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Abstract: Schur—Weyl duality is a ubiquitous tool in quantum information. At its heart
is the statement that the space of operators that commute with the t-fold tensor powers
U®* of all unitaries U € U(d) is spanned by the permutations of the t tensor factors. In
this work, we describe a similar duality theory for tensor powers of Clifford unitaries.
The Clifford group is a central object in many subfields of quantum information, most
prominently in the theory of fault-tolerance. The duality theory has a simple and clean
description in terms of finite geometries. We demonstrate its effectiveness in several
applications:

e We resolve an open problem in quantum property testing by showing that “stabi-
lizerness” is efficiently testable: There is a protocol that, given access to six copies
of an unknown state, can determine whether it is a stabilizer state, or whether it is
far away from the set of stabilizer states. We give a related membership test for the
Clifford group.

e We find that tensor powers of stabilizer states have an increased symmetry group.
Conversely, we provide corresponding de Finetti theorems, showing that the reduc-
tions of arbitrary states with this symmetry are well-approximated by mixtures of
stabilizer tensor powers (in some cases, exponentially well).

e We show that the distance of a pure state to the set of stabilizers can be lower-bounded
in terms of the sum-negativity of its Wigner function. This gives a new quantitative
meaning to the sum-negativity (and the related mana) — a measure relevant to fault-
tolerant quantum computation. The result constitutes a robust generalization of the
discrete Hudson theorem.

e We show that complex projective designs of arbitrary order can be obtained from
a finite number (independent of the number of qudits) of Clifford orbits. To prove
this result, we give explicit formulas for arbitrary moments of random stabilizer
states.
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1. Introduction

1.1. Background. Schur—Weyl duality. To motivate the symmetry this work is based
on, we start by considering two types of problems that have frequently appeared in
quantum information theory. First, assume that we have access to t copies p®*t of an
unknown quantum state p on C9, and that we are interested in some property of p’s
eigenvalues (for example its entropy). Clearly, then, the problem has a U®*t-symmetry
in the sense that the inputs p®*t and

Ut (pEH U

represent equivalent properties. It thus makes sense to design a procedure that shares the
U®t-symmetry, and indeed the resulting procedure has been shown to be optimal for
estimating the eigenvalues [KWO01,HMO02,CM06,CHMO07,0W15]. Moreover, consider
quantum state tomography, the task of estimating the entire quantum state p. Essentially
optimal estimators can be constructed by first estimating the eigenvalues and then the
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eigenbasis [OW16,0W17,HHJ+17], crucially using the structure of U®* in each step.
There are many further problems in quantum information where this symmetry can be
exploited—for example in quantum Shannon theory, where optimal rates mostly depend
only on the eigenvalues of the quantum state [HM02,Har05].

Second, studying the properties of a Haar-random state vector [1p) has proven to be
extremely fruitful [HLWO06,Has08]. Instead of working with the full distribution, it is
often sufficient to exploit information about the statistical moments of the random matrix
[P) (1p]. The t-th moment is described by the expected value of the t-th tensor power of
the random matrix:

My = Eq, gaar (D) (W)Y (1.1)

Again, M is invariant under conjugation by U®t, U € U(CY).

The importance of Schur—Weyl duality in quantum information stems from the fact
that it allows one to characterize the set of U®*-invariant operators on (C4)®*. Indeed,
it implies that any such operator can be expressed as the linear combination of matrices
T, T € St that act by permuting the tensor factors:

T'7t(|11)1>®"'®|11’t>):N)m>®"'®|¢nt>- (1-2)

Clifford group and stabilizer states. Arguably, the subgroup of the full unitary group
that is most important to quantum information is the Clifford group. The Clifford group
and the closely related concept of stabilizer states and stabilizer codes feature centrally in
fault-tolerant quantum computing, quantum coding in general, randomized benchmark-
ing, measurement-based quantum computing, and many other subfields of quantum
information.

To introduce the Clifford group, we first recall the definition of the set of Pauli
operators. For a qudit (d-dimensional system), they are defined by their action on a

some basis {|q>}g;é via

Xlg)=lq+1), Zlq)=e?™4/d|q).

For n qudits, the Pauli group is defined as the finite group generated by the Pauli operators
on each qudit. The Clifford group now is the natural symmetry group of the Pauli group.
That is, a unitary U is Clifford if, for any Pauli operator P, UPUT is again in the Pauli
group. Ignoring overall phases, the Clifford group is a finite group, which is intimately
connected to the metaplectic representation of the discrete symplectic group (see, e.g.,
[Gro06]). Closely related to the Clifford group is the set of stabilizer states. These are
the states that can be obtained by acting on a basis vector [0 ... 0) by arbitrary Clifford
unitaries.

As before, there are many natural problems that are invariant under Uu®t for U a
Clifford unitary. Two examples we will discuss are: (1) Given access to P®t, decide
whether 1 is a stabilizer state; (2) What are the t-th moments of a random stabilizer
state \?

Randomized constructions. Another motivation arises from randomized constructions.
Unitaries and states drawn from the Haar measure appear in many situations, including
in quantum cryptography, coding, and data hiding [HLWO06]. While randomized con-
structions are often near-optimal and frequently out-perform all known deterministic
constructions, they have the drawback that generic quantum states cannot be efficiently
prepared.
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This contrasts with random Clifford unitaries and random stabilizer states, both of
which can be efficiently realized (they require at most O(n?) gates to implement in a
quantum circuit) [AG04]. They have therefore repeatedly been suggested as “drop-in
replacements” for their Haar-measure analogues. Examples include randomized bench-
marking [MGE11,HWFW17], low-rank recovery [KZG16], and tensor networks in the
context of holography [HNQ+16,NW16]. All these applications require information
about the moments (in the sense of Eq. (1.1)) of random stabilizer states, which they
all obtain from representation-theoretic data. To date, this representation theory and
the associated stabilizer moments are understood only up to order t = 4 [ZKGGI16,
HWW16,NW16]. This contrasts with the Haar-random case, where Schur—Weyl duality
gives this information for arbitrary orders t. Making analogous techniques available for
the Clifford case was one important motivation for this work. Higher moments will gen-
erally lead to tighter performance bounds in randomized constructions, and are strictly
required for some applications, like the stabilizer testing problem resolved here.

1.2. Schur-Weyl duality for the Clifford group. We start with an explicit description of
the commutant of tensor powers of Clifford unitaries. While such a description has not yet
appeared in the quantum information literature, we emphasize that some of the key results
can already be deduced from work by Nebe, Rains, Sloane and colleagues on invariants of
self-dual codes (see the excellent monograph [NRS06]). Also, in representation theory,
there is a separate stream of closely related work regarding the structure of the oscillator
representation and attempts to develop a Howe duality theory over finite fields, which is
still an open problem (see, e.g., [How73,GH16] and references therein). We discovered
the approach presented below independently, starting from our results in [NW 16, App. C]
for third tensor powers. Our proofs differ fundamentally from the preceding works in
that they rely on the phase space formalism of finite-dimensional quantum mechanics,
which offers additional insight.

To construct the commutant, start with the permutations 1, on (C9)®t of Eq. (1.2).
We assume for now that C¢ is the Hilbert space of a single qudit with “computational
basis” {|x) }x ¢z, labeled by elementsin Zq = Z/dZ (this is anyway required for defining
the Pauli and the Clifford group). Basis elements [x) = [x1) ® - - - @ |x¢) of (C4)®*t are
then labeled by vectors x € Zfl. In this language:

re= ) Iny)yl= D Xl (1.3)

YEZY (x,y)€Tr

where T = {(nt(y),y) : y € Z§} and 7 permutes the components of y. Because the
Clifford group is a subgroup of the unitaries, the commutant is in general strictly larger.
We thus have to add further operators to the 1 ’s in order to find a complete set.

The central message of this section is that, surprisingly, a minor modification of (1.3)
suffices! Indeed, for any subspace T of Z & ZY define

(M= Y Xl
(x,y)€T
We also consider the n-fold tensor power R(T) := r(T)®™, which is an operator on

((Cd)®t)®n ~ ((Cd)®tn ~ (((Cd)®n)®t‘
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We now single out subspaces that satisfy certain geometric properties. Reflecting a
well-known difference between even and odd dimensions in the stabilizer formalism,
we define D = dif d is odd, and D = 2d if d is even.

Definition 4.1. (X ) Consider the quadratic form q: Zﬁt — Zp defined by q(x,y) :=

X-X—Yy-y. | We denote by 2 ¢(d) the set of subspaces T C Z%lt satisfying the following
properties:

1. T is totally g-isotropic: i.e.,x -x =y -y (mod D) for all (x,y) € T.
2. T has dimension t (the maximal possible dimension).
3. Tis stochastic: 1oy = (1,...,1) € T.

We will summarize the first two conditions by saying that T is Lagrangian. Thus, we
will call Z¢ (d) the set of stochastic Lagrangian subspaces.

Our first main result is the following theorem, which states that the operators R(T)
obtained from these subspaces are a basis of the commutant:

Theorem 4.3 (Commutant of Clifford tensor powers). Let d be a prime andn > t — 1.
Then the operators R(T) = (T)®™ for T € Ly (d) are Htk_:%(dk + 1) many linearly
independent operators that span the commutant of the t-th tensor power action of the
Clifford group for n qudits.

Proof sketch. We use the phase space formalism of finite-dimensional quantum mechan-
ics developed in [Woo87, App05,Gro06, GEO8,DB13]. In particular, Clifford unitaries
have a simple description on phase space: they act by affine symplectic transformations.

We use this structure to give a concise proof that the operators R(T) commute with
U®* for any Clifford unitary. The linear independence is not hard, so it remains to argue
that the number of subspaces equals the dimension of the commutant. We show this
by a careful counting argument. We first compute the number of stochastic Lagrangian
subspaces. Employing the fundamental Witt’s theorem, we find recursive relations for the
dimension of commutant of the Clifford group. We solve this recursion using Gaussian
binomial identities (the result is a generalization of [Zhul5, (8)—(10)]) and find that the
cardinalities match, concluding the proof. O

There is arich structure associated with the objects appearing in this theorem: Itis easy
to see that the spaces T = {(7t(y), y)} that give rise to the commutant of U(d) appear
as special cases above. For general d and t, not all R(T)’s are invertible. In particular,
for some T’s, R(T) is proportional to the projection onto a stabilizer code. This way,
one can e.g., recover the code that has been used to describe the irreps contained in
the 4th tensor power of the Clifford group in [ZKGG16]. The set of invertible R(T)’s
are associated with spaces T of the form (Ay,y), for A that are elements of a certain
“stochastic orthogonal” group O¢(d). This group is of interest to the formulation of
modular Howe duality [GH16], and underlies several of our applications below.

Remarkably, the size of the commutant stabilizes as soon as 1 > t — 1. That is, just
like the symmetric group in Schur—Weyl duality, the set that parametrizes the commutant
of the Clifford tensor powers is independent of the number n of qudits. The fact that
the operators R(T) = 7(T)®™ are themselves tensor powers facilitates possible physical
implementations. This, once more, generalizes a property of the symmetric group in
Schur—Weyl duality.

! Note that for x € YR x2 is well-defined modulo D.
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To find novel applications of this theory, it is helpful to identify a set of non-trivial
T’s that afford an intuitive interpretation. Several of our multi-qubit results presented
below are based on spaces with elements (7ty, y), where 7t is what we refer to as an anti-
permutation. An anti-permutation is simply the binary complement of a permutation
matrix. Formally, 7t = 14 II —m, where 1t = (1,...,1) contains t ones, and 7t € St. Its
operator representation is particularly straightforward. The n-qubit anti-identity, e.g.,
acts by
XM

)

R(I) =27 ™ (I + X®* 4 Y&t 4 751 (1.4)

which greatly facilitates the analysis (cf. Eq. (3.13) and Definition 4.29).

1.3. Quantum property testing: stabilizer testing. The theory of quantum property test-
ing asks which properties of a “black box”” many-body quantum system can be learned
efficiently—in particular without having to resort to costly full tomography [BFNRO3,
BFNROS,MdW16]. A prototypical example of a testable property is purity. Indeed,
given access to two copies p ® p of an unknown quantum state p, the so-called swap
test provides for a simple protocol that accepts with certainty if p = ) (] is pure,
and rejects with probability ©(1/e2) if p is e-far away from the set of pure states in
trace distance. The test is perfectly complete in the sense that it has a type-I error rate
of zero (pure states are accepted with certainty); it requires a number of copies (two)
that is independent of the dimension. It is also transversal in the sense that if p acts
on M qubits, all operations are required to be coherent only across the two copies, and
factorize w.r.t. the n qubits.

An open problem in this theory was whether stabilizerness and Cliffordness are
testable properties of, respectively, states and unitaries [MdW16]. Both properties are
clearly Clifford-invariant—so by the arguments presented in the introduction, it makes
sense to search for tests in the commutant of the Clifford group. It is known that 2nd and
3rd moments of random stabilizer states are identical to the moments of Haar-random
states [Zhul5,KG15,Web16]. This implies that three copies of a state are not sufficient
to test for stabilizerness, and the results of [ZKGG16] can be used to show that four
copies are also insufficient for a dimension-independent theory.

Prior work. Prior to our results, the best known algorithms for stabilizer testing required
a number of copies that scaled linearly with n, the number of qubits. Indeed, these
algorithms proceeded by attempting to identify the stabilizer state, which necessarily
requires Q(n) copies by the Holevo bound [AG08,Mon17,ZPDF16,KR08]. However,
the existence of tests that require only a constant number of copies has been an important
open question [MdW 16]. We note that the stabilizer testing problem asks whether a given
state is any stabilizer state—which is distinct from the problem of verifying whether it
equals some fixed stabilizer state [HM15].

Our results. We show that for . qudits O(1) copies suffice to give an efficient, perfectly
complete, dimension-independent, and transversal test. For example, for qubits (d = 2)
our test requires only 6 copies of the state to achieve a power independent of n (Algorithm
1). It requires coherent operations on only two qubits at a time, which means in particular
that it can be implemented given a source that creates two copies of a fixed state at a
time (Fig. 2).

First, we consider the problem for qubits. Here our protocol affords an intuitive
description using a new primitive which we call Bell difference sampling. Then we
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Input: Six copies of an unknown multi-qubit quantum state (1])®6).

1. Perform Bell difference sampling: That is, Bell sample twice (on two independent copies of 1])®2), with
outcomes X, y, and seta =X —y.
2. Measure the Weyl operator Wj twice (on two independent copies of 1p). Accept iff the outcomes agree.

Algorithm 1: Algorithm for testing whether an unknown multi-qubit state is a stabilizer
state.

proceed to the general case and discuss the connection to the commutant of the Clifford
group described in Sect. 1.2.

Qubits: Bell difference sampling We start with an intuitive motivation of the test. Let
[P) (p] = 2—m/2 > a CaW, beits expansion w.r.t. the Weyl operators W, (which are just
the Pauli operators labeled in the usual way by bitstringsa € Z3™, cf. Sect. 2). Now mea-
sure two copies of 1 in the Bell basis |Wy) defined by applying the Weyl operators to the
maximally entangled state, i.e., [Wy) = (Wx®1)|® ) where |@F) =2 /2 > qla,9)
If  is real in the computational basis then it is not hard to see that the measurement
outcome is distributed according to the probability distribution p,(a) = |cal?. This is
known as Bell sampling [Mon17,ZPDF16]. Now stabilizer states are distinguished by
the fact that they are eigenvectors of all Weyl operators W for which |ca|? 2 O (these are
its stabilizer group). This suggests using Bell sampling to obtain some a, then measuring
W, twice on two fresh copies, and accepting 1 as a stabilizer if the same eigenvalue is
obtained twice.

While we show that this works for real state vectors, Bell sampling unfortunately
does not extend to complex state vectors. To overcome this challenge, we introduce a
new primitive:

Definition 3.1 (Bell difference sampling). We define Bell difference sampling as per-
forming Bell sampling twice and subtracting (adding) the results from each other (mod-
ulo two). In other words, it is the projective measurement on four copies of a state,
P& € ((C2)®™)@4, given by

a— Z ‘WX> <Wx| ® ‘Wx+a> <Wx+a| .

X

For stabilizer states (whether real or complex) it is easy to see that Bell difference
sampling will always sample an element a corresponding to a Weyl operator W, in its
stabilizer group. What is rather less obvious is that, even for arbitrary quantum states,
Bell difference sampling still has a useful interpretation. The following theorem shows
that this is indeed the case: it amounts to sampling from the probability distribution py,
twice and taking the difference.

Theorem 3.2 (Bell difference sampling). Let \p be an arbitrary pure state of " qubits.
Then:

 [Mag® | = 3 py (xpy (x +a).

If\b is a stabilizer state, say |S) (S|, then this is equal to ps(a) from Eq. (3.3).

Using Bell difference sampling as a primitive, we obtain the natural Algorithm 1.
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Fig. 1. The X-Z-plane of the Bloch sphere. The area shaded in red indicates the projection of those states p
for which [tr Zp| > sin % = % Likewise, the blue area correspond to the states with |tr Xp| > % As

the two areas do not intersect, these two conditions cannot be simultaneously satisfied. This is a manifestation
of the uncertainty principle

Theorem 3.3 (Stabilizer testing for qubits). Let \p be a pure state of 1 qubits. If \ is a
stabilizer state then Algorithm 1 accepts with certainty, Paccepr = 1. On the other hand,

ifmaxS|<S\1])>\2 <1- e? then Paccept <1- 82/4‘

Proof sketch. We want to show that if the success probability, paccept. is close to one
then 1p has high overlap with a stabilizer state. The proof proceeds in two steps. First, we
analyze the success probability and show that if pccepr = 1 then py, (a) is typically close
to its maximum possible value 2~ ™. Next, we use Markov’s inequality to find a large
set of a where py,(a) > %2*“. Using a version of uncertainty principle (see Fig. 1),
we show that the corresponding Weyl operators W, necessarily commute, and therefore
form a stabilizer subgroup. This finally means that our initial state must have a large
overlap with a corresponding stabilizer state. |

Theorem 3.3 solves the stabilizer testing conjecture for qubits. It also implies a number
of interesting corollaries. E.g., it directly follows that one can also test Cliffordness of a
unitary efficiently, without given black-box access to the inverse as in [Low09, Wan11];
this resolves another open problem from [MdW16]. From a structural point of view,
it shows that the Clifford group is the solution, within U(2™), of a set of polynomial
equations of order 6. Our result is optimal in the sense that there exist no perfectly
complete tests for fewer than six copies that achieve statistical power independent of the
number of qubits (see Sect. 5 and [Dam18]).

Qudits A careful analysis of the measurement of Algorithm 1 shows that it is equivalent
to a projective measurement of the form TMyccepr = % (I 4+ V), where V is the following
Hermitian unitary operator:

V:Z*“ZW,;@G. (1.5)
X

It can be readily seen that the operator Eq. (1.5) commutes with tensor powers of Clifford
unitaries.

In fact, as discussed earlier, it is natural to approach the stabilizer testing problem by
measuring operators in the commutant of the Clifford group. Since the stabilizer states
are a single orbit under the Clifford group, any such measurement by design will have
the same level of significance on all stabilizer states.
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Equation (1.5) and corresponding measurement have a clear generalization to arbi-
trary qudits. Let d > 2 and consider the operators

1 _
ﬂs,accept = E(I—I_VS) where Vs =d TLZ(VVX ®W,D®S. (1.6)

One can see that if (d, s) = 1, Vs is a Hermitian unitary and so TTg accepe is a projector.
We now state our general stabilizer testing result:

Theorem 3.11 (Stabilizer testing for qudits). Let d > 2 and choose s > 2 such that
(d,s) = 1. Let\p be a pure state of n. qudits and denote by Paccepr = tr[¢®25ﬂsyaccep,]
the probability that the POVM element Tl yccepr accepts given 2s copies of \p. If
is a stabilizer state then it accepts with certainty, paccep, = 1. On the other hand,
ifmaXSKSN)MZ <1 - e? then Paccept < 1— Cd 58 where Cd s = (1= (1=
1/4d%)s—1)/2.

The proof proceeds similarly to the one of Theorem 3.3. Again, an uncertainty relation
for Weyl operators plays an important role. We record it since it may be of independent
interest:

Lemma 3.10 (Uncertainty relation). Let & = 1/2d and\p a pure state such that |tr(p Wy] |>
>1—62%and |tI‘[‘L|)Wy]|2 > 1 — 62. Then Wy and Wy must commute.

We also study the minimal number of copies required to distinguish stabilizer states
from non-stabilizer states in such a way that the power of the statistical test does not
decrease with the number of qubits. Since the stabilizer states share the same second
moments with uniformly random states (see Sect. 1.6 below for more detail), one can
see that any such test requires at least three copies. Our next result shows that this is
sufficient at least when d = 1,5 (mod 6). For this, consider the POVM element

1
Maccept = E(I +V) where V:i=d " Z AZ3,

Theorem 8.6 (Stabilizer testing from three copies). Let d = 1,5 (mod 6) and \ a
pure state of 1 qudits. Denote by Paccepr = trp®3 Maccept] the probability that the
POVM element Tyecepr accepts given three copies of \p. If b is a stabilizer state then it
accepts with certainty, Paccepr = 1. On the other hand, ifmaxS|<S\1|)>\2 < 1—¢? then
Paceept < 1—€2/16d2.

ccept X

The operators Ay are known as phase-space point operators [Gro06], which are
defined by a (symplectic) Fourier transform of the Weyl operator basis W, (with respect
to the index a). Again, the test corresponds to a particular element of the commutant,
and to establish Theorem 8.6 we also need another uncertainty relation, this time for
phase-space point operators.

Lemma 8.2. Let d be an odd integer and \p a pure state of n qudits. Suppose that
trpAyl, trfpAyl, trfpAg] > /1 — 1/2d2. Then [z — x,y — X] = 0, i.e., Wy_x and

Wy_x must commute.

Lastly, we derive an explicit prescription for the minimal test that is perfectly com-
plete, i.e., detects all stabilizer states with certainty. Here we use the full power of the
algebraic theory. We assume that d is a prime.



1334 D. Gross, S. Nezami, M. Walter

Definition 4.11. (O) Consider the quadratic form q: Z:‘i — Zp defined by q(x) =

X - X. 2 We define O (d) as the group of t x t-matrices O with entries in Zg4 that satisfy
the following properties:

1. Ois a g-isometry: i.e., Ox - Ox =x - X (mod D) forall x € Z§.
2. O is stochastic: Ol = 1¢ (mod d).

We will refer to O¢(d) as the stochastic orthogonal group; its elements will be called
stochastic isometries.

Equivalently, O¢(d) is the group of t x t-matrices O that are orthogonal in the ordinary
sense (i.e., OTO = I mod d) and such that the sum of elements in each row is equal to
1 (mod D). See Remark 4.12 for more details.

Note that the subspace To :={(Oy,y) : y € Z}}isastochastic Lagrangian subspace
in X ¢(d) (as defined above in Definition 4.1), and so we obtain a corresponding operator
in the commutant, which we abbreviate by R(O) = R(Tp). It is easy to see that the
operators R(O) define a representation of the group O¢(d), so

min ,__ 1
M= o 2 RO

is the projector onto the invariant subspace for this action. Remarkably, not only do the

R(O) stabilize all stabilizer tensor powers \S>®t (Eq. (4.13)), but ﬂ‘gﬁ“ is in fact the
minimal perfectly complete test for stabilizer states:

Theorem 5.6 (Minimal stabilizer test with perfect completeness). Let d be a prime and

n,t > 1. Then the projector ﬂ’tni“ is the orthogonal projector onto span {IS)®t :
[S) (S| € Stab(n, d)}.

Are there any other tensor power states in the support of ﬂ?in? For every d > 2,
we have proved above there exists some t > 3 such that stabilizer testing is possible
using t copies. Since the accepting POVM element is in each case the projector onto the
invariant subspace of an element in O¢(d) (e.g., the anti-identity for d = 2 and t = 6),
it follows that in this case the only tensor power states contained in the support of ﬂrtni“
are tensor powers of stabilizer states!

1.4. De Finettitheorems for stabilizer symmetries. Quantum de Finetti theorems provide
versatile tools for the study of correlations in quantum states with permutation symmetry.
They have found many important applications, from quantifying the monogamy of entan-
glement to proving security for quantum key distribution protocols, where de Finetti the-
orems allow to reduce general attacks to collective attacks [Ren05]. By now, several vari-
ants and generalizations are known [Stg69, HM76,RW89,Pet90,CFS02,KR05,DOS07,
CKMRO07,Ren07,NOP09,KM09,BCY11,BH13,BH17,BCHW16]. Generally speaking,
de Finetti theorems state that when p is a quantum state on (CH® that commutes with
all permutations (i.e., [rr, p] = 0 for all 7t € St, where 1 are the permutation operators
defined in Eq. (1.2)) then its reduced density operators py._ s = trg. 1. ¢[p] are well-
approximated by convex mixtures of i.i.d. states in some suitable sense if s < t. E.g.,

2 Recall that for x € Zgqg, x2 is well-defined modulo D.
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for any such p there exists a probability measure dyt on the space of mixed states on C*
such that [CKMRO07],

2
ZL (7.1)

P15 — J du(o)o®s

1

Using the techniques developed for stabilizer testing, we prove two new versions of
the quantum de Finetti theorem adapted to the symmetries inherent in stabilizer states.
A key insight from the preceding section was that any stabilizer tensor power \S>®t
is stabilized not only by the permutations, but by the larger group O¢(d). This group
contains includes in general many more elements, for example, the anti-identity (1.4)
for the case of qubits. Our de Finetti theorems for stabilizer states show that if we
consider arbitrary states p on ((C4)®™)®* that show symmetries of this kind, then the
conclusions of the de Finetti theorem can be strengthened. In this case, the reduced states
can be well-approximated by convex mixtures of tensor powers of stabilizer states in
Stab(n, d) (rather than of general pure states in (C4)®™).

Our first de Finetti theorem shows that the enlarged symmetry provided by the
stochastic orthogonal group ensures that the approximation is exponentially good in
the number of traced-out subsystems. This is remarkable, since the ordinary permuta-
tion symmetry-based de Finetti theorem achieves exponential convergence only if the
form of allowed states is relaxed to include “almost product states” [Ren07] or “high
weight vectors” (as opposed to highest weight vectors) [KMO09]. Such a relaxation is, in
fact, already necessary for classical distributions [DF80]. In detail:

Theorem 7.6 (Exponential stabilizer de Finetti theorem). Let d be a prime and p a
quantum state on ((CH®™)® that commutes with the action of O¢(d) O Sy. Let
1 < s < t. Then there exists a probability distribution p on the (finite) set of mixed
stabilizer states > of n qudits, such that

Zp os) O'S

Nl—=
~
3
+
N
~

5
N=
-~
‘

<2d

1

Our theorem can be understood as a stabilizer version of the Gaussian Finetti the-
orems established in [LC09,Lev16]; cf. [DEL92]. The latter have been successfully
used to establish security of continuous-variable quantum key distribution (QKD) pro-
tocols which admit the required symmetries [LGPRC13,Lev17]. Since the input states of
entanglement-based QKD schemes [Eke91], are usually taken to be powers of stabilizer
states, they show the enlarged symmetry identified here—a fact that seems to have been
overlooked so far. It is this natural to study applications of our de Finetti theorems to
QKD security proofs—we will report results on this elsewhere.

We can also ask to which extent the conclusions of Theorem 7.6 hold if we only
slightly enlarge the symmetry group. The following theorem shows that if we consider
quantum states that commute with permutations as well as the anti-identity (but not
necessarily other elements of O+(d)) then we still get an approximation by mixtures of
stabilizer tensor powers—but now with a polynomially rather than exponentially small
error:

3 A mixed stabilizer state is a maximally mixed state on a stabilizer code (see Sect. 2.4).
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Theorem 7.7 (Stabilizer de Finetti theorem for the anti-identity). Let p be a quantum
state on ((C2)®™)® that commutes with all permutations as well as with the action
of the anti-identity (1.4) on some (and hence every) subsystem consisting of six n-qubit
blocks. Let s < t be a multiple of six. Then there exists a probability distribution p on
the (finite) set of mixed stabilizer states of n qubits, such that

<6\f2~2“\/§
1

While Theorem 7.7 is stated here only for qubits, we believe that a similar result can
be established in any prime dimension.

!
2

p1...s— > _plos)o§®
s

1.5. Robust Hudson theorem. Similar techniques can also be applied to pure states with a
small amount of negativity in their phase space representation. More precisely, recall that
for odd d the Wigner function of a quantum state \ is defined by wy, (x) = d™™ tr[Ax ],
where the operators Ay are the phase-space point operators mentioned above. The Wigner
function is a quasi-probability distribution, i.e., }_, Wy, (x) = 1, but it can be negative.
This negativity plays an important role—e.g., it is an obstruction to efficient classical
simulability [VFGE12,ME12] and witnesses the onset of contextuality [HWVE14].

In fact, pure stabilizer states are characterized by having a nonnegative Wigner
function—this is the discrete Hudson theorem [Gro06]. Our next result shows that this
characterization is robust, and that the robustness is independent of the system size
(number of qudits). The relevant quantity is the Wigner or sum-negativity sn(\) =
qu) (x) ~olwy (x]], i.e., the absolute sum of negative entries of the Wigner function.

Theorem 8.4 (Robust finite-dimensional Hudson theorem). Ler d be odd and \p a pure
quantum state of . qudits. Then there exist a stabilizer state |S) such that |(Sp)[> >
1—9dZsn().

Our theorem gives a new quantitative meaning to the sum-negativity, and thereby to
the related mana, a monotone from the resource theory of stabilizer states [VMGE14] that
has attracted increasing attention in the theory of fault-tolerant quantum computation.

1.6. Random stabilizers, higher moments and designs. As mentioned to above, random-
ized constructions based on the Haar measure are often near-optimal, yet have the draw-
back that generic quantum states cannot be efficiently prepared. In contrast, random stabi-
lizer states can be efficiently implemented, and early on, it had been discovered that they
reproduce the same second moments as the Haar measure! More recently, there had been
significant progress on the third and fourth moments [ZKGG16, HWW16,NW16], open-
ing up several many applications where random Clifford unitaries and stabilizer states
have successfully replaced the Haar measure [MGE11,HWFW17,KZG16,HNQ+16,
NW16]. To go beyond, however, a general understanding of the statistical properties of
random stabilizer states is required.

The theory presented in this paper implies general formulas for the t-th moments of
stabilizer states. For qudits,

Es stabilizer [‘S> <S|®t} = 7 ]d Z R(T), (5.3)
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where T ranges precisely over the maximal isotropic stochastic subspaces from Theo-
rem 4.3!

Recall that a (complex projective) t-design is an ensemble of states {p, i)} such
that the average of any polynomial of degree t identically matches the average of the
same polynomial with respect to the Haar measure. In other words, a t-design satisfies

1~p [(|1b1> <l~l)i|)®t] = E¢ Haar [(|ll)> <1M ®t = ] Z Tr, (1.7)

/
d it eSSt

where the right-hand side is the familiar formula for the maximally mixed state on the
symmetric subspace in terms of the symmetrizer—an easy consequence of Schur—Weyl
duality. When the stabilizer states form a t-design (t < 3 for qubits, t < 2 otherwise),
Eq. (5.3) reduces to Eq. (1.7). Equation (5.3) unifies and generalizes all previously known
results [Zhul5,KG15,Web16,ZKGG16,HWW16,NW16].

Importantly, however, our formula allows us to compute an arbitrary t-th moment
even when the stabilizer states deviate significantly from being a t-design. In fact, we
demonstrate the power of the formula by using it to establish that following remarkable
fact: Even when the stabilizer states (a single Clifford orbit) fail to be a t-design, we
can obtain t-designs by taking a finitely many Clifford orbits with appropriately chosen
weights:

Theorem 6.2. Let d be aprime andn > t—1. Thenthere exists an ensemble{pi, ¥
of fiducial states in (CH)®™ such that:

M
i

®Xt
EipEu Cliﬁ'ord|:(u Wi) (Wil UT) } =Ey Haar[l‘w <‘1’\®t}

That is, the corresponding ensemble of Clifford orbits is a complex projective t-
design. Importantly, the number of fiducial states does not depend on the number of
qudits n.

2. Preliminaries

2.1. Pauliand Clifford group. Letd > 2be an arbitrary integer. We first consider a single
qudit with computational basis vectors|q), where g € {0,...,d—1}orq € Zq = Z/dZ.
We define unitary shift and boost operators

Xlg)=1lq+1), Zlq)=w9]q),

where w = e27td/d,

The algebra of shift and boost operators differs slightly depending on whether d is

even or odd. For uniform treatment, one introduces T = (—1)del7/d = eim(d?+1)/d,
Note that 2 = w. Let D denote the order of 7. Then D = 2d if d is even, but D = d if
d is odd (indeed, in this case T = w271 , Where 2~ 1 denotes the multiplicative inverse
of 2 mod d). Then Y := tX"Z" is such that XYZ = I, generalizing the commutation
relation of the usual Pauli operators for qubits (where T = 1). For a single qudit, the
Pauli group is generated by X, Y, Z or, equivalently, by tI, X, Z.

For n qudits, the Hilbert space is 3(;, = (C%4)®™, with computational basis vectors
lq) =1d1,. .., dn), and the Pauli group P, is the group generated by the tensor product
of I, X,Y, Z acting on each of the n qudits.
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The Clifford group Cliff (n, d) is defined as normalizer of the Pauli group in the uni-
tary group, modulo phases. That is, it consists of all unitary operators U that UP,, U™ C
P, up to phases. For qubits, the Clifford group is generated by the phase gate P = ( (1) (1) ) ,

the Hadamard gate H = % ( LS ), and the controlled-NOT gate.

2.2. Weyl operators and characteristic function. At this point it is useful to recall the
phase space picture of finite-dimensional quantum mechanics developed in [Wo087,
App05,Gro06,GE08,DB13], which is analogous to the phase space formalism for
continuous-variable systems used, e.g., in quantum optics [Sch11]. For x = (p,q) €
Z2™, define the Weyl operator

Wy =Wpq=1 PYZPIXI) @ .- @ (ZPmXIn). 2.1)

Clearly, each Weyl operator is an element of the Pauli group. Conversely, each element
of the Pauli group is equal to a Weyl operator up to a phase that is a power of T. It is not
hard to see that the Weyl operators themselves only depend on x modulo D (which we
recall is 2d or d, depending on whether d is even or odd). Indeed,

Wataz = (=11 DoIwg, (22)
where we have introduced the Z-valued symplectic form on Z*™
x,yl=I[p,a),(p" a1 =p-q"—q-p" (2.3)
We will often use the symplectic form in situations where X, y are elements of Zé“ or
le)“, and interpret [x, y] accordingly. For example,
WeWy = 8w (2.4)
forallx,y € ZZD“. This implies that in particular

WeWy = wYwyw,, (2.5)

Thus the commutation relations between Weyl operators only depend on X,y mod d. In
this sense, Vi = {0, ...,d — 1)2™ is the natural classical phase space associated with
the Hilbert space 3(,, = (C4)®™. We will often write Wy for x € Z2™, identifying
Zé“ =V, in the standard way.

Note that tr[Wx] # 0 if and only if Wy is a scalar multiple of the identity (necessarily
=+1), thatis, if and only if x = 0 (mod d). Together with Eq. (2.4), it follows that the re-
scaled Weyl operators {d~™/2W} for x € Vy, form an orthonormal basis with respect
to the Hilbert-Schmidt inner product (A, B) = tr[ATB]. In particular, any operator B
on Hn can be expanded in the form B = d—"/2 > xev,, ¢B(x)Wx. The expansion
coefficients cg(x) together define the characteristic function cg : V, — C of the
operator B,

cp(x) = d ™2 u[WiB], (2.6)

and we have Parseval’s identity

w[ATB] = ) calx)ep(x). 2.7)

XEVn
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By definition, if U is a Clifford unitary then, for every x € V,,, UW4UT is pro-
portional to a Weyl operator Wy, where we can take x’ € V,, in view of Eq. (2.2).
Since conjugation preserves the commutation relations, this action has substantially
more structure. In particular, the mapping x — x’ is implemented by an element of
the symplectic group Sp(2n, d), i.e., a linear transformation of Z(Zi“ that preserves
the symplectic form (2.3). The following facts are well-known in the literature (e.g.
[App05,Gro06,DB13,Zhul5]).

Lemma 2.1. For any prime d and any n € N, the following holds:

1. For each U € Cliff(n, d), there is a T € Sp(2n, d) and a function f: Z(Zin — Zqa
such that

UWAUT = wf™®wr,  vx e z3™ (2.8)

2. Conversely, for each T € Sp(2n, d), there is a U € Cliff (n, d) and a phase function
f: Z%i“ — Zgq such that Eq. (2.8) holds. If d is odd, one can choose U such that
f=0.

3. The quotient of the Clifford group by Weyl operators and phases is isomorphic to
Sp(2n, d).

Below, we will frequently assume that a correspondence I" — U has been fixed.

2.3. Wigner function and phase space point operators. It is also useful to consider the
symplectic Fourier transform, which for any function f: V,, — C is defined as

fx)=d™ ) w ™y (2.9)
y

The transformation f +— f is unitary, i.e., we have Parseval’s identity: ) | £ (x)g(x) =

>, fiy)aly).

The Fourier transform of the characteristic function is (up to normalization) known
as the Wigner function [Woo87] wg: Vi — C, defined by

we(x) =d V28 (x) =d 2w MYep(y)
y

=d "y w Y u[WB] = d ™ ufAB], (2.10)
y

where we have introduced the phase-space point operators

Ay=d ") w Mw 2.11)
y

The operators {Ay} form an orthogonal basis of the space of all operators, tr [AiAy] =
d™dx,y, so the Wigner function can be seen as the set of coefficients of an operator as

expanded in this basis, B = ), wp (X)Aj;. Moreover, the Wigner function of a quantum
state is a quasiprobability distribution in the sense that ), w,(x) = 1.

For odd d the Wigner function is particularly well-behaved. For one, the phase-space
point operators are Hermitian (this is also true for qubits) and they square to the identity
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(so the eigenvalues are +1 and in particular ||Ax|| = 1). This means that the Wigner
function of a quantum state is real and —d ™™ < wy, (x) < d™™. The phase-space point
operators satisfy the following important identity:

AxAyA, = w?lExy=xla o (2.12)

Moreover, (only) for odd d does the Wigner function transforms covariantly with re-
spect to the Clifford group. Here, the Clifford operators can (up to overall phase)
be parametrized by an affine symplectic transformation, i.e., by a symplectic matrix
I' € Sp(2n,d) and a vector b € Zﬁ“. Then U = W4 ur is in Cliff(n, d), where pr
is the so-called metaplectic representation of the symplectic group (see, e.g., [Gro06]),
and the conjugation action of U on phase-space point operators is given by

UAUT = Argyp. (2.13)

In particular, the Weyl operators induce a translation in phase space.

2.4. Stabilizer groups, codes, and states. We now give uniform account of the stabilizer
formalism [Got97,Got99] for qudits. Stabilizer states are commonly defined in terms of
the Pauli group in the following way: Consider a subgroup of the Pauli group S C P,
that does not contain any (nontrivial) multiple of the identity operator. Then the operator

1
P = S Z p (2.14)

Pes

is an orthogonal projection onto a subspace Vs C H;, of dimension d™/|S|. We say that
Vs is the stabilizer code associated with the stabilizer group S. If |S| = d™ then this
code is spanned by a single state, called a (pure) stabilizer state and denoted by |S) (S|.
It is given precisely by Eq. (2.14). In other words, a stabilizer state |S) is the unique +1
eigenvector (up to scalars) of all the Pauli operators in S,

PIS)=1S) (VPeS).

In the following we will mostly be talking about stabilizer groups that determine a pure
state. We denote the (finite) set of pure stabilizer states in (C4)®™ by Stab(n, d).

In order to connect the stabilizer formalism to the phase space picture, we observe
that the stabilizer group can be written in the form

S ={w ™MW, :x e M}, (2.15)

for some subset M C V,, and some function f: M — Zg4. The two pieces of data
determine the stabilizer state uniquely. Indeed, |S) can be characterized by demanding
that

Wy [S) = wFX) Sy (vP e s).

Moreover, it is not hard to verify that M is closed under addition (because S is a group) and
that [x, y] = O for any two elements X,y € M. Thus, M is a totally isotropic submodule
of the phase space V,, (which itself can be thought of as a Z4-module). For simplicity,
we will usually say subspace instead of submodule, although the latter terminology is
more appropriate for non-prime d. Moreover, |M| = d™, which is the maximal possible
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cardinality of any such subspace—one often says that M is a Lagrangian subspace
and it holds that M = M-, where ML = {y € V|x,y] = 0 ¥x € M}. See, e.g.,
[Gro06,GW13] for further detail on this symplectic point of view.

Conversely, suppose that M is a Lagrangian subspace of V;,. Then there always
exist functions f such that {wf("]Wx}XeM is a stabilizer group; we will denote the
corresponding stabilizer states by [M, f). Any other such function f can be obtained by
replacing f by g = f+0, where §: M — Z is a Z g-linear function. We can always write
5(x) = [z,x]; then |[M, g) = W, |M, f). In this way, M parametrizes an orthonormal
basis of J{,; worth of stabilizer states. In particular, any state that is a simultaneous
eigenvector of the {Wx }xcnm is necessarily a stabilizer state. It is not hard to verify that
the quantum channel that implements the projective measurement in this stabilizer basis
{IM, )} is given by

Amlpl =Y IM, ) (M, flpIM, f) (M, fl=d™™ 3 WypW,.  (2.16)
f xeM

The fact that any stabilizer state can be parametrized as [S) = |M, f) will be of
fundamental importance to our investigations. As a first consequence, we note that
Egs. (2.14) and (2.15) imply that [S) (S| = d™™ -\ w' X)Wy, This shows that the
characteristic function is given by

2.17
0 otherwise, ( )

d 2wt ifxe M
cs(x) = ’
i.e., it is supported precisely on the set M.
For odd d the phase is a linear function, so it can be written as f(x) = [a,x] for
some suitable vector a (e.g., [Gro06, App. C]). This means that the Wigner functions of
stabilizer states have the following form [GW 13]:

ws(x) — d73n/2 Z w*[X,y]d*n/Zw[a,y] _
YEM

(2.18)

d™ ifxea+ M,
0 otherwise

(using that M = M for a pure stabilizer state). In particular, the Wigner function is
non-negative. The finite-dimensional Hudson theorem asserts that, for pure states, the
converse is also true [Gro06]. In Sect. 8 we will prove a robust version of this result.

3. Testing Stabilizer States

Given two copies of an unknown pure state 1 = [\p) (| on Hy, it is easy to verify
using phase estimation whether ) is an eigenvector of a given Weyl operator Wy. In
particular, if Wy is Hermitian then we simply measure twice and compare the result.
The probability of obtaining the same outcome is

=2 (14 ey P), (3.1)

.
N [¢®ZI+W§®WX

where we recall that ¢, denotes the characteristic function defined in Eq. (2.6).



1342 D. Gross, S. Nezami, M. Walter

To turn this idea into an algorithm for testing whether 1 is a stabilizer state we need
a way of generating good candidate Weyl operators. For this we note that, since 1 is a
pure quantum state,

Py () = ley (X)? = A WIWA )P = d™™ o Wb W] (3.2)

is a probability distribution on the phase space V. This follows directly from Eq. (2.7).
We call py, the characteristic distribution of .

Now, if [(p) = |S) = [M, f) is a stabilizer state then Eq. (2.17) implies that py, is
simply the uniform distribution on the subset M. C Vp,:

d ™ ifxeM
— ’ 3.3
ps(x) {O otherwise. (3.3)

Note that ps is maximally sparse in the case of pure stabilizer states, since it always
holds true that 0 < py,(x) < d™™. Therefore, if we sample from the characteristic
distribution of a stabilizer state then Eq. (3.3) shows that we would with certainty obtain
the label of a Weyl operator for which |1} is an eigenvector.

Importantly, the converse of this statement is also true: Suppose that [\p) is an eigen-
vector of all Weyl operators Wy for x in the support of the characteristic distribution
(i.e., py(x) > 0). Since py,(x) < d™™, the support of py, contains at least d™ points.
Thus if ) is an eigenvector of all these Weyl operators then the support must be exactly
of cardinality d™ and so [\p) is a stabilizer state. This suggests the following algorithm:

1. Sample from the characteristic distribution of 1p. Denote the result x.
2. Measure the corresponding Weyl operator Wy twice and accept if the result is the
same.

By the preceding discussion, this test will accept if and only if the state is a stabilizer
state. But how do we go about sampling from the characteristic distribution?

3.1. Qubit stabilizer testing and Bell difference sampling. When the wave function )
is real in the computational basis then sampling from the characteristic distribution can
be achieved by Bell sampling, introduced for qubits in [Mon17] (cf. [ZPDF16]). Bell
sampling amounts to performing a basis measurement in the basis obtained by applying
the Weyl operators to a fixed maximally entangled state, |[Wx) = (Wx @ I) |®@ ). Since
the Weyl operators are orthogonal, [Wy) is an orthonormal basis of the doubled Hilbert
space H, ® JHy,. Using the transpose trick,

2 T\ |2
= a M wAl)| (3:4)

|(Wap®2)

In case the wave function is real, Eq. (3.4) is exactly equal to py,(x); Bell sampling
therefore allows us to implement step (1) above given two copies of the unknown state
V. -
In general, however, the transformation \p — 1\ =" cannot be implemented by a
physical process, since the transpose map is well-known not to be completely positive.

Thus we need a new idea to treat the general case where the wave function can be
complex.
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We start with the observation that if 1\ is a stabilizer state then so is 1. Indeed,
Wp,q = (—1)(d+1)(p'q)W](pyq), where ] is the involution [App05]

IZVn‘)Vna (p)q)'_)((_p) mod d»q)

on phase space (note that the phase is trivial when d is odd and so always well-defined
mod d). On the other hand, w™® = w—fX) 1t follows that if ) = [M,f) then
) = [J(M), g), where w9 = = F(x)(—1)(d+T)(Pa) (again, this is well-defined
for any d).

For qubits (d = 2), the involution ] is trivial. This means that if 1 is a stabilizer
state then 1\ and 1 are characterized by the same subspace M, but possibly different
phases. We saw above that (only) in this case there exists a Weyl operator W, such that
) = W, ). As a consequence, if we perform Bell sampling on [\p) ® ) then, from
Eq. (3.4),

2
| Wap®2)|” = a7 (W2} 2 = Py (x +2).
Of course, z is an unknown vector that depends on the stabilizer state 1p. But since z
depends only on the stabilizer state 1, it is clear that we may Bell sample twice and take
the difference of the result in order to obtain a uniform sample a from the subspace M.
Formally:

Definition 3.1 (Bell difference sampling). We define Bell difference sampling as per-
forming Bell sampling twice and subtracting (adding) the results from each other (mod-

ulo two). In other words, it is the projective measurement on four copies of a state,
-q)®4 c (((CZ)®11)®4’ given by

na = Z ‘Wx> <Wx| ® ‘Wx+a> <Wx+a| .
X

Itis not obvious that Bell difference sampling should be meaningful for non-stabilizer
quantum states 1. The following theorem shows that it has a natural interpretation for
general states:

Theorem 3.2 (Bell difference sampling). Let \p be an arbitrary pure state of n qubits.
Then:

w [Mag® | = 3 py (xpy (x +a).

If\p is a stabilizer state, say |S) (S|, then this is equal to ps(a) from Eq. (3.3).

The proof of Theorem 3.2 uses the symplectic Fourier transform defined in Eq. (2.9).
Remarkably, the characteristic distribution of any pure state is left invariant by the Fourier
transform:

Pypla) =2"") (DY (X)ey(x) =27 ) ey (X)ew,pw, (X)
=27t WahWal = py,(a),
3.5)

where the third step is Eq. (2.7) (note that for qubits the characteristic function is real).
‘We now give the proof of Theorem 3.2:
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Proof of Theorem 3.2. We start with the observation that TT, = (IQ I IT® W,)TTH(I®
[ ® I ® Wy). On the other hand, it is easy to verify that

1
Mo = 55 > owt (3.6)
X

(i.e., it is the projection onto a stabilizer code of dimension 22™, which played an impor-
tant role in [ZKGG16], and Bell difference sampling achieves precisely the syndrome
measurement for this code). It follows that

1
— [a,x]\y/®4
Mo = 57m g(—n axlyye (3.7)

and so

tr Mg = 22% Z(—n[“] (WP = 3 (- py (x)py (x)

X

—pr x)Py (x + a) ZPw(X)Pw(X+a)3

the third equality is the unitarity of the Fourier transform, which also maps modulations
to translations, and in the last step we used Eq. (3.5), namely that the characteristic
distribution of a pure state is left invariant by the Fourier transform. O

Theorem 3.2 motivates Algorithm 1 as a natural algorithm for testing whether a
multi-qubit state is a stabilizer state. The following theorem shows that stabilizer states
are the only states that are accepted with certainty, and it quantifies this observation in
a dimension-independent way:

Theorem 3.3 (Stabilizer testing for qubits). Let \p be a pure state of n qubits. If\ is a
stabilizer state then Algorithm 1 accepts with certainty, Paccepr = 1. On the other hand,

ifmaXS|<Sm)>‘2 <1- e? then Paccept <1- 52/4-

The converse bound of Theorem 3.3 can be stated equivalently as
msax|<S|ll))\2 = 4paccept —3. (3.8)

Proof. According to Theorem 3.2, step 1 of the algorithm samples elements a with
probability g(a) = Y, py (X)py (x +a).

Let us first dlscuss the case that 1) is a stabilizer state, say \p) = [M, f). Since p, (x)
is the uniform distribution over M, which is a subspace, it holds that q(a) = py,(a),
since, for x € M, x + a € M if and only if a € M. But this means that a € M with
certainty. Thus, [\) is an eigenvector of the corresponding Weyl operator W, and step 2
of the test always accepts.

We now consider the case that 1 is a general pure state. Our goal will be to show
that if Algorithm 1 succeeds with high probability then there must exist a stabilizer state
with high overlap with 1. According to Eq. (3.1), the probability of acceptance is given
by

Paccept = % Z q(a) (1 + anll)(a))
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where we recall that q(a) = Y , Py (X)py (X + a). Thus, by the Cauchy-Schwarz
inequality,

Paccept = % Z‘Plp(X) (1 + 2™ pr(x + a)pll) (a)>
< ;gpw(x) (1 +2" ;pw(aﬁ)
- % <1 +2" ;pw(aV) = ;;mﬂa) (1+2"py(a)), (9

where we have also used the fact that py, is a probability distribution. Intuitively, this
bound shows that if our test accepts with high probability then p, (a) ~ 2~ ™ with high
probability. Indeed, let us consider

Mo :={a e Vy:2"py(a) >1/2}.

Then Markov’s inequality (which can be applied since it is always true that py, < 27 ™)
asserts that

Z ptl)(a) 21 _zzpw(a) (1 —anll)(a)) =1-4 (1 _paccept) . (3.10)
acMy a

The choice of threshold 1/2 in the definition of Mg ensures that the Weyl operators
corresponding to any two points a,b € My commute. To see, we use that any pair of
anticommuting W,, W}, can by a base change be mapped onto the Pauli operators X,Z;
it can then verified on the Bloch sphere that there exists no qubit state p such that both
tr[pX]? > 1/2 and tr[pZ]? > 1/2 (see Fig. 1 for a graphical proof).

Let us now extend the set M to some maximal set M such that the corresponding
Weyl operators commute. Then M is automatically a Lagrangian subspace, of dimen-
sion n.* As discussed in Sect. 2.4, it determines a whole basis of stabilizer states,
{IM, f)}¢. Thus:

max|(Shp)? > max (M, fpIM, ) > 3~ (M, flpIM, ) = [/\M[lp]z}

-

=27 3 [wwiqu)(w;wy)*} =2" > [wall)WI}
x,yeM xeM

= Z plp(x) > Z ‘pll,(X) > 1 _4<] _paccept)

xeM xEMy

where we used Eq. (2.16) for the measurement /Ap, in the stabilizer basis; the last bound
is Eq. (3.10). In particular, if maxs|<S|x|)>|2 < 1— €2 then Paceept < 1 — €2 /4. O

4 It is natural to ask whether the subspace M is uniquely determined by M. This is the case when,
€.g., Paccept > 7 /8. Indeed, in this case, Eq. (3.10) implies that 27" |[M| > ZaGMO pyla) >1—

4(1—-7/8) =1/2,s0 Mgl > 2T It follows that M spans an n-dimensional subspace which is
necessarily contained in, and hence equal to, M..
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Fm——————— ! Bell Sampling
) —— A

I
v ~+o—— A=

) [,
accept
reject

%) Werl 4

Fig. 2. Quantum circuit implementing Algorithm 1 for qubit stabilizer testing. Inside the blue blocks: The
quantum gates denote the controlled-NOT and the Hadamard gate, respectively; the measurements are in
the n-qubit computational basis. Outside the blue blocks: Double lines represent classical information. The
“@”-operation is addition modulo two. The boxes labeled “Weyl” perform a two-outcome measurement with
respect to the eigenspaces of W, where a is determined by classical inputs. For n qubits, the circuit is fully
transversal in the sense that all operations are required to be coherent only across two copies, and factorize
with respect to the n. qubits

Our theorem has the following consequence for quantum property testing, resolving
an open question first raised by Montanaro and de Wolf [MdW 16, Question 7].

Corollary 3.4. Let \ be a pure state of n qubits and let ¢ > 0. Then there exists a
quantum algorithm that, given O(1/e%) copies of \b, accepts any stabilizer state (it
is perfectly complete), while it rejects states such that maxS|<S|1b>|2 < 1 —¢2 with
probability at least 2/3.

Before our result, the best known algorithms required a number of copies that scaled
linearly with n, the number of qubits. Indeed, these algorithms proceeded by attempting
to identify the stabilizer state, which requires (1) copies by the Holevo bound [AGOS,
Mon17,ZPDF16]. Moreover, our algorithm is manifestly efficient (see the circuit in
Fig. 2).

Remark 3.5. For multi-qubit states \ that are real in the computational basis, we can
replace step 1 of the algorithm by a single Bell sampling, which in this case directly
samples from the characteristic distribution py, (see Eq. (3.4)). The resulting algorithm
operators on four copies of \p and achieves the same guarantees as Theorem 3.2.

Remark 3.6. The scaling in Theorem 3.2 is optimal. Indeed, it is known that distinguish-
ing any fixed pair of states ), |p) with |(\P|dp)[> = T — &2 requires Q(1/€?) copies
[MdW16]. In particular, this lower bound holds if we choose ) to be a stabilizer
state and |) a state that is e-far away from being a stabilizer state, in which case our
Algorithm 1 is applicable.

Remark 3.7 (Clifford testing ). It follows from Theorem 3.3 that we can also test whether a
given unitary U is in the Clifford group or not (without given access to U). This resolves
another open question in the survey of Montanaro and de Wolf [MdW 16, Question 9].
Indeed, given black-box access to U alone we can create the Choi state [U) :=
(U®1)|@T), which is a stabilizer state if and only if U is a Clifford unitary. Moreover,
the “average case” distance measure used in the literature for quantum property testing
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of unitaries is precisely equal to trace distance between the corresponding Choi states
[MdW16, Section 5.1.1]. Thus, by first creating the Choi state and then running our
Algorithm 1 we can efficiently test whether a given unitary U is a Clifford unitary.

It is instructive to write down the accepting POVM element for Algorithm 1. From
Egs. (3.7) and (3.1), we find that it is given by

I+ Wa@W, 1
Maceept = Zﬂa @ —— =5+, (311

where we have introduced the unitary

1 ®n
2n > (=EWRt oW = <4 > (=nIwgte w?z) :
x,acVy x,acVy

=u

It is easy to verify that U = u®™ is a Clifford unitary acting on the space H 6 = Hen
of 6n qubits.

For any pure state {p, \p®™ is in the symmetric subspace, and so invariant under left and
right-multiplication by permutations. In particular, we obtain a test of the same goodness
as Theorem 3.3 if we replace U by V = U(I®* @ F), where F = R((12)) denotes the
operator that swaps (or flips) two blocks of n qubits. Since F = 27" 3 WSZ’Z, we
obtain the formula

V= 27311 Z (_] )[a,x]W’((XVl ® (W Wb — 2 3n Z [a X+b]W§4 ® W;X)—Eb od 2
x,a,b x,a,b
—3n [a,x+b] R4 ®2 -n ®6 1 ®6 o (312)
=270y ()Wt e Wit =27 Y Wt = szx .
x,a,b xEVn xeVy

=V

Thus, we recognize that the unitary V = v®™ is precisely the action of the anti-
identity (1.4) described in the introduction (for t = 6):

V= R(I) =27 (196 4 X964 Y6 4 Z®6) (3.13)

See also Remark 3.9. We discuss anti-permutations in more detail in Definition 4.29.
Equation (3.12) allows us to express the acceptance probability of Algorithm 1 in an
interesting way:

Paceept = 1 [ Tlaceept] = % (14w [weeu]) = ! S (1+uosev))
(1 +2- “Z tr {¢®6W®6}> = % (1 +22“ZC¢(X)6>
=5 (1+2Meyl5) = 5 (14227 py IR,

<1+22“qu, )zZp¢(x);(1+22np¢(x)2). (3.14)

N\—‘ N\—‘ N\
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Itis intuitive that the £,,-norms should appear, since stabilizer states can be characterized
by having a maximally peaked characteristic function and distribution (Eqgs. (2.17) and
(3.3)).

In fact, the result of this calculation is plainly a strengthening of Eq. (3.9), since
2"py (x) < 1. 1f we follow the rest of the proof of Theorem 3.3 then we obtain paccept <
1 — 3¢2/8, a slight improvement. More importantly, though, this argument completely
avoids the analysis of Bell difference sampling in Theorem 3.2. This leads us towards
an approach for testing general qudit stabilizer states.

3.2. Qudit stabilizer testing. While Bell sampling can only be used for qubit systems,
Eq. (3.12) has a clear generalization to arbitrary qudits. Let d > 2 and consider the
operator

Ve=d™ Z(WX ® W), (3.15)
X

(For qubits, the Weyl operators are Hermitian and so V3 is precisely Eq. (3.12).) Suppose
we choose s such that Vs is a Hermitian unitary (we will momentarily see that this can
always be done). Then

1
r[s,accept = E(I + Vs)

is a projection. If we think of it as the accepting element of a binary POVM then

1 1
Paccept = tr['d)@zsﬂs‘accept] = 5 (1 ‘|‘trm)®svs]) = 3 <1 +d™ " E tr[ﬂ)Wx]zs)
X
1 1
— (s—=1)n s _ ! (s—1)n. . s—1
= (1 ety pq,(x)> > Pyl (1+a==mps ),

which generalizes Eq. (3.14).
When is Vg Hermitian and unitary? It is always Hermitian, since Wx ® WI only
depends on x modulo d. For unitarity we use Eq. (2.4) and calculate

VZI=d ") (WaWy @ WiW))®S =d 2™ ) sV (W y @ W ())®"
X,y

X,y
=d Y YWty mod a ® W (xy mod a)) ¥
X,y

_ den Z (Z ws[x,z}) (Wz ® W_z)®s_
z X

If s is invertible modulo d then ws[—2 is a nontrivial character for all z, and so the
inner sum simplifies to dznézyo. It follows that VZ = 1, as desired. We summarize:

Lemma 3.8. Let d > 2 and s an integer that is invertible modulo d (i.e., (s,d) = 1).
Then V is a Hermitian unitary.
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Remark 3.9 (Qubits). For qubits, the operator Vg is a Hermitian unitary if and only if
s is odd. E.g., for s = 1 it is the unitary swap operator F and for s = 3 it is precisely
Eq. (3.12) (the anti-identity), while for s = 2 it is not unitary but in fact proportional to
one of the POVM elements from Bell difference sampling. Indeed, V, = 2™TTy where
Ty is the projection from Eq. (3.6). Thus | V2| = 2™ and so we cannot interpret the
associated TT, as a POVM element. This already partly explains why we had to resort
to six copies to test stabilizerness.

The second ingredient used to establish Theorem 3.3 was an uncertainty principle
for Weyl operators. The following lemma supplies this for general d:

Lemma 3.10 (Uncertainty relation). Ler 5=1/2d and\p a pure state such that |tr[p Wy]|2
>1—582 and |tr[1])Wy]|2 > 1—82. Then Wy and Wy must commute.

Proof. Note that

[Wxlb) = [b) (WIWx[b) || < &

and likewise for Wy. By the triangle inequality,

[WxWy [b) — ) (b[Wxhb) (bIWyhb)|
< [WaWy ) — Wy [b) (GIWylb) [ + W ) (b[Wylb) — [b) (WIWxb) (b[Wylp) |
< WalliWy b)) = ) (bIWy )| + [[W ) — ) (W) || (bIWyhb)

< [Wy [b) — 1) (WIWylb) || + [[Wx [b) — b) (bIWxlb) || < 25,

but also
[WAWy 1) — VT 1) (pIWihh) (p[ W) |
= [P YWy Wy ) — YT ) (W) (hIWihp) | < 25.
If we combine this with another triangle inequality, we obtain that

45 _ 48
(WWIWxD) (bIWyhp) ~ 1 —82"

Now suppose that Wy and Wy do not commute. Then [x, y] # 0 and so

H _ (.U[X‘y}‘ = ||w[x’y] |1l)> - |ll)>|| <

4
N — v > 1 — w| = 2sin(n/d) > 3
Thus, 4/d < 46/(1 — 52), which plainly contradicts our choice of &. This is the desired
contradiction and we conclude that Wy and Wy commute. O

We now show that stabilizer testing can be done in arbitrary local dimension:

Theorem 3.11 (Stabilizer testing for qudits). Let d > 2 and choose s > 2 such that
(d,s) = 1. Let \p be a pure state of n qudits and denote by paccepr = tr[1b®25ﬂsyaccept]
the probability that the POVM element Tlg gccepr accepts given 2s copies of \p. If
is a stabilizer state then it accepts with certainty, Paccepr = 1. On the other hand,
if maxg|(Shp)[? < 1 — &2 then Paccepr < 1 — Cdyssz, where Cq s = (1 — (1 —
1/4d%)5—1)/2.
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Proof. If1 is a stabilizer state, say ) = [M, f), then py, (x) is the uniform distribution
on M, which has d™ elements. In view of Eq. (3.16),

1 _
Paccept :pr(x)z (] +d(s ”npfb 1( )) =1,

so the test accepts with certainty.
Now suppose that 1 is a general state. Define

Mo == {x € Vy : d™py(x) > 1—1/4d%).

By Lemma 3.10, the Weyl operators Wy for x € M all commute. We can thus extend
My to a maximal set M with this property. As in the proof of Theorem 3.3, we can
bound

max|(Shp)I > D py(x

xEMy

But this probability can be bounded as before using the Markov inequality (but now for
a (s — 1)st moment):

Z g0 (1 - a5y (x)
Z pﬂ,(x)=1 —prl)(x) >1-— ]—((]—1/4d2]51 )

XEMy d'py (x)<1—1/44d2

2
1—(1—1/4d2)s— (1 *paccept) .

:1—

The last equality is Eq. (3.16). This yields the desired bound. O

Remark 3.12. 1t is clear that s = d + 1 is always a valid choice in Theorem 3.11. This
leads to Cq ¢ ~ 1/8d for large d, but the resulting test involves gates that act on 2d + 2
qudits at a time. However, this choice of s is in general rather pessimistic. E.g., if d is
odd then we may always choose s = 2, meaning that our test acts on four copies at a
time.

Corollary 3.13. Let d > 2 and fix s as in Theorem 3.11. Let \p be a pure state of n
qudits and let € > 0. Then there exists an quantum algorithm that, given O(]/Cd,saz)
copies of \p, accepts any stabilizer state (it is perfectly complete), while it rejects states
such that maxs|(Sh)|?> < 1 — €2 with probability at least 2/3.

It is clear that the POVM measurement {TTs accept, I — ITs accept} can be implemented
efficiently. Using phase estimation, it suffices to argue that the controlled version of V
can be implemented efficiently. But V5 = v&™, so its controlled version is equal to a
composition of n controlled versions of vg, each of which acts only on a constant (with
respect to 1) number of qudits. It follows that our stabilizer test for qudits is efficient.
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It is instructive to compute the action of the unitary Vs = v&™ more explicitly: Let
[x) = [x1,...,X2s) denote a computational basis vector of J—C@ZS. Then, using Eq. (2.1),

Vel =d ™™ ) Wa@aW)® x)=d ™"

acVy
(sq+x7—xp+-—X
D wplsahamat 0y 4 qx) —gq,.. )
P.q€Zy
s Z wsp'(q+ioddfieven) ‘X] + q,x2 —q, .. >
P.9E€L]

= [X7 — Xoad + Keven, X2 + Xodd — Xeven, - - > )

where Xeyen = ! Yk even Xk and Xoqq is defined analogously. If we re-order the tensor
factors so that the odd systems come first, followed by the even ones, we find that a basis
vector [Xodd, Xeven> is mapped to [Xodd — Xodd + Xeven, Xeven + Xodd — Xeven>~ Thus, Vs is
a unitary that permutes the computational basis vectors by “swapping the mean” of the
even and the odd sites of the 2s many blocks of n qudits.

Here is one last reformulation that will be useful to connect to our algebraic results.
Letpos = (—1,1,...,—1,1) € Z(zis denote the ‘parity vector’ that is +1 on even/odd
sites, and consider the following 2s x 2s matrix with entries in Zq4:

1=1-s"Tpopl, (3.17)
Then we can write the action of Vy as
Volx) = [10x1,.0 x26)) = (T @ In)x). (3.18)

Itis easy to verify that 1 is a stochastic isometry (cf. Eq. (4.36) in Sect. 4.3). For qubits and
s = 3, 1 is just the matrix obtained by taking the 6 x 6 identity matrix and inverting each
bit (the ‘anti-identity’). This gives a pleasant and insightful interpretation of Eq. (3.12),
as we will see in Sect. 5.2. Interestingly, the anti-identity has previously appeared in the
classification of Clifford gates in [GS16] (their Tg).

4. Algebraic Theory of Clifford Tensor Powers

In this section, we present a general framework for studying the algebraic structure
of stabilizer states and Clifford operators. We start by describing the commutant of
the tensor powers of the Clifford group, where we obtain results similar in flavor to the
Schur—Weyl duality between the unitary group and the symmetric group. Next, we apply
this machinery to compute arbitrary moments of qudit stabilizer states, and we describe
how to construct t-designs of arbitrary order from weighted Clifford orbits. Lastly, we
return to the stabilizer testing problem and explain how our solution from Sect. 3 can
be understood more systematically and generalized. In particular, we find an optimal
projection that characterizes the tensor powers of stabilizer states precisely.
Throughout this section we assume that d is prime.
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4.1. Commutant of Clifford tensor powers. Schur—Weyl duality in its most fundamental
form asserts that any operator on (CP)®! that commutes with U®* for all unitaries
U € U(D) is necessarily a linear combination of permutation operators. Using the
double commutant theorem, this implies at once that (C4)®t = DA Vum) A ® Vs
where the Vi (p) A and Vs, are pairwise inequivalent irreducible representations of
the unitary group U(D) and of the symmetric group St, respectively.

The main result of this section is that the commutant of the tensor powers of the
Clifford group can be completely described in terms of a natural generalization of per-
mutation operators (see Theorem 4.3 below). Mathematically, this generalization in-
volves Lagrangian subspaces of a space equipped with a quadratic form. Since stabilizer
states can be described in terms of Lagrangian subspaces with respect to a symplectic
form (Sect. 2), this is reminiscent of Howe’s classical duality between sympletic and
orthogonal group actions.

To describe the result more precisely, let T denote a subspace of Z:‘i &) Z:‘i. We define
a corresponding operator

(x,y)eT

on (C4)®t, where [x) = [x1,%2,...,%t) € (CH)®! denotes the computational basis
vector associated with some x € Z:‘i. We also consider the n-fold tensor power

which is an operator on ((C4)®t)®n = (Cd4)®tn =~ ((C4)®")®t Both r(T) and R(T)
are represented by real matrices in the computational basis.

Definition 4.1. (2 ) Consider the quadratic form q: Zflt — Zp defined by q(x,y) :=

X-X—y-y.> We denote by 2 ¢(d) the set of subspaces T C thit satisfying the following
properties:

1. T is totally g-isotropic: ie.,x-x =y -y (mod D) forall (x,y) € T.
2. T has dimension t (the maximal possible dimension).
3. Tis stochastic: 1,y = (1,...,1) € T.

We will summarize the first two conditions by saying that T is Lagrangian. Thus, we
will call Z¢ ¢(d) the set of stochastic Lagrangian subspaces.

See [NW 16, App. C] for a complete list of the subspaces Lt ¢(d) fort = 3, and Sect. 4.3
for examples.

In Lemma 4.5, we will show that the operators R(T) are indeed in the commutant of
Cliff(n, d)®t. The proofis straightforward and elucidates the role of the three conditions
in Definition 4.1 as well as the difference between even and odd d.

Remark 4.2. Recall that a subspace T is called totally isotropic with respect to a quadratic
form q if q(v) = 0 for every v € T. This explain our terminology in Definition 4.1.

We can also consider the Z q-valued bilinear form b((x,y), (x’,y’)) := x-x'—y-y’ €
Z4. By a straightforward calculation,

q(v+w) =q(v) + q(w) + 2b(v,w) (mod D) 4.1)

5 Note that for x € Zg, x2 is well-defined modulo D.
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forallv,w € Z(zit. Thus, q is a Zp-valued quadratic form associated to the Z 4-bilinear
form b in the sense of [Wo093]. Note that if T is totally isotropic with respect to g then
Eq. (4.1) shows that T is self-orthogonal, i.e., T C TL, where

TL ;:{veZﬁt :b(v,w)=0 VYweT}

If d is odd then q(v) = b(v, v), so any self-orthogonal subspace is automatically totally
isotropic with respect to g.

If d = 2then Eq. (4.1) implies that, for a self-orthogonal subspace, the set of isotropic
vectors forms a subspace—so we can check total isotropicity on a basis. Moreover, for
d = 2, if T is Lagrangian then it is automatically stochastic; indeed, b(v,12¢) = q(v)
(mod 2), so 1, is contained in any maximal totally isotropic subspace.

Our goal of this section it to prove the following theorem:

Theorem 4.3 (Commutant of Clifford tensor powers). Let d be a prime andn > t — 1.
Then the operators R(T) = v(T)®™ for T € £ ¢(d) are Hi_:%(dk + 1) many linearly
independent operators that span the commutant of the t-th tensor power action of the
Clifford group for n qudits.

It is instructive to discuss a few key features of Theorem 4.3. First, we know that
the permutation group on t elements, S¢, is in the commutant of the Clifford group
Cliff(n, d), because it is even in the commutant of the larger unitary group U(d™).
Indeed, let -y = (y,, 1 (1) YT (1) ) denote the permutation action of Sy on Zfi.

The one can see that, for any permutation 7t € Sy, the subspace T = {(7t-y,y) :y € ZE}
is Lagrangian and stochastic. The corresponding operator R(T,) = 7(T)®™ agrees
precisely with the usual permutation action of Sy on ((C9)®™)®t  Accordingly, we
may identify S¢ with a subset of ¢ ¢(d). We will see below in Definition 4.11 that the
set of subspaces T for which R(T) is invertible forms a (in general, proper) subgroup
that is (in general, strictly) larger than S .

Remarkably, Theorem 4.3 shows that the size of the commutant stabilizes as soon as
n > t—1. That is, just like for the symmetric group in Schur—Weyl duality of D, the set
Yt +(d) that parametrizes the commutant of the Clifford tensor powers is independent
of n, the number of qudits, provided that n > t — 1. This stabilization, along with the
fact that the operators R(T) = r(T)®™ are tensor powers, are highly useful properties
in applications (e.g., [NW16] and Sects. 5 and 5.2 below).

Remark 4.4. We believe that the results of Nebe et al [NRS06] show that the operators
R(T) span the commutant of Cliff (n, d)®*t for any value of n. But we caution that if
n < t — 1 then the R(T) are in general no longer linearly independent (e.g., [Zhul5,
egs. (9) and (10)]).

Theorem 4.3 will be established by combining a number of intermediate results of
independent interest. We first show that the operators R(T) are indeed in the commutant
of Cliff(n, d)®*.

Lemma 4.5. For every T € X ((d) and for every U € Cliff(n, d), we have that
[R(T),U®t] = [r(T)®™, U®Y = 0.

Proof. Up to global phases, the Clifford group is generated by the following three
operators, which are allowed to act on arbitrary qudits or pairs of qudits [Got99,Far14,
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NBD+02]: The Fourier transform (also known as the Hadamard gate for d = 2),

T3 e

Cl ,bEZqg

the phase gate, which is defined as

P=Y i%la)(alford=2, P=Y w? @) (alford#2,

a€cZ) a€cZq

(here we use that for d = 2, a? is well-defined modulo four, while for odd d, 2 has
a multiplicative inverse, denoted 271 ), and the controlled addition (also known as the
CNOT gate for d = 2)

CADD = Z la,a+b) (a,bl.
a,beZq

To establish the lemma we will prove the claim for each generator (cf. [NRS06]).
The Fourier transform H is a one-qudit gate, so it suffices to show that H®t, r(T)] =0
forevery T € X ¢(d). Indeed:

HO(MHM® =a™t Y 3 w® PV a) (b

a,bezf (x,y)€T

=d ' ) ) wblaPhbyig) ()

a,bezf (x,y)€T

= Y )y i=r(T.

(a,b)eT+

In the second step and third steps, we used the notation b and T+ from Remark 4.2,
respectively, as well as that dim T = t. The last step holds since T = T+, as Tis a
Lagrangian subspace.

Next, we consider the phase gate, which is likewise a single-qudit gate. For d = 2,
we have that

PEL(MPHE = 3 XYY [x) (y = r(T)
(x,y)€T

since T is totally isotropic. For odd d, we instead compute

p®t pT t _ Z w? ]Zj xj(xj—1)=yj(y;—1) ) (y|
(x,y)€T
= Y w? ey fy = (T,

v=(x,y)€T

since T is totally isotropic and stochastic (so w = v — 12y € T and b(v,w) = 0 for
everyv € T).
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Lastly, we consider the controlled addition gate, which is a two-qudit gate:

CADD®'r(T)®2CADD"®' = % % CADD®'[x,x') (y,y| CADD"®"
(xy)€T (x y)eT

= > ) kx+xDyy+yi= Y ) kx)yyl

(x,y)€T (x,y)€T (x,y)€T (x,y")€T
where we only used that T is a subspace. O

We now show that the operators R(T) are linearly independent as soonasn >t — 1.
For this, we introduce the following useful notation:

Definition 4.6 (Vectorization). The vectorization operator vec is defined by its action in
the computational basis via

vec([x) (yl) = [x) @ ly) = x,y).
Lemma 4.7. If n > t — 1 then operators R(T) are linearly independent.

Proof. For each T € Ly ¢(d), consider the vectorization of r(T), which we denote
by [T) = vec(v(T)) = > ,c7lv) € (C4)®2t Note that (v[T) = dyct. Clearly,
vee (R(T)) = vec (r(T)®™ = \T>®n. Therefore, we want to show that the vectors
|T>®TL are linearly independent as soon as n > t — 1. But each T is t-dimensional and

contains the vector 1,¢. Extend it by vq,...,v{_1 to a basis of T. Then, if T/ is another
subspace:

(- -1
Wil e L IEM TSN = v v TP =8y e = T
This concludes the proof. O

So far, we have accomplished the task of finding a large set of linearly independent
operators in the commutant of Cliff(n, d)®t, one for each element of i ¢(d). In the
remainder of this section we will compute the dimension of the commutant as well as
the cardinality of X (d), and show that the two numbers agree precisely. We will use
the Gaussian binomial coefficients, which are defined by

(n) _ mJaln—1g---n—k+1]a
k/ 4 Klalk —1gq---[1q

k—1
, where [klq = Z di,
1i=0

It is well-known that (E) 4 ©quals the number of k-dimensional subspaces in 73 . The
Gaussian binomial coefficients satisfy the following analogs of Pascal’s rule,

n\ g (n-—1 n—1
R Gt 2

and of the binomial formula,

n n—1
Z qkik=1)/2 (2) ik = H (dkH_]). 4.3)
d
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We now compute the dimension of the commutant. This has previously been done
for t < 4 by Zhu [Zhul5] and before that for d = 2)n = 1 by van den Nest et al
[vdNDdMO5].

We start with the following result from [Zhu15], which reduces the dimension compu-
tation to a counting problem. Zhu arrived at this result by computing the frame potential
of the Clifford group—essentially, the norm squared of the character of the represen-
tation U — U®¥, In contrast, we will follow the approach by van den Nest et al, who
considered the action of the Clifford average (also known as the twirl operation or
Reynolds operator) on the basis of Weyl operators, correcting a glitch in [vdNDdMO5]
along the way. ¢

Lemma 4.8 ([Zhul5,vdNDAMO5])). The dimension of the commutant of Cliff (n, d)®t
is equal to the number of orbits for the diagonal action of the symplectic group Sp(2n, d)
on t — 1 copies of the phase space Z(Zin, i.e., for the action

r'(X],...,Xt,]):(FX],...,rXt,]), (44)

where T € Sp(2n,d) and (x1,...,Xi_1) € (Z%ln)tq.

Proof. We will show that the dimension of the commutant is equal to the number of
orbits for the diagonal action of Sp(2n, d) on

t
Wt ::{(X],...,Xt) : in :0})
i=1

which is plainly an equivalent statement.

We start by noting that the Weyl operators Wy for x = (x7,...,X¢) € (Z%ln)lc form
a basis of the space of operators on ((C4)®™)®t We can thus obtain a generating set
of the commutant by averaging each Weyl operator Wy with respect to the tensor power
action of the Clifford group. According to Lemma 2.1, we can for each symplectic matrix
I fix a Clifford unitary U such that the set of {UrWj} equals the Clifford group, up
to global phases. Let us denote by f the phase function corresponding to Ur, as in
Eq. (2.8). Thus, the average of the Weyl operator Wy is, up to overall normalization,
given by

Acitr(We) :=d 2™ 3 3 (UpWe) @ Wy (UrWy,) P&
I'eSp(2n,d) bez3™

_ t 2t
—d 2n Z Z w[b,X1+ +Xt]u(§) qu"];@)
Fesp(2n,d) bezin

=bxew, . wT™Mwp,
resSp(2n,d)

where fr(x) = ZLl fr(xi) and I'x := (I'xq,...,'xy).
When d is odd, the phase function f can be chosen to vanish (Lemma 2.1). Thus, the
averaged operator is equal to the sum of Weyl operators over the Sp(2n, d)-orbit of x,

6 InRef. [vdNDdMO5], the relative phases w fr(x) that appear in our Eq. (4.5) are all taken to be trivial (for
qubits). The origin seems to lie in their Section II, where it is stated—in their language—that &7 @y x3 = 1.
But this holds only if their 7t is cyclic. Clifford operations inducing non-cyclic permutations do, however,
exist. We thank Huangjun Zhu for identifying the root of the apparent contradiction.



Schur—Weyl Duality for the Clifford Group with Applications 1357

provided x € Wy, and zero otherwise. Since distinct orbits are disjoint, it is clear that
we obtain a basis of the commutant by averaging one Weyl operator for each orbit of
the diagonal action of Sp(2n, d) on Wy.

Now consider the case where d = 2. To each x € Wy, associate the phase ¢y (a
power of T) such that

Wy, - Wy = dx L.
Then, for each I € Sp(2n, d),
bx T = UpWy, - Wy UT = (UpWy, U - (UrWy UT)
= wfr(X)Wr}n "'Wrxt = wfr[X)d)Fx-

It follows that the phase function f(x) depends only on x and I'x (rather than directly
on I') and is given explicitly by the quotient

wfrt) = Px (4.5)
Thus, for x € Wy,
\%%
Aciir(Wx) = )~ Ox Wix=dx Y X

resp(2n,d) resp(2n,d) br

In particular, if y is in the same Sp(2n, d)-orbit as x then Acyigr (Wy) = %/\Cliff(wx),
i.e., the two averaged operators only differ by a global phase. Thus, also for d = 2 we
obtain a basis of the commutant by averaging one Weyl operator for each orbit of the
diagonal action of Sp(2n, d) on Wy. O

We now derive an explicit formula for the dimension of the commutant.

Theorem 4.9 (Dimension of commutant). Let 1 > t — 1. Then the dimension of the
commutant of Cliff(n, d)®*t is equal to i;%(dk +1).

Proof. To count the number of orbits of the action (4.4), we will associate to any orbit O
an invariant, the dimension, defined by dim(O) = dimspan {x7,...,X{_1}, where
(x1,...,X¢_1) is any point in the orbit. We write Q4 for the set of all orbits and O_f for

the set of orbits with dimension {. We will establish and solve the following recursion
relation:

Qf=10f_ld* +1Qi-}at! (4.6)

To see why this is true, suppose (x7,...,X¢_1) € Qf;. Then there are two cases:

1. x¢_1 € span {x1,...,X¢_2}: Then the orbit through (x1,...,X¢_»)isin Q,‘E_] ,and
there are d* ways to choose x¢_1 € span{xq,...,X¢_2}. Together, this contributes
\QL1 |de many orbits to QE.

2. x¢_1 & span {x7,...,X¢_2}: Then the orbit through (x7,...,X¢_2) is in Qf:} ,
and we have to count the number of ways that we can add a new vector x;_1 to
span {Xj,...,X¢_2} such that we get different orbits. By Witt’s theorem, which also
holds for alternating forms in characteristic two [Wil09], the only invariants are the
inner products between x¢_ 1 and a basis of span {Xy,...,X{_7}. By assumption, the
latter space has dimension { — 1 < t — 2 < n, so we have a1 options for x¢_1.
Together, this contributes \Q,‘Ej |d®~T many orbits to Qf.
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We have thus established the recursion relation (4.6). Since QO ¢ = {{0}} and Q; 7 =
{x7 # 0}, we find the initial conditions [Q; o| = [Q} 1| = 1. The solution to the

recursion relation is
Y = gte-n/2(t—]
t z d)

as can be verified by using Pascal’s rule (4.2). Using the binomial formula (4.3), we
conclude that

t—1 t—1 t 1 t—2
_ 0 L(L—1)/2 - . k
o= Y jaf = Y ate172(" )dl‘[(d . @n
=0 =0 k=0
This establishes the desired formula for the dimension of the commutant. O

Next, we count the number of stochastic Lagrangian subspaces. To this end, define
the “diagonal subspace”

A={(x,x)|x € 24} c Z3".

Theorem 4.10 (Cardinality of L ). We have |Z¢ ¢ (d)| = [[L_3(d* + 1).

Proof. Let Z,‘E,t(d) denote the setof subspaces T € Z¢ (d)suchthatdim(TNA) = t—{.
We will show that

_ t—1
‘th(d)’:de(l '”/2( ¢ > , (48)
d

which implies the claim by the same calculation as in Eq. (4.7). To start, consider a
subspace T € Zi‘t(d) and consider

TAo:=TNA={(x,x):x € X},

with X a (t — {)-dimensional subspace that is uniquely determined by T. Since T is
stochastic, we know that 1+ € X. Fix a basis X1, ...,X¢_¢ of X and extend it by vectors
Z1,...,Zy toabasis of Z:‘i. Denote the dual basis with respect to the ordinary dot product
byR1,...,%¢_¢,21,...,2Z¢. Now, any vector in Zét, so particularly in T, can be written
uniquely in the form (a +b, b). The subspace of vectors where b is a linear combination
of z1,...,z¢ forms a complement of Ty C T, which we shall denote by Ty . Since
Tn NA = {0}, we know that a # 0 for any nonzero vector in Ty . The condition that
T is self-orthogonal implies that a - x; = O foralli = 1,...,t —{, so that a is a
linear combination of Z7,...,Z;. Since also dim Ty = ¢, this implies that Ty has a
unique basis of the form (Z7 +wq,w1), ..., (Zg +wg, wg), where each wj is of the form
wi = Zf:1 Ai;z;. We still need to implement the condition that Ty is self-orthogonal.
In terms of the matrix A = (Ay;), this means that

0= (/Z\1 +wy) - (/Z\] +Wj) — Wi - Wj :/Z\i ~/Z\]' +Aij +A]'i (mod d) 4.9)

for any 1, j. This means that the lower triangular part of A is uniquely determined by the
upper triangular part.



Schur—Weyl Duality for the Clifford Group with Applications 1359

For d # 2, (4.9) furthermore implies that the diagonal entries of A are fixed, so
there are in total d¢(¢=1)/2 many options for A. We have thus implemented all condi-
tions for T to be a subspace in Z%yt(d) since, according to Remark 4.2, for d # 2, any
self-orthogonal T is automatically totally isotropic. The set of (t — £)-dimensional sub-
spaces of Z:‘i that contain 1t are in bijection with the (t — { — 1)-dimensional subspaces
in Zg/Zdlt, hence there are (tifl] ) q= (t?)d many choices for X. Together, we
obtain (4.8).

For d = 2, (4.9) gives no constraint about the diagonal entries of A. Instead, it asserts
that Z; - Z; = O or, equivalently, thatZ; - 1t = 0 fori=1,... £, which is automatically
satisfied since 1¢ € X. We will now show that there is a unique choice for the diagonal
entries of A such that T is totally isotropic with respect to the Z,4-valued quadratic form g.
By the discussion in Remark 4.2, since T is self-orthogonal, it suffices to consider Ta
and its complement Ty separately. But the vectors in To are automatically isotropic,
while for Ty total isotropy amounts to the condition that

0= (2 +wi) - (Zi +wi) —wi-wy =2 -2 + 2A4;  (mod 4),
which fixes the Ay uniquely. We thus obtain (4.8) by the same counting as above. O
We finally obtain Theorem 4.3 as a consequence of the preceding results.

Proof of Theorem 4.3. By combining Lemma4.5 and Theorems 4.9 and4.10, we see that
the operators R(T) form a basis of the commutant of Cliff(n,d)®t on
(((Cd )®n)®t_ O

It is interesting to note that all elements R(T) of our basis of the commutant of
Cliff (n, d)®* have the property that (S®t[R(T)|S®t) = 1 for every stabilizer state |S).
Indeed, if T € Z¢ ¢(d) and [S) = U |O>®n for some Clifford unitary U, then

(SPYR(T)IS®Y) = (SPHR(T)USHO®™) = (SEHUPR(T)[0®™)
= (0¥ R(T)0®'™) =1, (4.10)

where we used that 0 € T (see also Eq. (4.13) below).

4.2. Structure of the commutant. Theorem 4.3 is in the spirit of Schur—Weyl duality
in that it establishes a natural basis of the commutant of the tensor power action of the
Clifford group (a subgroup of the unitary group), generalizing the permutation operators.
Yet, in contrast to the permutation group, X ¢(d) is not in general a group and the
operators R(T) for T € L ¢(d) are not always invertible. In this section we show that
L ¢(d) has arich algebraic structure.

We first observe that there is a maximal subset of X¢ ¢ (d) that carries a group structure
such that the R(T) form a (unitary) representation. The following definition and lemma
identify these elements:

Definition 4.11. (O) Consider the quadratic form q: Zfi — Zp defined by q(x) :=

x -X. / We define O (d) as the group of t x t-matrices O with entries in Z4 that satisfy
the following properties:

1. O is a g-isometry: i.e., Ox - Ox =x - x (mod D) for all x € ZE.

7 Recall that for x € 74, x2 is well-defined modulo D.
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2. O is stochastic: O1¢ = 1¢ (mod 4d).

We will refer to O¢(d) as the stochastic orthogonal group; its elements will be called
stochastic isometries.

To see that O¢(d) forms a group we only need to observe that O~ = OT

O¢(d). The following remark is completely analogous to Remark 4.2.

is again in

Remark 4.12. Recall that a linear map is an isometry with respect to a quadratic form q
if q(Ox) = q(x) forall x € Z’é. This justifies our terminology in Definition 4.11. As
before, we note that q is a Zp-valued quadratic form associated to the Z 4 -bilinear form
X - y in the sense of [W0093], namely,

q(x+y)=q(x)+q(y) +2x-y (mod D). 4.11)

In particular, any O € O¢(d) is an orthogonal matrix in the ordinary sense that 07O = 1
(mod d),ie., Ox-Oy =x -y forall X,y € Zfi. If d is odd then g(x) = x - X, so any
orthogonal matrix is automatically a g-isometry.

If d = 2 then Eq. (4.11) implies that an orthogonal matrix O is a g-isometry provided
that q(x) =1 (mod 4) for every column of O or, equivalently, for every row of O (since
OT = O~ "). In particular, any g-isometry is automatically stochastic.

The significance of Definition 4.11 is the following observation.

Lemma 4.13. For every O € Oy(d), the subspace
To :={(0x,x) : x € Z4}

is an element of L (d) and the operators

r(0):=7(To) = ) _10x) (x|, R(O):=7(0)¥"™ =R(To) (4.12)

X

are unitary. Conversely, if R(T) is invertible then T = Tg for some O € O(d).
Moreover; the operators R(O) define a unitary representation of O¢(d) on (C4)®t™,

Proof. Only the converse needs justification. Note that in order for R(T) to be invertible,
both subspaces {x : (x,y) € T}and {y : (x,y) € T} of ZE should be t-dimensional
(corresponding to 7(T) having full row and column rank). The claim now follows
easily. |

We will often regard O+ (d) as a subset of Z¢ ¢(d) via the assignment O — Tp. Note that
any permutation matrix satisfies the conditions of Definition 4.11, so we can consider
St as a subgroup of O¢(d) for every value of d, and hence as a subset of X ¢(d).

Remark 4.14. The Clifford group is a t-design (for n > t — 1) if and only if St =
O¢(d) = Z¢,¢(d), i.e., if and only if

-2
tW =S¢/ = Z¢,o(d) = [ J(d+1).
k=0

This identity always holds up to t = 2, and up to t = 3 precisely in the case of qubits
(d = 2). Thus the multiqubit Clifford group is a 3-design (but not a 4-design), while in
higher dimensions the Clifford group is only a 2-design (but not a 3-design), reproducing
prior beautiful results [Zhul5, Web16].
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For O € O¢(d), Eq. (4.10) implies that
R(0)[S)®t = [5)®* (4.13)

for every stabilizer state |S). That is, stochastic isometries stabilize any stabilizer tensor
power. We will return to discussing the implications of this important fact in Sect. 5
below.

Next, we note that the group O¢(d) naturally acts on the elements of X {(d) from
left and right, suggesting that it is the natural symmetry group of Z ¢(d).

Definition 4.15 (Left and right action on subspaces). Consider a subspace T € L ¢(d)
and a matrix O € O¢(d). We define the left action of O on T as follows:

OT ={(Ox,y) : (x,y) € T} (4.14)
Similarly, the right action of O on T is defined as:

TO={(x,0"y) : (x,y) € T} (4.15)
It is easy to check that OT, TO € L ¢(d).

Note that this action is consistent with the composition of the operators R(T) and
R(O):Forall T € ¢ ¢(d) and 0,0’ € O¢(d) we have that

R(O)R(T)R(O’) = R(OTO").

We can therefore decompose X ¢(d) into a disjoint union of double cosets with respect
to the left and right action:

Zi,t(d) = 0¢(d)T10¢(d) U--- U O¢(d)Ti O (d), (4.16)

where Ty, ..., Ty are choices of subspaces in X ¢ {(d) that represent the different cosets.
We note that O¢(d) is always one of the double cosets in Eq. (4.16), corresponding to,
e.g., the choice Ty = A.

We will now derive a complete classification of the double cosets. We start with
the central definition. Recall the quadratic form q: Zfi — Zp, q(x) = x - x from
Definition 4.11.

Definition 4.16 (Defect subspaces). A defect subspace is a subspace N C ZE with the
following properties:

1. N is totally g-isotropic: i.e., q(x) = 0 (mod D) for all x € N.
2. N is co-stochastic: 1 € N+, ie.,x-1y =0 (mod d) for every x € N.

The quotient N /N inherits a Z p -valued quadratic form, which we also denote by q([y])
=q(y).

Given two defect subspaces N and M, we write Iso(N, M) for the set of defect
isomorphisms, by which we mean invertible linear maps J: N+ /N — ML /M with the
following two properties:

1. Jis a g-isometry: i.e., q(Jly]) = q([y]) for all [y] € N-/N.
2. ] is stochastic: J[1¢] = [1¢].

The inverse of | is again a map in Iso(M, N).
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This definition is central as it allows us to construct elements in ¢ ¢(d). If N, M
are defect subspaces and ] € Iso(M, N), then

— . L _
T_?XjLZ’HW)'[y] eM=/M, xI =]lyl, ze N, w e M} @17

(x,y) :y € M+, x € Jlyl}

is an element in X ¢(d). Note that, necessarily, dim N = dim M (since ] is invertible)
and 1¢ € N if and only if 1y € M (since ] is also stochastic). We now show that all
elements of X ¢(d) can be obtained in this way.

Proposition 4.17. Let T € ¢ ¢(d).

1. The subspaces Tip = {x : (x,0) € T}and Trp = {y : (0,y) € T} are defect
subspaces. We call them the left and right defect subspaces of T, respectively.

2.dimTyp =dim Trp and 11 € Ty p ifand only if 1+ € Trp.

3T =T ={x:(x,y) € Thand Tgp = Tr:={y: (x,y) € T},

4. Foreveryy € TRLD, choose some x(y) such that (x(y),y) € T. ThenTy: [y] — [x(y)]
is a well-defined defect isomorphism, i.e., an element in Iso(Trp, Ti D).

5. The data (Typ, Trp, Tj) is uniquely determined by T.

6. T is of the form (4.17), with Trp = N, Trp = M, and Ty =J.

Proof. The first claim is clear from Definition 4.1. Since T is stochastic, so (1¢,0) € T
if and only if (0,1¢) = 15 — (1¢,0) € T, which proves half of the second claim. Next,
consider the maps

7'CLIT—>Z3, (x,y) — x and WRZTHZE, (x,y) —y.

Then Ty p = ker g and Trp = ker 71, while Ty = ran 7t; and Tg = ran 7. Note that
T C TLLD and Tr C TRLD, since T is totally isotropic. Using the rank-nullity theorem,

dim Tiy = dim T — dim Ty p = dim T/ ker 7tg = dim ran 7t = dim Tg < dim Tz,
dim TRLD =dimT —dim Tgp =dim T/ ker 1y = dimran7t; = dim Ty < dim TLlD.
Adding the two inequalities we see that they must both be equalities, hence dim Ty p =
dim Tgp as well as Ty = Tﬂ-D, Tr = T,{-D. This establishes the second and third claim.
For the fourth claim, first recall from above that TLLD = T and Té-D = Tgr, which

means that for any y € T]é-D there exists some x € T]_lD such that (x,y) € T. Next,
suppose that (x,y), (x’,y’) € T such thaty —y’ € Trp. Then (0,y —y’) € T, so

(X —X,,O) = (va) - (an_y,) - (X/)y,) S T)

which means that x — x’ € T p. As a consequence, [y] — [x(y)] is well-defined as
a map from TRLD /TrD to TLLD /T p. Using Definition 4.1, it is not hard to see that it
defines an element of Iso(Trp, TL D).

The fifth claim is clear by construction of T; p and Trp and from the fact that
[yl — [x(y)] is well-defined. And the last claim can be seen to hold since the right-
hand side of (4.17) is clearly a subset of T for our choice of N, M, and ], but also of
dimension t. O
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Thus we can cleanly decompose a subspace T into the two defect subspaces T; p
and Trp as well as the defect isomorphism Tj: [y] — [x(y)]. When T corresponds to a
stochastic isometry O € O¢(d), i.e., T = To = {(Oy, y)}, then both defect subspaces
are trivial and the defect isomorphism Tj can be identified with O itself.

According to Proposition 4.17, for every T € X ¢(d), the left and right defect
subspaces Ty p and Trp necessarily have the same dimension and 1+ € T p if and only
if 1t € Trp. Note thatif T € Z¢ ¢(d) and O, 0’ € O¢(d), then T" = OTO’ has defect
subspaces

T/p =0Tip and Tjp = (0) Trp (4.18)
and defect isomorphism
Ty: [yl — [Ox(O'y)]. (4.19)

Which elements T/ € Z¢ ¢(d) can be obtained in this way? Clearly, the left-right action
by O¢(d) preserves the common dimension of the defect subspaces and whether the
all-ones vector is contained. We will now show that these are the only two invariants.

Lemma 4.18. Ler N,M C IFE be two defect subspaces with dimN = dim M and
1¢ € N ifand only if 1y € M. Then there exists O € O(d) such that ON = M.

Proof. Let N:=N+Z4liand M := M +Zq1+. The assumption implies that dim N =
dim M. Choose any linear isomorphism O: N — M such that O1; = 1. Since both
N and M are totally isotropic and co-stochastic, O is an isometry with respect to the
symmetric bilinear form x - y.

If d > 2, we can directly apply the usual version of Witt’s lemma for symmetric
bilinear forms of odd characteristic [Wil09] to see that O extends to an isometry map O
which by construction is also stochastic, i.e., O € O¢(d).

For d = 2, we appeal to the version of Witt’s lemma from [Wo0093] for the Z4-valued
quadratic form ¢q(x) = x - x (mod 4) from Remark 4.12. Here we need to verify two
conditions: (i) O should be an isometry with respect to q, i.e., q(Ox) = q(x) for every
x € N. Since we already know that O is orthogonal, it suffices to check this condition
on a generating set. By construction, O1; = 1, so the condition is clearly true for
x = 1¢. On the other hand, both defect subspaces are totally isotropic, which means
that q(Ox) = 0 = q(x) (mod 4) for every x € N. Thus, the first condition is satisfied.
(ii) We also need to check is that NN I+ = M NI+, where I == {y € ZE 'y y=0
(mod 2)}. But I = 1{ and hence I+ = Z,1;. By construction, 1; € N and 1, € M,
so the second condition is also satisfied. We conclude that O extends to an isometry O
with respect to the quadratic form g, which implies that O € O¢(2) (Remark 4.12). O

Corollary 4.19. Let N,M C F}‘i be two defect subspaces with dim N = dim M and
1¢ € Nifand only if 1¢ € M. Then there exists T € L ¢(d) such that TLp = N and
Trp = M.

Proof. Take O € O¢(d) as in Lemma 4.18. Then, OTM = N, O"M+ = N+, and
hence J: [y] — [OTy] is a defect isomorphism. Then the subspace (4.17) has the desired
defect spaces. O

Lemma 4.20. Let J: N+ /N — M~ /M be a defect isomorphism. Then there exists an
O € O¢(d) inducing J, i.e., ON = M and [Ox] = J[x] for every [x] € Nt
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Proof. (Sketch) Note that the existence of | implies that dim M = dim N as well as
1t € Mif and only if 1¢ € N. This means that we can choose a linear isomorphism
J: N+ — M- that fixes 14, sends N to M and which restricts to J. As in the proof of
Lemma 4.18, we can use the appropriate version of Witt’s lemma to obtain the existence
of an extension O € O¢(d). O

Corollary 4.21 (Equivalence of double cosets). Let T, T’ € Lt ¢(d). Then, T’ € O¢(d)T
O¢(d) if and only if dim Ty p = dim T{ 5 and 1¢ € Tip iff 1t € Tip. In particular,
L ,(d) consists of no more than t double cosets.

Proof. 1t is clear that the two conditions are necessary. We will now argue that they
are sufficient. First, use Lemma 4.18 to find O and O’ such that OT/ ; = Ty p and
O'Trp = Tgp- Then T” := OT’O’ is such that /5 = Tip and T}, = Trp
(Eq. (4.18)). Next, use Lemma 4.20 to obtain some O that induces the defect isomor-
phism T](T]”)*1 : T /Tup — T /Tip. Then O”T” = T, concluding the proof.
For the last remark, note that the dimension of a totally isotropic subspace is never larger
than t/2. If the dimension is zero, then it cannot contain 1¢, while if the dimension is t/2
then it is Lagrangian, hence must contain 1¢. Hence the number of possible dimensions
isatmost 1+ (t/2—1)2+1=1+. O

Remark 4.22. We can also restrict to either the left or the right action. In this case, the
resulting cosets are classified by the right and left defect subspace, respectively, which
is an arbitrary defect subspace in the sense of Definition 4.16.

Next, we give an explicit description of the operators R(T) = r(T)®™ in terms of
the defect subspaces and the defect isomorphism. If N is a defect subspace, define the
coset states

IN,IX]) = N7/ Y x+2),

zeN

which form an orthonormal family for [x] € N-+/N.

Lemma 4.23. Let T € Iy «(d), with defect subspaces Ty p, Trp and defect isomor-
phism T] . TI_LD /T]_D — TRLD /TRDo Then:

1

ol ) = Y [To, Tyly)) (Tro, [yl (4.20)
1€ T/ TrD
Thus, v(T) is proportional to a partial isometry, and rank v(T) = [Ty /Tipl =

T /TrD -

Proof. We obtain (4.20) directly from Proposition 4.17 and (4.17). Since the coset states
form two orthonormal families and Ty is a bijection, the formula for the rank follows at
once. |

Now consider the case when the left and right defect subspaces coincide and the
defect isomorphism is trivial. That is,
T={(x+zx+w): x] € N'/N, z,we N}

421
={(x,y) : ye Nt xe[yl}={(x,y) : xe Nt ye[x]}, 42D
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where N := Ty p = Trp is an arbitrary defect subspace. In view of Corollary 4.21, any
double coset contains a subspace of this form. In this case, r(T) and R(T) are related to
a well-known family of codes in quantum information theory. To state the result, define
the Weyl operators of, respectively, shift and multiply type:

Zp = Wp‘() and Xq = WO,q-
Given any totally isotropic subspace N C Z%, the set
CSS(N) :=={ZpXq :q,p € N}

forms a stabilizer group of cardinality |[N|? (since N is self-orthogonal, the Weyl op-
erators commute). Such codes are a simple variant of Calderbank-Shor-Sloane (CSS)
codes [Ste96b,CS96,Ste96a]. The projection onto the code space can be written as

1
Pess(ny = NE Z ZpXq (4.22)
q,pEN

By taking the trace of Eq. (4.22), one finds the dimension of the code is given by
dt—2dimN — N1 /N|. One can readily confirm that the coset states |N, [z]) for [z] €
N- /N form an orthonormal basis, so

Possiny = 2 INSIx]) (N, [x]], (4.23)
[x]ENL/N
In particular, all this applies in the situation of Eq. (4.21). It follows that v(T) and R(T)

are proportional to orthogonal projections onto CSS codes associated with the defect
subspaces:

Theorem 4.24 (CSS codes). Suppose that T is of the form (4.21), i.e., its left and right
defect subspaces coincide and that the defect isomorphism is trivial. Let N := Ty p =
TRD- Then,

T(T) = IN|Pess(n) = d™ NPegg ).

Conversely, if T € Ly (d) is such that v(T) is an orthogonal projection, then T is of the
form (4.21).

Proof. The formula for r(T) follows directly by comparing Egs. (4.20) and (4.23).
Conversely, suppose that r(T) is an orthogonal projection. We see from Eq. (4.20)
that the range of r(T) is spanned by the [Ty p, [x]), so we must have

Mo, &) =v(M Mo, &X) = Y [Tio, Tiy) (Tep, ¥ o, ) -
YI€TRp /TrD
Since the coset states [Ty p, [x]) form a basis, it follows that
(Tro, ¥} [ Tip, [X]) = 81 7y 1y

forallx € Typ and y € Trp. When [x] = Tylyl, then (Tgp, [yl | TLp, [x]) = 1,
which implies that Tip = Tgp (the inner product is at most [Typ N Trpl/[Trpl in
absolute value). Denoting the common defect subspace by N, it follows that [y [y =
<Na [YHN, [XD = é[x},T] ly]> SO T] is trivial. O
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Finally, we can equip the set of subspaces X ¢ (d) with a semigroup structure, denoted
by o, such that the assignment T — R(T) becomes a representation, i.e.,

R(T1)R(T2) = N7 NN R(Ty 0 Ty) = d™4m(N1ON2) R(T, 6 T,). (4.24)

First, if T or T, are associated to a stochastic isometry in O¢(d), then we can simply
define Ty o T, as in Definition 4.15. In particular, the diagonal subspace is the identity
element.

Next, consider the case that T; and T are of the form (4.21), associated to defect sub-
spaces N1 and N3. Then we may define Ty o T, as the Lagrangian stochastic subspace T
with

Tip = (N7 +Nz) N N3 =N NNz + Ny,
Trp = (N7 +N2) NNz =N; N3 +N,, (4.25)
Tj: Ten/Teo — Tin/Tip, [y — [x]
where x is such thatx —y € N7 + N».

Lemma 4.25. The data in (4.25) defines a subspace in T € X ¢(d) such that Eq. (4.24)
holds.

Proof. We first verify that Ty p is a defect subspace. Thus, let ny +n, € N{-, where
n; € Ny and ny € Nj. Then,

qmy +my) =q(ny)+q(m) +2ny -n; =2ny -n; =0 (mod D),

The second step holds since Ny and N, are defect subspaces, so q(n1) = q(ny) =0
(mod D), and the third step holds sincen, € Ny +Ni = Nf‘, sonj-ny; =0 (mod d).

Moreover, 1; € N{- NN j— C Tﬂ-D, so Ty p is also co-stochastic. Similarly, one can
check that Trp is defect subspace.
Next, we verify that Ty is a well-defined defect space isomorphism. Note that

Tip = (N7 +N3)NN{ =Ny NNz + Ny,
Tap = (NT +N2) NNy =N{ NNy + N,.

which shows that for every y € TRLD there exists x € Tl_lD such thatx —y € N; 4+ Ny.
The same holds vice versa, so the map

Tap — Tip/Tip, ¥+ [x (4.26)

is surjective provided it is well-defined. Assume that x,x’ € Tl_lD are two vectors such
that x —y,x’ —y € Ny + Na. Then, x — x’ € Ty N (Ng + Ny) = Tip, which
shows that (4.26) is indeed well-defined. Note that its kernel is given by TRLD N (Ny +
N3) = Trp. Thus, the induced map, which is precisely Ty from (4.25), is a well-defined
invertible linear map. We still need to verify that Tj is an isometry and stochastic. The

latter is clear, since 1y —1¢ = 0 € N7 + N>. For the former, consider [x] € Tﬂ-D /LD
and [y] € TRLD/TRD such thaty —x = nj +ny, wheren; € N7 andny € N,. Without
loss of generality, we may assume that x,y € N{‘ N Nj‘, so in particular x —y L y and
n € Nf—. Since Ny and N are totally isotropic, it follows that q(x—y) = 2n; -ny = 0
(mod D) and q(x) = q(y) + q(x—y)+2y- (x—y) =0 (mod D).
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Finally, we will establish that Eq. (4.24) holds with T; o T, = T. It sufices to prove
the claim forn = 1:

H(TOr(T) = D> Y (WG =N ANl > > 8y yengn, X

xeN{ yeNy xeN{ yeNg

=N AN2L Y Y Sy xeny N, I =INTAN 3 3 ) (yl
yETRLD xETLLD yETRLD x€Tyly]

=Ny NNLr(T).

In the third step, we used that for x € Nf‘ andy € N é‘, the condition thaty — x €

N7 + Nj implies that x € TLLD andy € T,%D, and in the fourth step we used the
definition of Tj. O

Finally, if Ty and T, are arbitrary subspaces in L ¢(d) then we can always left
and right multiply Ty and T, by suitable stochastic isometries, thereby reducing to
the preceding two cases (cf. Eq. (4.18)). The semigroup structure is highly useful for
calculations (see Sect. 4.3 below and [Dam18]). We believe that the projections exhibited
by Theorem 4.24 and the semigroup structure of Eq. (4.24) will be instrumental in
understanding the fine-grained decomposition of H®* into irreducible representations
of Cliff(n, d) and O¢(d), generalizing the results discussed below. First results in this
direction will be reported in [MMG20], with a full analysis being a direction for future
work.

4.3. Examples. Itis instructive to compute the commutant for small values of t. One can
verify that every subspacein X, >(d),as wellasin X3 3(2) corresponds to a permutation.
That is, in this case, Xt ¢(d) = O¢(d) = Sy. This is consistent with the fact that the
Clifford group is always a unitary 2-design, and even a 3-design in the case of qubits
[Zhul5].

For certain larger values of d and t, it is still true that X {(d) = O¢(d), e.g., for
t=3andd =2 (mod 3) [NW16]. In this case, the double commutant theorem implies
that we have a proper duality akin to Schur—Weyl duality:

(CHEM)®t = @chff(n,d),)\ ®@ Vo, (a),n (4.27)
A

where the Viijir(n,a),n @and Vo, (a),) are pairwise inequivalent irreducible representa-
tions of Cliff(n, d) and of O¢(d), respectively. It would be interesting to identify these
representations further. In fact, it would be more appropriate to call Eq. (4.27) a form
of a Howe duality, of which an example are well-known dualities between metaplectic
and orthogonal groups.

In general, however, O¢(d) is a proper subset of X ¢(d), and it is an open problem
to obtain a complete duality theory in positive characteristic [How73,GH16]. We now
discuss some explicit examples.

Example 4.26. (d = 3, t = 3) In this case, O3(3) = S3, and we have that [NW16]
1-10[1-10

233(3)=S3US3 |0 0 0[1 1 1]8S;3 (4.28)
11T 1000
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where we identify the matrix with its row space, a Lagrangian stochastic subspace T. The
double coset of T contains only two elements, T and (12)T. In total, Z3 3(3) contains
6 + 2 = 8 elements, which is in agreement with Theorem 4.10.

Next, we note that T corresponds to a CSS code as in Eq. (4.21) and Theorem 4.24,
with defect subspace N spanned by the all-ones vectors 13. Thus, R(T) = 3™ P, where

2 2 2
P:=Pcss(N)=p®", p:= Z (\}g Z |x+y,y—x,y>) (\}g Z <X+Z,Z—X,Z|)
y=0

x=0 z=0
4.29)

is a projector of rank 3™ (Eq. (4.23)).

It is now straightforward to derive the decomposition of ((C3)®™)®3 into irreducible
representations of the Clifford group (for n > 2). We start with Schur—Weyl duality,
which asserts that

(CHEM)®3 =P Vuana ® Vs; A (4.30)
A3
=Sym>((C*)®™) @ U} 1) @ Vugn,2,1) @ AlP((CHEM),
4.31)

where A runs over all partitions of 3. By Eq. (4.28), the commutant is generated by S3
and the projection P. Since P commutes with all permutations, it follows that

Py = TIYmPIIY™ = ? (R(T) +R((12)T)),
po= gy = 2T R(T) 4 RII2)T))

are orthogonal projections onto subrepresentations of the Clifford group. We can com-

pute their dimensions readily by using the formula tr[R(S)] = dndim(SNA).
341
dim W4 = tr[P4] = > (4.32)

Thus we can decompose the symmetric and anti-symmetric subspaces further into four
subrepresentations:

Sym?((C*)®™) = Wy @ Wy,
Al (CHP™M) =wW_ @ W,

Since the commutant has dimension |Z3 3(3)| = 8, these four representations along with
Vu(3n),(2,1) (which appears twice in (4.30)) are necessarily irreducible and pairwise

inequivalent. We have thus fully decomposed ((C3)®™)®3 into irreducible representa-
tions of Cliff(n,3) x Ss.

Next, we discuss some multi-qubit examples.
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Example 4.27 (d = 2, t = 4). As before, we find that O4(2) = S4. In addition to the
4W = 24 permutation subspaces, there exist 6 more Lagrangian subspaces in L4 4(2)—
making a total of 30, which is known to be the dimension of the commutant of the
multi-qubit Clifford group for n > 3 [Zhul5, (10)]. We can decompose X4 4(2) into
two double cosets in a form that is completely analogous to Eq. (4.28):

1001|1001
0101[0101
0000[TTT1
T1TT[0000.

):4’4(2) =S4US, S4 (4.33)

The given matrix is the generator matrix of a Lagrangian subspace which we denote
by T4. Similarly to above, the operator R(T,4) is proportional to a projector onto a CSS
code, with defect subspace spanned by the all-ones vector 14. This projector is given by
Eq. (3.6), and it can be used to decompose ((C?)®™)®4 into irreducible representations
of the Clifford group, as explained in [ZKGG16].

Example 4.28 (d = 2,t = 5). Likewise, for t = 5, it is not hard to see that (cf. [Dam18])

I55(2) =S5 USs

10010
01010
00110
00001

10010
01010
00110
00001

00000

11110

11110

00000

Ss. (4.34)

The displayed matrix corresponds to a subspace Ts of the form Eq. (4.21), with defect
subspace spanned by the vector (1,1,1,1,0), and the operator R(Ts) is proportional to
a projector onto a CSS code. Indeed, we have

R(T5) = R(Ts) @ 1™

We now discuss some interesting elements in the groups O+ (d). For qubits, we have
the class of anti-permutations introduced previously in Eq. (1.4).

Definition 4.29 (Anti-permutation). Let T € S. We define the anti-permutation 7 as
the binary complement of the corresponding permutation matrix. Formally, it is the
t X t-matrix

a=11{ —n
with entries in [F», where we identify 7t with the corresponding permutation matrix.
Lemma 4.30. Let 7t € S¢. Ift =2 (mod 4) then 7w € O(d).

Proof. By Remark 4.12, it suffices to check that 7 is orthogonal and that q(x) = 1 for
each column. The latter holds since each column of 7t contains t —1 = 1 (mod 4) ones.

For the former,
A= 1) —a )1 1] —m) =t —2)11] +1=1 (mod 2),

where we used that ordinary permutation matrices are orthogonal and stochastic, as well
as that t is even. O



1370 D. Gross, S. Nezami, M. Walter

Remark 4.31. More generally, the entrywise binary complement maps any A € O¢(2)
to an element A € O¢(2) provided that the rows of A each have Hamming weight w
such that t = 2w (mod 4).

For t > 6, the anti-permutations are distinct from the permutations, so in particular
0+(2) 2 St. (For t = 2, the two sets coincide.)

Example 4.32 (d = 2, t = 6). The anti-identity 1 € Og(2) and the corresponding
subspace T; C Zg P Zg are given by (cf. Egs. (1.4) and (3.13)).

0000
0000
1000

=i
—_— e ——_-O
_— e — O —
_— — O — —
—_—_ O = - .
_O — o —
[ N G G

o = O

The anti-permutations admit several possible generalizations to odd primes d. One
class of generalizations is given as follows. For 7t € Sy with d 1 t, define

r=2t""1.1{ —m, (4.35)

where t~! denotes the multiplicative inverse of t in Fgq. It is easy to verify that @ €
O¢(d). Moreover, 7t is the only nontrivial linear combination of 1¢ ltT and 7t with this
property.

Another class of generalizations is given by the formula in Eq. (3.17). Let p € IE‘:‘i
be vector with entries in {+1} that is ‘balanced’, i.e., p - 1t = O (this requires that t is
even). If d { t and 7t € Sy is a permutation that stabilizes p up to a sign, i.e., Tp = £p,
then

A=nF2t! pp' (4.36)

is an element in O¢(d). In particular, this yields a large family of ‘anti-identities’ for
odd d.

Another non-trivial example of a stochastic isometry can be constructed from the
adjacency matrix A of the edge-vertex graph of the icosahedron. The icosahedron has
12 vertices, so A is a 12 x 12 binary matrix. Any two vertices share either zero or two
neighbors, which implies that A is orthogonal. Moreover, each vertex has 5 neighbors,
which implies q(x) = 1 for each column x of A. By Remark 4.12, it follows that
A € O12(2). The space T generated by the element-wise complement of A is just the
extended Golay code G,4. The latter plays an important role in the invariant theory of
the Clifford group as detailed in [NRS06]. Note, however, that unlike A and Ta, it is
not the case that A € O12(2) or Ta € Z12,12(2). Working out the precise connection
between Tpa, the extended Golay code, and their respective roles in the representation
theory of the Clifford group is an interesting problem we leave open. Likewise, we leave
open the question of whether R(A) can be given a physical interpretation, as was the
case for the anti-identity.
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5. Statistical Properties of Stabilizer States

In this section we discuss the statistical properties of the stabilizer states. We use the
techniques that we developed in the last section to prove an explicit formula for the
t-th moment of random stabilizer states, which vastly generalizes previous results in the
quantum information literature [Zhul5,KG15,Web16,ZKGG16,HWW16]. Throughout
this section, d is assumed to be a prime.

5.1. Moments of random stabilizer states. We start by studying the operator-valued t-th
moment of the uniform distribution over all stabilizer states in (C4)®™:

1

Rt ._ Z Rt

E [|S> (Sl } " |Stab(n, d)| 5) ¢Sl SR
[S)(S|€Stab(m,d)

Clearly this operator can be used to calculate the average value of any polynomial of
degree t in the coefficients of the wavefunction of a random stabilizer state.

Note that the operator E[|S) (S|®*] is invariant under conjugation by Clifford oper-
ators. This is because the set of stabilizer states is a single orbit of the Clifford group.

Thus E[|S) (S|®t] is in the commutant of the Clifford group and, assuming n > t — 1,
can be written in terms of the basis R(T) from Theorem 4.3,

E[IS)(s1®] = Y vrR(T), (5:2)

TeXi(d)

for certain coefficients y1 € C. In this section, we will show that these coefficients are
all equal and establish an explicit formula for the t-th moment of a random stabilizer
state which holds for all values of t and n. We start with some useful lemmas.

Remark 5.1 (Sum of traces of the R(T)). Recall that in order to establish Theorem 4.10,
we determined the cardinality of the set Z,E‘t(d), whose elements are the subspaces
T € X ¢(d) with dim(T N A) =t — {. The significance of the parameter { is that

trR(T) = (ter(T))™ = alt-9n

for every subspace T € Z,E,t(d). Thus, we can e.g. compute the sum of the traces of all
R(T) by using Eq. (4.8) and the Gaussian binomial formula Eq. (4.3):

t—2 t—2

t—1
> wRM=) |zf (@)t I =art [T +d* ™)=ar [ (d*+dm).

This number can be expressed in terms of the q-Pochhammer symbol as

Z trR(T) = d™(—d "I d)¢_;.
TeXi(d)
For n = 0, we recover the cardinality of X ((d), in agreement with Theorem 4.10.

Next, we prove a formula that relates moments of stabilizer states for different num-
bers of qudits.
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Lemma 5.2. Let N > n > 0. Then:
(I®nt ® <O|®(N7n)t) ]EStab(N,d) {‘S} <S‘®t}

(I®nt ® |O>®(an)t) . EStab(n,d) [|S> <S|®t} ’

and both operators are nonzero.

Proof. 1If|S) € Stab(N, d) is a stabilizer state then the partial projection (I ® <0\®(N _n))

|S) is either zero or proportional to a stabilizer state in Stab(n, d) (see, e.g., [HNQ+16,
App. G]). Thus, there exist coefficients xg: for S’ € Stab(n, d) such that

(157 @ (0PN Egapn ) [8) (819 (187 @10} N )
= ) ayls)E™
S’eStab(n,d)
It is clear that the left-hand side operator is nonzero and invariant under conjugation by
U®* for any Clifford unitary U € Cliff (1, d). Thus, we can replace the right-hand side
by its Clifford average, which is plainly proportional to Egp(n,d) [IS) (S\®t] . O

Theorem 5.3 (t-th moment). Let n, t > 1. Then the t-th moment of a random stabilizer
state in (CL)®™ is given by the formula

1
Esu(n,a) |IS) (5°!] =2 Y R, (53)
mdt rer (@)
t,t
where Zyy a.¢ = A" [TL_5(d¥ +d™) = d™(—d "I d) 1.

Proof. 1t suffices to argue that the left-hand side and right-hand side are proportional,
since the formula for the proportionality constant Z,, q ¢ follows immediately from
Remark 5.1 and comparing traces. Fixing d and t, we will proceed in two steps. First,
we will argue that there exist a, € C and 31 € Cforeach T € L ¢(d) such that

Esub(n,a) |IS) (SI%!] = canGZZ(d] B r(T)*™. (5:4)

We will show this first for n > t — 1 and then for all n. Afterwards, we will find that
the 31 are necessarily equal, Wthh as just discussed implies the claim.

Let us first assume thatn > t— 1. By Theorem 4.3, there exist coefficients y, 1 € C
such that

Esubn,a) IS (SI%'] = Y vnrr(Me, (5.5
TGZt,t(d)

since the left-hand side commutes with arbitrary t-th tensor powers of Clifford unitaries.
It follows that, for every N > n,

(197 @ 01PN Egu,a) [1) (512 (197 @ 10) 2N

= Y vt ME MmN = Yy e OO
TGZt't(d) Tezt,t(d)
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since 0 € T for every subspace T. From Lemma 5.2 we know that Egs. (5.5) and (5.6)
are proportional and nonzero. Since the operators 1(T)®™ are also linearly independent
forn > t — 1, it follows that there exist &, and Bt such that yt , = an 7 for all
n > t—1(e.g., we can choose 31 :=yT,t—1). Thus, we have established Eq. (5.4) for
n >t — 1. To extend its validity to all values of n, we observe that Eq. (5.6) holds also
when N > t — 1 > n. Together with Lemma 5.2, we find that, indeed,

Esub(n,a) [19) (8% o Y ynrrM® o Y prrmen

TGZtt d) TEZt,t(d)

which shows that there exist constants &, and 31 such that Eq. (5.4) holds for all values
of n.

We will now argue that, in this case, the 31 are necessarily all equal. For this, we
compute the expectation value of an operator R(T)" = r(T)®™ 7. On the one hand, by
Eq. (4.10),

tr [R(T) Esup(na) [I9) (51°']| = Esapn,a) (SPRTISEY = 1.

On the other hand,

tr [RT) Esapn,a) [18) (51"
—an Y B (wrMrT)”
T'eXi(d)
= oy Z BT’ dndim(TﬂT') _ (Xndnt (BT + O(d—n))

T'eXi(d)

in the limit of large n.. Thus, all 3+ must be equal, and the statement of the theorem
follows. .

Remark 5.4. Theorem 5.3 is reminiscent of the following average formula for the tensor
power of a Haar-random pure state 1 in CP, which follows from Schur’s lemma and
Schur—Weyl duality:

> R(m). (5.7)

TTESt

Ep Haar =
1) Haai [N’> <1M }] Hi;})(k—‘r D)

Remark 5.5. When d is an odd prime, Z¢ ¢(d) = St for t < 2, but not for t > 3. Thus
Egs. (5.3) and (5.7) match for t < 2 and deviate for t > 3. Since the operators R(T)
are linearly independent for sufficiently large 1, this shows that stabilizer states in odd
prime dimension are 2-designs, but not 3-designs or higher (provided n > 2). Similarly,
ford = 2, £y ¢(2) = S¢ for t < 3, but not or t > 4, which shows that multiqubit
stabilizer states form 3-designs, but not 4-designs or higher [KG15] (provided n > 3).

Remarkably, the theory developed in this section allows us to design complex pro-
jective t-designs for any order t from the Clifford group orbits of a finite number of
fiducial states. We explain this in Sect. 6 below.
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5.2. Minimal projections for stabilizer testing. We now return to the problem of sta-
bilizer testing; we revisit our solution from Sect. 3 and characterize minimal stabilizer
tests with perfect completeness.

In Sect. 3, we found that perfectly complete stabilizer tests were in any local dimen-
sion d given by the following accepting POVM element on t = 2s copies of (C4)®™,

1
”s,accept = E (I + Vs) ) (5.8)

where Vg is the Hermitian unitary defined in Eq. (3.15) and (d,s) = 1. This means
that Vs is a unitary operator with the property that 2s-th tensor powers of every pure
stabilizer state |S) are contained in its +1 eigenspace:

V [S)®28 = |5y @28 (5.9)

for any pure stabilizer states |S). Our soundness result implies that, conversely, these are
the only tensor power states with this property.

Note that Vj is an operator in the commutant of the Clifford action. This is immediate
by comparing Eqs. (3.18) and (4.12), which also shows that V is precisely the operator
R(1) associated with the ‘anti-identity’ 1 defined in Eq. (3.17)!

In fact, any R(O) stabilizes the t-th tensor powers of stabilizer states: For all O €
O¢(d),

R(0)[S)®t = [S)®*. (5.10)

We proved this in Eq. (4.13). As we just saw, Vg is such an operator, so Eq. (5.10)
generalizes Eq. (5.9).

Note that, since 1 squares to the identity, it generates a subgroup of O¢(d) that
contains two elements: {1, 1}. We can thus interpret the projector (5.8) as the projector
onto the invariant subspace for the action of this subgroup. This suggest that we look
more generally at the invariant subspaces associated with subgroups of O¢(d). Larger
subgroups corresponds to projectors onto smaller invariant subspaces. In particular, the
minimal projector corresponds to the full group O¢(d), i.e.,

. 1

min ,__

M= S > R(O). (5.11)
0€e0¢(ad)

By Eq. (5.10), ﬂftni“ accepts all stabilizer tensor powers. Remarkably, it is the minimal
projector with this property, as follows from the following theorem.

Theorem 5.6 (Minimal stabilizer test with perfect completeness). Let d be a prime and

n,t > 1. Then the projector ﬂftnin is the orthogonal projector onto span {|S>®t
IS) (S| € Stab(n, d)}.

Proof. Note that the t-th moment p := E {\S> <S|®t} defined in Eq. (5.1) is a density

operator that is exactly supported on the span of the stabilizer tensor powers. By the
preceding discussion, it remains to prove that the support of TT{*" is contained in the
support of p. We start with Eq. (5.3):

Estab(n,d) [|5> <S\®t] =7 1 > R

n,d,t
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Recall from Eq. (4.16) that we can decompose 2 ¢ (d) into k double cosets,
Zit(d) = 0¢(d)T10¢(d) U--- U O (d) T O (d).

One of the double cosets is just O¢(d), say the first, corresponding to Ty = A and
R(T;) = I. As a consequence of Corollary 4.21, we can choose each representative T;
to be of the form (4.21). Then, Theorem 4.24 shows that R(T;) is proportional to an
orthogonal projection (by a positive proportionality constant) so in particular R(T;) > 0.
On the other hand, we can compute the sum over each double coset by

2 R(T):w E R(O)R(T{)R(O')=cy IR (T; )TTRin
T A [O(d)] x [O¢(d)] ,
€0¢(d)T;0(d) 0,0’€0¢(4d)

where ¢; :=|0+(d)T;O¢(d)| > 0. Together, we obtain that

p=1ZR

Z ¢ ”mmR ]—[mm

Zn,d,t TeZi(d) ndtl 1
C . .
— ]—[mm + Ci ]—ImlnR( A )]—[mln 2 ]—[mln,
Zn d,t ( Z vt n,d,t t
which shows that the support of p indeed contains the support of ﬂ?i“. O

Note that there is no condition on t in Theorem 5.6. Indeed, while the theorem
identifies the projector onto the span of stabilizer tensor powers precisely, it makes no
assertion about whether this subspace contains other tensor power states than stabilizer
states or not. It therefore complements our results on stabilizer testing, from which we
can read off values of t such that the projector IT¢ and hence TT{"" < TT¢ contains only
stabilizer tensor powers.

It is also interesting to ask about the minimal number of copies necessary for there
to exist a perfectly complete stabilizer test that is dimension-independent. For d = 2, it
is possible to show that t = 4,5 copies of a random stabilizer state become on average
indistinguishable from a Haar-random pure state as n — oo. This can be done by an
explicit calculation of the 4th and 5th moments using our Theorem 5.3 Egs. (4.33) and
(4.34) (for t = 4, this has been carried out in [Dam18]). Thus, t = 6 copies as in
our Theorem 3.3 are indeed optimal for multiqubit stabilizer testing. For odd d (prime
or not), we know from Theorem 3.11 that t = 4 copies always suffice. For d = 1,5
(mod 6) it follows from Theorem 8.6 below that even t = 3 copies suffice (and are
optimal). For d = 3 (mod 6), we leave the question of minimal t open.

6. Construction of Designs

Next we describe a construction of projective t-designs for arbitrary t based on weighted
Clifford orbits. As in Sects. 4 and 5, we assume that d is prime.

First, we derive expressions for the average tensor powers of the Clifford orbits of
arbitrary states. For any pure state [V), the average Eycciir(n,q)[(U[¥) (VY| une)

commutes with Cliff(n, d)®*. By Theorem 4.3, and assuming that n > t — 1, it can
therefore be expressed as

ot
Eueciift(n,a) {(U%(‘HUT) ]— > ohR(T) (6.1)

TeXi(d)
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forsome o} € C.Notall of the o} are independent. This is because each (U [W) (W[ UT)®t
is invariant under the action of Sy x St (acting from the left and from right), and also
under taking the conjugate transpose. This motivates the following definition:

Definition 6.1 (Equivalence relation ~s). We define an equivalence relation ~s on
Z¢¢(d) in the following way: T ~s T’ if and only if there exist 7, 7’ € St such
that T = niTnt’ or T/ = nTt7t’, where the transposed subspace Tt is defined by Tt =
{(y,x) : (x,y) € T}

We correspondingly decompose L ¢(d) into equivalence classes:

My a
Lit(d) = U Fi,il(d)
=1

For convenience, we choose ¢ 1(d) to be the set of subspaces corresponding to the
permution group Sy (these form a single equivalence class). We also define

Ri= Y  R(T.

TeTFi(d)

We note that the operators R; are Hermitian and linearly independent.

Since the R(T) are linearly independent and R(T)" = R(T%), it follows that the
coefficients oc’T in Eq. (6.1) must be the same for the elements of each equivalence class.
Thus,

ot M¢,a
Eueciift(n,a) {(U ) (Y] UT) } =) uR (6.2)
i1

for some coefficients o;. Note that o; € R because the R; are Hermitian.

Theorem 6.2. Let d be aprime andn > t—1. Thenthere exists an ensemble{py, ‘Pi}il\i ‘fd
of fiducial states in (CH)®™ such that:

Xt
EipEu Cliﬂord[(u [Wi) (Wil UT) ] =Ey Haar[N’) <‘1’|®t]

Importantly, the number My 4 of Clifford orbit is independent of n, the number of
qudits.

Proof. We start the proof by taking an arbitrary finite t-design given by an ensemble
p;, ¥ }]K:] . Such designs exist (see for example the early work [SZ84]), but K can be
very large. If we replace each ¥; by a random element in its Clifford orbit then the
resulting ensemble still forms a projective t-design. This means that

EijEueCIifF(n,d) [(U. Nl1> <WJ' | u7)®t] o< Ry

()

Thus, if we define «;"’ as the coefficient of R; in the Clifford average of the fiducial

state V5,

My a
Xt 2 .

Evecciitt(n,a) {(U [¥5) <‘i’j|UT> } = E ocg’]ﬂzi,

e
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then

Ejp [od] =0 fori=2,...,Mca. 6.3)
Conversely, if {p;} is an arbitrary probability distribution that satisfies Eq. (6.3) then the
ensemble obtained by first choosing a random fiducial state according to this distribution
and then a random state in its Clifford orbit is a projective t-design. We will now explain
how to modify the probabilities p; step by step, setting more and more probabilities to
zero while ensuring that Eq. (6.3) continues to hold—until all but M q of them are
zero. Without loss of generality, assume that p; > 0.

Each step proceeds as follows: Suppose that there existindices 2 < j1 <jo < -+ <
th,d < Ksuchthatp;, > Oforallm =1,... M q. (If no such indices exist then
we are done.) Consider the linear system

My q
quoﬂm =0 fori=2,...,M¢q
m=1

)

in the indeterminates { qm}rl\:;?. This system is real, homogeneous, and undercon-
strained, so there always exists a nontrivial real solution q € RMtd. We can also
assume that some component of g is positive (otherwise replace q by —q). Now consider
Pj,, — Xqm for x € R. At x = 0, all pj, are strictly positive. At some critical x = x,
one of the values pj,, — X qm becomes zero, while all other ones are still non-negative.
Thus, if we modify the probabilities p; v, by the rule

Pim F Pjm — Xcdm form=1,... M q

Mtd (3)

then it still holds true that Z pjoy T = 0, but there is now at least one additional

zero among the pj . This contmues to hold if we further normalize the {p;} to be a
probability distribution, i.e.,

Pj
ij 13K

pj forj=1,...,K,

which is always possible since py > 0. Thus, we obtain a probability distribution {p;}
with strictly smaller support satisfying Eq. (6.3) and p7 > 0.

We can repeat this process until there are at most M g — 1 nonzero probabilities
among the {‘p]} > ,. By including py, we arrive at an ensemble of at most My, q fidu-
cial vectors. The corresponding probabilities satisfy Eq. (6.3), which is necessary and
sufficient for the ensemble of Clifford orbits to be a design. This completes the proof.
O

Remark 6.3. A simple upper bound for My q is |Z¢ ¢(d)] = tk;%(dk + 1) from
Theorem 4.10. However, in general this is a rather pessimistic estimate. For example,
consider d = t = 3. Then, |Z¢ ¢(d)| = 8, while there are just My 4 = 2 equivalence
classes, as follows from Eq. (4.28). One of them is the set of permutations Sz, with 6
elements, and the other one has 2 elements.

Ford =3andt = 4,[Z¢ ¢(d)| = 80, while M g = 3. Again, one of the equivalence
classes is the permutation group with 4W = 24 elements. The second equivalence class
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is the class of the anti-permutations as defined in Eq. (4.35), which is represented by

the row space of the matrix

1222
2122
2212
2221

1000
0100
0010
0001

(the Lagrangian subspace corresponding to the qutrit anti-identity 1). This equivalence

class again has 24 elements. The last equiv

1
2

S —
—_
O —

0
1

0
]

o
o

1

o
o
o

and it has 32 elements.

Remark 6.4. The criterion used in the proof

alence class can be represented by

1
2
1

o —
—_
o —

1

—_
o

0

[}

of Theorem 6.2 can also be used to determine

fiducial states that generate a projective t-design. For example, the Clifford orbit through

a single fiducial state ¥ forms a projective
Eq. (6.2) vanish for i # 1.

t-design if and only if the coefficients «; in

Let us illustrate this strategy by showing that, for any n > 2, there exists a qutrit
state [ () € C3 such that the Clifford orbit of ¥ = {®™ forms a projective 3-design.
‘We note that this state cannot be a stabilizer state, since we know that the ensemble of
qutrit stabilizer states does not form a 3-design (Remark 5.5)! Instead of with R; and

R,, we will work with their multiples ”;y m

o Ry and Py = ﬂ;ymPﬁssym x R,, where

P is the projector defined in Eq. (4.29). Now consider the third moment

03 = Eueciifr(n,3)
and expand it as

p3 = o(P)TT

sym
3

() (wuhes]

+BW) Py

for coefficients a(1), () € R which depend on the choice of fiducial state. We wish
to argue that for every n there exists a single-qutrit state \p) such that 3() = 0. For

this, we note that the coefficients can be co

mputed as follows:

1 =trlps] = (W) r[TT5™] + B (W) tr[P]
WE3 (M3 "™ = t[R(T)ps] = 3" a(P) [Py ] + 3B (W) wlP].

It follows that 3 (1) = 0 if and only if

WE3r(T) 3™ =

tr[PJr} N 3
wmy™  3n+2

3TL

where we used Eq. (4.32). Thus, the Clifford orbit through {p®™ forms a projective

3-design if and only if

W3 (T)p®3) = <

3
n42

W

, (6.4)

1
3

) e b
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But the the left-hand side is equal to one if 1 is a stabilizer state e.g., V) = |O>
(Eq. (4.10)), while is vanishes for, e.g., the non-stabilizer state [\p) = |O> —[1)).B

continuity it follows that there always exists a single-qutrit state [\p) satlsfymg Eq. (6.4).
It is easy to find such an [) explicitly, e.g., by considering the one-parameter family of
states [(p(8)) = cos(0) |0) —sin(6) |1) and solving Eq. (6.4) for 8 € [0, T].

7. De Finetti Theorems for Stabilizer Symmetries

In this section we establish a direct connection between our results on stabilizer testing
and the celebrated quantum de Finetti theorems, which play an important role in char-
acterizing entanglement and correlations in quantum states with permutation symmetry
(cf. discussion in Sect. 1.4).

We first recall the finite quantum de Finetti theorem from [CKMRO7]. Let p be a
quantum state on (C¢)®* that commutes with all permutations (i.e., [r, p] = 0 for all
7t € St). Then there exists a probability measure 1 on the space of mixed states on C*
such that

o1.s — j dp(o)o®s

s
- <2022, 7.1
5 ‘ < (7.1)
Since any quantum state that commutes with permutations admits a purification on the
symmetric subspace, Eq. (7.1) follows directly from a similar result for the symmetric
subspace, namely, that for every [¥) € Sym*(C?!) there exists a probability measure p

on pure states on C such that

1

R R

s
< 20-. 7.2
1 i (7.2)

In this section, we prove de Finetti theorems adapted to stabilizer states. The key idea
is to extend the permutation symmetry to invariance under a larger group:

1. the stochastic orthogonal group O¢(d) (for qudits in any prime dimension d), or
2. the group generated by the permutations and the anti-identity (3.13) (for qubits).

These symmetries are natural since they are carried by the tensor powers of any stabilizer
state, as we proved in Eq. (4.13).

In both cases, our theorems show that the reduced density matrices are close to
convex combinations of tensor powers of stabilizer states. In the first case, we find that
the reduced state is in fact exponentially (in the number of traced out systems) close
to a state of this form, which is a much stronger guarantee than provided by the finite
de Finetti theorems of Eqs. (7.1) and (7.2) (cf. [Ren07,KMO09]). In the second case, we
obtain power law convergence but the symmetry requirements are drastically reduced.
We establish our results first for pure states (Sects. 7.1 and 7.2) and then extend them
by a standard purification argument to mixed states (Sect. 7.3).

7.1. Exponential stabilizer de Finetti theorem. Let d be an arbitrary prime. We start
with the observation that, for any two distinct stabilizer states,

(SIS")[2 (1.3)

1
< —
d
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(this can be seen from, e.g., Eq. (2.17)). It follows that, for fixed d and n, the stabilizer
tensor powers \S>®t approach orthonormality as t — oo. The following lemma makes
this precise.

Lemma 7.1. Let d be a prime andn,,t > 1. Consider the Gram matrix Gg g/ = <S\S’>t,
where S,S’ € Stab(n, d). If

e = dz((n+2)2=1)

N —

then the following holds:

1. The Gram matrix is e-close to the identity matrix in operator norm: |G — I||oo < €.
In particular, the stabilizer tensor powers |S>®t are linearly independent.

2. The nonzero eigenvalues of Q := Y ¢ |S)®* (S|®"
the interval 1 + 2¢.

3. The vectors (Q*)1/2 IS)®t for S € Stab(n, d) are orthonormal.

Proof. 1. The first claim follows directly from the element-wise bound (7.3):

IG =Tl < |G =Tlle, <G —T[l¢,, [Stab(n, d)]

and its pseudoinverse QT lie in

< (max<5|5/>|t> Stab(n, )] < dz((MF2)2-1) — ¢,
S#S’
where we used the bound
n
Stab(n, d)| = ™ [ (a' +1) < a™+21°/2, (7.4)
i=1
The cardinality of the set of stabilizer states has been computed in [AG04, Prop. 2] for
d = 2 and in [Gro06, Cor. 21] for odd d.
Since ¢ < 1, the statement about the Gram matrix implies that the stabilizer tensor
powers are linearly independent.

2. Now define
H= > 19)% (esl,
SeStab(n,d)

where |eg) denotes an orthonormal basis labeled by the set of stabilizer states Stab(n, d).
Then,

G=H'H and Q=HH"

and thus the nonzero eigenvalues of G and Q are both identical (to the squared singular
values of H). By part 1, the eigenvalues of G lie in the interval 1 £ ¢, hence the same
is true for the nonzero eigenvalues of Q. Since we assumed that ¢ < 1/2, it follows
that the nonzero eigenvalues of the pseudoinverse Q™ are in the interval 1 & 2¢. This
establishes the second claim.

3. By the first claim, the stabilizer tensor powers are linearly independent. On the
other hand,

) =QQTIS)% =3 1) (ST QT ISP
S/

Thus, the linear independence implies that the vectors (Q*)!/2 \S>®t are
orthonormal. O
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Theorem 7.2 (Pure-state exponential stabilizer de Finetti theorem). Let d be a prime
and [¥) € Sym*((C4)®™) a pure quantum state that is left invariant by the action of
O+¢(d). Let 1 < s < t. Then there exists a probability distribution p on Stab(n, d), the
set of pure stabilizer states of n qudits, such that

< 2dz(M+2)2 g3 (t=s),

Zp \S ®s |®s

Proof. By assumption, T W) = (W), where TT™" is the minimal projector from
Eq. (5.11). Theorem 5.6 shows that [¥) is contained in the span of stabilizer tensor
powers, i.e.,

W= >  asls)®"

SeStab(n,d)

for certain coefficients «xg € C. We now use the third and second claim of Lemma 7.1
to see that

D lasl? = 1(QM)/2[W)|12 € [1— 26,1 + 2¢] (7.5)
S
where ¢ = dz(("+2)>=t) Here we have assumed that ¢ < 1/2, for otherwise the

statement of the theorem is vacuous. We now compute the partial trace over all but s
subsystems:

Yy = lasPIS)PS(SI¥5 + Y st [S)®5 (870 (s7]S)
S S#S!

The norm of the cross terms is small:

Y as®s[S)E° (S/P% (/1)

S#S’ :
2
< D lasllosld™S)/2 < <Zoc5> a-(t=s)/2
S#£S’ S

< (ZOC52> qm+2)2/2 g—(t=s)/2
S
< (14 2¢) A+2)2/2q=(t=5)/2 < 9q(n+2)2/2 34— (t=5)/2g
the first inequality uses Eq. (7.3), the third inequality is Eq. (7.4), the fourth inequality

is the upper bound in Eq. (7.5), and the last step uses that ¢ < 1/2. Finally, define
p(S) == |as|?/ > grloesy |2 (the denominator is positive by the lower bound in Eq. (7.5)
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and ¢ < 1/2). Then:

Zp \S ®s |®s
1

= > las|?18)®° (5[
S

+Y s -
1 S
Z\OCS/

< 4d(M+2)%/24—(t=5)/2, 0

<2d(n+2)2/zd (t—s /2 < 2d (n+2)2 /24— (t—s)/2+2£

7.2. Stabilizer de Finetti theorem for the anti-identity. We now prove a stabilizer de
Finetti theorem with reduced symmetry requirements. For concreteness, we restrict to
the multi-qubit case (d = 2) and to tensor powers that are multiples of six. Neither re-
striction is essential. The following theorem shows that the reduced states of an arbitrary
permutation-symmetric quantum state that is invariant under the anti-identity opera-
tor V = R(1) from Eq. (3.13), but not necessarily under other stochastic isometries, are
well-approximated by convex mixtures of tensor powers of stabilizer states.

Theorem 7.3. (Pure-state stabilizer de Finetti theorem for the anti-identity) Ler [V) €
Symt((C2)®™) be a quantum state that is left invariant by the action of the anti-
identity (3.13) on some (and hence every) subsystem consisting of six n-qubit blocks.
Let s < t be amultiple of six. Then there exists a probability distribution p on Stab(n, 2),
the set of pure stabilizer states of . qubits, such that

1

< 64 /on+1 \/E
t

— > p(S)IS)F* (8
S

1

Proof. By the ordinary finite quantum de Finetti theorem (7.2), there exists a probability
measure du(¢) on the set of pure states such that

1

5 H%...s —Jdu(tb)cb@S <ol (7.6)

-+

1

Let TT,, = (I 4+ R(1))/2 denote the projector onto the +1-eigenspace of the 6 x 6-
anti identity for . qubits. By assumption, (IS (5/®) @ [®(t=s)) [¥) = [¥), and hence

tr[Wy N_Sﬂ%s/G] = 1. Since the trace distance satisfies %||p—6||1 = maxocQ«rtrl(p—
0)Q)], it follows that

Jdu(cb) (1 o [ﬂ§(5/6]¢®5]) < ot %

Now recall from Eq. (3.11) that the accepting POVM element for qubit stabilizer testing
is given by TTaccept = % (I+ U), where U = V(I®* @ F), where F = R((12)) is the
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operator that swaps two blocks of n qubits (see discussion above Eq. (3.12)). Since
tensor powers of pure states are permutation-symmetric,

Jdu(d)) (1 i [ﬂaccep@@ﬂ S/6> <2t % 1.7)

According to Theorem 3.3 Eq. (3.8) and using Lemma 7.4 below, for each pure state ¢
there exists a pure stabilizer state Sy, such that

s/6
‘<S¢‘¢>‘2(S/6) = 4tr {nacceptd)@ﬂ -3

Using the estimate 1 — p® < 6(1 — p), which holds for all p € [0, 1], we obtain
s/6
1—1(Seld)?* <6 (1 - |<s¢|¢>|2<s/6>) <24 (1 - [nacceptcb@ﬂ > .
Combining this estimate with Eq. (7.7), we get

[ dute) (1-tisplie) <24 2715,

It follows that replacing each pure state ¢ by the nearby stabilizer state Sy, incurs only
a small error:

3| aw@ro®s - [ aniaise

1

< [an@g o= =537, < [auton/1- o4

< \/J du(e) (1-1(lSg)>*) < /242712,

where we have used the triangle inequality, the relation between the trace distance and
the fidelity between pure states, and the concavity of the square root. Together with

Eq. (7.6), we obtain
<2t % + /24.2n+1% < 6y/2nt1 \/E
;

1

3 1.~ autons:
where we have assumed without loss of generality that 2™+ $ < 1 (otherwise, the
right-hand side is larger than one so the resulting bound is trivially true). O
Lemma 7.4. The following bound holds for all k > 1 and p € [0,1] such that the
right-hand side is non-negative:

(4p — 3) > 4p* — 3.

Proof. We will prove the inequality forallk > T and p € [%, 1]. For this, note that the
two expressions coincide for p = 1 and that the derivative of their difference is negative
forall p € [%, 1]. Indeed,

0y ((4p—3)—(4p*=3)) <0 & (“p—3) " <pk .

In the interval that we are considering, 0 < 4p — 3 < p, so the right-hand side condition
holds. H
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7.3. Extension to mixed states. In this section, we extend Theorems 7.2 and 7.3 to the
case of mixed density matrices. This is done using a standard purification argument as
used to derive the ordinary quantum de Finetti theorem for mixed states from the version
for pure states (i.e., Eq. (7.1) from Eq. (7.2)). For the next lemma, recall the vectorization
operation from Definition 4.6.

Lemma 7.5 (Purification and symmetries). Let p be positive semi-definite, [¥) = vec
(p/2) its standard purification, and O a unitary with real matrix elements in the com-
putational basis. Then the following conditions are equivalent:

1. (O®0)¥) =¥).

2. [p,0] =0.

Proof. We observe that

(0®0)[¥) = (o ® (0 )T) W) = vec(Op'/201).

Thus, condition 1 is equivalent to O p! /2071 = o! /2 Ttfollows that condition 1 implies
condition 2 by squaring. Conversely, assuming condition 2,

p=0p0 ' =(0p'/207")(0p'207").

Hence Op'/20~" is a positive semi-definite square root of p. Since such square roots
are unique, this implies that Op—'/20~" = p'/2 and hence condition 1. O

Clearly, the operators R(O) for O € O¢(d) have real matrix elements in the compu-
tational basis. In fact, they are given by permutation matrices in the computational basis,
as can be seen from the formula given in Eq. (4.12). Thus they satisfy the conditions
of Lemma 7.5. We use this now to extend our de Finetti theorems to mixed states.

Theorem 7.6 (Exponential stabilizer de Finetti theorem). Let d be a prime and p a
quantum state on ((CH)®™)® thar commutes with the action of O¢(d) 2 Sy. Let
1 < s < t. Then there exists a probability distribution p on the (finite) set of mixed
stabilizer states 8 of n qudits, such that

Zp os) O'S
]

Proof. Using Lemma 7.5, we can find a purification [W) € ((C9)®2n))®t =
(CHEM Bt & (C4)®M)®t of b, which is invariant under the action of O € Oy (d).
(In particular, [¥) is an elemenrt of the symmetric subspace.) Here we crucially use that
the operators R(O) for 2n qudits are just the second tensor powers of the corresponding
operators for n qudits, as is clear from Eq. (4.12). Thus we can apply Theorem 7.2 to
the state [W). Since the local Hlibert space now contains 2n qudits, we obtain that there
exists a probability distribution p over pure stabilizer states on (C4)®2™ such that

Zp ‘®s
]

Taking the partial trace over the purifying systems does not increase the trace distance.
Since reduced density matrices of pure stabilizer states are mixed stabilizer states, we
obtain the result. O

< 2d7(2n+2)% g3 (t=s)

< Zd%(znn)zdf%ufs)_

8 A mixed stabilizer state is a maximally mixed state on a stabilizer code (see Sect. 2.4).
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The very same argument yields the following version of Theorem 7.3 for mixed states:

Theorem 7.7 (Stabilizer de Finetti theorem for the anti-identity). Let p be a quantum
state on ((C2)®™)®Y that commutes with all permutations as well as with the action
of the anti-identity (1.4) on some (and hence every) subsystem consisting of six n-qubit
blocks. Let s < t be a multiple of six. Then there exists a probability distribution p on
the (finite) set of mixed stabilizer states of . qubits, such that

Zp og) O'S <6\f2~2“\/§.

1

8. Robust Hudson Theorem

The methods developed in Sect. 3 also allow us to prove a robust version of the finite-
dimensional Hudson theorem. Recall that from Eq. (2.18) that, for odd d, the Wigner
function of a pure stabilizer state is necessarily nonnegative. Hudson theorem states
that, for pure states, this condition is also sufficient, i.e., the Wigner function of a pure
quantum state is non-negative if and only if the state is a stabilizer state [Gro06]. We
will show in Theorem 8.4 that if the Wigner or sum-negativity

sn(p) = ) fwylx (Zm, |—1>

x:wy, (x) <0

is small then the state is close to a stabilizer state.

The Wigner negativity is immediately related to the mana M () = log(2sn(P)+1),
a monotone that plays an important role in the resource theory of stabilizer computation
[Got97]. Throughout this section we assume that d is odd, so that the Wigner function
is well-behaved (cf. Sect. 2.3).

8.1. Exact Hudson theorem. We first give a new and succinct proof of the finite-
dimensional Hudson theorem. For pure states, 1 = tr P2 = D> d“wlb(x)z. Thus
we can define a probability distribution based on the Wigner function,

dy (x) = d"wy (x)%,

similar to the py, distribution that we defined in Eq. (3.2) via the characteristic function.
Note that 0 < gy, (x) < d7 ™, since wy, (x)| < d ™™,
We now consider the sum of the absolute value of the Wigner function,

Il i= 3w (] = &7/2 3 an)'/2

It holds that |||y > 3, wy (x) = 1, with equality if and only if wy, (x) > 0 for all
x. By the Holder inequality (with p; =p2 =p3 =3,50 ) | 1/px = 1)

1= Z ay(x Z au (x )1/64 )1/6%()()2/3
X

2/3 1/3
<<Zq¢(x)‘/2> <Zq¢(x)2> .
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Thus we obtain the following fundamental bound:

1
2
gqlp(X) 27@”1])”‘2/\/. 8.1)

Crucially, we can interpret the left-hand side as the average of the function ¢y, with
respect to the same probability distribution, Exq,, (x). Now suppose that the Wigner

function is nowhere negative, so that the bound simplifies to ZX dy (x)2 > d~ ™. But
Ay (x) < d~ " forall x, so we conclude that the function gy, must be equal to d~ ™ onits
support. In other words, qy, (x) is the uniform distribution on a subset of cardinality d™.
This gives a rather direct proof of the finite-dimensional Hudson theorem:

Theorem 8.1 (Finite-dimensional Hudson theorem, [Gro06]). Let d be an odd integer
and \p a pure quantum state of 1 qudits. Then the Wigner function of \p is everywhere
nonnegative, Wy, (x) > 0, if and only if \) is a stabilizer state.

Proof. In view of Eq. (2.18) we only need to show that if wy;, (x) > 0 for all x then
is a stabilizer state. By the preceding discussion, we know that wy, (x) = d™ " 11(x),
where 17 denotes the indicator function of some subset T C V,, of cardinality d™. In
other words, (P|Ax[P) = 11(x) and so A [p) = [) forallx € T.

It remains to show that T is of the form T = a + M, where M is a maximal isotropic
subspace. For this, consider any three points X, y,z € T and use Eq. (2.12), which asserts
that AyAyA, = w2z—xy—x] Ax_y+z.Because \p) is an eigenvector of Ay, Ay, A,, with
eigenvalue +1, we obtain

1= (WIAAYA D) = w2 X (PIAL ) .

But Ay is Hermitian, so this is impossible unless [z —x,y — x] = 0. Therefore, T
is the translate of an totally isotropic set M of cardinality d™. Since the maximal size
of a totally isotropic subspace is also d™ [Gro06, App. C], T is necessarily a maximal
isotropic subspace. We conclude that 1p is a stabilizer state. O

8.2. Robust Hudson theorem. To obtain arobust version of the Hudson theorem, we will,
similarly as in our approach to stabilizer testing, combine Eq. (8.1) with an uncertainty
relation that generalizes the proof of Theorem 8.1.

Lemma 8.2. Let d be an odd integer and \p a pure state of n qudits. Suppose that
tr[p ALl trfpAy], trhpAg] > /1 —1/2d2. Then [z — x,y — x| = 0, i.e., W;_x and

Wy _x must commute.

Proof. Note that the assumption implies that

1 1
IAx) — )] < 2<1_ 1_2dz> <!

and likewise for y and z. Thus we obtain the following inequalities:

1As 1) — )| < .

1
1Ay 1) — )] < 5 =

1
JAx ) =)l < 5, o
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As a consequence of the triangle inequality, and using ||A,|| < 1, along with Eq. (2.12),
we obtain

3

[Ax-ya 1) — @273 [g) | = [AAVA, ) — )] < =

We can simply expand this relation and see that it is equivalent to

27
1— E < <1M Axnyrz N’) COS(Z[Z — X,y — X]H)
If [z — x,y — x] # 0, then
U 27
1— E < <1M Axnyrz N)> COS(Z[Z —X,y — X]E)
-1 2
< *Cos(d 7 Eﬂ) = cos(g).

But, one can see that exactly ford > 3,1 — % > cos(%), which is contradiction. This
shows that [z — x,y — x] = 0. i

Corollary 8.3. Let d be an odd integer and \p a pure state of 1. qudits. Then T :={x €
Vit wy, (x) > d~™/1 —1/2d%} is a subset of an affine totally isotropic subspace.

We now prove the main result of this section:

Theorem 8.4 (Robust finite-dimensional Hudson theorem). Ler d be odd and \p a pure
quantum state of . qudits. Then there exist a stabilizer state |S) such that |(S{p)[> >
1—9d2sn().

Proof. Suppose that sn(1) < €. Then |||y < 14 2¢ and we find from Eq. (8.1) that

1
2

2 7)
; 7> Gy 202

ie.,
1
Z G (x) (A —qy(x)) <d™ (1 - (1-|-2€)2> <4ded ™. (8.2)

We would like to show that the probability of the set T from Corollary 8.3 with respect
to the probability distribution ¢y, is close to one. First, though, let us consider

T= {x:ww(xﬂ >d /1 - 1/2d2} = {x:qp) >a (1-1/2¢%)}

which is defined just like T but for the absolute value of the Wigner function! Then,
using Markov’s inequality and Eq. (8.2), we have

2 x Ay (x) (d7™ —ay(x)
Y aqplx)=1- “’dn(.]/Zdz‘l’ )20 sare,

xeT
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But then T is likewise a high-probability subset:
Z qy(x) > Z qy (x) — Z qy (x) = Z qy (x)
xeT xcT wu,(x]<0 xeT

— ) Iwyp(x) = 1-8d% —¢,

Wy, (x)<0
where we used gy, (x) = d™wy, (x)]2< Wy, (x)].
As a result of Corollary 8.3, T is a subset of some affine totally isotropic subspace

a + M. If |S) denotes the corresponding stabilizer state then

‘ 1J)|S —anWII, Z W'L]) Zwll)

xca+M xeT
+ Z Wy, (x) > wa(x) —
x€(a+M)\T xeT
>3 qy(x) —e>1—(8d% +2)e > 1 9d%.

xeT

In the fifth step we used that, for x € T, wy,(x) = |[wy,(x)] = d™wy, (x)|2=

qqp (X) O

8.3. Stabilizer testing revisited: minimal number of copies. We will now revisit stabilizer
testing from the perspective of the Wigner function and show that ford = 1,5 (mod 6)
it is in fact possible to perform stabilizer testing with just three copies of the state. This
is clearly optimal, since the set of stabilizer states forms a projective 2-design.

We start with the phase space point operators Ay from (2.11), Consider the operator

Vi=d ™) APP =4 Y Wy, @ Wy, @ W, (8.3)
X y1+y2+y3=0

We remark that it is clear from Eq. (2.13) that V is an element of the commutant.
Moreover, we have the following analog of Lemma 3.8:

Lemma 8.5. For d = 1,5 (mod 6), the operator V defined in Eq. (8.3) is a Hermitian
unitary.

Proof. Since the operators Ay are Hermitian, V is Hermitian as well. Thus it remains to
prove that V is unitary. For this we compute:

2 _ 4—4n
vi=d Sy Wy, Wy, @ Wy, W, @ Wy, W,
y1+y2+y3=0,21 +22 +23=0
_q-4n Z Wa, ®Waz®wasw%[u1+b1 ,a1 —by ]+ & [ay+by a2 —by ]+ § (a3 +b3 a3 —b3]
aj +az+a3=0,by +by +b3=0
4 1 ar—axby]— L as—axb
—gq4n Z Wi, @ Wa, @ Wa, w 7 lay —a3 by ] — 7 (a3 —a3 ,b2]

aj +az+a3=0,by,by

= ) Baya30ayay Way @Way @ Wy =1,

aj +ay a3 =0
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where, for the second equality, we used the change of variables a; = y; + z; and
bi =yi —z;i. O

We now consider the binary POVM measurement with accepting projector

1
”accept = E(I + V)

Theorem 8.6 (Stabilizer testing from three copies). Let d = 1,5 (mod 6) and \ a
pure state of n qudits. Denote by Paccepr = tr[lj)®3ﬂaccep,] the probability that the
POVM element T cceps accepts given three copies of . If ) is a stabilizer state then it

accepts with certainty, Paccepr = 1. On the other hand, if maxs|(Shp)[? < 1— e then
2 2
paccept 1—e¢ /]6d

Proof. We first note that

Paccept = Ir [”acceptw®3] = % <1 + dinztr [A§31|)®3}> = % <] + dznZWi} (X)) ,
X X

where wy, denotes the Wigner function defined in Eq. (2.10). It is clear from Eq. (2.18)
that if \ is a stabilizer state then paccept = 1.

Now assume that 1) is an arbitrary pure state. Since q(x) = d“wlzb (x) is a probability
distribution, we can rewrite the above as

Z Q¢(X) (1 - dnwll)(x)) =2 (] - paccept) .

Moreover, q(x) < d~™ for all x, so we can use Markov’s probability for the set

T= {x €Vntwy(x) >d ™y/1 —1/2d2}

to see that

2(1
Z qlb(x) >1- M >1- 8d? (] - paccept) (8.4)

= 1-/1-1/2a2 ~

We now argue similarly as in the proof of the robust Hudson theorem (Theorem 8.4).
From Corollary 8.3 below we know that there exists an affine Lagrangian subspace a+M
that contains T. Let |S) denote the corresponding stabilizer state. Then,

|(pIS)I? d“wa = ) wy®) =) wpx+ D> wylx)
x€a+M xeT x€(a+MN\T

For x € T, wy,(x) > 0 and so Wy, (x) > qy,(x). Thus the first sum can be lower-
bounded by using Eq. (8.4). For the second sum, we note that Eq. (8.4) also implies that
1-—84d2 (1 —paccept) < d7 T, since gy, (x) < d™ ™, and so

> wyx) = —d Ma+M)\TI=—d ™ (d" —T]) > —8d* (1 — Paccept) -
x€(a+M)\T

Together, we obtain that [(P[S)[? > 1 —16d? (1 — Paccept), OF Paccept < 1 — €2/16d2,
which is what wanted to show. O
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