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Abstract: We prove that finite-index conformal nets are fully dualizable objects in the
3-category of conformal nets. Therefore, assuming the cobordism hypothesis applies,
there exists a local framed topological field theory whose value on the point is any
finite-index conformal net. Along the way, we prove a Peter—Weyl theorem for defects
between conformal nets, namely that the annular sector of a finite defect is the sum of
every sector tensored with its dual.
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Introduction

A finite-dimensional Hilbert space H is dualizable in the sense that there is a Hilbert
space H* together with evaluation and coevaluation morphisms ev : H ® H* — C
and coev : C — H™ ® H such that the identity idz can be recovered as the composite
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(coev®idy)o(idy ® ev), and the identity id g+ can be recovered as a similar composite;
indeed, every dualizable Hilbert space is finite-dimensional.

The 2-category VN of von Neumann algebras deloops the category Hilb of Hilbert
spaces in the sense that Homyn (1, 1) = Hilb. If a von Neumann algebra A is a finite direct
sum of type I factors, then it is fully dualizable in the sense that there is a von Neumann
algebra AP together with evaluation bimodule gga Hc and coevaluation bimodule
cHawga such that the identity bimodule AL2(A) A can be recovered as a composite
of the evaluation and coevaluation (and the identity bimodule for AP can be similarly
recovered), and such that the evaluation and coevaluation bimodules themselves admit
adjoints. A fully dualizable von Neumann algebra is in fact necessarily a finite direct
sum of type [ factors. More generally, full dualizability functions as a strong finiteness
condition on the objects of a higher category.

The 3-category CN of conformal nets deloops the 2-category VN of von Neumann
algebras, in the sense that Homgn (1, 1) = VN [BDH19, Proposition 1.22]. In this paper,
the fifth in a series [BDH15,BDH17,BDH19,BDH18] concerning the 3-category of
conformal nets, we investigate the dualizability properties of conformal nets and their
defects and sectors. Our main result is that a conformal net is fully dualizable if (Theorem
B below) and only if (Theorem C below) it has finite index.

Dualizability. Recall that two i-morphisms F : B —- Aand G : A — B in an
n-category (i < n) are called adjoint (or dual), denoted F - G, if there exist (i + 1)-
morphisms, the unit s : idg — G o F and the counit r : F o G — id4 such that the
composite (idg ©r)o(s©®idg) is equivalent to id g and the composite (r@idr)o(idr ©s)
is equivalent to idp; we say that F admits G as its right adjoint, or equivalently that G
admits F as its left adjoint. (Here © denotes functorial composition of (i +1)-morphisms
in the direction of i-morphisms.) Similarly, two objects f and g in a symmetric monoidal
n-category are called dual if there exist 1-morphisms, the coevaluations : 1 — f ® g
and the evaluation » : ¢ ® f — 1, such that the composite (r ® idg) o (id, ®s) is
equivalent to id, and the composite (id y ®r) o (s ®id y) is equivalent to id . (Note that
by convention, the monoidal structure ® has a geometric rather than functorial order of
composition.)

Ani-morphism F : A — Binann-category (i < n)is called fully dualizable if there
is an infinite chain of adjunctions - -- FLt o FL o4 F o FR o FRR 4 ... such that
every unit and counit morphism in each of the adjunctions in that chain itself admits a
similar infinite chain of adjunctions, such that every unit and counit morphism in each of
the adjunctions in all of those chains in turn admits an infinite chain of adjunctions, and
so on until one reaches a chain of (n — 1)-morphisms, at which point the conditions stop.
(We refer to an (n — 1)-morphism that has an infinite chain of left and right adjoints, and
is therefore fully dualizable, simply as ‘dualizable’.) Similarly, an object in a symmetric
monoidal n-category is fully dualizable (also called ‘n-dualizable’) if it admits a dual and
the coevaluation and evaluation morphisms are fully dualizable. A symmetric monoial
n-category is said to have all duals if every object is fully dualizable and every i-
morphism (i < n) is fully dualizable. (Note that the notions of fully dualizable and of
having all duals do not depend on the exact model one chooses for symmetric monoidal
n-categories, because the dualizability conditions can be phrased entirely in terms of
homotopy 2-categories canonically associated to the n-category. For a more detailed
discussion of the notion of dualizability, see [DSPS17, Appendix A].)

The cobordism hypothesis [BD95,Lur09, AF17] ensures that for any fully dualizable
object ¢ in a symmetric monoidal n-category C, there is a local framed topological field
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theory F, : Bordgr — C whose value on the positively framed point is ¢.! In particular,
for any such object, there is an associated framed n-manifold invariant.

Finiteness. We will investigate the dualizability of objects and morphisms in the sym-

metric monoidal 3-category of conformal nets. To that end, we introduce notions of

“finiteness’ for nets, defects, and sectors, arranged in such a way that finiteness ensures

both the existence of a dual (or adjoint) and in turn the finiteness of the coevaluation

and evaluation (or unit and counit) morphisms. We will therefore be able to successively

establish that finiteness implies dualizability for sectors, defects, and conformal nets.
Consider the following subintervals of the standard circle:

Sti={zes'|om(z) =0}, S.:={zeS" NRez) >0}
Sl:={zes'|3m(z) <0}, Sl :={zeS8"Nfez) <0}

Moreover, let I1, ..., I+ C S! be the subintervals indicated here:

I

12@14 (0.1)

I

When appropriate, we equip the standard circle S' with its standard bicoloring S! = S,l,

S.1 = SL, and give Iy, ..., I4 the induced bicoloring, so that I} and /3 are genuinely
bicolored, I is white, and 14 is black.

We work with coordinate-free nets [BDH15, Definition 1.1]; thus a conformal net A
is a functor from the category of intervals to the category of von Neumann algebras. The
vacuum sector Hy(A) is a Hilbert space equipped with actions of the algebras A(1),
where [ varies over the subintervals of the standard circle [BDH15, Definition 1.12].
(Note that the vacuum sector Hy(A) is not extra structure on a conformal net, but is
defined explicitly in terms of the von Neumann algebras associated to intervals.) The
split property of A gives additional actions associated to disjoint unions of subintervals
of the circle. In particular, the algebra A(I; U I3) = A(I}) ® A(I3) acts on Hy(A),
and similarly for I, U I4. Given nets A and B, an A-B-defect 4Dg is a functor from
the category of bicolored intervals to von Neumann algebras [BDH19, Definition 1.7].
The two colors of the bicolored intervals correspond to the source and target nets .A and
B of the defect. The vacuum sector Hy(D) is a Hilbert space equipped with actions of
the algebras D (1), where I varies over the subintervals of the standard bicolored circle.
(As for nets, the vacuum sector Hy(D) is not additional structure on a defect, but is
constructed from the given von Neumann algebras.)

We henceforth assume that all conformal nets and defects are semisimple, that is
finite direct sums of irreducible ones; (a conformal net or defect is irreducible if it does
not admit a non-trivial direct sum decomposition).

1 See the section on ‘Manifold invariants’ below, and in particular Footnote 3, for a discussion of the
applicability of the cobordism hypothesis to the symmetric monoidal 3-category of conformal nets.
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Definition 0.2.

o A conformal net A is finite if the bimodule 4;,ur)Ho(A) A1,y is dualizable as
a morphism in the 2-category of von Neumann algebras.”

o A defect 4 D between finite conformal nets is finite if the action of the algebraic
tensor product D (/1) ®aig D(I3) on Hy(D) extends to the spatial tensor product
D(I}) ® D(I3), that is, if the Hilbert space Hy(D) is split as a D(I{)-D(13)°P-
bimodule.

o A D-E-sector H between defects D and E, is finite if the bimodule D(S'T)HE(SJI_)"P

is dualizable as a morphism in the 2-category of von Neumann algebras.

Note that, because there is a contravariant involution on the 2-morphisms of the 2-
category of von Neumann algebras (namely the adjoint map of Hilbert spaces), a left
adjoint bimodule is also a right adjoint bimodule and vice versa; thus for a bimodule to
be dualizable it suffices that it admit a single adjoint.

Statement of results. In order to construct adjunctions for defects, we will need to under-
stand the Hilbert space assigned by a defect to a bicolored annulus. To that end, we prove
the following Peter—Weyl annular decomposition theorem for defects, generalizing the
Kawahigashi—-Longo—Miiger theorem for conformal nets [KLMO1, Theorem 9]. Given

a bicolored annulus A = and a defect D, we will construct an associated

Hilbert space H,,,(D), considered as a ‘0 A-sector’, that is, a representation p of the
collection of algebras {D(I)} for I a subinterval of the boundary d A (a disconnected
1-manifold), subject to the following isotony and locality axioms:

(isotony): I C J = ppw)lpay = Py, 0.3)
(locality): I N J =0 = [ppuy. pp)] = 0. ’
Let A p be the set of isomorphism classes of irreducible D-D-sectors, with the sector
associated to A € Ap denoted H,. Let A denote the dual isomorphism class, and let
H) ® Hj denote the d A-sector where one circle acts on H, and the other circle acts on
H_
5

Theorem A (Peter—Weyl for defects). For a finite irreducible defect D, the annular
sector Hgypy (D) is non-canonically isomorphic to the sum @AEAD H), ® H; of every
sector tensor its dual.

This is proven as Theorem 1.13 in the text. We may depict this result as

2 If Ais irreducible, then this condition is equivalent to the conformal net having finite index, as follows.
Recall from [BDH15, Definition 3.1] that the index of a conformal net A is defined as the minimal index of the
inclusion A(I] U I3) C A(I U I4)". By [BDH14, Proposition 7.5], if this minimal index is finite, then the bi-
module 4(j,ur5)Ho (A) A(1,u1y)0p s dualizable. Conversely, if that bimodule is dualizable, then, by [BDH14,
Definition 5.1], its statistical dimension is finite and thus, by [BDH14, Definition 5.10 & Proposition 7.3], the
corresponding minimal index is finite.
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Equipped with this and other results about defect annular sectors, we proceed to our
main topic of dualizability properties of conformal nets. We show that finite sectors are
dualizable; that finite defects are dualizable with finite unit and counit sectors (and hence
are fully dualizable); and that finite conformal nets are dualizable with finite evaluation
and coevaluation defects (and hence are fully dualizable).

Theorem B (Dualizability of finite nets, defects, and sectors). The 3-category of finite
semisimple conformal nets, finite semisimple defects, finite sectors, and intertwiners has
all duals.

This result is summarized as Theorem 2.20 in the text, collecting the results of Propo-
sition 2.11, Corollary 2.12, Proposition 2.14, Corollary 2.16, Theorem 2.17, and Corol-
lary 2.19. Theorem A is used (via Proposition 1.21 and Corollary 1.16) in the proof of
the crucial Proposition 2.14, in order to construct the unit and counit sectors needed for
the adjunction of defects.

Having established that finiteness implies full dualizability, we conversely establish
that full dualizability ensures finiteness.

Theorem C (Finiteness of dualizable nets, defects, and sectors). A fully dualizable con-
formal net, defect, or sector is necessarily finite.

See Corollary 2.12, Proposition 2.22, Theorem 2.25, and Remark 2.31 in the text for
the precise statements and proofs. Note that we do not have a 3-category of all not-
necessarily-finite conformal nets (because we do not know that the composition of two
defects between non-finite nets is again a defect); however the notion of dualizability is
still well defined for an arbitrary not-necessarily-finite net (namely as the condition that
the canonical evaluation and coevaluation defects both have ambidextrous adjoints with
dualizable unit and counit sectors), and therefore it makes sense to claim and prove as
we do that a dualizable net is finite.

Manifoldinvariants. By Theorem B and under the (overwhelmingly plausible but not yet
proven) assumption that the cobordism hypothesis applies to the symmetric monoidal 3-
category of conformal nets constructed in [BDH18], associated to any finite conformal
net there is a 3-dimensional local framed topological field theory whose value on a point
is the conformal net. Naturally, one wonders what manifold invariants are given by this
topological field theory.

For 1-dimensional manifolds, the conformal net field theory invariants are given,
projectively (that is, up to tensoring by an invertible von Neumann algebra), by the ex-
tension, constructed in [BDH17, Theorem 1.3], of the conformal net to a functor from
1-manifolds to the category of von Neumann algebras. In particular, the invariant of a
circle is the direct sum over irreducible representations of the algebra of bounded op-
erators on the underlying representation space (see [BDH17, Theorem 1.20]). One may
also express the invariant of a circle as the colimit in the category of von Neumann alge-
bras of the value of the conformal net on all the subintervals of the circle (see [BDH17,
Proposition 1.25]).

3 As the cobordism hypothesis applies most immediately to symmetric monoidal n-categories modeled as
I'-objects in complete n-fold Segal spaces [Lur09,CS15], this assumption can be made precise in the form
of the following conjecture: there exists a I'-object in complete 3-fold Segal spaces CN’ together with an
equivalence of tricategories E : [CN] — [CN’]; here CN denotes the symmetric monoidal 3-category of
finite conformal nets constructed as an internal dicategory in symmetric monoidal categories [BDH18], and
the brackets [—] denote the tricategory associated to either the internal dicategory in symmetric monoidal
categories or the I"-object in complete 3-fold Segal spaces.
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For 2-dimensional manifolds, the conformal net field theory invariants are given,
projectively (that is, up to tensoring by an invertible Hilbert space), by the functor
constructed in [BDH17, Theorem 2.18], from 2-manifolds to Hilbert spaces. In particular,
the invariant of a closed 2-manifold is given, projectively, by the space of conformal
blocks associated to that surface. When the conformal net is N x, the one associated to
the level k central extension of the loop group LG, we expect the invariant is the space
of conformal blocks for the corresponding chiral WZW model.

For any finite-index conformal net A, under the aforementioned assumption that the
cobordism hypothesis applies, our results provide a complex-valued invariant Z 4(M)
of any closed framed 3-manifold M. For the loop group conformal net g, the cat-
egory Rep(Ng ) of representations of the net is thought to be isomorphic to the cat-
egory Rep(LG, k) of representations of the loop group LG at level k; see [Henl7]
for a discussion of this comparison problem and [Guil8, Section 5.1] for progress to-
wards a solution. Provided the representation categories of the conformal net and of
the loop group are indeed isomorphic as modular tensor categories, then we expect the
3-manifold invariant Z s , (M) determined by the conformal-net-valued local field the-
ory is the Reshetikhin—Turaev invariant of M associated to the modular tensor category
Rep(LG, k) of representations of the associated loop group.

1. Defect Algebras Acting on Annuli and Discs

We will, later in Sect. 2, interpret the fusion of a defect and its adjoint as associating
an algebra to an interval with not just a single transition point from white to black, but
instead two: one from white to black, and then one back to white. To construct the unit
and counit of the adjunction, we will need an action of this larger algebra on the vacuum
sector of the original defect. We will construct such an action by first constructing an
action on a Hilbert space associated to an annulus and then “plugging the hole” of the
annulus with a vacuum sector.

Working up to those constructions, in this section we study the Hilbert space asso-
ciated to a bicolored annulus; we prove a Peter—Weyl theorem decomposing the defect
annular Hilbert space as a sum of tensor products of sectors and their duals, and we
define the algebras associated to arbitrary bicolored 1-manifolds.

1.A. The Hilbert space for a bicolored annulus. Given a finite defect D between finite
conformal nets, the bimodule

D@D 13) HO(S, D) (A1) @B(14))r (1.1)

is always dualizable (see [BDH19, Proposition 3.18] and Footnote 2). Here S is a bi-
colored circle decomposed into intervals Iy, ..., I4, as in (0.1), and the vacuum sector
Hy(S, D) is described in [BDH19, Notation 1.14]. Let —S, —1y, ..., —I4 be the same
manifolds with the reverse orientations. The following result explicitly identifies the
dual, generalizing the corresponding result for conformal nets [BDH15, Lemma 3.4]:

Lemma 1.2. Under the canonical identifications (D(—11) @ D(—13))? = D)) ®
D(I3) and (A(—L) @ B(—14))? = A(l>) ® B(14), the dual of the bimodule (1.1) is
given by

A(~1)@B(—13) HO(=S. D) (p(—1)&D(~ I3))er-
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Proof. We assume without loss of generality that S is the standard bicolored circle. Let
us write S1 = KiU---UKg,with K| = I4ﬂS-1|—, K,=1,K3= IzﬂS-lr, Ky = IzﬂSi,
Ks=1,Ke=1snS!

K>

K3 K
T
K4 Ko
Ks

and let j be the reflection that exchanges S-lr and Si. For any interval I, we abbreviate
D(j) : D) — D(I))P by j, and let A := D(S-lr). By definition, Hy(S, D) =
L2(A) with actions

(a1 Qa2 Qa3 @as ®as ®ag) - & = (a1a2a3) & ji(asasae)”,  a; € D(K;). (1.3)

Here a”? € A is the element a € A viewed as an element of A°’. By [BDH14,
Corollary 6.12], the dual of Hy is its complex conjugate Hy(S, D) = L2(A), with
actions b - £ -a = a*-£-b* fora € D(I)) @ D(I3) and b € (A(L) ® B(14))°P. We
rewrite it as

op* op*

(a1 ®a3®as®ag) & - (ay ®ag) = (a5 ®ad™) & (a} ®a} ®a} ®ap)

op* op* op* op* op* op*
:(alp ®a2p ®a3p ®a4p ®a5p ®a6p)-$

op* _op* _op¥ ;
=(a; a, a, )5]*(023;612)

(1.4)
fora; € D(K;).

On the other hand, Ho(—S, D) := L*(D(—S})) = L?(A°) has actions (b1 ® by ®
b3 ® bs ® bs ® b) - 0 := (b1b2b3) 1 ji(babsbe)?P for b; € D(K;) and nn € L>(A%).
Using the canonical identification n — n° between L2(A) and L?(A) that exchanges
the left A°?-module structure with the right A-module structure and the right A°”-module
structure with the left A-module structure, this becomes

[(a1 ®ay ®a3 ® as @ as ® ae) - §17 = ji(asasae) §7 (a'a5 ay’) (1.5)

fora; € D(K;) and & € L*(A). Finally, the isomorphism intertwining (1.4) and (1.5) is
given by the modular conjugation J : L2(A) — L?(A). O

We now investigate what happens when we glue two vacuum sectors along a pair
of intervals. Instead of viewing the vacuum sector Hy(S, D) as being associated to a
bicolored circle S as in [BDH19, Notation 1.14], we shall think of it as being associated

to a bicolored disk:

bicolored circle bicolored disk

This is merely a change of notation, not of content. (Note that, as in [BDH19], the Hilbert
space Hy(S, D) is only well defined up to non-canonical isomorphism.)
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Given two genuinely bicolored disks I;, D, we investigate two ways of gluing
them together into annulus. Decompose each of their boundaries into four intervals
S =0 =L U---Ulyand S, := 0D, = Is U---U Ig, where I, Iz, I5, I7 are
genuinely bicolored, /4, I are white, and I, I3 are black. If we glue D; to D, along
diffeomorphisms /1 <> Is and I3 <> I7, we get the following bicolored annulus:

) ) (1.6)

If D is a finite defect, then the action of D(l1) ®q, D(13) on Hy(S;, D) extends to
the spatial tensor product D (/1) ® D([3). Similarly, the action of D (/5) ®g, D(I7) on
Hy(S,, D) extends to D(Is) ® D(I7). Identifying D(I5)®D(I7) with D(I1)® D(I3)°P
via the diffeomorphism, we can then associate a Hilbert space to the annulus (1.6) as
follows:

Ho($.D) B Hy(s, D) = ¢ Hol5: D) J HolS D) S -
D(I5)®D(I7) N I _____I. !

Here we used cyclic fusion, see [BDH19, Appendix B.III].

Consider now the slightly different situation where I, l4, I, I3 are genuinely bi-
colored, I, Is are white, and I3, I7 are black. Once again, we glue ID; to D, along two
diffeomorphisms /1 <> Is and Iz <> I7

bty @

D;UD,.

(1.7)
and we associate a Hilbert space to this annulus:*

_ .- Ho(S,D) X Hy(S,,D) KX -
Hy(S;, D) X Ho(S-,D) =, 0 )
AU)@BI) N Ad) - BUy

The next lemma describes the structure of the Hilbert spaces associated to the an-
nuli (1.6) and (1.7):

Lemma 1.8. Let 4 Dg be a finite irreducible defect, and let S;, Sy, 11, ..., Ig be either
asin (1.6) orasin (1.7). Let also Sy, := I, U Ig and Sy, := 14 U Ig. Then Hy(S,,, D) ®
Hy(Sp, D) is a direct summand of
g .— - Ho(S, D) @ Ho(Sr, D) X -
ann = D(I3)

,,,,,,,,,,,,,,,,,,,,,,,,

\
I

in a way compatible with the actions of D(J) forall J C Sp and J C S,,. Moreover,
Hy (S, D) ® Hy(Sp, D) appears with multiplicity 1 inside Hgy,y,. (In the case of situa-
tion (1.6), by definition Hy(S,,, D) = Ho(Sp, A) and Hy(Sp, D) = Hy(Sp, B), in this
case, we also require that A and B be irreducible.)

4 We expect this Hilbert space to be independent of the way we decompose the annulus (for instance, of
the number of pieces in the decomposition), but we do not address this independence here.
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Proof. Let A := D(L)® D(I4), B := (D(I}) ® D(13))*” = D(I5) ® D(I7), and
C := (D(Ig) ® D(Ig))°", and let us abbreviate

H; := Hy(S;, D), H,:= Hy(S;, D), Hp:= Hy(Sp, D), Hy := Hy(Su, D).

Since I, 14, Ig, Ig cover S,, U S, and D is (and if needed A and B are) irreducible, the
Hilbert space H,, ® Hp, is an irreducible A-C-bimodule. We need to show that

homy, c(Hy ® Hp, Hypn) = homy c(Hy ® Hp, H Xp H,) (1.9)

is one-dimensional.

The bimodule 4 H;p is dualizable [BDH19, Propostion 3.18]. Since D is a finite
defect, Lemma 1.2 identifies its dual as H; := Ho(—S;, D). By the fundamental property
of duals (Frobenius reciprocity), we can therefore rewrite (1.9) as

homp,c (H ®a (Hn ® Hy), H,).

By [BDH17, Lemma A.4] and [BDH19, Lemma 1.15] ﬁl X4 (Hy ® Hp) is isomorphic
to Ho(S,, D). The above expression therefore reduces to homp c(H,, H,), which is
one-dimensional by the irreducibility of the defect D. O

1.B. A Peter—Weyl theorem for defects. We now prove that there are finitely many iso-
morphism classes of irreducible D-D-sectors (also referred to simply as ‘D-sectors’)
for a finite defect D, and that every such irreducible sector is finite. This is the analog
for sectors between defects of the corresponding fact for representations of conformal
nets, and the proof follows the structure of the proof for nets [BDH15, Theorem 3.14].

Let S be a bicolored circle. Recall that an S-sector of D is a Hilbert space equipped
with actions of the algebras D(I) for all bicolored subintervals I of S, subject to the
conditions (0.3). As in [BDH15, §1.B], given a D-sector K (on the standard bicolored
circle) and a bicolored circle S, we write K (S) for the S-sector ¢* K, where ¢ : S — § !
is any bicolored diffeomorphism from S to the standard circle. This sector is well defined
up to non-canonical isomorphism, by the same argument as in the proof of [BDHI15,
Proposition 1.14].

Theorem 1.10. Let 4Dg be a finite irreducible defect between finite conformal nets.
Then all D-sectors are direct sums of irreducible ones, and all irreducible D-sectors
are finite. Moreover, there are only finitely many isomorphism classes of irreducible
D-sectors.

Proof. Let Sy, Sy, Sp, S and Iy, I, . .., I be as follows:

Sp

I a 5 (1.11)

and let H; = Ho(S;, D), H; = Ho(S;, D), Hy = Ho(Sp, D), Hyy = Ho(Sp, D), and
Hypp := 1 H gA(Is) H, M) ‘;. Let also
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A:=D(hUly), B:=(A(L)®B(U:)? = A(ls)®B(I;), C:= DV I3)”,
A;:=D(), Ay := D), Cun:=DUe)”, C,:= D).

Since 4 H; g and g H, ¢ are dualizable bimodules, H,,,, = H; X H, is dualizable as an
A-C-bimodule. It therefore splits into finitely many irreducible summands, by Lemma
4.10 and decomposition (5.9) in [BDH14].

Let us now consider H,,, with its actions of D(I) for I € INTf’;. The von Neu-
mann algebra generated by those algebras on H,,,, has a finite-dimensional center, since
otherwise would contradict the fact that 4 H,,,c splits into finitely many irreducible
summands. We can thus write H,,, as a direct sum of finitely many factorial Sp-sectors
of D:

Hupp = K1(Sp) @ - -- @ Ky (Sp). (112)

Here K1, ..., K, are D-sectors, which we transfer to S, by means of an arbitrary diffeo-
morphism S I~ §,. (As in the situation without defects [BDH15, Section 3.2], a sector
is called factorial if its endomorphism algebra is a factor.)

Given an arbitrary factorial sector K, we now show that there exists a K; in the above
list to which K is stably isomorphic, i.e., such that K ® 02 = Ki® £2. Let us introduce
the bicolored circles S := I Uy, —Ip and S4 := I4 Uy, —I4. We have isomorphisms
K(S) Ryu, H = K(S) = H Ky, K(S4) of Sj-sectors (constructed as in [BDH19,
Lemma 1.15]). Fusing with H, over B, we get an isomorphism

K(SZ) |ZA1 Hann = Hann lZAm K(S4)-

Here we used that, by the definition of cyclic fusion, we can also construct H,,, as
H; Xp H, [BDH19, Appendix B.III]. By Lemma 1.8, it follows that

K(Sp) @ Hy = (K(S52) Mg, Hp) @ Hyp
= K(S) Xy, (H, ® Hy,)
C K(82) My, Hann
= (K(82) W4, Hi) X¥pusyepiz)r Hy
= (H XMy, K(84)) Xpusyepser Hr = Hapn R4, K(Ss).

Since D is irreducible, A,, is a factor, so K(S4) and L2Am are stably isomorphic as
Ap,-modules, and we get the following (non-canonical) inclusion of Sp-sectors of D:

K(Sp) ® 2 = K(Sp) ® Hy ® €2 C Hypy Ka,, K(S4) @ €2
= Hann &Am L2Am 02y Ez = Harm Q £2’

where the first equality is induced by an arbitrary Hibert space isomorphism ¢> =
H,, ® £2. The sector K (Sp) is factorial. It therefore maps to a single summand K; ® 22
of Hy, @ £2. 1t follows that K and K; are stably isomorphic. In particular, this shows
that there are at most finitely many stable isomorphism classes of factorial D-sectors on
Sp.

By Lemma A.1, any D-sector can be disintegrated into irreducible ones. As a conse-
quence, if there existed a factorial sector of type /I or 111, then (as in [KLMOI, Corollary
58]) there would be uncountably many non-isomorphic irreducible sectors. This is im-
possible, and so all factorial sectors must be of type I.



Conformal Nets V: Dualizability 11

We now show all irreducible D-sectors are finite. Let us go back to H,,,, and analyze
itasa {D(I)}IelNTf’: - {D(I)}IelNTfT -representation. Since each summand K; (Sp) in
the decomposition (1.12) is a type I factorial D-sector, we can write it as L; @ M;,

where L; is an irreducible representation of {D (1)} JeINTS and the multiplicity space

M; carries a residual action of {D (1)}, cINTS - The decomposition (1.12) then becomes
A1®A,,,(Hann) Cr ®Ch = @ aLlic ®a,Mic,,-

Since Hgp, is a dualizable A-C-bimodule, the bimodules 4, L; ¢, must also be dualizable.
This finishes the argument, as any irreducible D-sector on S, is isomorphic to one of
the L;. 0

Given a finite irreducible defect D, let A p be the finite set of isomorphism classes of
irreducible D-sectors. Forevery A € A p, we pick arepresentative H, of the isomorphism

class, which we draw as follows:
(D

The set Ap has an involution A > X given by sending a Hilbert space H, to its
complex conjugate H; = H,, with actions of D([) given by

ag := A(j)(a")s,

where j : S — S is the reflection in the horizontal axis (which is color preserving).
Note that the isomorphism H; = H is by no means canonical—see the discussion in
[BKO1, Remark 2.4.2].

The following Peter—Weyl theorem for defects is analogous to a corresponding
annular-sector decomposition theorem for conformal nets by Kawahigashi—Longo—
Miiger [KLMO1, Theorem 9], cf also [BDH15, Theorem 3.23]:

Theorem 1.13. Let D be a finite irreducible defect, let S;, Sy, Sy, Sp be as in (1.11),
and let

. Hy(S;, D) X Hy(S,,D) X -
Huypp = 0(Si ).A(I5) oS )3(13) )

1

,,,,,,,,,,,,,,,,,,,,,,,,

We then have a non-canonical isomorphism

B Hi(Sn) ® H; (S) (1.14)
LeAD

of (S U Sp)-sectors. We draw this isomorphism as

- b & ° .



12 A. Bartels, C. L. Douglas, A. Henriques

Proof. Let H), H,, A, A, A, B, C, Cy,, C, be as in the proof of Theorem 1.10, and let
I-VI; := Hy(—S;, D) be the dual bimodule to 4 H; g (see Lemma 1.2).

The Hilbert space H,,, = H; Xp H, is a finite A-C-bimodule and therefore splits
into finitely many irreducible summands. By the argument in the proof of Theorem 1.10,
each irreducible summand is the tensor product of an irreducible D-sector on S, and an
irreducible D-sector on Sp. So we can write Hy,;, as a direct sum

Han = @D Ny Hy(Sn) ® Hu(Sp)
A UEAD

with finite multiplicities N, € N.

Given A, u € Ap, we now compute Ny,. Let K be the vertical fusion of Hj and
H,. By slight abuse of notation, we abbreviate Hy := H,(Sy), H, = H,(Sp), and
K := K (S,). We then have

homy ¢ (Hy ® Hy, Hamn) = homy ¢ (H, ® Hy, H; Xp Hy)
homp,c (H; M4 (H, ® Hy). Hy)
= homp, c (H;L @Ar:np I:Il @AIHM, Hr)
homp ¢ (K, Hr)
C ifu=x
0 otherwise.

If follows that Ny, = 63, a

Remark 1.15. The isomorphism (1.14) is non-canonical. Actually, it doesn’t even make
sense to ask whether or not it is canonical since the right-hand side of the equation is
only well defined up to non-canonical isomorphism.

Corollary 1.16. Let S;, Sy, Sp, Sm and I, I, ..., Ig be as in (1.11). Then the algebra
generated by D(14) and D(Ie) on Hgy,y, is canonically isomorphic to @AeAD B(H, (S,
D)). Moreover, there is a non-canonical isomorphism

Hann X(py)vbag)yr Ho(Sm, D) = Ho(Sp, D) (1.17)

which we represent as follows:

s * s

Proof. By the isomorphism (1.14), the Hilbert space H,;,, when viewed as a repre-
sentation of D(l4) ®que D(lg), is a direct sum of copies of H;(Sy), each one oc-
curring with infinite multiplicity (more precisely with multiplicity dim(Hj5(Sp))). Be-
cause each H,(S,,) is irreducible as a representation of D(l4) ®qaie D(ls), the von
Neumann algebra generated by D(l4) and D(lg) on Hgy, is a direct sum of type
I factors. The isomorphism (1.17) follows from the decomposition (1.14) because
Hy, (Sm) R(pyvpieyer Ho(Sm, D) = 6;.0C. |
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1.C. Extending defects to bicolored 1-manifolds. In [BDH17, Theorem 1.3], we ex-
tended the domain of definition of a conformal net from the category of intervals to
the category of all compact 1-manifolds (where the morphisms are embeddings that
are either orientation preserving or orientation reversing). In [BDH19, Eq. 1.34], we
extended a defect to take values on disjoint unions of intervals. We now further extend a
defect to all compact bicolored 1-manifolds, with an arbitrary number of color-change
points. This extension will be useful when we construct the unit and counit sectors for
adjunctions of defects, because the composite of a defect and its adjoint can be naturally
reexpressed as the value of the defect on an interval with two color-change points.

Definition 1.18. A bicolored 1-manifold is a compact 1-manifold M (always oriented),
possibly with boundary, equipped with two compact submanifolds M,, M, C M such
that M, N M, consists of finitely many points. Moreover, each point of M, N M, should
be equipped with a local coordinate (—¢, €) < M that sends (—¢, 0] to M, and [0, &)
to M,.

Given a bicolored 1-manifold M, we pick a decomposition M = My U M7 such that
P := My N M has finitely many points, none of which is a color-change point. Every
connected component of My and M should be an interval, and should contain at most one
color-change point. Pick local coordinates around P, and define N; := (M; x {1)UQ C
M x [0, 1], where Q := P x [0, 1] inherits its bicoloring from P. The manifolds N;
and Q are oriented so as to make the inclusions M; — N; and Q — N, orientation
preserving; the inclusion O — Nj is then orientation reversing. The local coordinates
around P induce a smooth structure on N;. Asin [BDH19, Eq. 1.34], we define the defect
on a disjoint union of bicolored intervals by D(I{ U ---U I,,) := D(I)® --- @D(I,).
We then define the defect on any bicolored 1-manifold as follows.

Definition 1.19. Given a defect D and a bicolored 1-manifold M, we define the value
of D on M to be

D(M) := D(No) ®p(g) D(N1). (1.20)
(See [BDH19, Section 1.E & Appendix B.IV] for discussion and the definition of the
relative fusion product ® of von Neumann algebras.)

In [BDH17, Corollary 1.13], we showed that the value of a conformal net on a 1-
manifold was independent of the choice of decomposition used in the definition; the same
argument generalizes to the situation here, showing that the algebra (1.20) is independent
(up to canonical isomorphism) of the choice of decomposition M = Mj U M>.

Here is an example of the above definition:

(COO )= SO ), 0, 2T D)
O () N ~

In Sect. 2.C, this extension of a defect to take values on all bicolored 1-manifolds will
allow a computationally convenient expression for the composite of a defect and its dual.

Proposition 1.21. Let 4 Dg be afinite defect. Let S' be the standard bicolored circle, let
I C S! be the bicolored 1-dimensional submanifold indicated in the following picture

3

and let D(I) be as in Definition 1.19. Then the natural action of D(IN S-lr) ®ag DUN SJ]_)
on Hy(D) extends to a normal (that is, ultraweakly continuous) action of D(I).
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Proof. We first address the case when D is irreducible. By definition, the algebra D (/)
acts (normally) on

Fusing in /2, we can use the fact that a vacuum sector of a conformal net fuses with
a vacuum sector of a defect to a vacuum sector of the defect [BDH19, Lemma 1.15] and
the fact that cyclic fusion is cyclically invariant [BDH17, Appendix A] to see that D (/)
also acts on

Hopn = = = D X )
A(D)

where the second picture denotes the cyclic fusion of [, I ‘%& , and , as

defined in [BDH17, Appendix A].
By Corollary 1.16, the algebra generated by D( /\) and D(u) in B(Hypp)

admits a natural right action on . Since the action of D(/) on H,,;, commutes with

that of D(/\) v D(u), the algebra D () also acts on

oSy D

By (1.17), the latter is isomorphic to Hy(D).
When D is not irreducible, write it as a sum D; @ - - - @ D,, of irreducible defects.
We then have Hy(D) = @, Ho(D;), and

o0 =o( )

Il
)
—
v

B%)D(j)
S ()2 00( )

i B(=)

The subalgebra D;(I N S-ll-) ®Qalg DI N Si) C D(I) acts as zero on Hy(Dy) unless
i = j = k, in which case the first part of the proof applies and it extends to a normal
action of D; (1) on Hy(D;). Thus the action of D(I NSL) ®q, D(INSY) = @, bin

S-ll-) ®alg D; (I N Si) on & Hy(D;) extends to a normal action of D(I). O
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2. A Characterization of Dualizable Conformal Nets

2.A. Involutions on nets, defects, sectors, and intertwiners. The 3-category CN is
equipped with four antilinear involutions *, ~, T, °?, where the ith involution is con-
travariant at the level of (4 —i)-morphisms, and covariant at all other levels. The second
and third involutions will provide adjoints for finite sectors and defects respectively, and
the fourth involution will provide the dual of a conformal net—that the involutions do
indeed give adjoints, respectively duals, is proven in Sect. 2.C.

The first involution * acts trivially on the 0, 1, and 2-morphisms, and sends a 3-
morphism f : H — K toits adjoint f* : K — H (in the sense of maps between
Hilbert spaces).

The second one ~ acts trivially on 0 and on 1-morphisms. It sends a D-E-sector
(H, {p1}), where the homomorphisms p; are given by

pr: A(I) — B(H) for I elINTg, pr: D) — B(H) for I elINTgt
pr: B(I) — B(H) for I eINTg, pr: E(I) — B(H) for I €lINTg

to the complex conjugate Hilbert space H and E-D-sector structure given by

pr: A(I) > B(H) for I € INTgi,  p;: E(I) — B(H) for I € INTgi ¢

pr: B(I) — B(H) for I €INTg, p;: D(I) — B(H) for I € INTg 21

where o7 (a) := pj)(jx(a®)),and j : z — Zisthereflectionin the horizontal axis. Here,
J« stands for either A(j), E(j), B(j), or D(j). The involution ~ sends a 3-morphism
f : H — K toits complex conjugate f : H — K.

The third involution T acts trivially on objects. Given a bicolored interval I, let 1™
denote the same interval with reversed bicoloring, that is, (1), = I, and (I™), = I,.
The orientation of 1™ is the same as that of I, but the local coordinate is negated.
The reversed defect of 4Dp is the defect gDy defined by DT (I) = D(I™). For a
D-E-sector H, the corresponding D-ET-sector H is the complex conjugate of H,
with structure maps

p;: B(I) —>BH" forI¢e INTg1, p;: D) > BH" forIe INTg1 +
py: Al)  — B(H') for I €INTg, py: Ef(I) — B(H")  for I €INTg |

given by ,o; (@) = pr)(r«(a*)), where r : z — —Z is now the vertical reflection.
3-morphisms are sent to their complex conjugates.

The fourth involution ?? sends A € CN to the a conformal net A% (I) := A(I)°.
Similarly, it sends a morphism 4 Dg to the A%-BP-defect D°? (1) := D(I)°’. A D-E-
sector (H, {py}) is sent to the complex conjugate Hilbert space, with actions p?p (a%P) =
pr1(a*). Finally, 3-morphisms go to their complex conjugates.

Remark 2.2. The existence of these four involutions ensures that any duality or adjunc-
tion in CN is automatically ambidextrous, that is, it is both a left and a right duality or
adjunction. (When we say ‘X has ambidextrous adjoint (or dual) Y’, we mean that Y
admits both the structure of a left and the structure of a right adjoint (or dual) to X.)
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2.B. The snake interchange isomorphism for defects. To establish, in the next section,
that the reversed defect 5Dy is an (ambidextrous) adjoint of the defect 4Dg, we will
need the following variant of the sector interchange isomorphism [BDH19, Eq. 6.25].

To simplify the maneuvers involved in this interchange isomorphism, here and for
the remainder of the paper, we use a model for the vertical composition of sectors that
fuses sectors along one-quarter of their boundary:

H
17
K

This is by contrast with the model we used previously, in [BDH19], which involved
fusing along half of the boundary of each sector. The equivalence between these two
fusions is discussed in Appendix B.

Let A, B, C be conformal nets, let 4 Dg, gEc, gFc, 4Gc be defects, let H be an F-
E-sector, and let K be a D®gE - G -sector. We are interested in two ways of evaluating
the diagram

F
e N
A D B E ¢ (2.3)
W
G
D F

Al HD) | B H |C

i.e., of fusing the three sectors D E

Let us name and orient the relevant intervals I, I, .. ., I1¢ as indicated here:

Is Is

1y I 17
1) I3

I3 Lo

Iy

All of them are copies of the standard interval [0, 1]. Let also S; := Iy U I, U Is U Iy,
S =hULUIUI, Sp := IgUIgUIloUI_3U11,S1r = 1_1 ULUILUIgUIsU Iy,
Sip i=I13UIgUTigUI3UI,UIsUly, and Spp := IgU Iy U I1gU I7 U Ig U I5 U 14,
where we have used bars to indicate reverse orientation.
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Lemma 2.4. There is a non-canonical unitary isomorphism

(Ho(S1, D) Rp(y) K) X H = (Ho(S1, D) X, H) X K, (25
B()VE(I3) D(I)VE(I3)

equivariant with respect to A(ly), D(Is), E(Ig), C(I7), A(Ig), G(lg), and C(Iy9).

Proof. For fixed A, B,C, D, E, G, K, the desired isomorphism (2.5) can be thought of
as a natural transformation

E(I> U I3)-modules &5 D(I4 U Is) ®qe G(I3 U Ig U I10) -modules (2.6)

between functors of the variable H. The fact that (2.5) commutes with the action of
F (Ig U I7) is then encoded in the naturality of (2.6).

Since Hy(E) is a faithful £ (/U I3)-module, it is enough, by [BDH19, Lemma B.24],
to construct the isomorphism (2.5) for H = Hy(E) and check that it commutes with the
action of F'(Ig U I7). Pick involutions ¢ € Diff_(S;), ¥ € Diff_(S;), x € Diff_(S;)
such that

eIy UIlsU L) =1, v(IgUl))=hUl3, x(UsUIl5UlgUl7)=1Ul;,

and corresponding (non-canonical) unitaries u : Hy(D) = L3(D(I})), v : Hy(E) s
L2(E(I, U I3)), and w : Hy(D ®3 E) — L2(D(I,) V E(I3)), as in [BDH19, Lemma
1.13]. Let also

a = ¢lpusun Y dgununeun : Sie — Sp,

B = V¥liur Y ldiunurgunurn, @ Sire = Sib,

v = xlnusuun Y Idguun @ Sire —> Sb-

We may assume that ¢, ¥, and yx are chosen so that @ o 8 = y. The isomorphism (2.5)
for H = Hp(E) can then be written explicitly:

®l
(Ho(D) Bp 1) K) Reurs) Ho(E) 25 (L*(D(1)) Bp1y) K) REur) Ho(E)

~ 1®
S 'K Rpgun) H(E) —> oK Regun) LHE(L U 1))

b

Bra'K = y*K > L*(D(h) v E(3) Bp e K
“lg1 Q1
225 Hy(D ®p E) Xpayved) K — (Ho(D) Bp1,) Ho(E)) Xpiyved K-

where €2 denotes the “1 X 1-isomorphism” constructed in [BDH19, Theorem 6.2]. 0O

Generalizing (2.3), we now consider this situation:

P
m
A D B £ c F D @2.7)

N~ w7

o
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which corresponds (using Appendix B) to the following configuration of sectors:

D p

A | HD) || B H ED

0 F
We name the relevant intervals I, I, .. ., I13:
I7 I3
I¢ I Iy
I Iz Is (28)
Lo Iy I3
111 112
Once again, all these intervals are copies of the standard interval [0, 1].
Lemma 2.9. Let A, B, C, ..., K be as in (2.7). Then there is a non-canonical unitary
isomorphism
HyD) X (K R H) X Hy(F)
D(1)VB(1Iy) C(I4)VF(Is) (2.10)

= (Ho(D) Rp, H) X (K R,y Ho(F))
D(I))VE(I3)VF(Is)

that is equivariant with respect to the actions of the algebras A(lg), D(I7), P(13), D(1y),
A(l10), Q(111), F(I12), and D(113).

Proof. Fix A, B,C, D, D, E, F. We shall construct a natural transformation

(E ®c F)(|,_)-modules x (D ®p E)(j)-modules

-

e D(I7 U 16) Ralg F(112 U 113) -modules,

where (E ®¢ F)(|,_) = E(1l,UI3) v F(I5) and (D ®p E)(ﬂ) = D) VE(zUl),
as in [BDH19, Definition 1.43]. The isomorphism (2.10) is the value of that natural
transformation on the object (H, K).

By [BDH19, Lemma B.24], it is enough to construct the above natural transformation
for the pair (H = Hyo(E ®¢ F), K = Hyo(D ®p E)). In that case, it is given by

Hy(D) K (Ho(D@)B E) X Hy(E ®¢ F)) X Hy(F)
D(I)VB(I2) E(I3) C(I4)VF(I5)

191Q®1
—

Hy(D) K (HO(D®B E) X HO(E)xﬂo(F)) X Ho(F)
D(I1)vB(l2) E(1I3) C C(I4)VF(I5)
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;(HO(D) X (HO(D @5 E) X HO(E))>® Ho(F) &  Hy(F)
D(I1)VB(Iy) E(I3) C C(I4)VF(I5)

Lemma 2.4 ®1®1
—_

((HO(D) < HO(E)> X HoD@®g E))&HO(F) X Hy(F)
B(Ip) D(I)VE(I3) c C(I4)VF(Is)

=\ (Hy(D) X Hy(E) &HO(F)) X Hy(D®p E)) X Hy(F)
B(Ip) C D(I)VE(I3) C(I4)VF(Is)

((
((

=~ Ho(D)B%)Ho(E®cF)> < HO(D®BE)> X Hy(F)
2

D(I)VE(I3) C(I4)VF(Is)
Lemma 2.4
_—
(HO(D) X Ho(E ®¢ F)) X (HO(D ®p E) X HO(F)>.
B(12) DUDVE(3)VF(Is) Cly)

2.C. Finite nets are dualizable. We investigate the relationship of finiteness and dual-
izability for, in turn, sectors, defects, and nets.

Dualizability for sectors. Recall that all defects are assumed to be semisimple.

Proposition 2.11. A sector p Hg has an adjoint (necessarily ambidextrous) if and only
if it is finite. In this case, the adjoint is canonically isomorphic to g Hp.

Proof. If the sector p Hg has an adjoint g K p, that adjoint sector provides the (am-
bidextrous) adjoint E(st K D(styw O the bimodule D(st VH E(s!yors ensuring that H is
finite.

Conversely, if H is a dualizable D(S})-E (S| )°P-bimodule then, by [BDH14, Corol-
lary 6.12] and the fact that D and E are semisimple, its dual is canonically isomor-
phic to H, with the E (Sj_)”p -D(S-ll-)—bimodule structure given by akb = b*£Ea*. Iden-
tify the left action of E (SJ]_)"P with a left action of E (SIT), and the right action of
D(SL) with a left action of D(S!) via the isomorphisms j, : E(S])® — E(S}) and
Jx - D(S-lr)"p — D(S IL); then extend these actions to the structure of an E-D-sector
on H according to (2.1). The unit and counit bimodule intertwiners for the bimodule
duality serve, in fact, as sector intertwiners, providing g Hp with the structure of an
adjoint sector to p Hg. O

By Remark 2.2, we have the following:
Corollary 2.12. A sector is dualizable if and only if it is finite.

Dualizability for defects. Given a bicolored interval I, we define_the following two
bicolored manifolds / and /. The underlying manifold of I and of I are both given by
I, U [0, 17U I,, and their bicolorings are

I,=1[0,11, T =1Ul, T,=1IUl, T,=[01].
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Here is an example illustrating the above concepts:

I T 1

Let D be an A-B-defect. Definition 1.19 is made so as to provide an easy description of
D ® D" and DT ® D. They are given by

(D@ D')()=D() and (D'®4 D))= D), (2.13)

essentially by definition.

Proposition 2.14. Let A and B be finite conformal nets. Every finite defect 4Dp has
ambidextrous adjoint gDy, and the unit and counit sectors of both the left and right
adjunctions are finite.

Proof. By Remark 2.2, it suffices to consider just one of the two adjunctions.

Let S! be the bicolored manifold obtained by taking the standard circle § I cutting it
openati € S', and then glueing in a copy of [0, 1]. The black part of S!is the interval
[0, 1] that is added on the top, and all the rest is white. Similarly, let S I'be the bicolored
manifold that is obtained by inserting a white interval at the location of —i € S', and
coloring all the rest black.

By (2.13),a D ®p DY - 1 4 -sector is the same thing as a {D(I)}1E|NT§l-representation,

where Il\iTgl denotes the poset of subintervals I C S Larn E_]. = {J, that are allowed to
contain SL in their interio_r, but that are not allowed to contain SL. Pick a color preserving
diffeomorphism ¢ from S' to the standard bicolored circle. By Proposition 1.21, we can
use ¢ to induce the structure of a {D (1)} 1€|NT§]—representation on Hy(D). That is the
counit sector 7 of our adjunction. Similarly, restricting Hy(D) along a color preserving
diffeomorphism from S!to the standard bicolored circle provides a 15- D' ® 4 D -sector
s, which is the unit of our adjunction. The sectors r and s are finite by the finiteness
of any defect vacuum sector with respect to these boundary decompositions [BDH19,
Lemma 3.17].5
We now have to show that » and s satisfy the duality equations

1B

m /ﬂ\
D Dt D

A 5 A sl = |4 b B
br —

la

5 This vacuum sector finiteness result [BDH19, Lemma 3.17] was stated for irreducible defects, but it also
holds for semisimple defects and in fact for arbitrary defects, using the direct integral decomposition [BDH19,
Lemma1.32].
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and
15
B2 2 gD 4| = |sB U 1y A
Ur -
la

We only check the first equation, the second one being completely analogous. Let
I,...,I13 be as in (2.8). By Lemma 2.9 and Appendix B, the left-hand side

A — B —— A —— B is isomorphic to
-
Hy(D) X (r X s) X Hy(D). (2.15)
D(I1UL) \ Df(13) / D(14Vls)

Because the fusion of two vacuum sectors for a defect is again a vacuum sector for that
same defect [BDH19, Lemma 1.15], the middle term r X Dt(l3) S is the vacuum sector

of D associated to I]UI1g U I1; U I3 U Is U Iy U Iy U I,. By two more applications of
that same lemma, we identify (2.15) with the identity sector on D. O

Recall that all conformal nets and defects are assumed to be semisimple. Combining the
above proposition with Corollary 2.12, we have the following.

Corollary 2.16. Every finite defect between finite conformal nets is fully dualizable.

Dualizability for conformal nets. In [BDH18], we constructed a 3-category whose objects
are finite conformal nets, whose morphisms are defects, whose 2-morphisms are sectors,
and whose 3-morphisms are intertwiners.® If .A and B are conformal nets that are not-
necessarily finite, then, even though we do not know that they live in a 3-category, we
can still make sense of A and B being dual: specifically, B is the left dual of A if there
exist unit and counit defects 45" ¢ and ¢ $5g.4 such that (1 4 @ 5) ® 4eBe4 (r ® 1 4)
and (s @ 18) ®pgAeB (15 ® r) are defects, and are equivalent (in the 2-category of
A-A-defects or B-B-defects) to the identity defects on A and B, respectively. (Note
that by convention both the tensor product ® and the relative fusion product ® have a
geometric, not functorial, composition order.)

Theorem 2.17. An arbitrary conformal net A has ambidextrous dual A°P. If A is finite,
then the unit and counit defects of both the left and right dualities are themselves finite.

Proof. By Remark 2.2, it is enough to discuss just one of the two dualities. We show
that A -+ A%.

Given a bicolored interval, let I, := I, N I,. It consists of one point if 7 is genuinely
bicolored, and it is empty otherwise. The counit defect 4g 40"c and the unit defect
c S Awg.A are defined by

r:l— .A(Io Ur, I_O) and s:1+—~ .A(I_. Ur, I.), (2.18)

6 Insisting that the conformal nets be finite allowed us to prove that the composition of two defects is again a
defect; we do not know if the composition of defects between arbitrary conformal nets is a defect, in particular
whether the composite satisfies the vacuum sector axiom [BDH19, Definition 1.7, axiom (iv)].
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where the bar stands for orientation reversal. In pictures, this is:

()= A(2) (o) = a(=)

We now verify the two duality equations for  and 5. We need to show that the fusions
1A®) B agAreAs @1 4)and (s 1 gop) ® gorg AnAr (1 40r @r) are indeed defects,
and are equivalent to identity defects on .4 and A, respectively. Let I be a genuinely
bicolored interval. By [BDH17, Lemma 1.12], the definition of the above fusions reduces
to

(A®s)® e D)) = Al Ugy [0, 17Uy [0, 1] Uggy [0, 11 Ugy 1,)
(@D ®®r)) = AL, Ug [0, 11Uy [0, 1] Uggy [0, 1T Ugy L),

or perhaps more clearly

[ o A=)t e e A=),

These are isomorphic to the weak units on A and A%, and therefore are defects; they
are equivalent to identity defects by [BDH19, Remark 1.40 & Example 3.5].

Assuming A is finite, we now proceed to show that the unit and counit defects are
finite. Let I, ..., I4 be as in (0.1); the intervals /7 and I3 are genuinely bicolored, I»
is white, and I is black. The actions of r (1), r(I3), r(I3), r(I4) on the vacuum sector
Hy(r) are conjugate to the actions of A(/}), A(l») ® A(l4), A(I3), and C on Hy(A).
The condition of Definition 0.2 then holds by the split property of .A.

By the same argument, one also shows that s is a finite defect. O

From this theorem and Corollary 2.16, we have the following:
Corollary 2.19. A finite conformal net is fully dualizable.

In any n-category, a composition of fully dualizable 1-morphisms is again fully
dualizable; similarly a composition (either vertical or horizontal) of fully dualizable
2-morphisms is again fully dualizable. Thus, by Corollary 2.12, the collection of finite
sectors is closed under composition, and by Corollary 2.16 and Proposition 2.22 below,
the collection of finite defects is closed under composition. By direct inspection, the
collection of finite conformal nets is closed under tensor product.

Together, Corollaries 2.12, 2.16, and 2.19 establish the following:

Theorem 2.20. The 3-category of finite conformal nets, finite defects, finite sectors, and
intertwiners has all duals.

Applying the cobordism hypothesis (as before under the assumption that it applies to
the symmetric monoidal 3-category of conformal nets—see Footnote 3), we obtain the
corresponding topological field theories:

Corollary 2.21. Associated to any finite conformal net A, there is a 3-dimensional local
framed topological field theory with target the 3-category of conformal nets, whose value
on the positively framed point is the conformal net A.
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2.D. Dualizable nets are finite. In the preceding section we saw that the subcategory of
finite conformal nets, finite defects, finite sectors, and intertwiners has all duals. In this
section, we prove that that this subcategory is in fact the maximal subcategory of the
3-category of conformal nets that has all duals.

We already saw in Corollary 2.12 that a dualizable sector is necessarily finite. We
now show that a fully dualizable defect must be finite:

Proposition 2.22. Let A and B be finite conformal nets, and let 4 Dp be a defect. If D
has an adjoint, then D is finite.

Proof. Let DY be the dual of D, and let r and s be the counit and unit sectors, so that

I

m /D\
A—L2 p—L2 4L 3 = A \ill/ B
W D
la
In other words, with I, ..., I13 arranged as before
17 I3
Is I Iy
I I 15
I Iy I3
I Iz
we have
(Ho(D) Xppy) $) X (r ®aq,) Ho(D)) = Ho(D). (2.23)

D(I1)vDY (I3)vD(Is)

We check that D is finite by showing that the action on (2.23) of the algebra D (17) ®qq
D(112) extends to D(I7) ® D(I113).

The Hilbert space r is invertible asa D (1) DY (13)°PV A(14)°P - (D(I1)v DY (I3)P v
A(14)°P) -bimodule. Similarly, the Hilbert space s is an invertible B(l;) v DV (I3) v
D(I5)° - (B(Ip) v DY (I3) v D(I5)°) -bimodule. Fusing (2.23) with the inverse bi-
modules 7 and s, and using the (non-canonical) isomorphisms

L*(DU1) v DY(I)* v A(I)”) = Hy(D ®p D)
L*(B(I) v DY (I3) v D(I5)”) = Hy(D" @4 D),

we get the Hilbert space

(Ho(D) R Ho(D" ® 4 D)) X (Ho(D ®p DY) ® 4 Hy(D))
D(I1)vDY (I3)vD(Is)
~ (Ho(D) Mg Ho(D¥) B4 Ho(D)) X (Ho(D) B Ho(D") K4 Ho(D)).

D(1)vDY (I3)vD(s)
The latter is isomorphic to

Hy(D) K Hy(D") K4 Ho(D) (2.24)
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by the interchange isomorphism [BDH19, Section 6.D]. To be precise, letting J1, J2 . . ., Jig
Jo Js Jy

be as in the following figure J; Ji J» 73, the Hilbert space (2.24) is given

Js Jo o
by Ho(D) Mg,y Ho(D") X a¢s,) Ho(D).

The intervals Jg and Jjg correspond to I7 and Iy, respectively. Note that Hy(DVY) is
split as a B(J;)-A(J2)-bimodule. Since the fusion of a split bimodule with any bimodule
is always split, it follows that (2.24) is split as a D(Js) Vv A(J7) V D(Jg)-(D(J19) V
B(J3) vV D(J4))°P-bimodule. In particular, it is split as a D(Jg)-D(J19)°P-bimodule. In
other words, the completion of D(Jg) ®qie D(J10) is isomorphic to the spatial tensor
product D(Je) ® D(J10). ]

Finally, we show that fully dualizable conformal nets must be finite. Even though
we do not have at hand a 3-category of all (not-necessarily-finite) conformal nets, we
do have enough of the structure of that hypothetical 3-category to make sense of the
notion of an arbitrary conformal net being fully dualizable, and therefore to make sense
of the statement that a fully dualizable not-necessarily-finite conformal net must in fact
be finite.

Recall from Theorem 2.17 that any (not-necessarily-finite) conformal net A has
an ambidextrous dual A% with evaluation defect 4g 4oTc and coevaluation defect
cSArgA. We call such a conformal net dualizable if these evaluation and coevalua-
tion defects r and s both have ambidextrous adjoints with dualizable unit and counit
sectors. This definition (specifically the notion of an adjunction for the evaluation and
coevaluation defects) is well posed because, for any not-necessarily-finite conformal net
B and any defects g D¢ and ¢ Ep, the fusion products D ®¢ E and E ®p D are indeed
defects (the first one by [BDH19, Theorem 1.44]; the second one because a C-C-defect
is just a von Neumann algebra [BDH19, Proposition 1.22]).

Theorem 2.25. Let A be a not-necessarily-finite conformal net, and let r and s be the
evaluation_and coevaluation defects of the duality of A and A, given by r : I —
A(IO Ur. Io) ands : I — A(I. Ur, 1.). If the defect r has an adjoint r”, and its counit
sector ;@crv R1 4g 40p 15 dualizable, then the conformal net A is finite.

Note that the proof of this proposition requires particular care: .4 is not assumed to have
finite index, and so most of our previous results cannot be used here.

Proof. Recall that

()= A),

By assumption, r has an adjoint. Let ¥ be its adjoint C -(A ® A%)-defect. Let also
r@crY R 00 and c Sive A ADT be the corresponding counit and unit sectors. We now
describe the algebras that act on the Hilbert spaces R and S.

Take the “standard circle” 9[0, 1]2 and cut it open at the point (%, 1). Call the two
resulting boundary points p and g. The resulting manifold, call it M, looks roughly like
this:

p q

Q .
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Now consider its doubling N := M Uy, 4} M:

N = < ?, (2.26)

andletk : N — N be the orientation reversing involution that exchanges M and M and
fixes p and g. Given a k-invariant neighborhood J of g, let J, := [0, 1] U J/k be the
bicolored interval with bicoloring given by (J,)o = [0, 1] and (Ji)e = J/k

J= > ~~ e =\7. (2.27)

By definition of (r ®c r¥)-(1 4g 400 )-sector, the Hilbert space R has actions of A(J)
for every subinterval J C N that avoids ¢, and actions of r¥ (J,) for every «-invariant
interval J that contains q.

The algebras acting on S are somewhat easier to describe. Consider the double D :=
[0, 1]1Uj0,13 [0, 1] of the standard interval [0, 1], and letx : D — D be the involution that
exchanges the two copies of [0, 1]. The Hilbert space S has an action of .A(J) for every
subinterval J C D that avoids the point 0, and an action of ¥ (J,.) for every «-invariant
interval that contains 0.

We find it convenient to think of R as being associated to a saddle, and of S as being
associated to a cap:

S
The duality equation
Ic
Us
A®A"”;>Q4'N>A®A"p;>Q = A® AP U1 C
IR
Lag.aor
then translates into the statement
N (2.28)

&A(H) E along the algebra

A(==) & (' (=) Brasang A=)
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(2.28) does not change anything, and so it can be safely ignored [BDH17, Lemma A.4].
Equation (2.28) then becomes

or, equivalently, after flattening the above 2-manifolds:

(2.29)

©

Let us name I, ..., Ig the intervals that appear in (2.29)

I @ Is .

Let « be the reflection in the horizontal axis, and let K := (I2), = [0, 1] U I>/k be
as in (2.27), bicolored by K, = [0, 1] and K, = I»/kx. We also abbreviate Hy(l3 U
14 U Is U Ig, A) by Ho(A). The left-hand side of (2.29) stands for the fusion of S with
R X 4(15ur,) Ho(A) along the algebra

rY(K) v AL3) = rY (K U Is) ®ag A1) Al U I3 U 1),

where we identify (A ® A)(Is) with A(Is U I4) using the reflection k : Is — I4.

Recall [Lurll, Lecture 21] that a dagger functor F is called ‘completely additive’
if whenever the collection ¢, : My — M exhibit M as the direct sum @ M,, then
also F(iy) : F(My) — F(M) exhibit F(M) as € F(M,). (We called such a functor
‘normal’ in [BDH19, Appendix B.VIII].) The functor

S, B (= BaguinHo(A) (K U lg)-modules — A(s)-modules
rV(K)V.A(I3)

is completely additive. It is therefore given by Connes fusion with a certain r¥ (K U I)P-
A(Is)-bimodule [Lurl1, Lecture 21]. It then follows from (2.29) that the Hilbert space
R is invertible as r¥ (K U Ig) - A(I;)°P-bimodule.

Recall that R is finite as (r ®c r¥)-(1_ag 4or )-sector. In other words, it is finite as an

A(< Jer( \7) - A( W ) -bimodule,
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where we again draw our intervals as in (2.26). We know from our previous discussion
that R is invertible as an

rV( \>) . A(&/ ) “bimodule.

Let Q be the inverse bimodule. Twisting it by a diffeomorphism > = @ , we

may treat Q as an
A( >) - rV( \7) _bimodule.

By definition, it then satisfies

0 X R = H(< ?,A).
() ’

We then also have (applying [BDH17, Lemma A.4])

(LZ(A(< ))®Q> &A(< )®rv(\>)R = H()(@, A). (2.30)

Since L2 (A({ )) ® Q is an invertible

A )&A( >) ~A( )er( \>) “bimodule,

it follows from (2.30) and the finiteness of R that Ho( § ? , A) is finite as an

A(( )&A( >) - A( e ) -bimodule.

The latter is the definition of what it means for A to be finite. O

Remark 2.31. Recall that strong additivity was assumed as part of our definition of
coordinate free conformal nets [BDH15, Definition 1.1].

The above theorem implies that in a hypothetical 3-category of strongly additive not-
necessarily-finite-index conformal nets, a fully dualizable conformal net is necessarily
finite-index. We expect that even more is true, namely, that in a hypothetical 3-category
of not-necessarily-finite-index and not-necessarily-strongly-additive conformal nets, a
fully dualizable conformal net is finite-index (and hence strongly additive, by [LX04]).
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Appendix A: Disintegrating Sectors Between Finite Defects

Sectors between conformal nets disintegrate into irreducibles [KLMO1]; in this section
we generalize that result to the case of sectors between defects, provided the defects are
finite.

Lemma A.1. Let A and B be conformal nets. Let 4Dp and A ER be irreducible finite
defects. Then any D-E-sector disintegrates into a direct integral of irreducible D-E-
sectors.

Proof. Pick a countable collection’ of pairs of bicolored subintervals {I;7 C IT}iez
of the standard bicolored circle, with the closure of /;~ contained in the interior of Ii+,
satisfying the following conditions:
— I is genuinely bicolored if and only if /" is genuinely bicolored;
— forall p,q € S! either
a. there exists ani € Z such that p,q € I, or

b. there existi, j € Zsuchthatp € I7,q € Ij_, and 11.+ N I;.f ={.

Foreachi € 7, let Al.i denote the algebra A(Iii), B(Iii), D(Il.i), or E(Il.i) depending
on whether Iii is white, black, contains the top defect point, or contains the bottom
defect point, respectively. Because D and E are finite, there exists, for eachi € 7, a
type I factor N; such that
A7 C N; C A}

Let ; C N; denote the ideal of compact operators in N;. For each i, j € Z such that
IFNI7 =9, let Rjj C K; % K; be the kernel of the projection K; x Kj — K; ® K;
from the free product C*-algebra to the tensor product C*-algebra. For each i, j € 7
such that Il-Jr C Ij_, let S;; C K; * Kj be the kernel of the map K; x K; — K; VN, Kj,
where K; Vy; K is the subalgebra of N; generated by K; and K ;. Now define

A = (+K)/1

where I is the norm-closed ideal generated by R;; for i, j € T such that I N 1]*.' =0,
and S;; for i, j € T such that I C I;.

7 In fact this collection can be chosen to be finite.
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By Lemma A.2, the category of D—E-sectors is equivalent to the category of repre-
sentations of 2 whose restriction to each /C; is nondegenerate.

Because 2 is a separable C*-algebra, the category Rep(2() admits direct integral de-
compositions. We need to show that given a representation H of 2l whose restriction to
each /C; isnondegenerate, and a direct integral decomposition (H, p) = fxe x(H * pY)dx,
almost all of the integrands (H*, p*) again have the property that their restriction
to each K; is nondegenerate. Pick an increasing sequence of projections pi € K;,
n € N, that forms an approximate unit. By Lemma A.3, we have that 1 = sup p; (p) =
sup fEB o () = fEB sup p;' (p'). This implies that for almost all x, we have sup o (pl) =
1. |

Lemma A.2. The category of representation of A whose restriction to each K; is non-
degenerate is equivalent to the category of D—E-sectors.

Proof. By construction, every D—E-sector yields an appropriate representation of 2.
Now suppose that we have a representation of 2 on a Hilbert space H whose restriction
to each K; is nondegenerate. By the classification of the representations of compact
operators, the action of K; extends uniquely to a normal action p; : N; — B(H). For
every i, j € Z such that 17 N I]JF = {, the action of K; * KC; descends to an action of
Ki ® K;; by the ultraweak density of KC; in N;, the actions of N; and N; commute. Now,
for every i, j € Z such that I C I i the action of K; * KC; descends to an action of
Ki VN; K ;. By [KLMOL, Corollary 53], that action of K; VN, K extends uniquely to a
normal action p; : N; — B(H), which agrees with p; by the ultraweak density of K;
inside N;. We therefore have a diagram

’Ci4>Ni

B(H)

where all triangles are known to commute except possibly the triangle with edge N; —
N ;. The missing triangle commutes because K; is ultraweakly dense in N;. Therefore,
by [BDH19, Lemma 2.5], the actions p;|,- assemble into a D—E-sector structure on

H. i

Lemma A.3. Let H, be a measurable family of Hilbert spaces over a probability space
X. Foreachn € N, let p, x € B(Hy) be a measurable family of projections indexed by
the points of X. Assume furthermore that for every x € X, the sequence {py x}neN is

increasing. Then
52 @

Proof. Let M C B(H) be the abelian von Neumann algebraon H := [ ® H, generated
by fea f ) pn.xforall f € L®°(X)andn € N. Note that M = L°°(Y) for some measure
space Y. Since L°°(X) C M, we have a measurable map 7 : ¥ — X and we can write
M = fff M,, where M, = L®(x~!(x)). The projections p, x € M, correspond
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to measurable subsets Z, , € 7~ 1(x), and the equation f® sup p,.x = sup fEB DPn.x
follows from the fact that | |, U, Z.x» = U, Ll; Zn.x- o

Appendix B: A Variant Vertical Composition

In [BDH19, §2.C], we defined the vertical composition of two sectors p Hg and g K
to be the fusion along half of each ‘circle’, H X E(Sh) K, with the evident remaining

actions of D and F:

D
D E H
DH&EKszusionv<A H |B. Al K B)= CE §> . (B.1)
E F K
F
An alternative definition would be to fuse along a ‘quarter-circle’:
H
il (B.2)
K

and to equip the resulting Hilbert space with the structure of a D- F'-sector by means of
a diffeomorphism

gﬂ . — 9

compatible with the local coordinates around the color-change points. Specifically, the
resulting sector is ¢*(H Mgy K), where [ is the top quarter of the circle (associated to
the sector K), or equivalently the bottom quarter of the circle (associated to the sector
H).

Lemma B.3. Let p Hg and g KF be sectors, and let ¢ be a diffeomorphism from the
standard circle to the larger circle, as above. Then the vertical fusion H X E(Sh) K
from (B.1) is (non-canonically) isomorphic, as a D-F-sector, to the alternative fusion
o*(H |ZE(1) K) from (B.2).

Proof. Let ¥y : S' — S! be a diffeomorphism which maps the lower semi-circle SJ]_ to
the lower quarter-circle (drawn here as an edge of a square) and satisfies ¢| st = Y1 |S'T ,
let > : S — S! be a diffeomorphism which maps the upper semi-circle S j_ to the upper
quarter-circle and satisfies ¢| st= Yol st and let uy, and uy, be unitaries implementing
these diffeomorphisms (these exist by [BDH19, Proposition 1.10]). We assume without

loss of generality that yp = j oy o j, where j is the reflection along the horizontal axis
of symmetry. Then uy,, M uy, maps H XE(SlT) K to H Mg () K, and is an isomorphism

of D-F-sectors H XE(SlT) K = ¢o*(H Mgy K). O
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