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In this erratum, we correct an error in Lemma 3.1 in our paper [1]. Although the main
results in [1] are ultimately not affected by this correction, we deem it necessary to
provide the adequate corrections here. We are grateful to Jie Chen for drawing our
attention to this matter and for sharing his insights in [2].

We use the notation from [1] and we recall that the optimal constant for Gagliardo–
Nirenberg type inequality (GNSv) is given by

Cv,d,p = sup
u∈H1/2(Rd)\{0}

‖u‖p+1
L p+1

‖ (|ξ | − v · ξ)1/2 û‖d(p−1)
L2

ξ

‖u‖p+1−d(p−1)
L2

, (1)

where d � 1, v ∈ R
d with |v| < 1, and 1 < p < p∗ with p∗ = +∞ when d = 1 and

p∗ = d+1
d−1 when d � 2.

In Lemma 3.1 in [1], it was stated that

Cv,d,p ∼ (1 − |v|)− d(p−1)
2 . (2)

However, the claimed estimate (2) is wrong except for dimension d = 1. The corrected
version of Lemma 3.1 reads as follows.

The original article can be found online at https://doi.org/10.1007/s00220-019-03374-y.
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Lemma 1. For d � 1, 1 < p < p∗, and |v| < 1, we have the estimate

Cv,d,p ∼ (1 − |v|)− (d+1)(p−1)
4 .

Proof of Lemma 1. It remains to treat the case d � 2, since the proof in [1] is correct
for dimension d = 1. Without loss of generality, we can assume that v = |v|e1 =
(|v|, 0, . . . , 0) ∈ R

d with |v| < 1.
For x, ξ ∈ R

d , we write x = (x1, x ′) ∈ R × R
d−1 and ξ = (ξ1, ξ

′) ∈ R × R
d−1.

For any μ > 0 and u ∈ H1/2(Rd) with u �≡ 0, we use the rescaling in x1 given by

uμ(x) = μ1/2u
(

μx1, x
′) ,

which preserves the L2(Rd)-norm ‖u‖L2 = ‖uμ‖L2 . Then we have

‖uμ‖p+1
L p+1

‖ (|ξ | − v · ξ)1/2 ûμ‖d(p−1)
L2

ξ

‖uμ‖p+1−d(p−1)
L2

= μ(p−1)/2‖u‖p+1
L p+1

‖Pv,μ(ξ)1/2û‖d(p−1)
L2

ξ

‖u‖p+1−d(p−1)
L2

, (3)

where

Pv,μ

(

ξ1, ξ
′) =

√

μ2ξ21 + |ξ ′|2 − |v|μξ1.

The claimed estimate in Lemma 1 will easily follow if we choose

μ = 1√
1 − |v| � 1 (4)

together with the following estimates

Pv,μ

(

ξ1, ξ
′) �

√

1 − |v| |ξ | for ξ1 > 0 and|ξ ′| � ξ1, (5)

Pv,μ

(

ξ1, ξ
′) �

√

1 − |v| |ξ | for ξ = (ξ1, ξ
′) ∈ R

d . (6)

Indeed, to prove the lower bound in Lemma 1, we take u ∈ H1/2(Rd), u �≡ 0, such
that supp û(ξ) ⊆ {|ξ ′| � ξ1}. Then we can apply the estimate (5) in combination with
(3) and (4) to obtain the lower bound

Cv,d,p �
(1 − |v|)− (p−1)

4 ‖u‖p+1
L p+1

(1 − |v|) d(p−1)
4 ‖|ξ |1/2û‖d(p−1)

L2
ξ

‖u‖p+1−d(p−1)
L2

� (1 − |v|)− (d+1)(p−1)
4 .

On the other hand, if we apply estimate (6) with (4), we deduce the upper bound

Cv,d,p �
(1 − |v|)− (p−1)

4 ‖u‖p+1
L p+1

(1 − |v|) d(p−1)
4 ‖|ξ |1/2û‖d(p−1)

L2
ξ

‖u‖p+1−d(p−1)
L2

� (1 − |v|)− (d+1)(p−1)
4 .
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Hence it remains to prove (5) and (6). To get the upper bound (5) of the symbol Pv,μ,
we set a = μξ1, b = |ξ ′| � 0 and assuming a = μξ1 > 0, |ξ ′| � ξ1 we can write

Pv,μ

(

ξ1, ξ
′) = b2√

a2 + b2 + a
+ (1 − |v|)a � b2

a
+ (1 − |v|)a �

√

1 − |v| |ξ |.

This shows (5).
In a similar way and assuming that a = μξ1 > 0 and b = |ξ ′|, we have the lower

bound as follows

Pv,μ

(

ξ1, ξ
′) = b2√

a2 + b2 + a
+ (1 − |v|)a � b2

2(a + b)
+ (1 − |v|)a.

If ξ1 � |ξ ′|, then we have |ξ | ∼ ξ1 and we find

Pv,μ

(

ξ1, ξ
′) � b2

2a + 2b
+ (1 − |v|)a � (1 − |v|)a ∼ (1 − |v|)μ|ξ |.

If ξ1 � |ξ ′|, then we have |ξ | ∼ |ξ ′| and with μ � 1 we can write

Pv,μ

(

ξ1, ξ
′) � b2

2(a + b)
+ (1 − |v|)a � b2

2(a + b)
� |ξ ′|

2(μ + 1)
∼ 1

μ
|ξ |.

Thus, for any a = μξ1 > 0, we have found that

Pv,μ

(

ξ1, ξ
′) � min

(

(1 − |v|)μ,
1

μ

)

|ξ |.
Recalling (4), we obtain (6) for ξ1 > 0. Since for ξ1 � 0 we have stronger inequality

Pv,μ

(

ξ1, ξ
′) �

√

a2 + b2 � |ξ |,
we can conclude that (6) is valid for all ξ = (ξ1, ξ

′) ∈ R
d .

The proof of Lemma 1 is now complete. �

The corrected upper bound for Cv,d,p in Lemma 1 above has now to be taken into

account in various statements in [1] (without affecting the main results a posteriori). In
particular, the bounds in Lemma 3.2 in [1] have to be changed into

‖Qv‖2L2 � (1 − |v|) d+1
2 and ‖Qv‖2Ḣ1/2 � (1 − |v|) d−1

2 .

Likewise, the main estimate in the proof of Theorem 1.2 for d � 2 has to be changed
into

‖Qv‖2H1/2 = ‖Qv‖2L2 + ‖Qv‖2Ḣ1/2 � (1 − |v|) d+1
2 + (1 − |v|) d−1

2 < ε2,

which is still valid. Finally, we remark that estimates (B.4) and (B.5) in the proof of
Theorem 1.3 must be changed into

Cv,d,p∗ � (1 − |v|)− 1
2

d+1
d−1 and ‖Wv‖2Ḣ1/2 � (1 − |v|) d−1

2 .

The rest of the proof of Theorem 1.3 follows in same manner as given in [1].
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