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Abstract: We establish rapid mixing of the random-cluster Glauber dynamics on ran-
dom A-regular graphs forallg > 1 and p < p,(gq, A), where the threshold p, (g, A)
corresponds to a uniqueness/non-uniqueness phase transition for the random-cluster
model on the (infinite) A-regular tree. It is expected that this threshold is sharp, and for
q > 2 the Glauber dynamics on random A-regular graphs undergoes an exponential
slowdown at p,(q, A). More precisely, we show that for every ¢ > 1, A > 3, and
p < pulq, A), with probability 1 — o(1) over the choice of a random A-regular graph
on n vertices, the Glauber dynamics for the random-cluster model has ® (n log n) mixing
time. As a corollary, we deduce fast mixing of the Swendsen—Wang dynamics for the
Potts model on random A-regular graphs for every ¢ > 2, in the tree uniqueness region.
Our proof relies on a sharp bound on the “shattering time”, i.e., the number of steps re-
quired to break up any configuration into O (logn) sized clusters. This is established by
analyzing a delicate and novel iterative scheme to simultaneously reveal the underlying
random graph with clusters of the Glauber dynamics configuration on it, at a given time.

1. Introduction

The random-cluster model is a random graph model, unifying the study of electrical
networks, independent bond percolation, and the ferromagnetic Ising/Potts model from
statistical physics [21,31]. It is defined on a graph G = (V, E) and parametrized by an
edge probability p € (0, 1) and cluster weight ¢ > 0. Each configuration consists of a
subset of edges w C E (equivalently w € {0, 1}£) and is assigned probability

plw‘(l _p)IEI*IquC(w)’ (1.1)

Jleq(w)—Z
’, qu
P

where c(w) is the number of connected components in (V, ) and Zg, p 4 is anormalizing
constant.
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Aside from its inherent interest as a model of random networks, the random-cluster
model provides an elegant class of Markov Chain Monte Carlo (MCMC) algorithms
for sampling from the Ising/Potts model. For integer ¢ > 2, a sample w from (1.1)
can be transformed into one for the g-state ferromagnetic Potts model by independently
assigning a random spin from {1, ..., g} to each connected component of (V, w); see,
e.g., [18,31]. Such sampling algorithms, which include the popular Swendsen—Wang
algorithm [50], are a widely-used alternative to the standard Ising/Potts Markov chains
since the former are often efficient at “low-temperatures” (large p) where the latter suffer
exponential slowdowns (see [8,33]).

Our focus here is on the Glauber dynamics of the random-cluster model. Specifically,
we consider the following discrete-time Glauber dynamics chain, which we refer to as
the FK-dynamics. From a configuration w; C E, one step of the FK-dynamics transitions
to a new configuration w;;; C E as follows:

1. Choose an edge e¢; € E uniformly at random;
p:= —L— ife,;is a “cut-edge” in (V, w;);
2. Setwys =w,U{et}withprobability{p qpyep ferisaeut-edge™in (V, o)
p otherwise;

3. Otherwise set w41 = @y \ {er}.

We say e is a cut-edge in (V, w;) if changing the state of e, changes the number of
connected components c(wy) in (V, w;). This chain is, by design, reversible with respect
oG, p.g-

A central question in the study of Markov chains is how the mixing time—defined as
the number of steps until the Markov chain is close to stationarity starting from the worst
possible initial configuration—grows as the size of the graph G increases. Of particular
interest in the context of random-cluster and Ising/Potts dynamics is the relation of
mixing times to the rich equilibrium phase transitions of the model.

We consider this question when G is a random A-regular graph on n vertices. The
study of spin systems and their dynamics on random graphs is quite active [12,14—
16,19,20,25,44,45]. Random A-regular graphs are a canonical example of graphs having
exponential volume growth, with a non-trivial geometry, making them an attractive
alternative to lattices or trees. More generally, the study of spin systems on random
graphs yields insight into hard instances of the classical computational problems of
sampling, counting, learning and testing [2,23,48,49] and features in the study of random
constraint satisfaction problems [32,54].

The phase transition of the random-cluster model on random A-regular graphs is
expected to involve three critical points [10,34,39,41]. Most relevant to us would be
the critical threshold p,(q, A) corresponding to a uniqueness/non-uniqueness phase
transition for the random-cluster model on the infinite A-regular wired tree (in which the
leaves are externally wired to be in the same connected component). Roughly speaking,
the uniqueness/non-uniqueness phase transition captures whether the wired boundary
has an effect or not on the configuration near the root of the tree (in the limit as the
height of the tree grows). It is believed that the mixing time slows down at p, (g, A),
either polynomially or exponentially dependingong <2 org > 2.

In this paper, we establish optimal mixing for the FK-dynamics on random A-regular
graphs throughout the uniqueness region p < p, (g, A) forallreal¢g > 1 andall A > 3.

Theorem 1. Fixany g > 1, A > 3, and p < p,(q, A). Consider the FK-dynamics on
a uniformly random A-regular graph on n vertices. With probability 1 — o(1) over the
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choice of the random graph G, the mixing time of the FK-dynamics on G is ©® (n log n)
1

The FK-dynamics are known to be resistant to sharp analysis with the known tech-
niques for Markov chains for spin systems. This is due, in part, to the fact that the
random-cluster model presents highly non-local interactions: an update on an edge e,
depends on the entire configuration w; (E \ {e;}). Indeed, the only other setting where the
speed of convergence of FK-dynamics is well-understood via direct analysis is in square
subsets of Z2 [6,8,26-29]. Other bounds to date have been obtained either indirectly,
via comparison with global Markov chains using the results of [52,53] (and as a result,
these bounds are off by polynomial factors), or by taking either p very small (e.g., under
a Dobrushin-type condition) or very large, or ¢ large. This is the state of affairs even on
the (geometrically trivial) complete graph [8,30,38].

Our results are tight in the sense that the FK-dynamics is expected to undergo a
slowdown at p,(q, A), as we describe next. The equilibrium phase transition of the
random-cluster model on random A-regular graphs should qualitatively resemble those
on the A-regular tree and the complete graph. Based on this relation, and understand-
ings of those phase diagrams [10,34,39,41], it is expected to involve three critical points
Pu(g, A) < pe(g, A) < pi(g, A). The tree uniqueness/non-uniqueness phase tran-
sition at p, (g, A) manifests on the finite A-regular tree in the form of existence/non-
existence of root-to-leaf paths under wired boundary conditions. The threshold p; (g, A)
corresponds to a (conjectured) second non-uniqueness/uniqueness transition; above this
point even the A-regular tree under free boundary conditions has root-to-leaf connec-
tions (see [25,34,36,39] for more details). The threshold p.(g, A), on the other hand,
corresponds to an order-disorder transition captured by the emergence of a “giant com-
ponent” of linear size on the random graph (which, roughly, imposes “typical" boundary
conditions on its treelike balls).

When g € (1, 2] the phase transition is of second-order and these three thresh-
olds coincide; namely p, (g, A) = pc(q, A) = pji(g, A). On the other hand when
q > 2, the phase transition on random A-regular graphs is conjectured to be of firsz-
order and p,(q, A) < pc(q, A) < pj(q, A). Here, the uniqueness threshold p, (¢, A)
should mark the onset of the metastability phenomenon, and that should persist up to
Di(g, A). Metastability has been linked to an exponential slowdown for both random-
cluster and Potts Glauber dynamics on the complete graph [7,13,24,30], and the same
slowdown is expected to occur on random A-regular graphs. Namely, in the window
(pu(q, A), pii(g, A)), the ordered and disordered phases should each be “metastable”
behaving locally (on treelike balls) like the configurations on wired and free trees, respec-
tively. The coexistence of these metastable phases with exponentially small boundaries,
facilitates states from which reversible Markov chains cannot easily escape (i.e., these
sets have bad conductance). Itis thus expected that on random A-regular graphs, for every
q > 2, the FK-dynamics mixes exponentially slowly throughout (p,(q, A), pi(g, A)).
For g sufficiently large, such slowdown was established in [25] at p = p.(g, A) €
(Pu(g, A), p;(g, A)).

From Theorem 1 we obtain an efficient MCMC sampling algorithm, for both the
random-cluster model and the ferromagnetic Ising/Potts model on random A-regular
graphs in the uniqueness regime.

1 Throughout this paper, for two sequences ay, by, we say a, = O(by) if limsupay /b, < 00, and say
ay = O(by) if both b, = O(ay) and a, = O (b,). Further, we say a, = §2(b,) if lim a,, /b, = 0o, and say
ap = o(by) if by = 2(an).
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Corollary 2. Fix any q > 1, A > 3, p < pu(q, A) and any accuracy parameter
6 € (0, 1). Then, with probability 1 — o(1) over the choice of the random A-regular
n-vertex graph G, there is a sampling algorithm which, given the graph G, outputs a
random-cluster configuration @ whose distribution is within total variation distance §
of g, p.q- The running time of the algorithm is O (n(log n)3 log(1/8)).

The extra O((logn)?) factor in the running time of the algorithm comes from the
(amortized) computational cost of checking whether the chosen edge is a cut-edge in each
step of the FK-dynamics. This is equivalent to the fully dynamic connectivity problem
which has been thoroughly studied (see, e.g., [37,51]).

For integer ¢, the algorithm in Corollary 2 combined with the O (n) cost of translating
between the random-cluster and Potts configurations mentioned earlier yields a sampling
algorithm for the ferromagnetic g-state Potts model on random regular graphs up to the
Potts uniqueness threshold (the uniqueness thresholds of both these models coincide).
This improves on the best previously known sampling algorithm for both these models
in [5], which runs in O (n%/°) time, and it is a “weak sampler” in the sense that it outputs
samples that are close in total variation distance to the target distribution but with a fixed
accuracy. (See also the recent work of [36] for a poly(n) sampler for all p € (0, 1) but
provided ¢ is sufficiently large.)

As another important corollary of Theorem 1, we deduce fast mixing of the standard
Swendsen-Wang (SW) algorithm for the ferromagnetic g-state Potts model [50]. This
is an extensively-used global-update Markov chain. The dynamics starts from a Potts
configuration o; € {1,...,q}", moves to a “joint” spin/random-cluster configuration
(o7, wy) by including each monochromatic edge independently with probability p and
then assigns to each connected component of (V, w;) a uniform at random spin from
{1, ..., ¢} to obtain a new Potts configuration o4 (see [18,50]).

Corollary 1. Fix any integer ¢ > 2 and A > 3, and let p < p,(q, A). Consider the
Swendsen-Wang dynamics on a uniformly random A-regular graph on n vertices. With
probability 1 — o(1) over the choice of the random graph G, the mixing time of the
Swendsen—Wang dynamics on G is O (n2 log n)

Corollary 1 follows immediately from Theorem 1 and the comparison results of
Ullrich [52,53]. Previously, our understanding of the speed of convergence of the SW
dynamics on random A-regular graphs was very limited. For the special case of ¢ = 2,
which corresponds to the Ising model, it was established in [4] that the spectral gap of the
SW dynamics is £2(1) for all p < p, (2, A); this implies an O (n) mixing time bound.
In addition, Guo and Jerrum [33] established an O (n!?) mixing time bound for the SW
dynamics that applies to any graph and any p € (0, 1). The methods in both of these
works are specific to the Ising model (¢ = 2) and do not generalize to other values of
q. Beyond the special case of ¢ = 2, no sub-exponential bound was previously known
for either the FK-dynamics or the SW dynamics throughout the uniqueness regime

P < pulg, A).

1.1. Proof ideas. We comment briefly on the techniques and main innovations in our
analysis next: for more details and an extended proof sketch, we refer the reader to
Section 3. The main ingredient in our proof is an O (nlogn) bound on the “shattering
time” of the FK-dynamics (Theorem 4); this is the number of steps the chain requires
to break up any configuration into connected components of size at most O (log n). The
bound on the shattering time uses a novel and delicate iterative scheme to simultaneously
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reveal the underlying random graph and the connected components of the FK-dynamics
configuration on it at a given time: see Definition 11 and Figures 2-3. While revealing
procedures are a standard tool in the study of both random graphs and of the random-
cluster model, their combined analysis is highly non-trivial, as the law of the random-
cluster configuration at an edge depends on the global geometry of the graph. To our
knowledge, this the first direct upper bound for the shattering time of the FK-dynamics
in any setting. In fact, understanding the shattering time is usually the main obstacle for
proving rapid mixing of the FK-dynamics on other graphs: e.g., on the complete graph,
the shattering time is not known and only loose mixing time bounds (off by @ (n?)
factors) can be derived [7].

Once the dynamics has shattered, we use standard methods (i.e., censoring [46]) to
reduce the analysis of the FK-dynamics to localized dynamics in balls of radius o(/n)
centered at each vertex, but with random boundary conditions induced by the current
state outside the ball. In random A-regular graphs, these balls are “treelike" and, after
shattering, their boundary conditions are “almost free”, in that only O (1) vertices in their
boundaries are connected through the external configuration. This implies that the FK-
dynamics mix quickly and satisfy a log-Sobolev inequality akin to a product measure in
each of these balls. The last ingredient in our proof is an exponential decay of correlation
property (sometimes called spatial mixing) between the root and boundary of such balls.
A delicate point is that since these balls have radius @ (log n), we need exact control on
the rate of this exponential decay to sustain the union bound over the n balls.

Remark 1. We expect our methods for the analysis of the shattering phase to have ap-
plications to other locally tree-like graphs, e.g., wired trees and Erdés—Rényi random
graphs. In the latter case, however, the possibility of having a small number of vertices
of large degree poses technical obstructions to direct extension of our methods. Whereas
this should not affect the equilibrium phase diagram of the model, interestingly, in the
case of the Glauber dynamics for the Ising model on an Erd6s—Rényi random graph,
the high maximum degree is known to slow down the high-temperature mixing time to

1
'+ ogiogn) [44],

1.2. Organization of paper. Therestof the paperis organized as follows. In Section 2, we
provide a number of preliminary definitions and notations we will use. In Section 3, we
give a detailed proof overview highlighting some of the key novelties in our arguments.
Our revealing procedures to bound the shattering time are the focus of Section 4. In
Section 5 we establish the sharp rate of spatial mixing on treelike graphs with sparse
boundary conditions. We combine these to conclude the proof of the upper bound of
Theorem 1 in Section 6. We prove the matching lower bound on the mixing time in
Section 7.

2. Preliminaries

In this section, we collect some standard definitions and properties that are necessary
to present our proofs, and to which the reader can refer throughout. See the standard
texts [11], [31], and [40] for more details on random graphs, the random-cluster model,
and Markov chain mixing times, respectively.
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2.1. Random A-regular graphs. We begin by considering the underlying geometry we
work on. Fix A > 3 and consider the uniform distribution Pgrg over A-regular graphs
on n vertices. (Let us always assume 7 is such that Arn is even, so that such a graph
exists.) We identify the vertices V (G) with the set {1, ..., n}, and the randomness of Prgg
will be over the edge-subset of {ij = ji : | <i, j < n}. Throughout this paper, we set
d := A — 1 for convenience.

2.1.1. Random graphs are treelike A key ingredient in our proof is the fact that random
A-regular graphs are locally treelike. While this can be formalized in various ways, we
use a notion that is most relevant to this paper, and applies uniformly to all vertices (as
opposed to a vertex chosen uniformly at random).

For a graph G = (V(G), E(G)) and a vertex v € V(G), we define the ball of radius
R around v as:

Br(v) :={w € V(9) : d(w,v) < R},

where d(w, v) is the graph distance. For a vertex set, B C V (G), define E(B) = {v, w €
B :vw € E(G)}.

Definition 1. We say that a graph G = (V, E) is L-Treelike if there is aset H C E
with |H| < L such that the graph (V, E \ H) is a tree.

Definition 2. We say that a A-regular graph G = (V(G), E(G)) is (L, R)-Treelike if
for every v € V(G) the subgraph (Bg(v), E(Bg(v)) is L-Treelike.

Fact 3. Fix any A > 3. For every § > 0, there exists L(§, A) such that if R = (% -
d8) log, n, we have

Pre (G is (L, R)-Treelike) = 1 —o(n™ ).

We include a short proof of Fact 3 after introducing the configuration model in
Section 4.1. It is known that when R > %logd n, the number of cycles in every ball
Bg(v) goes to oo with n.

2.2. The random-cluster model. For a graph G = (V, E), recall the definition of the
random-cluster model from (1.1). We say an edge e € E is open or wired if w(e) = 1
and closed or free if w(e) = 0. We say two vertices are connected in w if they are in
the same connected component of the sub-graph (V, {e € E : w(e) = 1}). For a vertex
set V C V, denote by Cy(w) the union of connected components (clusters) containing
v € V in this sub-graph. For a configuration w and edge set A C E, we use w(A) for
the restriction of w to A.

2.2.1. Boundary conditions To help study the random-cluster measure, we introduce
boundary conditions.

Definition 3. A random-cluster boundary condition & on G = (V, E) is a partition of
V, such that the vertices in each element of the partition are identiﬁed with one another.
The random-cluster measure with boundary conditions &, denoted nG pa ,1s the same as
in (1.1) except the number of connected components c(w) = c(w; &) would be counted
with this vertex identification, i.e., if v, w are in the same element of £, they are always
counted as being in the same connected component of w in (1.1). In this manner, the
boundary condition can alternatively be seen as ghost “wirings” of the vertices in the
same element of &.
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The free boundary condition, £ = 0, is the one whose partition consists only of singletons.
For a subset 0V C V, the wired boundary condition on 0V, denoted & = 1, is the one
whose partition has all vertices of dV in the same element and all vertices of V \ dV as
singletons; i.e., € = {0V} U | J{v : v € V \ aV}. For boundary conditions &, £’ we say
that £ < & if & is a finer partition than &’. We have the following important monotonicity
in boundary conditions: for any two boundary conditions & and &’ with & > &', we have

& e nf
G,p.q ” 7G,p.gq

where >= denotes stochastic domination.

2.2.2. Uniqueness/non-uniqueness transition on the A-regular tree As the geometry of
the random graph is locally treelike, its dynamical transition point should be inherited
from a transition on the A-regular tree. Throughout this paper, we denote by 7;, :=
Th.a = (V(Th), E(1p)) the rooted (at p) A-regular complete tree of depth £ (the root
has A children, and all other vertices have A — 1 children and one parent). Since the
tree has depth & < oo, evidently it is not actually A-regular, and has leaves 37, = {w €
V(7). d(p, w) = h} (where d(-, -) denotes graph distance); observe that

h h
VT =1+A) d"~" <24d",  and |E(Tp)|=4)Y d~ ' <24d"
i=1 i=1
2.1)

and |37;,| = Ad"~!. The wired boundary condition “1” is the one that wires all vertices
of 37}, together.

For every A > 3 and g > 1, the random-cluster measure ”T undergoes a
transition at p,(q, A): when p < p,(g, A) the probability that p is connected to 07
in w goes to 0 as h — oo, whereas when p > p, (g, A) it stays bounded away from
zero [34]. (While in general p, (g, A) does not have a closed form, it can be expressed
as the root of an explicit formula: see [5,34].) A key fact (see [34, Theorem 1.5]) we
will use is that whenever p < p,(g, A) we have that p (the probability of a cut-edge
being open) satisfies

1
p— ﬁ < E, where d:=A-—1. (22)
qu —=p)+p

2.3. Markov chain mixing times. Consider a (discrete-time) Markov chain with transi-
tion matrix P on a finite state space §2, reversible with respect to an invariant distribution
7; denote the chain initialized from xg by (X f“)tzo. Its mixing time is given by

tvix = taix (1/4), where  fyx(¢) = min{z : mé‘é IP(X;° €)= mly <€},
X0
where the total-variation distance between p and v is given by

1
—V|ww==zllku—vll1= inf PWU #V).
[l e v 2”/“ Il W ~p: U #V)
U~p,V~v
Here the infimum runs over all couplings of i, v. By this definition, to bound the mixing

time, it suffices to bound the coupling time of the dynamics; i.e., if we construct a coupling
PP of the steps of the chain such that for each x¢, yp € §2, we have IP’(X’}O # X¥’) < 1/4,

then fyx < T'.Itis astandard fact that fyyx (§) < fynx log(26~ 1 ). See chapters 4-5 of [40]
for more details.
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2.3.1. A coupling for the FK-dynamics Recall the definition of the FK-dynamics from
the introduction. Note that in the presence of boundary conditions &, the only change is
that in step (2) of the FK-dynamics transitions, the status of e being a cut-edge is dictated
by whether its presence changes c(wy; &).

For the FK-dynamics, there is a canonical choice of coupling known as the identity
coupling. This is the coupling that couples the evolution of two copies of the FK-
dynamics, (X;°) and (X;°), by using the same random edge ¢, and the same uniform
random number U,, ; to decide whether to add or remove ¢;. When g > 1, the identity
coupling is a monotone coupling, in the sense that if X;° < X;° then X0 <X tyfl with
probability 1. The identity coupling can also be extended to a simultaneous coupling of
all the Markov chains (X;°) indexed by their initial configuration x( € {0, 1}€ (ie.,aa
grand coupling), so that if xo < yo we have Xfo <X ,y O forall t > 0. As a consequence,
the coupling time starting from any pair of configurations is bounded by the coupling
time starting from the free xo = 0 and wired yp = 1 configurations.

3. Extended Proof Sketch

In this section, we provide a detailed sketch of our proof of Theorem 1, outlining the
structure of the argument and highlighting some of the key technical difficulties we
encountered. Most of the paper is dedicated to upper bounding the mixing time of the
FK-dynamics by O(nlogn), so the sequel is dedicating to sketching that proof. The
matching lower bound follows from coupling a certain projection of the FK-dynamics
to a product chain and is derived in Section 7.

3.1. Proof outline. Let G = (V(G), E(G)) be an n-vertex graph. Let (Xz])tZO and
(X?),zo be two realizations of the FK-dynamics started from the all-wired and all-
free configurations, respectively, and coupled via the identity coupling as defined in
Section 2.

Our goal is to show that there exists T = O(nlogn) such that for every vertex
v € V(G), with probability 1 — o(n™!), the configurations X IT and X g agree on the A
edges incident v, denoted

Ny, ={e€ EG) :vee). (3.1)

A union bound over the n vertices would then imply that under the identity coupling
X } =X g with probability 1 — o(1). By the monotonicity of the FK-dynamics under
the identity coupling, this would show that the mixing time of the FK-dynamics is at
most T = O(nlogn).

There are two key stages to establishing this coupling, each of which we describe
next.
Stage 1. In the first stage of the coupling, we show that after an initial burn-in period
of T = O(nlogn) steps, the configuration X IT is shattered. That is, its connected
components have constant size in expectation, and every component is of size O (logn)
with high probability; more precisely, we show that the size of the connected components
have exponential tails. Since X % > X g, the same holds for X %

The intuition behind our proof of shattering after T steps goes as follows. Consider
the balls B, (v) for v € V(G) where r = O(1) is a sufficiently large constant. For each
v € V(G), let (Z}) denote the chain on B, (v) with a fixed wired boundary condition
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Fig. 1. Left: Upon exposing the localized FK-dynamics Z§. on By (v), the connected component of v (purple)
reaches two boundary points of B, (v) (blue). Middle: The revealing procedure then exposes their localized
configurations, in their balls of radius r. Right: The procedure continues in that manner until these connected
components die out

outside of B, (v). The evolution of (Z}') and (X tl) can be coupled with the same identity
coupling by ignoring the updates outside of B, (v) for (Z;'); by monotonicity, for every
ve V(G)andt > 0, we have Z} > X,1 (Br(v)). Consequently, we can even take the
minimum (intersection) of the chains Z} over v € V(G), to obtain a configuration w;
by setting w;(e) = 1if Z/(e) = 1 for all v € V(G). Since all these chains are coupled
using the same randomness, we maintain the domination w; > X tl forallr > 0.

We thus focus on showing the shattering property for wr. Notice that we can bound
the connected component of a vertex v in w7 via an iterative exploration process. We
initialize a set A as the connected component C,, of v in Z7 (B, (v)) and initialize 9 A to
Cy N 3B, (v). Foreachu € dA (while 0A # (), we

1. Add to A the connected component C,, of u in Zi. (B, (u))
2. Addto 0A all vertices in C,, N 9 B, (u). Remove u from 0 A.

The procedure ends when 0 A is empty and outputs an edge set A necessarily contain-
ing the component of v in w7 . See the depiction in Figure 1. The nature of this exploration
process lends itself naturally to comparison with a branching process in which the “chil-
dren" of u are the vertices connected to u through Z7. (It turns out that the revealing of
these configurations can be done in such a way that although they are all coupled, the
dependencies between configurations Z%. (B, (1)) are negligible: we comment on this
later.) We will show that with high probability over G, the resulting branching process
is sub-critical.

To see this, first note that since the mixing time on B, (v) is O(1) (r is constant),
after T = ©®(nlogn) steps, enough updates have occurred in each ball B, (v) so that
the chains (Z}') have all mixed with high probability. Hence, up to a small error, we can
consider instead the branching process where the number of children of v is given by
the number of connections of v to the boundary of B, (v) in a sample from 119, )"

Now, most O(1)-sized balls in a random A-regular graph are trees. A key charac-
teristic of the uniqueness regime p < p,(g, A) is that in the wired A-regular tree 7,
the expected number of leaves connected to v under nT is less than 1 as long as r is
large. As long as the role played by non-tree balls in G is bounded, this would imply
the desired sub-criticality of the dominating branching process. We in fact need concen-
tration bounds on the number of explored vertices in this branching process; towards
this we show that p is the actual exponential decay rate of root-to-leaf connectivities on
A-regular (wired) trees.
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Lemma 1. Let T, denote the rooted A-regular complete tree of depth h and let p <
Pu(q, A). Let (1, 0) be the wired boundary condition on 37Ty, that additionally wires
the root of Ty, to 37Ty, There exists a constant C = C(p, g, A) such that for every h and
every leaf u € 97y,

71%’0) (u is connected to the root of Tp) < Cﬁh'

Since there are O(d") leaves in 7, the lemma implies that the expected number of
connections from v to the boundary is O ((pd)"), which is less than one for r large (as
pd < 1 when p < p,(g, A)). The reason we establish this decay for the boundary con-
dition (1, ©), instead of simply the wired one, is to eliminate the potential dependencies
between the chains (Z}') through their roots.

To conclude our sketch of the ideas in Stage I, we mention two fundamental chal-
lenges to implementing the above approach. First, since all the chains (Z}) are coupled
via the identity coupling, revealing their configurations while maintaining some inde-
pendence is delicate (see Lemma 5). We perform this revealing by additionally wiring
the root to the boundary as hinted by the (1, ©), and for each u, only revealing the new
randomness needed to run the resulting chain on Bg («) up to time 7'. Roughly speaking,
the wired boundary conditions allow us to evolve the un-revealed configuration in B, (v)
in isolation.

Secondly, not every ball B, (v) in G will be a tree, and there are strong correlations
between the short cycles of the underlying graph and the places where the random-
cluster configuration is more wired. A key contribution of our work is to construct a
simultaneous revealing procedure for the random graph G with the overlayed random-
cluster configuration of w7 in a manner that handles these dependencies and can be
approximated by the above sub-critical branching process; see Definition 11.

Putting all these ideas together, we establish the following exponential tail bound
(shattering estimate) on cluster sizes of X 1T after a burn-in period of O(nlogn) time.

Theorem 4. Let p < p,(q, A) and suppose that G is sampled from Pggg, the uniform
distribution over A-regular graphs on n vertices. Then, for every v € V(G), k > 1
and T > Cnlogn, where C > 0 is a sufficiently large constant, with probability
1 —exp(—£2(k)) — O(n™>), the random graph G is such that

P(ICy(XJ)| = k) < exp(—=2(k)) + O(n ™).

(Recall that C,(X ]T) denotes the component of vertex v in X lT.) By a union bound,
Theorem 4 implies that all components of X IT are of size at most O (logn) with high
probability. Theorem 4 is proved in §4.

Using the above arguments, we can further show that foreach v € V (G) the boundary
condition induced on the ball Bg(v) of radius R = (% — &) log, n by the configuration

of X } on the edges outside of Bg(v) is typically K -sparse, i.e., the boundary condition
induces only K = O (1) many connections on d Bg(v). Theorem 5 establishes that this
property holds for all v € V(G) simultaneously with high probability.

Stage II. After the initial 7 = O (n log n) steps of the burn-in phase, the configurations
X lT and X (} shatter and induce sparse boundary conditions (with up to O (1) vertices
wired through the boundary) on every ball Bg(v) of radius R = (% — §)log, n with
high probability. It remains to show that the copies of the FK-dynamics will couple on
N, except with probability 1 — o(n~") in an additional O (n logn) steps.
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Starting at time 7', we consider localized copies of the FK-dynamics in each ball
Bg(v) withv € V(G). This is done by ignoring (or censoring) the moves of the dynamics
outside of Bg(v) which has the effect of “freezing” the two distinct boundary conditions
induced by X1.(E(G) \ Br(v)) and X.(E(G) \ Bg(v)) on the boundary of Bg(v). With
the sparse boundaries conditions frozen on d Bg(v), the two coupled chains continue
to run inside Bg(v), and we can more easily analyze their configurations near v. The
censoring technology of [46] implies that if these censored chains are coupled on N,
then so are the original chains.

In Lemma 11, we show that if X;(E(g) \ Br(v)) and X(}(E(g) \ Bg(v)) induce
sparse boundary conditions on Bg(v), and G is (L, R)-Treelike with L = O(1) (see
Definition 2), the mixing time of the FK-dynamics on Bg(v) is O(d®log(d®)). In
fact, we can establish a tight bound on the log-Sobolev constant of the FK-dynamics
on B, (v) under sparse boundary conditions, showing that ty;x () = O(d R log(d R /€)).
This slightly stronger fact turns out to be crucial for deducing the tight O (n log n) bound
on the mixing time of the FK-dynamics on G, i.e., without an additional polylog(n)
factor.

With this optimal bound on the local mixing on treelike balls, we know that the
localized chains have all mixed after O (n logn) steps of the FK-dynamics. Therefore,
the probability that two instances of the FK-dynamics on Bg(v) with distinct sparse
boundary conditions & and & are not coupled on AN, is given by the total variation
distance between ngk(v) and ng/k(v) on NV,. We show that this distance is O (p25).
Proposition 1. Consider a vertex v in a A-regular graph G. If Br(v) is L-Treelike
and &, &' are any two K -sparse boundary conditions on d Bg(v), there exists a constant
C=C(p,q, A, L, K) such that
< CﬁZR )

I 0y @A) € ) = 5, ) @NG) € Dy

(Recall that we say a boundary condition is K-sparse when there are only K boundary
wirings.) We stress the importance of obtaining the sharp 2 decay rate here for the spatial
mixing to support a union bound over n vertices. Since p < 1/d and R = (% —48)log, n,

we have p?R = o(n~!), but any weaker bound on the decay rate would force us to
choose a larger R, which would cross the threshold at which point balls of G are no
longer (L, R)-Treelike for L = O (1), and we would lose control over the mixing time
on Br(v).

The proof of this spatial mixing property is based on the fact that in order for in-
formation to travel from the boundary of Bg(v) to V,, there must be two disjoint open
paths from N, to non-singleton elements of & in d Bg (v). We contrast this to the more
traditional bound on influence by the existence of a single connection from the center
of a ball to its boundary, which in our setting would only yield a bound of p%. (Such a
bound by a single connectivity event is the one traditionally used on amenable graphs
like Z? to go from spatial mixing with any positive rate of exponential decay to fast
mixing: see [1,8,42].)

4. The FK-Dynamics Shatters Quickly on Random Graphs
Our first goal in this section is to prove Theorem 4 establishing existence of Tyry =
O (nlogn) such that for ¢ > Ty Ry the configuration X é , 1s shattered. We will then use

this to conclude that the boundary conditions X (lj , induces on any ball of volume o(/n)
are O(1)-sparse. Let us now be more precise.
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Definition 4. A random-cluster boundary condition &£ on an edge-subset H C E(G) is
said to be K-Sparse if the number of vertices in non-trivial (non-singleton) boundary
components of £ is at most K.

Definition 5. A random-cluster configurationwonG = (V(G), E(G))is (K, R)-Sparse
if, for every v € V(G), the boundary conditions induced on Bg(v) by w(E(G) \
E(B,(v))) are K-Sparse.

The following key result asserts that the boundary of every ball about a vertex is
O(1)-Sparse with high probability after an O (nlogn) burn-in time: this is proven in
Section 4.5.

Theorem S. Fix p < p,(q, A). Thereexists C(p, q, A) suchthatforeveryt > Cnlogn,
the following holds. For every § > 0, if R := (% — 8)log, n, there exists K(p, q, A, §)
such that with Pgrg-probability 1 — o(1), G is such that

P(X}, is(K,R) — Sparse) > 1 — O(n™?). (4.1)

Remark 2. By monotonicity of the FK-dynamics, for every G, we have that X (1} , = TG,
from which it follows that both Theorem 5, and the exponential tails of Theorem 4, hold
under 7g, i.e., if one replaces X lg by an equilibrium configuration w ~ 7g.

In Section 4.1, we construct the relevant revealing procedures for FK-dynamics clus-
ters on random graphs, and define the branching process we dominate it by. In Sec-
tions 4.2—4.4, we analyze these processes, and in Section 4.5, we complete the proofs
of Theorems 4 and 5.

4.1. Couplings and revealing schemes for the FK-dynamics on random graphs. In this
section, we summarize the key couplings and revealing schemes for the connected com-
ponents of X é ;- These are fundamental to the proof of shattering for X é , in the unique-
ness region after an O (n log n) burn-in time.

4.1.1. The configuration model The configuration model Pcy is a distribution over
multigraphs on n vertices and fixed degree distribution, which we take to be A for
every vertex, defined as follows [9]. Give every vertex v € {1, ..., n} A-half-edges and
select a matching on the An many half-edges uniformly at random to form the An/2
edges of the graph. Let 91, be the set of possible edges (the set of pairs of half-edges).

The configuration model is a useful tool for studying the random A-regular graph,
as the distribution Pggg is equal to the distribution Poy (- | G € T'jrg) Where Iigg is the
event that the graph G is simple (i.e., has no self-loops or multi-edges). In particular, it
is standard (see e.g., [9]) that Pcy({jrg) > ¢ for some c¢(A) > 0, and therefore for any
event I,

Prra () = Pou(T, Tara) (Pevi(Trra)) ' < ¢ Pey (D). 4.2)

Refer to the book [22] for more on the configuration model. We will use (4.2), with
an iterative revealing scheme of a matching of the An half-edges, to analyze the random
A-regular graph.

The configuration model lends itself to revealing procedures. Towards introducing
the joint revealing procedure for the random graph G ~ Py and the configuration X, lg p
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let us first recall a standard revealing procedure for random A-regular graphs according
to Pcy on its own. This procedure is useful to proving random graph estimates for the
configuration model and A-regular random graph. It also serves as a building block for the
revealing procedure of the random graph together with the FK-dynamics configuration.

The following iterative algorithm is a way to sample from the configuration model
for a given degree sequence. The fact that this gives a valid sample from Py, is straight-
forward after naturally identifying samples from P¢y with samples from the uniform
distribution over matchings on An.

Definition 6. Assign every v € {1, ..., n}, A half-edges. Suppose f is a (possibly ran-
dom) function from edge-sets A C 90, (a set of matched pairs of half-edges) to a
half-edge not matched in A.

(1) Initialize the set of exposed edges as Ay = @.
(2) Forevery 1l <m < %, match f(A,,—1) to a half-edge selected uniformly at random

from the remaining un-matched ones to form the edge e,,. Let A, := A,;,—1 U {ey}.

Observe, importantly, that the choice of next half-edge to match (given by the function
f) can be adaptive, specifically, adapted to the filtration generated by (Ao, ..., Am—1).
Definition 6 provides an adaptive sampling method from the configuration model
distribution Py (see e.g., [43]) and can be used to prove myriad properties of random
A-regular graphs. In particular, it yields a simple proof of Fact 3 that G ~ Pggg is

(L, R)-Treelike for R < n%”s and L = O(1); see Section 4.2.

Remark 3. The definitions of the random-cluster model (1.1), and the FK-dynamics
extend naturally to multigraphs, where G = (V, E) is such that V is identified with
{1,...,n} and E C 9, is a multiset. The random-cluster model and FK-dynamics then
live over subsets of E, identified with w : E — {0, 1}, and connectivity components of
a configuration w are understood naturally.

4.1.2. A coupling of localized FK-dynamics chains Our goal is to simultaneously expose
edges of G ~ Pcy while revealing the FK-dynamics configuration X lg ,attime 7 on G.
We show that under their joint distribution the size of the connected components of

, have exponential tails; this in turn implies that the boundary condition on B, (v) is
0(1) Sparse (see Definition 4).

Note that a ball of radius O (logn) about a vertex v may have many cycles—indeed
it may encompass the entire graph G—but a typical FK cluster of size O (logn) does not
use most of these cycles. Thus, we expose the edges of Py guided by the revealing of
the random-cluster component of a vertex v in X ]g ;> in this way, to expose the Cy (X lg ;)
we will not have to reveal much of the random graph.

There are two key difficulties to consider when constructing a joint revealing process
for (G, Xé,yl):

1. Under either of X ! , or e.g., the random-cluster measure 7g, the value w(e) on an
edge e shown to belong to E(G), affects the distribution of the remainder of the
underlying random graph.

2. Unlike the random-cluster measure 7g, the law of X é , does not satisfy any domain
Markov property. Indeed, the distribution of X (e) conditionally on some X! G. ,(A)
is quite difficult to analyze.
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The key to overcoming these obstructions will be to reveal the configurations of a
family of FK-dynamics chains that are localized (in the sense that their distribution only
depends on a small O(1) sized subset of edges of the graph) and whose concatena-
tion stochastically dominates the distribution of X .. Letus be more precise next and
explicitly construct a coupling of a family of localized FK-dynamics chains.

Definition 7. For a graph G and edge subset A C E(G), let 8A be the set of vertices in
V(A) that are adjacent to vertices of V(G) \ V(A), and let ml 4 be the random-cluster

measure on A with wired boundary conditions on dA. Let (X! A )1=0 be the FK-dynamics
chain that starts from all wired on E(G), censors (ignores) all updates in E(G) \ A, and
makes FK-dynamics updates w.r.t. = j‘ when it updates edges in A.

Importantly, the wiring on dA ensures that the law of X 114 , does not depend on

E(G) \ A.
Definition 8. For any graph G, we can construct (X,l)tzo = {(X/k z)fZO}AcE(g)’ a grand

monotone coupling of the ensemble of FK-dynamics chains (X }‘ D=0 for A C E(G) as
follows:

(1) Initialize X ! ao0=1 forall A C E(G); i.e., the all wired configuration on A.

(2) Let (e/);>1 = (e1, €2, ...) be drawn i.i.d. from E(G).

(3) Let (Ue,1)ecE(G),1>1 be a sequence of i.i.d. uniform random variables on [0, 1].

For A C E(G), construct (Xlu)tzl as follows: foreach r > 1, set Xlu(e) = Xl“_l (e)
for e # e, and

1 ife ¢ A;
Xie) =11 ife;e Aand U, , < o;
0 ife; e Aand U, ; > 0;

foro =m)(wle) =1 w(A\{e}) = X} ,_|(A\{e});ie., if e € A, we resample
e; given the remainder of the configuration on A, together with the wired boundary
condition on d A, using the same uniform random variable U,, ; for every X /1“ such that
e € A.
As in the grand Coupling for different initializations, this is a monotone coupling. In
particular, we have X;, < X},  forall A C E(G) and thus X§;, < (Nacpg) X -
A key observation for our revealing process is that for every A, the configuration
X lht depends only on:
(1) the number of updates amongst (es)s<; that belong to A, which we denote by k4 ;;
(2) the choice of edges to be updated on A on those k4 ; updates; we denote such set by
Ouka,; and
(3) the family of uniform random variables on those edges, (Ue s)ecA . s<:-

With this observation in hand, we can extend this to a coupling of (X }4’ ;) averaged over
G ~ Pcum.

Definition 9. Let ]P’,1 be the distribution over pairs (G, w;) where w; is a random-cluster
configuration on G that results by first drawing G ~ Pcy, then drawing w; ~ P (X é , €
-). Likewise, for every set A C 91, let ]P’x , be the distribution over pairs (G, wang(G),r)

where w4 ; ~ P(x! € -). Couple, under the distribution P, the family of distri-

ANE(G),t
butions (P! A )Acom,.r>1 by selecting the same random graph G ~ P¢y for all of them,

then using the coupling of Definition 8 of the family (X}M)AJ.
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In this manner, we have constructed a monotone coupling of the family (G,
(x! 4 t),>1) Acon,- Note that we use this coupling for sets A which we know have
E(G) N A = A, so that the averaging is only over the edges of E(G) \ A, which
we earlier noted X l‘ ; is independent of; thus the role of this coupling is only to put the
random graphs with their random-cluster configurations on the same probability space.
We defer detailed discussion of the properties of the coupling to Section 4.2 (after con-
structing the revealing procedure in the sequel) but emphasize that by construction, if
AN B = {, the only dependency of X l“ and X }3’ ; is through the distributions of the
binomial random variables k4 ; and kp ;.

4.1.3. The joint revealing procedure We now construct a revealing procedure for G and
a configuration @; on G that stochastically dominates X ]g ;- Fixr to be chosen as a large
constant (depending on p, g, A) later.

Definition 10. Given an exposed set of edges A of the random graph G ~ Pcy, we
define B2 (v) = B%"!(v; A) as the ball of radius r in E(G) \ N, (A) where NV, (A) is
the set of edges in .4 incident to v. We drop the .4 from the notation when understood
contextually.

Definition 11. Initialize: k
Vo C V(9);

for each k > 0 while V;, £ ¢
for each v € V;

I
=
S
I
By
I
=
s
(=]
N
&
S

(1) Set v, = v. Conditionally on A,,_1, reveal the edges of the random graph in
B2 (vy,) and set

Am = Ap_1 UEBM (vp));

Let A, := A, \ A,—1 be the set of new edges revealed in G.

(2) Reveal the triplet Ha,, r = {ka,.t» Oapicn, . » (Ues)eea, s<} conditionally on
Fm—1. Recall that «4,, ; is the number of updates of the FK-dynamics in A,
OAm»KAm.t is the sequence of edges to be updated in A, and (Ue s)eea,, s<: 1 the
family of uniform random variables used for the edges updates in A,,.

(3) Construct the random-cluster configuration X }L‘m’ ;(Ay) from the triplet H4,, ; by
simulating the steps of the FK-dynamics on A,, with wired boundary conditions.
Concatenate X ixm, ;(Am) with @, —1 to obtain a new configuration @,, on A\ Ap.

(4) Add to Vi, all vertices of d(A,, \ Ap) that are in the component of Vy in @, (A, \
Ap) and are not in |, 4 Ve.

(5) Let 7y = (Fu—1, Ha,,,+) and increase m by 1.

For an edge-set Ayp C 2, revealed to be part of E(G) and a vertex set Vy C
V(G), we construct a joint iterative procedure to expose (a set containing) the connected
components Cy, (X é t(E (G) \ Ap)). The examples to have in mind are (1) Ay = ¥ and
Vo = {v} and (2) Ay = E(Bg(v)) and Vy = dBg(v).

Through this process we will keep track of the following variables at each step:

— Ap,: the set of edges of the random graph that have been revealed by step m;
— Vg: the set of vertices in the k-th generation we want to explore out of;
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\’U1 v1

—

/—/

Fig. 2. Left: We initialize the process with r = 5 from Vy = {v;} (dark purple) and incident edge .Ag

(black). The process begins by revealing A} = B2"!(v}), depicted in gray. Right: The process then reveals
the configuration X }Al’t, given by k4, , steps of FK-dynamics for }\1 , to form @1 (open edges in red/pink).

Vertices in d A shown to be connected to vy in X /141 (A1) are added to V| (purple)

— @y, the random-cluster configuration revealed up to step m;
— Fn: elements of the filtration with respect to which the configuration @,, on A,, is
measurable.

The process is defined as follows (see Figures 2 and 3 for a depiction of several steps of
this process):

Let ky be the first k such that V; = ¢ and let my, = Z],z“’zo [Vk|. Let @ = o (Amkw \
Ap) be the random-cluster configuration revealed when the process terminates. The
key observation about the above process is that we can control the cluster of Vp in
X t‘ (E(G)\ Ap) by the set Amk@ ; the size of this set will then be approximately controlled
by comparison to a sub-critical branching process in the following subsection.

Observation 6. The connected components of Vg in X ,1 (E(G) \ Ap) are a subset of the
connected components of Vg in &;(E(G) \ Ao). In particular, the number of vertices in
non-trivial (i.e., non-singleton) components of the boundary condition X ,1 (EG) \ Ap)
induces on Ay is less than the number of vertices in non-trivial components of the
boundary condition @&;(E(G) \ Ao) induces on Ag. The edges in both of these sets of
connected components are subsets of the edge-set Amkw \ Ap.

With Observation 6 in hand, we focus on obtaining the exponential tail bound of
Theorem 4 for C, (@) (the component of v in @) and likewise, the sparsity bound of
Proposition 2 for Vg, ) ().

4.1.4. Constructing a dominating branching process Towards proving Proposition 2,
we construct a (non-Markovian, size-dependent) branching process which we will show
stochastically dominates the sequence (Vx)i>0 of our joint reveleaing process. This
process (Zx)x>o will then be shown to be sub-critical and satisfy exponential tail bounds
on its total population, implying the same for the cluster of Vj in .

Definition 12. Initialize Zg = |Vp|, and let (Z;)k>1 be the (size-dependent) branch-
ing process, which for each k, has progeny (x; «)i<z, drawn i.i.d. from the following
distribution:

1. With probability n=1/2, let x; x = |V (7,)| > ¢<k Z¢ and say the progeny number x; i
is Bad. B
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)

Fig. 3. Left: Proceeding from above, in the next generation, starting from vy € Vy, reveal the edges of B/ U (vy)
in G; in this case, this is not a tree, but is disjoint from A}, so that Ap = B2"! (vy). The configuration X}éz,t is
generated and concatenated with @; to form @;. Right: For v3 € Vi, B2 (v3) is a tree, but it intersects A;.
As such, A3 = B2"!(v3) \ Ajy. Running the FK-dynamics on A3 with all-wired boundary conditions ensures
that X 1143! ; is nonetheless independent of the configuration we had revealed in @;. The light purple vertices
are connected to 1y in @3 and are added to V), to form the next generation

2. Otherwise, sample y; x from the distribution of the number of leaves in the connected

component of the root under 71’( :0) (the random-cluster measure on the A-regular
tree of depth r with a wired boundary condition and with the root also wired to 97;).

Let Zyy1 =) ;- 74 Xi ks that is, the i-th member of the k’th generation gets x; x many
children. -

Note that this is not a branching process in the traditional sense, since the progeny
distribution is not i.i.d. and depends on the population up to that generation. Nonetheless,
we will show good tail bounds on (Zy)>0 by dominating it by sub-critical branching
processes between the Bad steps.

To justify the above construction, let us formalize the relation between (Zy ) and the
revealed vertices of the process in Definition 11, (Vk). Intuitively, we want to identify
vertices vy, € Vi with those of generation k in (Zy); the progeny of v, will then be those
vertices added to Vi, in step (4) of Definition 11. Item (1) from the progeny distribution
of Definition 12 corresponds to situations where:

(1) B2 (vy,) intersects Ay —1;
(2) B2 (vy,) is not a tree; or
(3) There are an insufficient number of updates on B2/ (v,) for X l‘m , to mix.

Examples of situations (1)—(2) were depicted in Figure 3. The n~!/2 probability assigned
to these bad situations by the dominating branching process comes from the fact that
Theorem 5 requires us to consider | Ag| of size n~!/?*3 and thus any edge has at least
probability n—%—a of intersecting Ag. On the complement of situations (1)—(3) above,
X Lm ; is mixed, and is comparable to the (1, O)-tree of depth r.

4.1.5. Comparing the revealing procedure and branching process We conclude the sec-
tion by stating the main two lemmas comparing the revealing procedure to the branching
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process defined above. Towards stating these, denote by tyx (75, (1, ©) the mixing time
of FK-dynamics on 7, with (1, (9) boundary conditions, and define the burn-in time
twix(Zr, (1, O))
Tyurny = Tgurn(Co, 1) := Conlogn - —|Er(7;)| . 4.3)
Recall, the definition of the update numbers (x4, ;) and define, for every t > Ty,
the event

—4|E(Z)lz}}. (4.4)

¢ =¢X where ¢ := {(es)sst :D [KAIJ < o

Standard tail estimates for binomial random variables will imply that &, holds with high
probability.

Letmg = Oand foreach k > 0, let myy; = mg+| Vx|, i.e., the total number of exposed
vertices on the boundaries of explored balls, and in the same connected component as
Vo before the exploration for the (k + 1)-th generation begins. This will be the quantity
which we compare to the population of the branching process of Definition 12. More
precisely, on the event &;, by construction of (Z), and the choice of Ty ry, We are able
to show the following stochastic domination.

Lemma 2. There exists Co(p, g, A) in the definition of (4.3) such that the following

holds for every t > Tyurn- For every Ao, Vo such that | Agl, |Vo| < n%*‘S for§ > 0,
every K > 0 fixed, and every £ > 1,

(Ve m;y < a2 <(Z))j<0.

In this manner, we will have reduced the analysis of the set of exposed vertices
through the revealing process of (G, @;), and thus, the clusters of X (1; ;» to the analysis
of the process (Z;), which except on some rare Bad increments, is a simple branching
process with subcritical progeny distribution dictated by connectivity probabilities in

the wired measure rr%’O). We will establish the following tail estimate for (Z).

Lemma 3. Suppose p < pu(q, A) and fix any § > 0, any M > 1, and any 1 <

Zy < n%_‘s. There exist ro(p, q, A), C(p,q, A, M), Ko(p,q, A, M) such that for

1
every r > rq fixed and every 0 < » <n27¢,

P(sz > KoZo +,\) < Cexp(—1/C) + CeMp=M,
k>0

4.1.6. Outline of remainder of section Having sketched the key revealing procedures
and the way they fit together to provide the desired bounds on the clusters of X é P
let us prove the various relations and bounds claimed above. In Section 4.2, we prove
various key properties of the configuration model revealing process of Definition 6 and
the coupling of Definition 8 that will be central to the analysis of the revealing procedure
of Definition 11. Then in Section 4.3, we show that the size-dependent branching process
(Zy) of Definition 12 stochastically dominates the FK process (V) of Definition 11 on
a high-probability event, proving Lemma 2. In Section 4.4, we analyze the process (Z)
by comparing its population to the sum of O (1) many sub-critical branching processes to
deduce Lemma 3. In Section 4.5, we combine these ingredients to conclude Theorem 4
and Proposition 2, and from that Theorem 5.
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4.2. Key properties of the revealing procedure for (G, @;). In this section, we describe
some of the key properties of the coupling constructed in Definition 8, and the reveal-
ing procedure constructed for the clusters of Vj in @, in Definition 11. The following
preliminary lemmas describe the law of the random graph edges and overlaying FK
configurations through the revealing process.

4.2.1. Properties of the configuration model revealing procedure We begin with the
following lemma on the law of the random graph G conditionally on a set .4,, which
we have revealed to be a subset of E(G). Recall the configuration model’s revealing
procedure from Definition 6 and say a vertex is discovered if at least one of its half-
edges has been matched, and exhausted if all of its half-edges have been matched.

Lemma 4. Let A be any set of edges (pairing of half-edges) revealed to belong to E(G).
For every r,

. 2Ad"(|V(A)| +d")
P Bout m BOM[ .
UE{SII,J.I.).,n} CM( )N AF#D or BY(v) is not a tree | A) < AV dD

Proof. Fix any edge-set .A. We can sample from the conditional distribution Py (- | A)
by defining the adaptive scheme f in Definition 6 so that it first matches the half-edges
belonging to A, yielding the set A 42 = A after |A|/2 steps, then setting f to do a
breadth-first search (BFS) of B2/ (v): this latter part is done by choosing f so that it
first exhausts v, then exhausts each of the neighbors of v, and so on.

Revealing the entire set B?* (v) takes at most | E(7;)| many steps beyond |A|/2. If
for every m € {|A|/2+1, ..., |A|/2 + d"} the half-edge from f(A,,—1) is not matched
to a half-edge belonging to a vertex in V (A,,—1), then evidently B! (v) N A = @ and
B2"(v) is a tree.

Since on each of these steps, the half-edge f(A,,) is being matched to a u.a.r. un-
matched half-edge, uniformly over the at most | E(7,)| steps it takes to reveal B2 (v),
the probability that the half-edge it is matched to belongs to A, is at most

dqVvAl+d) — _  [VAlI+d
An— V(A +d") ~ n— (VA +d")’
(The first inequality here uses the fact that in the BFS of B2/ (v), there are at most d”

vertices of the ball that have been discovered but not exhausted.) Union bounding over
the at most |E(7,)| < 2Ad" such attempts yields the desired bound. |

We can use a similar reasoning as the proof above to deduce a proof of Fact 3 as
follows.

Proof of Fact 3. Fix any v and choose f so that the revealing scheme performs a BFS
revealing of Bg(v). In order for Bg(v) to not be L-Treelike, it must be the case that
for more than L different m’s in the first | E(7g)| steps, the half-edge f(A;,—1) is being
matched to a half-edge belonging to A,,_1. (If there were at most L such steps, then the
removal of the at-most L edges formed by those at-most L matchings in the revealing
scheme, evidently leaves a tree, so that Bg(v) would be L-Treelike.) Uniformly over
A—1, the probability of this in the m’th step is at most d®*! /(A(n — m)). Summing
over the at most |E(7g)| many such attempts while revealing Bg(v), we find that for
every £ > 1,

R

Py (Br(v) is not £ — Treelike) < P(Bin (IE(Tk),
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Recall that the standard Chernoff bound applied to a Poisson binomial distribution with
mean pu = Np says that for every s > w,

P(Bin(N, p) = 5) < ¢ * (%)_ (4.6)

With the choice R = (3 — §) log, n, so that d¥ = n27% and |E(TR)| < 24dR, (4.6)
implies that the right-hand side of (4.5) is at most (Cn™ 3¢ for some C(A) and large
enough n. As a consequence, choosing L > 28!, we would find

sup  Pey(Bg(v) is not L — Treelike) < o(n ™). (4.7)

vel{l,...,n}

It remains to translate this to a bound under Pyg. This follows by the following standard
comparison argument. Let Iz be the event that the graph G ~ P¢y has no self-loops
or double edges (i.e., it is a simple graph). Taking I = {G : G is not (L, R) — Treelike}
in (4.2) and union bounding (4.7) over the n vertices yields the desired bound. |

4.2.2. Properties of the coupling of localized Markov chains The following lemma is
the key fact about the construction of the grand coupling of FK dynamics, Definition 8,
whereby after revealing some X /13‘ ;» we can control the influence that revealing has on

X 113 , for AN B = @. In this manner, through the revealing procedure of Definition 11,
which reveals different localized configurations X ltm , iteratively, as long as t > Tyipy

these are each close to their respective stationary distributions of 71/1‘ > SO that it is
approximately a concatenation of localized FK models on treelike graphs, inducing an
exponential decay of connectivities.

Lemma 5. Recall the coupling of Definitions 8-9 of the distributions (Pl"t) ACON, . 1>1-
Suppose we have revealed edges in E(G) showing E(G) N A = A.

(1) The configuration X +(A) is measurable with respect to k . (the number of edge-
updates in A), the edges chosen to update O 4 ., ,, and the uniform random variables
(Ue,s)ecA.s<t on those edges. The number k4 ; is distributed as Bin(t, 2|A|/An);
the sequence OA,KA,, is distributed as (Ej)jSKA,, drawn i.i.d. from A. The values
(Ue.5)eca s<t are distributed as i.i.d. Unifl0, 1].

(2) Suppose B is suchthat E(G)NB = B and ANB = (. Conditionally onk .1, Oa k, ,»
and (U s)eca . s<t, the distribution ofX t(B) is given as follows. The number of
updates kg ; is drawn from Bin(t —k4 , 2|B |/(An—2|A))), and the edges chosen are
distributed as (e])jSKB,t drawn i.i.d. amongst B. The random variables (U, s)ccB,s<t
are distributed as i.i.d. Unifl0, 1].

Proof. Let G be any graph having E(G) N A = A. We claim that uniformly over G,
items (1)—(2) above hold. Observe first that |E(G)| = An/2 necessarily, and therefore
uniformly over such G, the number of updates on edges in A by time ¢ in the update se-
quence (e5)s<; is distributed as Bin(z, 2|A|/(An)). Evidently, the distribution of O4
only depends on x4 ; and not on the times these updates were; in particular, given that
e;j € A for some j, the law of ¢; is clearly uniform at random on A. Finally, notice that
for every e, the sequence (U, s)s<; is independent of all other sources of randomness,
implying the desired item (1).

Turning to item (2), we fixak 4 ;, OA,KA,, and family (U, s)cea.s<:- We can condition
further on the exact times of the updatesin A, i.e., (e5)s<;MNA. Conditionally on that set of
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updates, the distribution on the remaining updates is evidently t — k4 ; i.i.d. draws from
E(G)\ A.Itis then clear that kg ; counts the number of times, amongst these remaining
draws, that the update is in B. As in item (1), the induced distribution on Op ,, , is then
the same as « g ; i.i.d. draws from the edges of B. Finally, for every e € B, the uniform
random variables (U, s)s<; are independent of all other sources of randomness. |

4.3. Domination by the modified branching process (Zj). In this section, we establish
the stochastic domination of the sequence (Vx)r>o from Definition 11 by the branching
process (Zy) of Definition 12.

Proof of Lemma 2. We prove the desired stochastic domination by induction over €. The
base case, Zg = V|, is by construction. Now fix £ > 1 and suppose by way of induction
that the following stochastic domination holds:

(Ileleznj1{m_,._15,,1/2—5/2})j5z—1 <(Zj)j<e-1.

Thus there exists a monotone coupling of the sequence on the left-hand side, such
that it is below the sequence (Z;);<¢—1 in the natural element-wise ordering on the
sequence. Working on that coupling, it suffices for us to then show that on the intersection
e N {me_y < n'/27%/2}, for every m € {my_1 + 1, ..., mg}, the distribution of the
children of v,, is stochastically below the progeny distribution of Definition 12.

Observe, first of all, that for every m € {my_; + 1, ...,mg}, on & N {my_; <
n'/278/2}  deterministically the number of children of v,, is bounded by

V(A \ Ao < IV(T)Imey < VT Y VI IVTDL Y Z),

j=<t—1 j<t—1

where the last inequality is by the inductive hypothesis, and the fact that &} N {my_; <
n!/2=%/2} implies & N {m;_; < n'/27%/2) forall j < £.

Now, for every set of revealed edges (A;);<m—1, define the following events on
Fm—1 consisting of (ka, ;)i<m—1, edge-values (OA,’KAIY,)lfm_l, uniform random vari-
ables ((Ue,s)eeAl,sft)lfm—l:

(1) Let I'iggg ,, be the event that B (v,) N A1 =@ and A, = Ay \ Ay is a tree.
(2) Let Iypp  be the event that k4, ; > d" Tyypy/(24n0)

We first claim that these two events each happen with probability 1 — %n_ 172 "uniformly

over (Aj);<m—1 and elements of F,,_ such that E‘Ef holds and my_; < n'/279/2_ Given
U, the law of A,, is independent of F,,_1, and only depends on A,,_;. (This can be
seen from the explicit construction of the law of F,,_; in Lemma 5 as independent of
E(G) \ An_1.) Notice that if my_; < n'/27%/2 and | Ag| < n'/?>7% then |V(A,_1)| <
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(1+|V(T,))n'/>7%/2_ As such, by Lemma 4, for every Ag, Vo such that | Ag| < n'/>79,

sup 1 Per (Mg | Am—1: Fin—1)
At Fu €™ nfme_y <n %)
< sup sup Peat (B (vp) N A1 # 0 or B! (vy) is not a tree | A1)
A1 Um

)
V(Ap-D=2IV(T)In2" 2

1 6
2Ad"(\V (Ap_D] +d") 104242 n272
sup < 1 T
2

App_1: n—(V(A,—Dl+d") — n—5Ad"n2"

IA

1_3
V(-Amfl)54Adrn 272

Thus, for n large enough and r = o(log n), the above is at most %n_l/ 2 as desired.
We next turn to the probability of I” UPD N Igee.m - Recall from item (2) of Lemma 5

that conditionally on F,,_1, the distribution of « At 18

. 2[Anl
KAyt ™~ Bin (t — Z KA ts W)
I<m—1

Since we are on the event €, and thus ¢!, we have that D t<m_1 KA < 4m|E(T,)|t/
(An), from which we deduce, using m < my < |V (Z;)|me_; < |V(Z;)|n'/>7%/2 that
the number of trials in the binomial is at least

(1= 16Ad¥ n=273) > 1/2,

as long as r = o(logn). Since we are on the event Iy . We have d” < |Aj| <
|E(7;)| < 2Ad", and we see from lower tail estimates on binomial random variables
that

Sup P(FIEPD m N FTREE,m | Am—1, ]:m—l)
(.Amfl,.7:;”71)66;"_”7{“‘15,1§n1/2*5/2}
1 _
< P(Bin(Tyypn/2, 2d" /(An)) < d” Tyupa/(2AN)) < " 12,

as long as Cy in (4.3) is sufficiently large (depending on r, A).

By item (2) of Lemma 5, conditionally on any (A;);<m—1 and Fm—1,and any A, €
Iigeg.m and k4, € Iypp . the conditional distribution of X ... (Am) 1s equivalent
(up to relabeling of edges) to that of k4, , updates of a heat-bath chain (Ysl)s on a
subtree ’f} of the complete tree 7, with (1, ))-wired boundary conditions, initialized
from Y = 1. Notice that the equivalent sub-tree f} consists of some k < d of the children
of the root, together with their complete sub-trees. In particular, the random-cluster
model on A,, with wired boundary conditions is stochastically below the FK model on
the corresponding subset of 7, with its (1, (9) boundary conditions. In particular, the
number of leaves in the FK cluster of the root under 7" i

r

same quantity under ]TT 1O It therefore suffices for us to show that as long as A, is a
tree disjoint from A, | and k4, s > d" Tyyra/(24An), we have

is stochastically below the

B2 € ) = mip Py = 307

KAm .t TV — 3
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This follows as long as Cy is sufficiently large (depending on A), from the fact that

d" Tyiry - Cod" Cod”

1 . 7;-, 1, _—1 . ,j;s 11 )
2an = 2AlET) 08" T (L ON = Sy togn - hax(Zr (1, O))

and |E(7;)| < 2Ad", together with the sub-multiplicativity of total-variation
distance. O

4.4. Sub-criticality and tail bounds for the dominating branching process. We now
analyze the process (Zy) of Definition 12, and show that it indeed is sub-critical, and
satisfies good tails on its total population. For ease of notation, let Py = >, Z; be
the total population after k generations.

Proof of Lemma 3. Since (Zy) is a size-dependent, non-Markov process, we cannot
directly use results on branching processes to control its growth. Instead, to control
the population of the process (Zy), we compare it to a sum of branching processes in
the following manner. Consider the stopping generation «; for exceeding population
KoZo+ A, ie.,

k) = inf{k : P > KoZo + A}

Our aim is to control the probability that k; < oo. Let I’/ x be the event that no more
than M of the progeny counts ((x; ¢)i<z,)e<k—1 Were Bad. By (4.6), we get

¢ . 1 M
P(Iyy ) <P(Bin(KoZo+A,n"2) > M) <exp (M — ju — M log 7)

where u is the mean of the Binomial, i.e., u = (K0Z0+)L)n’% . Aslong as n is sufficiently
large and Zp, A < n%_‘s for § > 0, so that u < 2K0n_5, this implies for some C > 0,

P(Iy; ) < CeMn=M,

Next consider the event that x < oo on the event Ijs . On 'y x, we dominate the
population Py by the following sum of sub-critical branching processes with bounded
progeny distributions.

Define (Z,El))k to be the branching process initialized at Zél) = Z( with progeny

( )Zi(}{)), distributed i.i.d. from the distribution of the number of leaves connected to the

1,0)
T

root, in a sample from , 1.e., the distribution of (; x) conditionally on the progeny

number not being Bad. Let N,S) = Zéfk Z,El). Foreach 1 < j < M, iteratively let
V4 ,EJ ) be an independent branching process with the same progeny distribution, initialized
from Z§ = |V(T)|PY ™", where we recall |V (T;)| < 2Ad".

The following stochastic domination is clear by construction if we decompose the
process (Zy) revealed in a breadth-first manner, into its excursions between the at most
M times (on the event I x) when the progeny number y; » was Bad.

Claim. Fix any k > 1. We have the stochastic domination

Plilui < Y P
j<M
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With this domination in hand, notice that in order for « < oo while I'ys , holds, there
must exist some k < KoZo + A such that Iy i holds and Pr > K¢Zg + A. Therefore, by
a union bound,

]P’<Poo > KoZop+ A, FM,/() < Z P<Pk > KoZop+ A, FM,k)
k<KyZo+r

< (KoZo+ P Y PL = KoZo+1).
j=h

We claim that if ) j<M 75(%) > KoZy + A holds, there must exist j < M for which
7§ < KoZo + ., and

o Kos1/M . L
PY > |V(7’,)|’1<ﬁ0> Z9 4 K M) =t Coam KM ZY + Ky M),

Indeed, if no such j existed, as long as K is sufficiently large, we could bound
>j<m Pel by

3 Cramky™Z +3) < M[ﬁozg” KM+t ﬁo)] < KoZo + .
j<M

Now fix any j < M, any Z(()j ) and consider the branching process Z,Ej ). This is
a branching process with progeny distribution having mean m = A(pd)" for some
A(p, q) per Lemma 7. Since p < d~' when p < pu(q, A), as long as r is greater

than some ro(p, g, A), for n sufficiently large we have m < 1, and Z,Ej ) is sub-critical.
Additionally, the progeny distribution of Z,Ej ) is almost surely bounded by |07;| <
Ad"'. As such, using the standard breadth-first exploration of the total population
of the branching process Z,Ej ) (through which 75151 ) is expressed as the random walk

Z(()]) + Yk ZigZ,ﬁ” ()zl.(j() — 1)), we can bound

PP = NO) B X 5> N - 29)
i<NY

for N :=CramKy™MZ + Ky M2,

where y; are i.i.d. copies of )Zl(;() Now observe that if Ko(p, g, A, M) is sufficiently

large, the right-hand in the probability above exceeds the mean mN )(Lj ) by some cN. )(Lj )
forc = c(p,q, A, M, Kop) > 0. As this is a tail probability for a sum of i.i.d. random
variables, by Hoeffding’s inequality, it is at most

exp (= (N2 /@ND d?)) < exp(—c' N,
for some ¢/(r, A, M) > 0. Taking a union bound over the M possible values of j < M,
we altogether find

2 P(Pk = KoZo+ 4, FM,k) < (KoZo+Mexp (—N).
k<KoZo+x
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It follows from this, and the definition of N )Ej ), that for some C(p, g, A, M, Ky) large
enough,

Pk <00) <P 0+ > P(Puz KoZo+2 Nux) < Cn =M
k<KoZo+r

+Cexp(— (Zo+k)/C),

concluding the proof. O

4.5. Proof of exponential tail on cluster sizes and shattering. We are now in position
to conclude the proof of the exponential tail bound on clusters of X lg ,» and use that to

deduce that X ]g is (K, R)-Sparse, except with probability o(n~2). We begin by using
Lemmas 2-3 to prove the following tail bound on the sequence (V), which are the roots
of the balls revealed through the revealing process of Definition 11.

Lemma 6. Fix § > 0 and consider the revealing procedure for any initial subsets

Ao and Vy having |Aol, Vol < n3=8. For every M > 1, there exist C(p,q, A, M),
Ko(p,q, A, M) and Co(p,q, A, 8, M) r(p,q, A) in the definition of Tyypy in (4.3)

such that for all t > Tyypy and all 0 < A < n%_‘s,

P> il = Kolol +2) = Cexp(—2/C) + Cn—M,
0<k<ky

Proof. Fix K large to be chosen later, and define the following stopping generation
¢ =inf{l : my_1 > Ko|Vo| + A}

Recall &, from (4.4). Since forevery £ < ¢, we have from Lemma 2, that (|V¢ [1{&;}) j<¢ <
(Z;) j<e, we have that if Cy in (4.3) is sufficiently large, the probability of {¢ < oo} is
bounded by the probability of Poo = D ;-9 Zk > KoZo + A. By Lemma 2, we obtain

(D" il = Kool +2) = P(sz > KoZo+ 1) +P(&).

k<kg

Lemma 3 implies the existence of r(p, g, A) such that the first-term above is at most
Ciexp(—r/Cy) + Cin~*M for some C1(p, g, A, M).

Next, consider P(&{). By a union bound and item (1) of Lemma 5, with the trivial
observations that my, < n and |A,| < |E(7,)| < 2Ad" necessarily, we get for every
t Z TBURN’

P(€;) < nP( Bin (1 2“1(3;”) > 4|EA(Z’)|t).

The above entails a deviation of at least 4¢d"n~—! from its mean; as such, by standard
tail estimates for binomials, for every ¢ > Tyr»

P(€°) < nexp(—td'n™"), (4.8)

which is at most n=*M for n large, as long as Cy in (4.3) is sufficiently large (depending
on § M). The desired bound then follows up to a change of the constant C. 0O
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Before proceeding to prove Proposition 2, let us translate the tail bound of Lemma 6

on ) , |Vl to a tail bound on the FK cluster of a single vertex under X (1; , and 7g.

Notice that towards the proofs of Theorem 4 and Proposition 2, it suffices to show
these for t > Tyry for some fixed choices of Co, r in (4.3) depending on p, g, A (as
tarx (Zr, (1, ©)) is of course independent of n).

Proof of Theorem 4. Fixanyv € {1, ..., n},let Ag = YandletVy = {v}in Definition 11.
By Observation 6, for each G ~ P¢y, the cluster of v in the configuration X ]g e denoted

CU(Xng) is a subset of Cy (@), which in turn is a subset of V (Au,), so that
Co(X )| < [Co(@)] < V(T D Wkl <24d" Y Vil
k<kg k<kgy

By Lemma 6 and the above, we find that for each M, there exists C(p, g, A, M) such
that

P((G. X§ ) : ICo(X§ )| = 24d" (14 1)) < Cexp(—1/C) +Cn~*M.

Observing that P(Xé; €)= ECM[P(X(IJ ., € )], we can use Markov’s inequality to
write

PCM<Q : P(Xlg’t : ICU(XIQJ)I > 2Ad"(1 +A)) > /Ce—/C +Cn5M)

</ Ce*C 4 Cn—M,

We can obtain the same bound for Pygrg by (4.2), up to a multiplicative c¢(A)~! on the
right-hand side. Taking M such that §M > 2K and using the fact that va + b < /a++/b
for all a,b > 0, we deduce the desired tail bound on |C, (X lg )| up to the change of
constant C to 2C. Using the monotonicity X lg .7 né implies the analogous bound for
|Cy(w)| where w ~ mg. O

We now turn to proving that for typical random graphs, the configuration X é .18

(K, R)-Sparse with high probability for all ¢ > Ty py. This allows us to localize to
treelike balls with sparse boundary conditions. Let us define the following subset of the
boundary of a set H, which we will apply with the choice H = Bg(v).

Definition 13. For a subgraph H = (V(H), E(H)) of G and a configuration @ on
E(G), let us define Uy (w) as the subset of vertices in V (H) in non-trivial components
in the boundary condition induced on H by w(E(G) \ E(H)) (a connected component
is non-trivial when it has at least two vertices).

We first prove the following proposition, giving a tail bound on U, ) (X é ,); after
proving this proposition, we straightforwardly use it to conclude (K, R)-sparsity of X é P
i.e., Theorem 5.

Proposition 2. Let p, g, A be such that p < p,(q, A). Fix § > 0 and let R = (% -

8)log, n. There exists K (p, q, A, 8) such that if G ~ Pcy, with probability 1 — O (n~2),
G is such that for all t > Tyrn

sup P(X(, ¢ 1Bpp) (X5 )l > K) < 0(n™?).
veV(9)
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Proof of Proposition 2. Fixv € {1,...,n}and § > 0,and let R = (% — 6)log, n.

We apply the revealing procedure of Definition 11 with the choices Ay = E(Bg(v))
and Vy = 0Br(v). Recall from Observation 6 that the FK-clusters of V) induced by
i (E(G) \ Ap) (w; was extended to be all wired off of Amkm \ Ap) are confined to the
set -Amk(,, \ Ay, and the extended configuration @, satisfies @, > X é ;- Thus, the sets
U pr(v) (@) and in turn Y g, ) (X ]g ,)» are below the number of vertices in V) that share
a connected component of Amk(,, \ Ao with another vertex of 1.

Suppose that through the revealing process of Definition 11, for each m, the edges of
B2 (vy,) are revealed one at a time per Definition 6. Notice then, that | U/, ) (A, \
Ap)| is bounded by the number of times through the revealing of Amkﬂ , that a half-edge
is matched up to a half-edge belonging to a vertex that has been discovered at that point.
Throughout this process, conditionally on an exposed edge-set .4 (and the edge-update
sequence, and uniform random variables given by the filtration up to that step of the
revealing, but E£(G) \ A is independent of these), the law of the next half-edge to be
matched is uniform amongst un-matched half-edges. Thus on any such edge-revealing,

uniformly on the history of the revealing, the probability that it matches with a half-edge
IV (Am )l
. . . ’
belonging to a discovered vertex is at most r

By a union bound, we obtain for A a sufficiently large constant (depending on
p,q,A,r),forallk > 1,

P((G. @0 : 1By gXG )l = k) < P(IV(Amy )l > 421) +P(Bin (42, %) > k)

SP(}ZI;@WH = A|V0|> +]P’(Bin <A2|VO\, @) - k).

By Lemma 6 and the fact that A|Vy| < n3=5 forn large, as long as A is large enough,

. . 1_
the first term is at most n=>. Using the fact that [Vy| < n2 ‘3, we see that the mean of

the binomial is at most n3%/2, so that by (4.6), for every fixed k > 1,
P((G. X5, 1B (X )| > k) = n=24, (4.9)

for n large enough. Choosing k = K sufficiently large (depending on §), we can make
the right-hand side at most n~*. We deduce the proposition by using Markov’s inequality
to write

Pou(9 1 PXG, B (XG, )1 = K) > n72)
< Bl P(X§, : [Bpe) (X5 ) = K],
and noticing that the expectation on the right equals the probability bounded in (4.9).

Proof of Theorem 5. First of all, a union bound of Proposition 2 over v € {1, ..., n},
with Pcy-probability 1 — O(n~Y), G is such that

P<Xé’,r s U A0 (X )1 > K}) <n L
veV(G)



1270 A. Blanca, R. Gheissari

We now translate this to a bound under Pggg. Taking

r={g:P(x4,: U 18505l > K1) =]
veV(G)

in (4.2), we deduce that Pepg(I") < ¢ 'Pey(I%) < ¢ 'n~! for some c(A) > 0, as
needed.

5. Sharp Rates of Correlation Decay in Trees and Treelike Graphs

In this section we establish the precise exponential decay rate of influence from an
O (1)-Sparse boundary condition on the root of an O (1)-Treelike ball. We recall from
Section 3, that getting the right decay rate, (as opposed to e.g., using the decay rate of
connectivity from the root to the boundary) is central to pushing our argument through
for all p < p,. In particular, the decay rate of influence will be inherited from twice the
exponential decay rate of the wired tree.

Recall that the uniqueness point p, (g, A) is defined by a transition on the wired
A-regular tree, where the measure n%q transitions between exponentially small (in &)
probability of a root-to-leaf connection, to giving this event uniformly positive proba-
bility. A recursion for this connectivity probability was calculated in [5, Lemma 33]. A
careful examination of this recursion will yield the following identification of the rate
of the exponential decay with p of (2.2).

Lemma 7. Let p < p,(q, A). There exists C(p, q, A) such that for every h and every
leafu € 97y,

79 u e Cplw) < CH".

In particular, the probability of the root being connected to 7Ty, in w is at most C (pd)".

In Section 5.1, we establish Lemma 7. In Section 5.2, we show that influence in
the random-cluster model travels through the existence of two distinct connections;
thus on Treelike graphs, influence has twice the exponential decay rate of root-to-leaf
connectivities on the wired tree. This will yield Proposition 1.

5.1. Exponential decay rate in the wired A-regular tree. Because of its recursive struc-
ture, connectivity properties of the random-cluster measure on the wired tree can be
analyzed sharply. In this section, we pursue this and show that in the uniqueness regime
of p < pu. the probability of a connection from the root to a leaf at depth / is O (p™), as
one would have for the free tree (corresponding to i.i.d. Ber(p) percolation on 7). We
first show that the probability of a root-to-boundary connection decays exponentially in
h.

Let 7}, be the complete A-regular tree of height /4 rooted at p. The wired “1" boundary
conditions on 7, are those that wire all leaves of 7, (all vertices in 97}). Define the
probability

on = ng, (@ Cpw) N T, # 0),
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that the root is connected to a leaf of 7;,. Using the recursive structure of the tree, it was
shown in [5, Lemma 33] that if we define p := g + 1 — p, for every h, we have

(+p( = bx) (- Lx)?
(+p(1 = H)"+ (g = D (n — Lx)

Oh+l = f(gph)v Where f(x) = d’ (51)

and for every p < p,(q, A), this satisfies limy,_,» ¢ = 0. The following lemma
establishes that this convergence is exponentially fast.

Lemma 8. Let p < p,(q, A). We havelimy,_, o (p(ZZ' = pd. Moreover, g, < (pd)+oM.

Proof. Consider the recursion of (5.1) for ¢j,. Since limy— o0 @ = 0, if limy— ¢ %

exists, we would have

d d
N S TR ) R (n+p(l— %)x) — (- Lx)

1m = lim = lim y 7 (5.2)
h—oo @p x—0 X x—0 x(,u +p(— %)x) +x(qg — 1)(“ — gx)

Since both the numerator and denominator of (5.2) are differentiable and have limit 0
as x — 0, using L’Hopital’s rule we get

im L) 3x[(u +p(1 — 5))6)‘1 —(n - §X)d]

li = lim . d

=0 X =0g (u p1 = )T x(g = D - 2x)’]
dp(1 — Dpd=t+d2pd=t g dp is

nd + (g — Hpd gn  p+q(l—p)

Recall that for every 0 < p < p,, we have 0 < dp < 1. Thus, there exists a sequence
{en} such that limy,_, o €5 = 0 and for every A,

h
Ph @2 .

on=p1- ——...— =g - [[(pd +&).
Ph—1 Y1 o

Expanding this out, we deduce

on = @1 (pd) exp (

S h
Zln <1 + ;)) < @1 (pd)" exp ((ﬁd)—l Zgi) — (payrroh,

i=2 i=2
as desired. O

Our aim is to now prove Lemma 7, bounding connectivities of the root to a single
leaf.

Proof of Lemma 7. To prove Lemma 7, we write a recursion for the root-to-leaf con-
nection probability. Let ¢, be the probability under an} that the root is connected to

the left-most leaf of depth 4. Let 1‘}2D be the probability of the same event, under n% 0)

where we recall that the (1, (9) boundary conditions additionally wire the leaves of 7, to
the root. By monotonicity we have 9, < 19}? and by Lemma 10, we have 19,? < ¢
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Let (/;); <4 be the indicator function of the event that there is a root-to-boundary path
going through the i-th child of the root; set I = Z?:z I;. Then, we can write

s prh (= 1) 90+ POt < 0t [pa® w2 D+ 5]

where in the first inequality we used the fact that in order for the root to be connected to
the left-most leaf, it is required that the root is connected to its left-most child wi, and
that w; is connected to the left-most leaf of its sub-tree. The former event occurs with
probability p or p, depending on whether or not the root is connected to 37;, through
any child besides w;.

By monotonicity, for every i = 2, ..., A, the law of [; under n%h is below its law

under n(l :O)

and the same holds for /. Since, by Lemma 10 a single external wiring
may dlstort the distribution by at most a ¢ factor, we get 71(1 O (I; = 1) < pg*ey for

all i. Hence, under n LO) , I is stochastically below Q, where 0 ~ Bin(d, pg*ep). A
union bound and Lemma 8 then imply

w0 = 1) <PQ = 1) <dpg’(p)' " < C(pa)!' =",

for all i; note that € can be chosen as small as needed provided the constant C(p, g, A, €)
is large enough. Thus, setting a = Cpg?p~! we obtain

h
On < pOn—1 [1 +a(ﬁd)(1_‘9)h] < ph 1—[ [1 +a(ﬁd)(l_8)i] ’
i=1

by continuing the recursion. Now, observe that since pd < 1 when p < p,,

h h
l_[ [1 +a(13d)(1_8)i] = exp |:Z log (1 +a(ﬁd)(1_8)i):| < exp [a Z(ﬁd)(l_g)"i|
' i=l i=1

i=1
_ a
exp| ———|-
=P Gay=
Combining the above two bounds, there exists an absolute constant A = A(p, g, A)
such that for every & we have 9, < Ap” and thus 19,9 < Ag?p". The first inequality

in the lemma follows by noticing that all the leaves in 7;, are equivalent, and the second
follows from a union bound over the Ad"~!. O

5.2. Exponential decay rate in (L, R)-Treelike graphs. Let G = (V, E) be an (L, R)-
Treelike graph. For v € V, let B := Bg(v) denote the ball of radius R around the vertex
v. Recall that we use NV, C E for the set of edges incident to v. Foreach 1 < ¢ < R, let
Q¢={u€eB:du,v)>1t}.

For a boundary condition £ on 9B, recall the set Up ¢ of vertices in non-trivial
boundary components of & from Definition 13. For any u € B such thatd(u, v) = ¢, let

u L U ¢ denote the event that u is connected to U ¢ by a path of open edges fully
contained in Qy: i.e.,

(<5 Vo) 1= {0 : Cul@(Q) N Vpe # B).
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Define the event
Te e — E(B) . ) _ O
B.e = {w € {0,1} H{ueB:du,v) =4, u<~— Upe}| >2foralll < ¢ < R}.

Notice that T’ ¢ is an increasing event. We claim that g ¢ controls the propagation of
influence from 0 B.

Lemma 9. Fix a graph G = (V, E), a vertex v € V and consider the ball Br(v); let
& > 1 denote two boundary conditions on dBr(v) = {w € Br(v) : d(v,w) = R}.
Then,

||7T§R(v)(w(Nv) €)— HI;R(U)(CU(NU) € Iy = an(v)(TBR(v),f)'

Proof of Lemma 9. For ease of notation let B := Br(v), T¢ = V¢ and Vg = Vp¢.

We construct a monotone coupling P of w5 ~ ng and o' ~ mp. The coupling P

reveals the configurations @ ~ 7% and wf ~ 7 on B one edge at a time using i.i.d.
uniform random variables U, € [0, 1] for each ¢ € E(B). The same U, is used to
reveal the values w? (¢) and w? (e) from the corresponding conditional measures. The
order in which the uniform variables are revealed is irrelevant and can be adaptive; this
will allow us to reveal the boundary components. (For more details on the process of
revealing random-cluster components under the monotone coupling, see below, as well
ase.g., [6,8].)

We construct an adaptive revealing scheme that ensures that on the event TEC for the

top sample w®, the samples w® and w” agree on N,. This implies the desired result as
one would then have by the definition of total-variation distance,

175 (@) € ) — TE(@WN) € Yy < P(@f (V) # o' (M) < 75 (Te).

We construct P with the following iterative scheme which proceeds level-by-level from
the leaves of B. Recall that for each £ > 1, welet Qy = {u € B : d(u,v) > £} and
E(Qy) is the set of edges with both endpoints in Q,. At any time in the revealment
process, we say that a vertex u € Q is unsaturated in Qy if there exists w € Qg such
that the edge-values (w® (uw), " (uw)) have not been revealed. Let (Ue)ecEp) be a
family of i.i.d. uniform random variables on [0, 1] and reveal the configuration of as
follows:

Definition 14. Initialize V: = U¢ and & = ¢;
fori =1,2,...,Rdo
while Ju € Vs such that u is unsaturated in Qg—_;
for each vertex w € Qr_; : uw € E(Qp—;)

(1) Reveal of (uw) from ng (- | w(&)) using Uy, i.e., set

a)s(uw) _ 1 ifnf;(a)(uw) =1|w&)) > Uy
0 else

(2) Add the edge uw to the set &;
(3) If ® (uw) = 1, add the vertex w to Vg;
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ANV AN AN DA

Fig. 4. Top: The ball B (v) for R = 5, with a K-sparse boundary condition 7 for K = 4 (left), and the free
boundary condition £ = 0 (right). Bottom: The configurations revealed by the procedure of Definition 14,

showing C:g (@) (red, left) along with its outer edge boundary in Qi (light blue), revealing the dotted line
(depth i() to be the largest i for which the set V; is a singleton. The vertices that would have been exposed

for larger values of i are colored in different colors. The coupled edge configuration «° (Cflo] (w")) is depicted
on the right (open edges in red, closed edges in blue). The exposed configurations on Cfg (»") induce free

boundary conditions on E(B) \ C_fIO] (w¥)

Note that we can use the same family (U.).cg(p) in this process to generate coupled
samples of wf and w?. Notice that this coupling is monotone, so that because § > 7,
w® > " almost surely. Let Coy () denote the set of open edges revealed up to the

i-th iteration of the procedure; we observe that Cfn (%) is not necessarily equal to the

intersection of Coy(wf) with E(Qg—_;), but it is a subset of Cqy (@) N E(Qg—_;). Refer
to Figure 4 for a depiction of the above revealing procedure.

Through this revealing process, we see that w5 is open on the edges in the random set

fn(wé) and free on the edges in its outer (edge) boundary in Qg_;. Let C% (%) be the

union C% (a)s) with its outer (edge) boundary in Q g_;, and note that this corresponds to
the state of & after the i’th iteration. The random set Cfn (w?®) is measurable with respect
to the uniform random variables assigned to edges of (f%(a)g ).

For each Cim (), let Vi (wf) be the vertices in Cim (%) at distance exactly R —i from
v. Then,

Vif) € Cy(@®) N{w : d(w, v) = R — i}.

On T3, there must be some i for which ICy (@) N{w : d(w,v) = R —i}| <1, and
therefore |V (w®)| < 1. Let ig be the first i for which [V (wf)| < 1, and for ease of
notation set Vo = V0 (wf), (fsn,o = (f,’;{’](a)é) and set (fgw = E(B)\ C_m,0~ Notice the
inclusion

Cog (@) C Ci ("),
and from that deduce that i( is measurable with respect to the uniform random variables
assigned to edges of C_fl‘}(wg ). By the domain Markov property (see e.g., [31]), condi-
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tionally on b (C_sn,o), the configuration ot (C_%,o) (respectively, w® (C_%,o)) is distributed
according to the random-cluster distribution on é‘CD,O with boundary conditions induced
by & and wf (C_m,o), respectively T and o’ (C_m,o)-

To conclude the proof, it suffices to see that because |Vy| < 1, both ot (ém,o) and
w’ (C_m,o) induce the free boundary conditions on é‘CB,O' In that case w® and @’ would
agree on C_%,o and in particular on A,. By monotonicity, it suffices for us to show that
the boundary conditions induced by & and ot (C_'Q]’o) on (i%’o are free. Since the wirings
of & are only on vertices of Uz C C_m,o, the only way for the boundary conditions on
C%,o to be not free is if multiple vertices on its boundary are incident to open edges of
4 (C_m,o)- By construction, the only vertices in (fqy,o which can be incident to an open
edge of w® (Cy.o) must be at distance exactly R — iy from v. By the assumption that

[Vo| < 1, there can be at most one such vertex, and therefore there are no non-trivial
(i.e., non-singleton) boundary components induced on Cg; , by the boundary condition

(&, ot (C_sz;,o)), implying the desired conclusion. |

Proof of Proposition 1. With Lemma 9 in hand, it suffices for us to prove the following:
there exists C(p, g, K, L) > Osuchthatif G = (V, E) isan (L, R)-Treelike graph and
& is a K-Sparse boundary condition for the L-Treelike ball B := Bg(v) about some
v € V, we have

75(Tpz) < CH~. (5.3)

Let H C E(B) be a set of at most L edges such that the subgraph (V, E(B) \ H) is
a tree; the existence of such a set is guaranteed by the fact that Bg (v) is L-Treelike. Let
Z ={dj, ..., di} be the subset of distances (from v) which H intersects, i.e., Z = {1 <
{ < R:3we V(H):dw,v) = £}. See Figure 5 for a depiction. Observe that each
edge of H intersects either one or two consecutive depths in Z. Since B Is L-Treelike,
we clearly have | Z| < 2L. Letting dy = 0 and dg4+1 = R, fori =0, ..., k we define:

Fi={ueB:d <du,v) <d}.

For each 0 < i < k, the graph F; = (F;, E(F;)) is a forest. For each 7, let 7;; =
(7ij, E(T;j)) for j =0, 1, ... denote the distinct connected components (subtrees) of
Fi sothat F; = >0 7;;. (For some i, this may be empty, and for other #, this may be
a single vertex.)

Now, in order for 75 ¢ to hold, it must be the case that in each F;, every depth £ is
intersected by at least two sites in the FK cluster of U ¢ in Q. Specifically, for each i,
at distance d; + 1 from v there must be at least two distinct vertices connected to U g ¢
with paths in Q4. +1. Thus, for each i there must exist two open monotone paths (each
intersecting each height in 7; at exactly one vertex), y; C E(7;;) and )/i’ C E(7;jr) with
Jj # J' such that y; (resp., /) connects the root of 7;; (resp., Z;;/) to one of its leaves.
If there are multiple such paths, choose according to some predetermined ordering, and
call the sequences of paths I' = yp,..., ¥ and I = y;, ..., ¥,. See Figure 6 for a
depiction.

We enumerate over the choices of such sequences of paths and then show that for
any two fixed sequences of paths, the probability that they are both open is bounded by
C ﬁZR for some C(p, q, A, K, L). (We say that a sequence of paths is open if all of its
paths are.)
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—— T e B
> 1 T > 1 |

Fig. 5. Left: An L-Treelike ball with K -Sparse boundary conditions is depicted for L = K = 6: the L edges
that need to be removed to leave a tree are indicated in blue. Right: We modify the boundary conditions to
be all wired (the wired component is depicted in purple) at or one away from heights in Z (marked by red
dashes)

In order to enumerate over the choices of sequences of paths, for each monotone path
¥, let x; be its bottom endpoint, and define x; for y/ similarly. Since & is K-Sparse,
there are evidently at most K many choices of xo, and K choices of x. Now observe
that since y; is a monotone path on a tree, for each 7, the bottom endpoint x; determines
the entire path y;. Since these paths form parts of the connections to Up ¢ the sequence
of paths can be required to have endpoints at depths d;+; — 1 that are either an ancestor
of xg, or an ancestor of V (H) . Here, at each height & ¢ Z an ancestor of a vertex u at
height % is a vertex along the geodesic from v to u. We make the following observation.

Claim. If Bg(v) is L-Treelike, if u is such that d (u, v) = h, for every A’ < h, u has at
most 2° many ancestors at height /’.

Indeed, except along the edges in H, every vertex has a unique parent which is
an ancestor of that vertex at one smaller depth. Thus, the geodesics of B are uniquely
determined by their endpoints together, possibly, with a subset of edges of H traversed
along the geodesic, yielding the at most 2 available choices.

Returning to the enumeration over I', I', the heights of the endpoints x;, xlf are
predetermined by i, and therefore, having chosen xy, x(’) for each i, there are at most 2L
many choices of bottom end-point x;, and likewise of xlf , and therefore at most 2L - 2L
many choices of y; and y;.

Hence, a union bound implies

75 (Ype) < K2Q2L)YH 21 sup 75 (I UTY) = 1). (5.4)
r.r

Now fix any two such sequences of paths I, I'’, and consider the probability that
(I UT") = 1. Observe that I" and I'’ are vertex-disjoint by construction. Our aim is
to make the events that I” and I"’ are open in w independent. For this, let p; be the set
of roots of the trees in F;. We introduce auxiliary wirings (as shown in Figures 5-6) for
k+1 |d — d;| < 1}. Call the resulting distribution 77 5;

.....

by monotonicity,
ng(a)(l“ Ury=1 <aglw(@ Ury=1. (5.5)

The distribution 77 is a product measure over the 7;;’s with boundary condition (1, ©)
in each 7;; (recall that this boundary condition wires all leaves 97;; together with the
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Fig. 6. Left: Two disjoint components (red) of the vertices in Up ¢, together intersect every depth in the ball
and satisfy the event T ¢. Right: The two components contain corresponding sequences of open leaf-to-root
paths (red) in independent wired subtrees (shaded, orange) whose endpoints are amongst the ancestors of
vertices of H or Up ¢

root of 7;;). Hence, since I" and I"” are such that, for each i > 0, y; and y/ belong to
distinct subtrees 7;,, 7; ! of the forest F;, and we have

k k
= N — _ (LO) ., (1L,O) /.,
@ ur) =1 =[]zz "0 [ =77 0).
i=0 i=0 !
Let h; = d;4+1 — d; be the height of the trees in F;. We deduce from Lemma 7 that
there exists a constant A(p, g, A) > 0 such that uniformly over I, '/,

k
AT UT) =1) < A2 Hﬁzh,- < A2L132(R—4L).
i=0
Plugging this bound into (5.4)—(5.5), we obtain
75(Tpe) < K2(QL)Q2Mp~* 4%k pR,
from which the required (5.3) follows. O

Remark 4. A matching lower bound of §2(p>R) for the decay rate in Proposition 1 is
easy to construct by e.g., taking the K-Sparse boundary conditions & that wires two
leaves wy, wy on distinct sub-trees of v, and the free boundary conditions &’ = 0 on 7.
The event that the root is connected to wy and its corresponding child is connected to w»
has probability at least C p>R by Lemma 7 and the FKG inequality (see e.g., [31]). On
this event, the probability that the edge incident v down towards w> is open is p under
the boundary condition & and p under &’ = 0.

6. Proof of Fast Mixing

In this section, we combine the results of Sections 4-5 to conclude the proof of Theo-
rem 1. As indicated in Section 3, the analysis of Sections 4-5 reduce the mixing time of
the FK-dynamics on a random graph to understanding the convergence to equilibrium

on O (1)-Treelike balls of volume O(n%_‘s) with O(1)-Sparse boundary conditions.
In Section 6.1, we recall the log-Sobolev inequality and comparison bounds for the
log-Sobolev constant under different boundary conditions. In Section 6.2, we bound
this log-Sobolev constant via straightforward comparison to a product chain. Then in
Section 6.3, we proceed to combine all of the above ingredients to deduce the proof of
Theorem 1 using the censoring inequalities of [46].
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6.1. Mixing time preliminaries. Let us recall some standard tools to help us bound the
rate of convergence to equilibrium of the FK-dynamics on treelike balls with sparse
boundary conditions.

6.1.1. Log-Sobolev inequalities Recall, for a Markov chain with transition matrix P,
the Dirichlet form

1
EF D=5 ) 7@P@)([f@~f@) (6.1)

w,0'€{0,1}E

for f : £2 — R. Then the log-Sobolev constant is given by

EL)

f2
£Ent, [ 210 Ent [ /2] ]

E-[f?]
(6.2)

a(P) = where  Ent; [f2] =E, [fz log

As such, a log-Sobolev inequality takes the form E(f, f) > y - Ent,[f?] for all f.
A log-Sobolev inequality is stronger than a mixing time bound, in the sense that it im-
plies exponential convergence with rate y in total-variation distance from the stationary
distribution. This is captured by the following standard fact (e.g., a proof in the discrete
time setting we consider follows immediately from Lemma 2.8 and Eq. (2.10) of [3]).

Fact 7. Consider an ergodic finite state Markov chain (X;);>0 with transition matrix P
reversible with respect to stationary measure w. If the chain has a log-Sobolev constant
o = a(P), then for every y < «,

. - 1 1/2
max |[P(X;° € ) — 7y <e 7 / <log —) .
x0€82 miny e w(x)

6.1.2. Boundary condition comparisons for the FK-dynamics The following formalizes
the notion that sparse boundary conditions are “close to free", and allows us to compare
the induced mixing time on balls with sparse boundary to those with free boundary.

Definition 15 (Definition 2.1 of [6]). For two boundary conditions (partitions) ¢ < ¢’,
define D(¢, ¢') := c(¢) — c(¢') where c(¢) is the number of components in ¢. For
two partitions ¢, ¢’ that are not comparable, let ¢” be the smallest partition such that

¢" > ¢ and ¢” > ¢’ and set D(¢, ¢') = c(¢) — c(@”) +c(@') — c(@").

Lemma 10 (Lemma 2.2 of [6]). Let G = (V, E) be an arbitrary graph, p € (0, 1) and
q > 0. Let ¢ and ¢’ be two partitions of V encoding two distinct external wirings on
the vertices of G. Let 7{2, 712 be the resulting random-cluster measures. Then, for all
FK configurations w € {0, 1}£, we have

g P78 () < 7l(w) < ¢*PPR ().

From Lemma 10, and the definition of the Dirichlet form, (6.1), we deduce the
following.

Corollary 8. Let G = (V, E) be an arbitrary graph, p € (0, 1) and g > 0. Consider
the FK-dynamics on G with boundary conditions ¢ and ¢’, and let &0, Equ denote
their Dirichlet forms, respectively. Then

g PCVE Ly (f 1) = Eo(f ) = q*P PP ey (f [, forall f:{0,1)F > R.
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Together with Corollary 8 and Lemma 10 again, this controls the change in both log-
Sobolev constant (6.2), and mixing time, under two boundary conditions with distance

D(¢, ¢".

6.2. Local mixing: fast mixing on treelike graphs with sparse boundary conditions. In
this section we establish a bound for the speed of convergence of the FK-dynamics on
L-Treelike balls with K-Sparse boundary conditions (see Definitions 1 and 4). Our
goal is to prove the following lemma.

Lemma 11. Suppose B (v) is L-Treelike. Let & be a K -Sparse boundary condition on
0BRr(v). For every p € (0, 1) and g > 0, the log-Sobolev constant of the FK-dynamics
on Bg(v) with boundary condition & is 2(|E(Br(v))|™") = 2(d ™).

Lemma 11 follows by comparing log-Sobolev on an L-Treelike ball with K -Sparse
boundary to a tree with K-Sparse boundary conditions, whose log-Sobolev constant
is bounded by comparison to a product chain. We first note the following bound on the
log-Sobolev constant on trees with sparse boundaries.

Corollary 2. There exists c(p, q) > 0 such that the following holds. For every rooted
(not necessarily complete) tree Th = (V(Th) E (Th)) of depth h and degree at most
A, and every K -Sparse boundary condition ¢ on Th, the log-Sobolev constant of the

A A -1
FK-dynamics on I, with boundary conditions ¢ is at least Cq6K |E(1p)]

Proof. Consider the FK-dynamics on j}l under the free boundary conditions. In this
case, the random-cluster measure is a Ber(p) product measure and thus the log-Sobolev

A -1
constant of the FK-dynamics is c|E(7,)| for some c(p, g) > 0; see, e.g., [17]. The
result then follows from Lemma 10 and Corollary 8. O

To move from mixing on an L-Treelike ball to mixing on a tree, the following fact
will be useful.

Fact 9. Let G be a subgraph of G’ such that V(G) = V(G') and E(G) C E(G’); let
H = E(G') \ E(G). Suppose ¢ is a boundary condition on G, G’ such that for every
e € H, the endpoints of e are wired in ¢. For every p € (0, 1) andq > 0, let Pg and P¢
be the transition matrices of the FK-dynamics on G and G', respectively, with boundary
conditions ¢, and let a(Pg) and a(Pg’) be their log-Sobolev constants. There exists a
constant c(p) > 0 such that

. |E(G)] clH|
a(Pg) = min  ——=——— - a(PG), 7 -
|E(G)] +|H| |E(G)| +|H]|
Proof. The FK-dynamics on G’ is a product Markov chain on {0, 1}£(®) x {0, 1}/

with stationary distribution ng, = n ® ]_[lH‘ v;, where (vj)1<i<|n| are independent
Ber(p) distributions over edges in H. The result then follows from the tensorization of
the log-Sobolev inequality (e.g., [47, Lemma 2.2.11]). O

We can now combine the above ingredients to deduce the bound of Lemma 11.

Proof of Lemma 11. Let B = Bg(v) and let H C E(B) be a set of at most L edges
such that (B, E(B) \ H) is a tree. Consider the tree 7g = (V(B), E(B) \ H) and let
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¢ be the boundary condition that includes all the connections from & and adds wirings
between w and w’ for every edge ww’ € H.

Corollary 2 implies that the log-Sobolev constant for the FK-dynamics on Tx with

boundary condition ¢ is at least cg® K+ |E (’ZA‘R)|_l for some c(p, g) > 0. We then
get from Fact 9 that the log-Sobolev constant for the FK-dynamics on B with boundary
condition ¢ is at least cg®**L) | E(B)| ~!. Lemma 10 and Corollary 8 then imply that the
log-Sobolev constant on B with boundary conditions £ is at least cg®¥*12L|E(B)|~!. 0O

6.3. Proof of Theorem 1: upper bound. Fix p < p,(q, A), let ¢ = 1 — pd (positive
when p < p,) and fix § > 0 small enough (depending on ¢, A) such that

26+ (1 —28)log,(1 —¢) <O,
in which case the following is polynomially decaying in n:

nﬁ(l—Z(S) logdn — nd(—1+25) logdn(l _ 8)(1—25)10gd n — n25(1 _ 8)(1—25) logdn_ (63)

LetR = (% —4) log, n and let K be a constant sufficiently large (depending on p, g, A)
that both Fact 3 and Theorem 5 hold for (K, R). For each ¢, let I'; be the set of A-regular
graphs on n vertices having

I, ={G: Gis (K, R)-Treelike} N {G : P(X}; , is (K, R)-Sparse) > 1 —n"?}.

By Fact 3 and Theorem 5, there exists Co(p, q, A) such that if T = Conlogn, then
Prra(I'7) < o(1). It suffices for us to prove that the mixing time of the FK-dynamics
onany G € I'r is O(nlogn).

Fix any G € I'7 and for every configuration w on E(G), let X{” = X¢ | be the FK-
dynamics chain on G initialized from X§ = . Couple the family of chains
((X)1>0) e {0, 1}E©) using the grand coupling as in Definition 8: recall that this is the
coupling that in each step picks the same random e € E(G) to update, and the same uni-
form random variable U, ; on [0, 1] to decide the next state on the edge e. As mentioned
earlier, this coupling is monotone when g > 1 so that for every ¢ > 0, if X < X ?’/,

then X7 | < X?il‘
It follows from the definition of #;x and monotonicity of the grand coupling (see
e.g., [40]), that it suffices for us to show that there exists C(p, g, A) such thatif T =

T +Cnlogn,

1
1 0
P(X; # X3) < 7
By a union bound over the n edge-neighborhoods NV, (edges of G incident v), this reduces
to showing

1
1 0 L
sup. P(XEON) # X30) = o (6.4)

Now fix any such v and consider the probability above. For ease of notation, let B, =
Br(v) and B, = E(G) \ B,. Introduce two new Markov chains Y,1 and Y,0 that are

coupled via the grand coupling to X tl, X ? except that they censor (ignore) all updates
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on edges of B after time T = Conlogn. The censoring inequality [46, Lemma 2.3]
implies the stochastic relations ¥,! = X! and Y? < X? for all # > 0 and thus

P(X} (V) # XY (V) < A sup P(X/ () # X2(e))

< Asup [P(Y!(e) =1) —P(¥ () = 1)1.

eeN,

Fix any e € N, and consider the difference in probabilities on the right-hand side. Let
Er be the event (measurable with respect to the first 7' steps of the Markov chain) that

the boundary conditions induced by X IT(Bg ) are K-Sparse. Observe that K-sparsity
of a boundary condition is a decreasing event, so that on 7, the boundary conditions
induced by X(%(Bf)) are also K-Sparse. As such, forall ¢ > T,

Pyl =1 —P ) = 1) < P(E5) + sup P(Yle)=11Y}(BH) =0 (6.5)

#0.¢'ef0,1)59
¢! is K—Sparse; ¢V <¢!

—P(r(e) = 1| Y2(BS) = ¢0).

Since G € I'r, and YT1 = XIT, the first term is at most n~2. Turning to the second term,
fix any two configurations ¢!, ¢° on B¢ such that ¢ < ¢! and ¢' (and therefore also
#°) induce K-Sparse boundary conditions on B,, and consider the difference

P(Y7,(e) = 1] Y}(BS) = ¢") —P(Y{, (&) = 1| Y{(BS) = ¢°)

< |P(Y7,,(e) = 1| Y7(BY) = ¢") —mg(w(e) =1 |w(B) =¢")|  (6.6)
+|mg(w(e) = 1 | w(BS) = ¢') — ng(w(e) = 1] w(BS) = ¢°)| (6.7)
+|P(YD, () = 1| YR(BY) = ¢") — ng(w(e) = 1 | w(BS) = ¢")|. (6.8)

Observe that ¥} ., (By) is distributed as a lazy FK-dynamics chain Z. on B, with bound-
ary conditions induced by ¢!, initialized from the random configuration Zé (By) =
Y. % (By): the laziness is in the choice that at each step, Z Sl makes an FK-dynamics update
on B, with probability |E(B,)|/|E(G)| and makes no update otherwise. The analogous

statement holds for Y? +s (By) with respect to some lazy chain Z?. The invariant measure

of Z! is easily seen to be
ey 4y ¢!
ng(w(By) € - |w(B) =¢") =mp .

and the analogous statement holds for Z°.

Now let 7 = T + § where § = Cn log n for a constant C to be chosen sufficiently
large depending on p, ¢, A. The expected number of updates in B, between time 7" and
T+Sis

8 n. [EBY > 2A7'C|E(By)|logn.

|E(9)|
Let C1(p, g, A, K) be a constant such that the £2(d~®) bound on the log-Sobolev con-
stant guaranteed by Lemma 11 (with the choice of L = K) is at least Cfld —R_For any

Co,if Cis sufficiently large, a Chernoff bound (namely (4.6) applied to Bin(S‘ , | E(By)|/
|E(G)|)) implies that with probability 1 — o(n~2), at least C1C1|E(By)|logn updates
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are made in E(B,) between times 7 and T. By K -sparsity of ¢!, Lemma 11, and Fact 7,
the term in (6.6) is bounded by

(_ C1C2|E(By)|logn

1
— _ex
log min,, 7 (w) 2C3|E(By)|

< O(Ji) - e=CI1C2108/CCY) | o(y=2).

IPZY(B) € ) =7 Iy = ) +om)

for some C3(p, g, A); we thus have for C» sufficiently large (and therefore C sufficiently
large), that this is at most o(n~2). By the same reasoning, by K -sparsity of ¢*, the same
bound applies to (6.8).

Finally, since both ¢! and ¢° induce K-Sparse boundary conditions on B,, by
Proposition 1 there exists a constant C(p, g, A, K) > 0 such that (6.7) is at most

178 @) € ) — 7 @) € iy = P,

which is o(n~") by our choice of § and (6.3). Putting these three bounds together we see
that as long as C is sufficiently large (depending on p, g, A) the difference in (6.5) is
o(n~1), from which the bound of (6.4) follows for n sufficiently large, concluding the
proof. O

7. Matching Lower Bound on the Mixing Time

In this section, we show a matching §2(n logn) lower bound on the mixing time of the
FK-dynamics on a random A-regular graph and thus complete the proof of Theorem 1
from the introduction. A general lower bound for the mixing time of the Glauber dynam-
ics on spin systems was show in [35]. However, the non-locality of the FK-dynamics
complicates extending the ideas from [35] to the random-cluster setting. In [8], the ar-
gument from [35] was adapted to the random-cluster model on Z? when p # p.(g), but
the amenability of Z? together with the exponential decay of connectivities at p < p.
was key to this extension.

In our setting, the non-amenability of the random A-regular graph prevents us from
bounding the speed of disagreement percolation under couplings of the FK-dynamics
and implementing the argument of [35] directly. Instead, we use the locally treelike
structure of the random A-regular graph to directly couple a projection of the model
on a certain set of n® edges to a product measure on n° edges, for which the coupon
collector problem gives an immediate lower bound.

Claim. With Pgpg-probability 1 — o(1), G is such that there exist n!/3 vertices whose
balls of radius % log, n are disjoint, and are trees.

Proof. Per (4.2), it suffices to prove the above under Pcy;. We prove the claim by repeated
application of Lemma 4. Namely, consider the procedure where we repeatedly take an
arbitrary vertex v that has not been discovered yet, and reveal its ball of radius R. Let v;
be the i ’th vertex to be selected in this procedure, and let A; be j<i E(Bg(vj)). Then,
for integer m < n the probability that (Bg(v1), ..., Br(vy,)) are dis}oint trees, is at least

m
1— ZPCM(BR(v,-) NA;_1 =@ or Bg(v;) is not a tree | .A,-_1).

i=1
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By Lemma 4 (using the fact that each v; ¢ V (A;_1) so that B§" (v;) = Bg(v;)) each of
the summands is at most O (md*R /(n — O (md*))). Taking R = §log, n and m = n®,
we see that the sum above is at most O (n45/(n — O(nz‘s)) whichiso(1) aslongasé§ < %.

O

Fix ¢ € (0, 1/5) to be taken sufficiently small later. For every G having n'/> many
vertices whose balls of radius %logd n are disjoint trees, choose arbitrarily some n®
vertices amongst the n'/3 of Claim 7, and for each vertex collect a representative edge
incident to it to form the set C = C.(G). Our proof will rely on a coupling of the
restrictions of X; g and 7g to C to Ber(p) product chains. For this, let:

1. X; = X, g be arealization of the FK-dynamics;
2. Y; =Y, g be arealization of the FK-dynamics that censors all updates in E(G) \ C;
3. v as the product measure over |C| many Ber(p) random variables.

As before, let Yt0 be the chain Y; initialized from the all-0 configuration.

Lemma 12. Let G be a graph with at least n'/> vertices whose balls of radius % log,; n
are disjoint trees. For every g > 1, integer A > 3, and p < p,(q, A), there exists ¢ > 0
sufficiently small such that we have the following for C = C¢(G):

(1) Forallt <T = O(nlogn),
IP(X2(C) € ) — P(YY(C) € )llpy < 0(1).

(2) Img(@(C) € -) — vy < o(1).

Proof. We start with part (1). Our aim is to show that under the grand coupling of X ?
and Yto, foreveryt < T = O(nlogn), we have IE”(X? * YZO) < o(1). Under the grand
coupling, let 7 = (11, 12, ..., ts(r)) denote the sequence of times on which the updated
edge is in C, so that s(7") counts the number of updates in C by time 7. We can then
bound

P(XY # Y0 < P(s(T) > n*) + P(X? £ Y0, s(T) < n*).

The first term on the right-hand side is at most the probability that Binom(7', |C|/|E(G)|) >
n?t which is o(1) by the Chernoff bound (4.6). It thus suffices to work on the event
s(T) < n?.

LetR := % log,; n and let Z; be the FK-dynamics chain (coupled to X;, Y; through the
grand coupling) that freezes the configuration on CU(E (G)\ |, <c E(Br(e))) tobeall-1.
Let Z? be the chain Z; initialized from the configuration that is all-0 on | J . E(Br(e))
(but all-1 on the frozen edges). Observe, trivially, that X? < Z? for all + > 0. Also,
observe that the updates of Z? are stochastically dominated by Glauber updates on the
union of 2|C| many d-ary trees (7,1, 7, 2).cc of depth R, rooted at the endpoints of the
edges of C, and each having (1, ©) boundary conditions. By the monotonicity of the
FK-dynamics, for all # > 0, we have that

IP’(Z?(LJ}{E(BR(e)) \fel}) € ) < @ig@z}ng;[@% (7.1)

For each time #; € 7, when an edge ¢, € C is updated, Yt?(e,,.) is drawn from
Ber(p). At the same time, X 2 (e;;) is drawn from Ber(p) if the endpoints of ¢, are
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not connected in Xg, which in turn must occur if none of (7,1, 7 ,2).cc have an open
root-to-leaf path in 7Y as X ? < Zto.

By the stochastic domination of (7.1) on Z?, and Lemma 7, the probability that
the endpoints of e, are connected in Zg is at most 2C (pd)R; for ¢ sufficiently small
(depending on p, ¢, d), the above is O (n3%). On the event that {s(T) < nzg}, we can
union bound the above probability over the s(7T) times in 77, to find that IP’(X? #*
Y0, s(T) < n*®) is at most O(n~*) = o(1) as desired.

For part (2), consider the 2|C| many d-ary trees (7,1, Z,.2)ccc €manating from the
endpoints of the edges of C. Notice that if none of (7, 1, 7,.2).cc have an open root-
to-leaf path, then the values w(C) are conditionally distributed as a product of Ber(p)
random variables, i.e., @ (C) would conditionally be distributed as v(A).

As such, the total-variation distance ||rg(w(C) € ) — v||yy is bounded by the 7g-
probability that one of (7, 1, 7..2).cc has an open root-to-leaf path. By the stochastic

domination
I,
@ JTaU T e) =@ @ v
ecC ecC i€f{l,2}

By a union bound, the g-probability that one of (7, 1, Z,,2).<c has an open root-to-leaf
path is at most

Yoy e T,

ecCiefl,2}

which by Lemma 7 is at most 2n° - C(pd)R. For ¢ sufficiently small (depending on
p,q,d)thisiso(l). O

Proof of Theorem 1: lower bound. Take any n-vertex graph G with n'/> many vertices
whose balls of radius % log, n are disjoint trees. Note that by Claim 7, such graphs have
Prrg-probability 1 — o(1). Take ¢ sufficiently small per Lemma 12. Consider the event
At c {0, I}C that at least pn® —n>¢/3 of the edges in C are open. Let (Y;) be the standard
product chain over |C| = n® many i.i.d. Ber(p) random variables, coupled to Y;(C) via
YY(,) = Y;(C) for all ¢, where s(7) counts the number of updates in C by time ¢. By item
(1) of Lemma 12, for every T = O(nlogn),

P(X%(C) € A") < P(s(T) > cn®logn®) + P(YY € A*, s(T) < cnlogn®) +o(1)
<P(s(T) > cn’logn)+ sup P(Y. € A*) +o(1).

s<cn®logn
Taking T := ¢*nlogn® = @ (nlogn) for ¢ > 0 sufficiently small, the probability that

s(T) is more than cn? log n® is o(1) by the Chernoff bound (4.6). Turning to the middle
term above, by the standard coupon collector bound, for every ¢ > 0 sufficiently small,

sup P(Y) € A% < o(D).

s<cn® log n®
Combining the above, we obtain

P(X2(C) € A™) = o(1).
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At the same time, by a Chernoff bound,
V(AY) = P(Bin(n®, p) > pn® —n**/?) =1—o(1),

so that by item (2) of Lemma 12, we have 7g(A*) = 1 — o(1). This implies the mixing
time is at least T = §2(nlogn).
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