. Low-energy spectrum. We are interested in the low-energy spectrum of open strings
ending on D-branes. Since the system preserves N/ = (0, 2) supersymmetry in two
dimensions when (18) is satisfied, it is convenient to organize fields obtained from the
quantization of open strings in terms of two-dimensional N' = (0, 2) supermultiplets.
For simplicity, we assume that the B-field can at most be a small deviation from the
locus (19),
| ~

Ua=6+vav [vq| < 1. (20)
As reviewed in Appendix A, we can have Neumann (N), Dirichlet (D), and twisted (T)
boundary conditions at the two ends of the open strings.
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2.2.1. DI-DI strings The D1-D1 strings satisfy NN boundary conditions along R!
and DD boundary conditions along C*.

In the Ramond sector, the zero-point energy vanishes. There are ten zero modes, giv-
ing rise to 32 degenerate ground states |sg, s, 2, 53, S4)g Which form a representation of
the gamma matrix algebra in R1-?. After the GSO projection, we keep half of the ground
states, which become eight left-moving fermions and eight right-moving fermions in two
dimensions. They transform under Spin(8) = SU(2)_ x SU(2)+ x SU(2)_ x SU(2),
as (1,2,1,2) (1,2,2, 1) 9 (2,1,1,2) (2, 1,2, 1).

In the Neveu—Schwarz sector, the ground state |0)yg is unique and has zero-point
energy E© = —%. This tachyonic mode is eliminated by the GSO projection. The

excited states b" | |0)ng have zero energy and survive the GSO projection. In the light-
-2

cone gauge, they give rise to eight real scalar fields for u = 1,---, 8. These scalar
fields describe the positions of the D1-branes in x 1 ... x%, and transform in the vector
representation of Spin(8). We can combine them into four complex scalars B,,a € 4
and their complex conjugates.

The worldvolume theory on k coincident D1-branes is the two-dimensional N' =
(8, 8) super-Yang—Mills theory with gauge group U (k), which is the dimensional re-
duction of the ten-dimensional N' = 1 U (k) super-Yang-Mills theory.

2.2.2. DI-D7 strings The boundary conditions of D1-D7 4 strings are NN along R!-!,
DT along C3, and DD along Cj;-

In the Ramond sector, the zero-point energy vanishes. In the light-cone gauge, we
have two zero modes from worldsheet fermions along C ;. Quantization of these zero
modes leads to a pair of massless states with s ; = =+ 1. The GSO projection Kills one
of them.

In the Neveu—Schwarz sector, the ground state has zero-point energy

11 I -
EO _ - §Z|”a| = —EZva. 21)

acA acA
‘We should consider three different cases:

1. When E© > 0, the ground state is stable, but supersymmetry is broken.

2. When E© = 0, the ground state is supersymmetric. It is unique since there are no
worldsheet zero modes to be quantized. It survives the GSO projection, and gives rise
to areal scalar field which transforms as a singlet under the Spin(8) group. Combining
with the similar state of D7 4—D1 strings and the fermions from the Ramond sectors,
we get a massless AV = (2, 2) chiral multiplet, transforming as (k, i) under the
U (k) x U (n4) symmetry.

3. When E© < 0, the ground state is tachyonic and unstable. The lowest excited states
are obtained by acting the fermionic creation operators on it. For small v,, all of
these excited states have positive energy, and it is reasonable to neglect them when
we study the low-energy theory.

2.2.3. D7-D7 strings The analysis of D74—D74 strings is similar to that of D1-Dl1
strings, and we will get the dimensional reduction of the ten-dimensional N' = 1 U (n,4)
supersymmetric Yang—Mills theory. The worldsheet bosons have position and momen-
tum zero modes along R x (Ci. Hence the result is the eight-dimensional U (n4)

supersymmetric Yang—Mills theory with sixteen supercharges on Rb! x (CZ.
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Table 2. Field content from D1-D1 and D1-D74 open strings in terms of N' = (2,2) and V' = (0, 2)
supermultiplets

Strings N =(12,2) N =(0,2) U k),U(ny))
DI-D1 Vector Vector T (Adj, 1)
Chil‘al(DA =B/§+”'
Chiral (a € A) Chiral &, = B, + - - -
Fermi ¥, — =g — +---
DI-D74 Chiral Chiral @4 =14 +--- (k,ny)
Fermi lPA!_ = IIIA’_ +-

On the other hand, the boundary conditions of D7,.4—D7p¢4 strings are NN along
R TD along C,, DT along Cp, and TT along C. and C,. The worldsheet bosons have
position and momentum zero modes along R"! x C. x Cy.

In the Ramond sector, the zero-point energy vanishes. In the light-cone gauge, we
have four zero modes from worldsheet fermions along C. and C;. Quantization of
these zero modes leads to four massless states with (s., sy) = (£ 1, £1). The GSO
projection Kkills two states with (s¢, sq) = (+1,—1), (=1, +1), and two states with
(¢, 8q4) = (+1,+1), (=1, —1) survive.

In the Neveu-Schwarz sector, the ground state has zero-point energy
EO = —% (Jva| + |vp|), and the lowest excited states increase the energy by |v,| and
|vp|. Thus, the energy of the first four states are % (£ vs £ vp). The states that survive
the GSO projection have energy =+ % (vg—wvp) = £ % (Vg — Up). Combining with the
similar states of D7p.q—D7,4 strings, we get two complex scalar fields, which are mass-
less when v, = vp. All the other excited states can be ignored in the low-energy theory
when [U,], |Up] < 1.

Combining states in the Ramond sectors and those in the Neveu—Schwarz sector for
both D7,.4-D7pcq strings and D7p.q—D7,c4 strings, we get a four-component Weyl
spinor and two complex scalar fields, which are component fields of a six-dimensional
N = (1, 0) hypermultiplet on R""! x C. x Cy4. These fields transform in the bifunda-
mental representation (Ngeq, Npeg) Under U (ngeq) X U (npeq)-

2.3. Tetrahedron instantons from the supersymmetric vacua. We are now ready to write
down the low-energy worldvolume theory on DI1-branes probing a configuration of
intersecting D7-branes in the presence of a nonzero constant B-field. Our goal is to find
the stable ground state of the low-energy theory. Since the D7-branes are heavy from
the point of view of D1-branes, the degrees of freedom supported on them are frozen
to their classical expectation values. Therefore, the U (1 4) symmetry from D7 4-branes
will be treated as a global symmetry.

The low-energy worldvolume theory on D1-branes probing a single stack of D7 4-
branes with a constant B-field was obtained in [130]. The field content is summarized
in Table 2. In addition to the standard kinetic terms, the theory has a superpotential

1 abc
W= e iy [@p, @], A= (abe), (22)

and a Fayet-Iliopoulos term with coupling

r= <Z va) — % (23)

acA
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We can deduce from the analysis in Sect. 2.1 that there are four preserved supercharges
specified by

Sa=sp=sc==%1, s;==+1, so==x1, s45;5 =1 24)

The theory at the classical level has a U(1)g x U(1) ; R-symmetry, where the U(1)r
(U(1) ;) symmetry comes from rotations of (C'Z and C ; in the same (opposite) directions.

The bound states of D1-D7 4-branes and those of D1-D7 g-branes for A # B share
the common U(1)r R-symmetry, but the U(1) ; symmetry and the U(1) 5 symmetry are
different. Accordingly, only an N = (0, 2) supersymmetry will be preserved if we have
four stacks of D7-branes. In terms of the two-dimensional N' = (0, 2) superspace, the
Lagrangian of the low-energy worldvolume theory is

. 3
_ 1. a 1 -
L= /d9+d9+Tr 52T - % > & D_b, — 3 > 0w

ac4 i=1
1 : . ir
—5T (/ agry woJt o+ c.c.) + <5 / o™ Yz +c.c.>
i=1 0+=0
1 - -
—5Tr Z (iOAD_Pp+Wa W), (25)
AedY
where {
Ji= ze’”“ [Pa, DPpl, Ei =[P4, D], Es=P;P4. (26)
We also need to impose a consistency condition on the B-field,
1 r
v1:v2=v3=v4=g+§, (27)

so that all the fields 74 have the same mass, which may be real or imaginary depending
on the sign of the parameter r. This also avoid tachyons from the quantization of the
D7-D7 open strings. Integrating out the auxiliary fields, we obtain the scalar potential
of (29),

2
V=Tr Z [Ba, B;] + Z IAI:" —r-Tyw
ag4 AedY
2
+ Y Tr|Bila|”+ Y Trl[Ba, Byll*. (28)
AeqV a<bed

Since the scalar potential V' > 0, the ground state is always stable. The original string
theory vacuum is given by B, = 0, I4 = 0. For r < 0, this vacuum has positive
energy, and the supersymmetry is spontaneously broken. For r = 0, the original string
theory vacuum preserves supersymmetry. For r > 0, the original string theory vacuum
is not supersymmetric and does not give the global minimum of V. However, the system
restore supersymmetry after transitioning to a nearby vacuum via tachyon condensation.
Moreover, the theory has a family of classical vacua, and the classical moduli space 21y, «
is given by the space of solutions to V = 0 modulo the gauge symmetry U (k),

Mo = {(B, DIV =0}/ UK), (29)
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where
B = (Ba)aes, I=(a)sesv - (30)

We will call 91, x the moduli space of tetrahedron instantons in the generalized gauge
theory on |, 4V (Ci with gauge groups G|4 = U (n4) and instanton number k.

3. Tetrahedron Instantons in Noncommutative Field Theory

As shown in [123], the dynamics of open strings connecting D-branes in the presence of
a strong constant B-field can be described by a noncommutative gauge theory. The non-
commutative deformation is advantageous since the position-space uncertainty smooths
out the singularities in the conventional field theory, and it allows us to treat uniformly
the worldvolume theories of D-branes of various dimensions [39]. It also provides a nat-
ural framework for the description of generalized gauge theories. In the section, we will
construct tetrahedron instantons as particular solutions of general instanton equations in
noncommutative field theory, to put it in perspective.

3.1. General instanton equations. We deform the ten-dimensional space R!-! x C* to the
noncommutative space R x (C‘(t), where the coordinates of (C‘(; satisfy the commutation
relations

[Zav Zb] = [zlh Zb] = Os [Za’ Zb] = _26118(4[77 a, b S év (31)

and the coordinates of R!>! remain commutative. The coordinates of C‘({) are not simul-
taneously diagonalizable. We introduce the creation and annihilation operators,

i _ _Za _ _Za [ -1-]_
=—, q=—7—=, |CacC}|="0ubs 32
a \/m a \/E as Cp ab ( )
and replace the underlying spacetime manifold by the Fock module,
Hizw =C[e] el el ]Iy = @ cio, (33)
nezs;
where |0) is the Fock vacuum defined by
cal0) =0,a €4, (34)

and I = N, Mo, N3, DNy). We define Hg for a set S C {1, 2, 3, 4} to be the Fock
module that can be obtained from H 234 by setting 01, = O for all a ¢ S. We denote

N = me (35)

ac4

The creation and annihilation operators satisfy

Ngl-o Ny —=1,--+),
VOIS N R RIS D (36)

Cﬂ|"'7

N )
Cll"',‘ﬁa,“')
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The derivatives and the integrals are replaced in the noncommutative space by

9 1
a_ _80 Z ) ) 37
3Zaf—)2@a b [2p, f] (37

/ [[dzadzaf — [] @760 Trpys, f. (38)

aed ac4

Wenow fix ®, = ® foralla € 4. Following [93,109], the general instanton equations
can be written as

1 _
[Za, Zp] + —€aped [Z(,‘1

5 Z;] =0, (39)
Y [ZaZa] = —¢ -1y, (40)
ac4d

[®,Z,]=[®.Z,] =0. 41)

where Z, and Z,, are the covariant coordinates of (C‘(t),

N | i [o |
Za:Ca+1 E(AZa—l"'lAZa)» Z,=c,—1 E(AZa—l_lAZa)s (42)

and @ is a holomorphic coordinate of R"!. The constant { > 0 depends on the choice
of J.
The Eq. (41) are modified in the £2-background to

[®,Z,] = €42y, [q)v Za] = _SaZa- (43)

In order to preserve the holomorphic top form A—I‘eabcddza Adzp ANdze A dzg that is
involved in (39), we should impose the constraint

Z gq = 0. (44)

ac4d

In the following, we will give various interesting solutions to the Eqgs. (39, 40, 43)
by making different choices of .

3.2. Noncommutative instantons. The U(n) noncommutative instantons on ]_[5: 1Ca
correspond to the choice
H=N®H, (45)

where N = C", and

H=Hip=Clc], - ch]l0..00= @ Clou,--. ;). @6)
RIEAYS

Here p = 2, 3, 4 correspond to the noncommutative Yang—Mills instantons on (C%2 [106],
the noncommutative instantons on (C*?23 [57], and the instantons of the magnificent four
model on (C‘l‘23 4 [19,95], respectively. They can be obtained from the supersymmetric
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bound states of D1-branes and n D (2p + 1)-branes with the B-field taken to infinity
[28,123,130]. The vacuum solution is given by

’

Z _ ]1N®627 azlv"'vp
“7 o, a=p+1,---,4

p
®=1N® (Z eacj;ca> —diag (ar, -+, an) ® Iy, 47)

a=1

where a, are Coulomb parameters, and we have fixed { = p. In the vacuum, there
is no instanton, and the gauge field A = 0. If we set ¢, = 0 for one direction a €
{p+1,---,4}, then Z, is allowed to be nonzero,

Z. = diag (M(f’)» - ,uff") ® 1. 48)

For the vacuum, we have the normalized character

p n
&y = (n (1- e_ﬁg“)> Trgce PP =" efoe. (49)
a=1

a=1

A large class of nontrivial solutions can be produced using the solution generating
technique [51,53,70]. For simplicity, we present here only the U(1) case. We make an
almost gauge transformation of the vacuum solution,

. _{UeCZfz (X0 chea)tf, a=1,,p

a — )

0, a=p+1,---,4
P
@ =U (Z eacj;ca) U —a-ly. (50)
a=1
Here U, is a partial isometry on H obeying
U] =T9q, UjUp =19 — Iy, (51)
where I1; is a Hermitian projector onto a finite-dimensional subspace of H,
Op= " M- ), (52)
N<t

The real function f, () satisfies the initial condition fy () =0forN =0, --- ,£—1
and the finite action condition limyn_, o f¢ (91) = 1, and can be found by substituting
(50) into (39, 40, 43),

o e wrp =1 ~
fz(‘ﬁ)—/l Sy ey T (53)

Since U, fails to be unitary only in the subspace of H with 9t < £, (50) is a true gauge
transformation away from a region of characteristic size ~/¢@ around the origin. The
solution (50) with (53) describes localized instantons near the origin. These instantons
would sit on top of each other if they were commutative instantons, and the space of
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such configurations would have been rather singular. The noncommutative deforma-
tion precisely resolves these singularities, and the position-space uncertainty principle
(31) prevents the instantons from getting closer than the characteristic size ~/@. The
topological charge is given by

27 O)P (F)P Les - p—1)
Tty —) =

which is the number of states removed by the operator . Of course, these solutions are
only a subset of all the solutions, and we can get more general solutions by relaxing the
condition (51) [70]. In all these solutions, I, identifies H with its subspace

k = ch, = (54)

HIzj(c—]t-"“5C;)|03“"0>7 (55)
where J (wy, -+, wp) C C[wy, -+, wp]is an ideal in the ring of polynomials, gener-
ated by monomials, and

dime Cwy, - w,] /T = k. (56)

Any such ideal defines a partition (p = 2), a plane partition (p = 3), or a solid partition
(p =4,

P
J<—>y={(xl,---,xp)ezi’\]_[w;‘a—lw}. (57)
a=1
Let us now describe in detail the case p = 3, which plays an important role in this
paper. The plane partition is customarily denoted by 7, and can be formed by putting
7y,y € Z>0 boxes vertically at the position (x, y) in a plane,

Ty T2 T3

72,1 22 7123 - -
T = 7'[3’1 7'[3’2 7'[3’3 e B (58)

such that 7wy y > 741y, 7Ty, y+1 forall x, y > 1. The volume of 7 is denoted by ||, and
is given by
=) .. (59)
(x.y)
We can also view the plane partition 7 as the set of boxes sitting in Zi,

n:[(x,y,z)eZi’lSZSﬂx,y}, (60)

so that there can be at most one box at (x, y, z), and a box can occupy (x, y, z) only
if there are boxes in (x', y,z), (x,y,z), (x,y,2/) forall 1 < x <x,1 <) <y,
1 < 7’ < z. The volume of 7 is then simply the total number of boxes in 7.

In general, the normalized character evaluated at the solution labeled by ) is given
by

P
&y = (1_[ (1 — e_ﬂg“)> Tr}ce_ﬁ¢|y
a=1
p
) (H <) > PR S R N )
(x1

wxp)eY
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Once we generalize the gauge group to U(n), we will have a collection of n (plane,

solid) partitions labeled by )V = {y("‘), a=1,---, n}, and the normalized character
becomes
P
—_ a — (p
&y = (H(l—e Be )) Trgce P iy
a=1

— - ePae (ﬁ (1 _ e—ﬂ%)) 2”: Z ePaa—P pa a(Xa=1) (62)
1

o= a=1 a=l1 (xl,.“,xp)eyw)

3.3. Spiked instantons. We can generalize the noncommutative Yang—Mills instantons
on (C%2 by taking

H=ED Na®Hi), Nyg=C7, (63)
Ae6
where
6= (g) ={(12),(13),(14),(23), (24, (34)}. (64)

The solutions of generalized instanton equations with (63) are called the spiked in-
stantons, which can be realized in string theory by D1-branes probing a stack of ng
(anti-)D5¢-branes in the presence of a constant B-field [93,104].

The vacuum solution of spiked instantons is given by

Zi =1, ®c| +1In, ®c] +1n, @],
7, = ]lle ® C; +]1N23 ® CIT + ]1N24 ® C;r,
Z3; =1n; ® CZT +1INy; ® C; +1Iny, ® CI’

7y =1IN, ® C; +1ny, ® c; +1ny, ® C;’

2
1 .
b = @ <§8Q{ . ]lNg[ ® (Z CZCa) — dlag (an,lv cee an,ng[) ® 17‘[12) . (65)

Aeb a=1

Here Z, contains a piece in Ny if and only if ¢ € 2, and cZ are assigned to make
[Z,,Z,] = 0, which are sufficient conditions for (39). We have no D1-brane in the
vacuum. The parameters g are given in terms of the §2-deformation parameters ¢,
appearing in (43) by
g4 =) &a. (66)
aell

The Coulomb parameters associated with the stack of (anti-)D5g-branes are ag 4.
We can produce nontrivial solutions of spiked instantons by substituting in (65)

Ing ® ¢ = Zgia, (67)

Ing ® (Z cha> — Usig (Z c;ca> Uy (68)

a=1 a=1
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where (Zm,l, Zg(,z) ,2 € 6 are solutions of noncommutative U (ng) Yang-Mills in-

stantons on C? with H{ = Ng ® H1» and partial isometry U ¢. Clearly, Zglng =0
whenever a ¢ 2. All these solutions are in one-to-one correspondence with a collection
of ) g1 12 partitions

y:{y@"a),a:l,..-,nm,meg}. (69)

3.4. Tetrahedron instantons. The tetrahedron instantons can be viewed as a generaliza-
tion of spiked instantons and noncommutative instantons on C>. We take

H=P Na®Hiz), Na=C™. (70)
AedqY
The construction of the vacuum solution is similar to that for spiked instantons,
Z, =1Ny® Cj +1INp, ® CJlr +1INp ® CI’
2, =1N; ® C; +1IN, ® C; + 1INy, ® C-l}-’
23 =1N,; ® C; +1IN;y, ® C; + 1INy, ® C;’
Zy=1N;y, ® C; +INg, ® c; + 1Ny, ® Cg’

3
$H (eA N, ® (Zc;ca> —diag (aa,1, -, adn,)® 11Hm> . (71)

AeqY a=1

®

We can check that (71) indeed solves the Egs. (39, 40, 41). The vacuum solution describes
that there is no D1-brane but n4 D7 4-branes, with the associated Coulomb parameters
given by a4 o. The parameters ¢4 are given in terms of the £2-deformation parameters

&4 appearing in (43) by
g = Z €a. (72)

acA

We can obtain nontrivial tetrahedron instantons by substituting in (71)

In,®c) = Za g, (73)

3 3
In, ® (Z clca) — Up ¢ (Z cha) Z/I/TUZ (74)
a=1

a=1

where (Z Al Z A2, Z A’3) , A € 4" are solutions of noncommutative instantons on C?
with H{ = N4 ® Hi23 and partial isometry U4 . These solutions satisfy Z A|NA =
0. They describe bound states of D1-branes and n4 D74-branes in the presence of a
strong B-field. All these solutions are in one-to-one correspondence with a collection of
Y Acav 4 plane partitions

n= {ﬂ(A),AEIl}. (75)
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where we combined (A, «) into A, and define
n={A=Aa)|a=1,ns Acd’}. (76)
We can obtain the normalized characters

s (l_[ (1- eﬁsa)) Trrtmen,e 7|,

acA

nA
— Z ePaae
a=lI
n
_ (H 1—e¢ —Beq ) ZA Z eﬁaA.a*ﬂ D aca ea(xa—l). (77)

acA o= 1(Xa)aeA€7T<A’“)

4. Moduli Space of Tetrahedron Instantons

In this section, we will carefully analyze the moduli space i, x of tetrahedron instantons.

4.1. Basic properties of the moduli space. Let B = (B)geq and I = (14) pc4v be two
quartets of matrices,

B, € End (K), I4 € Hom (N4, K), (78)

with the vector spaces K = CF and Ny = C"4, A € 4. The moduli space My« has
been derived from the string theory realization of tetrahedron instantons,

Mo = (B D] —r -1y = € =0 =0} /U0, (79)

where

uR = Z[Ba, Bg] 3 i, (80)

ac4 Ae4V
1 = (1l = 1Ba Bs) 81)
a,bed

o = (o4 =B;la) (82)

Aeév )

and the U (k) symmetry acts on B, in the adjoint representation and /4 in the fundamental
representation,

(Ba-1a) > (gBag™" 814). &€ UK. (83)

The metric on 9y« is inherited from the flat metric on (B, I). Since the moduli space
My« is invariant under the scaling transformation

B, — kB,, Isx— kly, r—>/c2r, Kk >0, (84)

the value of r is inconsequential as long as r > 0.
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If we drop the equations o = 0, we can combine the quartet of matrices I into a single
matrix / € Hom (@ Acav Na, K), and 9, x becomes the moduli space of instantons

in the rank » magnificent four model [95,103].
The moduli space 91y, x admits an equivalent description using the geometric invariant
theory quotient [83],

- C stable
Mo = (B.DI " =0 =0} /GL(K.O), (85)
where the stability condition states that
> ClBa By, B.11a (Na) =K. (86)

A=(abc)edV

The virtual dimension of 91, ; can be computed by subtracting the number of constraints
and gauge degrees of freedom from the total number of components of the matrices,

vdimeDnx = (467 + Y nak | = [ 362+ > nak | =k =0. (87
Ae4Y Ae4V

We emphasize that the vanishing virtual dimension does not mean that the space 9ty
is empty or a set of discrete points. In fact, we will see that 91, ; generally consists of
several smooth manifolds of positive actual dimensions.

We can also substitute the equations £© = 0 with the equations p = 0 using the
identity

1
Y TelBuBilBa Byl =5 Y Trowey, (88)
1<a<b<4 l<a<b<4
where |
pub = [Ba. Byl + S€avca | BY. B} |. (89)

4.2. Geometric interpretation. In this subsection we discuss geometric interpretations
for the moduli space My .

Let us start with the simplest case n = (1123, 0, 0, 0), which can be realized in string
theory as the bound states of k D1-branes with n123 D7123-branes [25,57,111]. In this
case, the matrices /4 and equations o4 = 0 are nontrivial only for A = (123). Itis useful
to review two equivalent geometric interpretations for the moduli space 9% (;,,5.0,0,0).k-

Let CP? = C3 U CIP%O be a compactification of C3, where the homogeneous co-
ordinates on CP? are [z0 : z1 : 22 : 23], and (C]P%o = [0:2z1:22:z3] is the plane at
infinity. We define the canonical open embedding ¢ : C3 < CP3. The moduli space
M (1123,0,0,0),k coincides with the moduli space of (£, @), where £ is a torsion free sheaf
on CP? with the Chern character

ch (&) = (n123,0,0, k), (90)
and the framing @ is a trivialization of £ on CP2_,

b : 5|<C]P>§o =N ® OCP&' 91
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There is a short exact sequence
0—>&—>F—>853—0, (92)

where F is the coherent sheaf of sections of the trivial rank n173 holomorphic vector
bundles on CP? with framing on (CIP%O,

F = Ni3 ® Ocps. (93)
and S3 is a coherent sheaf supported on the subspace 3 C C3 =CP?\ (C]P’go,
S3 = 1,03, (94)

In our case, 3 is a union of k points p;. The sheaf F is a locally free sheaf, and the
torsion free sheaf £ fails to be locally free only along 3. As a result of (92), the Chern
characters are related by

ch (&) = ch(F) —ch(S3), (95)

with

k
ch (F) = (n123,0,0,0), ch (S3) = (O, 0,0, ZPD [p,']) . (96)
i=1
Here we denote the Poincare dual of the fundamental class [X] associated to X by
PD [X]. From the perspective of string theory, 7 and S3 correspond to the D7123-branes
and the DI1-branes, respectively. Moreover, (93) is realized in noncommutative field
theory by the vacuum solution (47) with p = 3 and N = Ny3.
As proven in [23], M (;,,,0,0,0),k 1s isomorphic to a Quot scheme

M (1123,0,0,0),k = QuOtfés (0%m23) 97)

which parametrizes isomorphism classes of the quotients O®"123 — S5 such that the
Hilbert—Poincare polynomial of S3 is k [115]. When n123 = 1, this Quot scheme is
the same as the Hilbert scheme Hilb* ((C3) of k points on C3. In noncommutative field
theory, each quotient O®"123 — S5 corresponds to a choice of the partial isometry Uy
with the identification (55) satisfying (56).

Now we sketch a possible geometric interpretation for 9%, x by generalizing the Quot
scheme description for 97;,,5,0,0,0),k- We regard the worldvolume of the D723-branes
as the physical spacetime, and F is still a locally free sheaf given by (93). The additional
D7 4-branes for A € 4" \ {(123)} are located on the real codimension-two hyperplane
ha C C3 defined by z 4 = 0, and produce real codimension-two defects in the physical
spacetime. Accordingly, 3 becomes a union of hyperplanes and points,

k
3= U u(Up,), (98)
i=1

Aed\{(123)}

and S3 is a complex of sheaves whose entries are Ny @1, Oy , for A € 4\ {(123)}, 1, Oy,
fori =1, .-, k, and differentials specified by strings stretching between the D-branes.
To define the Quot scheme, we need to further specify the quotients O%®"123 — S5 by
giving the Hilbert-Poincare polynomial P, which describes the configuration of D1-
branes and D7 4-branes for A € 4 \ {(123)}. From the classical configuration of the
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D-branes, we can write down their coordinate ring in a suitable basis. For example, if 3
arises from n124 D7124-branes and a single D1-brane, their coordinate ring is given by

Clz1. 22,231 /Ty - Ty, 99)

where J; = (Q (z3)) is an ideal generated by a degree n124 polynomial Q (z3) which
encodes the positions of D7124-branes in C3, and Jp, = (21 — &1, 22 — &2, 23 — &3) isan
ideal which encodes the location (&1, &>, &€3) of D1-branes in (C?B. From the coordinate
ring, we can calculate the Hilbert—Poincare polynomial P (¢; n124), which is a formal
power series of ¢ and depends on n124. In general, the Hilbert—Poincare polynomial
P (t; n124, n134, 1234, k) will depend on n4 for A € 4% \ {(123)} and k. We can also
read off the Chern character from P.

Since 9y, x is symmetric under the permutation of n, it is natural to expect the
isomorphisms such as

Quot@""”“*”‘34'”234"‘) (Oeanm) ~ Quot@(f:"m,n134,n234,k) (Oeanm) ) (100)

We can interpret such isomorphisms as four possible projections of tetrahedron instan-
tons to the faces of the tetrahedron (see Fig. 1), and each shadow contains the same
information.

Furthermore, the geometric interpretation for 1, x as the Quot scheme leads to a
natural forgetful projection,

0 My — U M (113,0,0,0).k'» (101)
K<k

where we drop all the information of D7 4-branes for A € 4¥ \ {(123)} in the Hilbert—
Poincare polynomial.

It is rather difficult to give a geometric interpretation for 9, x if we want to keep
the permutation symmetry of n manifest. Here we propose a possible approach, leaving
the mathematical rigor for future work. Instead of considering four stacks of D74-
branes on different (CZ, we imagine that they would be unified into a single D7-brane
which wraps a complicated hyperplane in C*. We compactify C* into the projective
space CP* = C*uU (C]P’go with homogeneous coordinates [zo : 21 : 22 : 23 : 24], and the
hyperplane at infinity is (CIP’gO =1[0:z1:22:2z3: z4]. We also define (C]P’i‘ C CP* and
(C]P%Q 4 C (C}P’go by z; = 0 for each A € 4", respectively. The hyperplane becomes an
algebraic variety,

ZAGAV na

Xe=1lz0:21:22:23: 24] € CP* l_[ Z':{‘ =&z, , (102)
AeqV

where we introduced a small deformation parameter £ in order to make Xz a smooth

manifold, and we will finally take & to zero. We also introduce a noncompact space X £

which is obtained from X¢ by removing all points on (CIP’?)O. Then we can take F to be
arank one locally free sheaf on X,

F = Ox,, (103)

and the sheaf S3 is
S3 = 1,03, (104)
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where the support 3 C Xg \ C]P’go is a union of k points p;, and ¢ : )o(,; — Xg is the
natural embedding. We expect that the moduli space 9y x coincides with the £ — 0
limit of the Hilbert scheme Hilb* (Xg) of k points on )0(5. Equivalently, 91, x should

also be identical to the & — 0 limit of the moduli space of framed rank one torsion free
sheaves £ on X¢ with the framing

D Elyneps, = O, nepd - (105)

There are particularly interesting points on the moduli space 91, ; such that the framed
torsion free sheaf (£, @) admits an isomorphism,

En= P Tadw, (106)
A=(A,a)en

where 74 o is a rank one torsion free sheaf supported on (C]P’i with the framing @4 ¢ :
TAw P, = (’)CP% n The tetrahedron instantons corresponding to such decomposi-

tions are given in noncommutative field theory in Sect. 3.4.

4.3. One-instanton examples. In order to gain a better understanding of 9y 4, we will
work out explicitly the one-instanton moduli spaces step by step. When k = 1, the
matrix B, is simply a complex number, and /4 = (I4,1, -, Ian,)isa 1 x n4 matrix
ifn, > 1. The equations u© = 0 are satisfied automatically, so we only need to consider

Y Ialf =1, (107)
AeqY
B X Iy =0, (108)
where we setr = 1 using the scaling invariance (84). Meanwhile, the group U (k) = U(1)
acts trivially on B, and gives an equivalence relation /4 ~ ¢'1,.

4.3.1. Instanton on C3 We start with the rank n instanton on (C?23 corresponding to
n = (n123 =n,0,0,0) [25,111]. There is only one /4, namely /(23), and the equation
(107) becomes

n

> |hosel’ =1. (109)

a=1

After modding out the U(1) phase, we obtain from /(j23)y a complex projective space

cpL, Meanwhile, we get B4 = 0 from (108), and By, B, B3 are three unconstrained
complex numbers. Therefore, the one-instanton moduli space of the rank » instanton on
(C?23 is given by

Mn0.0.0.1 = C? x CP* L. (110)

Here the factor C3 stands for the center of the instanton, and the factor CP"~! stands
for the size and the gauge orientation of the instanton.
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4.3.2. Generalized folded instanton We go one step further by allowing n to have two
nonzero elements,
n=(n3=nnp4=n,00), (111)

which can be viewed as a generalization of the folded instantons [93]. In this case, the
nonzero /4 are /123 and I124. By, B> are unconstrained complex numbers. When B3 and
B4 are both nonzero, we know from (108) that /103 = 124 = 0, which contradicts (107).
When B4 = 0 and B3z # 0, I124 = 0 and I3 satisfies (109). Modding out the U(1)

phase, we get a CP*! from I23. Similarly, by exchanging 3 < 4, we get a cp'-!
from I774. When B3 = B4 = 0, we have

n n'
Z|1123,a|2+2|1124,a|2:17 (112)
a=1 a=1

which gives a CP"*"' ! after modding out the U(1) phase. Therefore, the moduli space

Mn.n.0,0),1 consists of three smooth manifolds with different actual dimensions for
generic n and n’,

M 0,01 = C2 x C x CP" | JC? x C* x CP" ' C? x CP™"' = (113)

The first and the second components of M, . 0,0),1 correspond to the instanton being
only on (C?23 and (Ci’24, respectively. The factor C> x C* parametrizes the center of the

instanton, while CP"~! or cpr ! parametrizes the size and the gauge orientation of the
instanton. The last component of 9, , 0.0y,1 corresponds to the instanton being on the

intersection (C%z = 6?23 N (sz4, and the center of the instanton gives the factor C2.

Recall that the moduli space of vortices with charge k in the U (n + n’) gauge theory
is given by the symplectic quotient [52]

Vi o = {(B, 1) ‘[B, BT] +11h =1 14 } JUGK), ry >0, (114)
where B € End ((Ck), I € Hom ((C”*”/, Ck), and the U(k) action is

1) — (¢8g7"g1), geU®. (115)
We introduce the following actions on V., ,

T;:(B,I)— (¢B,I), g€ C* (116)

n n
————
’]Tz:(B,I)—>(B,Ih_1>, h=diag |1, L,-1--.—1]. 17

Now we focus on the simple case k = 1. The fixed points of V,,, 1 under the T action
satisfy
B=0, II' =r, 1, (118)

and therefore the T;-fixed points of V4, 1 form a manifold

yh o~ cprr-l (119)

n+n’,1 —
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On the other hand, if we write
T = <IO 5)’ (120)
then the fixed points of V4, x under the T, action satisfy
{1,11; =y A Iy = 0} or {I,,/IZ, =y, I, = o} , (121)
and consequently the T»-fixed points of V., 1 are given by

Y =X ((CIP"*‘ u C]P"’*l) . (122)

n+n’,1 —

It is interesting that the moduli space 90(, v 0,0),1 can be rewritten as

~ T T
Mnn.0,00.1 = C* x (ann/,l U ann/vl), (123)
which is manifestly symmetric between n and n’. Here we used the fact that
T T, ~ - _
Vit NV, 2 (0 x (CPtuce™). (124)

It is straightforward to generalize this relation between MM, ,.0,0).x and Vi k to any
positive integer k.

4.3.3. Generic tetrahedron instanton Now it is clear how to obtain the one-instanton
moduli space My | for generic n. The Egs. (107) and (108) have no solutions when all B,
are nonzero. When there are » nonzero B i with r = 3, 2, 1, 0, the Eq. (108) require the
corresponding r of 14 to be zero, and the remaining (4 —r) of 14 are constrained by (107),
producing a complex projective space after modding out the U(1) phase. Combining all
the possibilities, we get

Mar = | |J (@) xepat Ul | (€ xcpae! | o

Ae4Y A#Be4Y
ul |J crxcpase! iy [(CIP’”éV_l], (125)
A#B#Ce4Y
where
ns=Y na, Sc4’. (126)
AeS

We see that 9, | for generic n consists of 24 — 1 = 15 smooth manifolds of different
actual dimensions. The interpretation of each component of 91y | is a straightforward
generalization of that of 9, . 0,0),1-
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4.4. Symmetries of the moduli space. In the definition of the moduli space My, x, we
have the freedom to pick the basis for the vector space N4. This induces a U (n4)
symmetry, which acts on /4 in the anti-fundamental representation and acts trivially on
other operators,

B, — By, Ip— 8aIgh™", heUy). (127)

We parametrize the Cartan subalgebra of the Lie algebra of U (n4) by

aA:diag(aA,l,n- ,aA,nA). (128)

Since the common center U(1), of HAegV U (n4) is contained in U(k), it is the group

[icer Una)

PU(n) = 0

(129)

that acts nontrivially on 9, . Accordingly, the parameters a4 , are defined up to the
simultaneous shift a4 o — aa.« + &, where £ is a constant number. Sometimes it is
useful to separate the U (n4) into the U(1) part and the SU (n4) part, and their respective
Cartan subalgebras are parametrized by

1 A

asg=— ZaA,a, BAq = @A — 3A- (130)

n
A a=1

In addition, 901y, ; has an SU(4) symmetry which acts on (B, I) as
B, — Uy Bp, Ix — Ix, U € SU@4). (131)

This SU(4) symmetry is induced from the rotation symmetry of C* that leaves the
holomorphic top form invariant. We parametrize the Cartan subalgebra of the Lie algebra
of SU(4) by

e = diag (g1, &2, €3, £4) , Zsa =0. (132)

a4
For any S C 4, we define
g5 = 28“‘ (133)

aes
In total, the symmetry group of My « is PU (n) x SU(4). If we adopt the holomorphic
description (85), the symmetry group gets complexified, and its maximal torus is
T =T, x Te = GL(1,C)"+"~! x GL(1, C)°. (134)
We denote
a:{aA,AeQ}, e:{ea,aeé_l}, (135)

and
t={lA=e‘9aA,Aeg}, qz{qazeﬂs“,aeé_l}. (136)
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5. Instanton Partition Function from Equivariant Localization

In this section, we will compute the instanton partition function using equivariant local-
ization theorem.

5.1. Fixed points. Generalizing the arguments of [88,110], we can find the set S)JTI k of
all T-fixed points of 9y k. It is convenient to work with the holomorphic description
(85). We also assume that all the parameters a, & take generic values. The nongeneric
case is more complicated but can still be handled following [93].

We choose suitable bases forN4, A € 4" sothat they decompose into one-dimensional
vector spaces,

na
Ni=EPNao, (137)
a=1

with N4  being the eigenspace of T; action with eigenvalue ¢4 o. If (B, I) is a T-fixed
point, it must be invariant under the combination of an arbitrary T-transformation and a
related GL(k, C) gauge transformation,

B, = ‘IagBag_l’ ae€4,

Ina=glaaty . Acd. (138)
Hence g (t,q) = e#? € GL(k, C) defines a representation T — GL(k, C). Since

every irreducible complex representation of an abelian group is one-dimensional, we
can decompose K into the orthogonal direct sum

K= Ks=PKuo. (139)
Ae4 Aen

where K4 o is the eigenspace of T, action with eigenvalue ¢4 ,, and can be further
decomposed into a direct sum of eigenspaces of T,. From (138), we have

— —1 _
¢B BT B4 (Na)
_ 1— — — —1 _
=q g, g Ao BT BT BT A (Naw), x,y,z2> 10 (140)
1—x 1=y

Thus, BX~! BZil‘Bg_l Ia (.NA,a) isan eigenspace of T witheigenvalue ¢} ¢, "¢l ™%t q.
Due to the stability condition, we must have

_ —1 _
Ki@ow= P By 'By B 'Ix(Naa). (141)

(x,y,z)er (4.0

where the set 7 (A% ¢ Zi contains k4 o = dimKjy , elements. It has been shown
explicitly in [25] that all possible (4% are in one-to-one correspondence with plane
partitions. Hence, each T-fixed points of 9, x is labeled by a collection of plane parti-
tions

x= {n@“), Ae Q} : (142)

such that the total volume of m is k,

k==Y ’;ﬂf‘)‘. (143)
Aen
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From the point of view of noncommutative field theory, each T-fixed point is given by a
tetrahedron instanton sitting near the origin of the spacetime whose solution is labeled
with 1. On the other hand, in the geometric language, each T-fixed point corresponds
to a decomposition €5 4— (4 4yen (A, P.4), Where Z 4 is an Te-invariant ideal sheaf

supported on the Tg-fixed zero-dimensional subscheme contained in (Cf4 = CIP’% \

CP .. and the framing @4 4 IA,Q|CP2 = Ocp2
! A,00 A,00

5.2. Tangent space. Now let us look at the holomorphic tangent space 751y, &, Where
nt labels a fixed point (B, I) € smg o I B+b, I+i) € My, is a nearby point, then
(b, i) should obey the linearization of the equations uC=0=0,

dy (b,i) = ([ba, Byl + [Ba. byl byla + Bjia) =0, (144)
up to an infinitesimal GL(k, C)-transformation,

(ba,in) ~ (ba,in) +di (@), di(9) = (¢, Bal, Pln), ¢ €glk,C).  (145)

We have the following deformation complex,

0 — End (Ky) % (End (Ky) ®<C4) ® | €D Hom (N4, Kx)
AedY

R (End (Ky) ® A2’+(C4> ® | @ Hom (N4, Kp) ® AT, | — 0, (146)
AeqY

whose middle cohomology group is isomorphic to the tangent space Ty . We can
compute the T-equivariant Chern character of Ty k.,

xn = Chr (Tngnn,k)
= — KKy + K KxChy ((C4) + N% K
—K*KyChy (/\2’+(C4) — Y N;KxChy (M«:z)
AedY

— —KiKzL+ Y NjiKx (1 _ qgl) , (147)
AeqV
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where (eﬂw)* = ¢ P and

na
Na=Chr (Na) =) taa, (148)
=1

o
k
K = Chy (Kp) = ) e
i=l

T
na
x 1=y 1—
S0 Y e Y. @i q, Nel (149)
A=(a,b,c)e4" a=1 (x,y,z)em (4@

L =1—Chy ((C“) +Chy (/\2*((:4)

:1_Z%_]+61f161{1+61f161§1+q2’1q3". (150)

ac4d

Notice that the normalized character (77) computed in noncommutative field theory can
be related to N4 and Ky by

Eam=Na— (1"[ (1—q;‘)) Knls - (151)

acA

5.3. Equivariant integrals. The T-equivariant symplectic volume of 9, x is defined
as the integral of the T-equivariant cohomology class 1 € Hy (Dﬁn,k) over the virtual
fundamental cycle [13,73] of 9y £,

Zy(ase) = / 1, (152)
mn,k]wr

where (a, &) are generators of Hy (pt). Since My is noncompact and is a union of
manifolds of different actual dimensions, we should apply the Atiyah-Bott equivari-
ant localization theorem [7] in the virtual approach [50] to evaluate the T-equivariant
integral,

1
Zy (a; &) = Z m= Z E{—xx}, (153)

T, |m|=k w,|m|=k

where et (TIDT(n’ k) is the T-equivariant Euler class of the tangent space of 1, ; at m,
and the operator E converts additive Chern characters to multiplicative classes,

E {§ m,-eﬁ““} = [T wi™. (154)
1
i

where the w; = 0 term should be excluded in the product. The instanton partition
function is the generating function of Z; (a, €),

Z@ea=)y dZ@e =) d"E{—xl, (155)
k=0 n
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where ¢ is the instanton counting parameter. Notice that x5 is not invariant under the
permutations of g,. However, we have

L+L*=]_[(1—q;‘). (156)

ac4

Therefore, E {— x5} is invariant under the permutations of ¢,, up to an overall &= sign
that depends on the ordering in a € 4. The orientation problem also appeared in the
study of magnificent four model [95,103].

We can obtain the K-theoretic and elliptic versions of the instanton partition function
by replacing the integrand in (152) from 1 to the arithmetic genus Ag (9y «) and the
elliptic genus e (imn,k), respectively [12,74]. Correspondingly, the definition of the
operator E becomes

E {Xi:mieﬁwi} -

H/i (l — eﬁw")mi . K — theoretical

/ (157)
H 01 (wil o)™, elliptic
1

In fact, the result (155) suggests a more refined version of the instanton partition
function with four independent instanton counting parameters g4 for A € 4,

Pas
Z@e =Y []dr El-xd. (158)

T Ae4Y

where = {aiy, A € 4 and [ (0] = LU, [40)]

6. Instanton Partition Function from Elliptic Genus

In this section, we will compute the instanton partition function from the elliptic genus
of the low-energy worldvolume theory on D1-branes, where all the heavy stringy modes
are decoupled.

6.1. Definition via elliptic genus. We have shown that the low-energy worldvolume
theory on D1-branes probing a system of intersecting D7-branes is a two-dimensional
N = (0, 2) supersymmetric gauge theory, with two supercharges Q. and Q.. This
theory has a U(1)* global symmetry induced from [ acs SO (2), rotating C*. The cor-
responding bosonic generators J, commute with each other, but do not commute with

Q4 and Qy,
[Jar O+l = =04, [Tar O+] = Qs (159)

We can choose three linearly independent combinations of 7, for instance

(N —Ta, o= Ta, T3 — Ta) s (160)

which commute with O, and Q,. They generate a group U(1)} c U(1)*, and can be
identified with Te.
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The elliptic genus of the two-dimensional worldvolume theory on k D1-branes prob-
ing intersecting D7-branes is defined to be

Zy (15 a; €1, &2, €3)

3
— Ter (_l)F HL HR l_[eZTIié‘a(ja—j4) 1_[ ezniaATA , (]61)
a=1 Aen

where the trace is taken in the RR sector of the Hilbert space H; of the worldvol-
ume theory, Hy, and Hp are the left- and right-moving Hamiltonians respectively, and
TA=(A,a), @ =1, -+, ny are the Cartan generators of the symmetry group U (n4). The
parameter

q — ezn'i‘[ (162)

specifies the complex structure 7 of a torus. The fugacities (¢1, €2, £3) and a 4—(4,«) are
associated with U(l)3 and U (n4), respectively. We can introduce ¢4 = —&1 — & — €3
to make the expression more symmetric,

Zi(t;a3e) =Try, | (— D g gtir Hezmgﬂj" l_[ e?riaala . (163)
ae4 Aen Zaeg £4=0
It is clear that ¢,, a € 4 can be identified with the standard §2-deformation parameters

[110]. The instanton partition function is then the grand canonical partition function of
the elliptic genus,

o0
7 (1. a6 q) = 1+quZk (t;as€). (164)
k=1

The elliptic genus can be calculated using the supersymmetric localization tech-
niques, and is given by contour integrals [17],

/Hd¢, z7' [Tz, (165)

Ae4Y

where k! is the order of the Weyl group of U(k). The contributions from the D1-D1
strings and D1-D7 4 strings are [15]

k
2171 _ |:27T77(T)3 Hl§a<b§3 6 (Sah)j|
P

l_[ae4 0 (€a)
k
¢l] l_[1<a<b<3 ¢ (¢lj + 8ab)
x , (166)
llj_II [Taea® (9ij +2a)
i#j

1 7 ‘ 9 —3Aa — SA)
=11 ]_[ , (167)

i=la=1 _aA’O‘)
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where ¢;; = ¢; — ¢;, and we use the abbreviation!
0(z) =01 (zl1). (168)

We emphasize that the detailed description of 9, x is not used in the computation. We
only need to know the supermultiplets that appear in the worldvolume theory, as well as
their charges under the symmetry group T.
We see that Z'™! is invariant under an overall shift,
$i > ¢i —§, are —> asa+é. (169)

This confirms the claim that the center U(1). of []4c4v U (n4) acts trivially, and the
final result of the partition function should not dependent on the overall shift of a4 4.

The integral in (165) make sense only when the integrand is invariant under the large
gauge transformations ¢; — ¢; +r + st forr, s € Z [15,17]. From the transformation
property of the Jacobi theta function 6y (z| v) under shifts of z,

01 (247 +57]7) = (=1) exp (—ms% — 2nisz) 0,(zl7), rseZ (170)

we obtain that

k n
Zi— | ] ]_[]_A[ehm Z. (171)

AeqY i=la=1

To get rid of the extra phase factor for all k € Z*, we should impose the consistency
condition

> naea €L, (172)
Ae4V

which generalizes the similar condition obtained in [15].

6.2. k = 1. When k = 1, the elliptic genus is given by

27”7(75)3 l_[1<a<b<3 0 (gap) f 0(@p—aqs—en)
AR = = d _ 173
1 [ Mocs 0 81 Sreryy )

It is straightforward to evaluate this integral explicitly. The set of poles in the integrand
are

M = (g —as=0 modZ+1Z}. (174)
We should take all of them and the result is given by

27(7)? [Ti<q<p<3 0 (cab) % 0(@—aqg—en)
Z) = —— d —_—
1 [ Maea ) 2 fell=G=0

o4 eJVsing

[Muzpen © Cab) 6 (a4 — a5 — &)
_ 175
2 e Bﬂ ay f@a—ap) (4

A=(A,a)en

where we have used ), 4, = 0. Due to the product over a < b € A, the result
depends on the ordering of a € 4.

1 Hopefully, this does not create any confusion. Especially, this is different from the notation 6; (t) =
0; (0] 7) that often appears in the literature.
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6.3. General k. Now we proceed with general k. As shown in [17], we should apply the
JK residue formula [58] to evaluate the contour integrals in (165).

6.3.1. Classification of potential poles in terms of trees We first classify all the poten-
tial poles in the integrand that can have nonzero JK-residues, temporarily ignoring the
numerator.

The denominator of the integral (165) becomes zero along the hyperplanes

Hpija = {¢i — ) = —ea}, (176)
Hp;a=1{¢i =aal, (177)

where the identifications up to Z + tZ are understood. We introduce the standard basis
{€i)i=1... k Of R,

i k
eiz((),...,(),iﬁo,...,())_ (178)

The charge vectors associated with (176) and (177) are hy ;; = ¢; —e; and hp; = e;,
respectively.

A singularity is called nondegenerate if exactly k linearly independent hyperplanes
intersect at the point, and is called degenerate if the total number of hyperplanes through
the point is greater than k. A practical way to deal with the degenerate singularities
is to blowup them into nondegenerate ones by introducing small generic nonphysical
fugacities to deform the hyperplane arrangement. In the end of the computation, we
remove the deformation by sending the nonphysical fugacities to zero in a continuous
way. In the following, we will only consider the situation where all singularities are
nondegenerate.

We denote the charge vectors of the k hyperplanes by

Q
Q=] :|. Qseths hpg}. (179)
Qs

The JK-residue can be nonzero only if » € Cone (Q), i.e.,
k
Yo mQr=1n. i >0 (180)
I=1

In our problem, the result will depend on 7, and we should take the standard choice?

k
=) e=(1-.1). (181)
i=1

Since charge vectors of type h4 only generate at most a (k — 1)-dimensional subspace of
]Rk, Q must contain M > 1 charge vectors of type hr, which are takentobe ey, - - - , ey
using Weyl permutations. We will show that it is possible to divide Q into M subsets in

2 One could take other choices of n if one includes a P field as in [15].
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such a way that each subset contains exactly one charge vector of type hr. Let us start
with e;. If Q;, = e — e;; is also in Q, the condition (180) gives

k
(kl+Aj1)e1+ Z AIlekjlejl+Zei. (182)

I#1,j1 i=1

Since the coefficient of e, on the right-hand side is positive, Q must contain e;, — €,
for at least one j». Notice that e;, cannot be in Q, since it is not linearly independent
with e and e; — e, that are already in Q. Then the same argument for e, leads to the
requirement that Q must contain e, — e, for at least one j3 # 1, ji. Since there are only
a finite number of elements in Q, this procedure cannot be carried on forever, and finally
it is impossible to match the coefficient of one e;. Therefore, e; — €; is not allowed to
be in Q.

On the contrary, Q can contain one or more charge vectors ej.:,n — e1, which are

labeled by 4 = 1, - - - , and we require ](’ Y > M in order to avoid linearly dependent

combinations of charge vectors. We can draw an oriented rooted tree. The root vertex is

labeled by e;. For each ej(m — e € Q, we put an arrow from e to the vertex ej(m. We
1 1

can go on and add ej<v) — ej(m in Q, with jz(u) being different from 1, - - - , M and jlw)
2 1

so that there are no linear relations among selected charge vectors. The tree grows by
adding the vertices e (v) and arrows from ej w toe. - We can repeat this construction

until no charge Vectors can be further added in th12s way, ending up with an oriented
rooted tree with root e; and arrows corresponding to charge vectors of type ha ;.7 > j.
The linearly independent condition ensures that there can be no cycles. Subsequently,
we can proceed with e, and produce a similar oriented rooted tree. The trees with root
e and e; must be disconnected, otherwise there will be linear relations among charge
vectors. After performing this construction for all ey, - - - , eys, we divide all the charge
vectors in Q into a disjoint union of M oriented rooted trees, with k vertices in total.

It is convenient to perform a Weyl permutation of ¢; so that Q form a block diagonal
matrix,

Q = diag (Q, -, Q™). (183)
where the block Q(’”) is a square matrix of order k,,,
1 000---0
—1100---0
* %x10---0 M
Q" =] % xx1---0|. m= C D km=ko (184)
m=1
* xr-o 1

The first row in QU™ corresponds to the root of the m-th tree, and the remaining rows
correspond to the other vertices of the m-th tree. Each * can be either 0 or —1, and there
is exactly one —1 in each row containing . We relabel the poles ¢; by

i =gty 1=1 k. (185)
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The positions of poles are solutions to the equations

D1 Vm,1
Q™| = : | (186)
¢m,km Ym kpy
where
laa.Aen}, 1=1
€ . 187
V.l {{—ea,a 64_1}, [>1 (187)

In particular, we can have an injective map
o:{l,---, M} —>n, (188)
and the pole corresponding to the root of the m-th tree is

bm,1 = Ao(m)- (189)

We can decorate the trees associated with Q into trees describing potential poles that
can have nonvanishing JK-residues by assigning o(m) to the root of the m-th tree, and
painting each arrow by the a-th color if the pole associated with the target vertex differs
from the pole associated with the source vertex by —eg,.

6.3.2. Classification of genuine poles in terms of colored plane partitions There is an
important flaw in the above classification of poles that can give nonvanishing JK-residues,
because the denominator can have extra zeros from linearly dependent hyperplanes, and
the zeros in the numerator will cancel some zeros in the denominator. We define the
genuine poles to be the poles that indeed give nonvanishing JK-residues. These genuine
poles must be contained in the set of potential poles found above.

We claim that the genuine poles ¢, ; are completely classified by a collection of
colored plane partitions,

n= {ﬂ(A),AGQ}, (190)

where each 7 is restricted to be a plane partition, and we allow some of 7 to be
empty. If there are M non-empty plane partitions in m, then we can introduce a bijective
map

Q:{l,--~,M}—>[.AGQ|JT(A)7£(/)}, (191)
and the poles labeled by m are at
Oms =aa+ (1 —x)eq + (1 = y)ep + (1 —2)ec, (192)

where o(m) = A = (abc,a) and s = (x,y,2) € 7. This claim can be proved by
induction on k as follows.

For k = 1, all the allowed poles are at {a A Aen } For each given pole, there is only
one nonempty plane partition in w, and is given by {(1, 1, 1)} € Zi. We have shown that
they give nonvanishing contributions to Z;. Hence, the claim holds for the base case.

We assume that the claim is true for k — 1 and examine it for k. If all the blocks of
Q are one dimensional, then the poles are at

¢ = ap(i)» (193)
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with the map ¢ : {1,-- ,k} — {Aen] A £ ¢}. There are k nonempty plane
partitions in m, with each one being {(1, 1, 1)} € Zi. All of them will give nonzero
contributions to the JK-residue, and the claim holds.

We then consider the case when Q is that it contains at least one charge vector of type
h, ;j,i > j. Up to Weyl permutations, we can always arrange the k hyperplanes so that
the charge vectors of the first (k — 1) hyperplanes only contain ey, - - - , e,_1, and the
charge vector of the last hyperplane Hy is Qx = e; — e with a fixed J. From the picture
of trees, Hy is associated with the arrow from e; to e; and e is not the source of any
other arrow. In other words, e; corresponds to an end of a tree with multiple vertices.
The integrand which contains ¢y, - - - , ¢x—1 but not ¢ is precisely the integrand for
the instanton number k — 1. The poles ¢y, - - - , ¢x can contribute to the JK-residue if

Sk 21Q; = with A; > 0, which leads to

k—1 k
> Q= (Zei) — i (ex —e)) . (194)
I=1

i=1

Because the left-hand side does not contain e, we need Ay = 1 and
k—1 k—1
10 - (z) (195)
1=1 i=1

Since the right-hand side is in the same chamber as (Zf‘;ll e,~>, we know that the poles

d1, -+, Pr—1 must also contribute to the JK-residue. Therefore, the genuine poles for
é1, -, Pr can be obtained by first giving the genuine poles for ¢q, - - -, ¢px—1, and
then determining the proper position of the pole ¢ by choosing Hy. By the induction
hypothesis, the genuine poles for ¢y, - - - , ¢ are labeled by a collection = of colored
plane partitions with || = k — 1. We need to show that there is a bijection between
the possible choices of Hj giving nonzero k-dimensional JK-residue and the ways of
making a collection ' of colored plane partitions with |1[’ | = k from = by adding a box.
Without loss of generality, we assume that ¢y is in a tree whose root vertex corresponds
to the pole at aj23,1 = a«. Based on our assumption of Hy, the potential pole for ¢y
is g = ¢p; — &4 for a € 4. Accordingly, adding H can only deform 723D = 7,
leaving the other colored plane partitions invariant. We can factorize the integrand of Zj
into two parts,

reg

z7' [Tz "=(z"]]lz7"| xi« (196)
Aed” Ae4Y

Here the regular part contains neither zeros nor poles in the neighborhood of ¢y —
¢j — &4, and Iy is given by

_ fO) f(e12) f (e13) f (e23)

I
g na Eﬂ f (86{)

X 0 (px —ax —€123) 197)

where

F) =TT 6@ —cs+x)0(c; — g +x)), (198)

SET
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and

Cs=(x,y,2) = asx + (1 = x)e1 + (1 — y)eo + (1 — 2)e3. (199)

If ¢; = a, corresponding to the box (1, 1, 1) € m,, then the factor 6 (¢ — ax — €123) in
the numerator cancels the factor 6 (¢x — a, + €4) in the denominator using the constraint
Za€4 &4 = 0, and the genuine poles are ¢y = a, —¢&, fora € {1, 2, 3}. In the following,
we assume that ¢; corresponds to the box (x, v, z) € 7, \ {(1, 1, 1)}, then the potential
poles are

dr=as+(1—x)er+(1—y)er+(1—2")e3, (200)

with four possibilities
(¥ d)efxr+1, .2, (x,y+ 1,2, (x,y, 2+ 1), (x =1,y —1,z—D}. (201)

When the box (x/ .y, 7 ) is already contained in 7, the numerator of I; contains a
double zero from

0 (¢ —ciyn) 0 (cory oy — ) » (202)

and the residue vanishes. Therefore, there can be at most one box at each (x, y, z) € 7.
We denote the combination of the plane partition 7, and the box (x', y', z’) by 7. We
need to show that if 7, is not a plane partition, then the residue is zero.

If (x’, v, z’) is one of the boxes (x + 1, y, z), (x, y + 1, z), and (x, y, z + 1), the box
(x,v,2) € m \ {(1, 1, 1)} must sit on the boundary of .. We can focus on the case
(x’ .y, 7 ) = (x + 1, y, ), and the other cases can be obtained by simple permutations.
We want to count the order A of singularity for a potential pole ¢, which is the number
of poles from the denominator minus the number of zeros from the numerator. The
residue is nonzero when A = 1. We need to further make the following distinction:

— When y = z = 1, 7, is a plane partition. [; only contains a pole from
6 (¢k —Cx,1,1) + 81), and therefore the residue is nonzero.

— When y > 1 and z = 1 (by exchanging y and z we can get results for z > 1 and
x =y = 1), m, is a plane partition if and only if

x+1,y—1,1) € m,. (203)

The poles and the zero of I are

9 - + 9
poles : (6 = cixy + 1) ) ,
9(¢k_c(x+l,y—l,l)+82)» lf (x+1ay_1sl) GT[*
zero 1 0 (¢x — C(x,y—1,1) +€12) . (204)
If n; is a plane partition, A = 1, and the residue is nonzero. On the other hand, if
(x+1,y—1,1) ¢ m, so that 7, is not a plane partition, A = 0, and the residue

vanishes.
— When y, z > 1, 7, is a plane partition if and only if

(x+lLy—1lLz),x+1Lyz—-1) em. (205)
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The poles and zeros of I; are

6 (¢k — C(x,y,z) +81) ,

poles : 6 (ciey—1.2-1) — i +€4) , .
0 (¢px — el y—1,0) +€2), if (x+1,y—1,2) €my
9(¢k_c(x+],y,z71)+53)7 if (W+1,y,z—1) € m,
0 (¢x — Cx.y—1,2) +€12) »

zeros : 40 (¢k —C(x,y,z—) + 813) , (206)
0 (dr — Certy—1,c—1 +623), if (x+1,y—1Lz—1) €m,

Since (x + 1,y — 1,z — 1) € m, is automatically satisfied when (x + 1,y — 1,z) €
meor (x +1,y,z—1) € my, we can have A = 1 so that the residue is nonzero only
if 7} is a plane partition.

If (x',y,2/) = (x = 1,y — 1,z — 1), the residue can be nonzero only if (x — 1, y, z) ¢
T4, since the numerator would contain a zero from 6 (c(x,l, y,2) — Pk + 823) otherwise.
Similarly, 7, cannot contain (x, y — 1, z) and (x, y, z — 1). However, this is in contra-
diction to the assumption that (x, y, z) € m, \ {(1, 1, 1)} and 7, is a plane partition.
Therefore, taking (x/ .y, 7 ) = (x—1,y—1,z—1) will always lead to a vanishing
residue.

In summary, we have shown that all the genuine poles of ¢; are in one-to-one cor-
respondence with the possibilities of adding a box to x to make a collection of colored
plane partitions.

6.3.3. Expression Eventually, we obtain the elliptic genus Zy,

Zi= )Y Zn (207)
w,|m|=k
We define
Cas=aa+0—=x)eg+ (1 —y)ep+ (1 —2)eg, (208)

for A = (abc,a) e nands = (x,y,2) € T D, and
D ’S _ C C 20
B.t As — LBt (209)

We also introduce the notation

0 () [T1<acp<3 b (x +£ap)

RO (x| 7))} = (210)
1‘[%49 (x +¢4)
Then Zy can be expressed as
Zn =]z [T 24P ). 211)

Aen A#£Ben
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where
x4
Z;A=(A,a)) =0 (g;) (l_[a<b€A99 (8ab)> 1—[/ R ’9 (Dﬁf”
Haeé (ea) st
0(Cas—aq—e
<t T1 (9“42 Azea) ) 212)
sex(O\(1,1,1) (Cas —aa)
and
0(Cas—ap—e
Z;A,B) — l‘[ l‘[ R {9 (Dg",’:)} 1—[ (eAg B~ €B) Q1)
senr 1en® sex(A) (Cas —ap)
The instanton partition function is
z=3 "y, (214)
T

which is identical to Z™t in (155) if we use the elliptic version (157) of the operator E.

6.3.4. Example: k = 2 and n = (1, 1,0,0) Let us present here explicitly the result
for the simplest nontrivial example, k =2 and n = (n123 = 1,n124 = 1,0, 0). We are
dealing with the integral

12720 izazpes Can) |
Zr = -
2 TTaca 6 (60)
02 (@1 — ¢2) [11<acp=3 ¥ ($1 — 2 £ eap)
[Toca @ @1 — d2 £ e0)

0 (¢ — aizz — €123) 0 (¢i — @124 — €124)
0 (¢p; — ai3) 0 (¢pi — aiza)

/d¢1d¢z

2
=1

(215)

1

Due to the invariance under the overall shift (169), the result can only depend on the
difference

8 =ai3 —aiu. (216)

The genuine poles are completely classified by a collection of two (possibly empty)
colored plane partitions,

S {n(m)’ ﬂ(124)} , 217)

and the total number of boxes
’n“m‘ + ‘7‘[(124)‘ — k=2 218)

There are three possibilities:
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1. If|7r(123)’ =2, |7r(124)| = 0, the genuine poles are at (a123, a123 — &q),a = 1,2, 3,
and the corresponding residues are
. _ 0(e12)0(€13) 0 (623) 0 (5 +€3) 0 (8 — €1 +€3)
(@122:223740) 7 76 (1) 0 (62) 0 (e3) 0(8)60 (8 —¢1)
0 (281 +£2)9 (281 + 83)9 (823 — 81)
X
0 (2e1)0 (g1 — &2) 0 (61 — &3)
. _ 0 (e12) 0 (613) 0 (623) 0 (8 +£3) 0 (8 — &2 +€3)
@12:212572) 7 70 (e) 0 (£2) 0 (e3)  6(8)6 (6 — £2)
y 0 (2er+e1)0 (2ex +23)0 (e13 — €2)
0 (2e2)0 (g2 — £1) 0 (62 — €3)
. _ 0 (e12) 0 (€13) 0 (e23) 0 (8 + €3)
(@122:212570) 7 70 (61) 0 (£2) 6 (63) 6 (5 — £3)
o 0 (2e3+e1)0 (2e3+e2)0 (e12 — €3)
0 (2e3) 0 (e3 — £1) 0 (63 — €2)

(219)

, (220

: (221)

2. If |7T(123)| =0, |7r(124)| = 2, the genuine poles are at (a124, @124 — &4) ,a = 1,2, 4,
and the corresponding residues are

. _0(612) 0 (614) 0 (624) 0.(5 — £2) 0 (8 + &1 — £4)
(@126224780) = 70 (61) 6 (62) 6 (e4) 686 (5+¢1)
0 (2e1 +&2)0 (21 +€4) 0 (624 — €1)
0 (2e1)0 (g1 — &2) 0 (81 — &4)
_ 0(e12)0(£14) 0 (e24) 0 (5 —€4) 0 (6 + €2 — €4)
S@nan=e) = T )0 (62) 0 (e4) 0(8)0 (5 +e2)
0 (2ea+21)0 (2e2 +€4) 0 (614 — €2)
0 (262)0 (62 — £1) 0 (62 — £4)
_ O(e12)0 (£14) 0 (£24) 0 (5 — &4)
C@nanee) = T e 0 (62) 0 (e4) 0 (8 +4)
0 (2eq+e1)0 (2e4+£2) 0 (612 — €4)
0 (262)0 (62 — £1) 0 (62 — £4)

: (222)

: (223)

, (224)

3. If |7r(123)| = |7T(124)| = 1, the genuine pole can only be at (ai23, aj24), and the
corresponding residue is

67 (e12) 67 (£13) 67 (¢23)
@220 = 9361102 () 0 (e3) 0 (ea)
O (£5+¢e12)0 (£8 +e13)0 (£ + 23)
KO (0 +21)0 (£0+62)0 (—0+63)0 (0 +¢4)

(225)

In the above calculations, we have taken a particular ordering of ¢; and ¢, to cancel the
factor of 2 in the denominator of (215). Summing up these contributions, we get

Zy = Z Lais,aiz—ea) T Z Z(ais.ana—ea) T 2(ais,a124)- (226)
ac(123) ac(124)

One can check that (226) matches the general expression given in the previous subsection.
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6.4. Expectation value of real codimension-two defects. Up to now, we treat all D7 4-
branes on equal footing, but the string theory construction of tetrahedron instantons and
the geometric interpretation of the moduli space suggest a different point of view of
the instanton partition function. We choose the physical spacetime to be R!! x (C?B,
so that the bound states of D1- and D7;73-branes give rise to instantons on C%B. The
remaining D7 4-branes for A € 4V \ {(123)} will produce real codimension-two defects
from the viewpoint of the physical spacetime. This provides the physical realization of
the projection of the moduli space 91, ; of tetrahedron instantons to the moduli spaces
DM (1125.0,0,0),& Of instantons on C3,5 discussed in Sect. 4. Thus we identify the instanton
partition function as the expectation value of real codimension-two defects O4 in the
instanton partition function of the Donaldson-Thomas theory,

0k k
_ d . 1-151-7123 1—74
z_kEOH/Hd@ (z-'z™)| I1 «

Aed¥\{(123)}

:< I1 (’)A> : (227)

Aea\((123) Iy

where the bracket denotes the unnormalized vacuum expectation value in the Donaldson—
Thomas theory on (C?23 whose instanton partition function is given by

0ok k
d _ _
Zpr =) F/]_[dzpiz,l 1z, 7, (228)
k=0 i=1

6.5. Dimensional reductions. We now briefly discuss dimensional reductions of the
system.

Performing a T-duality along x° of the configuration in Table 1, we get DO-branes
probing a configuration of intersecting D6-branes in type IIA superstring theory. The
generating function of the generalized Witten indices of the supersymmetric gauged
quantum mechanical models on DO-branes is the K-theoretical version of the instanton
partition function of tetrahedron instantons. Since there are no anomalies of large gauge
transformations, we no longer impose the constraint (172). Taking the limit g — 0 of
Z, we get the dimensionally reduced instanton partition function Z¥,

zb =Y gz}
L
— Z q|1t| 1_[ Zrit(A) l_[ Zi('A’B) , (229)
n Aen A#Ben
where Z ,lt(A) and Z#(A’B) are obtained from Z;A) and Z;A’B) by substituting
0 (z) — 2sinh <%> , (230)

and f is the circumference of the circle of the supersymmetric quantum mechanics. The
instanton partition function Z ¥ matches Z in (155) with the K-theoretical version (157)
of the operator [E.
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We can further perform a T-duality along x direction to get D-instantons probing
a configuration of intersecting D5-branes in type IIB superstring theory. The instanton
partition function Z¥ is obtained by

zb =3 "Mz =3 "™ | [T 24 [] z¥4P ). (231)
T b Aen A#Ben
Here Z # A and Z,% (AB) are obtained from Z ,({4) and Z,([A’B) by substituting 6 (z) — z,
x4
b=ty _ [ Tlacben av M =l
n — YA 1—[ e At
aed ~a s;ﬁten(-A)
Cas—aa—¢ea
| ] AetATEA (232)
Cas—aa
ser(N\(1,1,1) ’
: CAs —aB — B
24 =TT 11 »ipgs}| | TT =22 @)
sex ) e (®) sercty A TAB
where

R X (x +e12) (x +e13) (x +€23)
{x} = .
(x+e)(x+e)(x+6e3)(x+e4)

(234)

The partition function Z¥ matches Z in (155) exactly.

7. Free Field Representation

Following [15,66,75,99,110], we give a free field representation of the instanton parti-
tion function. This is in the general spirit of the BPS/CFT correspondence [92].
Recall that the torus propagator for a free massless r-component scalar field ¢ =

(@1, @) is given by [30]
Gij(z,2) = {9 (2.2 9 (0,0)pa
ol wamo?\ [
g 2mn(t)3 P Imt

where the torus T? is described by a complex z-plane with the identification z = z+1 =
z+7,and G; ; (z, 7) is the normalized doubly periodic solution of the Laplacian on T2,

(Si,jv ivjzla"'ar9 (235)

4
—AG;j(z,7) = (27162(1) - %) 8- (236)

The basic vertex operators of the theory are the exponential fields parameterized by a
r-component vector parameter o = («y, - - - , &),

Vg (z,7) = el Zim @00 . (237)
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We require that the complex structure 7 of T? is the same as that in the definition of the
elliptic genus (161). Then we will use the abbreviation (168) in the following.
We shall take » = 7 and introduce a slightly deformed vertex operator

Veap (z,2) = el Yl cigi(z+piZ+pi) .- Y wigi(z—piZ—pi) :, (238)

where ,
a=(3G111,1,1,1), p= 3 (1, €2, €3, €4, €12, €13, £23) . (239)

It is an important fact that when )_,_4 €, = 0 we have

7
> o (m(p))* =0. (240)
i=1
Performing the Wick contraction, we can get

2

2mn(7)3 <q<p<3 0 (€ _
7 1_[1* b=3 9 (Eab) Vap (2,2) 5 (241)

[Tacs 0 (60)

Va,p (z,2) =

and
(: Vap (2.2) 22 Vap (w, ) 2o

02 (2 — w) [T1=gep<3 b (@ — w £ £ap)
1‘[%&9 (z—w=xe)

2
, (242)

where 0 (z £ &) =60 (z + &) 0 (z — €). Since (242) takes the form of an absolute square,
we can define the holomorphic part as

(: Vap (2, 2) 22 Va,p (w, 0) :)111;;1

_ 6° (z—w) n1§a<b§3 0(z—wxeup)

(243)
]_[aeée (z—wEeg)
We further introduce a linear source operator,
1
T=ipd Y ma@dp ), (244)
Aeq¥
where the contour I' is chosen to be a loop around z = 0 encircling all £p; for i =
1,---,7,and wa(z) is a locally analytic function inside I",
na 1
) =) _logh (Z —as — ESA) . (245)
a=l1
Then 6 )
Z—aA— €A
(ET : ’Va,p(Z) :)TZ = l—[ W, (246)
A=(A,a)en < A

which is already holomorphic.
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Therefore, we have the expansion

<ereq fe Va,p(Z)dZ>};;l
i q 27777('[) H1<a<b<3 6 (Sab)
k=0 k! nae4 6 (ea)
0(z—aq—¢ca)
o e
AR k H l_[ 0(z—an)

i=1 A=(A,a)en

ﬁ 0 (2ij) [1za<p=3 0 (zij + €ap)

X
Haeée (ZU + 8“)

, (247)

i,j=1

i#]
which coincides with the instanton partition function (164) if the contour C is chosen to
give the Jeffrey—Kirwan residues. We see that the contributions from the D1-D1 and D1-
D7 strings are reproduced by the Wick contractions within the exponentiated integrated
vertex, and the Wick contractions between the exponentiated integrated vertex and the
linear source, respectively.

8. Conclusions and Future Directions

In this paper, we introduced tetrahedron instantons and explained how to construct them
from string theory and from noncommutative field theory. We analyzed the moduli space
of tetrahedron instantons and discussed its geometric interpretations. We computed the
instanton partition function in two different approaches: the infrared approach which
computes the partition function via equivariant localization on the moduli space of tetra-
hedron instantons, and the ultraviolet approach which computes the partition function
as the elliptic genus of the worldvolume theory on the D1-branes probing a configura-
tion of intersecting D7-branes. Both approaches lead to the same result. Our instanton
partition function can also be viewed as the expectation value of the most general real
codimension-two defects in the instanton partition function of the Donaldson—-Thomas
theory. Finally, we find a free field representation of the instanton partition function,
indicating the existence of a novel kind of symmetry acting on the cohomology of the
moduli spaces of tetrahedron instantons.

There are still many interesting aspects of tetrahedron instantons that remain to be
better understood. Some of the future directions in which this work could be continued
are listed in the following.

1. According to [130], a supersymmetric bound state can be formed by the D1-D9
system if we turn on a constant B-field satisfying

Zva > 1. (248)

ac4d

Therefore, we can generalize the tetrahedron instantons by adding a stack of D9-
branes without further breaking the supersymmetry if the B-field satisfies the condi-
tion

V] =V =V3=U4 > (249)

FNy-
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This generalization can also be viewed as instantons in the magnificent four model
with all possible real codimension-two defects. Furthermore, it is fascinating to also
incorporate in the system the spiked instantons, which can be realized by D1-branes
probing six stacks of (anti-)D5-branes in type IIB superstring theory. As analyzed in
[104], supersymmetry is completely broken when we have six stacks of D5-branes,
and two supercharges can be preserved when we have four stacks of D5-branes and
two stacks of anti-D5-branes in the presence of a B-field obeying

V] = —Up = V3 = —V4. (250)

In both cases, no supersymmetry will be preserved when we put together the magnif-
icent four model, the tetrahedron instantons and the spiked instantons. On the other
hand, the configuration of D1-branes with six stacks of anti-D5-branes preserve two
supercharges when the B-field obeys®

V] = V) = V3 = V4. (251)

In this case, we can study the supersymmetric combination of the magnificent four
model, the tetrahedron instantons and the spiked instantons. This combined system
can be understood as instantons in the magnificent four model with all possible real
codimension-two and real codimension-four defects.

2. It was proposed that the partition function of the magnificent four model is the
mother of all instanton partition functions [95,103]. In particular, it was shown in
[103] that the partition function of the magnificent four model at a degenerate limit
reduces to the instanton partition function of the Donaldson-Thomas theory on C3,
The magnificent four model can be realized in string theory using DO-branes probing
a collection of D8- and anti-D8-branes wrapping a Calabi—Yau fourfold, with an
appropriate B-field. Here the DO-D8 system gives an ADHM-type construction for
instantons in the eight-dimensional gauge theory, while the presence of the anti-D8§-
branes introduces certain fundamental matter fields. The degenerate limit corresponds
to a fine-tuned position of the anti-D8-branes, and it was conjectured that anti-D8§-
branes will annihilate the D8-branes, leaving a configuration of D6-branes after the
tachyon condensation. It is natural to imagine that by taking more general degenerate
limits, the instanton partition function of our model can always be obtained from
that of the magnificent four model. The matching of the instanton partition function
will then be a highly nontrivial test of the tachyon condensation in nontrivial string
backgrounds.

3. Ttis well known that the partition function of the Donaldson—-Thomas theory on a toric
Calabi—Yau threefold and the partition function of the magnificent four model play
important roles in the study of the compactification of M-theory on Calabi—Yau five-
folds [29,54,100]. An equivalence between the Donaldson-Thomas invariants and
Gromov-Witten invariants was conjectured [78—80]. Together with the Gopakumar-
Vafa invariants [47-49], they arise from different expansions of the same topological
string amplitude. A fascinating direction is to explore our model from this viewpoint.
We consider the bound state of kK DO-branes and 1 4 D6 4-branes on S! x (Ci‘ for all
A € 4Y, which can be lifted to M-theory as a bound state of k graviton Kaluza-Klein
modes on S! x X, where X is a noncompact Calabi—Yau fivefolds. When only one
of the n 4 is nonzero, X becomes Ci x TN, , where TN, , is the n 4-centered Taub-
NUT space. After introducing the §2-deformation, the eleven-dimensional spacetime

3 We thank the reviewer for pointing to us this configuration.



Tetrahedron Instantons 823

S! x X is replaced by a fiber bundle over S' with fiber X, such that the fiber is rotated
by an element g € SU(5) as we go around S'. The eleven-dimensional supergravity
partition function on this background is defined as the twisted Witten index,

2 [S1 g X (@, 4 45) = Tragen (=D e P12

eo]

exp Z%P“gm (ats--a5) | @52
=1

where H(X) is the Hilbert space of the supergravity theory on X, F is the fermion
number operator, A is the circumference of S!, Q is a preserved supercharge that
commutes with g,and qy, - - - , g5 satisfying ]_[?:1 q; = 1 are the fugacities associated
with the SU(5) action. We can decompose the single-particle index F into two parts,

psugra _ psugra,pert fsugra,mst’ (253)

where FU8-Pe s the perturbative contribution from D6-branes in the absence of
DO-branes, and FSU&™Int should coincide with the single-particle index (147) of
the instanton partition function. An extraordinary feature of this correspondence is
that the instanton counting parameter g in the instanton partition function will be
expressed in terms of the fugacities qy, - - - , g5 in FSUEINSt,

4. In this paper we only considered the simplest spacetime geometry R x C*. It is
definitely interesting to generalize our analysis to R1:! x Y, where Y is an arbitrary
toric Calabi—Yau fourfold. For example, one can consider the orbifold Y = ct /T,
where I is a finite subgroup of SU(4). The moduli space will be a generalization of
Nakajima quiver varieties [19,85,87,93] and the chain-saw quiver [41,42,65]. The
instanton partition function on the orbifold can be obtained by projecting onto the I'"-
invariant part. Another nature choice is to blowup the origin of C* in the spirit of [89—
91], and it may be useful for the study of BPS/CFT correspondence [61,98]. These
instanton partition functions should lie between the Donaldson—Thomas invariants of
toric Calabi—Yau threefolds [78,79] and fourfolds [20-22]. We can even generalize
our computations by including extra D-branes wrapping compact divisors.

5. The instanton partition function of the Donaldson—Thomas theory was identified with
the classical statistical mechanics of melting crystal [116], and can be interpreted as a
quantum gravitational path integral involving fluctuations of geometry and topology
[57]. It would be wonderful if one can provide a similar interpretation for the instanton
partition function of tetrahedron instantons, in particular from the expression (227).

6. It would be interesting if we can have a better understanding of the free field repre-
sentation of the instanton partition function, generalizing the discussion in [32].

7. We may consider the tetrahedron instantons with supergroups by adding negative
branes [31,117,125] in our construction. We can then calculate the instanton partition
function as in [67].
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A. Open Strings in the Presence of a Constant B-Field

The closed string background on which the open strings propagate is the flat spacetime
RED x C* with metric G wv = Ny and a constant B-field whose nonzero components
are given by (10). The worldsheet action of the open string on such background in the
conformal gauge is

1 b
S = m/dr/ do Gy (0:XM0: X" — 05 X" 0, X" + 21yt 0,9 +2iy1 0_y))
s 0

1
2702

[ e (B (0ex) X iy vty 254

where £ is the string length, and o0& = 7 + o are the light-cone coordinates with
0+ = % (0r £ 95 ). From the variations of the action (254), we can obtain the equations
of motion for X* and vy,

3,0_XM =0, vyt =0_yy=0, (255)

as well as the boundary conditions
[(Guvdo X" + B3 X*) 6X"]7—1 =0, (256)
[8" (G v — Bun) ¥ — 8L (Gpuv + Bun) ¥2]025 = 0. (257)

Hence, there are two possible boundary conditions for the worldsheet bosons X* at
o = 0 or o = m: the Dirichlet (D) boundary condition

SXH!| . =0 3:X"| =0, (258)

o=0,7
and the twisted (T) boundary condition
(G s X" + B3 X1)| =0. (259)

=0,

The boundary condition (259) becomes the Neumann (N) boundary condition for B = 0.
The worldsheet supersymmetry transformations in the bulk are

SXM =ie gt —ie_yl, Syl =42erd XM (260)

Since we introduce D1-branes along R! and D74-branes along R!:! x Ci with
A € 4V, open strings always satisfy NN boundary conditions along R!"1,

9, X0 = 9, X% =0. (261)

o=0 o=1
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For the remaining 8 directions, let us introduce the complex bosons
Z¢=x2"lyix¥, z¢=x>"1_ix% ge4. (262)

The general solution of the equation of motion of Z“ is given by Z¢ = Z{ (o+) +
Z% (G_), where

g 2 i _
Zi (U+)=7+ 2s ot + s Z n ino™*
n;éO
a — Z% Z% n —ll’lU
Zp(e) =5 +5 Z : (263)

and the boundary condition can be written uniformly as
<8 _ e—2ﬂiva8 ) Za — (8 _ e—2niv;8 ) ZLZ
* B o=0 - B

Here v, = v, (v, = v,) if the 0 = 0 (0 = ) end of the open string is on D7 4-brane

yvith a€ A andy, = % ), = 2) otherwise. The mode expansions of Z¢ when v, = v),
is

—=0. (264)

O=T

. it @l
7% =z, + Efp” (o* + ez’”"“o_> +— Z 1 (ominoT 4 p2iva ,—ing ) , (265)
ﬁneZ\{O} n

and when v, —v, =8 #01is

i, ad s o

74 — Zat+ — § : “r (e—lra +62mvae—1ro ) ) (266)
V2 r

reZ+é

Meanwhile, we introduce the complex combinations of fermions

=YX iy, L=y iyl (267)

The boundary conditions compatible with (264) can be chosen as

s
= (l]/f — e_znlva lI/g)
o=0

with & = 0 for the Ramond sector and & = 1 for the Neveu—Schwarz sector. The Ramond
sector preserves half of the worldsheet supersymmetry (260) with € = e_ = —e,, while
the Neveu—Schwarz sector breaks all the worldsheet supersymmetry. We combine ¥}
and ¢ into a single field ¥¢ with the extended range 0 < o < 27,

=0, (268)

O=T

(ws = (~fe2miape)

vi(t,0) 0<o=<m
o , 269
e 2mivaga (t,2r —0) nw<o<2m (269)

Z (f,a):!

whose field equation is 9_¥“ = 0. The boundary condition (268) at 0 = 7 ensures that
v (z, o) is continuous, while the boundary condition (268) at o = 0 leads to

v (t,21) = exp <—2ni (8 — %S)) v (z,0). (270)
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Therefore, the mode expansion of ¥“ in the Ramond sector is
W (r0) =L,y dle ", @271)
reZ+s
and that in the Neveu—Schwarz sector is

Wi(ro) =10, Y bl (272)

reZ+87%

The zero-point energy of Z¢ is

e re 11 1\?2
Vz(8) =Y (n+]8]) =g;H(—1,|a|)=ﬁ—§<|8|——) .o

n=0 2

and that of ¢ is

Vy (8)
Y+ 18) gy (—1,18) = — o + 4 1y?

reg

- , (274)
— 30 (o |181 =4 [) = g (1. |11 -4 \) 7‘4% (181 -4 -3)* Ns

where ¢y (s, a) = Z;’;O (n+a)~* is the Hurwitz zeta function. The sum of the zero-point
energy V = Vz + Vy is

0 R
V§)=1, . 275
®) {é—%llél— NS 275)

The vanishing of the zero-point energy in the Ramond sector is guaranteed by the un-
broken worldsheet supersymmetry.

In the absence of a constant B-field, we have § = O for DD or NN directions, and
8] = % for DN and ND directions. The total zero-point energy of the Dp-Dp’ strings
in the Neveu—Schwarz sector is given by

1 . 1
EO = Sy (L) 3=y =Lk (276)
2'\2 2 273

where « is the number of DN and ND directions.

For the B-field given by (10), the physical ground states of D1-D1 and D74-D74
strings still have zero energy. The total zero-point energy of the D1-D7 4 strings in the
Neveu—Schwarz sector becomes

(0)—ZV<——va>+\7(0) ———Zlval 277)

acA acA

and that of the D7 4¢4)-D7(pcq) String becomes

1 1 1
E(O) =V <§ — va) +V <Uh - 5) +2V (0) - _5 (|va| + |Uh|) . (278)
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B. Two-Dimensional Supersymmetric Gauge Theory

In this appendix, we review two-dimensional N' = (2,2) and N = (0, 2) supersym-
metric gauge theories [55,128].

B.1. N = (2,2) Supersymmetry. The N' = (2,2) supersymmetry algebra in two-
dimensional Minkowski spacetime RU! with coordinates x*, w = 0,1 is generated
by four supercharges Q+ and QO+ = Q. spacetime translations H, P, the Lorentz

boost M = My, and U(1)y and U(1)4 R-symmetries Fy and Fy4. They satisfy the
(anti-)commutation relations,
0. =03=0, {0+ 0:+}=2(HFP),
{0+,0-}=22, {0+, 0-}=2Z7%,
{Q+7 Q_}=2Z, {Q+v Q—}ZZZ*v

[M, Q+]=F0+, [M,0:+]=F0x,
[Fv.0+] = -0+, [Fv.0+]=+0=.
[Fa, Q+] = F0x, [Fa, Q4] =+04, (279)

where Z and Z commute with all operators in the theory and are called central charges.
A central charge can be nonzero if there is a soliton that interpolates different vacua or
if the theory has a continuous abelian symmetry. In superconformal field theory, both
central charges must vanish.

In terms of the N' = (2, 2) superspace with coordinates (x", 0%, G_i), the super-
charges are given by

a .=
Qi = 89_:|: + 219i3i,

8 . :l:
0s = — = — 2i0%0s. (280)

where 04 = % (0o £ 91). They anti-commute with the super-derivatives

ol s
D:t = 89_i — 219iai,
_ 3 -
D = — o7 +2i0%0s, (281)

which also obey anti-commutation relations
Di =Di =0, {Dy,D.}=4id;. (282)

R-symmetries act on a superfield F (x", 6F, Q_i) with vector R-charge gy and axial
R-charge g4 as

IV (3, 0%, 64) = o0 F (x, e0p*, oG, (283)

FUFAF (x1 0%, 0%) = o F (x“, oFitgE e:tiocé:l:) ‘ (284)



828 E. Pomoni, W. Yan, X. Zhang

There are three basic types of N' = (2, 2) superfields. A chiral superfield @ satisfies
D1® =0, (285)

which can be expanded as
@ (x1, 0%, 0%) = ¢ (v5) + V20" ¥y (y) +20%07F (yF), (286)

where y* = x* —2i0T9* and F is a complex auxiliary field. The complex conjugate
of @ is an anti-chiral superfield, D+ ® = 0.
A twisted chiral superfield A satisfies

D;A=D_A=0, (287)
which can be expanded as
A= () + V20 5. (5%) + V20 x_ (3F) + 20767 F (3%), (288)

where 3+ = x® F2i0T0*, and Fisa complex auxiliary field. The complex conjugate
of A is a twisted anti-chiral superfield, D_A=D,A=0.

We can also introduce a vector multiplet, which consists of a vector field A, Dirac
fermions A1, A4 which are conjugate to each other, and a complex scalar ¢ in the adjoint
representation of the gauge group. The vector superfield V is a real superfield and can
be expanded in the Wess-Zumino gauge as

V=070 (Ao— A))+0%0" (Ag+ A)) —0 0% — 010 G
+3/2i (07010 A+ 070 0 A + 600 A +6707 0% 1)
+20760%076" D, (289)
where D is a real auxiliary field. To couple a matter superfield to the gauge field, we
simply replace the super-derivatives Dzi, D2i by the gauge-covariant super-derivatives
Dy =e VDie', Di=e"Dye’. (290)
The field strength of V is given by
1 -
Y= 3 {D,,D_}, (291)

which is a twisted chiral superfield D, ¥ =D_X = 0.
The supersymmetric Lagrangian can be written as

.
L= /d“eic (F F)+3 (/ do~do* W(®)lg:_, +c.c.>
1 o~
+5 </ do=do* W(A)|,-_se_, +c.c.> , (292)

where the first term involving an arbitrary real function (]—' ,F ) is the D-term con-
tribution, the second term involving a superpotential V is the F-term contribution, and
the third term involving a twisted superpotential VY is the twisted F-term contribution.
Here W(®) and W(A) are required to be holomorphic functions of chiral superfields
and twisted chiral superfields, respectively.
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We are mainly interested in the gauged linear sigma model which describes a vector
superfield V with gauge group U(N) and field strength X', coupled with charged chiral
multiplets ®;. The Lagrangian is given by (292), with

1 _ _ ~
K:—@Tr22+Tr(Z<Did>i>, W=0, W=-t%, (293)

1

where e is the gauge coupling constant, and ¢t = r — iv is the complex combination of
the Fayet—Iliopoulos parameter r and the theta angle ¥.

B.2. N = (0, 2) Supersymmetry. We can get N' = (0, 2) supersymmetry from N =
(2, 2) supersymmetry by dropping Q_ and Q_. There is only one U(1)r R-symmetry
R satisfying

[R. 0 =-0.. [R.04]=+0.. (294)

The N = (0, 2) superspace with coordinates (x“, o+, 9_+) is the subspace of N' = (2, 2)
superspace with @~ =6~ = 0.
There are three basic types of N = (0, 2) superfields. An A = (0, 2) chiral superfield
@ is a complex-valued Lorentz scalar obeying
D,® =0, (295)
which can be expanded as

D = ¢ +~20% Y, —2i0%0% 0,9, (296)

where ¢ is a complex scalar and v, is a right-moving fermion.
An N = (0, 2) Fermi superfield ¥_ is a left-moving spinor satisfying

D,v_ = V2E (®)), (297)
which can be expanded as
+ 0+t h+ +5+ IE
W_ =_ — 207G — 2i070 9, — V201 E (¢;) + 2070 gwﬂ-, (298)
i
where ¥_ is a left-moving fermion and G is an auxiliary field.
The N = (0, 2) vector superfield U is a real superfield with the expansion
U=Ag— A; —2i0 A_ —2i0"A_ +20%0" D, (299)

where A, is the gauge field, A_, J_ are left-moving fermions, and D is a real auxiliary
field. All the fields are in the adjoint representation of the gauge group. The gauge-
covariant super-derivatives D, and D, are given by

a =
]D)+: %—10+(D0+D1),

.,
D, = —% + 160 (D() +Dy), (300)



830 E. Pomoni, W. Yan, X. Zhang

where

Do = dp+iAo+0TA_ +0TA_ +i0T67 D,

Dy =91 +iA1 — 0 A —0A_ — 10767 D, (301)
are the gauge-covariant derivatives. We can organize U in terms of the gauge-invariant
field strength 7~ = % [D+, Doy — Dl], which is a Fermi superfield.

We can write down the supersymmetric Lagrangian of an A = (0, 2) gauged linear

sigma model with a vector multiplet V whose field strength is 7" coupled to chiral
multiplets @; and the Fermi multiplets ¥,

Y A _ 1 _
L= fd9+d9+ (QTrTT — %Trz &D_b; — 5Trz w,aw,a> +
i a

it 1
+ (E/d9+ T|é+:0 +C.C.) — E </ d9+ TrXa:lp—,a.la §+O+C.C-> ,

(302)
where J¢ (®;) are holomorphic functions obeying

D Ea (@) ] (®) =0. (303)

It is sometimes useful to write a theory with A/ = (2, 2) supersymmetry in the lan-
guage of the N = (0, 2) superspace. An N = (2, 2) vector multiplet V decomposes into
an N = (0, 2) vector multiplet U and an N = (0, 2) chiral multiplet ¥’ = X, _; _,.
An N = (2,2) chiral multiplet ® decomposes into an N = (0, 2) chiral multiplet

& = ®|, _; _oand an N = (0, 2) Fermi superfield ¥_ = % D_®|y-_5-—_g, With

1 - 1 -
E=ZDiD-®f, 5 =5 {DeDjof 5 =30 (304)

The kinetic terms decompose naturally, while the F-term contribution specified by the
superpotential W(®) is reduced to a collection of functions J¢, one for each &, =
(Pa, ¥—4), with

oW
0D,

The condition (303) is satisfied automatically.

Ja

(305)

C. Elliptic Genus of N D (0, 2) Theories

We consider the Euclidean path-integral of a two-dimensional A = (0, 2) supersym-
metric theory on a torus T2, in the presence of a background flat connection for the
flavor symmetry. Let T;, be the Cartan generators of the flavor symmetry group G s. In
the Hamiltonian formalism, the elliptic genus can be defined by [16,17,44,45]

Z (x;q) = Tr(=D) g gn [ e, (306)
a



Tetrahedron Instantons 831

where the trace is over the Hilbert space of the theory on the spatial circle, with periodic
boundary conditions for fermions. F is the fermion number. ¢ = ¢>7i7 specifies the
complex structure 7 of 72, Hy and Hpy are the left- and right-moving Hamiltonians,
respectively. Based on the standard argument in [127], the elliptic genus is independent
of g if the theory has a discrete spectrum.*

We consider a two-dimensional ' = (0, 2) supersymmetric gauged linear sigma
model which is described by a vector multiplet V with gauge group G of rank r, chiral
multiplets @; transforming in the representation R (®;) of G x G , and Fermi multiplets
¥, transforming in the representation R (¥,;) of G x G y. The elliptic genus has been
rigorously derived using the technique of path integral localization [16,17],

1
Z(x;q):—‘% Z Zg, Zy,, (307)
IWal Jix VU ? l:[ v

where | W | is the order of the Weyl group of G, Zy, Zg,, and Zy, are the contributions
from V without zero-modes of the Cartan generators, ®;, and ¥,, respectively. The
contour integral is evaluated using the Jeffrey—Kirwan residue prescription [58]. In terms
of the Dedekind eta function () and the Jacobi theta function 0; (z| 7),

00
1
n@ =q% [[(1-¢"), (308)
n=1
2+l l(n+l)2
0, (Z|‘L’)=iZ(—l)ne( n+ )mzqz ), (309)
nez

the explicit expressions of Zy, Zg,, and Zy, are given by

2 r . .
Zy = (27777(7) ) Hd o1 1—[ 01 (o §0|T)’ (310)
0eG n(z)
ln(f)
Zo,= [ ————. (311)
- O (p-¢lT)
ze,= [] 1 (o817 (312)
ey 1O

where ¢ parametrizes a Cartan subalgebra of G, and ¢ includes both ¢ and x. The
function 6 (z| 7) has no poles, but there are simple zeros at z € Z + tZ, with residues
of its inverse

1 dz (—1)a+beinTh?
yrt = , 313
271 J—arbr 01 (2] T) 2mn(1)3 G13)
where we have used the identity
2m(7)* = 8,0, (0] 7). (314)
In this paper, we often use the abbreviation
0(zx)=01(z|l1). (315)

4 Notice that the elliptic genus can suffer from a holomorphic anomaly for noncompact models. See
[6,84,114] for examples with N = (2, 2) supersymmetry.
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By taking the degenerate limitg — 1 and neglecting an overall x-independent factor,
we can reduce the elliptic genus of a two-dimensional supersymmetric gauge theory to
the Witten index of the one-dimensional supersymmetric quantum mechanics obtained
by the standard dimensional reduction. The contributions of Zy, Zg,, and Zy, become

,
o Bag
Zy =[] de: [] 2sinh (T (316)
1=1 aeG
1
Zo, = —_— (317)
peR(e;) 2 sinh (ﬂpT{>
Zy,= [] 2sinh <’3"T§> , (318)
PERWy)

where S is the circumference of S!. If we further reduce to zero dimension, the partition
function of the corresponding supersymmetric matrix model can be obtained by replacing

2 sinh (%) — Z.

D. Jeffrey—Kirwan Residue Formula

The Jeffrey—Kirwan residue formula introduced in [58] gives a prescription for express-
ing multiple contour integrals as a sum of iterated residues.
Let w be a meromorphic (k, 0)-form on a k-dimensional complex manifold,

Au)
= dui A -+ ANduy, 319
®= @ u ug (319)
where A(u) and B(u) are two holomorphic functions of k complex variables u =
(uy, -+, ug). We assume that B(u) is a product of linear factors,
Bu)=[]@Qi-u+b), (320)

1

where Q; is the charge vector associated with the singular hyperplane H;,

Hi ={ueC"|Q; - u+b =0}. (321)

Using the standard basis {ej}j=1 . Of R,

J k
ej=<07"'7011703"'70>5 (322)
we can write Q; as
k

Q= ZQi,jej, (323)

j=1

and

k
Qi-u=Y Qijuj. (324)
j=1
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Clearly, w is holomorphic on the complement of Msing — U; Hi. Let Miing C Msing
be the set of isolated points where n > k linearly independent singular hyperplanes

meet. For u, € M} ¢, we denote by Q (u,) the set of charge vectors of the singular
hyperplanes meeting at i,

Qus) ={Qilux € Hi,i =1,---,n}. (325)

We assume that for each u, € M ¢, the hyperplane arrangement is projective, which
requires that the set Q (i) is contained in a half-space of R¥. This assumption is auto-
matically obeyed when the hyperplane arrangement is nondegenerate, which means that

the number of hyperplanes meeting at every u, € Miing is exactly k. Then the residue

of w at u, is given by its integral over ]_[f?=1 C;, where C; is a small circle around H;.
We denote the cone spanned by Qq, - - - , Qi by

k
Cone (Q1. - Qu) = | Y_4Qi=n|r >0f. (326)

i=1

Let Coneging (Q) be the union of the cones generated by all subsets of Q with k — 1

elements. The space R¥ \ Cone;ing (Q) is a union of connected components, and we call
each connected component a chamber. We can specify a chamber by a generic nonzero
vector § € R¥\ Coneging (Q). Then the Jeffrey—Kirwan residue formula states that

/ww E JKRes (Q (uy) , n) o, (327)
. U=Uy
u €M

where the JK-residue operator is defined by the condition

duy Ao Ndux | grgor 1€ Cone Q.- Qo)
H;{=1 (Qi - (u —uy)) 0, Otherwise

’

JMK:lies (Q (us) . 1)

(328)
As n is varied, the JK-residue is locally constant but can jump when 5 crosses the
boundary of a chamber. In the simplest case of k = 1, we have

du sign(q), >0
IKRes ([g) )~ = | &M@ 14 (329)

U — Uy 0, ng <0’
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