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Abstract: We consider a stochastic perturbation of the classical Lorenz system in the
range of parameters for which the origin is the global attractor. We show that adding
noise in the last component causes a transition from a unique to exactly two ergodic
invariant measures. The bifurcation threshold depends on the strength of the noise: if the
noise is weak, the only invariant measure is Gaussian, while strong enough noise causes
the appearance of a second ergodic invariant measure.
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1. Introduction

The classical Lorenz system [Lor63] is a very popular prototypical toy model for chaos
/ turbulence [Rue76]. The traditional way of writing this system is given by

X=0(Y—-X), Y=X@—-2)-Y, Z=-BZ+XY, (1.1)

with parameter values o = 10 and 8 = 8/3. Changing the value o allows to explore a
variety of different behaviours [Spa82,BPV86]. In particular, for o < 1, (1.1) admits a
unique fixed point at the origin which eventually attracts every single solution, while for


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-021-04000-6&domain=pdf
http://orcid.org/0000-0002-2495-2212

2244 M. Coti Zelati, M. Hairer

o > 1itadmits two further ‘non-trivial’ fixed points. These fixed points become unstable

atp = thLf;f] ~ 24.74, after which the system exhibits either a chaotic attractor or

stable limit cycles, see for example [Tuc99]. For very large values of ¢ (¢ 2 313),
the system admits a stable limit cycle which undergoes a cascade of period-doubling
bifurcations as one decreases o.

The vertical axis H = {(X, Y, Z) : X =Y = 0} is invariant for all parameter values
and, for 8 > 0, itis contained in the stable manifold of the origin. The aim of this article
is to explore how (1.1) behaves in the stable regime o < 1 under the addition of noise
to the Z-component. More precisely, we consider the modified system

X=0(Y-X), Y=X(@—-2)—-Y, Z=-BZ+XY+a&& (2

where & > 0 and & denotes white noise. For all values of &, this system admits as
invariant measure the measure vy with vo(H) = 1 under which Z ~ A (0, &2 /28). The
question we consider is whether it admits other invariant measures supported in R3\ H.
Our main result then states that while vy is the unique invariant measure for (1.2) for
small values of &, it necessarily admits a second invariant measure for large values.

Theorem 1.1. For any o, B > 0 and any o < 1, there exist values 0 < o, < a* < o0
such that

1. For 0 < & < ay, (1.2) admits vy as its unique invariant measure.

2. For a > a*, (1.2) admits exactly two ergodic invariant measures: vy and another
measure V. Furthermore, v, has a smooth density with respect to Lebesgue measure
on R3\ H and there exists k > 0 such that f()c2 +y2) €, (dx, dy, dz) < oo.

For ¢ > 1, there exists o* > 0 such that the second statement still holds.

Proof. The factthat for@ > 0(1.2) admits at most one ergodic invariant measure besides
vo is the content of Theorem 3.1. Theorem 4.1 links the existence of the additional
invariant measure v, to the sign of the quantity A, whose asymptotic behaviour for both
small and large values of & is obtained in Theorem 5.2. It remains to note that one always
has A, > 0 (and therefore existence of v,) for & large enough, while its sign as @ — 0
is negative when o < 1 and positive when o > 1. 0O

Remark 1.2. One would naturally expect to have o, = o*, but we cannot guarantee this
at the moment. It does however follow from our analysis that, for all values of &, (1.2)
admits at most one ergodic invariant measure besides vy and that the set of values & for
which vy is the unique invariant measure consists of finitely many intervals. One would
also expect to have «* = 0 when ¢ > 1 since then H is already linearly unstable for
the deterministic system, but although our results do indeed guarantee that in this case
the system admits a unique additional invariant measure v, for all & € (0, §) for some
8 > 0, we cannot rule out the existence of an intermediate range of values for which vy
would be the unique invariant measure.

Remark 1.3. One motivation for the study of (1.2) is that this provides a toy model
for the following situation. Consider the 2D Navier—Stokes equations on a torus with
additive translation-invariant Gaussian forcing. It was shown in [HM06,HMOS] (see
also the earlier works [EMSO1,BKLO1,KS02] showing similar results under stronger
non-degeneracy assumptions) that this system admits a unique invariant measure under
a very weak non-degeneracy assumption on the noise. This result however fails to apply
to the situation where the noise is itself periodic with a period strictly smaller (say half)
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than that of the torus on which the system is posed. In this case, we know by [HMO06] that
it admits a unique invariant measure concentrated on functions with the same period as
the noise and, by [Mat99], that this measure is unique at small enough Reynolds number.
A natural question then is whether a bifurcation appears at high Reynolds number, as
one would expect from heuristic considerations. Our result can be viewed as a first
mathematically rigorous result pointing in the direction of a positive answer.

Remark 1.4. The behaviour observed here can be contrasted with that observed in [HM15a,
HM15b], where the authors exhibit a system with a quadratic nonlinearity which can
explode in finite time in the absence of noise but admits global solutions (and a unique
invariant measure) in the presence of noise.

Figure 1 shows a simulation of (1.2) for o = 1/2 and two different values of &. For
& > a*, a typical trajectory consists of relatively long stretches of time spent in the
vicinity of H, interspersed with excursions away from H. These excursions all escape
in roughly the same direction and the Z-coordinate (not depicted in the figure) is always
quite negative when this happens. When Z becomes positive, they then spiral back in
towards H . This can be understood by a linear analysis of the two-component system for
a fixed value of Z: for Z < o — 1 this system has one stable and one unstable direction,
while it is stable for all other values, exhibiting oscillations when Z > o+(1— 0)%/(40).
A good approximation of this behaviour can be understood in terms of averaging of the
eigenvalues of the first two equations of (1.2) with respect to the Gaussian measure vy,
although this is not completely correct (see Remark 2.1).

Remark 1.5. The recent work [BKP20] analyses a toy model very similar to ours and
with the same underlying motivation. In our notations, their toy model reads

X=—-X(1-2), Y==Y—-2), Z=—-BZ—(X*>+Y)+k+aé& (1.3)

T

20

—20

T

Fig. 1. The blue trajectory shows a simulation of (1.2) in the (x, y) plane with o = 10, 8 =8/3,0 = 1/2,
and & = 30. The red trajectory is obtained by using the same parameters, initial condition, and realisation of
the noise, except that @ = 10
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Although this appears on the face of it to be a three-dimensional model, it is effectively
two-dimensional: if o = 1, then the ratio X /Y remains constant in time. Otherwise, one
has

Y,
Y() = -2 X(1)el-0)
Xo

so that one can reduce oneselfto Y = O when o > 1 and X = 0 when o < 1. We deduce
from this simple observation a slight strengthening of [BKP20, Thm 3.6], namely that
if «k > B(1 A o), then (1.3) admits exactly 3 ergodic invariant measures when ¢ # 1
and uncountably many ergodic invariant measures when ¢ = 1. Note that this does not
depend on @, it is in particular also true for @ = 0 in which case the invariant measures
are concentrated on fixed points.

A version of the Lorenz system in which the parameter o randomly switches between
two “unstable” values (28 and close to 28) was analysed in [BH12,Str20]. In these works,
the existence of exactly two invariant measures was proved by combining an extension
of Hormander condition to piecewise deterministic systems and the precise knowledge
of the Lyapunov exponents of the system.

Remark 1.6. A general framework for verifying the stability / instability for an invari-
ant subset of a Markov process was given in [Ben18] in terms of existence of suitable
Lyapunov-type functions. From this point of view, our approach is much less sophisti-
cated, as we simply look for a function V: R3\ H — R, with compact sublevel sets
and such that LV < K — ¢V. The main difficulty in our case is to be able to actually
build a Lyapunov function when « is large and to show that this construction must break
down at some sufficiently low value of «.

The structure of the remainder of this article is as follows. First, in Sect. 2 we perform
a simple change of variables that brings (1.2) in a slightly more canonical form and we
introduce some notation. In Sect. 3, we then provide a preliminary analysis of the equation
which shows that it is irreducible and strong Feller on R3\ H, so that in particular it can
have at most one additional ergodic invariant measure v, besides vy. The core of our
analysis is contained in the last two sections. First, in Sect. 4, we construct a Lyapunov
function which allows to reduce the existence / non-existence of v, to the behaviour of the
invariant measure ., for an auxiliary problem describing the behaviour of a “linearised”
version of (1.2) around H. The construction of the Lyapunov function uses a philosophy
similar to that used in [HM09,Hai09], namely to exhibit a “fast” dynamic in the regime
of interest and to use this to build a “corrector” which then allows to turn a “naive”
Lyapunov function for the effective “slow” dynamic into a proper Lyapunov function
for the full system. Finally, Sect. 5 analyses the behaviour of ©, as « — o0, which
allows us to conclude that (1.2) is indeed destabilised for any value of its parameters
provided that « is sufficiently large. Since u, describes a non-equilibrium system, it is
not explicit and moreover has a quite complicated structure. The study of its asymptotic
behaviour as @ — oo is therefore highly non-trivial and constitutes one of the main
points of this article.

2. Notations

It will be convenient to write (1.2) in such a way that all of the arbitrary constants appear
in the equation for Z. This will be convenient since we will be mostly interested in the
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regime where x? + y> < 1, so that Z is close to a simple Ornstein—-Uhlenbeck process.
To this end, we define the constants

2 l1+o N
son=— v =uxb v =x%, a=voq.
o

X:1+o

as well as
Zy =2+ Xzo(g —1).

If we then perform the change of variables

X0 = SX0), YO =vo (YD) = X(0),  20) =2~ o2,
(2.1)
the system (1.2) can be rewritten as
xX=y, y=x(z—-2)=2y, z=—y(@E—z4) +a& —x(x+ny). (2.2)
We also introduce “polar coordinates”
x =¢' sind, y=-¢" (cosf —sinf),

so that one can alternatively write the equations of motion as
6=1-zsin’@), F=—1+ % sin(20). (2.3)

(These coordinates are chosen in such a way that (2.3) is as simple as possible when
z = 0 and can be “guessed” by looking at the explicit solution of the damped harmonic
oscillator describing the (x, y) system with z = 0.) An important role will be played
by the “linearisation” obtained by replacing the last equation in (2.2) by the Ornstein—
Uhlenbeck process

7=—y(@@—z4) +aé&. (2.4)

We will use the notation £ for the generator of (2.2) and £; for the generator of the
“linearised” system, namely

2
L= yd, + (x(z —2) = 2y)dy — (x(e+0y) +y(z — 20))d + ‘%a}, (2.52)

2
o
L1 = yds + (x(z —2) —2y)dy —y(z—z*)az+73§. (2.5b)
We will also use L for the generator of the (8, z)-component of the linearised system,
namely

2
Lo= (1= zsin(©))ds — y(z — 2.)0. + %a}. (2.5¢)
We henceforth fix the values of the constants 7, y and z, appearing in our dynamic, but
we will keep track on the dependence on «.

In particular, we write /1, for the invariant measure on S' x R for the diffusion
with generator Lg. Such an invariant measure clearly exists by Krylov—Bogoliubov. It
is also quite easy to see that it is unique as a consequence of the controllability result
shown in Proposition 3.3 below and the regularity result given by Proposition 3.2. (See
Theorem 3.1 for a reference.)
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Remark 2.1. A “naive” heuristic for the stability of H goes as follows. Writing A (z)
for the largest real part of the eigenvalues of the system (x, y) given in (2.2) (with z
frozen), one can verify that 1, (z) = — 1 ++/z — 11,-1. This then suggests that o* is the
smallest value such that

Eo(vVz—1121) = 1,

where the expectation is taken over the invariant measure N (z,, a?/(2y)) for (2.4).
While this heuristic is incorrect, it is quite accurate in practice. For example, for the
parameters used in Fig. 1, it suggests a* &~ 27.04 while numerical simulations suggest
a* ~27.7.

3. Hypoellipticity and Control

The goal of this section is to analyse irreducibility and regularity properties on R3\ A
of our stochastic Lorenz system. We will prove the following result.

Theorem 3.1. For every value of its parameters, (2.2) admits at least one and at most
two ergodic invariant probability measures.

Proof of Theorem 3.1. Since the restriction of our system to H is simply an Ornstein—
Uhlenbeck process, the Gaussian with variance «?/(2y) centred at z, is the unique
ergodic invariant measure there. On R3\ H, one has at most one invariant probability
measure since Proposition 3.2 implies that the transition probabilities are strong Feller,
while Proposition 3.3, combined with the support theorem [SV72] implies that every
point of R3\ H is accessible. We conclude by for example [Hai08, Cor. 7.8]. O

The fact that the transition probabilities are strong Feller is contained in the following
proposition.

Proposition 3.2. The system (2.2) satisfies Hormander’s condition on R3\ H.

Proof. We want to show that the C°*°-module M generated by the iterated Lie brackets
of the two vector fields

Xo =y +(x(z—2)—2y)0y — (Y2 —z) —x(x +1y))d., X| = ad,

sothat £ = Xo+ %X 2, is of maximal rank at every point of R*\ H. A simple calculation
shows that their Lie bracket is given by

Xo =[Xo, X1] = axdy —ayo,,
and that furthermore,
X3 = [Xo, X2] = axdy, —ax(2+ )3y, —a(nx® — y?)a,. (3.1)

Note that span{X, X7, X3} = R3 whenever x # 0, while span{Xy, X1, X3} = R3
when x = 0 and y # 0, and therefore Hormander’s condition is satisfied everywhere on
R}\H. O

The next result concerns controllability properties of the Lorenz system, and, in
particular, accessibility to any point in R3\ H.
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Proposition 3.3. Given any initial condition (xo, yo,z0) € R3\H, any target point
(x,y,2) € R3\H, and any arbitrary € > 0, there exists T = T (|x|, |y, |z|, &) > 0 and
a function h € C 1 ([0, T1, R) such that the unique solution to

x=y, y=x(z—-2) -2y, z=—y(—2z)—x(x+ny)+h, (3.2)
with initial condition (xg, yo, zo) satisfies |(x(T), y(T), z(T)) — (x, ¥, 7)| < &.

Proof. Since z in (3.2) can be completely controlled by £, the proof relies on finding a
smooth curve z so that xg = (x¢, yo) and X = (x, y) can be connected by a solution of
the first two equations in (3.2). The proof is divided in three steps.

Step 1. We first identify a non-smooth trajectory that connects x( with X, as depicted
in Fig. 2. Notice that for ¢ € R given, the first two equations of (3.2) constitute a
two-dimensional linear system, that can be written as

X X 0 1
)=A , A= .
<y> <y> (4 -2 —2)
The eigenvalues of A are

MA) =—1—Vr =1, rm(A) =—1+J7—1. (3.3)

The idea is now to alternate between the globally stable dynamics (when ¢ < 1) for
which (0, 0) is attractive, and the case in which there are a stable and an unstable manifold
(when ¢ > 2). We therefore choose ¢ = 0, with corresponding matrix Ag, to implement
the first scenario, and ¢ = 5, with corresponding matrix A, to implement the second
scenario. Notice that A has eigenvalues

M(AD) = -3, A(AD) =1, (3.4)
with corresponding eigenvectors
€l :(_113)3 62:(191)3 (35)

so that the diagonal ¢,, = {(x, y) : x = y} is the unstable manifold of the system.
Setting x¥ := (X, y) # 0, define

f:=inf {t >0:e 40 e ZM] < oo0. (3.6)

Now, given xg = (xg, yo), consider the forward solution to x = Apx with initial
condition x(0) = xy. It is clear from (3.3) that e40’x( — 0 as  — 0o and that e4%"x
intersects £, infinitely many times. We define

to := inf {t >0: edxgel,, exy-e % >0,

Aotxo| < ’e_AO’_JE” < o0.

le
The definition of the time 7p makes sure that not only ey, e ¢, but also that it is on
the same ray as @‘AO’ % and that enough time as passed so that e40%x is closer to the
origin than e~ AoTg, Finally, we define #; > O to be the time such that

eAifigAotoy  — e~ Aol 3.7)
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(ZU(), ?JO)

(Z,9)

Fig. 2. The non-smooth trajectory x; constructed in (3.8). A few orbits of the dynamic with { = 0 are drawn
in light blue and a few orbits with { = 5 are drawn in light red

Therefore, defining T := o + 1] + £, we find that the piecewise continuous curve

e’ x, t € [0, t0],
xy(1) = {ed1—0eAoloy, t € [ty, to +11], (3.8)
eAolt—to—teAitigholox, - ¢t € [tg+11, T],

is such that x4 (0) = xg and x,(T) = x.
Step 2. We proceed with a suitable smoothing of the trajectory constructed in step 1. For
asmall § € (0, 1), define a smooth function ¢s such that ¢5(0) = zo, {s(T) = z and

0, teld nl
Ls(t) =15, telto+d,t0+1 — 6], 3.9)
0, telto+n, T — 6]

We now compare the dynamics of the ODEs generated by the matrices

0 1
A(t) = (QQ) . _2> (3.10)

and

Ao, 1t €10, 1],
B() =1{A;, t e[ty tg+11], 3.11)
Ao, teltg+1,T].

Fort > © > 0, we denote by @f},,

From the definition above, it is clear that &

®f_ : R? > R? the respective solution operators.

zBo (xp) = x5(t). Moreover, the underlying
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dynamics is the same for the two systems, up to a time-interval of size 46. Since

sup [JA@I+ B+ [xs@)]] < C, (3.12)
t€l0,T]

where C is independent of §, we deduce that

sup |2 (x0) — x,(1)| < C8, (3.13)
1€[0,T] '

for possibly a different C, independent of §.
Step 3. To conclude the proof, fix ¢ > 0 and choose § in (3.13) so that Cé < ¢. By
writing (x.(2), yc(t), z.(t)) = (CD;‘fO(xo), ¢s(t)) as in the previous step, we define

h=2c+y(@e—24) +Xc(Xe +1Ye). (3.14)

It is then clear that (x.(t), y.(¢), z¢()) is the unique solution to (3.2) with initial datum
(x0, Y0, 20). Moreover, z.(T) = z and by (3.13) and our choice of §, the proof is over.
O

Remark 3.4. A suitable modification of the above proof implies that the time 7 can
be made arbitrarily small thanks to the fact that the eigenvalues of the 2 x 2 system
can be completely controlled through the z variable. However, we will not need this
enhancement for our purposes.

4. Construction of a Lyapunov Function

We now proceed with the analysis of the “linearised” model
6=1-zsin*(0), i=—y@—z)+ak, 4.1

obtained from (2.3)—(2.4). Here, we are taking advantage of the fact that » does not appear
in the right-hand side of (2.3)—(2.4), and it is therefore completely determined once
(@, z) are. Note that by Propositions 3.2 and 3.3, (4.1) is strong Feller and topologically
irreducible. Since the state space of 8 is compact and z is a simple Ornstein—Uhlenbeck
process, it admits Lyapunov functions with compact sublevel sets (the map (6, z) > |z|?
will do) and therefore has a unique invariant measure /4.

The averaged behaviour of the right-hand side of the » equation in (2.3) turns out
to characterise the invariant measure of the full Lorenz system (2.2), as the following
theorem shows.

Theorem 4.1. Let 1y be the invariant measure for (4.1), and set
g ] .
Ao Z -1+ -f z2sin(26) e (d6, dz).
2 Jsixr

Then, the Lorenz system (2.2) admits a nontrivial invariant measure if L, > 0 and
admits no such measure if Ay < O.

The proof of this theorem, which is given in Sect. 4.2 below, is based on the construc-
tion of a Lyapunov functional for the Lorenz system (2.2) that blows up as | x |2 +|y |2 -0
(in the unstable case A, > 0) and at infinity. This follows by a perturbative analysis from
a similar analysis of the linearised system, which we carry out in the next section.



2252 M. Coti Zelati, M. Hairer

4.1. Lyapunov functional for the linearised system. To show the existence of a Lyapunov
functional for the linearised system (4.1) we need to analyse the regularity properties of
the solution g, to the problem

Z .
Loga = Ao + 1 — 2 sin(20),  pqa(ga) = 0. 4.2)

Notice that g, does not depend on the r variable. The following result contains all the
properties needed later.

Lemma 4.2. For every ¢ > 0, there exists a unique solution gy to (4.2) in L2(S! x

R, e~ dp dz). Furthermore, g is smooth and there exists ¢, > 0 (depending on ¢)
such that

12ul +10:80 < cae® /2, 43)
holds uniformly over (0, z).

Proof. Smoothness of g, (once we know that it exists) follows from Hormander’s the-
orem [HOr67], noting that Proposition 3.2 guarantees that its assumptions are verified
(Hormander’s condition for £ is equivalent to that of £, which in turn implies it for
Lo). Note first that we can assume without loss of generality that ¢ is small enough since
(4.3) then holds automatically for larger values of €. Setting

G0,2) i=hg+1— gsin(ZQ), 00, 2) = gq (0, 2)e /2,
we see that (4.2) is equivalent to the equation
Ko =®, where ®6,z2) = e_szz/zG(G, 2) 4.4)
and
K =/Ly+ azezaz — % [8 (Zy — aze) 22— 2y €747 — aze] .

This operator belongs to the class Ky as defined in [EHO3, Def. 2.2], on the space
L?(S' x R). Setting

b, z) =1 — zsin’(0),

integration by parts shows that, for any v € C3°,

_1 2 o? 2 VY 2 € 2 2
=[x =3 [abwi+ o - T1wi+ 5 (20 - %)z

- yez*/zw.

In particular, for any positive ¢ such that ¢ < y /az, and using the bound |9pb| < |z],
we infer by Cauchy—Schwarz that

oI + llzw I* S UKy I + vl (4.5)

which can be extended to all € D(K) by a simple approximation argument. By [EHO3,
Cor 4.2], it follows that K has compact resolvent.
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Let now A > 0 be in the resolvent set for K (such a A exists since the spectrum is
discrete) and write R, for the resolvent so that, since R, is a bijection between L? and
D(K), (4.4) is equivalent to

(id+ ARy)¢ = R, ®.

Note now that if f € ker K*, then f := e‘”zﬂf satisfies ng = 0. Since f €
L', we conclude as in the proof of [EPRB99, Prop. 3.6] that | f | is the density of an
invariant measure for (4.1). Since the latter is unique and since e‘”z/ 2 € kerK (so
that dimker K = dimker K* > 1), we conclude that ker K* is one-dimensional and
spanned by the element f € L? such that

e (due) = =2 £ () du,

Since py (G) = 0 by definition of A, and therefore ( f, ®) = 0 so that & € (ker K*L,
we deduce from Fredholm’s alternative [Rud91, Thm 4.25] that (4.4) admits a unique
solution ¢ with the additional property that the corresponding function g, is centred
with respect to [y

Note that it immediately follows from (4.5) that

18,01 + (1 + 2)g|1* < oo. (4.6)

To derive similar bounds on higher derivatives, we simply take derivatives of (4.4),
making sure that the corresponding commutators are well-behaved. We have

(9, K1 = d0b 05,
[0, K1=[3p, [, K11+ 2[00, K189 = 02D 09 + 20D 33,
(05, K1 = [, [, [86, K111+ 3 [, [39, K113p + 3[dg, K137
= 33D dp + 307D 87 +309b 0,
and, noting that d.b is constant in z, also
[0;, K] = 0.b 09 — (y — azs) 0, — ¢ (2)/ — oczs) 2+ YEZx,
(2, K1 = —& (2 — %) +200., K.,

In light of (4.6), we have that [dy, K]g is in L2, hence (4.6) holds also for dg¢. Thus
[3,, K]¢ € L? as well and the same conclusion for 8.¢ follows. Proceeding iteratively,
we deduce that ¢ € H 3(s! x R), and the conclusion follows from the embedding
H3cwh>® @

The construction and properties of the Lyapunov functional for the full linearised
system (2.3)—(2.4) is contained in the following proposition.
Proposition 4.3. Let

23,4
14 Bvio-x 2 2
= — N—F, I' = +2 5 4.7
Eq T 1602 o Vs 4.7)

and let Vi be given by

Vo(r,0.2) = e *" (1 —Kga(0,7) + ae%zz) , (4.8)
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for some constants k € R and § > 0. Then, for every a € R such that Ay # O there
exists a choice of §, k with sgnk = sgn Ay such that

e (1 + aegazz) <2V <3 (1 + aegazz) , (4.9)
and such that furthermore L1Vy < —d (1 + z2) Vo for some constant d > 0.
Proof. From (4.2) and the definition of the generators (2.5b)—(2.5¢), it follows that
Loy = Ay — L1
A simple calculation then shows that
LiVyg=e [(—Kﬁlr) (1 — Kga +<Se€“12> —kLoga
+4 <a2£a +2YEq742 + 284 (azsa — y) zz) eg"zz]
=e [K (Lqr) (/cga - 8e8“12> — Ky
+8 (azsa +2y 64747 + 284 <a28a - )/) z2) egazz]

2
<e™ |:K (L1r) (/cga — 868"22> — KAy + 884 <F - %) eg"zz] ,

where we used the fact that &, < # in order to obtain the last inequality. Note now

that since the function u > e (3 — u?) is bounded from above by 8, we deduce that

2 2 2 2
P o Y2 cgpe i HAYE gpeee _ 2A Y2

N 4.10
2 4 4 (4.10)

so that
e —Kr Eqz? 8805 2\ eq2?
Vo <e [K(ﬁll")(Kga—(Se"‘ )+48£aF—KAa—T<2F+yZ)ea ]

We now use the fact that, by Lemma 4.2, there exists a constant ¢, such that

2
[8al < Cocesaz s

so that, since furthermore
|Lyr] <2477,
we have

LiVo < e_”[|x| (2 +z2> (IKc|cq +8) %% + 488, T — ichg
)]

‘We now make the choices

A2 ey AT)  [ea(y AT)\?
=Wkl = e A A( 6 ’
o



A Noise-Induced Transition in the Lorenz System 2255

(as well as sgn k = sgn A, as in the statement) so that we obtain the bound

£iVo < e T <_ Kho 8y (2F + yzz) esazz>

2 8
<e <— K;w — 8% (20{2 + yzz> eg‘ﬂz)

)
If we furthermore impose |«| < 1/c2, then it follows from (4.3) that
gl = Ieleqefe™ < 2 (1456565,
so that we do indeed have the bound (4.9). In particular, since § < 1 this implies
2 (1 +58az2) Vo < 3e™ (1 +6 (1 + Zeazz> e€°‘zz> .

This finally leads to the bound

1
L1V < 5 (K)»a A %) (1 +58a22> Vo,

asrequired. 0O

4.2. Lyapunov functional for the stochastic Lorenz system. We also need the following
standard result which immediately follows from the Dambis—Dubins—Schwarz represen-
tation of continuous martingales as a time-changed Brownian motion [RY94, Thm V.1.6].

Lemma 4.4. Let X; = Xo + A; + M, be a continuous semimartingale with Ao = My =
0 such that there exists a constant k for which A; < —k{(M);. Then, provided that
lim;— 00 (M); = 00 almost surely, one has lim;_, oo X; = — 00 almost surely. 0O

We are now ready to give the proof of Theorem 4.1.

Proof of Theorem 4.1. We treat the cases A, > 0 and A, < O separately. In the case
Ay > 0, it suffices to find a function V: (R*\{(0, 0)}) x R — R, with compact level
sets and such that LV < K — ¢V for some positive constants ¢ and K.

For this, we first go back to the original formulation (1.2), write U = (X, Y, Z) and
define the norm

U =X>+Y>+(Z -0 —0)°.
For any ¢ > 0 to be fixed, we define the functional

Vi(X, Y, Z) = exp (E|U|2) . 4.11)

Applying the generator L of (1.2), we see that V; satisfies the identity

&2

v, =22V, <7—JX2—Y2—</3—E&2) (Z—U—Q)Z—,B(U+Q)(Z—a—g)>.
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we get

~2
LV, =2V, (% —oX?-Y?*- g(Z—o* —0)?—Bo+0)(Z -0 —Q)>

incc = £
Setting ¢ = 567"

~2
< 2&V) (%+ﬂ(a+g)2 —oX?—Y?— g(z—a —9)2),
which implies that
Zﬁgf—@0+wﬂﬁ, (4.12)

where d; ~ @2 and K > 0is independent of &. In the variables (x, y, z) of system
(2.2), it then follows from (4.12) that the functional

Vilx,y,2) = Vi(X, Y, Z) (4.13)
satisfies

LV, <K —d, (1+x2+y2+z2) Vi, (4.14)

for different constants K and d,, explicitly computable from (2.1). The bound (4.14)
suggests the natural choice

V=W+V,
leading to the identity
LV = L1V —x(x+ny)d,Vo+ LV]. (4.15)
Combining (4.15) with Proposition 4.3 and the bound (4.14) yields the estimate
LV <K —d, (1 +z2> V — x(x + )9, Vo,

for possibly different constants d, and K.
We then note that, as a consequence of Lemma 4.2, there exists a constant ¢ such
that

[0;Vo| < c(1+|z]) Vo. (4.16)

It is then immediate that in the region 3x2 + n%y? < d,/(2c), we have the bound
dy )
e Vol = S (1427) V.

On the other hand, in the region 3x2 + n2y2 > dy/(2c), since A, > 0 we have that
Vo < efa?’ < g26a(—2)%

Now, comparing the above upper bound with the definitions of Vj in (4.13) and of Vi in
(4.11) via the change of variables (2.1), it is not hard to see that if (compare with (4.7))

ixo?  Byto?
Eq = = ~
4 842
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then there holds
Vo SV V.

In particular, we can find K > 0 such that
do
|x(x +ny)o;Vo| < K + TV'

Combining these bounds does indeed yield

d
EVsK—TaV,

as required.

Regarding the case Ay < 0, it suffices to show that, for any realisation of the pro-
cess, lim;_, o |xt2 + yt2| = 0 almost surely, which follows in particular if we can show
that lim,_, o, Vo(r) = 0. (Note that in this case k < 0 in the definition of V!) By
Proposition 4.3, we have the bound

82 VO
Vo

LV, 2 73,V
LlogV():—O—O[—(Z 0
Vo

2
<—d<1+2>+ +
b () (102 ey

Note furthermore that since x < 0, it follows by (4.9) that V}) is bounded below by 1.
Hence, (4.16) entails

10, log Vo|? < &(1 + 2%).

It follows that there exists a constant § such that, as long as x? + y? < §, one has

dlog Vo < —d (1+2%) dr +,/ (1+22) W,

for some Wiener process W;. It then follows from Lemma 4.4 that there exists some
go > 0 such that, uniformly over all initial conditions with xg + yg = §/2, one has
lim; o log V() = — oo and sup;,. ¢ (xt2 + ytz) < § with probability at least &.

It furthermore follows from Proposition 3.3 and the fact that V] is a global Lyapunov
function for our system that, for any fixed initial condition with x4+ y2 > §/2, the
stopping time T = inf{r > 0 : x? + y?> = §/2} is almost surely finite and admits
exponential moments. If we now split the trajectory into excursions between the cylinders
{)c2 + y2 =6} and {)c2 + y2 = §/2}, a simple renewal argument shows that one has indeed
lim;_, »; log V() = — oo almost surely, as required. O

5. Behaviour of the Angular Motion for Small and Large o
Recall that the system under consideration is given by
6=1—zsin>®), z=—y(E—2z)+ak, (5.1)

and write as before u,, for its invariant measure (we consider y and z, as fixed). Then,
one can write A, as

1
ha =147 / 28in(20) pe (d0, dz). (5.2)
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Remark 5.1. Since both (5.1) and (5.2) are invariant under 6 +— 6 + 7, we can view 6
as an element of the real projective line RP! =[— % %]/{ %, — % }. For fixed z > 1, the
equation for 6 in (5.1) then admits exactly two fixed points 6+ with

‘9 +1 - 1

The fixed point 6, is stable, while 6_ is unstable with a saddle-node bifurcation at z = 1
when 61 = 7.

sinfy = =+ (5.3)

In this section, we exhibit the precise asymptotic behaviour of A, for small and for
large values of «. Since the map & — A, is smooth, this immediately yields Theorem 1.1
when combined with Theorems 3.1 and 4.1.

Theorem 5.2. One has

re — .
lim «-V2, = 2 lim Ay = {VZ* =1 =1 gy
—1 otherwise.

1
<a3™,  asa — oo, (5.5)

(for any « > 0) while we have

061/4

ifz, = 1,
e — Aol S {a3/4 .

otherwise. (5.6)

Heuristics suggest that (5.6) should hold with exponents 1 and 2 respectively, which we
expect to be optimal. It is however not clear to us what the optimal exponent in (5.5)
should be.

Proof. We start with the case @« — oo since this is the harder one. Setting

z
FO,z2)=—-1+ 3 sin(26), Fso (8, 2) = Vz1,50, 5.7)
the claim follows if we can show that
lim a—1/2/ |F — Fso|dpe =0, (5.8)
o—> 00

where 1, denotes the invariant measure for the system (5.1). This is because z ~
N (2., @®/(2y)) under 14 and, for X ~ N (0, 1), one has

1 © _x2 1 1
fpe— e 2 \/} dX = 3 1 e 't~ 4dr.
V2 Jo 272 Jo
In order to show that (5.8) holds, we consider the process given by (5.1) and we define
the following increasing sequence of stopping times. We set tp = 0 and then inductively

E(1X>0\/§) =

Tpel = inf{t > 7, 1 2(1) & Z(2(T0))}, (5.9)
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where the regions Z(z) C R are defined by

_ = if [z] < 1/2,
0= {{CZ 1 ce[l/2,2]} otherwise. (5.10)

Our definitions guarantee that |z(t,+1) — z(ty)| > 1/4, so that since z is a simple
Ornstein-Uhlenbeck process (and therefore has continuous sample paths), the stopping
times t, necessarily increase to +o0o. Using the explicit representation of the Ornstein—
Uhlenbeck process z(t), it is furthermore straightforward to see that for every p > 1
there exists a constant C such that the bound

E((tpe1 — ) | F7,) < C, (5.11)

holds almost surely, uniformly over n (see Lemma 5.5 below for a much more precise
upper and lower bound).
Writing X = RP! x R for the state space of the Markov process (5.1), we define a

space of excursions X=RxC (R4, X)/ ~, where we set
(t,u) ~(t,u) iff T=1t and u() =u(t) VvVt <7,
and we define a sequence of excursions E, € X by
Ey = (Tpa1 — Tn, u(Ty +4)), (5.12)

where this time u(+) = (0(-), z(+)) is the Markov process defined by (5.1).

Given any continuous function F': X — R, we can lift it to a function F: X >R
by

F(t,u) = fr F(u(s)) ds. (5.13)
0

Given an excursion E, we also write t(E) for the time t such that E = (t, u). Note
that the sequence E, given by (5.12) is Markovian as a consequence of the Markov
property of u. Writing [i, for its invariant measure on x (whose existence is shown in
Lemma B.1 below and whose uniqueness will not be used), it is then shown in Lemma B.2
that, for every F: X — R with at most polynomial growth in the z direction, one has

F e L'(fiy) and
[ Fw et =11 [ ) puae.
X

where 7, = f T(E) fig (dE). Write now P for the transition probabilities of the Markov

chain E,, on X and assume that we can find a function Gy : X — Rsuch that, uniformly
over £ and overa > 1,

f|ﬁoo(E’)— F(E)| P(E,dE) < /GQ(E/)ﬁ(E,dE’), (5.14)
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with F and F, as in (5.7). This then immediately implies that
/ |Foo — Fldpg = T, /X |Foo(E) = F(E)| o (dE)

=1," /X /X |Foo(E') — F(E")| P(E,dE’) 1o (dE)

<7 [ [ 6uE) PE.aE) fuaE) = [ Gudp
X Jx
If we can choose G, in such a way that furthermore

1
Iim — | Gydug =0, (5.15)

a—00 \/a

then our claim follows.
We claim that for every « > 0 one can find a constant C > 0 such that, setting

Go(2) = Ca* (Hy(2) +a > [z]),

(v ) if fz] < o3
Ho(2) = { alz| /4 + a2 + 2183 z/a)'® if 2] > a*3,
a8/15 4 o272 otherwise,

the bounds (5.14) and (5.15) are satisfied. Since a simple calculation shows that f Godig <
o**1/3 it only remains to show (5.14).

Note that (5.14) holds provided we can show that, setting t = inf{r > 0 : z(¢) ¢
Z(z0)}, one has the bound

E/ | Fao(u(t)) — Fu(e))] df < G, (z0) Ex, (5.16)
0

where we write u = (0, z) and set

def

G,(2) = z’ei%f(z) Ga(2). (5.17)

In fact, since G, has the property that Go(z) < G, (z) uniformly over all z, (5.16)
is implied by the same bound with G, replaced by G,. It remains to show that such
a bound is indeed satisfied for all initial conditions (6g, zo). In order to show this, we
consider a number of different regimes separately.

The case |z9| < /3 This case is trivial since, provided that C is large enough, one
has | Fso| + | F| < G in this region.

The case zg < —a*/5. We first note that by Fernique’s theorem, combined with the
upper bound in Lemma 5.5 and Corollary 5.6, we can restrict ourselves to the event

T < o®(z0/@)?, Wiy _s < o, (5.18)

where § > 0 is any (fixed, small) exponent and || - ||, denotes the «-Holder seminorm.
This is because the event on which (5.18) fails has probability bounded by Ca~? for
any p (and a fortiori by az=2/3).



A Noise-Induced Transition in the Lorenz System 2261

Let N > 0 be such that «/|10|2_N € (1/2,1] and, forn € {0,..., N — 1}, write
D, C RP! for the region defined by

D, = {0 : |sin®)| € 271, 27"].
We also set
Dy = {0 : |sin@®)| <27V}

Note that one has |D,| &~ 27" in the sense that the ratio between these quantities
is bounded from above and below by strictly positive constants. Note that for n €
{l,....,N — 1}, D, = D} U D, consists of a pair of intervals placed symmetrically
around 6 = 0, while Dy is a single interval centred around % and Dy is a single interval
centred around 0.

In this regime, the system spins around RP! many times: on each full spin, we
exploit cancellations on every pair {D;, D, }, via Lemma A.1; however, depending on
the starting point and the point at which the system lies at the stopping time t, some
intervals cannot be paired and contribute of a remainder bounded by at most two full
spins. This contribution will be taken care of at the end of the proof, in (5.20).

Using Lemma A.1, we now have everything in place to bound the contribution in this
regime (here, ‘of order’ means bounded above and below by a fixed multiple independent
of z0, o, n). Before time 7, the right hand side

F(0,1) = 1 — z(t) sin*(9)
for (5.1) in D,, is of order 272" |zo| while the integrand

G,(0,t) =—1+ ? sin(20)

is at most of order 27" |zp|. (Recall that Fo, = 0 in this regime and that 27" |zg| > 1/4 by
our choice of N.) As a consequence, the time #, it takes to cross one of the intervals is of
order t, ~ 27" /F, ~ 2" /|zo|. (This also includes the intervals Dy and Dy.) Summing
up these bounds shows that the time it takes to go around RP! once is of order |zo|~!/?.

We now apply Lemma A.1 for each of the pairs of intervals {D;, D}, except that
that on D, we replace 6 by —6 and run time backwards. We then have right hand sides
F,, F,/l and integrands G, G; with, as a consequence of (5.18),

1.1 1
d(Fy, Fp) 2726 20| 2G70 d(Gy. G} < 27"a™|z9) 270,
The total contribution over the two intervals is therefore bounded by

_n(Gnd(F,, F)) d(G,,G))
2 =2 noy n
(~ )

1.1
< a1+5|Z0|7177(7*6).

~

Summing this and using the fact that N ~ log |zo|, we get a total contribution per round
of

L1 _35
R F T A W F A I F A

By (5.18), the total number of rounds in this regime is bounded by +/|zo|(|zo] /oz)zoz‘S s
so that the from the above bound we obtain a total contribution of

(120l /o) % +28 |72~ (5.19)
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We now distinguish two cases: if |zg| < «, then from Lemma 5.5 the total contribution
is at most of order

3 3 3
(Izol /@) |201°77 < ¥ 70"~ 1Er < a¥alzo| *Ex,

which is consistent with (5.16) provided we choose 35 < x. Otherwise, if |z9] > «,
Lemma 5.5 implies that 1 < Ez. As a consequence, from (5.19) the total contribution is

2 1426 8—3 1/3 S+11/12 6—1/12
(I1z0l/0) 2™ |201°7% < |z01"3 (Iz0] fa)** 11/ 12~ 1/12E7

< 1203 (120l /@) Ex,

which implies (5.16) provided § < 1/12. The additional contribution coming from the
fact that some intervals may not be paired up is, for each of the D,,’s, of order at most
Gty < 1, so the total contribution coming from this is at most

3
lzol“ 2a?Et < |z0| fa!** Er, lz0] < a,

(5.20)
|z0/'/3 Ex, 20| > «,

log [z0] < !

which is again of the desired order.

The case —a*/5 <z0 < —a?/3 In this case, we only have a contribution of log |zg|
for each round, and the expected number of rounds is bounded by +/|zo| Et + 1. Hence,
the total contribution in this case is

2 2
log |20 (,/|Zo| Er + 1) < |zol <3) Et < of <3) Er,

20 20
as desired.

The case a?/3 <z < a4/5+% This is similar to the previous case with the difference
that Fy is no longer bounded from below, so it is more difficult to control the time spent
in Dy. However, the integrand is bounded by /z¢ there, so the additional contribution
coming from the time spent in Dy is at most /Zo Et < a?/>*/?Er < o8/15+</2E7 as
required. Finally, we have a contribution from F in this regime, but since Foo S /20
we can treat this as an error term which is of the same order as the previous contribution.

24/23

The case zg > o . This case is trivial since one has |Fso| + |F| < Gg.

The case a*/5*% < zo < «?¥/23_In this regime, we aim to show that most of the time
the dynamic is very close to tracking the stable fixed point 6. Write now 7, < t for the
minimum between t and the first time when one has [0(t) — 0.(z0)| < 1/(2/z0). Itis
then straightforward to show that 4,/z00 () € [1, 7] holds for all ¢ € [z,, 7]. Thisis a
consequence of the fact that 4,/2064(z(¢)) € [2, 6] (for example) for all # < 7 so that
the interval [1, 7] acts as a ‘trap’ for 4,/z06(1).

We then rewrite (5.1) as

2
. 0
6 =1—zsin’(0) = 1 —a’(N6?,  a*(1) = z(t)“r;#.
Setting f(t) = 1+a(t)6(t), we are precisely in the situation of Corollary A.4 below. By
choosing « sufficiently large, we can guarantee that, for t € [t,, t], |0] is sufficiently

sin?(9) 1

small so that 72 > 2550 that the assumptions of the corollary are satisfied with
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fo =1and ap = /z0/2. Since 16| < 1 and, provided that (5.18) holds which we can
assume without loss of generality, z satisfies

1
lz2(t) — 2(s)| S @™t —s]27° + |t — slz0.

A straightforward calculation shows that one can take the constant K appearing in
Proposition A.3 to be some constant that is independent of both « and zg. Since, by
(5.3), one furthermore has the bound

|2 5in(26,()) — 2v/2| £ —=
f
in the region under consideration, we conclude that
1
|2(1) sin(260(1)) — 2¢/2(1)] S — + 1 + Jzpe V20!/2,
NER
This yields the bound

/T | Foo(u(t)) — Fu(®))|dt S /T* [Foo(u(t)) — F(u(n)|dr + 1+ 1.
0 0

Since
2

E(l+1) < (1 + “—2)Er < (1 + )Er < G (z0)Et,
20

3/4

as required, it remains to bound the first term.
For this, write

:’f{t 0:16() —6_(z(t >—}
7y =inf {7 > 10(1) (Z())|_2J_
The contribution of f;l* | Foo (u(t)) — F (u(t))| dt is then bounded by O(log z0) in exactly
the same way as the contribution (5.20) considered in the regime z9 < —a*/°

similarly 7o for the first time such that |0(r) — 6_(z(1))| = z, 2/3
contribution from 7 to 7| by writing similarly to before

b=1-a*1)0* = fO(1+a®)0), f@)=1-—a®o@),

and making use of the lower bound in Corollary A.4. Since K ~ 1 and ap ~ ,/zo as
2/3

. Writing
, we can bound the

before, one has z;,”~ > K /a0 so that the assumptions of the corollary are satisfied,

which shows that |71 — 7g| < kj}gio The contribution of this regime is therefore bounded

by log z¢ as before.
To bound the contribution up to time 7o, we make use of Lemma A.2. Our aim is to
use it in order to show that

P(ro > oz"zalp) <a?3, (5.21)

so that, as a consequence of Corollary 5.6, we obtain

70
E / | Foo(u(t)) — Fu(t))|dt < @ + |z0la*"**Et < Go(z0) Et,
0
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as desired. As before, we can furthermore assume that we are on the event (5.18). In
particular, as long as t < oz, 1 2, we have the bound

1 —
l2(t) — z0] S @177 4 z0lt S azg', (5.22)

provided that both « and § are sufficiently small. In order to place ourselves in the
framework of Lemma A.2, we set 0 = 6 + 1/,/z, so that

d6 = 2/z00 dt + (1 — zsin?( — 1//2) — 24/20) dt +2(/z — \/z0)0 dt

2
14 Y Zx R o
+ Zﬁdt_ 272 dr + 8572 dr — 272

Note that there exists ¢ sufficiently small such that if we consider times such that |z—z¢| <
&|zol, we are in the setting of Lemma A.2 witha = 2,/z9 and b = oe/(2z(3)/2), so that

bya ~ ozzo_s/4.
Indeed, we note that since ] < 7z72/3_ we have the bound

|sin®(6 — 1/v/2) = 6 — 1/v2)°| S 1/27,

1/2

dw.

so that, at least for t < o za , one has

3 | B
1= zsin?(d — 1//2) — 2420 < 1262 +- % 3 <P B < ba,

IVz = Vzollfl S azp "' < b/a,

VZx 14 18/23_—5/4
232 S m Sa 7 X by/a,
302

SZT/Z S Oll_KZ(;S/4 < bﬁ

13/12
0

Applying Lemma A.2 with K =~ z /a, we conclude that there exists a constant C

such that

Clogzo —2/3
p(ro > ) 2 o
V70

which indeed implies the required bound (5.21).

The case « small and z, < 1. We now proceed to the proof of the second limit in in our
statement. The methodology is the same as above, but with Fo, = — 1, different choices
of G, and 1, and the different terms are less delicate to estimate. This time, we set

zZ@ =11~ 20, 20%) if |z — z.] < &/4,
9= {za+c(z—2z4) : c €[1/2,2]} otherwise,

and we write
Tas1 = (T + @ ) Ainf{t > 7, ¢ 2(0) € Z(2(a))}-
Finally, we set

Co’/* if |z — z.] < @342,

1+|z| otherwise. (5.23)

Go(2) = {
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It is immediate that, if we define G, as in (5.17), then an duy < a3/4, so that the
required bound follows if we can show (5.16). Furthermore, (5.16) (with Fpo = — 1)
clearly holds for |z9 — z.| > o3/4 since in that regime one has [F(0,z) + 1| < |z] <
G, (zo) forall z € Z(zp).

For |z0 — z4] < a3/%, we note first that P(t < a~2) decays like exp(—c/+ /@) as a
consequence of standard Gaussian estimates, so we can assume that 7 = o2, We also
write ¢, for the period of the ODE

b =1—zsin2@), (5.24)

which is finite since z, < 1. By symmetry, we have
t R
/ (F(O(t), z) + 1) dr = 0,
0

independently of the initial condition 0 (0). We then break the interval [0, t] into chunks
[#x, tr+1] of length #, and note that, by setting 6,, to be the solution to (5.24) with 8, (f,,) =
0(t,), one has

e+l T+l
‘/k (FO(), z(1) +1) dt( g/k |[FO@), z2(t) — F(O(1), zo)| dt < a’/4,
178 13

except possibly for the last chunk which yields at most a contribution of order 1. It
follows that we have

T
V (FO), (1) + 1)dt‘ <1+ai 2 <o Er <G, (z0)Er,
0

as required.

The case « small and z, > 1. We use the same definitions as in the previous case and
note again that we only need to consider the case |zg — z.| < /% and T = o~2. This
time we note that as before the reference dynamic (5.24) admits two fixed points 6}
such that sin 6% = *1/,/z, so that

Vie—1—1=F@ z.).
2

The claim therefore follows if we can show that, for t =« =,
T 3
/ |F(9(S), 2(s)) — F(0F, z)|ds Sat™2, (5.25)
0

Remark 5.4. To understand the behaviour of A, in this case, one could heuristically think
as follows: in the limit « — 0, one expects the sequence of invariant measures {4y}«
to accumulate more and more on the stable fixed point represented by the point-mass
3(0z,z,)- From (5.2), we see that Ao can then be computed explicitly, leading to (5.4).
Estimate (5.25) makes this heuristic precise by asserting that the system indeed spends
most of the time near the stable fixed point.
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The proof of this bound follows the same lines as the proof of the case a*/>*¢ <

zo0 < a?*/?3 given above, except that the various regimes are much easier to treat. Since
104 (z(1)) =67 < o3/* and since this is a stable fixed point (at least for « sufficiently small
depending on z,), it follows immediately that once |0 (t) —6}| < C o>/4 for a suitable C,
this bounds holds for all subsequent times. Set t; = inf{t > 0 : |6(¢t) — 6F| < Ca’/*)
and break the integral in (5.25) into a contribution up to 71 and a remainder. Since the
integrand in the remainder is bounded by Ca3/# and since we are restricted to the event

7 < a2, this term is indeed bounded by O(« i _2) as required.
Since on the other hand the integrand is always bounded by O(1), it remains to show
that

P(r; > o¥/472) < o4, (5.26)

Setting as before 79 = inf{r > 0 : |0(¢r) — 0*| > Ca3/4}, a very brutal bound shows
that 7; — 79 < o 3/4. This is simply because the right hand side of the equation for 6 is
of size at least &>/* during that time so that it takes time at most O (a~%/%) to move by
an order 1 distance. It therefore remains to show that a bound of the form (5.26) holds
for 19, for which we would like to apply Lemma A.2 again.

If we set similarly to before 6(t) = 6(t) — 6_(z(1r)), then we see that it satisfies an
equation of the form

~ ~ v(Z—24) 5
df =abdt — —————dr+ G1(0,2)dt + b Gr(z) dW,
ZZ*\/ Zy — 1
where
o
a=—2z,sin6* cos0* =2/z, — 1, b= ,
2Z*\/ v — 1
and where the nonlinearities G > satisfy the bounds
1G16,2)| S a2 +a¥ 8], 1Gaz) — 1] S /. (5.27)

Unfortunately, the second term appearing in the right hand side is of order «3/4, which
is much larger than by/a = a/z, so it appears that Lemma A.2 doesn’t apply. The trick
is to look for a constant ¢ such that if we set

) =0(t) — c(z — z4),

this term cancels out. A simple calculation shows that this is the case if we choose

c

14
- 27:4/7% — 1(y +a) ’
With this choice, 6 then satisfies
db = afdt + G (8, 2)dr + b G2 (z) AW,
with a = a,

Z;:

o
Z*(Z\/Z* —1 +)’)’
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and él,z satisfying the same bounds (5.27) as G12. We are now in the setting of
Lemma A.2. Since there exists a constant C such that |§| > Co3/4 implies that |0 —0* | >
Ca’/4, the required bound on 7 follows at once.

The case « small and z,. D 1. This is the case where the two fixed points 0} are merged
into one. We proceed again in the same way as above with G, as in (5.23), but this time
equal to Cal/* for |z — z4] < oz3/4/2. Again, it suffices to consider the case T = a2
and |70 — z4| < a3/*. Define the two intervals

Do=1{0: 10— 03| <Ca’®}, Dy ={0:10—-05 <a'%,

and write D{ for the complement of D;. The trajectory ¢ > 6(¢) can then be partitioned
into intervals according to whether 6 (r) € D (called ‘slow intervals’) or6(¢) € Df (‘fast

intervals’). A simple comparison with scaled translates of the ODE # = u? shows that

. . _1 . .
it takes at most a time of order o~ 8 to traverse a fast interval and at least a time of order
a8 to go from the boundary of D to that of D (and therefore a fortiori also to traverse

1
a slow interval). Since one has [F(#,z)| < 1in Df and |F(0,2)| S |60 — Gy2 < ai
. . . _3.
in D1, we conclude that the average of F over any time interval of size at least ¢~ % is

bounded by Cat +Cai~s < @t as claimed. O
We complete this section with a bound on the stopping time T given as in (5.9) by

T =inf{t > 0 : z(t) & Z(20)},
where z denotes the solution to (2.4) with initial condition zg.

Lemma 5.5. For every k > 1 there exists a constant ¢ such that, for all |zg| > 1 and all
o > 1, one has Et > c(l A (Zo/()l)2) and (EtF)V/k < c_l(l A (zO/a)z).

Proof. We first show the lower bound. One has

T
% <|z(r) —z0l = ‘/ z(s) ds+aW(r)’ < 2|zolT +a|W(1)].
0

It follows that either T > % or |[W(t)| > |z0l/(4), so that T > % A (zo/a)?o, where
the random variable o is equal in law to

o=inf{s >0 : |W(s)| = 1/4}.

If |z0] > «, we then have

1
Etr > -P| sup |[W(s)| < 1/4]) >c,
8 \s<1/8

for some ¢ > 0 as required. In the regime o > |z¢|, we have
1 1
ET > 2(20/@)°E(0 A (@/20)%) = 5 (z0/@) E(o A1) = e(zo/e)?,
for some (possibly different) strictly positive constant ¢ as required.

To show the upper bound, note first that we can assume without loss of generality
that zo > 0. For every stopping time ¢t < t we then have, similarly to before,

t
20 = [2(1) — 20l = )/0 Z(S)dS+OtW(t)) = a|W ()| = 2|zolt,



2268 M. Coti Zelati, M. Hairer

so that, setting ¢ = |z¢|/«, one has
(W ()] <e(l+21). (5.28)

It follows from the standard small ball estimates for Brownian motion [Chu48,LS01]
that, for all r < 1, one has the bound

t
P(t>1 < Cexp(—cg—z),
for some constants ¢, C > 0. On the other hand, for every r < t, we also have
20 ;
5 = (1) < zo(1 = 5) +aW (),
which, by [Hal97, Eq. 3], implies that
P(r =0 <P(W) = 50— 1) e P(W) = S0 +1).
so that in particular, for all t > 2,
P(r > 1) < (1 Ae?)exp(—e21/8).
For ¢ < 1/2 it follows that, for a suitable ¢ > 0,

o0
Etf = k/ H*IP(r > 1) dr
0

1 g4 00
</ th—le—ct/e? dt+e*C/"/2/ k1 dl‘+82/ h=le=ee’t 4y
~ 0 1 g4

2 2
< gk g gt/ | (2 ho—c/e? < 2k

~

as claimed. For ¢ > 1/2, we have

00 oS )
E-[k < 2+k/ lk_IP(‘( > [) dt S 1+/ tk—le—cg tdt
2 2

2
<14+e ke <,
as claimed. 0O

Corollary 5.6. Let A, be a collection of events such that P(Ay) < a~2/3. Then, for
every k > 0 there exists a constant C such that

T

E(lAa/ |Foo — F|dt) < Clzola* 2 Ex.
0
Proof. We have
T
B(La, [ 1Fn = Fldr) £ 20lB(Ls, ) = [lP(Aa) A B VA
0

< lz0|P(Ag)* D/ *Ex,

where we used Lemma 5.5 to get the last bound. The claim now follows at once by
choosing k sufficiently large. 0O
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Appendix A Useful Bounds
The following can be verified without encountering any surprises.
Lemma A.1. Let 61, 6> be solutions to
0 = F:(6;,1), 6;(0)=a.

for Lipschitz functions F; such that F;(0,t) > 0. Write t; = inf{t > 0 : 6;(t) = b}.
Then, for any two bounded continuous functions G; one has the bound
d(G1, G2)F, + God(Fy, F2)

£\ F, ’

T 1]
(/ Gl(el,r)dr—/ Ga 62 1) | < b — al
0 0

where F (resp. F) denote the minimum (resp. maximum) of F and d(Hy, H)) =
SUPy, <7y <m0 [H1(0,11) — Ha (0, 12)]. O

Lemma A.2. There exists a universal constant ¢ > 0 such that the following holds. Let
W be a standard Wiener process, let E and C be continuous processes adapted to the
filtration generated by W, and let x solve

dx =axdt+ E(t)dt +b C(t) dW(2),

for some constants a,b > 0. Assume that, almost surely, one has |C(t) — 1| < ¢ and
|E(t)| < eby/a forall t > 0 and write Ttk for the first time when |x| > Kb/\/a. Then,
the bound

N K v1
P(rK > —log ) <27N
a €

holds uniformly over xg € R, K > 0 and every integer N > 0.
Ja

Proof. By considering x(¢) = Tax(t /a) we canreduce ourselves tothe casea = b = 1,
which we assume from now on. We write

x(t) = xoe' + Z(t) + E(1),

where

t

t
zm:/ e AW (s), E(r):/ e~ (E(s)ds + (C(s) — 1) dW(s)).
0 0
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It follows that for any deterministic time ¢ > (log2)/2 we can write
x(t) =e'(xo+n+80), (A.1)

where 7 is a Gaussian random variable with variance in [4—1‘, %] and, by Bernstein’s
inequality [RY94, Ex. IV.3.16], ¢ is a random variable (correlated with n in general)
with the property that P(|z| > 1 + M) < 2exp(—M?).

Set now t = log(K Vv 1) — loge so that e’ > K /e. Provided that ¢ < 1/+/2, this
yields the bound

Kvl1
P(rk > log =——) = P(x(1)] < K) = Plxo+1n+¢¢] <o)

<P(xo+n < Me)+P(¢] > M—-1)

< e b > M- 1),
> f—
= i
It immediately follows that, by first choosing M large enough so that P(|¢| > M — 1) <

1/4 and then choosing ¢ small enough so that i‘/l‘% < 1/4, we can guarantee that

P(tx > log ((1V K)/¢)) < 1/2.
Using the same argument, combined with the fact that £ and C are adapted, we obtain
the almost sure bound

P(tx > t+log((1V K)/¢e) | Fr) < 1/2.
Iterating this bound then yields the claim. 0O
Proposition A.3. Let x and y be solutions to
Xx=1—a@®)x, y=1+a(t)y,

for a function a such that a(t) > ag > 0 for allt > 0 and such that |a(t) — a(s)| < K
whenever |t — s| < 1/ag. There exists a universal constant C such that, setting x*(t) =
1/a(t), one has

|x(t) = x* ()] < [x(0) = x*(0)]e™ " + —-, (A.2)
a4
forall t > 0. Setting y*(t) = — 1/a(t), there exists a constant C such that, provided
that |y(0) — y*(0)] > CK/ag and that a(t) € [ag, 2a0] for allt > 0, one has
(@) = y* ()] = 1y(0) — y*(0)[e™/?/2. (A3)

Proof. Writing X(¢t) = x(¢t) — x*(0), we have

¥ =—a+ (@0 — a@®) x*(0),
so that, for t < 1/ay,

[F()] < e (0)] + K|x*(0)]/ao.

On the other hand, one has

lx* (1) — x*(0)| =

ja() —a©] _ K
a0a(t) ~ a2
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Since |x*(0)] < 1/ag, we conclude that (A.2) holds for t < ag with C = 2. It then
suffices to iterate this bound.
Regarding the lower bound on y, a similar calculation shows that, for t < 1/ay,

t
K
5(0)] = e 5(0)] — K[y*(0)] f % ds > e'|5(0)| — (¢* — 1.
0 ag
Choosing C sufficiently large and iterating this bound proves the claim. O

Corollary A4. Let x and y be the solutions to

i=f0(l—anx), y=fO1+a@®)y),

with a as in Proposition A.3 and f > fo. Then, the conclusions still holds, but with
e %" and e™'/? replaced by e =" and e /0!/% respectively.

Proof. 1Tt suffices to perform a time change to eliminate f. O

Appendix B Path Decomposition

In this appendix, we justify the relation between the Markov process determined by the
diffusion (5.1) and the Markov chain E;, on path segments defined in (5.12). The natural

topology on X (which turns it into a Polish space) is the one given by the metric

dit,u;t,u) =1t —t|+suplu(t At) —u(t AT)|.
>0

In view of (5.10), we can define for n > —1 the closed subset 23,, cx given forn > 0
by those trajectories (t, u) such that |z(0)|] = 2" and z(7) € {2z(0), z(0)/2}. Similarly,
)2_1 is defined by imposing |z(0)| = 1/2 and |z(7)| = 1.

Writing P for the transition probabilities of E,,, we then have 75(E, )2,1_ 1 U)G',,H) =1
forall E € /'9,1 forn > 0 and 75(E, i’o) = 1when E € XA_l. As a consequence, we can
restrict our state space and assume henceforth that X = Un>—1 X,,. We also introduce

the observable N: X — R such that N (E) = nforall E € é?,,. One then has the
following straightforward result.

Lemma B.1. The Markov transition kernel P has the following properties.

1. It has the Feller property on X.
2. For every a > 0, the function V(E) = exp(a N (E)) is a Lyapunov function for P in
the sense that there exists ¢ < 1 and C > 0 such that

/ V(EP(E,dE") < cV(E) +C.

3. For every ¢ > 0 and every n > —1 there exists a compact set K C X such that
P(E, K) > 1 — ¢, uniformly over all E € X,,.

In particular, it admits an invariant measure iy such that V. € L' (ig).
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Proof. The first property follows immediately from the fact that solutions to (5.1) depend
continuously on their initial condition, combined with [Bog07, Cor. 8.4.2] and the fact
that their law does not charge the points of discontinuity of the map u + inf{r > 0 :
|z(t)| = a} for any a # z(0).

For the second property, a simple comparison with Brownian motion with drift shows
that, for any fixed ¢ > 0 and any n large enough, one has ’ﬁ(E, (N=n—-1})H)>1-—c¢
forall E € 2\?,1, whence the claim follows.

The last property follows from the upper bound of Lemma 5.5 and Arzela—Ascoli,
using the fact that the 1/3-Holder norm (say) of a Wiener process admits exponential
moments over any fixed time interval.

Combining the second and third part, we conclude that the sequence {75"‘ (E, )}k>11s
tightforevery E € X, so that the existence of an invariant measure iy for P follows from
the Krylov—Bogolyubov theorem. The integrability of V is an immediate consequence
ofpart2. 0O

Note that the invariant measure exhibited in this lemma is actually unique, but we
will not use this and therefore do not give a proof. We then have the following result.

Lemma B.2. Let F: X — R be such that |F (0, z)| < (1 + |z])? for some p > 0 and
let F: X — R be given by (5.13). Then, one has F € Ll(ﬂa) and

/ F(u) poe(du) = T, / F(E) fiq(dE),
X

where Ty = [ T(E) fiq(dE).

Proof. The fact that Fell (fiy) follows by combining point 2. of Lemma B.1 with
Lemma 5.5. The latter also shows that 7,, < oo.
Note now that it follows from Birkhoff’s ergodic theorem that

/ F(E) fig(dE) = lim %Zﬁ(Ek), (B.1)
X n— 00 part

where Ej is the stationary Markov chain with transition probability P and fixed time
marginal [i,. However, the natural coupling (5.12) between the chain Ej and the solution
to (5.1) yields

S FE) = [ Fu)ds.
k=1 0

where 1 (0) is distributed according to 7 flo, With mo(t, u) = u(0). On the other hand,
Propositions 3.2 and 3.3 imply that the time-1 map of (5.1) yields a Harris chain, so that,
arguing as in [MTO9, Prop. 17.1.6], the identity

t
lim ;/ F(u(s))ds:/F(u)ua(du). (B.2)
o0 0

holds almost surely. (The reason why we need to invoke the Harris chain property is that
the initial condition #(0) in (B.2) is distributed according to 7§ {i, which is singular
with respect to (4y.)
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In particular, since lim,,_, o 7, = 00 almost surely (take F (7, u) = t in (B.1)), one

has

1 [ L Fu(s)) ds
/F(u) e (du) = lim —/ F(u(s))ds = lim ————
n—>oo 1, Jo n—oo -
1 n r
= _ F(E - ~
= tim A ) g | #@® @b,
n>o0 oY ket T(EK) X

as claimed, where we used (B.1) in the last step. O
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