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Abstract: We construct and study solitonic representations of the conformal net associ-
ated to some vacuum Positive Energy Representation (PER) of a loop group LG. For the
corresponding solitonic states, we prove the Quantum Null Energy Condition (QNEC)
and the Bekenstein Bound. As an intermediate result, we show that a Positive Energy
Representation of a loop group LG can be extended to a PER of H*(S!, G) fors > 3/2,
where G is any compact, simple and simply connected Lie group. We also show the exis-
tence of the exponential map of the semidirect product LG x R, with R a one-parameter
subgroup of Diff,(S'), and we compute the adjoint action of H**1(S', G) on the stress
energy tensor.

1. Introduction

Recently, much attention has been focused on quantum information aspects of Quantum
Field Theory, which naturally takes place in the framework of quantum black holes ther-
modynamics [20,21]. However, more unexpected and interesting connections between
the relative entropy and the stress energy tensor have arisen, and in particular it is of
interest to provide and prove an axiomatic formulation of the Quantum Null Energy
Condition (QNEC). In this work we prove the QNEC for some states of interest on loop
group models. We refer to [26] for similar results on the Virasoro nets.

Classically, the Null Energy Condition (NEC) is a constraint on the stress energy
tensor which states that T,,k%k? > 0, where k¢ is a null vector field. This constraint is
motivated by the positivity of the energy and it is a necessary condition for the field k¢
to have some physical meaning. However, quantum fields can violate all local energy
conditions, including the NEC. At any point the energy density (7yx) can be made nega-
tive, with magnitude as large as we wish, by an appropriate choice of a quantum system
[13]. In the study of relativistic QFT coupled to gravity, Bousso, Fisher, Leichenauer and
Wall [3] establish a new and surprising link between quantum information and the stress
energy tensor. In this work, a Quantum Null Energy Condition (QNEC) is defined as a
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null energy lower bound which is expected to be satisfied by most reasonable quantum
fields. This lower bound is defined by using the relative entropy of Araki, an object
typically used in quantum information theoretical contexts.

The first non commutative entropy notion, von Neumann’s quantum entropy, was
originally designed as a Quantum Mechanics version of Shannon’s entropy: if a normal
state v is given by a density matrix py, then the von Neumann entropy is defined by

S(Y) = —trpy log py .

However, in Quantum Field Theory local von Neumann algebras are typically factors
of type 1111 [19], no trace or density matrix exists and the von Neumann entropy
is undefined. Nontheless, the Tomita—Takesaki modular theory applies and one may
consider the relative entropy of Araki [25]

S(elly) = —(5llog Ay £8)

between the normal states ¢ and . The relative entropy generalizes the classical
Kullback-Leibler divergence and measures how i deviates from ¢. From an infor-
mation theoretical viewpoint, S(¢||¥) is the mean value in the state ¢ of the difference
between the information carried by the state i and the state ¢.

Let now (A, U, Q) be a local QFT on the Minkowski space R"*! with vacuum state
w and stress-energy tensor 7. Denote by 2 = | J A(O) the C*-algebra of quasi-local
observables. Consider one of the two null directions u tangent to the standard Rindler
wedge W. By Poincaré-covariance, we can associate a wedge W* to any pair of a null
direction u and a point x of the Minkowski space. Let M} = A(W}*) be the local algebra
associated to W/* = W" +tu. Given a locally normal state ¥ of 2 represented on A(W")
by some vector 1, consider the relative entropy S(7) = Saqu (¥ |lw) and the averaged
stress-energy density tensor (Ty, (1)) = (9| Tyyu (x + tu)n). In natural units, we will say
that the vector 7 satisfies the Quantum Null Energy Condition (ONEC) if for any u and
x we have the null energy bound

(Tuu (1)) = §"(1) /27 (D

for any ¢ > 0, u and x, assuming this inequality to have some distributional or classical
meaning. The wedges W/' can be replaced with arbitrary regions deformed in the null
direction u [22], but here we will not work in such a generality. In this context, the
convexity of the relative entropy often appears, and for this reason in other works the
QNEC is just stated as the convexity of the mentioned relative entropy [8]. This convexity
property has been proved in a model independent setting for a very wide class of states.

Theorem 1. [7] Let N' € M be a hsm inclusion with standard vector Q giving the state
w. Denote by P the positive generator of translations and by (M;);cr the associated
flow of von Neumann algebras. If ¥ (x) = (n|xn) is a vector state with finite null energy,
namely such that

Py = (1] P) < +00, ©)

then the relative entropy S(t) = Sy, (Y l|lw) is convex. Furthermore, if S(ty) is finite
then we have

—S'(t) =27 in% Pyy, t=1 ae., 3)
w'eC;
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where C£ is the set of all the isometries w' in M} such that the complement relative
entropy Sy (t) = Spg (Yur @) is finite, with yryy (x) = (w'n|xw’n). The identity (3) is
satisfied at each point such that S’ (t) exists and on such points it can be computed by

—S8'(t) =27 inf Py(1) = TP(t). %)

In the above notation, we have
Ps(t) = Py yy . us(t) = (Dw: DY ;s My, &)

and P (1) = Py, where 7); is the unique vector in the natural cone of M, representing
the state .

Actually, the provided proof refers to -hsm inclusions, but the +hsm case can be
similarly proved. It is also shown that the null energies (5) are finite and that the infimum
(4) is obtained as s — =oo if the inclusion is Fhsm. Of course, in principle such
a characterization can be used for computational purposes. However, determining the
Connes cocycle (5) for each deformation parameter ¢ is a not trivial issue. For this
reason, the proof of the QNEC (1) on loop group models led us to the study of Sobolev
extensions of Positive Energy Representations of loop groups. We describe our work a
bit more in detail.

The first result is the construction of solitonic representations o, of the conformal net
associated to a vacuum PER 7 of a loop group LG. In general, these solitons are induced
by a path y in C*°([—m, ], G). If the path y satisfies some periodicity conditions
on its derivatives, then it can be extended to what we here call a discontinuous loop.
Discontinuous loops are defined as elements of

LyG = {t € C®°R, G): ¢(x) '¢(x +2m) = h},

where / is a generic element of G. If the discontinuity 4 of ¢ isin Z(G), then it is already
known that the obtained soliton o, extends to a DHR representation which corresponds
to a PER ¢, of same level as 7 [29]. What we show here is that this condition is also
necessary: the soliton o; extends to a DHR representation if and only if the discontinuity
h is central. The proof follows by a contradiction argument, since a locally normal DHR
representation is automatically Rot-covariant [10].

Consider now the conformal net (A, U, 2) associated to some vacuum PER 7 of a
loop group LG. In the real line picture, the von Neumann algebras associated to half-
lines define a hsm inclusion. Since on these local algebras the solitonic states w,, of
above have a representing vector satisfying (2), the convexity of the relative entropy is
satisfied by Theorem 17. We then use some intermediate results used in the proof of
Theorem 1 to explicitly compute the relative entropy and we show the QNEC (1) to
be satisfied with an equality. Furthermore, the obtained formula allow us to prove the
Bekenstein Bound in a very simple way. The purpose of doing the mentioned proof
led us to the second main result of this work, that is the extension of a PER of a loop
group LG to a PER of the Sobolev loop group H*(S!, G) for s > 3/2. Such a Sobolev
extension allows us to compute the adjoint action of H**!(S!, G) on the stress energy
tensor. Similar issues involving the smearing with non-smooth functions in conformal
nets contexts have been treated in [5], [23] and [31].

Unexpectedly, it turns out that our extension result follows by a more general theorem
proved in [24], which implies that a Positive Energy Representation of a loop group LG
can be extended to a PER of H'(S', G) by using holomorphic induction methods.
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However, even if not completely general, the proof presented here is mathematically
simpler and original. Without knowing the results of [24] we were not able to prove the
QNEC (1) by directly using the expression (5), and for this reason we used an approach
more similar to that ones of [17] and [26]. Nevertheless, by using explicit constructions
of [30], in the case G = SU (n) we are able to show that the Sobolev extension holds up
to H*(S', SU(n)) for s > 1 /2. This technical improvement allows us to show that the
identity (4) is indeed verified. The exhibited proof is not just an application of Theorem 1
or of [24] and it is thought in such a way to make this work as self contained as possible.

2. Mathematical Background

We mainly follow [29]. Let G be a compact, simple and simply connected Lie group.
A Positive Energy Representation (PER) of the loop group LG = C*®(S!,G) on a
separable Hilbert space H is a projective strongly continuous unitary representation
of LG x T with a commutative diagram

LG xT—"> PU(H)

L

T Y UMH)

where the torus T = Rot acts on LG by rotations Rg.y (¢) = y(¢ — ) and U is a
strongly continuous unitary representation inducing an isotypical decomposition H =
b, >n, H(n) for some integer ng. Without loss of generality, we can suppose thatng = 0
and that H(0) is not zero-dimensional. A PER is said to be of finite type if dim H(n) <
+oo for every n. Irreducible PERs are of finite type.

We denote by go the Lie algebra of G and by g the complexification of go. Recall
that go is a compact Lie algebra, that is its Killing form is negative definite. In particular,
there is an antilinear involution X — X™* of g such that

go={Xeg: X*=-X}.

Let X (n) be the map 6 — Xe"® for X in g and n integer. Then [X (n), Y (m)] =
[X, Y](n +m), showing that the space spanned by these elements, which we will denote
by LP'g, forms a Lie algebra. On LP°!'g we can define an involutionby X (n)* = X*(—n).
Moreover, if 1" is the subspace of finite energy vectors, namely the algebraic sum of
the subspaces H(n), then we can define a projective representation 7 of LP°'g on 7fin
in such a way to verify the commutation relations ([29], Theorem 1.2.1.)

2
[r(X), 7(M)]=n(X,YD+itB(X,Y), B(X, Y)=/ (X, Y)g'
0

We point out that the existence of such a representation of LP°!g is not a trivial issue, since
these commutation relations do not uniquely determine the projective representation of
LP'g, and also the representation of LG cannot be differentiated in a straightforward way
as in finite dimensional cases. If d is the generator of rotations, namely U (Ry) = et
then we have that [d, 7(X)] = irr(X) where X(O) = %X(G). The above operators
are all closable and we also have the formal adjunction property 7 (X)* = 7 (X*) on
H' " Furthermore, the projective representation 7 of LP°'g on A" can be lifted to a
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projective representation v of Lg = C*(S!, g) on H> in such a way to verify all the
previous relations, where H is the Fréchet space of smooth vectors for Rot. We recall
that by definition H* = (), H*, where s € R and H* is the scale space, that is the
completion of Hf" with respect to the Sobolev norm ||€||; = ||(1 + d)*£||. Notice that
the projective representation & of Lg is actually a representation if restricted on g, since
the projective representation of G lifts to a unitary representation. Also, the subspaces
‘H(n) are G-invariant. The adjoint action of LG on the mentioned operators is given by
[29]

X)) =2y Xy ) +icy, X),
r(y)dr () =d —iz(yy ) +ely, d), (6)

where the real constants c¢(y, X) and c(y, d) are explicitly given by

o de e[ . _,..do
cy.X)=—t| (v v.X)o-., cr.d)=—5[ (v v.v V)=
0 2 2 0 2
Here (-, -) denotes the basic inner product, namely the Killing form normalized on the
highest root 6 in such a way that (9, 6) = 2. The elements y !y and yy~! of Lg are
the left logarithmic derivative and the right logarithmic derivative of y, respectively
defined by

d
y 'Oyt +h) and  yy @) = -

y+hy @),
h=0 d

h=0

d

1.
) = —

vy =

We will use the following notation:
x=m(X), x(n)=n(X®m), (x,y)=(XY).
We can define a representation of the Virasoro algebra Vir

n(n? — 1)C

[Ly, Lyl = (n —m)Lpyy + 8n+m,0 12 ,

)
by Sugawara construction, that is such a representation is given by defining on H'™" the
operator

1

T 2(t+g)

Ly

Z: xi(—m)xi(m +n): , (8)
m

where we used the Einstein convention on summations and the normal ordering notation,
namely the symbol : x(n)y(m): stands for x(n)y(m) if n < m and for y(m)x(n) if
n > m. The elements {x;} and {x'} appearing in (8) can be arbitrary dual basis with
respect to the basic inner product, namely (xi, Xj) = 8ij, and g is the dual Coxeter

number, that is
g=1+ZaiV, 9=Zaival~v,

where «;” are the simple coroots and a,” are strictly positive. By the assumption (6, ) = 2
it can be shown that the dual Coxeter number is half the Casimir of the adjoint repre-
sentation, namely we have [X;, [X Y]] = 2gY for Y in g. Notice that if X; are in go
and such that —(X;, X ;) = §;; then X { = —X;. The constant c uniquely determined by
(7) is called the central charge of the representation. If the PER is irreducible then we
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have Lo = d + h for some rational number %, where # is therefore the lowest eigenvalue
of Lo and it is called the trace anomaly. In any irreducible PER, the central charge and
the trace anomaly are given by [15]

£ di C
c= 8 ©)
l+g 20+ g)

where C), is the Casimir associated to the basic inner product (-, -) and to the null energy
space H(0) = H;, which is the irreducible highest weight representation of g associated
to some dominant integral weight A satisfying

(L,0) <. (10)

The set of dominant integral weights A satisfying condition (10) is called the level £
alcove. We will say that 7 is a vacuum positive energy representation, or simply a
vacuum representation, if H(0) is one-dimensional. If H(0) = CQ with (2|Q) = 1,
then the state w associated to €2 is called the vacuum state. Notice that 7 is a vacuum
representation if and only if irreducible and with iz = 0. More in general, if H(0) = H,
then the trace anomaly can be computed by taking in account that

Cr.={AA+2p0), g=1+(p,0),

where p is the Weyl vector, that is the sum of all the fundamental weights. Equivalently,
the Weyl vector can be defined as half the sum of all the positive roots.

Consider now Diff  (S!), the Fréchet Lie group of the orientation preserving diffeo-
morphisms of the circle. The natural action of Diff (S 1Y on LG is smooth. Furthermore,
every PER 7 of LG is Diff, (S')~-covariant, namely there is a projective unitary repre-
sentation U of the universal covering Diff . (S')™ such that Up)r()U(p)* =n(p.y)
[14,15]. Consider now H%fi" the algebraic direct sum of the eigenspaces of Lg. On the

infinitesimal level, in general the space H*f1" is a direct sum of infinitely many uni-
tary irreducible representations V (c, h;) of the Virasoro algebra. Such a representation
integrates to a unltargc projective representation U of Diff +(SYH™, and if the appearing
highest weights 4; differ only by integers then U reduces to a unitary projective represen-
tation of Diff ; (S') [11,14]. Now we briefly study the irreducible unitary representations
V(c h) of the Vlrasoro algebra appearing from an irreducible PER of level £ of LG. If

=0thenA =0,andbyc=h =0 we %ave the trivial representation of Vir. If £ > 1,
then V(c, h) belongs to the conttnuous series, namely we have i > 0 and ¢ > 1. The
estimate on the central charge follows by the inequality g + 1 < dim g, which can be
noticed by studying the following table [18]:

Dynkin diagram Ap By Cn Dy E¢ E7 Eg Fy Gy
Complex simple Lie algebra s[4 500,41 5P, 507, [ e7 eg fa 92
Complex dimension n2+2n 2n%+n  22%+n 2m%—n 78 133 248 52 14
Dual Coxeter number n+1 2n — 1 n+1 2n —2 12 18 30 9 4

Lemma 2. [18] [L,, x(k)] = —kx(n + k) on HOfn,

As a corollary of Lemma 2, the representation of Vir = C - ¢ @ 9, with 9 the Witt
algebra, extends to a representation of the semidirect product g[z, r~'] x Vir = § x 9,

with § = g[r, 17 "1 @ C - c. Indeed, if we set L, = 7(£,), where £,(0) = ¢ ddg, then

we can define the stress energy tensor 7 (h) = ), hy L, for any polynomial vector field
h on the circle, namely a vector field which is a finite linear combination of the fields
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£,,. Therefore, by Lemma 2 we have [ (h), 7(X)] = n(h.X) on HOfin for every X in
LPg, where h.X (9) = h(@)j—eX(Q).

The Lie algebra LP°'g can be completed to a Banach Lie algebra Lg; for any 7 > 0.
Indeed, given X = >, Xy (k) in LP!g, we can define Lg, as the completion of LP°lg
with respect to the norm

X1 =Y 1+ kD" [ Xkl -
k

We have norm continuous embeddings with dense range CI'1*!(S!, g) — Lg, —
cli(S!, g), and for any t > n we have || X ™o < |X|,. Notice that, in general, we can
similarly define the Banach Lie algebra Lgs , as the completion of LP'g with respect
to the norm

1/p
[ X|s,p = (Z(l + Ikl)“”IIXkII”> .
k

We now set S, = LC,, namely the space of continuous complex functions / on S!
satisfying

Rl = 1+ kD ]l < +0o.
k

Notice that we can naturally identify S, with a space of Sobolev vector fields on the
circle. We can define two continuous actions of S; by h.X(0) = h(@)%X (@) and
hX(0) = h(0)X (0). Indeed, by noticing that (1 +|n +k|)" < (1+|n[)'(1+k|)" we have
|h-X|s,p = |h|s|X|S+l,p and |hX|s,p = |h|s|X|s,p-

We conclude this preliminary section with some standard notions about the stress
energy tensor. Let h(@)% be a smooth vector field on the circle and define V =

M=o D(L](‘)). The stress energy tensor

T(h) = hoLny,
n

is a closable operator with 7% as a dense core [5,11,17]. Moreover, by the energy
bounds [16]

1+ Lo Lagll < Ve/2(1 + [nD*32)1(1 + Lo e,

with k£ > 0 any natural number and & in HO-fin we have that T (h) is well defined and
closable for every 4 in S32, since

ILET () < (e/D" Il a1 + Lo g

for every k > 0 natural and £ in D(L’é“). It follows that V is a dense invariant domain

for T (h) if h is smooth. Furthermore, we have that T'(h)* = T (h) for every h in Ss 2
and therefore T (h) is essentially selfadjoint if / is real valued. For further properties of
the stress-energy tensor, see [14].
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3. Solitonic Representations from Discontinuous Loops

In this section we follow [11] and we construct proper solitonic representations of the
conformal net associated to some vacuum positive energy representation of a loop group.
We begin by briefly recalling some basic definitions about conformal nets. We refer to
[11,15,29] for further treatments of the topic.

Let IC be the set of open, nonempty and non dense intervals of the circle. For [ in /C,
I’ denotes the interior of the complement. The Mbius group Mob acts on the circle by
linear fractional transformations. A Mobius covariant net (A, U, 2) consists of a family
{A(I)};exc of von Neumann algebras acting on a separable Hilbert space H, a strongly
continuous unitary representation U of M&b and a vector €2 in H, called the vacuum
vector, satisfying the following properties:

(i) A(l) € A(l) if I € I, (isotony),
(i) A1) € A(lL) if I € I (locality),
(i) U(g) AU (g)* = A(g.I) forevery g in Mdb and [ in IC (M&bius covariance),
(iv) The representation U has positive energy, namely the generator of rotations
has non-negative spectrum (positivity of the energy),
(v) € is cyclic for the von Neumann algebra \/ 1eic A(I), and up to a scalar € is
the unique Mob-invariant vector of H (vacuum).
By the Howe-Moore vanishing theorem, it follows by the axioms (iv) and (v) that
the vacuum vector 2 is, up to a phase, the only vector fixed by the subgroups of
rotations, translations and dilations defined below (12). With these assumptions,
the following properties automatically hold [11,15]:
(vi) A(I") = A(I) for every I in K (Haag duality),
(vii) A €V, Ally) if I € |, I« (additivity),
(viii) If I, is the upper half of the circle and A is the modular operator associated to
A(l;) and ©, then for every ¢ in R we have

A" =U@-2m) (11

where 8;.u = e'u is the one parameter group of dilations (Bisognano—Wichmann),

(ix) Each local algebra A([) is a type III factor and \/ ez A = B(H), with Z the
set of all the open, nonempty and non dense intervals of S' \ {—1} (irreducibility).
Definition 3. By a conformal net, or also a Diff, (S 1)-covaricmt net, we shall mean a

Mob-covariant net (A, U, ) which satisfies the following condition:
(x) U extends to a projective unitary representation of Diff,(S') on  such that

U(p) AU (p)* = A(p.I), p €Diff ("),

for every I in K. Furthermore, if supp p C I’, with supp p the closure of the complement
of the set of the points z such that p(z) = z, then we have

Up)xU(p)* =x, xeA),

A Mobius covariant net is either also conformal or not, but if it is, the extension of
the of the representation to Diff (S 1y is unique [5,6]. In a conformal net, the following
is automatic [23]:

(xi) if I C J then there is a type I factor R such that A(J) C R C A(J) (split
property).
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If the interval I does not contain —1, one can pass from the circle picture to the
real line picture [11,15]. Explicitly, by the changes of variables z = C(u) with C(u) =
(1+iu)/(1 —iu) the Cayley transform, we can identify / with an interval of the real line.
In the real line picture the point —1 of ' corresponds to co, with RU{oo} the Alexandroff
compactification of R. With this identification, we can define the one parameters groups
of rotations, dilations and translations mentioned above:

07, zeS', Su=¢cu, ueck, wu=u+a, ueR. (12)

Ryp.z = e

If « is a Mobius transformation mapping the upper half of the circle 7, onto 7, then
by conjugating (12) by « we can define the groups R;, §; and 1; of rotations, dilations
and translations of the interval 1.

Now we give some definitions about the representation theory of conformal nets.
A (locally normal) DHR (Doplicher-Haag-Roberts) representation of a conformal net
(A, U, Q) is a family p = {p;};¢x of normal representations p; of the von Neumann
algebras A(7) on some Hilbert space H,, such that p; = pj| 4() if I € J. We say that
two DHR representations p; and p; are equivalent if there is some unitary operator U
from H,, to H,p, such that Upy ;(x) = p2,;1(x)U for every x in A(]) and I in K. The
DHR representation induced by the identity is called the vacuum representation. A DHR
representation p is said to be irreducible if \/ 1eic P1(A(D) = B(H)). If a topological
group G acts continuously on ' by elements of Diff, (S'), a DHR representation p is said
to be G-covariant if there exists a strongly continuous unitary projective representation
U, of G such that

AdU,(8) - p1(x) = pg.1(AdU(g) - x), x € Al),

for all g in G and I in KC, where ¢: G — Diff (S 1y is the induced homomorphism. A
locally normal DHR representation is automatically Méb-covariant [10].

A similar class of representations of a conformal net is given by the so-called solitonic
representations. In the following, we will denote by 7R the set of all the open, nonempty
and non dense intervals of §1\ {—1}. A (locally normal) soliton o of a conformal net
(A, U, Q) is a family of maps 0 = {07};¢7;, where oy is a normal representation of
the von Neumann algebra .A(7) on a fixed Hilbert space H, such that o; = o7|4(p) if
I < J. Every DHR representation gives rise to a solitonic representation by restriction,
while the converse is in general not true. If G is a topological group equipped with
some homomorphism ¢: G — Diff (S 1), then we will say that a soliton o is locally G-
covariant if there is a unitary projective continuous representation U, of G which satisfies
the following property: if I is in Zr and V is a connected neighborhood of the identity in
G such that g.1 is in Zg forevery g in V, then Ad U (g)o (x) = 0,(4).1 (Ad U (1(g)) - x)
for every x in A(7). With Ry considered as elements of 7, the index of a soliton ¢ is
the Jones index of the inclusion o (A(R,)) € o (A(R_))'.

Finally, we have concluded our brief overview on conformal nets. We now consider a
vacuum positive energy representation i of level £ of some loop group LG. We always
suppose G to be simple, compact and simply connected. It can be shown that the family
of von Neumann algebras

Ae(I) = {7 (y): suppy C I}’

is a conformal net [15,29], where 7 is the lift of = described below in Remark 16. We
will denote by U the projective unitary continuous representation of Diff (S') verifying
the covariance property. Consider now a smooth path y : [z, 1] — G. We suppose y
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to admit, at all orders, finite right derivatives in —m and finite left derivatives in . We
then define o), = {015 } 17 as the collection of maps given by

ol: AgI) > B(H), ol(x)=Adx(y)(x), (13)

where y7 is a loop in LG such that y;(8) = y (@) for 0 in I seen as a subinterval of
(—m, m).

Proposition 4. o, is an irreducible locally normal soliton with index 1.

Proof. Normality on each A4,(I) follows because on these local algebras o, is given
by the adjoint action by a unitary operator. The compatibility property is clear, since if

I C J then 71()/1)/]_1) isin A¢(I') = A¢(I). The index is 1 since if I is in Zr then
oy (Ae(1)) = A¢(I), and for the same reason we have that

\ o (A = \/ AU = B(H)

1€l Ielr
since the conformal net Ay is irreducible. 0O

‘We will now focus on a smaller class of solitons. Given /4 in G, we define a discon-
tinuous loop as an element of the group

LyG = {¢ € C®°R, G): ¢(x) " '¢(x +2m) = h}. (14)

The restriction of a discontinuous loop on [—, 7] clearly induces a soliton o;. In the
following, we will study the equivalence classes of such solitonic representations.

Since m is irreducible if and only if it is irreducible as a projective representation of
LG, then oy is irreducible if 7 is irreducible (see also Corollary 1.3.3. of [29]). Notice
that for ¢ in L, G we have that {;(¢) = (P (P — t)~Visin LG for any ¢t in R. We
now denote by Rot™ the universal covering of Rot = T, the group of rotations of the
circle. If U; is the unitary representation of Rot associated to w, then we can define
Vf =m({)U; in PU(H) for ¢ in R and notice that Vf Vi = Vtis. However, in general
an is not a scalar and therefore o; is not Rot-covariant but only locally Rot™-covariant.
We can notice that if ¢ isin LgG and nisin L, G then ¢n~"isin L,-1,G if k™' g is in
Z(G). In particular, if ¢ and 5 are both in L, G then ¢n~! is in LG and o is unitarily
equivalent to o).

Theorem 5. Let w be a vacuum positive energy representation of LG of level £ > 1.
Given ¢ in Ly G, the soliton o, extends to a DHR representation if and only if h is central.

Proof. First we suppose & to be in Z(G). A quick computation shows that in this case
an = m(h). By the identity 7 (h)e™ X (h)* = ¢™X) for any X in Lgo we have that
an is a scalar since 7 is irreducible. This implies that o is locally Rot-covariant and
we have that o; can be extended to a locally normal DHR representation by using the
arguments of Proposition 3.8. of [11]. Now we suppose % to be not central. By absurd,
o extends to a DHR representation and thus it is Rot-covariant [10]. Denote by Ug the
corresponding intertwining projective representation of the circle. If we define the DHR
representation

p;(x) = AdUy - 0 - AdU_y - 6,1 - AdVS - AdU_7 (x) ,
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then by construction p; is implemented by the unitary Uy Ufn ViU_y. Since orisa
locally normal DHR representation, by using the additivity property one can show that

p¢ (x) = x for x in A((0, 7)) and for x in A((0, 7))". It follows that UEN V$ is a scalar

and thus an is a scalar. Now consider a maximal torus T C G containing 4. Since T is
connected, we can suppose that ¢ (x) belongs to T for any x in R, and by commutativity
we have that an = n(h) in PU (H). Therefore we have that / is a noncentral element
acting on 7 as a scalar. If we now consider the kernel

N={geG:n(g)eT},

then N is a normal subgroup of G which is not contained in the center. But G is simple
and connected, hence we have that N = G, which is an absurd. O

We conclude this section by studying the equivalence classes of the solitons con-
structed above. If z is in Z(G), then the DHR representations o; with ¢ in L,G corre-
spond to inequivalent irreducible positive energy representations ¢, of the same level
as  (see Remark 16 and Theorem 3.2.3. of [29]). Now we pick a maximal torus 7 in
G. Consider ¢ in LyG and n in L;G for some s and ¢ in 7. We can suppose ¢ and 7 to
be both contained in T'. It can be easily noticed that

or -0y =0ry, (n€LyG, ac_lzo;_h C_leLs—lG.

It follows that o; and o, are unitarily equivalent if and only if s = #, hence we have
infinitely many inequivalent solitons. If we consider two maximal tori T and 7' =
gTg~!, then what we can say is that we have the identity

Ogre-1t = Adm(g) - o - Adm(g)*,

that is the solitons o

ecg-1 and o are equivalent up to some inner automorphism.

4. Sobolev Loop Groups

We know that LG = C*°(S!, G) is a Fréchet Lie group if endowed with the Whitney
smooth topology. Its topology is induced by the norms defined on the Banach Lie groups
L*G = CK(S', G). The exponential map exp 1. Lgo — LG is naturally defined by
exp; g (X) = expg -X and is a local homeomorphism near the identity [27]. Here we
define and describe some properties of Sobolev loop groups.

Let M be a Riemannian manifold. Suppose M to be isometrically embedded in R
for some v > 0. Define, for | < p < ocoand 0 < s < o0, the fractional Sobolev space
[2,12]

WP (S, M) = {f € WOP(S',RY): f(0) € M a.e.}.

Here W*?(S', R") is the completion of C*°(S!, R") with respect to the norm || fls,p =
||AS/2f||,, + || fllp, where A > 0 is the closure on LP(S!,R") of the laplacian seen
as an operator on C®(S!, R¥) [9]. We recall that the closure of an operator between
linear subspaces of Banach spaces (and not only Hilbert spaces) is its smallest closed
extension, and that the fractional Laplacian A“ for 0 < o < 1 can be defined by the
Fourier transform [12].

In the following, every compact Lie group G will be considered as a Riemannian
Lie group with respect to the unique Riemannian structure extending —(-, -), namely
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the opposite of the basic inner product, and such that left and right translations are
smooth isometries. We show that if G is compact and simple then every faithful uni-
tary representation p: G — U (n) induces an isometric embedding of G in some real
euclidean space. By continuity of the representation we have that G is represented as
a compact embedded Lie subgroup of U (n). Moreover, by simplicity of gyo we have
that Atr(p (x)*p(y)) = —(x, y) for some A > 0. Therefore, if we consider M, (C) as a
real vector space with inner product ARe tr(X*Y) then we have an isometric embedding
G — M,(C).

Theorem 6. If G is a compact, simple and simply connected Lie group faithfully repre-
sented in some space of matrices, then WP (S, G) is an analytic Banach Lie group for
p and sp in (1, 00). Its Banach Lie algebra is WP (S', go), the exponential map exists
and it is a local homeomorphism. Moreover, C*(S', G) is dense in W*P(S', G) and
thus W5P(S!, G) is connected.

Proof. First we show that W7 (S!, G) is a topological group. This can be proved by
using the fact that any two functions f, g in W2 (S, R) verify, for p and sp in (1, 00),
the estimate [9]

If&lls.p = Cs.pll flls.pllglls.p - (15)

By this estimate and by the identity f~! — ¢! = f~l(g — f)g~! it follows that
WP (S!, G) is atopological group for p and sp in (1, 00), since it is clearly a Hausdorff
space. Now we define the map

exp; - WP (St go) — WHP(SL, G), exp, ,(X)(z) = expg (X (2)) -

This map is well defined since exp; -X = e¥ is an absolutely convergent series and it is
also a local homeomorphism. We check that W*7(S!, G) is connected. By the density of
C®(S', G)in W*P(S!, G) (see Theorem 1.1. of [2]), it suffices to prove that C*®°(S!, G)
is path connected and then connected. But a smooth homotopy between two loops in G
is a pathin C*°(S!, G), and the connectedness follows. Finally, we conclude if we prove
that the group operations of inversion and multiplication are analytic. By connectedness
we can reduce to prove this in an open neighborhood of the identity (see [29], Lemma
2.2.1.). The inversion X +— —X is clearly analytic. The analyticity of left and right
multiplication follows from the Baker-Campbell-Hausdorff-Dynkin formula, where the
continuity of the appearing homogeneous polynomials is guaranteed by equation (15).
The theorem is proved. 0O

Corollary 7. Every loop y in WP (S, G) is a finite product of exponentials, since the
exponential map is a local homeomorphism and WP (S, G) is connected.

Remark 8. Theorem 6 still holds if the circle S' is replaced with a torus T". This follows
from the fact that the mentioned density theorem [29] is verified for a generic cube O™,
that T can be defined as a quotient of Q™ and that the convolution with a smooth
function preserves the periodicity.

We have formally defined our Sobolev loop group W*?(S!, G) and we have checked
that such a space has good topological and analytical properties. Now we are finally ready
to extend our PER of LG. The definition of Positive Energy Representation of a Sobolev
loop group can be given just by replacing LG with W% ?(S!, G) in the definition given
above.
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Proposition 9. Let .: G — H and w: G — U be two homomorphisms of topological
groups. We suppose H to be connected and ((G) to be dense in H. Suppose the existence
of a neighborhood V of the identity in H and of a continuous function pg: V — U such
that w(gy) — po(v) whenever 1(gy) — v, With (gy)aca a netin G and v in V. Then,
Do extends to a continuous homomorphism p: H — U such thatm = p - L.

Proof. By the connectedness of H we have that H = U, V". We show by induction
that p can be well defined on V" for every n. We set p = pg on V. Suppose the thesis
true for V", and consider elements w in V" and v in V. Pick a net (hg)gep such that
t(hg) — v. By inductive hypothesis the limit

p(wv) = lim7(g) = 1ién ligln(gahgl)po(v) = p(w)p(v)

is well defined and does not depend on the net (g4)qe4 such that t(g,) — wv. Hence
p is a well defined group homomorphism. The continuity of p follows by induction as
well, and the identity = = p - ¢ is satisfied by construction. O

Proposition 10. Let v be a PER of a loop group LG. If X isin WP (S', go) for1 < p <
2ands > 3/2+1/p, then t(X) is a closable operator which is essentially skew-adjoint
on any core of L.

Proof. We first notice that by the Sugawara formula we have Ly > 0, since we have
Lo = d + h; for some h; > 0 on each irreducible summand 7; of 7. If H%f" is the
algebraic direct sum of the eigenspaces of Lg, then we will denote by H%* the completion
of HOfi" with respect to the Sobolev norm ||&]los = [|(1 + Lo)*£]|. By Lemma 2 and
Proposition 1.2.1. of [29], for £ in H* " and X in LP°'g we have

lr(X)éllo,s < /2 + )X is1+1201E 0,5+1/2 5
I[1+ Lo, w(X)1€llo,s < v/2(€+ )| X|s+3/211E No,s41/2 5

for any s in R. By density one extends 7 to (Lg)s+3,2 in such a way to still verify the
same estimates for £ in H%**1/2_ 1t follows that if X is in Lg3 /2 then both 7 (X) and
[1 + Lo, 7(X)] are bounded operators from HOV2 10 H. By the Nelson commutator
theorem [28, Thm. X.36] we have that if X is in (Lgo)3,2 then the restriction of 7 (X)
on

D={y e HNH""*: 7(X) € H}

is a closable operator on H which is essentially skew-adjoint on any core of Ly such as
H%fin Notice now that, by standard arguments, there is a norm continuous embedding
WP (St g) — Lg3>. Indeed, if X (0) =), Xie'*? then by the Holder inequality

X132 =Y (1+KDY2UXxl =D (1 + kD275 (A + KD IXk ]l < As plX]s.pr < By pll Xlls.p
k k

where A; , and B, , exist and are finite by construction and by Riesz-Thorin respectively.
Therefore, by the arguments given above we have that if X isin W (S!, go) then 7 (X)
is a skew-symmetric operator on " which is essentially skew-adjoint on any core of
Ly.
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Propositions 9 and 10 can be used to extend a strongly continuous projective rep-
resentation of LG to a strongly continuous projective representation of W5 (S!, G).
However, for convenience in the following we will focus on H* (S 1.G) = ws2(Sst, 6).
We show how a different approach can improve the results of Proposition 10.

Proposition 11. If 7w is a PER of a loop group LG, the induced projective representation
7 of Lg can be extended to H*(S', g) for s > 3/2, with w(X) closable and such that

I7(X)ENo0.12 < CslXIs2lEllor2, & € HOV2, (16)

for some Cg > 0. Moreover, m(X)* = m(X*), and in particular 7 (X) is essentially
skew-adjoint if X is skew-adjoint.
Proof. We use some techniques shown in [S5]. Given X = Zn X, (n) in Ly 1, the

operator 7 (X) is well defined on HO1/2 and (16) follows by the previous estimates
since for ¢ > 1/2 and s = 1 + ¢t we have

X1 =) A+ nDIXull =D A+ )~ A+ nD "Xl < X2
n n

It is also closable since 7w (X*) C m(X)*. Notice also that since Hfi" is a core for
1+ Lo)l/ 2 then 7 (X*) is the formal adjoint of 7 (X) on the associated scale space
HO1/2 for any X in H3/2(S!, g). Now we define on H% !/ the operator

Rx,e = [n(X), e <],

which is well defined since e=¢L0: H — HO-° C HO.1/2, By —Rx* ¢ C R}‘(,E we have
that Ry . is closable. Notice that if Lovx = kvi then

Reny.eVk = far(@x(m)vg, frx(e) = e K —emckmn)

We will now show that || Ry (n),e ||2 <2 +g)|x(m)|1,1. The case n = 0 is trivial and we
can suppose n < 0 as —Rx+  C R} .. By simple analysis techniques one can prove
that ’

n? 1+k 1
<

2 —
nkn(©OF = G5 o Sl

for any € > 0 and k > 0. Therefore if v = Zkzo Vg 18 in HOfin then we have
) 2 ) 2
IRe. eI = | 32 Remeve| = | D2 k(@ Px oy
k>0

k=0

=3 1 fr©Plx v

k>0

2
<2+8) Y s (1D + Dl il
k>0

<2(e+g) Y (1+nh* x| flvell?
k>0
=20+ @) lxm)IT v]*.
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It follows that ||Ry (|| < 2(£ + g)|X|1.1 for every X in Lg;,1 and that Ry — 0
.. *

strongly as € — 0. Moreover, by the identity R;‘(,é = —Rx» ¢ we have that Ry, . — 0
strongly as well. Now we arrive to the crucial point: if v is in D(7 (X)*) then

T(X"e Loy = (X)) e Loy = e Lo (X) v — Ry .v—>m(X)'v, €—0,

and this concludes the proof since e <40y — vase — 0. O

Theorem 12. Let m: LG — PU(H) be a positive energy representation of LG. Then
7 can be extended to a positive energy representation of H*(S', G) for s > 3/2.

Proof. We consider an open neighborhood U in H*(S', go) on which the exponential
map of H*(S', G) is a homeomorphism and set V = exp s (U). For y = expy; (X) in
V we define in PU (H)

ay) =% XeU.

The neighborhood V verifies Proposition 9, since if y, = exp(Xy) converges to y =
exp(X) in V then the estimate (16) implies that 7 (X, )& is a Cauchy net for every &
in %172, But the pointwise convergence of self-adjoint operators on a common core
implies the strong resolvent convergence of such operators (Theorem VIII.25.(a) of [28]),
thus 77 can be continuously extended. Finally, since the rotation group acts on H*(S', G)
by continuous operators (see Lemma A.3 of [4]) and since LG is dense in H*(S L G),
we have that  is actually a Positive Energy Representation since it is Rot-covariant.
O

Proposition 13. [29] Let ps = exppjg, (s1)(sh) be a smooth diffeomorphism of S L with
h a smooth real vector field of the circle. Set Ry, = {ps}ser. Then the exponential map
LgoxRh — LG xRy, iswell defined and continuous. Moreover, if Xy = py.X = X~p;1
then

eXPLGur, (X tah) = lim exp,(X/n)exprg(Xa/n/n) - exprg(Xa@m—1)/n/1)Pa -
amn

Proof. To compute the exponential map, we fix X + ah in Lgo x RA and look for
f: R — LG x Ry which satisfies (X + oh)f = f and f(0) = 1. We suppose f to
be of the form f; = y’pg () with y in LG. As a manifold, LG X Ry, is the product of
LG and Ry, thus s — exp; s (sX)psq is the integral curve for X + oh at the identity.
Therefore, with the notation y;(0) = y (o, 1(9)) we have

d d
(X +ah) f; = d_ eXPLG(SX),Osthqu(z) =7 expLG(SX)(Vt)sapsaﬂp(l)
S 1s=0 ds s=0

= Xy! +ad
=AY Pp(t) ds

YDsPoa) +ay hppq)
0

s=|
. d
Jr= <EVI)P¢(z) +¢' Oy hpy) »

whence ¢ () = at, and we must solve

d , ; d
—y =Xy +o—
ds

t 0
S =1. 18
7 O(V) 4 (18)

§=
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Now we notice that if ¥ is a solution of the equation %yé = X_ory} with initial

condition )/é) = 1, then y! = (yé)a, is the solution of (18) we were looking for.
Therefore, if we embed G in a space of matrices M,,(C) and we consider LG as a
closed subspace of Cc>(S!, M, (C)), then by Theorem 1.4.1. of [29] we have

1

Yo lggo exp(X_q/n) eXp(X—oz(n—1)/rt/n) e 'CXP(Xfa/n/n),Oa , (19)

n

where the right side of (19) converges in each CX(S!, M,,(C)) and hence in LG. Finally,
equation (17) follows from y! = (yol)a, and the continuity of exp; g, follows from
Theorem 1.4.1. of [29]. O

Corollary 14. The following holds in PU (H):
en(X+iah) — ﬂ(eXpLGth (X +ah)).

Proof. By the Trotter product formula and Proposition 13 we have the following iden-
tities in PU (H):

en(X+ioch) — lim (en(X/n)eiom(h)/n)n —
n— 00

= lim m(exp,g(X/n)expLg(Xajn/n) - - expLg(Xam—1)/n/1) Pa)

nll)rréo m(expy g (X/n)expg, (ah/n))"

= 7(exprgur, (X +ah)),

where we used the identities ¢'” ") = 7 (exppg, (h)) and e™®) = 7 (exp, (X)) which
holdin PU(H). O

Lemma 15. Let 7 : G — PU (H) be a strongly continuous projective representation of
a topological group G. Then the map

GxUMH)—> UMH), (g, u)r> n(gur(g)”,
is well defined and strongly continuous.

Proof. The map is clearly well defined, and if g, converges to g in G then we can
choose lifts vy, and v of m(g,) and m(g) such that v, converges to v in U (H), since
the short exact sequence given by U(H) — PU (H) admits local continuous sections
[1]. But in the unitary group the strong topology and the x-strong topology coincide and
multiplication is continuous on bounded sets by the uniform boundedness principle, so
the assertion follows. O

Remark 16. A continuous projective representation 7 : G — PU (H) can be naturally
lifted to a continuous unitary representation 7 of G = {(g, u)e GxUH): n(g) =

[u]} given by 7 (g, u) = u.
Theorem 17. If y is in H*(S', G) and X is in H*(S", go) for some s > 3/2, then
() (X)w(y)* = 7 (Ad(y)X) +ic(y, X), (20)

for some continuous real function c(y, X). Moreover, if y is in H'**(S', G) and h is a
real vector field Sy, then

a(y)m(X +ih)r(y)* = 7 (Ad(y)X) +iT (h) +n(h)7y_l) +ic(y, X)+ic(y,h) (21)

for some continuous real function c(y, h).
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Proof. We first prove (21) in the smooth case. We will identify Rz with iR/ for formal
convenience. By the previous propositions, if y isin LG and Y = X +ihisin Lgg xiRA,
then the following identities hold in PU (H):

T (y)* = 1 ()T (€XPLG g, (SY)T ()

= (Y exprgur, V)Y )

= m(eXpLGxr, 1AA(Y)Y))
— elﬂ(Ad(y)Y) , (22)

(y)e

and consequently 7 (y)e™ M (y)* = A(t)e!™AIWY) for some function A: R — T.
But A: R — T is a continuous homomorphism and therefore A() = ¢'“’ for a unique
real number a = c(y, Y). We point out that Ad(y) has to be intended as the adjoint
action with respect to the semidirect product LG x Rj,. Notice also that c(y, Y) is linear
in Y, so we can write c(y, X +ih) = c(y, X)+c(y, h), where we set c(y, ih) = c(y, h)
for simplicity. Therefore, the claimed expression follows by the Stone’s theorem and by
using the product rule for the derivative on the identity 1 = y; - yl_l.

Now we prove (20) in the Sobolev case. Consider (Y, Xy) in LG x Lgp converg-
ing to (y, X) in H*(S', G) x H*(S', go). We have that both 7 (y,)e*™ X 7 (y,)* and
ST (Ad(ra)Xo) strongly converge to the corresponding terms in y and X. By the argument
used before we have that e/¢(e-X«) converges to ¢!¢?V-X) | that is ¢/ %) is continuous
in y and X. But continuity is a local property and the exponential map has local left
inverses, thus c(y, X) is continuous and the first part of the theorem is proved. Now we
prove (21) in the Sobolev case. Consider y in H I+5(S!, G) and & real in S,. Notice that
imr(h) and w(hyy ") are both essentially skew-adjoint. Consider now smooth approxi-
mating nets y, — ¥, Xo — X and hy — h as before. By the previous propositions, the
approximating right hand side of (21) minus c(yy, k) converges in the strong resolvent
sense to the corresponding term in y, X and & since we have a net of skew-adjoint
operators pointwise convergent on a common core. Similarly, 7 (X, +ihy) converges in
the strong resolvent sense to 7 (X + ih) and therefore

17 (Xq+iha) 1 (X+ih)

7T (Ya)e T(ya)* — w(y)e m(y)*

strongly for every 7 in R. By the argument used before we have that ¢!¢?”-") is continuous
and thus c(y, h) is continuous. The thesis is proved. O

Corollary 18. The scale space H* C H is H*(S', G)-invariant fora > 0 and s > 5/2.
Moreover, for any integer n such thatn < |s — 1, the corresponding map H*(S', G) x
H" — H" /T is continuous.

Proof. Since D(u*Au) = u*D(A) for every unitary u and every self-adjoint operator
A, then

D((1+d)*) = () D((1 +d — im(y~") +c(y, d)*)
S ()DL +d)%). (23)

Since D((1 + d)*) = H* for « > 0, the H*-invariance follows. Now we prove the
second statement, where we can suppose n > 1. By Proposition 1.5.3. of [29] we have
17 & ln < (1 + My_1)" & lln. where My, = Cly~'lpe1p2 + le(y ™", d)] for some
C > 0, and the joint continuity can be proved as in [29]. O
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Theorem 19. With the hypotheses of Theorem 17, we have

do

2 . do ¢ 2 . .
0 21 2 0 2m

Proof. We follow Theorem 1.6.3. of [29], skipping some computations for the sake of
brevity. Consider a smooth loop y in LG and a smooth real vector field /4. For Y in
Lgo »x iRA we have

c(v1y2,Y) = c(y2. ¥) + c(y1, Ad(»2)Y) . (24)

If y' = exp(tX), then the map ¢ +— c¢(y', Y) is differentiable at t = 0 since LG x
Rp — LG is smooth. In particular, we have that

¥|,_octy'.Y) =tB(X.Y),

=0

and so

0],y ) = 0.

t=0
By using (24) we have that c(y’, h) is differentiable everywhere, with
dhe(y',Y) =LBX,Y) +c(y', [X, YD),

or more compactly
¢ (Y) =ixtB(Y) — (X.c)(Y). (25)

We naturally expect the solution of the ODE to be given by the Duhamel formula
t t
c(y',Y) =tB(X, Ad(y’)/ Ad(y~")Ydr) = ¢B(X, / Ad(y*)Yds) . (26)
0 0

Using %Ad(y,)Y = [X, Ad(y;)Y], it is easy to verify that (26) defines a C'(R, (Lg >
iRA)*) solution of (25) with initial condition ¢y = 0. The solution is unique. Finally,
one can use (26) and Corollary 1.6.2. of [29] to obtain the claimed expressions in the
smooth case. By the continuity of ¢(y, Y) shown in Theorem 17 the thesis is proved.

0

Corollary 20. By repeating the proof of Theorem 17, one can show that if y is in
H(S', G) and X is in H*(S", go) for some s > 3/2, then

T () (X)m(y) = m(Ad(y ") X) +ib(y, X), 27)

for some continuous real function b(y, X). Similarly, if y is in H**'(S', G) and h is a
real vector field in S;, then

n(y) n(X+ik)n(y) = n(Ad(y ") X)+iT(h)—m(hy ~'y)+ib(y, X)+ib(y, h) (28)

for some continuous real function b(y, h). In particular, by b(y,Y) = c(y 1, Y) we
have

do

2 . do ¢ 2 R
0 27 2 0 2
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5. Relative Entropy and QNEC

Let M be a von Neumann algebra in standard form, and let ¢ and v be two faithful,
normal and positive linear functionals on M represented by vectors & and 7 in the natural
cone. The relative entropy is defined by [22]

Selly) = —(&|log Ay eé),

where the above scalar product has to be intended by applying the spectral theorem to
the relative modular operator A, . The relative entropy is nonnegative, convex, lower
semicontinuous in the o (M., M)-topology and monotone increasing with respect to
von Neumann algebras inclusions (Theorem 5.3. of [25]). If the relative entropy is finite,
then

d
=—i¢((Dg: DV))| . (29)

d
S(elly) = id—fp((Dw: D))
t t=0

t=0
where (D¢: DY), = (Dyr: Do)} is the Connes cocycle.

We now denote by A, = {A¢(I)};exc the conformal net associated to a level £
vacuum representation 7 of some loop group LG. As before, we will denote by K the
set of all the open, non empty and non dense intervals of the circle. To each interval /
in IC we associate the von Neumann algebra

Ae(I) = {7 (y): suppy C 1}, (30)

where 7 is the lift of & described in Remark 16 and the support of a loop y is defined
by

suppy ={z € S': y(2) #e}.

If the interval I does not contain — 1, then it can be identified with an open interval of the
real line through the Cayley transform. On the real line picture the stress energy tensor
is given by O(f) = T(Cy f), with Cy f the push-forward of the vector field f (u)% by
the Cayley transform C(u) = (1 +iu)/(1 —iu) [17]. Notice that even if we can identify
the function f with the vector field f (u)%, the push-forward C, f has to be intended
as a pushforward of vector fields and not just a composition of functions.

We now come back to our work. We are interested in computing

S(1) = S4(1,400) (@y @) , €29

where w is the vacuum state represented by the vacuum vector Q and w, = @-Adw(y)*
is represented by 7 ()2 for some loop y in LG. More in general, the same result will
apply to the solitonic states given by the solitons (13) of above. We introduce the groups
of Sobolev loops

B(zi,....z0) = |y € HX(S', G): y(z) = e,y (z) =0} . (32)

By standard arguments, continuously differentiable and piecewise smooth loops are in
H’(S', G) for s < 5/2 [11,17], where we say that y is piecewise smooth if right and
left derivatives always exist and if y is smooth except on a finite number of points.
If there is no ambiguity, we will use a similar notation to denote the groups (32) in
the real line picture. Consider now the interval I = (z, w) of S! obtained by moving
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counterclockwise from z to w. We will denote by y; the map such that y; = y on [z, w)
and y; = e on [w, z), so that we have the identity

Y =VYIiyr - 33)
By Theorem 12 we have that if y is a loop in B(z, w) then in PU (H) we have 7 (y) =
7T (V(z,w))™ (Y(w,z))- In particular, in this case 7 (y(z,y)) is in A¢((z, w)) and 7 (y(w,z)) 18
in A¢((w, z)). We also recall that by the Bisognano-Wichmann theorem (11) we have
the identity log A = =27 D with D = —%(L] — L_y), thatislog A = =27 T (§) with
3 the vector field generating §(s).u = e®u. Notice also that the vacuum expectation of

T T@)m(y) =T@) +in(y ') +b(y, ) (34)
is given by the real constant b(y, §) described in Corollary 20.

Proposition 21. Lety be aloop in H3(S', G). Pick anon dense openinterval I = (z, w)
of the circle and write y = yryp as in (33). Denote by 81 the generator of dilations of
the interval I and set A} = e~ 2 TOD If v vanishes on the boundary of I then the
Connes cocycle (Dw, : Dw); of A¢(I) is given by

. . . .
(Da)y: Dw), = ezl(a—2nc(y1,51))6—271'[(zn(61)+n(51y1y1 ))Al—tt (35)

for some a = a, inR. In particular, a depends only on the values of y at the boundary
of I and a,, = 0if y(z) = e for z in the boundary of 1.

Proof. First we check that &;y; y[_l is in H2(S', go) since it vanishes with its first
derivative on the boundary of /. Hence the right hand side of (35), which we denote by
uy, is a well defined unitary operator which is in A, (1) by the Trotter product formula.
To prove the existence of a in R as in the statement it suffices to check that u, verifies
the relations

() of () = wo (., x € Al),

(i) ures = uror(us) .

Here o; and o/ are the modular automorphisms associated to the states w and wy.

The first relation follows by noticing that

of (x) = Ad A} (x) = Adm(y) A (y)*(x)
= Adr(y) A m(y) AT AT (x)
=Adu; - o;(x), (36)
where we used Lemma 3.(ii) of [26] and Theorem 19. The second relation can be easily
verified and thus a does exist. Now we prove that a = a, depends only on the values
of y at the boundary of /. Consider 1 in H3(S!, G) such that n(z) =eand n(z) =0

for z in the boundary of 7. Notice that (Dwy, : Dw); = w()(Dw, : Dw);o;(w(n)*).
Therefore, with the notation of Corollary 20 we have

.d
ayy +2mb(nryr, 81) = —lECUny((Dwny: Dw),) —o

d
= _iawny(n(n)(Da)y: Dw);0;( (1)) —o
=ay, +2n(b(y1,81) +b(mryi, 81) — by, 1)),
and by the identity a,, = a, the assertion is proved. If y (z) = e for z in the boundary
of I then 7 (yy) is in Ay (1) and the last statement follows by Lemma 3.(iv) of [26]. O
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Remark 22. If y is an element of H 2([=m, 7], G), then as in the smooth case we can
consider the soliton o, given above by (13). In particular, Proposition 21 still holds for

the solitonic states w, = w - ay_l with y in H3([—, 7], G). This follows from the fact
that if 77 is a loop in H3(S!, G) such that y = on I, then wy = w, on A(I).

Now we arrive to the main part of this work, that is we will use the previous results to
prove the QNEC (1) on loop groups models for the solitonic states @, = w - 0, I given
by (13). In the real line picture, the path y corresponds to an element of H*(R, G).

-1
Y
picture, to some element y of H*(R, G). Then the relative entropy (31) is finite for every
t in R and explicitly given by

Theorem 23. Let w, = w - 0, be a solitonic state corresponding, in the real line

Z o0
S@) = —5/ WGy yy du. 37)
t

Proof. As discussed in Remark 22, we can suppose y to be the real line parametrization
of some element of H 2(S 1l G ). Since the vacuum is G-invariant, we can replace y with
y g for any g in G, thus we can suppose y (00) = e. By using the real line picture notation
for the groups (32), we first suppose y to be in B(oco). We point out that if y () = e
and y(t) = O then S(¢) is finite and given by (37) since we can use equation (29),
Proposition 21 and the continuity of w,, ((Dw, : Dw),) with respect to y in H 2(S L.G).
Now we prove that S(¢) is finite for any 7 real. Indeed, for any # real we can pick a smooth
loop n with suppn < ¢ and such that n(r — k) = y(t —k)~! and (ny)(t — k) = 0 for
some k > 0. This implies that

SA((I,+oo) (w;/“w) = SAg(t,+oo)(wr)y”0)) = SAg(lfk,+oo) (wny”a)) < 400,

where the last relative entropy is finite by the argument used above. By similar arguments
we have that

S$(1) = S Ay (—c0.n) (@y @) (38)

is finite for any 7 real. Now we focus on the case r = 0, since the general case follows
by covariance. We suppose y (0) = 0 and we write y = y,y—, with y.(u) = eforu <0
and y_(u) = e for u > 0. By Proposition 21 we have

S(0) =a _¢ Oou(' 1 yy~hd
=ay =5 | wlyy L yy du.

Now we emulate some techniques used in [17] and we prove that a,, = 0. Given A > 0

real, consider the function f(u) = ue. Forn > 0 integer, we consider a smooth
diffeomorphism p = p, , of the circle such that, in the real line picture, it verifies
p(w) = f(u)for0 <u <n-— % and p(u) = f'(Mu+ (f(n) —nf'(n)) foru > n. We
also suppose p (u)/p’ (1) to be uniformly bounded for n — % < u < n.Consider now the
loop yn(u) = Y (p;. llq(u)). By the identity a,, = a,, , and by monotone convergence
once more we have

. ¢ [ R
0 < inf 4,000 @y, l0) = ay = / @—m)yy~yy Ndu,  (39)
n
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and by monotone convergence we have a, > 0. Now we prove the other inequality.
Consider a smooth path ¢, in G with extremes ¢(0) = e and ¢(1) = y(0). We also
suppose that £ (0) = ¢ (1) = 0. We now define

y(u) u>0,
Vo) =3¢(u+1) —1/n<u<0,
e u<-1/n.

By monotonicity S 4,0, +00) (@y |©) = S4,(0,+00) (@y, @) < SA,(~1/n+00) (@y, @), O
that after a limit we have the inequality

a —fflu@cl ¢ du
Yy — 2 0 ’ *

However, if we now consider the function g, (u) = ue* =1 and we define Oo.(w) =
£(g; ")), then

A A
ay_—§/0 W68 65 du < — i LieThdu -0, a0,

Finally, we have proved that a,, = 0 if y(0) = 0. To remove this condition, we notice
that if P is the generator of translations then the average energy in the state w), is finite
and given by

ﬁ +00 A | d’/{
E, =(7T(V)Q|P7T(V)Q)=—§/ (vy= vy >§' (40)

Therefore we can apply Lemma 1. of [7], namely for every #; and #; in R we have
(S(t1) = 5(22)) + (S(2) = S(11)) = (12 = )27 Ey . (41

This implies that S(¢) and S(¢) are both Lipschitz functions. Consider now a smooth real
function p (1) defined on [0, 1] and such that p(0) = 0 and p(1) = 1. We also suppose
0 (0) = p"(0) =0, p’(1) = 1 and p” (1) = 0. We define

v (u) u>1/n,
va) = {y(pmu)/n) 0<u<=<1/n,
n(u) u=<0,

where 7 is a smooth function such that y,, is in H2(S!, G). Therefore, by (41) we have

0 < S4,(0,400) (@y, @) = S4,(1/n,400) (@y, @) < Z%Eyn -0,
and thus we have
S40(0,+00) (@y l©) = HM S 4,(1/n,+00) (@y @) = 1M S 4, (1/n,+00) (@y, @)
= 1im S4,(1/n,+00) @y, [©) = S.4,(0.400) @y, [©) + S4,0,400) (@, )

= lirrln SA( (0,+00) (wy,, lw)
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14

oo
=2 [ utrr vy, )
0

The most of the work is done. Now we just have to remove the condition y (co) = 0. If
we apply covariance to equation (42) then we have

2
Sacoon@ o) = =5 [ utiy iy du
—0o0

for any y in H 2(S!, G) such that y(0) = 0. But this condition can be removed as in
(42), and by covariance we have that the above expression of S(0) holds for a generic
loop y in H*(S',G). O

Corollary 24. If E,, is the null energy (40), then we have the Bekenstein Bound

S.Ag(—r,r)(a)y lw) < 7TrEy s 43)
where
e ("1 .1 . 1
Sacrn@lo)==5 [ —e—werwpy™yyd. @
—r

Furthermore, the complement relative entropy (38) is given by

_ Y2 4
S(r>=—§/ t—wyy ' yy Ndu. (45)

—00

Proof. As in the previous theorem, it is not restrictive to suppose y to be in H2(S', G).
The statement then follows by Mob-covariance, since in general we have

e [P N
Savtam@yllo) =~ / Diay@) 7y~ 7y~ )du 46)
a

for every interval (a, b) of the real line, with D, 5 (1) the density of the dilation operator
of (a,b). O

Now we use the previous theorem to discuss the QNEC (1). In this case we have that
the second derivative S”(r) exists everywhere in the classical sense with $”(r) > 0. If
P is the generator of translations, then by the Sugawara formula we have P = @(dd—u),
hence the quantity £ = E,, given by (40) is an averaged stress energy tensor in the null
direction u in the state w,, .

Theorem 25. Let y be an element of H*(R, G) as in Theorem 23. If we consider the
null energy density

E . 71
E,(t) =——(yy

7 7y hHe, (47)
T
then the states w,, verify the ONEC (1), with

E,(t) = S ()2 > 0. (48)

Similarly, E, (t) = S"(t)/2 > 0, where S(t) is the complement relative entropy (38)
given by (45).
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This theorem is the main result of this work. However, definition (47) may seem not
rigorous to the reader, since we can arbitrarily add a function with null average to the
integral (40). For this reason, we will now motivate our definition of stress energy tensor
density. Given / in S35, the notation

_ __L —= —n—2
T(h)_fSI T@h@dz, T@=-5- Y "L, (49)

n=—oo

is widely used. Therefore, in general we can consider two vectors £ and n in V =
M=o D(LE), recall that

| T (WE < (/221132 0mIII(+ Lo)E]l,

and define (1|7 (z)€) as the kernel of some tempered distribution. This definition is
consistent by defining (1|7 (z)&) by using (49) if £ and n are in HO-fin, By Corollary 20,
in the real line picture in our case we have

L
TWQAT (W7 (y)R) = —E/h(mw”, yy h@ar,

for every h, and this motivates (47) since in general we expect the identity

EIT(ME) = /SI h(2)(EIT (z)§)dz

to hold. In addition, we can also show a different way to recover (47) by using some
results of [7].

Let N/ € M be a-hsminclusion with corresponding family of von Neumann algebras
(M})ser. We denote by P > 0 the generator of translations and by w the faithful normal
state given by the common standard vector 2. Given two real parameters ¢ < t’, consider
anormal state ¥ of M, with representing vector 7. If u is some isometry, then we will
denote by v, the vector state represented by un. We will use the notation P, = (n|Pn).
We define

Ey(t,t) = inf Pywiy s (50)

(w',w)eC{xCy

where C is the family of all the isometries w’ in M; such that P,,, and S M, (Y llw)
are both finite, and similarly C is the family of all the isometries w in M, such that Py,
and Spq, (Ywllw) are finite. Notice that Ey, (7, t') is well defined as a state-dependent
quantity, since any two vectors which represent ¥ on M, differ by an isometry of M.

Proposition 26. Let A be a von Neumann algebra on H and let Uy = e™** be a one
parameter strongly continuous unitary group such that U_;AU; € A fors > 0. If u
and u’ are isometries in A and A', then for every vector & in H we have

P,m/g + P: = Pyg + Py,

under the assumption that the quantities |P|,¢, | Plug, | Plwe, and | Ple are all finite.
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Proof. Take s > 0 and consider

D = (§|U—&) + (uu'§|U_suu'§) — (u§|U_u§) — (u'§|U_su'§) .

Note that (uu'E|U_suu'é) = E|(w*U_suU_)(u)*U_su’'§), where we used the fact
that u*U_;uU; belongs to A for s > 0. Thanks to this remark, we can write D =
D1+ Dy + D3 + Dy, where

Dy = u*(Us — Dug|Us(u)*(U—s — Du'E)

Dy = " (Us — Du&|(Us — DE)

D3 = (U-s — DE|)*(U-s — Du'§)

Dy = —((U—s = DE|(U—s — DE), (51

and so we have the estimate |D| < |Di| + |D2| + | D3| + |D4|. We can bound all of
these terms as | D;| < [[(Uy — D1 || [|(Uy — D)n2ll, where 1, n2 € {§, u&, u’&}. For ¢ in
(&, u&, u'&} we can use the spectral representation of P to write, for s > 0, the identity

_ ,—ish

1
(§|(1—Us)C)/S=/+d(C|EA(P)§)-

By |1 —e~*|/s < |A| and by the finiteness of | Pl; = (¢||P|¢) we can use the dominated
convergence theorem, and so we have

lim (5101 = Une)/s = iP;.
S—>
It follows that

[
m —— =

s—0* S

lim 2Re(¢|(1 = Us)¢)/s =0,
s—0*
and so by the estimates above we finally obtain that D/s — 0 for s — 0F. Therefore
0= liIIOl D/s = Ps + Pyyg — Pye — Pye
s—0F

and the thesis follows. O

The previous proposition is an intermediate result used in the proof of Theorem 1.
Finally, by using the proof of Theorem 1 and Proposition 26 we have the following fact.

Proposition 27. Given two real parameters t < ', consider a normal state ¥ of M;
with representing vector 1 such that P, < +o0o. Consider the Connes cocycles

ug(t) = (DY : Dos M5, us(t') = (DY Dos My)s .

If the relative entropies S(t) = Sy, (Vo) and S‘(t/) = Sy, (Y l|lw) are finite, then

Ey(t,1) = 1Snsf/ Py oy + Puyayn — Pp= lim_ Pyyy+ Pu_goyy — Py (52)

§—>+00
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In other words, what we did was just to notice by the proof of Theorem 1 that, under
some finiteness assumptions, the null energies of all the representing vectors for a normal
state are minimized by the Connes cocycles. Notice also that by Theorem 1 and (41) we
have

Ey(t,t")==S )27 +S8'(t")/2n — P,.

Finally, we can define
Ey(t) = lihm ionf Ey(t, t+h)/h. 53)
N

After this premise, we can show that the density (47) is actually given by the limit
(53). In this step we will use the results of [24], which ensures us that a PER of a
loop group LG can be extended to a PER of H'(S', G). In particular, this implies that
Theorem 23 and Theorem 25 are still true in this generality. The same argument applies
to Proposition 31 below as well. Furthermore, as shown later in Proposition 31, we can
compute (50) by using (52). By doing so we have

e "o
Em,r/):—E/ Gy~ iy du.
t

This tells us that the null energy density (47) can be recovered by using (53).

5.1. ONEC on LSU (n). In this section we focus on the case G = SU (n) and we use a
construction illustrated in [30] to show that a positive energy representation of LSU (n)
can be extended to a positive energy representation of the Sobolev group H*(S', SU (n))
for s > 1/2. In particular, we will use this fact to provide a simpler proof of the QNEC
(48).

We begin by considering the natural action of G = SU(n) on V = C" and we set
H = L%*(S', V), orequivalently H = L?(S')® V. We can naturally define a continuous
action M of LG on H by M,, f(¢) = v (@) f (¢). We can also define an action of Rot on
H by Ry f(¢) = f(¢ — 0) with respect to the representation of LG is covariant, that is
it satisfies Rg M, R, '=wm Roy- If P is the orthogonal projection onto the Hardy space
H,, namely

H, = {f e LX(S", V): f(0) =) fue™™? with f € v} ,

k=0

then we can define a new Hilbert space Hp which is equivalent to H as real Hilbert
space, but with complex structure given by J = i P — i (1 — P). The Segal quantization
criterion, which we now recall, allows us to define a positive energy representation of
LG on the fermion Fock space Fp = A Hp known as the fundamental representation
of LSU(n) [27,30]. Notice that Fp(0) = AV is the fundamental representation of
SU (n). The fundamental representation of LSU (n) is the direct sum of all the n + 1
irreducible positive energy representations of LSU (n) of level £ = 1. The fundamental
representation contains the basic representation, that is the unique level one vacuum
representation.

Definition 28. The restricted unitary group is the topological group
Up(H) = {u e UH): [u, P] € L*(H)},

where the considered topology is the strong operator topology combined with the metric
given by the distance d(u, v) = ||[[u — v, P]|2.
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Any u € U(H) gives rise to an automorphism of CAR(H), called Bogoliubov au-
tomorphism, via a(f) — a(uf). For every projection P on H there is an irreducible
representation of CAR(H) on Fp which is denoted by 7 p. The Bogoliubov automor-
phism is said to be implemented on Fp if wp(a(uf)) = Unp(a(f))U* for some unitary
U € U(Fp) [30].

Theorem 29. Segal’s quantization criterion. [30] If [u, P] is a Hilbert-Schmidt operator
then u is implemented on Fp by some unitary operator Up. Moreover, Up is unique up
to a phase and the constructed map Up(H) — PU (Fp) is continuous.

Proposition 30. The fundamental representation of LSU(n) can be extended to
HS(SY, SU(n)) for any s > 1/2. In particular, every positive energy representation
of LSU (n) extends to a positive energy representation of H*(S', SU (n)) for s > 1/2.

Proof. Notice that since a loop y in LSU (n) is also a map from S I'to M, (C), then we
can write y as a Fourier series y (z) = Y 7kz¥, where 7% € M,,(C). We consider on H
the basis elj‘- (z) = z¥e;, where (¢;) is the standard basis of C". We define M,; = 7,
and we note that Mye]]? =D M,'ke;, so that (ef, Mye(jl.) = (ei, Mpqe;). So M, is
represented by a Z x Z matrix (Mp4) of endomorphisms. We have

WP, MG = D IMpglz+ Y Myl

p>0,g<0 p<0,g>0
=12 =112
DA RSN
k>0 k<0
=12 25 1153112
= > IkHklZ < Y+ kDX 173 -
keZ keZ

fors > 1/2.Itis easy to verify that the map y + M, € Up(H) is continuous. We also

have that the rotation group acts on H*(S', G) by continuous operators (see Lemma A.3
of [4]), and by [Ry, P] = 0 we have that the projective representation of Rot is actually
a strongly continuous unitary representation. Therefore, the thesis follows by the Segal
quantization criterion, the complete reducibility of positive energy representations (Thm.
9.3.1. of [27]), Proposition 2.3.3. of [29] and remarks below. O

Proposition 31. Let y be a loop in H' (S, SU(n)). Pick a non dense open interval
I = (z, w) of the circle and write y = yryyp as in (33). Then, in PU(H) we have

(Do, : Do), = w(yi81(=270).y; ), (54)

where (Dw, : Dw); is the Connes cocycle of A¢(I) and 8;(t) denotes the dilation
associated to I.

Proof. First we check that y;§; (t).)/,_l is in H'(S!, SU(n)) since it is continuous on
the boundary of I, hence the right hand side of (54) is well defined. With the same
computations of Proposition 21 we have that aly (x) = Adn(y/é 1(—2m).y1_1) - oy (x)
for x in Ay (I). Therefore, we have that (Dw,, : Dw); is equal to 7w (y;8; (—2]‘[[).)/1_1) up

to a unitary V in the commutant of A, (/), but (Dw, : Dw); and n(y181(—2m).yfl)
are both in A;(I) and thus V is ascalar. O
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Theorem 32. Let y be a loop in H'(S', SU (n)). Suppose also that, in the real line
picture, the support of y is bounded from below. Then the relative entropy (31) is finite
and given by

Z o0
S@) = —5/ w -0y yy")du. (55)
t

In particular, the QNEC (1) is satisfied as shown above in Theorem 25.

Proof. Since the vacuum is SU (n)-invariant, we can replace y with yg for any g in
SU (n), thus we can suppose y (00) = e. As above, if y(¢) = e then S(¢) is finite and
given by (55). We can prove that S(t) is finite for any ¢ real as in Theorem 23, and
similarly we have that S(¢) = S4,(—cc,)(@y [l@) is finite for any ¢ real. If P is the
generator of translations then the average energy E, in the state w,, is finite and given
by equation (40). Therefore we can apply Lemma 1. of [7], and equation (41) holds.
This implies that S(¢) and S(¢) are both Lipschitz functions and in particular they are
absolutely continuous. The next step is an estimate of S’(z). For simplicity we focus
on the case t = 0 and we write y = y,y_ with y,(u) = eforu <Oand y_(u) = e
for u > 0. By Proposition 31 the Connes cocycle u, = (Dw: Dw,)s on A¢(—0o0, 0)
is equal in PU(H) to n(y_8(2ns).y:1)*. But also the state w, - Ad(u;)* verifies the
finiteness conditions required to apply Lemma 1. and thus we have —S'(0) < 2w Ej,
where E; = (u,(y)Q2| Pu,m(y)S2) for s real. However, one can simply prove that

. L
inf2r Eg = —— (yy~ ,yy )du.
s 2 0

Therefore, by repeating the argument with any ¢ in R we have

g A e
=8(1) < 5 (vy vy )du.
'

Finally, if we define

g o0
F<t>=—§/ W=y, py)du,
t

then we can conclude that S(¢#) = F(¢) for any ¢ in R. Indeed, if the support of y is
compact then H(¢) = S(t) — F(¢) is an absolutely continuous function with nonnegative
derivative and going to 0 as [t| — +oo0. If the support of y is contained in (k, +00) then
by lower semicontinuity S(z) < F(t) for every ¢ real, and we can similarly deduce that
H (t) = 0 for every t real. The QNEC inequality (48) can be proved as above, with the
only exception that in this case we do not have to use [24] to compute (47). O
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