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Abstract: In this paper, we study random representations of fundamental groups of
surfaces into special unitary groups. The random model we use is based on a symplectic
form on moduli space due to Atiyah, Bott and Goldman. Let X, denote a topological
surface of genus g > 2. We establish the existence of a large n asymptotic expansion, to
any fixed order, for the expected value of the trace of any fixed element of 771 (X) under
a random representation of 71(X) into SU(n). Each such expected value involves a
contribution from all irreducible representations of SU(n). The main technical contribu-
tion of the paper is effective analytic control of the entire contribution from irreducible
representations outside finite sets of carefully chosen rational families of representations.
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1. Introduction

Let ¢ € N with g > 2 and let X, denote a closed topological surface of genus g. If xq
is a point in X, then we have

o def
m1(Zg. x0) =Ty = a1, by, ... ag. by |[ar, bi]- - [ag. byl).

The group T’y is called the surface group of genus g. For n € N, the group U(n) is the
group of n x n complex unitary matrices with respect to the standard Hermitian inner
product on C". Then SU(n) is the subgroup of U(n) consisting of matrices with unit
determinant.

The space of homomorphisms Hom(I'g, SU(n)) is given the topology coming from
the embedding

Hom(I'y, SU(n)) <> SUM)*, ¢ > ($(a1), p(b1), ..., d(ag), p(by)). (1.1)

This embedding shows that Hom(I",, SU(n)) is an algebraic variety, but it is a variety
with singularities [Gol84, pg. 204 Prop.]. We let Hom(I', SU(n))™™ denote the collec-
tion of homomorphisms ¢ such that ¢ is irreducible as a linear representation of I'g. The
space Hom(I",, SU (n))™ then inherits the structure of a smooth non-complete manifold
from (1.1) (ibid.).

There is an action of SU(n) on Hom(I" g» SU(n)) by postcomposition with inner
automorphisms; from the point of view of (1.1), this is just the diagonal action of SU (n)
by conjugation. This action factors through an action of PSU(n), that is, SU(n) modulo
its finite center. The quotient by this action is denoted by Hom(T'g, SU (1)) /PSU(n). It
is shown by Goldman in (ibid.) that the action of PSU(n) on Hom (I, SU(n))™ is free
and the moduli space

def

Mg, = Hom(T'y, SU(n))™ /PSU(n)

is a smooth real manifold. This moduli space is the underlying set of random represen-
tations of I'y discussed in this paper. By a theorem of Narasimhan and Seshadri [NS65],
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if a complex structure on X, is fixed, M, , corresponds via a natural map to a moduli
space of stable holomorphic rank-n vector bundles on X,.

To describe the law of the random representation, we need to recall some further
results of Goldman. In (ibid.), Goldman shows that there is a natural symplectic form
g n on My ,, defined up to a scalar normalization that we fix in §§2.7. This symplectic
form arose previously in the work of Atiyah and Bott [AB83]. Itis analogous to the Weil—
Petersson form on the Teichmiiller space of complex structures on X, and is defined
precisely in §§2.7 of this paper. The symplectic form w, , yields a volume form

1 .
5 dim M ABG
def N2 ¢ (wg )

dVol =
M (L dim Mg,)!

The random representations in this paper are sampled according to this volume form,
normalized to be a probability measure. We call the normalized measure the Atiyah—
Bott—Goldman measure.

The statistics of random representations we are interested in come from functions on
Hom(T'g, SU(n)) that are invariant under conjugation by SU(n). The natural functions
to integrate on moduli spaces like M, , are geometric functions (as studied, e.g., by
Mirzakhani [MirO7] in the Weil-Petersson context). These functions are also called
Wilson loops in the theoretical physics literature.

We now fix a concrete instance of a family of geometric functions. For g € U(n), let
tr(g) denote the trace of g as an n x n matrix. Given any element y € I'g, we obtain a
continuous function

tr, : Hom(T'g, SU(n)) — C, tr, (¢) o tr(@(y)).

Clearly tr, is invariant under conjugation by SU(n) and hence yields a continuous
bounded function that we give the same name

try, : Mg, — C.

In this paper, we instigate a study of the expected value of tr,, that is,

def A/‘Mg,n tr)/ dVO]MS’v"

E, ,ltr,] = 1.2
g,l’l[ )/] fMgn dVOlMg'n ( )

For fixed y, we are interested in the large n behavior of this expected value. One has the
simple bound

|Eg,n[try]| =n

and this bound is attained if y = idr, . On the other hand, if y € T, is not the identity,
then a basic prediction is

lim |Eg,n [try“ _
n— 00 n -

(1.3)

The significance of this prediction is that it extends a celebrated result of Voiculescu
[Voi91, Theorem 3.8] on the asymptotic *x-freeness of Haar unitary matrices, suitably
interpreted, from free groups to surface groups. The current paper lays the groundwork
for the proof of (1.3) in the next paper in the series [Mag21].

Not only that, but here we will expose a separate phenomenon for the values E, , [try, [:
they can be approximated to any order O (n~) as n — oo by a Laurent polynomial in
n depending on y. The formal theorem is the following:
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Theorem 1.1. For any ¢ > 2 and y € Ty, there is an infinite sequence of rational
numbers

a-1(y),ao(y),ai(y),ax(y), ...
such that for any M € N, asn — 00

Eqaltry] = a_i()n+ao() + 29 1y aM;;_(ly) +om™). (14
n n

Example 1.2. Lety € I'; denote an element of the fundamental group of X5 correspond-
ing to a simple! closed curve that separates the surface into two genus one surfaces with
one boundary component each. In this case,

2 5 1
Ez,n[try]=;+n—3+0 n—s

as n — oo. This calculation is given in Appendix A.

Remark 1.3. As Example 1.2 suggests, and as is known to be the case for the correspond-
ing result about unitary representations of free groups [MP19a, Rmk. 1.9], it is natural
to expect that all even coefficients a,(y) are zero, for any y.

Theorem 1.1 has the following direct corollary.

Corollary 1.4. For any y € Iy, the limit

lim enlty]
n—00 n

exists.

The main technical result we prove in order to establish Theorem 1.1 is interesting
in its own right so we discuss this now. The quantity in the denominator of (1.2), i.e.,
the symplectic volume of M, ,, was calculated non-rigorously by Witten in [Wit91].
Witten’s result is in terms of Witten zeta functions, so named by Zagier in [Zag94]. The
Witten zeta function of SU(n) is defined by the series

oy def 1
(em S Y G (1.5)

—

(0, W)eSU(n)

Here S/U\(n) is the set of equivalence class of irreducible representations of SU(n). The
sum in (1.5) converges absolutely for Re(s) > % by a result of Larsen and Lubotzky
[LLO8, Thm. 5.1] (see also [HS 19, §2] for an alternative proof of this fact). The following
formula that Witten obtained was rigorously established to hold by Sengupta in [Sen03].

I Simple means non-self-intersecting.
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Theorem 1.5 (Witten’s formula). With the normalization of Volay, , fixed as in §§2.7,
we have

/ dVolpm,, =ng(2g —2;n).
™ g

g.n

In fact, Sengupta also provided a method to compute the integral of any continuous
function on M, , with respect to Vol a4, , and this is the starting point of our work. We

def
let Fap, = (a1, b1, ..., ag, bg) be the free group on the generators ay, by, ..., ag, b,.
def . . .
Let R, = lai, b1]---lag, bg] € Fagy. Therefore, we have a surjective homomorphism

Fo, 2, ", obtained from quotient by the normal subgroup generated by R,. We say
that w € Fy, represents the conjugacy class of y € I' if g, (w) is conjugate to y in I',.
For any w € Fa,, there is a word map w : SU(n)?¢ — SU(n) obtained by substituting

elements of SU(n) into the letters of w. We write d Mgaa(;)zg (x) for the probability Haar

measure on SU ()4, and this is the product of the probability Haar measures on the 2g
factors.
One has the following corollary of Sengupta’s main result [Sen03, Thm.1].

Corollary 1.6. Let g > 2 and y € I'g. Suppose that w € Ko, is an element representing
the conjugacy class of y. Then

Eealtry] =¢Qg—2m70 > (dim W)Z(w, p). (1.6)
(0, W)eSU(n)

where
T(w, p) & / tr(w ()i (o (Rg () dpgist 5, (x) (1.7)

if the sum on the right-hand side of (1.6) is absolutely convergent.

We explain how to obtain Corollary 1.6 from [Sen03, Thm.1] in §§2.7 using ideas
already presented in [Sen03]. Let [I"g, I'¢ ] denote the commutator subgroup of I'. Using
Corollary 1.6, it is not hard to show:

Proposition 1.7. If y ¢ [['y, I'g], then there exists no = no(y) such that for n > ng
Eg nltry] = 0.

Proposition 1.7 is proved in §§3.2. This proves Theorem 1.1 in the case that y ¢
[Cg, Tyl

We now explain how we prove Theorem 1.1 in general by using Corollary 1.6. We
first discuss the zeta function factor in (1.6). One has the following theorem due to
Guralnick, Larsen and Manack.

Theorem 1.8. ((GLM12, Thm. 2]) For any s > 0, lim,,_,~ £(s; n) = 1.

The limiting value arises from the trivial representation in (1.5); it is possible to boost
the methods of [GLM12] to show that {(2g — 2; n) can be approximated to any order
O (n~™) by a Laurent polynomial in 7. In fact, the results of this paper can be viewed as
afar generalization of this result and accordingly, the just-mentioned result is established
as a byproduct of our proofs in §§5.4.
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Thus, the proof of Theorem 1.1 amounts to showing that

> (dimW)Z(w, p) (1.8)

(0, W)eSU(m)

is absolutely convergent and can be approximated to any order by some Laurent poly-
nomial. The obvious bad feature of the sum (1.8) is that it runs over infinitely many
representations of SU(n), and moreover, there are more and more of these as n in-
creases. We aim to approximate (1.8) by finitely many of its terms and this requires an

ordering of the representations of SU(n).
The correct way to do this is as follows. Forevery k, £ € N and pair of Young diagrams
u bk, v £, with number of rows given by £(w), £(v), for every n > €(u) + £(v) there

is a rational family of irreducible representations? denoted by (i1, Wit"1y S/U\(n)
defined in §§2.4. If we define for B € N

def
Q(B;n) = {(plV1, Wity s e(w), £(v) < B, 1, vi < B, (1.9)

then €2(B; n) is in one-to-one correspondence with the (w, v) such that £(u), £(v) <
B, i, v < B2 when n is sufficiently large. This specific choice of 2(B; n) is for
technical convenience, becoming useful in §§5.4.

We prove bounds on the Z(w, p) in Theorem 4.1. The main challenges are that not
only that estimates for Z(w, p) must overcome the weights dim W in (1.8) but also
that these bounds must remain effective for dim W much larger than n. It is quite well
understood that matrix integrals such as Z(w, p) are challenging in this regime as the
main method of performing such integrals, known as the Weingarten calculus, often fails
to produce understandable answers there. This is because the Weingarten function Wg,, ,
defined in (2.12) becomes increasingly complicated for & > n, drawing on more and
more different representations of large symmetric groups. We overcome this inherent
difficulty as follows.

Firstly there is a minor observation that in all cases of interest, SU(n) can be replaced
by U(n) in (1.7) (Proposition 3.1). The main idea is then that after some splitting up,
parts of Z(w, p) can be evaluated by integrating first tr(o (R (x))) over all double cosets
for a very large subgroup U(n — ®) < U(n) where © is bounded depending only on w,
which is fixed. During this first integration, the structure of the word R, can be exploited
to produce a lot of cancelation.

After this initial integral, we then apply the Weingarten calculus through a novel
strategy (cf. §§4.3) making heavy use of representation theory of both symmetric groups
and U(n). What we achieve is the following technical result.

Theorem 1.9. Suppose that g > 2, w € Fpg and B € N.

1. Forn > no(w, g), the sum in (1.6) is absolutely convergent.
2. Asn — o0

Z (dim W)Z(w, p) Kp.w,g n"'n21¢B (1.10)
(0, W)eSUM\Q (B;n)

where |w| denotes the length of w as a reduced word.

2 These families of representations already feature in physics literature related to the problems of this paper;
they are called ‘composite representations’ by Gross and Taylor in [GT93].
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The point of (1.10) is not the exact form of the right-hand side, but rather, it gives
effective control of the tail. Theorem 1.9 shows that by taking B sufficiently large and

fixed depending on w, the contribution to E, ,[tr, ] from (p, W) € SU(n)\Q(B; n) can

be made to decay as fast as any n =Y, for M € N. We have the following direct corollary
of Theorem 1.9, Theorem 1.8, and Corollary 1.6.

Corollary 1.10. Suppose that g > 2, y € I'y, and w € Foq represents the conjugacy
class of y. For any B € N, we have asn — 00

Egaltty] = ¢Qg=2m™" 3" (dim W)T(w, p) + Op g (n"In7202F),
(0, W)eQ2(B;n)

1.1. Related works I: Spaces of representations. The existence of an asymptotic expan-
sion of E, ,[tr, ] asin Theorem 1.1 follows a long line of related results. The most closely
related of these is the analog of Theorem 1.1 when SU(n) is replaced by the family of
symmetric groups S,. For & € S, let fix(p) denote the number of fixed points of 7,

and for y € Iy, let fix,, : Hom(T'g, S,,) — N be the function fix, (¢) def fix(¢(y)). The
representation space Hom(I', S,,) is finite and we let E, g, [fix, ] denote the expected
value of fix,, with respect to the uniform probability measure on Hom(I'y, S;,). An ex-
actly analogous result to Theorem 1.1 for E, g, [fiX, ] was established by the author and
Puder in [MP20, Thm. 1.1].

Similarly, if instead of using a surface group I'g, we consider a free group F, with
r > 2, for any compact Lie group G the representation space Hom(F,, G) can be
identified with G” and hence can be given the corresponding probability Haar measure.
If G is finite, this is simply the uniform probability measure. For any character x of G
and w € F,, we obtain a function

Y : Hom(F,. G) > €. xuw(@) € x(@w)).
Then we can define Ef, [ x.] to be the expected value of x,, with respect to the Haar
probability measure. Not only is the analog of Theorem 1.1 true for many natural families
of (G(n), x (n)), but actually, in the case of free groups, Eg, gu)[x (n),]is a rational
function of n for n sufficiently large. Indeed, for fixed w € F,, Eg, g)[x (n),] agrees
with a rational function of n for n >>,, 1 when

e G(n) =S, and x (n) = fix [Nic94,LP10]

e G(n) is a family of generalized symmetric groups, e.g., hyperoctahedral groups,
and x (n) is the trace in a natural defining representation [MP19c]

e G(n) =U) and x(n) = tr [MP19a]

e G(n) = O() or Sp(n) and x (n) = tr [MP19b].

1.2. Related works I1: 2D Yang—Mills theory. The expected values Eg ,[tr, ] are very
closely connected with the expected value of Wilson loops in 2D Yang—Mills theory. We
briefly explain these connections and some prior work done by theoretical physicists in
the area. It is explained by Sengupta in [Sen03, Appendix A] that if X, is endowed with
a Riemannian metric with associated area A = A(Z) then

CpA
D e (dimW)Z(w, p) (1.11)
(0. W)eSU(m)
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is, in the context of a quantum SU(n) Yang-Mills theory on X, a heuristic definition
of the expected value of the Wilson loop measuring the trace of the holonomy around
the loop in X, that w € F», represents. Here C(p) is the Casimir eigenvalue of the

representation (o, W) and ¢ is a coupling constant. (We have inserted the factor % in
the above exponent so that it matches with, e.g., [GT93].) It is worth pointing out that
the methods of the current paper should also allow one to effectively and rigorously
approximate (1.11) although this is not pursued here.

The emphasis in the physics literature is not on the rigorous analytic approximation of
integrals such as (1.11), but rather, on the interpretation of (1.11) as a formal power series
and then reordering the terms and truncating in a formal way. These manipulations are not
intended as having rigorous mathematical consequences. For example, as we understand,
none of the * %-expansions’ of (1.11) obtained before in any sense rigorously approximate
(1.11); nonetheless, they are significant to physicists. Since the values E, ,[tr,, ] that we
focus on here correspond to the = 0 case of (1.11) via Corollary 1.6, we briefly survey
what is known to physicists for general ¢, with the disclaimer that the author is by no
means an expert in the concepts of theoretical physics.

In physics literature, the chiral expansion means that the (p, W) are parameterized
by (pz‘, W,z\) where A runs over Young diagrams. For this parameterization to work (cf.
§§2.4), one should restrict to Young diagrams with less than n rows. This is referred to
as the finite-n expansion. However, in some cases this restriction is lifted and (1.11) is
interpreted as a sum over all Young diagrams. This is called the large-n expansion. In
the chiral expansion, the Young diagrams are ordered by the number of boxes that they
contain.

The partition function of the quantum Yang—Mills theory corresponds to (1.11) in
the case w = id, up to a factor %, and is given by [GT93, 2.4]

def _CpA 1
Z(G,tA,n) = e —
( ) Z/\ (dim W)28—2
(p.W)eSU(n)

A large-n chiral expansion of the partition function was obtained by Gross and Taylor
in [GT93]. The coefficients of this expansion are interpreted in terms of branched covers
of surfaces, and from this, Gross and Taylor deduce their titular statement that “Two
dimensional QCD is a String Theory.” A finite-n chiral expansion of the partition function
in terms of branched covers with some extra data was obtained by Baez and Taylor in
[BT94]. In [Ram96], Ramgoolam gives a large-n chiral expansion of (1.11) in terms of
branched covers of surfaces.

In the language of these papers, the expansion we obtain in Theorem 1.1 is a finite-n,
fully non-chiral expansion of the expected value of a Wilson loop, when the coupling
constant is set to zero. The main point is that this asymptotic expansion is established
rigorously through Theorem 1.9.

To conclude this section, we mention that there are some other important rigor-
ous results about Wilson loop expectations in Yang-Mills theories; see [AS12,DN20,
DGHK17,Hal18,L.17] for rigorous results about Wilson loop expectations in 2D quan-
tum Yang—Mills and [Chal9] for a rigorous computation of Wilson loop expectations in
strongly coupled /attice Yang—Mills theory in higher dimension.

Notation We write N for the natural numbers (not including zero), No & NU{0},and Q
denotes the rationals. We write [n] def {1,...,n}forn € Nand [k, ¢] def {k,k+1,...,¢}
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fork,£ e N,k < £.If A and B are sets A\B is the set of elements of A that are not in
B. We write

e L nm—1)---(n— 0.
We let e(0) o exp(2mif) for € R.If G is a group, and g1, g2 € G, we let [g1, g2] o
g1 gzgfl g ! We write [G, G] for the subgroup of G generated by elements of the form
[g1, g2] for g1, go € G.If V is a complex vector space and g € N, we let

v Ly @c. .. ®c V;
—_—

q

in general, if we write a tensor product without explicit subscript it is over C. We write
Q(#) for the ring of rational functions in an indeterminate 7, i.e., ratios of polynomials.

We use Vinogradov notation as follows. If f and & are functions of n € N, we write
f < h to mean that there are constants ngp > 0 and Cyp > 0 such that for n > ny,
f(n) < Coh(n). We write f = O(h) to mean f < |h|. We write f =< h to mean
both f < hand h < f. If in any of these statements the implied constants depend on
additional parameters, we add these parameters as subscript to <, O, or <. Throughout
the paper, we view the genus g as fixed and so any implied constant may depend on g.

2. Background

2.1. Young diagrams and tableaux.

Young diagrams A Young diagram (YD) is a collection of left-aligned rows of identical
square boxes in the plane, where the number of boxes in each row is non-increasing from
top to bottom. Hence, we use the English convention for Young diagrams throughout the
text. Any YD A also gives a non-increasing sequence of natural numbers (Aq, Az, .. .,
A¢(n)) where A; is the number of boxes in the i th (from top to bottom) row of A, and £(A)
is the number of rows of A. A finite non-increasing sequence of natural numbers is called
a partition. We think of partitions and YDs interchangeably in this paper via the above
correspondence. For example, the partition (k) corresponds to the Young diagram with
one row consisting of k boxes. The empty YD with no boxes is denoted by @. The size

of a YD A is the number of boxes that it contains, or ng\l) Ai. The size of A is denoted
by |A|, and the statement |A| = k is sometimes written A - k.

Given two Young diagrams A and p, we say p C A if every box of u is a box of A.
A skew Young diagram (SYD) is a pair A, i of Young diagram such that © C A. This is
usually written as A/u and A/ is thought of as the collection of boxes of A that are not
boxes of . A Young diagram A is identified with A/, and in this way, YDs are special
cases of SYDs.

‘We will have use for the following relations between Young diagrams. We say u Ci A
if & € A and A/u contains k boxes. We say i C!' Aif 1 € A and no two boxes of A/
are in the same column. We say « C” A if there is a sequence (1, ..., uy—1 of YDs
such that

pcturcto et

Finally, we write u Cj Aif both 4 Cx Aand u C" A.
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Semistandard Young tableaux Given a SYD A/u (which may in fact be a YD) and a
subset S C N, a semistandard tableau of shape A/ with entries in S is a filling of
the boxes of A/u with the numbers of S such that the numbers in the boxes are strictly
increasing along columns from top to bottom and non-strictly increasing along rows
from left to right. If A/ is a SYD, we write

SST k(N 1)

for the semistandard tableaux of shape A/u with entries in [k, £]. We also use all obvious

variants of this notation, e.g., for YD A and n € N, SS7,,j(A) is the collection of

semistandard tableaux of shape A with entries in [r]. There is by convention a unique

semistandard tableau (with any entry set) of shape the empty YD (or an empty SYD).
IfA/pisaSYD,n > m, Ty € SST () and Tr € SST (41,01 (A/ 1), We write

T1 U T, for the semistandard tableau obtained by adjoining the numbers-in-boxes of 7>

to those of 77. It is easy to see this is always a valid semistandard tableau of shape A.
Given T € SST i, m)(A/ 1), the weight of T is the function

or : [k, m] — N,

where w7 (j) is the number of occurrences of j in 7.

Given T € SS8T[,y(A), A a YD, and m € No with m < n, we write T|-.,, for the
skew semistandard tableau formed by the numbers-in-boxes of T with numbers > m,
and similarly write T'|<,, for the semistandard tableau formed by the numbers-in-boxes
of T with numbers < m.

2.2. General representation theory. Here we clarify the language of representation the-
ory that will appear throughout the paper.

A unitary representation of a compact Lie group® G consists of a Hilbert space* H
and a homomorphism p;, G — U(H) where U(H) is the group of unitary operators
on H. Any compact Lie group has a trivial unitary representation (trivg, C) with inner
product on C given by (z1, z2) = z122 and trivg(g) = 1 forall g € G.

If (p1, H1) and (p2, H>) are two finite-dimensional representations of a compact Lie
group G, an intertwiner between (p1, H1) and (p2, H>) is a linear map I : H; — Ha
such that for all g € G, Ip1(g) = pa2(g)I. If there is an invertible intertwiner between
(p1, H1) and (p2, Ha), we say (o1, H1) and (o2, H>) are linearly isomorphic. If there is
an invertible isometric intertwiner between the two, we say they are unitarily equivalent
or isomorphic as unitary representations.

In many cases, the maps p; and p> will be tacitly inferred from the group G and the
spaces H1 and H>. When this is the case, we write

Homg (H1, H2)

for the vector space of linear intertwiners between (o1, Hj) and (p2, H).

For (p, W) a unitary representation of a compact Lie group G, and H < G acompact
Lie subgroup with unitary representation (1, V'), we define the (7, V')-isotypic subspace
of W for the subgroup H to be the subspace spanned by the images of all elements of

Hompy (V. W) < Homp (V, ResG W)

3 Note that compact Lie groups include all finite groups.
4 In this paper, all Hilbert spaces appearing are finite-dimensional.
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where Reng is the restriction of p to H. Any such isotypic space is itself a unitary
subrepresentation of Resg W (for the group H). If V is an irreducible representation of
H, the dimension of Hom g (V, W) is the multiplicity with which V appears in Resg w.

Let (w, W), (;r1, W) and (72, W>) be finite-dimensional unitary representations of
a compact Lie group. We explain some basic constructions.

There is a dual unitary representation on the space of complex linear functionals on
W with inner product induced by that on W; this representation is also irreducible if
(r, W) is. The action of g on a linear functional ¢ on W is by g[p](w) = <p(g_1w). If
w € W, we write w € W for the linear functional

w v (v, w).

We denote the dual representation by (77, W) or simply W. Given two finite-dimensional
unitary representations (1, Wi) and (2, W) of a compact Lie group G, the tensor

def . - ,
product W1 ® W, = W1 ®c W> has an action of G that is ‘diagonal’ by 71 on the first
factor and 7, on the second factor. The tensor product inherits a Hermitian inner product

def
from that on W and W> where (w; ® wy, w] ® w)) = (w, w])(wz, w)) that makes

W1 ® W a unitary representation of G under the diagonal action. This extends to tensor
powers of W; any W®K for k € N is in this way a unitary representation of G under the
diagonal action.

There is a canonical isomorphism

Wi ® Wy = Hom(Wa, W)) (2.1)

of linear representations, where the right-hand side is the vector space of linear maps
from W5 to Wy, where G acts ‘diagonally’ on the left-hand side, and by conjugation
(g: A m1(g)Ama(g)~") on the right-hand side. If W/, W) are subrepresentations of
W, Wy, then we view Hom (W}, W/) as a subrepresentation of Hom(W,, Wy) via (2.1).
This corresponds to extending linear maps by 0 on the orthogonal complement of W in
W>.

In the case W, W, = W (2.1) is moreover an isomorphism of unitary repre-

sentations W @ W = End(W) if End(W) is given the Hilbert—Schmidt inner product

(A, B) & tr(AB™*), B* standing for the Hermitian transpose of B.

2.3. Representation theory of symmetric groups. Although the problems of this paper
are not initially posed in a way that involves symmetric groups, the representation the-
ory of unitary groups is intimately connected via Schur—Weyl duality (see §2.4) to the
representation theory of symmetric groups, so it plays a large part in this paper.

We write Si for the symmetric group of permutations of the set [k], and C[S;] for
the group algebra of Si. As a technicality, the group Sy is the group with one element.

The equivalence classes of irreducible representations of Sy are in one-to-one corre-
spondence with YDs A  k [FHO1, §4.2]. The irreducible unitary representation of Sk
corresponding to A - k will be denoted by (r, V*) and simply referred to as V. We
write y for the character of VA e,

) i), o e St

All characters of irreducible representations of symmetric groups are real-valued (e.g.,
by [FH91, Frobenius Formula 4.10]).
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The dimension of V? is given by the Frame—Robinson—Thrall hook length formula
as follows. The hook of a box [ in A  k is the collection of boxes either to the right
of, or below, A, including the box itself. We write £, (1) for the number of boxes in the
hook of [J. The hook length formula [FRT54] states

def

dy = dim v K
N = dim =
HDG?\ N(E)
Before proceeding, we fix some notation. If we refer to Sy < S; with ¢ < k we
always view Sy as the subgroup of permutations that fix every element of [£ + 1, k]. As
a consequence, we obtain fixed inclusions C[S;] C C[Si] for £ and k as above. When
we write Sp X Sy_¢ < Sk, the first factor is Sy as defined above and the second factor
is S} _, which is our notation for the subgroup of permutations that fix every element of
[£].
Given A = £, the element

(2.2)

def d

= 2 0@ €ClS]

UES(

PA

is a central idempotent in C[S¢] with the following important property. If (7, V) is
any unitary irreducible representation of Sy with & > £, then by linear extension 7 :
C[Sx] — End(V). Under the fixed inclusion C[S;] C C[Sk], 7 (p») is the orthogonal
projection onto the V*-isotypic subspace of V for the subgroup Si.

Suppose that ¢ < k, £, k € No, with A - k and p -+ ¢. We write

dry & dim Homg, (V/, V).

The branching rules for Sy imply that dx/,, = 0 unless u C A. Applying Frobenius
reciprocity to the pair (V#, V) then taking the dimension of the induced representation
Indgﬁ VH# gives the formula, for u - € fixedand b = k — ¢,

(€ +b)!
> dyjuda = Tdu. (2.3)
HCHA ’

Suppose that £1, £, € Nog and €1 +{> = k. The irreducible representations of S, x S¢,
are of the form V#' ® V#2 with u; = ¢; fori =1, 2; Sy, acts on the first factor and Séz
acts on the second factor. The numbers

LRﬁl,uz = dim Homg,, xs,, (V' ® V/2, VM e Ny

are called Littlewood—Richardson coefficients. They are notoriously difficult to work
with, but thankfully, in this paper the most detail we need about them is the following:

Lemma 2.1 (Recast of Pieri’s formula). Suppose that £1, £ € No and £1 + > = k. Let
wh €y and A\ & k with . C' A, We have

LRZ\L,(Zz) = dim Homg,, XSzz(VM Q trivs, VM =1.

Proof. This is a standard fact but normally presented slightly differently. To obtain
this version, one needs to know that LRZ), (¢,) 18 also the coefficient of the Schur poly-
nomial s, in the expansion of sxs(,) in Schur polynomials (see [FH91, eq. (A.8),
Ex. 4.43] for the equivalence of these definitions of Littlewood—Richardson coeffi-
cients). Then the lemma follows from the version of Pieri’s formula for s)s(¢,) given in
[FHO1, eq. (A.7)]. O
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2.4. Representation theory of U(n) and SU(n). Here we give a brief account of the
representation theory of U(n) and SU(n). The details as well as more background can
be found in [FHO1].

The equivalence classes of irreducible representations of U(n) are in one-to-one
correspondence with their highest weights by the theorem of the highest weight. These
highest weights are given by linear combinations

?\1(’[)1 +.-~+7\,,c2>n

where (A1, ..., A\,) € Z" is a non-increasing sequence of integers and @1, ..., @, is
a system of fundamental weights for U(n). The sequence (A1, ..., A,) is called the
signature of the representation. If all A; € Z=(, then the signature corresponds to a
Young diagram A with £(A\) < n, and conversely, any YD A with £(A) < n gives rise to
an equivalence class of irreducible representation of U(n) denoted by (,5,’1‘, Wn)‘).

Every irreducible representation of U(n) restricts to an irreducible representation of
SU(n), and every irreducible representation of SU(n) arises by restriction from U(n).
Two irreducible representations of U(n) restrict to equivalent representations of SU(n)
if and only if their signatures differ by an integer multiple of (1, 1, ..., 1). This imme-
diately shows that the equivalence classes of irreducible representations of SU(n) are in
one-to-one correspondence with YDs A such that £(A) < n — 1, since there is a unique
signature (A1, ..., A,;) whose representation restricts to the given one of SU(n) with
An = 0 and this corresponds to a YD by deleting trailing zeros. For such a A, we write
(p,z‘, W,f‘) for the restriction of this representation of SU(n).

To be less verbose, in the rest of the paper we will tend to refer to representations
simply by the vector space whenever the module structure can be inferred.

The trace of g € U(n) on Wn}‘ is given by s (e(61), . . ., e(6,)) where sy is the Schur
polynomial associated with the YD A and e(6y), ..., e(6,) are the eigenvalues of g. As
such, the dimension of Wn}‘ is given by the specialization of the Schur polynomial, letting

=N TR )
(A

n

Da(m) & dim W) = s\ (1"). (2.4)

There is a formula for s; (1) due to Stanley called the hook content formula. Given a
YD A, for any box [J of A, we define the content of the box to be

def . .
(@ = jO) i@
where i (LJ) is the row number (starting at 1, counting from top to bottom) of the box

and j () is the column number (starting at 1, counting from left to right). Recall the
quantities s (.J) from §§2.3. The hook content formula [Sta99, Cor. 7.21.4] says

JERNE)

By a slight abuse of notation, if g is any element of U(n), we also write s)(g) for
trya (P (g)); strictly speaking this is the Schur polynomial evaluated at the eigenvalues
of g. The hook content formula (2.5) implies that for a fixed YD A, D (n) is a polynomial
function of n with coefficients in Q.

Dy(n) = sx(1") = (2.5)
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There is an important formula expressing s (g) in terms of power sum symmetric
functions. Given a partition A = (A1, ..., A,), and g € U(n), we define

def
pa(g) = tr(g™)ir(gh?) - - tr(g™).
Given A - k, the change of base formula is [FH91, Ex. A.29]

1
M) = 1 D XA Py (8) (2.6)

CmeS

where () I k is the partition given by the cycle type of m € S;.

Besides the polynomial families of representations of U(n), as n varies, obtained
by fixing A and varying n, there are similar rational families that we explain now. Let
uF kand v F £ be fixed Young diagrams. Then for every n > £(u) + £(v), there is an
irreducible unitary representation of U(n) with signature

(1, p2,s ooy teqwys 0,000 —=Vey, —Vey—1, -+ -5 —V1).
n—(u)—L£(v)

We write W,E“ L for this representation of U(n), Dy, »1(n) forits dimension, and s7;,, 11 (g)

for the character of this representation at g € U(n). The representations W,EM 4 directly
generalize the case of W,f‘ with A fixed by taking 4 = A and v to be the empty Young
diagram. The character sy ;] (g) can be written in terms of Schur polynomials by a result
of Koike.

Theorem 2.2 ([Ko0i89, eq.(0.2)]). For u bk andv F ¢, n > €(un) + £(v), g € U(n), we
have

L v -1
St (8) = > > LR L, LRY | 50, (2)su,(8 ")
p1,p2,p3€N0  vibpi,vbpavatps3
pi+p2=k, pi+p3=L V2CH,v3CY
where V| denotes the transposed YD of v| (obtained from v by switching rows and
columns).

Inspection of Theorem 2.2 shows that Dy, ,j(n) = spu,»1(1") is a finite linear com-
bination, with integer coefficients, of

Sv, (1M)s0; (1), vo b= pa <k, v3 b= p3 < L. 2.7)

The linear combination itself does not depend on n, and by the hook content formula
(2.5), each of the terms in (2.7) is a polynomial function of n with coefficients in Q
for n > £(n) + £(v). Moreover, the term in (2.7) is =< n?2*P3 g0 the contribution to
Si, ] (1) of maximal growth corresponds to p = k and p3 = £ hence is a unique term
with nonzero (in fact, unity) coefficient. These arguments yield the following corollary
to Theorem 2.2.

Corollary 2.3. Let o = k and v = €. For n > £(u) + £(v), Dy, v(n) is given by a
polynomial function of n with coefficients in Q and

Dy (n) < nk+t
asn — oo.

Corollary 2.3 shows that in any organization of the irreducible representations of
U(n) or SU(n) into families of ‘small’- or ‘large’-dimensional representations, the rep-

resentations W,E“ 1 with w, v fixed should be considered alongside the representations
W2 with A fixed.
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Schur—Weyl duality We always understand that C" has the standard Hermitian inner
product and U(n) acts unitarily on C" in its defining representation. This representation
coincides with (o, W,z‘) where A consists of one box in the formalism of §2.4. We write

{e1, ..., ey} for the standard basis of C". The tensor power (CH®k = def "R --C!
\—,_/

k

has an induced inner product that makes it into a unitary representation of U(n), where
U(n) acts diagonally. The space (C")®* is also a unitary representation of S; where Sy
acts by permuting indices. The actions of U(n) and Sk commute, and hence, (C")®*
is a unitary representation of U(n) X Sr. We write T( Um) — End((C”)®k) for the
diagonal action of U(n) and ,on Sk — End((C”)®k) for the action that permutes coor-
dinates. Schur—Weyl duality gives the following full description of the decomposition of
(C™)® into irreducible representations of U(n) x Si, which are a priori tensor products
W ® V where W (resp. V) is an irreducible representation of U(n) (resp. Si).

Proposition 2.4 (Schur—Weyl duality [Wey39, Chapt. IV]). There is an isomorphism F
of linear representations of U(n) x Sy

F - (Cn)®k @ W)\® V}\
Ak
L(A)<n

Branching rules For any n > r > 0 we view U(n — r) as the subgroup of U(n) of
elements that fix pointwise the standard basis elements e,—,+1, ..., e, of C" in the
defining representation of U(n). We have [FH91, Ex. 6.12] for £(A) < n

Resg  Wr= P wh,. 2.8)
wiCIA
fpu)=n—1

By iterating (2.8), we obtain a orthogonal direct sum decomposition
A _ A
Wn - @ W n, (s, Mn—1)
gl .clup_ic!a
pi)=i

where

e
A def A
Wn (15 tbn=1) — ﬂ(Wn )i

i=1

is one-dimensional and (W,f‘) u; denotes the Wl.“ "_isotypic subspace of W,f‘ for U(i). We
make the observation that a sequence

def def
W= poc ' < EA (2.9)

gives a semistandard tableau of shape A by filling in the boxes of w;41/u; with the
number i. This gives a one-to-one correspondence (i, . .., ty—1) = T (W1, ..., hn—1)
between such sequences of YDs asin (2.9) and SS7T [,y(A); for T = T (uq, ..., n—1) €
SST (M) we define

A def A
W Wn(m s Mn—1)



134 M. Magee

and pick a unit-norm vector wr in each WAT (this is unique up to a unit complex
number). We do this now once and for all for all A and T € SS Tn1(A). The resulting
orthonormal basis

{wT T e SST[,,](?\) }

of W) is called a Gelfand-Tsetlin basis.
Givenm,n € Nog withm < n, YDs A, u with & "7 A, £(n) < m, £(A\) < n, and
R, Ry € S8T y+1,01(A/10) we define

Aju,m def 1 .
il E —— > wrur ®rug, €End(W)).  (2.10)

VD (m) TeSST jm (1)

We have use for the following fact, analogous to [MP20, Lemma 2.4].

Lemma 2.5. Let A be a Young diagram with £(A) < n. Suppose m € [n]. Let Z(\, m) C
End(WYz‘) denote the algebra generated by U(m) acting on Wn7‘. The commutant of
Z(\, m) in End(Wn)‘) has an orthonormal basis given by

[eRsr ™\, e = m, Ry, Ro € SST i/}

Proof. The proof is essentially the same as that of [MP20, Lemma 2.4]. O

2.5. The Weingarten calculus. The Weingarten calculus is a method of calculating in-
tegrals of the form

[ g g o @11
uel(n)
where d /LHaar is the probability Haar measure on U(n). A large-n asymptotic estimate

for (2.11) was first obtained by Weingarten in [Wei78] and this was expanded upon by
Xu in [Xu97] where a full large-n asymptotic expansion was given. A new method of
evaluating (2.11) in terms of characters of symmetric groups was developed by Collins
[Col03] and Collins and Sniady [CS06] and this is what we refer to here as the Weingarten
calculus. The work [CS06] involves reinterpreting (2.11) as a problem in calculating the
orthogonal projection onto the U(n)-invariant vectors in End((C”)®k ), where u € U(n)
acts on A € End((C")®*) by A > n*fw)Ank@="), nk : U(n) — End((C")®*) the
diagonal action. This is actually the point of view that w111 be relevant to this paper.

The Weingarten function, depending on parameters n, k is the following element of
CLSk]

def dy
We, = (k,)2 > XD ( ) Zm(o)o—k, 3 N

Ak oeSy Ak
L(N)<n L(AN)=n

Write P,  for the orthogonal projection in End((C")®) onto the U(n)-invariant vectors.
Henceforth, tr will always denote the usual trace of a linear map from a finite-dimensional
vector space to itself. We have the following proposition of Collins and Sniady [CS06,
Prop. 2.3].
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Proposition 2.6 (Collins-Sniady). Letn, k € N. Suppose A € End((C™)®X). Then

P, k[A] = ph (P[A]- W, ;)
where

def

P[A] = Z tr(Apk (o™ 1))o.

UESk

2.6. Free groups and surface groups. Recall that X, is a closed topological surface of
genus g with base point xo and we have identified m1(X,,x0) = Ty =
(a1, b1, ... ,ag,bgllar, b1]---[ag, bgl).

Given w € Fa,, we view w as a combinatorial word in al,al_l, by, bl_l, ..., ag,
ag_l, bg, bgl by writing it in reduced (shortest) form; i.e., a; does not follow al_l, etc.

The commutator subgroup [Fe, Fo,] (resp. [I'g, I'g]) is the group generated by all
elements of the form [A, ho] def hlhzhl_lhz_1 with iy, hy € Fag (resp. I'y). A simple
factis that w € [Fpg, Fog] if and only if a; (resp. b;) appears the same number of times
as a; 1 (resp. b;” 1) in the reduced word of w, for each 1 < i < g. The abelianization
of I'y coincides with the first singular homology group of X, and is isomorphic to 78,
generated by the images of ay, by, ..., ag, bg. As such, the map induced by g,, from
F», to the abelianization of I'y has kernel [Fa,, Fo,]; hence, w € [Fag, Fag] if and only
if gg(w) € [Ty, I'g]. Therefore, if y € [I'g, I'g], any w representing y, or the conjugacy
class of y,must be in [Fa,, Fa,].

2.7. The Atiyah—Bott—Goldman measure. We first follow Goldman [Gol84] to define
the Atiyah-Bott-Goldman measure on M, ,. Consider the word map

R, : SU(n)*¢ — SUn)
Rg : (A1, By, ..., Ag, Bg) = [Ay, B1]---[Ag, Bg].

We view Hom(T',, SU(n)) as Rg_l(id) C SU(n)%¢ via the embedding (1.1). The diag-
onal action of SU(n) on SU(n)?¢ by conjugation factors through an action of PSU(n).
This action preserves Hom(I'g, SU(n)).

Let Hom(T',, SU®n))™ denote the set of ¢ € Hom(T'y, SU(n)) that are irreducible
as linear representations. The conjugation action of PSU(n) on Hom(T',, SUn))™ is
clearly free and the action is also proper [Gol84, pg. 205]. Hence,

def
Mg, =

Hom(T',, SU(n))™ /PSU(n)
is a smooth real manifold of dimension
dim M, , = (2¢ —2) dim SU(n)

[Gol84, §1.3]. The complement of M, ,, in Hom(T'y, SU(n))/PSU(n) is the union of
finitely many manifolds of strictly lower dimension than M, .
By [Gol84, §1.4] for [¢] € M, ,, there is an identification of the tangent fiber

Tig) (M) = H' (T, Ad[6]) (2.13)
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where Ad[¢] is su(n) with the action of I'g given by composing ¢ with the adjoint action
of SU(n) on su(n), and H'(I" ¢» Ad[¢]) denotes group cohomology with coefficients
in a module (see, e.g., [Bro82, Chapt. 3 §1] for a definition of group cohomology with
coefficients). A key property of group cohomology of I'g with coefficients in Ad[¢] is
that it identifies naturally with the singular cohomology of I'y with coefficients in the
local system corresponding to Ad[¢] (for the homology version of this statement see
[Bro82, Chapt. 7, Prop. 7.3 and Thm. 7.9, Rmk.]; the cohomology version follows from
analogous results).

We normalize the Killing form on su(n) so that the induced Riemannian volume
on SU(n) has unit total mass, i.e., it gives the probability Haar measure on SU(n).
Cup product together with the Killing form on su(n) and Poincaré duality induces an
alternating non-degenerate bilinear form

H'(Ty, Ad[#]) x H'(Ty, Ad[p]) — H°(T,, Ad[¢]) =R

where the last isomorphism used that ¢ is irreducible (see [Gol84, §1.4] for more details
on this argument). This yields via (2.13) a differential two-form a)ABG on M, , that
turns out to be closed and hence symplectic ([Gol84, pg. 208]; the closedness of the
form was originally proved by Atiyah and Bott [AB83]).

The Atiyah-Bott—-Goldman (ABG) measure MABG is the probability measure on
M » induced by the symplectic volume form:

A2 dlm./\/lg n (wABG)

dVol =
Men = 7 (Tdim Mg ,)!

If f is a continuous function on M , then the expected value of f with respect to /LABG
is given by

f fdVol pq ;
def / FdpABO & M & (2.14)

g n[f] = .
‘/‘Mg,n dVOlngn

Having defined the ABG measure, we now explain how to deduce Corollary 1.6 from
Sengupta’s work [Sen03]. For mostly technical reasons, this involves the introduction
of the heat kernel® on SU(n). The heat kernel is a one parameter family of functions
Q; : SU(n) — Rfort € (0, oo) that, as a function on (0, 0o0) x SU(n), is a fundamental
solution to the heat equation on SU(n) (cf. [Sen03, §§1.2] for the precise definition).
What is important here is that the heat kernel has the expansion

o= Y e dimWu(p(h)) (2.15)

(0, W)eSU(m)

where C(p) > 0is the eigenvalue of the Casimir operator of SU(n) on the representation
(p, W). This expansion is uniformly convergent on SU(n) for each fixed r > 0 [Bus10,
Thm. 7.2.6].

The following theorem was proved by Sengupta [Sen03, Thm. 1].

5 The heat kernel will only be involved for a short time before being dispensed of.
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Theorem 2.7. (Sengupta) Let g > 2 and suppose f is a continuous SU(n)-conjugation-
invariant function on SU(n)?¢, and f the function induced by f on M ¢.n- Then

- 1 ~
: Haar ——
dim o FORRGNGS () = | /M oLy,
The notation lim;_,, means the limit is taken along positive values of t.

Proof. (Deduction of Corollary 1.6 from Theorem 2.7)
Under the same assumptions as Theorem 2.7, using (2.15), one may write for fixed
t>0

/S S FO)O (R (D))dpgly 2 (%)

Ccw

Z/SU , fx) Z e” 2 dim Wir(p(R,(x))) dugﬁa(rn)zg
g —_—
" (0, W)eSU(n)

(o)t -
= Z o dlmW/f(x)tr(,o(R (x)))duls{fja(rn)zg(x) (2.16)
(p,W)ESU(n)

where the interchange of sum and integral is valid by uniform convergence of the heat
kernel expansion. We are given y € I', and w € Fy, representing the conjugacy class
of y. We take f = tr o w (w denoting the word map of w) so that f = tr,,. Recall the
notation Z(w, p) from 1.7, in this case, Theorem 2.7 together with (2.16) gives

C(p)t

1 . _Clpn
- / try dVolpq,, = t1_1)1¥)1+ Z dim W Z(w, p). (2.17)
o (0. W)eSUm)

Since we assume the hypothesis that > s dim WZ(w, p) is absolutely con-

) , (0, W)eSU(m)
vergent, using dominated convergence in (2 17) proves

/ try dVolpg,, =n Y dim W Z(w, p).
o (0. W)€SU(n)

Combining this with Witten’s formula (Theorem 1.5) we obtain Corollary 1.6. O

3. Organization of Representations

3.1. Models of representations. In light of Corollary 1.6, we must evaluate Z(w, p) for

(p, W) e S/U\(n) We use different models of (p, W) throughout the paper: recalling the
definition of Q(B; n) from (1.9), viewing B as fixed and assuming » is large enough
depending on B

o If (p, W) € Q(B; n), we identify (p, W) = (o), W) for some 1, v with
lul, [v] < B3 uniquely determined by (p, W). Hence,

T(w, p) = T(w. [, v]) € / tr (0 ())5(y1,0) (Rg (oD (x).
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o If (p, W) € S/U\(n)\Q(B; n), then we identify (p, W) = (p), W)) for some A
with £(A) < n — 1 uniquely determined by (p, W). Hence,

T(w, p) = T(w,\) = / tr(w ()5 (Rg (COVAUESE L, (0). 3.1)

3.2. Integrating over SU(n)?¢ vs U(n)?. At various points, it is convenient to execute
the integral defining Z(w, A) or Z(w, [u, v]) as an integral over U(n)?¢ rather than
SU(n)Zg . This is indeed possible in all cases that the large-n behavior of Eg ,[tr) ] is
interesting. Recall that [Fg, Fp.] is the commutator subgroup of Fo,.

Proposition 3.1.

L If w € [Faq, Fo, ], then
I(w, N = / (W ))sx (Rg s, (),
xeUn)28

Z(w, [, v]) = / tr(w(x))sm,v](Rg(x))duljﬁf,gzg (x).

xeUn)2e

In other words, the integrals can be computed using U(n) instead of SU(n).
2. On the other hand, if w € Fog and w ¢ [Fag, Fog], then there is ng = no(w) such

that for n > ng, for any (p, W) € S/U(7)
I(w, p) = 0.

Proof. By uniqueness of the Haar measure on U()%¢, we have

Haar __ Haar Haar
:uU(n)Zg - ’LLZ(U(n)2g) * MSU(H)Zg (32)

where * denotes convolution of measures. Therefore,

/er(n)Zg tr(w(x))md“fj?z;n (x)

= tr(w(zx))sx (Re (20))d B8 (o)gphaar (o)
/ZGZ(U(")ZK) /XESU(n)2g § SU®n)28 Z(U@n)28)

Haar Haar

= tr(w(zx))sx(Rg(x))d 2 (X)d 26 (2)
/zeZ(U(n)zK) /xesum)zs g SU(n)2s Z(Un)28)

= tr(w(zx))dp (z)) SA(Rg(X))dpaaar | (x).
/xeSU(n)2g (fzeZ(U(n)Zg) ZU) ¢ SUm*

The first equality used (3.2), the second used Rg (zx) = R, (x) forallx € U (n)*¢andz €

Z(U(n)?#), and the last used Fubini’s theorem. If w € [F2g, Fo. ], then by the discussion
in §§2.6 the letters of w are ‘balanced’ and the inner integrand is tr(w(zx)) = tr(w(x)).
Thus, we obtain

TN = [ o TR ).
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In other words, the Fourier coefficient can be computed using U(n) instead of SU ().
The proof for Z(w, [w, v]) is exactly the same. This proves Part 3.1.
For the second part, suppose w is not in [F2g, F2,]. Then the letters of w are not

balanced, and for 7z = (e (%) id,...,e (l?l—g) id) € Z(SU®n)28), we have

(et
tr(w(zx)) = e | m o +---+ ngT tr(w(x))

where all m; € Z and at least one m; # 0. On the other hand, Ry(zx) = Rg(x) as
before. Suppose without loss of generality in the following that m; # 0. Let zo =
(e (%) id, ..., id). We have by left invariance of Haar measure

T, = [ o TR 1
-/ e G TR )

=e(=1) f s TR GOAUES, 0 ()

mj

(R (), aar my
p (7) / - tr(w () (p (Rg ()N o0 (¥) = e (7) T(w, p).

Hence, for n > m(w) we obtain Z(w, p) = 0 for any (p, W) € S/U\(n) |
This means the main theorem is proved when y ¢ [I'g, I'g].

Proof of Proposition 1.7. We observe that the series defining ¢ (2g —2; n) converges to a
nonzero value whenn > 2 [LLO8, Thm. 1.5]. Assume y ¢ [I'g, I'g]. Pick w representing
the conjugacy class of y as above. Since y ¢ [I'g, I',], this implies w ¢ [F2g, F2¢] by
the discussion in §§2.6. Hence, Corollary 1.6 together with Proposition 3.1 Part 3.1
shows

Egnltry,]=0
whenn > ng(w). 0O

As Theorem 1.1 has now been proved for y ¢ [U'g, I'gl, in the rest of the paper, we
may assume y € [y, I'g], and hence, any w representing the conjugacy class of y is
in [F2g, F2g]-

3.3. Rationality of the contribution from Q2 (B; n). Here we prove the following theorem.
Let Q(¢) denote the ring of rational functions in an indeterminate ¢ with coefficients in
Q. For f € Q(¢) and fyp € Q we write f (¢p) for the evaluation of the rational function at
to, provided that 7y is not a pole of f. Let w € [Fa,, F2,] represent the conjugacy class
of y € [I'g, I'gl.

Theorem 3.2. There is a rational function Qp ., € Q(t) such that forn > |w| + 2B3

Yo @mW)Z(w,p) = Qpun).

(0, W)eQ(B:n)
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Proof. Fix B > 0. Following the discussion in §§3.1, we have

Y @dmwW)I(w,p) = > Dy (mZ(w, [, v]).

(0, W)eQ(B;n) wov (), L()<B, 1, v <B?

Since the index set of the sum is finite and does not depend on n, it now suffices to prove
that each Dy, ,1(n)Z(w, [i, v]) agrees with a rational function of n for fixed u, v as
above. By Corollary 2.3, each Dy, ,j(n) agrees with a polynomial function of n with
coefficients in Q when n > 2B. Therefore, the proof of the theorem is reduced to the
following:

Claim: For each (u,v) € Q(B), whenn > |w| + 2B3, Z(w, [u, v]) agrees with a
rational function of n with coefficients in Q.

Proof of claim. We first use Proposition 3.1 to write

T(w, [p,v]) = / tr(w(x))sm,u1(Rg(x))duﬂ?ff)zg (x).

xeUn)2s

For x € U(n)%¢, we use Theorem 2.2 followed by the formula (2.6) to obtain with
k=ul, €=1v|

S (R = 3 & P (Re () pa(Ry() ™)

YDs p! 2
PR APEES:

where the aZ [Vuz € Q. Therefore,

Iw.povh = Y o, / (W) put (Rg (1)) Py (Rg () ™D, (x).
YDs, " Jrelinys
ln'I<t.|n? <k

For every fixed u1!, 12 appearing in the finite sum above,
/ (W) pyt (Rg(0)) py2 (Rg (1)~ i, (x) (3.3)
xeUn)28

agrees with arational function of n by6 [MP19a, Prop. 1.1],forn > |w |+ZB3 > |w|+k+L.
This proves the claim and hence the theorem. O

4. The Contribution from a Single Family of Representations

4.1. Statement of main sectional result and setup. For n,f € N, let n]¢ def
[1n] x - - x [n]; this set has a diagonal action of S, and we write Sn\[n]z for the quo-
~—

¢
tient set. The main theorem of this §4 is the following key estimate that will be used for
(o> W) € SUM\Q(B; n).

6 This is a straightforward application of the Weingarten calculus.
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Theorem 4.1. For w € [Fag, Fo,l

1
Zw. Nl < > M) 53 >

[I]€S, \[n]¥! pc®Ox
Lu)=n—2(I)

Dy (n— D)) (Ml + 1w *™ NSST 1o (11,0 N 1) 1*

where for I = (i1, 12, ..., ljy|) € [n]'!, D (I) denotes the number of distinct entries of
I.

In the rest of this §4, we assume g = 2 for simplicity of exposition. The proofs extend
in a straightforward way to g > 3. We write {a, b, c, d} for the generators of F4 and
R = [a, b][c, d]. We write w in reduced form:

w= [ e e (1), fu € la,be.d), @.1)
The expression (4.1) implies that for & %= (ha, hp, he, ha) € Un)*

wm) = Y BB iz -+ B i

i1, | €ln]
Define for I = (i1, i, ..., i) € [n]"!

def w
wi(t) = (WG ivia ()i -+ (B )iy

1

After interchanging summation and integration in (3.1), we obtain

Tw,\) = Y T*ws. ). (4.2)

Ie[n]lwl
where

def

TN [ ws R,
heU(ny* ®)

Since we have an inclusion S, C U(n) via 0-1 matrices, for o € S, we can change
variables

def

(hay hb, hey ha) v (W, By, bl b)) S (0hgo ™! ohpo ™ oheo™  ahgo™").

Haar

Ulny* is invariant by this change of variables and

The measure d i

SAN(R(hy, by, by 1)) = sa(o R(ha, hp, he, ha)o ™)
= SA(R(hav hb1 hL‘v hd))

For I = (iy,iz,...,ijw) and o € S,, wedefine o (1) = (0 (i1), 0 (i2), ..., 0 (ijy))) and
we have

wr(h") = we ) (h)
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so we obtain in total

T* (w7, N =/

helUn)
— Haar
_AEU(n)4 wg(]) (h)SA(R(h))dMU(n)ét

ZI*(U)U(]), 7\).

, W (s (R s

We can therefore rewrite (4.2) as

IwN= Y IS dIT*wn N
[71eS, \[n]™!
= Y monTrw, )N (4.3)
[71eS, \[n]™!

where ® (1) is the number of distinct entries in /. Most of the rest of the section will
be devoted to estimating Z*(wy, A); the point of the previous calculations is that we can
assume I € [n — D (I) + 1, n]"™! and this will be exploited in §§4.2.

4.2. First integrating over a large subgroup. We keep the assumptions of the previous
section and also assume

I en—2)+1,n".

We fix I and hence write ® = (7). This assumption means that the function wy :
Un)* — C is bi-invariant for U(m)* where

m - D.
To simplify notation, all integrals over groups are done with respect to the probability

Haar measure and this will be denoted by dg where g is the group element.
Our goal is to calculate Z*(wy, A). The bi-invariance of d 2, and the U(m)*-bi-

Umn)*
invariance of w; means we can write

T*wp \) = / w, (Wsn(RUD)dh
heUm)*

= / </ w,; (h]hhz)S}\(R(hlhhz))dh> dhidh;
hy,haeU(m)* heUm)*

=f f w, (W)sx(R(h1hha))dh dhy dhy
h1,hoeUm)* JheUmn)*

zf wy (h) (/ sy\(R(hlhhz))dhldhz) dh. (44
heUmn)* hy,haeU(m)*

The first cancelation we will obtain comes from the integral

f sx(R(h1hh2))dhidhy, h e Un)*. (4.5)
h1,hreU(m)*
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Our approach to this integral follows the same lines as [MP20, §4.4]. We consider the
vector space

A def

WA WA e wr e w) e Wre W e Wh e W) e W) (4.6)

which is a unitary representation of U(n)*, the subscripts indicating which elements of
(ha, hp, he, hg) act on which factor, so each £ ¢ acts diagonally on two factors.

Let By € End(WI)e‘) be defined via matrix coefficients by the formula
(Br (v ® 12 @03 @ U2 ® v5 @ T @ v7 @ U3) , w1 ® 2 @ w3 @ Wy
Rws ® i ® wy ® wg) =
(vs, wr) (ws, wg) (we, v8) (v3, ve) (V1, w3) (Wi, w4) (w2, v4) (v7, v2) . (4.7)
We have the following lemma analogous to [MP20, Lemma 4.7].

Lemma 4.2. For any h = (hg, hp, he, hg) € U(n)*, we have

tryyr (Ba o (ha, hp, hey ha)) = sy (Tha, hpllhe, hal) = sx(Tha, hellhp, hal).

The purpose of Lemma 4.2 is that it turns the integral in (4.5) into a projection
operator. Indeed, let Q denote the orthogonal projection in W,?e‘ onto the U(m)*-invariant
vectors.

Lemma 4.3. We have

/ SA(R(h1hhy))dhidhy = try,n (hQB)\ Q)
hi,hoeU(m)4 R

Proof. By Lemma 4.2

/ SA(R(h1hhy))dhidh, = / tryyn (B o hihhy) dhydhy
hi,haeU@m)4 hy,hpyeU@m)* R

et (3 (] )4 ([ )
R hieU(m)* haeU(m)*

= tryy (Ba 0hQ) = tryy (hQBrQ).
O

Recalling the definition of 81}?\#1;"271 from (2.10), we are able to calculate trW,’g (hQBx\Q)
as follows.

Proposition 4.4. We have

1
tyn HOBAQ) = )

D, (m)?
uC A " §1.82.83.84.12.T4.51,52€SST (s 1,ny (N /1)
Up)<m
A p,m A u,m A p,m 7\ JL,m A u,m A pu,m
<h[51 T ® gSm‘] ® 52 Ty S3 52 1 551 Sy ® 552,T2
A u,m A, u,m
®Ess, By )
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Proof. An orthonormal basis for the U(m)*-invariant vectors in W;e\ is given by

A pi,m A po,m A uz,m A lea,m
gsl,Tl ®552,T2 ®£S3,T3 ®SSzt,th

where the 1; range overall p; c® Awith€(u;) < mandeachS;, T; € SSET 11,y (A ).
This can be extended to a full orthonormal basis of W}‘, and hence,

_ A pp,m A up,m A, u3,m
tryyy (HQBAQ) = Z Z (hOBAEG" @ EGIE™ ® EG'7
ll,,‘CQA SivEESST[r;1+I,nJ(>\//i[)
L(pui)<m
Apg,m oA puy,m A pg,m A, uz,m A, g,m
® 554,T4 ’ 531,T1 ® gSz,Tz ® gS3,T3 ® 8S4,T4 > (48)

The matrix coefficient
A py,m A pg,m A, uz,m A a,m oA, py,m
<hQB7‘851,T1 ® gSz,Tz ® 553,T3 ® 854,T4 ’ gSI»Tl

A pa,m A uz,m A, lg,m
®gSz,Tz ®553,T3 ®854,T4 )

will now be calculated in stages. Firstly
A iL1,m A 2,m A u3,m A, pg,m
B)‘gSth ® gSz,Tz ® gS3,T3 ® 554,T4
1
\/Dm (m) Dy, (m) D5 (m) Dy, (m)
Z WR LS, ® IZ)RILJTI ® WR,US, ® II)RQLITZ
R;€SST (i)

® WR;LIS; ® wR3IJT3 ® W R4LIS, ® a)R4I_lT4
1

/Dy Dy (1) Dy (1) Dy ()

> H{RyUS, = R3UTs, RiUT) = Ry U Sa)
R €SST (i)

Z Wy ® UVJRQI_ITQ ® WR LS, ® ‘J)tl & Wy, & IZ)R4LIT4 & WR3ULS; & 11)12'
tl,tzess'f[n]()\)

We have
Q[wl] ® II)RzLITz ® WR LS, ® a)ﬂ & Wy, X wR4LIT4 &® WR;LS; & wtz]
_ UHtil<m= Ro = Ry, b|<m= R4 = R3}
\/Dﬂl (m) Dy, (m)Dyy3(m) Dy, (m)
®E ®E& ® ks

S3,02]>m "

A, pa,m
2|sm,Ta

A pi,m
Ststt>m

A pz,m
tilsm, T2

Combining the previous two calculations, we obtain
A pp,m A, pu2,m A u3,m A, pa,m
OBAEG " ®EGIE" @ EG " @ Eg, 11"
1
Dy, (m) Dy, (m) D3 (m) Dy, (m)
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Z 1{Ry US = R3UT3, RiuT; = R4 U S4}
R;€SST (i)
A 12, AL,
Z 1{t1|§m= Ry = Ry, t2|§m= Ry = Rﬂ‘%niﬁy% ® ES]’IZIJ;
Z],tzESST[n]O\)
A, q,m A, u3,m
® 5t2|>m‘T4 ® 553st2|>m
_ USH=T3,T1 =S4, p1 = po = pu3 = pa}
- Dy, (m)3
r () 51,926SST a1, n) A/ 101)
A ug,m A p,m A la,m A uz,m
551,T2 ® 551,51 ® 52 Ty ® 553,52 :
Therefore, from (4.8)
try (ROBAQ) = Y :
Ty A = _—
Wi A D,L(m)3
MCDA
L(n)<m
Z 1S = T3, T1 = S4} Z
S,',T'ESST nHl,n]()\/Nf) SlaSZGSST[nHl,n]O\/M)
A p,m A p,m A, u,m 7\ JL,m A u,m A u,m
<h[81 T ® 551,S1 ® 5 52,14 Sz 52 I, 551 T ® 552.,T2
A u,m A pu,m
® 553»T3 ®554,T4 )
O

Now combining (4.4), Lemma 4.3, and Proposition 4.4, we obtain:

Proposition 4.5. For I € [m + 1, n]"!

§ 1
I(w1,7\)= Z W Z

uC@A $1,52,53,84,T5,T4,51,52€SST [yt ,n) (N 10)
L(u)<m
A p,m A p,m 7\Mm 7\;1.m A u,m
fh o wi(h)(h[E 7" ® E ®ES T ®Eg M), Eg'r
celU(n

?\;Lm A u,m A u,m
5Sz Ty gSq T3 ®8S4 T4 > h.

This is progress because now the integrand is U(m)*-bi-invariant, and hence, the
integral is now essentially over U(m)*\U(n)*/U(m)* rather than the full U(n)*. In the
process of integrating over U(m)*, by exploiting the structure of the relator R of T g We

picked up a helpful factor of m and forced u to be the same in each tensor factor
"

of the equation stated in Proposition 4.5. We show how to proceed further in the next

section.

4.3. Second integration: strategy. The only method we really have to proceed from
Proposition 4.5 is to use the Weingarten calculus from §§2.5. The caveat is that this
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works well when integrating functions that are finite products of matrix coefficients in
the standard representation of U(n). Here we are concerned with the integral

52,14 S3 52

A, AL, A )\ AL,
/ wl(h)<h[g?1 l;zm ® 551 !l;lm ®E, T S § 551 MTlm
heUn)*
A u,m A p,m A, L,m
®Es, 1, ®Esr ®Esr, Mdh 4.9)

appearing in Proposition 4.5. So to use the Weingarten calculus we must write the
integrand of (4.9) as a product of matrix coefficients in some End((C™)®K).

Since we assume w € [F4, F4], by the observation about the exponents of letters in
the reduced word of w from §§2.6, (4.9) is equal to the product of four independent
integrals over U(n) of the form

/u( i i (LET . £ R (4.10)
n

one for each a, b, ¢, d, and where

iks Jk»if, ji € Im+1,nl, Vk € [p]
s, s’ t,t e SST 1A/ ). “4.11)

So we will estimate (4.10) under the assumptions (4.11) and later take the product of
the four resulting bounds to estimate (4.9).
We now outline the strategy that we will follow to estimate the integral (4.10).
1. We can write
hivj - Rigjphir i o= (P (DX, X)

117]])

where X, X' € (CH®? ® (C")®p are pure tensors of the standard basis elements
and dual standard basis elements; moreover, they only involve

ex,er, k,le[m+1,n].
This means that

hl'ljl"'h'

ipJp

The implication for this to our key integral (4.10) is that

(4.10) = (PLEN"" @ X, EX 1™ @ X') = (PIEN" ® X1, PIEL™ ® X))

s/t

where P is the self-adjoint orthogonal projection on End(V}) ® (CH®? ® (C”)®”
onto the U(n)-invariant vectors. Here, we accept some loss of accuracy by using the
Schwarz inequality to deduce

(4.10)] < | PIEN" ®X]|||IP[<‘3)‘“'" ® X1 (4.12)

2. Forany s,t € SS7 n+1,,(A/ 1) we will construct a vector AS}\’}” € End((CM)®®) in
§8§4.4 such that under the Schur—Weyl intertwiner (cf. Proposition 2.4) we have

(F @ PIAN T =N @ 0 € End(Wh) @ End(V),

for some z?}“ € End(V?). This property is established in Proposition 4.7.
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3. In Proposition 4.8, we calculate ||AZ~\,}M II. As 53? ™ has unit norm, this is the same
as |z, vl §

4. We now calculate ﬁ[Ai}” ® X| where P is the projection onto the U(n)-invariant

vectors in End((C")®8) ® (C")®P @ (C")®P. We are able to do this using the

Weingarten calculus; this is the reason for the construction of AQ}” . This calculation

takes place in §§4.6.

We estimate ||ﬁ[A?”,“ ® X]|| in Proposition 4.9.

6. On the other hand, after suitable identifications, we have

b

(F ® F ® I guyopgcmen) [PIALY ® X11 = PIEN"" @ X1 ® 20",
and hence,

A )\”u
N I PIA; @ X]||
IPLES™ ® X]|| = ——5———. (4.13)
Al
Since we have calculated the denominator on the right-hand side above, and bounded
the numerator, we have bounded || P[é's}? ;“ ™ ® X]||. We can use exactly the same

method to bound ||P[5)‘ ™ @ X'1||, and putting these estimates into (4.12), we
obtain an upper bound on |(4 10) |, as desired.

Remark 4.6. Tt does not seem possible to exactly evaluate (4.9) using this method. Indeed
one might hope that

(PIAYN ® X, PA) ®x1>
||AA F Al

4.9) =

The construction of A t“ , AY ’;, we give here means that the numerator above does not

in general coincide with (P[Es)j,“’m ® X], P[E)\ P @ X'1). The use of the Schwarz
inequality bypasses this problem, at the cost of 1ntroducing an inequality.

The components of this strategy will be carried out in the following sections.

4.4. Construction of A?ﬁ’,“. Now fix m,®,b,B € Nog,n = m+%, b < B. Also fix
AF Band p F b with £€(\) < nand p C® A with £(u) < m. We also fix

s, 1€ SST[m+1,n]O\/M)-

From these data, we will construct a special vector in (C")®8 ®(C")®8 = End((C")®5).
This will be done in stages.

Recall the weight functions wy, w; : [m + 1, n] — Ny from §2.1. For z € C[S;], we
will write pff (z) for the resulting element of End ((C") ®k) according to the representation
of S; on (C”)®k. We also have fixed linear embeddings for M < n

CM = (e1,....,em) CC" = ey, ..., en);
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similarly, CM é", hence using the type of isomorphism as in (2.1) for My, M> < k
we obtain a fixed linear embedding

Hom((C")®M1, (C")®M2) ¢ End((C")®h).
The skew tableaux s yields a sequence of tableaux
pw=vo(s) o) ' cupls) =A
where v; (s) is the YD given by  along with the boxes of s containing numbers < m + ;.
Let Bj(s) o [v;(s)| and similarly define v;(z), B;(¢) for 0 < j < © using the boxes
of . We have
b= By(s) <---<Bp(s) =B.

Recall the projection operators p, from §§2.3. We use the natural inclusions, e.g.,
SB;(s) C Sp to view, e.g., py,(s) C C[SB].
Let

Ao E pl(p,) € End((C™)®P)

def B; i @y (m-+i B; .
A= 'Om+(il)(pvi(f)) (Aifl ® efffit(mﬂ) ® efffi (mﬂ)) Pm+(,<s)(13vi(s)) i>1

A; € Hom((C"*)®Bi() (m+iy®Bi()y

AN Ag € Hom((C)®B®) | (C")®Bo ) = End((C")®P).

5.t

We have the following proposition. Recalling the intertwiner F from Schur—Weyl duality
(Proposition 2.4), we obtain a map

FOF End(C)®) - Y wMewr evhevh
A1,A\2FB
t)=n

= > Hom(W}>, W}M)®Hom(V, VM);  (4.14)
AL, A2FB
eAi)<n

this map is an intertwiner for U(n) x U(n) x Sp x Sp. The second isomorphism is the
canonical one explained in §§2.2.

Proposition 4.7. Under F ® F, AZ“”,“ maps to
(F@ PIAYN T =N @ ) € End(W)) @ End(V?)
for some zs}\,’lu € End(V7‘).

Proof. The proof relies on the fact that up to scalar multiplication, 53, e End(W,f\)
is uniquely characterized by the following properties:

a. For0 <i <D, ES}?;“ "™ is in the W' +(f) ® Wr‘;’ﬁ)-isotypic component of End(W™)
for U(m +i) x Um +1i).
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b. 53: i/ commutes with U(m), or in other words, is invariant under the diagonal subgroup
AU(m) < U@m) x U@m).

Consider the linear map by which A;4 is obtained from A; fori > 0, that is,
def i1 (1) Rw; (m+i+1) v@wg (m+i+1) i 1(5)
fi(Ai) = pm:zl+1 (v (1)) (Ai ®em+it+1 Q €yt )pm:zlﬂ Prisi(s)-

This is a linear intertwiner for the group U(m + i) x U(m +i) x Sp, (1) X SB;(s)-
ClaimA. Forall0 <i <9, AS)‘,’, = Ap isinthe W,',: (t) ® W”‘ (3) -isotypic subspace
of End((C")®8) for U(m +i) x U(m +1i).
Proof of Claim A. We prove by induction on j the following statement:

S@,j)y: For0 <i < j < ®, Aj is in the W,fi(t) ® W,fi(s)-isotypic subspace of
Hom ((C"+7)®@Bj ) (Cm+1y®Bj(1) for the group U(m +i) x U(m +i).

Consider the base cases j = i. By Schur—Weyl duality, and in particular (4.14), the fact
that A; has the form

Prsi P00, (B9, ¥i € Hom((CH@HW, () Biln)
implies that it is in the V") ® V") isotypic component for Sg.(;) X Sp.(s), but this

is the same as the W,," @ ® VI/,‘,)‘ (S)-isotypic subspace for U(m + i) x U(m + i). For the
inductive step, by the intertwining properties of f; stated above, if S(i, j) is true for
somei < j, itis true forall (i, j') with j* > j. Now taking j = D proves Claim A. The
proof of Claim A is complete.

ClaimB. A?’}M commutes with U(m), or in other words, is invariant under the diagonal
subgroup Ay < U@m) x U@m).

Proof of Claim B. Using the intertwining properties of the maps f; again, we have
for u € U(m)

B AN 7B W) = 7B W) fo_1(Foa( - (folol () - NTl ™)
= fo_1(fo-a(- (fol el (p )7l @™y )
= fo—1(fo-2(-- (fopo(p))--))
= A3

This completes the proof of Claim B.
Now by Claim A with i = ® we have that, in reference to (4.14),

(F ® FAN] € End(W)) ® End(V?),

and the analogs of Claim A and Claim B hold for this element as 7 ® FisaU (n) xUn)

intertwiner. Therefore, by the fact that Es)f /™ is uniquely characterized by a and b, we
must have

(F @ FIAN/T € CEN"™ @ End(VH).

This proves Proposition 4.7. O
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4.5. Normalization of A;}“. The goal of this section is to calculate ||AZ\,}M I, where the
norm is the standard norm on End((C")®8).

Proposition 4.8. We have

b2 2

1AM I = Dyum) 2 hb l_[w,(m + )l (m +i)! £ 0.

d.(B)? L

Proof. We do this calculation in stages. Firstly, the norm of A coincides with the
Hilbert—Schmidt norm on End((C")®?) so is given by

[AolI* = tr(AgAf) = tr(cmyes (o0 (0, P (9)*) = tr(cmyss (00 (0)%) = triemyes (ph ()

since ,o,’fl (p,) is self-adjoint and idempotent. Using Schur—Weyl duality (Proposition
2.4), we obtain

I Aol1* = tr(cmyen (om () = Dy (m)dy.
We proceed to Aj. We have

B 1 Qs (m+1 B
1AL = s Buo) (A0 ® et ™D @ 823 D) o2 (5,512

B o~ : D\ B
_ (pmi(lt)(pvl(t)) <AO ® egfi(m+ ) Q¢ ®w (m+ )) pmi(lv)(pw(s))’

<A0 ® e®w,(m+1) ® v®a)y(m+l))>

m+1 €+l

dvy (1), (5)
= BB ()] Z Xor (1) (81) X (5) (8s)
81€SB|(1)-8s €SBy (s)

% <p£l(t)(g[) (AO ® e®wt(m+l) ® V®(’-’J(m+1)> BI(S)(gS)

+1 m+1 €+l P+l
® 1 vQws 1
(AO ® em-t:—)i(m+ ) ® m-ia—)l o+ )>)
dy, (nd
= AL > Xon (1) (80) Xy ) (85)

Bi(s)!B1(1)!

81E€Sm X Sw[ (m+1)>8s S\ Sa)r (m+1)

B 1 v ; 1 B
<pm_l'_(1t)(gt) (AO ® e®wt(m+ ) ® ¢ ®a) (m+ )) m}'-(f)(gS)

m+1
Qw; (m+1) v@wg (m+1)
(AO ® em+i ®e €+l ))
dy (dy, (s
= MO Z le(t)(gl)le(s)(gs)

By(s)!B1(1)!

81E€Sp X Sy (m+1)8s €Sb X Swg (m+1)
gr=(g}.g7).8:=(g}.g2)

(pb (ghAopk (gD, Ao) (4.15)

The second equality used that pm+1)(Pv1(t)) Pm+1 (pvl(s)) are self-adjoint projections
and the fourth equality used that Ay is a linear combination of basis elements involving

only e;, & withi < m and hence orthogonal to 5% m+D) e (m+1),
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Now for each g, = (grl, grz) € Sp X S, (m+1), I € {s, t} write

Xor () (&) = > LRI o Xnr @D Xnm (D). (4.16)
71 (r)Fb, 2 (r)Fw, (m+1)

Note that

(ol (gHAopk (g, Ao)

is a matrix coefficient in End(V*) as a representation of S;, x Sp. Thus, when we insert
(4.16) into (4.15), the only terms that survive, by orthogonality of matrix coefficients
and Schur orthogonality, have

() =1(s) = pu, @) = (o (m+1)), 12(s) = (w5 (m + 1)).

By Pieri’s formula (Lemma 2.1) LRZI,((Q,(mH)) = las u C' v(r). So (4.15) together
with these observations gives

dy (ydy (.
A% = % 3 2@ xu D ok (gD Aonb (g1, Ag)
! ol ' gresbXswt(mﬂ)sgsesbXSw_g(mH)

&r=(g}.87),85s=(s}.?)

_ Do) )
B1()!By (s)!dl%
dy; ()4, (5) (b)H?

= I +1)! + DI Agl>.
B1(1)1B; (5)1d2 or(m + Dlws(m + D! Agll

wr (m + Dy (m + DYoL (0,0 Ao ol (0,0, Ao)

Repeating these arguments, mutatis mutandis, gives

Lol = iy (1ydy(s) @1 (m +2) s (m +2)! By (1)! B (s5)! Al
B (1)!Ba(s)! dvy 1y, (5)

_ dyy (1) Ay (5) (b))
2 By(1)! Ba(s)!

wr(m+2) ws(m +2)\w;(m + 1) wg(m + 1)!||A0||2.

Continuing to iterate thisup to Ap = A?’}” gives the required

D
A 2 3 (0 . N
IAS 1 = 1l Aoll [ [ tm+i)gm +i)!
i=1

2B L

d2b)? 2

=D e N g !
“(m)dM(B!)2 iZIw;(m + ) lwg(m +10)
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4.6. Projection of Az\”,“ ® X to invariant vectors. We now calculate P[Aa}“ ® X] where

P is the projection onto the U(n)-invariant vectors in End((C")®8) @ End((C")®P),
and

X=e,® ®e,®E,® - ®¢, € End((C")*)
with
ir, jrem+1,n]l, relpl

We identify End((C")®8) @ End((C")®?) = End((C")®B+P)) via canonical isomor-
phisms as in (2.1) and the map

e Q- Qejy ®éj|®"'®éj3 ®ei3+1®"'®ei3+p®éj3+1®"'®éj3+p
e @ Qe ®ei3+|®"'®ei3+p®é11®"'®éj3 ®é13+1®"'®éj3+p'
4.17)

Using this identification, we view End((C")®?) ® End((C")®?) as a unitary represen-
tation of U(n) x Spyp x U(n) X Spip; the map P is a C[Sp4p]-bimodule morphism.
Hence,

Ar AN, b D vRwg D
PLAY @ X1 = PLof (uoo) (401 @ 2™ @ 8™ ) 0 (Buo) @ X1
b D Qs (m+D
=y (pu@a))P[(A@fl D epon ) @ Enis™ )) ® X1p; (P (5))

= pE (Moo ) P[AD-1 ® X1105 (Pug 5))

def vRw; . . .
where X| = egf’@(m@) ® ef:fgm@) ® X. Repeating this argument gives

PIAM @ X1 = pE (pug) PLAD 1 ® X1100(Pug (5))

= pf(pvg(t)pvg,l(t))ﬁ[AD—z ® Xz]pf (pVQ,l(S)pU@(S))
—.. (4.18)

= p,f(lﬂug(z) x ‘pvl(t))ﬁ[AO ® X@]ﬂf(ml(s) e Pug(s))
= pB(Pus) - P ) PLOL (1) @ X210 (puyis) -+ Progs)  (4.19)
where

def 1 vQws 1 D v %)
Xo M 27 27 .. g S @ 2D g X,

So it remains to calculate ﬁ[pfz ) ® Xol.
The Weingarten calculus (Proposition 2.6) yields

Plpb(p) ® Xol = pn (@0 (p,) ® X0IWg, p. ) (4.20)
where

Oph () ® Xol= Y trlpn T(0) " (om(p) ® Xp)lo

(TESB+I,
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and X ;3 € End({en+1, - - -, en)‘g’B —b+p ) is the element corresponding to X under the
fixed isomorphism

(Cn)®w,(m+l) ® (Cvn)®wx(m+l)

Ruws (m+2)

Q- (C") Qw; (m+D)
® (C") ® End((C")®")
= End((C")®"7"*7)

that preserves the order of the factors in both

(C")®w’(””” ® - ® (C) B @ (cmy®r, ()Y
® @[T g (Cr)er
so that
X def ,%fi(mm ® - ® egfgmm) Qe ® - ®ei, ® égfi(mﬂ) ® -
RN @ @08, @.21)

We make an observation that if g, denotes the number of £ € [p]suchthat j, = m+r,
and p, denotes the number of £ € [p] such that iy = m + r, if we do not have
(ws(m+ 1) +q1,05(m+2)+q2, ..., 05(m+D) +qp)
=(w;m+1)+pr,o,m+2)+ pr,...,00(m+2)+ pp) (4.22)

then tr[ o, +p(o) l(,o,ﬂ(laﬂ)(X)X )] = Oforallo € Sp4p;hence, dD[pm(pM)@X@] =0,

Pp5(p,) ® Xo] =0, and PLAYY o @ X]=0.

So now assume (4.22) holds.

To calculate Cb[pf’n (hu) ®Xn], wenote that since X ;3 is a tensor of vectors orthogonal
to C™,

twlpp P (@) (0l (p) ® X'p)1 =0
unlesso = (01, 02) € Sp X Sp_p+p,andin this case, by Schur—Weyl duality (Proposition
2.4)
wlon () (ol (p) ® Xip)] = telpl (o7 p) @ (o " (057 ) X))
=trlpr " (0 Y X)Ll (o7 p )]

=tulon 05X D Dum)gu (o p)

w'kb
L y=m

=trlpr " (0 ) XIp)IDu(m) 2, (o).

Therefore,

L) ®Xol= Y. tlpy T(0) (b (pe) ® Xp)lo

(01,02)€Sp X SB—b+p
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B

=Du(m) Y, ulp

(01,02)€Sp X SB—p+p

P (6N X I (07 (o1, 0).

(4.23)

Here we write (o7, 02) for the element of Sp,, corresponding to (071, 02) € Sp X Sp_p1p.
Given (4.21), the value of tr[p,f_bw (a{1 )X’Q] is either 1 or 0. The values of o, for

B

which tr[pZ 0P (o{l)XgD] = 1 are a right coset

oSt
where g € Sp_p4+p and S < Sp_p4p is the subgroup of elements respecting a certain

partition IT of [B — b + p] dictated by the indices of X7. The blocks of IT have sizes
given by either side of (4.22). Note Y2 p; = 32 ¢; = p. Moreover, we have

def
Ss = Sury(mal) X Swsm2) X -+ X Swsm+D—1) X Sosm) < Sn-

From (4.23), we now have

O[ph(p) ® Xol=Du(m) Y. ulp,

(01,02)€Sp X SB—p+p

= D, (m) Z xu(oy D (o1, mo02)

(01,02)€8p xSt

=Dy(m) Y > xuloy (o1, moton)

[71€Sn/S; (91,02)€8, % S
=Dy(m) Y (dg.7mr) Y. xuloj (o1, 02)

[t]leSn/Ss (01,02)€Sp xS

b! :
= —IS,1Du(m) > (ids,. mo7); (4.24)
K [r]eSn/Ss

P (6 Xl (0 ) (o1, 0)

where

def dy 1 _
a4 = b—’jm > xuloy H(o1.02) € CISE] C ClSpy]
T (01.00) €8 xS,
is an element which in any unitary representation of Sg, , gives the orthogonal projection
onto the V#* @ trivg, -isotypic subspace for Sp x S;.

Combining (4.20) and (4.24) and recalling the definition of Wgn’BH, from (2.12)
give

PLob(9) ® Xo1 = pr P (@0} (py) ® X0IWe, 54,)

b! .
= 18D m) 3 (ids, mor)on T @)on T (W )
"

[1€Sm /S,
bl |l dy
d_(B+S ) um) 3 D (n)
" NEB4p
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B .
D pn P(ids,, m0T) pa(dsPa)
[t1eSn/Ss

Combined with (4.19) this gives

50 A M bl 15|
P[A X]l=———D
[ s,t ® ] d;L (B+p)! M(m)
dn B+p .
Z D) Puo@) = Pui) Z (ids,, TOT)dsPA P (s) -+ Pup (s)
NeBep N [r]eSn/Ss
¢N)=n

(4.25)

that is the main result of this section.

4.7. The norm of the projection of AZ\”,M ® X. We now turn to the calculation of

I P [A?”f‘ ® X1]|| where the norm is the natural one induced by the standard inner product
on C". We identify End((C")®8+P) = End((C")®?) ® End((C")®?) using the iso-
morphism (4.17); after this identification the norm on End((C")®2) ® End((C™")®?)
coincides with the Hilbert—Schmidt norm on End((C")®2+P). The main result of this
section is:

Proposition 4.9. If (4.22) holds, we have

(bY2|Sn|* Dy (m)? 3 d3,dy /n

PLAN @ x| < '
I P[ $,1 ® X]I” = dﬂ((B+p)!)2 Dy (n)

NEB+p
tN)<n

Otherwise, || PIA} ® X]|| = 0.

We view (C")®B+P with its given inner product as a unitary representation of U(n) x
Sp+p in the usual way involved in Schur—-Weyl duality. For A" = m + p with £(\') < n,

we let Z7' denote the W,f‘/ X V)‘/-isotypic subspace of (C")®B+P for U(n) x Spip- By
Schur—Weyl duality (Proposition 2.4), this space is itself an irreducible representation

of U(n) x Sp, isomorphic to W\ x VX', Since IS[AX)‘,}“ ® X] e ,o,f+p(C[Sg+p]), it
preserves each Z N, Therefore, we have

Dr AN, Ar AN,
IPIAGH @ X112 = > I1PIAL @ XI5, (4.26)
NbB+p
L(A)<n
where ||ﬁ[AQ}M ® X1||n is the Hilbert—Schmidt norm of ﬁ[A;t’,“ ® X] acting on Z N,

We may assume (4.22) holds, otherwise }A’[AS}‘,’,“ ® X] = 0 and Proposition 4.9 is
proved. In this case, using that p)- is central in C[Sp, ], inspection of (4.25) gives that

550 D)= pra -
n m vy (1) v (1)

1BLAM ® X1 = 2
5.t N d, (B+p)!
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Y (dsy, T0T)dsPu ) -+ Puo o) llyv (4.27)
[t]eSm/Ss

where for z € C[Sg+,] we write ||z||,,» for the Hilbert-Schmidt norm of z acting on

VN . Notice that we obtained a factor +/ Dy (n) from the multiplicity of VN in Z" . Due
to the presence of p,5 ) = pa in (4.27), the right-hand side of (4.27) is zero unless
A Cp, N, and hence,

A )\’ A )\’
IPIAS/ @ X111 = Y IPIAGY ® XI5, (4.28)
ACpN
L(N)<n

To calculate the Hilbert—Schmidt norm in (4.27), we study in detail the operator

def
O = qsPui(s) " Pop(s)-
Let )/ denote the representation of Sp,, on v

Lemma 4.10. With notation as above, )/ (Q) is a self-adjoint idempotent element of
End(V)‘/). Similarly, wx (Pv, (1) - * - Puo (1)) IS a self-adjoint idempotent.

Proof. Recall that g is the orthogonal projection onto the V# & triv g, -isotypic subspace
for

Sp X Sg = Sp X Ses(m+1) X Swgm+2) X =+ X S m+®—1) X Swsn) < SB < SB+p-

One see that this commutes with all p,,(5), ..., Pug(s) in C[Sp4p], because for any
i € [®], we can write

s = 0102

where Q1, Q> are commuting projections supported, respectively, on the two factors of
SB = SB:(s) X SB—B;(s)- But p,,(s) commutes with all elements of Sp in the Sp_p,(s)
factor, so commutes with Q». It also commutes with Q; since p,,(s) is a central ele-
ment of C[Sp,(5)]. The py,(5), - .., Pup(s) are easily seen to commute with each other:
Pu;(s) is central in C[Sp, (5] and hence commutes with all elements Po;(s) with j < i.
Thus, m/(Q) is a product of commuting self-adjoint idempotents and so is itself a self-
adjoint idempotent. The same arguments show that 7w/ (py, 1) - - - Pug (1)) 18 a self-adjoint
idempotent. O

We now calculate the dimension of 7y ( Q)VN. This is the eigenspace of my/ (Q) with
eigenvalue 1 and also the orthogonal complement to the kernel of )/ (Q).

Lemma 4.11. With notation as above, if \ C, N + B + p, dim (nN(Q)V)‘/> =
d)\//)\du.
Proof. Firstly, as Q € C[Sp] and contains the factor

Pup(s) = PA,

we have

dim (n;\/(Q)VN) = dim Homcys,) (V?, V') dim (m\(Q)V)‘)
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= dy /n dim (m\(Q)V") . (4.29)
Given this, we now consider Q acting on V. This is the same as

def
7T?\(Ql)» Ql é qspvl(s)"'pv;g,l(s)o

We have 7 (Q1) is a self-adjoint idempotent by the same proof as that of Lemma 4.10.
Then Q) is supported on, and preserves, the V'2-1¢) ® triv-isotypic component for
SBo_; X Sw,m) < Sp. By Pieri’s formula (Lemma 2.1), as vp_; c! vp = A, this
isotypic component consists of a unique isomorphic copy of V"1 @ triv in V.
Moreover, when identifying this space with V-1 the action of 7 (Q1) is given by

def
Ton_1(5)(02), Q2 = q2Pui(s) = Pup_a(s)
where g3 is the projection onto the V* ® triv-isotypic subspace for
Sp X Swym+1) X Swy(m+2) X +++ X Su (m+D—1)-

This gives

dim (TA(QV?) = dim (g () (@) V*21)).
Iterating this argument, using Pieri’s formula each time, gives eventually that
dim (m\(Q)V)‘) = dim (1, (p) V") = d.
Thus, in total, going back to (4.29), we obtain the required

dim (nN(Q)vN) = dyady.
O

Proof of Proposition 4.9. Pick an orthonormal basis {v1, ..., vp} for mn (Q) VN with
D = dy/nd,, and extend this to an orthonormal basis of VY. In regard to (4.27), we
have

Pvo ) - Puir) Z (idSva[O'C)qspvl(s)"'pvg(s)”%/)\/
[t1eSn/Ss

= Pvo@ - Pui) Z (ids,,,ﬂof)QH%,N
[t1eSn/Ss

=Y v Gunm - Pum) Y ma(ids,, mor)ma (Q)vi |

1 [t]eSn/Ss

D
=Y (oo - Puw) Y, wa(ids,, o). (4.30)
i=1 [r]€Sm/Ss
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Now, each m)/(ids,, mo7T) is unitary, and by the second statement of Lemma 4.10,
A (Pug () - - - Puy (1)) 18 a self-adjoint idempotent and hence has operator norm bounded
by one. Hence, fori € [D]

ITx (Pug ) - Pui) Y mn(ids,, moT)vill < [Sm: Ssl.
[t1€Sm/Ss

Combining this with (4.30), we obtain

oo @) -+ Pui) Z (ids, . 70T)dsPuy () - Pup () |y < V/DISH ¢ ]

[tleSn/Ss
= /d)\//}\dM[S]'[ . SS]

Using this in (4.27) gives

IS |
_d/L(B"'P)'
_ B Isnl -
= a et " )W e

Finally incorporating this estimate into (4.26) gives

IPIAN ® X1l

Dy (m)———=,/dn/adu[Sn1 : Ss]

«/W

(OY2|Sn|*> Dy (m)? 3 d3,dx /n

12 , '

du(B+p))? L Dy(n)
L(A<n

1PIAN ® X2 <

4.8. Completing the outlined strategy.

Proposition 4.12. With notation as in the previous sections,

IPIEN"" @ X1 < (M ul + p)*P D“((m))

Proof. From the argument of our strategy in §§4.3, we have

?\/L 2
||P[ ® X1l
IPIEN" @ X1 = ———>5———— 431)
||A 112
s,t

If (4.22) fails to hold, then Propositions 4.8 and 4.9 give || P[&; &N S X =0,
proving Proposition 4.12 in this instance.
Now suppose (4.22) holds. Then Propositions 4.8 and 4.9 combined with (4.31) give

-1

b1)>
IPIEN"" ® X1 < (DM )dAfB,))z ]‘[w,(m + Dlaog(m +l)|>
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(OY?|Sn|? Dy (m)? ¥ d3,dx /n

d, (B + p))? R Dy (n)
L(AN)<n
2 N2 2 ’
=) |SH.| — Dy (m) o N2 Z dszA 2
[TZ, @ (m+i)lwg(m +i)! ((B+p)h) A dx D (n)
LA <n
(4.32)

Recalling that the block sizes of IT are given by either side of (4.22), we have

R

[12, om +Dlogm +i)!

(wi(m+1i) + pi)! (wg(m +10) +¢q;)!
w;(m +1)! ws(m +1)!

—

(wr(m +1) + p)P (ws(m + 1) + g)T

IA

—

:|®

(Al + PPN/ 1wl + p)¥

I
-

< (IAMul+p)* (4.33)

using that Z;D:l pi = Z?:l qi = p.
Next, by using twice both the hook length formula (2.2) and the hook content formula
(2.5) we obtain

B')2 Z d%/d)\’/A _ (B') 1 M‘i)\/d}\/ A
(B+p)‘)2 N d)Z\D)\/(n) (B + p)tdxDx(n) ACN [Toen (n+c(@)) /
(V)= ()=
B! 1
< d /d ’
= (B+ p)ldxDy(n) AZX v
E(?\/)<n
1
§ ’ (4.34)
D (n)

where the last inequality used (2.3). Inserting (4.33) and (4.34) into (4.32) gives the
result stated in the proposition. O

4.9. Proof of Theorem 4.1. Following our strategy, applying Proposition 4.12 to both

P[E;j ;“ " @ X] and P[E A " ® X'] and using the Schwarz inequality we obtain the
following

2p DM(m)

|(4.10)] = (Al + p) Dr(n)
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Therefore, forany I C [m+1, n] lwl using the argument from the beginning of §§4.3,
writing f for an element of {a, b, ¢, d}, we have

A u,m A u,m A u,m A u,m
| heU(n? wy (h)<h[5S1,T2 ® gS],Sl ® gSz,T4 ® 6;1,,33,s2]’

A u,m A pn,m A u,m A u,m
Es.s, ®Es, ®Eg s, @& 1, )dhl

D, (m)*
<poss 1 (vmlspps
A felab.c,d)

4
< D/j. (m)
~ Da(n)*
where the last inequality used
(Nl +pp)*Pr < (M ]+ [wh™!

for each f € {a, b, c, d}. (For general g the exponents 8|w| and 4 in (4.35) are 4g|w|
and 2g, respectively.)
Next using Proposition 4.5, we obtain for m(I) =n — (1)

) 1 E
Twr N < ) D(m(D)?
A

(I pe] + w8 (4.35)

uc®M 81,82,53,54,T2,T4,51,92€SST [ (1)41,n) (A /1)
L(u)<m(I)
Dy (m(1)* 8
SR (N ] + w8
Dront~ (Vi +1wh
1 8
. |w| 8
N > Dulm) (Nl + [w) ST uiryerm A/ ).
uc®Mx
L(pn)<m(I)

(For general g, |SST [in(1)+1,n] (A/)|8 is replaced by |88T[m(1)+1,n](?\/u)|4g.) Hence,
from (4.3) we obtain Theorem 4.1. []

5. The Total Contribution from Large-Dimensional Families

5.1. Statement of main sectional results. The main task of this section is to estimate the
sum

Y. @mW)I(w,p)

(p,W)eSUm\Q (B;m)
appearing in the left-hand side of (1.10). Let A(B; n) denote the collection of Young
diagrams of length at most n — 1 such that

Ne AB;n) > (o), W) € SUM\Q(B; n)
is a one-to-one parametrization. The goal of this section is to prove Theorem 1.9, which
amounts to establishing a bound for
def

Th(w, B,n) S Y DAMIZ(w, N)
AEA(B;n)
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and proving its absolute convergence.
Theorem 1.9 has the following corollary that will be useful later.

Corollary 5.1. Let g > 2 and B € N be fixed. We have
. _ 1 1 —2log B
tRg-2um =y WJng,B (Z (n )
(0, W)eQ2(B;n)
asn — oo.
Proof of Corollary 5.1. given Theorem 1.9. Let w = idy,,. We use the result, for any
(p, W) € SU(n)
1
(dim W)2s~!

which is due to Frobenius [Fro96] when g = 1; see [PS14, §2] or [CMP21, eq. (2.2)]
for the (easy) extension to general g > 2. Since tr(idy,, (x)) = n forall x € SUn)28,

/ (o (R CNApBET o (x) = (5.1)

we obtain from (5.1) that for any (p, W) € S/U\(n), IZ(w, p) = W; hence,
. 1
EZ(lszg, B, l’l) =n Z W (52)

(0, W)eSUMN\Q (B;n)

Now the corollary follows directly’ from Theorem 1.9. O

5.2. Preliminary estimates. Even in the simple case of y = id (5.2) shows that the
problem of estimating X is related to the large-n convergence of the Witten zeta function
as in Theorem 1.8. The techniques used in [GLM12] can be adapted to deal with (5.2),
and indeed, are also useful in dealing with general y (or w). The key estimate we take
from (ibid.) is the following. Given a YD A with £(A) < n, we define x; (\) = A; — Ara1,
setting A\; = Ofori > £(A). These are the coefficients of the highest weight of (,o,z‘, W,z‘)
with respect to a system of fundamental weights for SU(n).

Lemma 5.2 ([GLM12, eq. (1), Lemma 8]). For a YD A with £(A\) < n, we have

n—1
DA() = [T +xi 0™
i=1

where v; are positive real numbers satisfying for0 < j < 5

vj =v,—; > jmax(l,log(n — 1) —log j).

For the reader’s convenience, Lemma 5.2 follows from applying the AM-GM in-
equality to the Weyl dimension formula. It will turn out, because of Lemma 5.2, to be
useful to work with the coordinates x(A) € Ng_l from now on, instead of A. On the
other hand, Theorem 4.1 involves quantities |A/ | and |SST jn+1.01(A/ )| for p c? A,
m + % = n. We now estimate these quantities in terms of x(A).

7 Admittedly, this is overkill. The full arguments needed to prove Theorem 1.9 are not required for Corollary
5.1: the entirety of §4 is bypassed by (5.2).
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Lemma 5.3. If®© € Ny, A and n are YDs with £(A\) <n — 1 and n C® A then

n—1 n—1
Ml <D x;N) <D [ +x;00).
j=l1 j=l

Proof. The condition that © C® A means that there is a chain of YDs u = u® c!
w® 1l . cul c! pwo = A First note that [A/u!| < A; since to obtain ! from A,
one can delete at most one box from each column and there are A; non-empty columns
of A. One also has y,% < A1 and so repeating the argument gives !/’ < up < A\

and iterating further gives |/Li/l,Li+1| <Apforall0 <i <% — 1. Hence,

D—1 n—1
Ml =D 1w /T < DN =D ) 5.
i=0 j=1

O

Lemma 5.4. I[f© € No, n > ©, A and v are YDs with {(A\) <n — 1 and c® A and
m=n—29, then

n—1 2®

ISST et M 10)] < (H(xi M)+ 1))

i=1

Proof. Choosing an element of SST [;4+1,,71(A/ 1) is the same as choosing a sequence

w=p2ct el cu o= A. We regard all x(u) € Ng_l by extending

by zeros. The number of choices of ,ul is ]_[l'-:l1 (x; (M) + 1) since one removes from the

i"" row of A between 0 and x; (A) boxes inclusive. Regardless of how w! is chosen, we
have

xi(hy =) =l <N =N = 1) Fx0 A < 1+ x5 A1+ x40 A) — 1
SO
2

n—1 n—1
[ +D < <1‘[<x,- ) + 1))

i=1 i=1
Thus, repeating the previous argument gives that the number of choices of ©?, given

2
,ul, is at most (]—L’-’;ll (xi(A) + 1)) . Iterating further, the number of choices of the chain

,u], ,uz, e, /fg’l is at most

2 4 292

n—1 n—1 n—1 n—1
[Jan+D (H(xi(m + 1)) (]‘[(xi \) + 1)) (]‘[(x,-(x) + 1))
i=1 i=1

i=1 i=1

n—1 Z/{@;}ZZk n—1
= (H(x,-(m + 1)) < (]‘[(x,m + 1))

i=1 i=1

29
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We can use Lemmas 5.3 and Lemma 5.4 to tidy up Theorem 4.1.

Proposition 5.5. For w € [Fa,, Fo, ], we have

C(w,g)
(mzia+xom) "
D (n)?~!

1Z(w, N)| Ku,g n'"!
asn — 0o, where

Cw, g) & dglw|(1+2/).

Proof. Recalling that © (1) is the number of distinct indices of some / € [n]™!, we have
D(I) < |w|. We begin by using Lemmas 5.3 and 5.4 in Theorem 4.1 to obtain

Zw, M < Y (o

[71€S, \[n]™!
1
D 2 Dun =D (M pl+
A nc® O

L) <n—(1)
ISST (-0 (111 A/ ) *1¥]

(Imy=ia+x;00

)4g|w\<1+2““'>

<<w,g Z I’lQ(I)

D 2g
(1€, \[n]"®! A(n)
> Dy —2)).
uc@x

L(u)<n—2(1)
Here the notation <, is with respect to n — oo. Since given A with £(A) <n — 1, for
every u C2U A with £(n) < n — D), dim Homy,—o 1) (Wy_g 1) WM > 1by
the branching rules, we have

Y. Dun—9U) < Daw);

P
L(n)<n—2(I)

hence,
4g|w|(1+2/w1)
(mzta+x0m)
Zw. N Kwg Y. 07D j i A
[11€S, \[n]! A(n)
Moreover,
IS \[n]™!] < w|™!,
S0 we obtain
4glw| (14211 Clve)
(T2 +5,00) L(miassan)
o D Dx(m)*~! - D (n)%s~! (5.3)

asrequired. 0O
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5.3. Proof of Theorem 1.9. We begin by considering the sum > (w, B, n)
= ZMA(B;") Dy (n)Z(w, A). Fix g > 2. We use Proposition 5.5 in this sum to obtain

C(w,g)

(=i +x00)

Dy (n)?8~2

So(w, B,n) Lwgn™ Y
A€A(B:n)

where C(w, g) > 0. Let C = C(w, g). We need a key observation relating the weight
coefficients x(A) to the set 2(B; n) and hence A (B; n). It is not hard to check that if
A € A(B; n) then either

e x;(A) > Bforsomei < Bori >n— Bor
e xj(A) >0Oforsome B <i<n—B,

and given X € Z’;Bl satisfying these conditions there is at most one corresponding
A € A(B;n). (Obtaining these conditions was the reason for the original choice of
Q(B,n).)

Now by Lemma 5.2

1
So(w, B, n) Ky g n'"! - _
Ae/\Z(B;n) H;!:%(l +xj()\))(2g—2)v]—c

1
[w]
=" (5.4)
}\EI% n) l_[] 1(1 +Xx; ()\))zv.ifc

1
[w]
<n E . (5.5)
-1 ) 20;—C
xeNy [TjZi 0+ x; A)2

x>0 for some B<j<n—Bor
xj>B for some je[B]U[n—B,n—1]

Here v; are the constants from Lemma 5.2 satisfying for 0 < j < 5

Vj = v,—; > jmax(l,log(n — 1) —log j).

Notice that if j € [ﬂ n— "_1] We have v; > “=. The function x > x log (" 1)
has nonnegatlve derivative on [1, 2= ] so the mlmmum value of v; for j € [1, % ] U
[n—1—"n—1]isv; > log(n — 1). We have = > log(n — 1) forn > 1 sofor

n> 1we have
v;j >log(n—1), jeln—1]. (5.6)

The sum in (5.5) can be crudely estimated by disregarding the constraints on x to obtain
forn > 1

n—1
Zo(w, B,n) <y n" [T ¢v; -0 (5.7)
j=1

where for Re(s) > 1

def o 1
:Z:_S



Random Unitary Representations of Surface Groups I 165

is an absolutely convergent sum defining Riemann’s zeta function. Notice thatforn >, ¢
1,2v; — C > 2log(n — 1) — C > 1, s0 (5.7) shows that X>(w, B, n) is defined by an
absolutely convergent sum. This proves the first statement of Theorem 1.9.

‘We now turn to finer estimates for 5. Assume n > 2B max(2B, C+1) and 2 log(n —
)—-C>2,sothat2v; —C > 3.

Incorporating the constraints on X in (5.5) gives the improved estimate

Ss(w, B, n) A
o <wg 2P —0 [ ceu-0
j=1 ieln—1],i#j
n—B—1
+ Y Pe-0 ] c@u-0
j=B+1 icln—11,i#j
n—1
+ Y BV -0 [ ¢eu-0
j=n—B icln—1],i#j
B L5
<Y BV -0+ Y P -of J] ceu-0
j=1 j=B+1 ie[n—1]

where the last estimate used v; = v,_; and (2 — C) > 1, and

o0

() (o def N 1
SOED s
k=p

Moreover, for s > 3 the simple bound [GLM12, pg. 1826] {(s) < 1 +2-27% and
our assumptions on n imply

L5]
IOg( 1_[ ;(ZUZ‘ — C)) S zzlog(] + 2 . 2*2Uj+c)

ieln—1] j=1

,7
S
—

E 4 272Uj+C

I
<N

J

S 2C+2 Z 2—2] <<w l

1<j<l%]
Hence,
B L5]
Y2(w, B, n)
T <w 2P -0+ Y0 P -0 (5.8)
j=1 j=B+1

We next need bounds for the £ (”). By comparison with an integral, we have for s > 1
and p > 2

(p—n"
- :

(p)
() = —
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This gives

(Ba1) B B1+C—2v; e 5

+ 2v; < — < BJr B~7Y
)
Jj=1 j=1
B B

. n—1 _
<Bw B—Z‘/ log(T) < Z B—2/10g<T)

j=1 j=1

_ —2log B

n=1 n—1

(5.9)

To deal with the second part of (5.8), we use a different bound. One has the bound
[GLM12, proof of Lemma 6]

Py <2.27
for s > 3. Under our current assumptions on 7, this gives

L5] L5] L5]

S (P —0) <2 Y 20, 3 2

j=B+1 j=B+1 j=B+1
[vn—1] L5
D M
j=B+1 j=IV/n—11+1
AT
< Z zfjlog(nfl)+272\/nfl < (n_l)(B+l)log2+272./n71‘
j=B+1

(5.10)
Thus, in total by combining (5.8), (5.9) and (5.10) we achieve
So(w, B 1) Kpwg vl <(n _1)"2l0gB 4y _ 1)(B+Dlog2 +272»,/n71)
lw|—21log B

LB,w,g N

as n — o0o. This proves the second statement of Theorem 1.9. J

5.4. Proof of Theorem 1.1.
Proof of Theorem 1.1. We are given M € N and we choose B € N such that
2logB > M +|w| > M.

We first take care of the term ¢(2g — 2; n)~! appearing in Corollary 1.6. Corollary 5.1
shows that

1 1
(2g —2;n) = Z @m W)= + Og.B (; (n210g3)>

(0, W)eQ(B;n)
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1
= s + Oy (7).
Z D[M’v](n)Zg_Z g,B n

TR
£(w),¢(vV)<B, 1,11 <B?

Now as the sum is over a fixed finite set, Corollary 2.3 implies that for n > 2B> we
have

1
Y 5 = Fep) (5.11)
29—2 8
esp) P17

for Fy p € Q(¢) with only possible poles in [—2B3,2B3] and no zeros in (2B3, c0).
From Theorem 1.8, lim, . Fg g(n) = 1; this can also be seen directly from (5.11).
Therefore, we have

(g —2; n)71 = Fg’;(n) (1 + O (1‘7g,3(n)71rf/‘/[7]))_l

_ 1 —M—1
=t 0, (n ) (5.12)

asn — oo.
By Theorem 3.2, Theorem 1.9 and Corollary 1.6, we have

<QB,w(l’l) + Oy g (n|w|—210gB))

(Q5.u )+ 0wy (n7)) (5.13)

Pl = g —am

1
(g —2n)

as n — oo, where O, p € Q(¢). Combining (5.12) with (5.13) gives as n — o0

g altr, ] = <ﬁ + og((nM1)> (Qw,B(n) + Ogu (n*’”))
_ Qus®

—M-1 -M
Ty +Os (Qw,B(n)n ) + Ogo (n ) . (5.14)
Using F, p(n) — lasn — ooagain,andE ,[tr, ] < n,weobtain Q, p(n) = Og (1)
as n — 00, and hence, we bootstrap (5.14) to

Quw,p(n) _
Eg ,ltr, ] = FgTB(n) + Og (7).

This completes the proof; % is O (n) and can be expanded as a Laurent polynomial
as in (1.4) up to order O (n_M ) Moreover, it is clear that the Laurent polynomials
arising from different M must be coherent, i.e., arise from a fixed infinite sequence
a—1(y),ao(y),ai(y)...of rational numbers. O
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A. Calculation of Example 1.2

Let w = [a,b] € F4 = (a,b,c,d) and let y denote the projection of w to [', =
(a,b,c,d|la,b]lc,d]). We will calculate the asymptotic expansion of E; ,[tr, ] up to

and including order n™*.

Corollary 5.1 and Corollary 1.10 tell us that for some large enough fixed B € N we
have

1 1
t2iny= > W+o<n—4), (A1)

(0, W)eQ(B;n)

Eaultry] =¢@2:m)~" Y (dim W)Z(w, p) + O (i> (A.2)
ALy ’ s nS . .

(p,W)eQ(B;n)

as n — o0o. Here we identify the set Q2 (B; n) with pairs (i, v) of YDs as in §§3.1.
The first step is to calculate the first few terms of the asymptotic expansion of ¢ (2; n).

Unless the family (o), WiV is trivial (u = v = @, dim(W}*"!) = 1), standard
(u =0, v =@, dim(W*"y = n), or dual to standard (u = @, v = O, dim(W*")) =
n) we have dim(W,E“’v]) > n?asn — oo. Since the set 2(B; n) is finite, these
observations give

. 2 1 - 2 1
(@im)=1+-5+0 n—4), cam =1-54+0( (A.3)

asn — oo.
Now, to use (A.2) we must calculate each

Z(w, o)

/ tr(IA, B)sp.01([A, BIIC. DDApiss (A, B, C, D).
(A,B,C,D)eSU(n)*

(A4)

appearing therein. We use the following two formulas:

/ st ([A, BIIC, Dhdugy, (D) = Stu,v1 ([A, BIC) 5[, (C1),
DeSU()

dim Wi+

Sy (LA, BIO)sua(C Ddplar oy = — — 5 (A, B])
~/;€SU(11) lie-v] [pe-v) SU®) dim W[,u,v] [.v]

n
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The first of these follows from [BtD9S5, Prop. 4.2] and the second by orthogonality of
matrix coefficients. Using these in (A.4) to integrate out C and D gives

[ v]y — — L
I(w’ IOn ) - (dim VVIEV--”])Z
Joamyesum 1A, BDspuw) (A, BDApgle 5 (A, B)). (A.5)

It follows from Pieri’s rule [FH91, (A.7)] that

tr([A, BDspeu (TA, B) = ) sy (A, BD)
w v

where 1’ and v’ are YDs formed by either removing one box from i (leaving v unaltered)
or adding a box to v (leaving p unaltered). Finally, using a formula of Frobenius [Fro96]
to obtain

1

dim w*

St (A, BDdpiae | (A, B)) =
f(A,B)eSU(n)2 vl SU(n)?
we obtain from (A.5) that

1 5 1
dim W A= dim w1

(dim WIH"h T (w, pltvly = (A.6)

Below we list the contributions from (A.6) to the sum Z(pﬁw)eg(g;n)(dim W)YZ(w, p)
from each quadruple (u, v, i/, v') whose contributions are not O(n_s). In the fol-
lowing, we use dim Wi = (2 + 1)(n — 1), WP = dim W)@ = 2D,
dim WD — 01 _ oty

(w, v, 1/, V) Contribution
@, 9,9, (1) n!
(1), 9.0, %) !
(). %, (1), (1)) AED D)
@, (1),9,(2)) n2(121+1)

2
.9, 1) )
((2)» (A,(l), (/j) nz(n+])
(. 1), 8. (1), %) )

Using all these, we get

Y WimW)I( =2y 2 Lo(L _§+2+0<L
w,p—n nn?—1) ) noond nd /)’

(p,W)eQ2(B;n)

Combining this with (A.3) gives

2 1 29 1 2 5 1
]Ez,,,[try]z 1_n_2+0 n_4 ;+E+O n—s =;+n—3+0 n—s .
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