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Abstract: We study open and closed string amplitudes at tree-level in string pertur-
bation theory using the methods of single-valued integration which were developed in
the prequel to this paper (Brown and Dupont in Single-valued integration and double
copy, 2020). Using dihedral coordinates on the moduli spaces of curves of genus zero
with marked points, we define a canonical regularisation of both open and closed string
perturbation amplitudes at tree level, and deduce that they admit a Laurent expansion in
Mandelstam variables whose coefficients are multiple zeta values (resp. single-valued
multiple zeta values). Furthermore, we prove the existence of a motivic Laurent ex-
pansion whose image under the period map is the open string expansion, and whose
image under the single-valued period map is the closed string expansion. This proves
the recent conjecture of Stieberger that closed string amplitudes are the single-valued
projections of (motivic lifts of) open string amplitudes. Finally, applying a variant of
the single-valued formalism for cohomology with coefficients yields the KLT formula
expressing closed string amplitudes as quadratic expressions in open string amplitudes.

1. Introduction

1.1. The beta function. As motivation for our results, it is instructive to consider the
special case of the Euler beta function (Veneziano amplitude [Ven68])
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The integral converges for Re(s) > 0, Re(r) > 0. Less familiar is the complex beta
function (Virasoro—Shapiro amplitude [Vir69,Sha70]), given by
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The integral converges in the region Re(s) > 0, Re(t) > 0, Re(s +¢) < 1.
The beta function admits the following Laurent expansion

Bls, 1) = (§+%) exp(Z%_lg(n)((s+t)" s —t”)), 3)

n>2

and the complex beta function has a very similar expansion
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It is important to note that these Laurent expansions are taken at the point (s, t) = (0, 0)
which lies outside the domain of convergence of the respective integrals.
The coefficients in (4) can be expressed as ‘single-valued’ zeta values which satisfy:

¢¥@2n) =0 and ¢VQ2n+1)=2¢Qn+1)

for n > 1. The Laurent expansion (4) can thus be viewed as a ‘single-valued’ version of
(3). To make this precise, we define a motivic beta function ™ (s, t) which is a formal
Laurent expansion in motivic zeta values:

B (s, 1) = (% + ;) exp(Z w(@ o) — s — t")), (5)

n>2

whose coefficients ™ (1) are motivic periods of the cohomology of the moduli spaces of
curves My 43 relative to certain boundary divisors. It has ade Rham version ,Bm’dR (s, 1),
obtained from it by applying the de Rham projection term by term. One has

B(s, 1) =per (B™(s,1)) and  Bc(s, 1) =s(B™R(s, 1)

where s is the single-valued period map which is defined on de Rham motivic periods. We
can therefore conclude that the Laurent expansions of B(s, t) and B¢ (s, t) are deduced
from a single object, namely, the motivic beta function (5).

The first objective of this paper is to generalise all of the above for general string
perturbation amplitudes at tree-level.

Cohomology with coefficients There is another sense in which (1) is a single-valued
version of (2) that does not involve expanding in s, # and uses cohomology with coeffi-
cients.

For generic values of s,¢ (i.e., s,t,s +t ¢ Z), it is known how to interpret B(s, t)
as a period of a canonical pairing between algebraic de Rham cohomology and locally
finite Betti (singular) homology:

H'(X,Vy,) and  H'(X(C). L5 ). (6)
where X = IP’I\{O, 1, 0o}, Vi ; is the integrable connection
Vs =d+sdlogx +tdlog(l —x)

on the rank one algebraic vector bundle Oy, and £_; _; is the rank one local system
generated by x* (1 — x)’, which is a flat section of V_; _, = V;ft (see Example 6.13).



Single-Valued Integration and Superstring Amplitudes 817

An important feature of this situation is Poincaré duality which gives rise to de Rham
and Betti pairings between (6) for (s, ¢) and for (—s, —¢). Compatibility between these
pairings amounts to the following functional equation for the beta function:

(1 1 2 sin(7rs) sin(rrt)
27i <;+ t) B(s,t)B(—s, —t)< —) @)

i sin(mw(s +1))

where the factor in brackets on the left-hand side is the de Rham pairing of —=— (1 Wlth
itself and the factor in brackets on the right-hand side is the inverse of the Betti palrlng
of (0,1)®x*(1 —x) with (0, 1) @ x5(1 —x)~".

As in the case of relative cohomology with constant coefficients studied in [BD20],
there exists a single-valued formalism for cohomology with coefficients in this setting
for which we give an integral formula (Theorem 7.8). This formula implies that B¢ (s, t)
is a single-valued period of (6), which amounts to the equality

I 1
pets.n) = =(=+ 1 )BG.0B(=s. =)' ®)

and proves the second equality in (2).
Applying the functional equation (7) we then get the following ‘double copy formula’
expressing a single-valued period as a quadratic expression in ordinary periods:

Bots. ) = — o (SR ME ©)

2mwi \i sin(mw(s +1))
This formula is an instance of the Kawai—Lewellen—Tye (KLT) relations [KLT86].
In conclusion, there are three different ways to deduce the complex beta function
from the classical beta function: via (8) or the double copy formula (9), or by applying
the single valued period map term by term in its Laurent expansion.

1.2. General string amplitudes at tree level. The general N-point genus zero open string
amplitude is formally written as an integral which generalises (1):

1P (w, 5) = / 1_[ (ti — 1) w
0

<t <--<ty-_3<l l<i<j<N—3

where w is a meromorphic form with certain logarithmic singularities (see Sect. 3.2),
and s = {s;;} are Mandelstam variables satisfying momentum conservation equations
(30).

It turns out that one can write the closed string amplitudes in the form

e, = @rid Y [T - aPsaw
CV = <icj<N-3

Later we shall rewrite the domain of integration as the complex points of the compactified
moduli space of curves of genus 0 with N ordered marked points. Then, the form

l_[ (tiv1 — ;) 'dty A Adiy_3 (to=0,ty_2=1)
i=0
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is logarithmic and has poles along the boundary of the domain of integration of the open
string amplitude. It is in fact the image of the homology class of this domain under the
map ¢, defined in [BD20].

The first task is to interpret the open and closed string amplitudes rigourously as
integrals over the moduli space of curves My y. An immediate problem is that the poles
of the integrand lie along divisors which do not cross normally. Using a cohomological
interpretation of the momentum conservation equations in Sect. 3.1, we show how to
resolve the singularities of the integral by rewriting it in terms of dihedral coordinates.
These are certain cross-ratios u,. in the #;, indexed by chords c in an N-gon, whose zero
loci form a normal crossing divisor. Thus, for example, we write in Sect. 3.3:

open _ S¢
I (“”5)—/,@ (Hu) »

where X? is the locus where all 0 < u, < 1 and the s, are linear combinations of
the s;;. This rewriting of the amplitude evinces the divergences of the integrand and
the potential poles in the Mandelstam variables. A similar expression holds for the
closed string amplitude, in which u is replaced by |u.|?* and in which the domain of
integration is replaced by the complex points of the Deligne-Mumford compactification
Mo.n.

By an inclusion-exclusion procedure close in spirit to renormalisation' of algebraic
integrals in perturbative quantum field theory [BK13], we can explicitly remove all poles
using properties of dihedral coordinates and the combinatorics of chords. The renormal-
isation fundamentally hinges on special properties of morphisms between moduli spaces
which play the role of counter-terms and are described in Sect. 4.

Theorem 1.1. There is a canonical ‘renormalisation’

1
1P (w, 5) = E s_/ Q" where s; = | |sc
7 Jx
J J

cel

indexed by sets J of non-crossing chords in an N-gon, where Q" is explicitly defined.
The integrals on the right-hand side are convergent around s;; = 0. They are by definition
products of convergent integrals over domains X°® of various dimensions.

This theorem provides an interpretation of the poles in the Mandelstam variables s;;
in terms of the poles of @ (see for example (51)). A similar statement holds for the
closed string amplitude (Theorem 4.24). Having extended the range of convergence of
the integrals using the previous theorem, we are then in a position to take a Laurent
expansion around s;; = 0. The coefficients in this expansion, which are canonical, are
products of convergent integrals of the form:

/X AT Thog" ey | n

where the product ranges over chords ¢ in a polygon and n. € N. We then show how to
interpret these integrals as periods of moduli spaces M y- for larger N’ by replacing
the logarithms with integrals (non-canonically). A key, and subtle point, is that they

1 Strictly speaking, this is not renormalisation in the physical sense since there are no ultraviolet divergences
in the perturbative superstring amplitudes.
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are integrals over a domain X ¥ ofa global regular form with logarithmic singularities.
We can therefore interpret the previous integrals as motivic periods of universal moduli
space motives, and hence define a motivic version of the string amplitude.

Theorem 1.2. There is a motivic string amplitude:
Im(a),i) (S] P_}\n/i;'(z)((sc))

which is a Laurent expansion with coefficients in the ring of motivic multiple zeta values
of homogeneous weight. Its period is the open string amplitude

per I (w, s) = I""(w, 5).
It follows that the coefficients of I°P*"(w, s) are multiple zeta values.

The first statement has been used implicitly in [SS13,SS19] by assuming the period
conjecture for multiple zeta values. The fact that the Laurent coefficients are multiple
zeta values is folklore. A subtlety in the previous theorem is that the motivic lift 1™ (w, )
is a priori not unique, as there are many possible ways to express the logarithms log(u.)
as integrals. We believe that one could fix these choices if one wished. In any case, the
period conjecture suggests that the motivic amplitude /™ (w, s) is independent of these
choices.

By applying the general theorems on single-valued integration proved in the prequel
to this paper [BD20] we deduce that the closed string amplitude is the single-valued
version of the motivic amplitude.

Theorem 1.3. Let 1™ R denote the de Rham projection map from effective mixed Tate
motivic periods to de Rham motivic periods (which maps ¢™ to ¢ ™), and s the single-
valued period map (which maps ™% to V). Then

Iclosed(a)’g) — Sij,dR Im(a),g).

It follows that the coefficients in the canonical Laurent expansion of the closed string
amplitudes are single-valued multiple zeta values.

This theorem, for periods (i.e., assuming the period conjecture) was conjectured in
[Stil14,ST14] and proved independently by a very different method from our own in
[SS19]. Since the first draft of this paper was written, yet another approach to computing
the closed string amplitudes appeared in [VZ18]. An interesting consequence of Theorem
1.3 is that it suggests that the space generated by closed string amplitudes might be closed
under the action of the de Rham motivic Galois group. It is important to note that the
proof of the previous theorem, in contrast to the approach sketched in [SS19], uses
no prior knowledge of multiple zeta values or polylogarithms, and merely involves an
application of our general results on single-valued integrals.

String amplitudes from the point of view of cohomology with coefficients and double
copy formulae In the final parts of this paper Sect. 6, 7, we consider the open string
amplitude as a period of the canonical pairing between algebraic de Rham cohomology
with coefficients in a certain universal (Koba—Nielsen) algebraic vector bundle with
connection, and locally finite homology with coefficients in its dual local system:

HY 3 (Mon, Vo) ® HY s(Mon, L) — C.
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As in the case of the beta function, Poincaré duality exchanges s and —s and leads to
quadratic functional equations for open string amplitudes generalising (7).

It is important to note that this interpretation of the open string amplitude, as a
function of generic Mandelstam variables, is quite different from its interpretation as a
Laurent series. After defining the single-valued period map, our main theorem (Theorem
7.8) provides an interpretation of the closed string amplitudes 714 (e, s) as its single-
valued periods. Theorem 7.8 is in no way logically equivalent to the previous results
since it is not obvious that the two notions of ‘single-valuedness’, namely as a function of
the s;;, or term-by-term in their Laurent expansion, coincide. The paper [BD19] provides
yet another connection between these two different cohomological points of view.

As aconsequence of Theorem 7.8, we immediately deduce an identity relating closed
and open string amplitudes which involves the period matrix, its inverse, and the de Rham
pairing. By the compatibility between the de Rham and Betti pairings, it in turn implies
a ‘double copy formula’ which generalizes (9). It expresses closed string amplitudes as
quadratic expressions in open string amplitudes but this time using the Betti intersection
pairing (Corollary 7.10). Since Mizera has recently shown [Miz17] that the inverse trans-
pose matrix of Betti intersection numbers coincides with the matrix of KLT coefficients,
our formula implies the KLT relations.

Because our results for genus zero string amplitudes are in fact instances of a more
general mathematical theory [BD20], valid for all algebraic varieties, we expect that
many of these results may carry through in some form to higher genera. It remains to
be seen, in the light of [Wit12], if this has a chance of leading to a possible double copy
formalism for higher genus string amplitudes.

1.3. Contents. In §2 we review the geometry of the moduli spaces My y, dihedral
coordinates, and the forgetful maps which play a key role in the regularisation of singu-
larities. In §3 we recall the definitions of tree-level string amplitudes, their interpretation
as moduli space integrals, and discuss their convergence. Section 4 defines the ‘renor-
malisation’ of string amplitudes via the subtraction of counter-terms which uses the
natural maps between moduli spaces. It uses in an essential way the fact that the zeros
of dihedral coordinates are normal crossing. Lastly, in Sect. 5 we construct the motivic
amplitude and prove the main theorems using [BD20]. The final sections Sect. 6, 7 treat
cohomology with coefficients as discussed above. In an appendix, we prove a folklore
result that the Parke—Taylor forms are a basis of cohomology with coefficients.

2. Dihedral Coordinates and Geometry of M, g

Let n > 0 and let S be a set with n + 3 elements, which we frequently identify with
{1,...,n+3}. Let My s denote the moduli space of curves of genus zero with marked
points labelled by S. It is a smooth scheme over Z whose points correspond to sets of
n + 3 distinct points pg € P!, for s € S, modulo the action of PGL,. Since this action
is simply triply transitive, we can place p,+1 = 1, py+2 = 00, pn+3 = 0 and define the
simplicial coordinates (t1, .. ., t,) to be the remaining n points. In other words, they are
defined for 1 < i < n as the cross-ratios

_ (Pi — Pn+3)(Pn+1 — Pn2) )
(Pi - pn+2)(pn+l - pn+3)

(10)
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Note that the indexing differs slightly from that in [Bro09]. These coordinates iden-
tify My_s as the hyperplane complement (P'\{0, I, c0})" minus diagonals, and are
widespread in the physics literature. We also use cubical coordinates:

X1 =t1/t2’ cees Xp—1 = tl‘l—l/tl‘la Xn = In. (11)

2.1. Dihedral extensions of moduli spaces. A dihedral structure 6 for S is an identifi-
cation of S with the edges of an (n +3)-gon (which we call (S, §), or simply S when § is
fixed) modulo dihedral symmetries. When we identify S with {1, ..., n+3} we take  to
be the ‘standard’ dihedral structure that is compatible with the linear order on S. Let xs 5
denote the set of chords of (S, §). The dihedral extension /\/lg’ ¢ of My, s is a smooth
affine scheme over Z of dimension n defined in [Bro09]. Its affine ring O(Mg’ ) is the
ring over Z generated by ‘dihedral coordinates’ u., for each chord ¢ € x5 s, modulo the
ideal generated by the relations

[Tuc+]Juec=1 (12)

ceA ceB

for all sets of chords A, B C xs,s which cross completely (defined in [Bro09, §2.2]).
We frequently use the following special case: if ¢, ¢’ are crossing chords, then

Uy =1 —xue (13)

where x is a product of dihedral coordinates which depends on ¢, ¢’.
The zero locus of u, is denoted D, C /\/lg’ g We have

Mo.s = Mg’S\D where D = U D,

CEXS,5

and D (also denoted by BMS’ ) is a simple normal crossing divisor. Two components

D, D intersect if and only if ¢, ¢’ do not cross. In the case |S| = 4, Mg,s = A and
the divisor D has two components, 0 and 1, corresponding to the two chords in a square.
The case |S| = 5 is pictured in Fig. 1.

Let us write J\_/lo, s for the Deligne—Mumford compactification of My s. The open
subspace Mg s C Mo, s can be obtained by removing all boundary divisors which are
not compatible with the dihedral structure §. The set of /\/lg’  as 8 ranges over all dihedral

structures form an open affine cover of ﬂo,s.

2.2. Morphisms. Given a subset T C S with |T| > 3, let 8|7 denote the dihedral
structure on 7" induced by 8. There is a partially defined map f7 : xs5.6 — x7.5, induced
by contracting all edges in (S, 6) not in 7. Since some chords map to the outer edges of
the polygon (7, §|7) under this operation, it is only defined on the complementary set
of such chords in s s. It gives rise to a ‘forgetful map’

. A8 It
fT . MO,S — MO,T
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Fig. 1. On the left: three out of the five chords in a pentagon, corresponding to the dihedral coordinates up4
(dashed), u35, 13 (dotted). The figure illustrates the relation uy4 = 1 —u13u35. On the right: the five divisors
on M%,S defined by u;; = 0 form a pentagon. Two divisors intersect if and only if the corresponding chords
do not cross

whose associated morphism of affine rings f7 : O(./\/lg'TT) — O(Mg g)is

fiwey= ] ue (14)
fr(ch=c

where ¢ € xr,5),, and ¢’ ranges over its preimages in xg 5. The forgetful map restricts
to a morphism fr : Mo s — Mo, 1 between the open moduli spaces.

. . . . 81, ~
A dihedral coordinate u. is such a morphism f7, : Mg g MolTT‘(v = Al where 7.
is the set of four edges which meet the endpoints of c. '

2.3. Strata. Cutting along ¢ € xs, s breaks the polygon § into two smaller polygons,
(87,8 and (8”7, 68"), with S = (S"\{c}) U (§"\{c}) (see e.g. [Bro09, Figure 3]). There
is a canonical isomorphism

Do = M) g x Mg (15)

In particular, the restriction of a dihedral coordinate u. to the divisor D., where ¢’ and
¢ do not cross, is the dihedral coordinate u. on either (S’, §") or (S”, §""), depending on
which component ¢’ lies in.

Definition 2.1. Let J C xs.s be a set of k non-crossing chords. Cutting (S, §) along J
decomposes it into polygons (S;, §;), 0 < i < k. Write

S/T a8 5
Mospy = Mgs, x - x Mg,
and similarly, Mo s/7 = Mo,y x -+ x Mo.s,. If J = {j1,..., ji} then set
Dy =Dj;N---NDj.

. L . ~ 4 48/
There is a canonical isomorphism D; = My ¢ e
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1 8
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Fig. 2. An illustration of the trivialisation map fcy (the cyclic orientation y is clockwise, induced by the
numbering)

2.4. Trivialisation maps. A crucial ingredient in our ‘renormalisation’ of differential
forms is to use dihedral coordinates to define a canonical trivialisation of the normal
bundles of the divisors D, in a compatible manner. In order to define this, we shall fix
a cyclic order y on S, which is compatible with §. Such a cyclic structure is simply a
choice of orientation of the polygon (S, §).

Definition 2.2. Let ¢ be a chord as above. Let T/, T"” be the subsets of S consisting of
the edges in S"\{c}, S”\{c}, respectively, together with the next edge in S with respect
to the cyclic ordering y. Let §’, §” be the induced dihedral structures on 77, T"”. There
are natural bijections S’ >~ T’ and §” >~ T” where in each case we identify the chord ¢
with the next edge after S’ or S in the cyclic ordering. Consider the map

fcy : Mg’s — Al X M(S)/,S/ X Mg:/s// (16)

induced by ) = fr. x fr x fr», where M?f" is identified with A!. An illustration
of this map is given in Fig. 2. '

The first component f7, is simply the dihedral coordinate u ., and hence the restriction
of (16) to D, induces the isomorphism (15). Note that (15) is canonical, but ) depends
on the choice of cyclic structure y.

Lemma 2.3. [fc1, c2 € xs.5 do not cross, then fc): o fc); = fg; o fc):.

Proof. Cutting along c1, co decomposes the oriented polygon (S, y) into three smaller
polygons (S1, ¥1), (S12, ¥12), (S2, ¥2), where S| has one edge labelled by ¢y, S> has one
edge labelled by ¢, and S two edges labelled c1, ¢;. The graphs S; N S and S, N S
each have one connected component and S7 N S has exactly two components (one of
which may reduce to a single vertex). Extending each such component by the next edge
in the cyclic order defines sets 71, T2, 7o C S where |T1| = |S1|+ 1, |T2| = |S2] + 1,
and |T12| = |Si2| + 2. One checks from the definitions that

Y gV
fc‘lsz = fTCl X fTEz X fT] X fT]z X sz,

which is symmetric in ¢y, ¢;. The point is that the operation of ‘extending by adding the
next edge in the cyclic order’ does not depend on the order in which one cuts along the
chords ¢1,¢c;. O
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Definition 2.4. Let J C s, 5 be a set of non-crossing chords, and define
Y . Ag8 J 8/J
fr i Mps — A x MO,S/J

for the composite of the maps f., for ¢ € J, in any order, where A’ = (A1)’ Its

restriction to D gives the canonical isomorphism D; = Mg/ ;/ 7

When the cyclic ordering is fixed, we shall drop the y from the notation.

2.5. Domains. Let X C Mg, s(R) be the subset defined by the positivity of the dihedral
coordinates u, > 0, forall ¢ € xs_s. In simplicial coordinates (10) it is the open simplex
{0 <1 <--- <t, < 1}. In cubical coordinates (11) it is the open hypercube (0, 1)". It
serves as a domain of integration. On the domain X?, every dihedral coordinate u, takes
values in (0, 1) by (13). Given a cyclic ordering y on S, (16) defines a homeomorphism

fraoxt =1 x x¥ x x¥.
More generally, for any set J of k non-crossing chords (Definition 2.1) set
X;=X% x ... x X%, (17)
It follows by iterating the above that
7 X2 =0, DF x X,. (18)
The closure X Mg’ ¢(R) for the analytic topology is a compact manifold with corners

which has the structure of an associahedron. Note that the maps f}/ do not extend to
homeomorphisms of the closed polytopes X?.

2.6. Logarithmic differential forms. We define Q% to be the graded Q-subalgebra of
regular forms on My s generated by the d logu,, ¢ € xs,s5. These are functorial with
respect to forgetful maps, i.e.

1 Qy — Q% (19)

which follows from (14). One knows that all algebraic relations between the forms
dlogu, are generated by quadratic relations and furthermore, by Arnol’d-Brieskorn,
that My s is formal, i.e., the natural map

Q§ — Hip(Mo,s/Q) (20)
is an isomorphism of Q-algebras. Consequently, one has [Bro09, §6.1]

d”C]. Q1)

c

Hix(Mo.s/Q) = @D @]

CEXS.8

Finally, it follows from mixed Hodge theory [Del71] (see, e.g., [BD20, §4]), that

ro__ AA r i
5= F(Mo,s, Qﬂ”/@(log 8/\/10,5))

are the global sections of the sheaf of regular r-forms over Q, with logarithmic singu-
larities along d Mo s = Mo s\ Mo_s.
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2.7. Residues. Taking the residue of logarithmic differential forms defines a map
Resp, : @ — o P old 7,

It can be represented graphically by cutting S along the chord ¢ (see e.g. [DV17, Propo-
sition 4.4 and Remark 4.5] where Resp, is denoted by A} up to a sign). Residues are
functorial with respect to forgetful maps:

Lemma 2.5. Let T C S as in Sect. 2.2 and ¢’ € XT,5|p- Let ¢ be a chord in xs s in the
preimage of ¢’ with respect to fr : xs.5s — XT.8|y- Suppose that cutting along ¢’ breaks
(T, 8|1) into polygons T', T", and cutting along c breaks (S, 8) into polygons S’, S”.
Then the following diagram commutes:

_ 17 _
Q‘TTI 3 T Q|SS| 3
\LResDC, »LResDC
3 *
T/ _3 T// _3 f /®f 1" '/ _3 s _3
of Peap, T ag P eay

Proof. This is simply the functoriality of the residue. It can also be checked explicitly
using (14) and (21) which implies that

Resp, f7(dlogu. A w) = Resp, ((dlog Ue + Zdlog ux) A f}‘(w)) = f;‘(w)|uU:0,
X

where x ranges over chords in the preimage of ¢’ not equal to ¢. Thus the statement
reduces to the equation (f, ® f7,)(@lu,=0) = f7(@)|u.=0, Which is clear. For a form
o which does not have a pole along D/, we have Resp @ = 0. One checks using (14)
and the fact that f7(c) = ¢’ that Resp, ff(w) =0. O

In the opposite direction, a cyclic structure y defines maps

(O e eal Pel T — o7 22)

which send d;" ® o' ® " todloguc) A f.() A ff,(@).
Lemma 2.6. We have
Resp, () (E @0 @) =0 @ (23)
and
Resp, () (2 @0 ®w") =0 (24)

if c and ¢’ cross.

Proof. The first equality follows from the definition. Suppose that cutting (S, §) along ¢
decomposesitinto S’, §”. Since ¢’ crosses ¢, (13) implies thatd log(u.) = d log(1—xu.)
vanishes along u. = 0. Hence forms in (fc?/)*(QdT" ® les, =3 ® les/, |73) have no poles
along D./, which proves the second equality. 0O
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2.8. Summary of structures. With a view to generalisations we briefly list the geometric
1ngred1ents in our renormalisation procedure. We have a simple normal crossing divisor
D C /\/10 ¢ Whose induced stratification defines an operad structure (15). More precisely,
this is a dihedral operad in the sense of [DV17]. We have spaces of global regular
logarithmic forms equipped with

o (Residues)

-3 '|-3 -3
Resp, : Q‘SS‘ — les,l ® Q‘SS/,I .

o (Trivialisations, depending on a choice of cyclic structure on §)

|8"|-3 15”13

- S|-3
(e eay eal — af
satisfying a certain number of compatibilities. In this paper, we also use the property
uclp, =1 if D, and D, do not intersect, but we plan to return to the renormalisation
of integrals in a more general context with a leaner set of axioms.

2.9. Examples. Let |S| =4, and set S = {s1, 52, 53, s4} with the natural dihedral struc-
ture 8. The square (S, §) has two chords, and two dihedral coordinates

V4 = X and viz =1—x.

Here, and in the next example, a subscript i j denotes the chord meeting the edges labelled
{si, siv1}and {s;, sj1} [Bro09, Figure 2]. The scheme M 4 is isomorphic, via the coor-
dinate x, to IP’I\{O, 1, oo} and its dihedral extension is Mg’4 = Spec Z[vaa, v13]/(v24 +
vi3 = 1) = Al. The domain X ¢ R\{0, 1} is the open interval (0, 1). Its closure
X% c AlR) =Ris [0, 1].

Let |S| =5, and set S = {s1, 52, 53, 54, 5} with the natural dihedral structure §. The
five chords in the pentagon (S, §) give rise to five dihedral coordinates which satisfy
equations given in [Bro09, §2.2]. These equations define the affine scheme Mg’ 5. The
pair x = uo4, y = ups are cubical coordinates (11), and embed

(x,y) : Mos — Moa x Mo = P\{0, 1, 00} x P'\{0, 1, o0}

Its image is the complement of the hyperbola xy = 1. We can write all other dihedral
coordinates using (12) in terms of these two to give:

1—x 1—y
, U4 = , U5 =Y.
1 —xy 1 —xy

uiz=1—xy, uu=x, uzs=

The domain X® maps to the open unit square {(x,y) : 0 < x,y < 1}. The first
coordinate, x, is the forgetful map which forgets the edge s5:

T
(x,y) > x: MS)S — ./\/lg,4

The induced map on affine rings satisfies 7*(v24) = uo4, 7*(v13) = ui3u3s.
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2.10. de Rham projection. We now fix a dihedral structure § on § and write S for (S, §).
There is a volume form o5 s on Mg 5 Which is canonical up to a sign [Bro09, §7.1]. A
cyclic structure on S defines an orientation on the cell X° and fixes the sign of ag s if

we demand that its integral over X° be positive. In simplicial coordinates it is given by
[Bro09, (7.1)]:

n—1

-1
ass = |2 —t)'do A Adty, (25)
i=0
with the convention o = 0, t,41 = 1.

Definition 2.7. Writing us s = [| u. we define

CEXS.8

n(n+l)

vss=(=1)"7 ugsoss (26)

Note that the sign is the same as in [BD20, §4.5]. When the dihedral structure is clear
from the context, we write vg for vg s.

Lemma 2.8. The form vg 5 defines a meromorphic form on M(), s with logarithmic sin-
gularities, and has simple poles only along those divisors which bound the cell X°. In
simplicial coordinates (10), and using the convention ty = 0, t,41 = 1,

n
n(n+l) _
vss = (=2 [ =) dty Ao Ady. (1))
i=0

Proof. Using the equation 1 —u. = [[. .4 uo, Where A is the set of chords which cross
¢/, which as an instance of (12), we deduce that

2
uss = l_[ (1 — u(i iv1,i+2,i43))-

i mod n+3

Using the definition of dihedral coordinates as cross-ratios [Bro09, (2.6) and §2.1],

2
2 (zi — Zi+1)(Zi+2 — Ziv3) Zi = Zi+l
uss= |1 1 =)

 mod nas (zi — zi+2)(Zi+1 — Zi+3) i mod a3 & T Zit2

Using the fact that ug s is positive on X % one obtains

n n—1
-1
uss = [ Jier — 1) [ [tz — 1)
i=0 i=0

after passing to simplicial coordinates. Equation (27) then follows from (25). From (27),
we see that vg s is, up to a sign, the cellular differential form [BCS10, §2] corresponding
to (S, 8). The rest follows from [BCS10, Proposition 2.7]. O

After passing to cubical coordinates one obtains the more symmetric expression
n
n(n+l) dxi
vs,s = (=1) 2 — (28)
/\ xi (1 —x;)

i=1

The following proposition follows from the computations in [BD20, §4].
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Proposition 2.9. Let [F] € H(])3 (./\/lg 5 3./\/13 ) denote the class of the closure of the
domain X%. Then, with c(\)/ as defined in [BD20, §4], we have

ey ([F]) = Qri) Mvs s

Working in cubical coordinates and using (28) we get the following compatibility
between the vg ;5 and the maps 7 Moy, s = Mo,1, x Mo s x Mo s7. We set

du, "
Vo=—""—"—""=1U ,(UT"(; )
e

Lemma 2.10. We have (fcy)*(l)c ® I)S/ﬁ/ ® VS”,(S”) = (_1)(|S/|71)(|S”|71)US’5.

The sign is compatible with the single-valued Fubini theorem discussed in [BD20,

N " _
§5]: forw € QITC, o € les,l 3, o' € les,, 173 we have

/7 vs/\(fcy)*(w@)w/@w”)
My, s(C)

= /7 Ve AN @ /7 vy Ao /7 vgr A .
M0,4((C) Mo,s’((c) Mo.s/’(c)

LetJ = {j1, ..., jk} beasetof k non-crossing chords. With the notation of Definition
2.1 we may define

V=V ® Qv € Qlle ®...®91Tjk

So|—3 Skl—=3
vS/JZ])SO®...®USk c QlSO(Jl ®®Q|Sk” .

We have the compatibility
(f])*(vs @ vsyy) = vs, (29)

with a sign that is compatible with the single-valued Fubini theorem.

3. String Amplitudes in Genus 0

We give a self-contained account of open and closed string amplitudes in genus 0, recast
them in terms of dihedral coordinates, and discuss their convergence. The results in
this section are standard in the physics literature, which is very extensive. The seminal
references are [GSW12], [KLT86]. More recent work, including [SS13], [Sti14], [ST14],
[BSST14], served as the main inspiration for the results below.
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3.1. Momentum conservation. Let N =n+3 >3 andlets;; €e Cforl <i,j <N
satisfying s;; = s;; and s;; = 0. Let (x; : y;) denote homogeneous coordinates on P!
for 1 <i < N. Consider the functions

fi= J] Gyi—xyp™  and  go= ] Ixjyi—xiy ™

I<i<j<N I<i<j<N
on ((C x C)\{0, 0})". The former is multi-valued, the latter is single-valued.

Lemma 3.1. The functions f, gy define (multi-valued, in the case of f;) functions on

the configuration space of distinct points p1, ..., py € PN (C) ifand only if
> sij=0 forall 1<i<N. (30)
1<j<N

In this case, they are automatically PGLy-invariant and define (multi-valued, in the case
of fs) functions on the moduli space Mgy (C).

Proof. The functions f;, gy are invariant under scalar transformations
(xi, yi) > (Aixi, A;y;) if and only if (30) holds. The first part of the statement fol-
lows. For the second, observe that GL, acts by left matrix multiplication on

X1 X2 ... XN

Y1 Y2... YN
Since each term x;y; — x;y; is minus the determinant of the matrix formed from the
columns i, j, GL; acts via scalar multiplication. We have already established that scalar
invariance is equivalent to (30), and hence proves the second part. The last part follows

since the moduli space My y is the quotient of the configuration space of N distinct
points in P! modulo the action of PGL,. O

We call (30), together with s;; = s;; and s;; = 0 the momentum conservation
equations. The solutions to these equations form a vector space (scheme) Vy.
When they hold, denote the above functions simply by

fi= [ wi—pd% and g= [[ Ipj—pil™,
I<i<j<N l<i<j<N

where p; = x;/y;. The former has a canonical branch on the locus where the points p;
are located on the circle P! (R) in the natural order, which corresponds to the domain
X% € Mo, y(R). When (30) holds, the differential 1-form

dfs dpj —dpi
wy = 2% = e G1)
== 2 i,

5 1<i<j<N
defines a logarithmic 1-form on (ﬂo, N aﬂo, ~)- We therefore obtain a linear map

Vy(K) — T(Mo.y. Qg o (logdMon)) = Hig (Mon/K) - (32)

for any field K of characteristic zero.

Lemma 3.2. The map (32) is an isomorphism.
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Proof. It is injective: if w; were to vanish then its residue along p; = p;, viewed as
a divisor in the configuration space of N distinct points on the projective line, would
vanish. Hence all s;; = 0. Nextobserve that Viy_1 C Vy,andthat Viy/Vy_1 is generated
by siy = sni, for 1 <i < N — 1, subject to the single relation

SIN+---+sy—1ny =0.

Therefore dim Vy = dim Vy_; + N — 2. By injectivity, V3 = 0 since My 3 is a point.
Hence dim Vy = N(N — 3)/2, which equals dim Hle(/\/lo,N) by (21), and so (32) is
an isomorphism. 0O

3.2. String amplitudes in simplicial coordinates. 1Itis customary in the physics literature
to write the open and closed string amplitudes in simplicial coordinates (10). We use the
coordinate system on Vy consisting of the s;; for 1 <i < j < n along with the s; ;41
and s; ,43 for 1 < i < n. We use the notation so; = §; 4+3. Let |S| = N =n +3 and
let w € QY be a global logarithmic form. Let s;; € C be a solution to the momentum
conservation equations (30). The associated open string amplitude is formally written
as the integral

/ [] ¢-wv]e (33)
O<t<...<ty<l

0<i<j<n+l

with the convention 79 = 0, t,41 = 1. In the literature (see Theorem 6.10 below), w is
typically of the form

doy A --- Adty,

(34
[Ti—0(toi+1) — toy)
for some permutation o of {0, ...,n + 1}.
Closed string amplitudes are written in the form
Qi)™ f [T -z ]vsaw (35)

0<i<j<n+l

where vg was given in Definition 2.7. For w of the form (34), we can rewrite (35) as

2SA.
_ H0<' i< 1|Zj — zi|7h
P _ _l<]_n+n _ _ d221 /\'--/\dzZn,
o [TimoGivt — 20) [ im0 Goti+1) — Zo ()

with the notation d?z = dRe(z) A dIm(z). Note that the apparently complicated sign in
the definition of vg is such that all signs cancel in the previous formula, in agreement
with the conventions in the physics literature.

Convergence of these integrals is discussed below. As we shall see, a huge amount
is gained by first rewriting them in dihedral coordinates.
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3.3. String amplitudes in dihedral coordinates. Let S = (S, §) be a set of cardinality
N = n+3 > 3 and fix a dihedral structure. Suppose that s;; are solutions to the
momentum-conservation equations. It follows from Lemma 3.2 and (21) that we can
uniquely write

where the s, are linear combinations of the s;; indexed by each chord in (S, §). Thus the
s. form a natural system of coordinates for the space V. More precisely:

Lemma 3.3. Denoting a chord by a set of edges ¢ = {a,a + 1, b, b + 1}, we have

Sij = S{ii+lj—1.j} FS{i—1ij.j+1}) = S{i—Lij—1,j} = S{i.i+l,j. j+1}
SGi+l,j, j+1} = Z Sab- (36)

i<a<b<j

Proof. See [Bro09, (6.14) and (6.17)]. O

The coordinates s, are better suited than the s;; for studying (33) and (35). By (36), we
have on appropriate branches (e.g., on X°) the equation:

[T wj—p=]]ur

I<i<j<N ceEXS

Definition 3.4. For a tuple of complex numbers s = (s¢)ceys and a logarithmic form
w € §2|SS|_3, define the open string amplitude, when it converges, to be:

[P, 5) = /xa (]_[ u§c> . (37)

CEXS

Define the closed string amplitude, when it converges, to be:

IClosed(a),g) — (27_[1)—}1 /7 l_[ |MLI|2SC Vs A @. (38)
Mos(©) \ceys

These definitions are equivalent to (33) and (35), respectively, after passing to simplicial
coordinates. For the closed string case, one can change its domain using the fact that

ﬂo, s(C) D My s(C) c C" differ by sets of Lebesgue measure zero.

In the physics literature, one usually wants to expand string amplitudes in the Man-
delstam variables s. However, the integrals (37) and (38) generally do not converge if s
is close to zero, as the following propositions show.
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3.4. Convergence of the open and closed string amplitudes.

Proposition 3.5. The integral 1°P*" (w, s) of (37) converges absolutely for s, € C satis-

fying

if Resp.w #0;

Res) > 10
-1 if Resp.w=0.

Proof. Let J C xs be a set of non-crossing chords. The set J can be extended to a
maximal set / C J' C xs of non-crossing chords. The u; for j € J form a system of

local coordinates on /\/lg’ s [Bro09, §2.4]. For any & > 0, consider the set
J={0§Mj<8 for jeJ, ujp>e for j eJ\J} C X5,

The sets SsJ , for varying J, cover X9 for sufficiently small ¢. This follows because the
latter is defined by the domain u, > 0 for all ¢ € xgs. Since u. and u can only vanish
simultaneously if ¢ and ¢’ do not cross by (13), it follows that

x5=JUJs!

e>0 J

This implies the covering property by compactness of X3, It suffices to show that the
integrand is absolutely convergent on each S;. In the local coordinates u j» the normal
crossing property means that we can write the integrand of (37) as

(1)~ (1) (122
CEXS c¢J celJ

where p. = —ordp_w is the order of the pole of @ along u. = 0, and wy has no poles on
Sg’. Since x%dx is integrable on [0, ¢) for Re« > —1, the condition Re (s, — p.) > —1
for all ¢ € J guarantees absolute convergence over SSJ . O

Note that the region of convergence does not permit a Taylor expansion at s, = 0.

Proposition 3.6. Let N = |S|. The integral 199 (w, 5) of (38) converges absolutely
for s. € C satisfying

0 if Resp.w #0;

1
— >R
> Re(se) > _% if Resp.w—0.

2 (39)
Proof. Let Q2 denote the integrand of (38). Let D C ﬂo s be an irreducible boundary
divisor. Supose first that D is a component of BMO 5 and is therefore defined by u, =0
for some ¢ € xs. By Lemma 2.8, vg has a simple pole along D. In the local coordinate
Z = u¢, Q2 has at worst poles of the form:

2s, 42 N dZ

Fa i

dz Ndz
if Respw#0 |22 2% if Respo = 0.
2Z Z

In polar coordinates z = p '?, the left-hand term is proportional to p><~'dp d6 and
hence integrable for Re(s.) > 0, the right-hand term to p¥edp df and hence integrable
for Re(s;) > —1/2. Now consider a boundary divisor D which is a component of
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Mo s\M, s but which is not a component of 8./\/1 0.5 (at ‘infinite distance’). It is defined
by a local coordinate z = 0 (which is a dihedral coordinate with respect to some other
dihedral structure on S). By Lemma 2.8, vg has no pole along z = 0. Since w has
logarithmic singularities, €2 is locally at worst of the form

dz NdzZ
R4

where p is a linear form in the s.. Since any cross-ratio u, has at most a simple zero or
pole along D, it follows that p = )" . 45 deSc Where ac € {0, £1} (an explicit formula
for p in terms of s, is given in [Bro09, §7.3]). By passing to polar coordinates one
sees that the integrability condition reads 2 Re(p) > —1. Assuming (39) one gets the
inequality

[xsl N(N —3)
2Re(p) > ~2 7 = —— 57— > —1,

and we are done. O

Put differently, for any s. satisfying the assumptions (39), the integrand of (38) is
polar-smooth on (Mg s, My, s) in the sense of Definition 3.7 of [BD20].

3.5. Example. Let |S| =4, and set w = We have for s, t € C,

(1 X)

1 dx 1
1P (g, (s,t)):/ xs(l—x)’—zf 7' = x) lax.
0 x(1 —x) 0

This is the classical beta function (s, t), which converges for Re(s) > 0, Re(r) > 0.
For the closed string amplitude we get

1 dz dz
IClOSCd(a) (S t)) - |Z|2Y|1 _ Z|2t < A (__ < — )
2mi PL(C) Z(l _Z) Z(l —Z)

P / |Z|2(S—l)|1 _ Z|2(t_1) dzz’
T Jc

where d?z = dRe(z) A dIm(z). This is the complex beta function B¢ (s, 1), which
converges for Re(s) > 0, Re() > 0,Re(s +17) < 1.

4. ‘Renormalisation’ of String Amplitudes

4.1. Formal moduli space integrands. Letus fix S = (S, §) as above. We shall interpret
the integrands of string amplitudes as formal symbols in dihedral coordinates, with a
view to either taking a Taylor expansion in the variables s., or specialising to complex
numbers in the case when the integrals are convergent. This will furthermore enable
us to treat the open and closed string integrands simultaneously. To this end, consider
a fixed commutative monoid (M, +) which is free with finitely many generators. The
main example will be Mg = P Ns,, the monoid of non-negative integer linear

.. CEXs
combinations of the symbols s..
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Definition 4.1. Denote by Fs(M) the QQ-algebra generated by formal symbols u!", for
¢ € xs and m € M, modulo the relations u? = 1 and

’ !
ul™ = uul forall m,m' e M.

Similarly, if ¢ is a chord, let F.(M) be the Q-algebra generated by u?' form € M modulo
the above relations. Let us write

As(M) = Fs(M) ® 2
and set
Ac(M) = Fo.(M) ® Qdlog(uc).
We write the elements of .Ag(M) without the tensor product, as linear combinations

of (HCEXS ui"f) . Similarly, an element of A.(M) is denoted uc ' dlog(u.).

Definition 4.2. Let / C s be any subset of non-crossing chords as in Definition 2.1.
Write J = {1, ..., jk}. Let us define

AjM) =A; (M) Q@ --- @ Aj, (M)
Asjg(M) = Asy(M) @ - - - ® Ag, (M).

Remark 4.3. There is no preferred linear order on J or on the set of polygons that are
cut out by J. The tensor products in Definition 4.2 are therefore to be understood in the
tensor category of graded vector spaces with the Koszul sign rule, where Ag(M) has
degree |S| — 3, and A, (M) has degree 4 — 3 = 1.

Remark 4.4. We can think of the formal function ¢ as a horizontal section of the formal
connection V = d — m. dlog(u.) on the trivial rank 1 bundle on the punctured (total
space of the) normal bundle to D,.

A forgetful map fr : Mo s — Mo, defines a morphism f7 : Fr(M) — Fg(M)
via formula (14). By combining it with (19) we get a morphism

fiAr(M) — As(M). (40)
We can realise the formal moduli space integrands as differential forms as follows.
Definition 4.5. Given an additive map « : M — C, define a Q-linear map

P . Ag(M) —> differential forms on X°

(oo ()

Itis single-valued since u% = exp(« log(u.)) and log(u.) has a canonical branch on X 8
which is the region 0 < u, < 1. In a similar manner, we can define

pglosed : As(M) — differential forms on My _s(C)

(H u’f”) o+ Qi)™ (1_[ Iuclza(m”)> Vs A @.

c
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4.2. Infinitesimal behaviour. We define a kind of residue of formal differential forms
along boundary divisors which encodes the infinitesimal behaviour of functions in the
neighbourhood of the divisor. We first define the evaluation map

eve : Fs(M) — F.(M) ® Fy (M) ® Fs(M)

as the morphism sending a formal symbol u. to 1 if ¢’ crosses ¢, and all other symbols
to identically named symbols.

Definition 4.6. For any ¢ € xs we define the map
R. : As(M) — A.(M) @ Ay (M) ® Asgr(M)

to be the tensor product of the evaluation map ev, and the map of logarithmic differential
forms w > dlog(u.) ® Resp, ().

Lemma 4.7. If ¢1, c2 € xs do not cross, then R.; o Rc, = R, o Re,.

Proof. The commutativity for the evaluation maps is clear. Since d log(u, )Ad log(uc,) =
—d log(u¢,) N dlog(uc,), the residues anticommute: Resp, o Resp., = —Resp_ o

Resp,, . This sign is compensated by the Koszul sign rule (see Remark 4.3) for the

tensor product A, (M) ® A¢,(M) =~ Ae,(M) @ Ac,(M). O

Let J = {j1,..., jk} C xs be a subset of non-crossing chords as in Definition 2.1.
By the previous lemma one can compute the iterated residue Ry = Rj, o---o R, in
any order, which provides a linear map

Ry : As(M) — A;(M) ® Asyj(M).

4.3. Trivialisation maps. Fix acyclic ordering y on S which is compatible with §. Using
the morphisms (40) define for each chord ¢ € xg a trivialisation map

fl i Fe(M)® Fg (M) ® Fsn(M) — Fs(M) (41)
by frw? @U' @U") =u} f1(U") f7,(U") (compare (22)). One checks that
eve o fF = id. (42)

Lemma 4.8. For U € Fs(M), the difference U — f¥(ev.(U)) lies in the ideal of Fs(M)
generated by elements uZZ/ — 1 for all chords ¢’ crossing ¢, and m' € M.

Proof. Follows from the definitions. O

By tensoring (41) with the map of logarithmic forms (22) one gets a map
s AdM) @ Ag (M) @ Asi(M) — As(M). (43)

Lemma 4.9. If c1, ¢ € xs do not cross, then g’; o C”; = f:; o fc*1

Proof. The commutativity for the maps on the components of the tensor products in-
volving formal symbols is clear. The claim is thus a consequence of Lemma 2.3, which
treats the components which are logarithmic forms. O

LetJ = {j1,..., jx} C xsbeasubset of non-crossing chords as in Definition 2.1. By
the previous lemma one can compute the iterated trivialisation map f; = f j?'; o---of ]?’;
in any order, which provides a map

;o ArM) ® As) g (M) — Ag(M).
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4.4. Compatibilities. The maps R, and f,* satisfy the following compatibilities.

Lemma 4.10.(1) For every chord ¢ we have R; o f} = id.
(2) For two crossing chords ¢, ¢’ we have Ry o f¥ = 0.

Proof. (1) follows from (23) and (42), and (2) follows from (24). O

Lemma 4.11. Let ¢y, ¢3 be two chords in x5 which do not cross. Cutting along the chord
¢i produces polygons Sl{ , Si” , fori =1, 2 with the induced cyclic or dihedral structures.
Without loss of generality, suppose that c lies in S. Then

Ry o f = (d®f% ®id) o (id ®R,, ® id) (44)
as amap from Ac; @ Agy @ Agy — Ae; @ Agr @ Agr.

Proof. Use the notations of lemma 2.3. We wish to show the following diagram com-
mutes, where the horizontal maps are induced by forgetful morphisms:

AL‘Q ® AT]UT]Z ® ATZ — AS
Vid®r,, ®id VR,
Ae, ® Ay @ Ay @ Ay, @ A, — Aey © A1y ® Arpyur,

The commutativity of this diagram on the level of formal symbols is clear, and the
commutativity on the level of logarithmic forms is a consequence of Lemma 2.5. O

Note that (44) has to be understood via the Koszul sign rule.
We can simply write it in the unambiguous form R, o f} = [} o R, since the
source and target of a map f.* or R, is uniquely determined by the data of c.

The following lemma will not be needed in our renormalisation procedure, but will
play a role in the analysis of the convergence of string amplitudes.

Lemma 4.12. For Q € Ag(M) and a chord ¢ € s, the difference Q@ — f¥R.Q is a
linear combination of elements:

(i) Uvo withU € Fs(M) and w € Q‘Ssl_S such that Resp,w = 0;
(ii) (uZ’f/ — DUw, withU € Fs(M) and o € Q|SS|73, for some chord ¢’ crossing ¢ and
somem’ € M.

Proof. This is a consequence of Lemma 4.8. O

4.5. Integrability and residues.

Proposition 4.13. Let Q € As(M) such that R.Q = 0 for every chord c. There exists
an ¢ > 0 such that:

(1) po"™" () is absolutely integrable on X® for any realisation o : M — C such that
Re a(m) > —¢ for every generator m of M;

(2) pglosed (R2) is absolutely integrable on My s(C) for any realisation o : M — C such
that —e < Rea(m) < ¢ for every generator m of M.
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Proof. (1) Tt suffices to show that the integrand is absolutely convergent on each set S;,
defined in the proof of Proposition 3.5. The normal crossing property implies that
we only need to treat divergences in every local coordinate = u. for ¢ a chord. By
Lemma 4.12 it is enough to consider integrands of the form (i) and (ii). Since r*dt
is integrable around 0 if Re > —1, it suffices to check in each case that pg" " (£2)
is a linear combination of t*"™ w for m € M and wg a smooth form with no poles
along t = 0. The case (i) is clear. In the case (ii) we use (13) and write 1 —u. = 1

where v has no pole along ¢ = 0, to deduce that ua(m) 1= (1 —ty)™ —1
Since forms in Q‘S =3 have at most logarithmic poles at = 0, the claim follows.
(2) We need to prove that ,o,ftlosed(Q) is integrable in the neighbourhood of every
irreducible component D of 8/\_/10 s = /\_/lo s\Mo.s. Supose first that D = D,
is a component of BMO . By Lemma 2.8, vg has a logarithmic pole along D.. By

Lemma 4.12 it is enough to treat the case of integrands (i) and (ii). We work with a
local coordinate z = u,. In case (i) we see that the singularities of pal"‘cd(Q) are of

the type |z|?%(m) dzAdz d“dz for some m € M. Rewriting in polar coordmates z=pe?

this is proportlonal to 2% dp which is integrable for Re a(m) > —5. In case (u)
we use (13) to write

|ucl|2a(m’) —1=]1- xz|2a(m/) — 1=z + z&

where /9 and & have no pole along z = 0. The singularities of p¢'°°d() are thus at
worst of the type |z|>*™) dz?‘lz or |z|2(m) dz?”lz , and the claim follows as in case (i).
Now consider an irreducible component D of d Mg, s which is not a component of
3./\/13 ¢ (at “infinite distance’). It is defined by a local coordinate z = 0. By Lemma
2.8, vg has no pole along z = 0 and the singularities of pS°**4(Q) are at worst of

the type |z|** (i) dz%‘lz for some m in the abelian group generated by M, by the same
argument as in the proof of Proposition 3.6. This is integrable around z = 0 for
Rea(m) > —%. Since there are finitely many such divisors, the latter condition is
implied by the hypotheses (2) for sufficiently small e. O

Remark 4.14. In the case of closed string amplitudes, an integrand ,oal"”ed(Q) satisfying

the assumptions of Proposition 4.13 (2) is polar-smooth on (/\/10,5, 8/\/10,5) in the sense
of Definition 3.7 of [BD20].

4.6. Renormalisation of formal moduli space integrands.
Definition 4.15. Define a renormalisation map
As(M) — As(M)
Q> QN = Z(_n‘flf;RjQ, (45)
JCxs

where J ranges over all sets of non-crossing chords in xs.

The reason for calling this map the renormalisation map, even though it does not agree
with the notion of renormalisation in the strict physical sense, is that it is mathematically
very close to the renormalisation procedure given in [BK13].

Proposition 4.16. For all ¢ € xs, R. Q™" = 0.
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Proof. By the second part of Lemma 4.10, R. f; = R. [ f}"\c, = 0 if J contains a

chord ¢’ which crosses c. Let us denote by S, the set of subsets K C ygs consisting of
non-crossing chords ¢’ # c that do not cross c¢. Then, in R.Q™", only the summands
indexed by / = K and J = K U {c}, for K € S, contribute. Therefore

R QN — Z ((_1)|K\Rcfl>§RK + (_1)‘KU{C}|RCf;{<U{C}RKU{C}) Q.
KeS.
Each summand is of the form
(—D¥I(Re ft Rk = Re 2 [ ReRi ) 2.
By the first part of Lemma 4.10, (R, f7) f§ ReRg = fz R:Rk. By the commutation
relation (44), this is R, f ,? Rk, and therefore the previous expression vanishes. O

We extend the renormalisation map to tensor products of forms by defining it be the
identity on every A.(M). For |J| = k it acts upon

Aj(M) ® Asy g (M)
via id®F @ ren®*!  and is denoted also by ren.

Proposition 4.17. Any form Q2 admits a canonical decomposition (depending only on
the choice of cyclic ordering of S involved in the definition of f7}):

Q=) fiR; D" (46)
JCxs
where the sum is over non-crossing sets of chords in xs.

Proof. We prove formula (46) by induction on |S|. Suppose it is true for all sets S with
< N elements, and let |S| = N. Then applying the formula (46) to each component of
R 2, for K # (J, we obtain

RkQ = Y f1x(RAKRKQ™ = > f7 ¢ (R, Q™.
KcJ KcJ

Now, substituting into the definition of Q™", we obtain

oren — o 4 Z(—l)‘Kle(RKQ) = Q+ Z(—l)lk‘ Z fiéf}‘\K(RJQ)re“

p£K I£K KcJ
=+ (X 0w
0£J  O£KCJ

Via the binomial formula,
J|
=S (M 2 o
D D= =D
P£KCJ k>1
and therefore
Qren — Q — Z f}k(R]Q)ren.
g7

Rearranging gives (46) and completes the induction step. The initial case with [S| = 3
is trivial, since Q2 = Q™". O
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Example 4.18. Let |S| = 4. Let M = Ns & Nt and consider

Q=x'(1 —x)f(i—x + ld_xx).

Then RoQ = x”i?x and R1Q = (1 —x)tlci—xx. We have

dx
1—x

d
Qe = (x*(1 —x)' —x*) = + (' (1 =)' — (1 — %))
X
=N (1 =) = Ddx+ (1 =07 (' = D,
and formula (46) is the statement:

dx
1—x

d
Q=4 L0
X

If we identify s, ¢ and their images by a realisation & : M — C then the renormalised
open string integrand pg' " (Q2™") is integrable on [0, 1] if Re(s), Re(r) > —1.

On the other hand, the renormalised closed string integrand pg'¢d(Q") is, up to
the factor —(2mi)~ !

2s 21 2s 2s 2t 2
7N =27 = 27) =+ (2T =27 = =27 ) —— =
(Iz17] I~ — Izl )zz(l—Z) (S == | )z(l—z)(l—Z)
dz NdZ dz NdZ

— |Z|2(S—l)(|1 _ Z|2t _ 1) + |1 _ Z|2(l—l)(|z|2S _ 1)

1-z2

It is integrable on P! (C) for Re(s), Re(r) > —% and Re(s +1¢) < 1.

4.7. Laurent expansion of open string integrals. Let

Q= (H ui") 1) 47)

ceEXS

be the integrand of (37), viewed inside Ag(Ms), where Ms = € N

CEXS c-

Definition 4.19. Let / C xs be a set of non-crossing chords. Set

Q= ( I1 ui) Resp, (@) € As;j(Ms) “48)

cexy

where Resp, denotes the iterated residue along irreducible components of D, and x
denotes the set of chords in xs\J which do not cross any element of J. Let

ss=]se (49)

celJ

The integral of 2 over X can be canonically renormalised as follows.
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Theorem 4.20. For all s, € C satisfying the assumptions of Proposition 4.13 (1),

)
Q = — | qr, (50)
/;(8 Z N Xy 4

JCxs 4

where the sum in the right-hand side is over all subsets of non-crossing chords (including
the empty set). The integrals on the right-hand side converge for

Re(s;) > —e  for some ¢ > 0.

Proof. For any subset J of non-crossing chords, we have

du, du,.
stz:(]_[ujf M‘)Q, hence (R,Q)fenz(]_[ujvu—‘) Qe
C C

celJ celJ

where tensors are omitted for simplicity. By Proposition 4.17, we have

/ngz=;/}(5fj<mm =;/ (Ry Q™"

f1(x%)

By (18) we have f;(X%) = (0, 1)’ x X ;. Each summand in the last term equals

[y, (M) o = (IT3) 27
0,17 %X celJ Ue celJ Sc Xy
which proves (50). Absolute convergence of every integral for Re(s.) > —e is guaranteed

by Proposition 4.13 (1) and Proposition 4.16. 0O

The upshot is that each integral on the right-hand side of (50) now admits a Taylor
expansion around s, = 0 which lies in the region of convergence:

/ Q7" e Cllse : ¢ € xsll-
X7

Note that this integral is a linear combination of a product of integrals over X 8 for
various §', by (17).
Corollary 4.21. The open string amplitude has a canonical Laurent expansion

1" (w,5) € (C[é :ordp,@ = —1][[sc : ¢ € xs]l.

By proposition 3.5, it only has simple poles in the s, corresponding to chords ¢ such that
Resp, @ # 0. More precisely,

Corollary 4.22. The residue at s, = 0 of I°P*"(w, s) is

Res&/ Q:f Q. (&2))
X9 X3nD,
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Proof. Tt follows from the formula (50) that:
lReSsC / Q= lResSC Z i/ QN = Z i/ Qren.
Se Xt Se J S1J%; celJ 57 JX,

By similar arguments to those in the proof of theorem 4.20, we have

1 o dugc "
— Q. = uyr Q. = fSR:Q.
Sc¢ JX3ND,. fe(X9) Uc X4

Proposition 4.17 is stated for a form Q € Ag(M) but holds more generally for a tensor
products of forms in Ag(M) ® Ag»(M), where §’, S” are the polygons obtained by
cutting S along c. This is because the maps f*, R and ren are all compatible with tensor
products. Therefore writing R, Q2 = Y o’ ®w” (Sweedler’s notation) withw’ € Ag (M),
" € Agn(M), we deduce that R.2 equals

| 2 R @ Do SRy | =Y £ (R R

J'Cxg J"Cxgr c¢J
We therefore deduce that
1
[ rre- Y [ griwrar =Y [ e =3 L [ e,
x° c¢J x° celJ x° ceJ 57J%;

where the last equality follows from the same arguments as in the proof of theorem 4.20.
We have therefore shown that both sides of (51) coincide for all values of s, such that
the integrals converge. Note that since the left-hand side admits a Laurent expansion,
the same is true of the right-hand side. 0O

4.8. Laurent expansion of closed string amplitudes. The following lemma is the single-
valued version of the formula % = fol x5 ldx.

Lemma 4.23. For all 0 < Re(s) < % the following Lebesgue integral equals

1 25 dz dz 1
P "= A==~
2mi P1(C) z(1—2) Z §

Proof. Since d|z|* = s|z|* (dz—Z + dg) the integrand equals

1 dz
—d 2S— .
s (|Z| z(1 —z)>

For ¢ > 0 small enough, let U, be the open subset of P! (C) given by the complement
of three open discs of radius ¢ around 0, 1, oo (in the local coordinates z, 1 — z, z_l).
By Stokes’ theorem,

1 dz dz 11 dz
L e (— ) AL —.—[ o 22
2mi Jy, z(1 —2) Z 2mi s Jyu, z(1 —2)
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where the boundary dU, is a union of three negatively oriented circles around 0, 1, co.
By using Cauchy’s theorem, we see that all integrals in the right-hand side are bounded
as ¢ — 0, and that the only one which is non-vanishing in the limit as ¢ — 0 is around
the point 1, giving

11 d 1
lim —.-/ o= =
e=0 2mi s Jyy, z—=2) s

O
Let Q be as in (47). We set
chosed — (27‘[1)_" <1_[ |uc|23‘c> Vg /\a'
cEXs
The closed string amplitudes can be canonically renormalised as follows.
Theorem 4.24. For all s. € C satisfying the assumptions of proposition 4.13 (2):
/ chosed — Z i / (eren)closed (52)
Mo,s(C) Jexs o7 Mo,s/4(C)

where the sum in the right-hand side is over all subsets of non-crossing chords (including
the empty set). The integrals on the right-hand side converge if

—& <Res. <& forsomee > 0.
Proof. As in the proof of Theorem 4.20 we have
/ chosed — Z / (f}k(Rj Q)ren)closed
Mos(C) Mo,s(C)

J
‘We note that
fr: Mo.s(C) — (Moa(C))’ x Mo.s/;(C)

is an isomorphism outside a set of Lebesgue measure zero. Using the compatibility (29)
between f}“ and the forms vg, and making a change of variables via f;, we can write
each summand in the above expression as

1 di;
1_[ 2_ /7 luc |2s(: Ve A _C % /7 (eren)closed.
c Tl M04((C) Ue MO,S/J (©)

eJ

By applying Lemma 4.23 we deduce (52). O
Corollary 4.25. The closed string amplitude has a canonical Laurent expansion
[99% () 5) € Cly : ordp,w = —1lsc : ¢ € xsll.

By Proposition 3.6, it only has simple poles in the s. corresponding to chords ¢ such
that Resp, @ # 0. More precisely,

Corollary 4.26. The residue at s. = 0 of I°'*Y(w, 5) is

Ress, /7 Qelosed :/7 B (Qc)closed’ (53)
Mo,s(©) M, 5/ (C)x Mg g7(C)

where cutting along ¢ decomposes S into S’, S”.

The proof is similar to the proof of (51).
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5. Motivic String Perturbation Amplitudes

Having performed a Laurent expansion of string amplitudes, we now turn to their inter-
pretation as periods of mixed Tate motives.

5.1. Decomposition of convergent forms. Let V. C Fs(M) denote the ideal generated
by u”) — 1 for any m € M, where ¢’ is a chord which crosses c. More generally, for any
set of chords I C xg set Vg = Fs(M) and

V,=ﬂvc.

cel
Let Q|SS|_3 (1) C Q‘SS|_3 denote the subspace of forms whose residue vanishes along D,
for all ¢ € I. We have the following refinement of Lemma 4.12.

Lemma 5.1. Let x C xs be a subset of chords, and let Q € Ag(M) such that R.Q2 = 0
for all chords ¢ € x. Then Q2 has a canonical decomposition

Q= Z szg(” (54)
ICy

where I ranges over all subsets of x, and
o’ e vieai u\D.

Proof. First observe that the case where x = {c} is a single chord follows from Lemma
4.12, since R = 0 implies that @ = @ — f*R., and therefore

Q e V.ol + FsM) @ QP (eh).
Although the sum is not direct, the decomposition into two parts can be made canonical.
For this, consider the natural inclusion
ic: Fe(M) ® Fg(M) ® Fsr (M) — Fs(M)

corresponding to the inclusions xg, xs7 C xs. This map satisfies ev. i, = id. Observe
that V. C Fg(M) is the kernel of the map ev,.. The map i, ev. simply sends u. to 1 for
all ¢’ crossing ¢, and preserves u for all other chords. Now write

Q=(—i.eve®id)Q + (ic eve ®id)Q

The first term is annihilated by ev, ® id, and so lies in V., ® Q|SS|73. The second term
satisfies (id ®d log(u.)Resp,)(ic eve ®1d)Q = (i, ® id)R. 2 = 0 by definition of R,
and hence lies in Fg(M) ® Q‘SS‘_3({C}). This gives a canonical decomposition of the
form (54) when x = {c}.
In the general case, proceed by induction on the size of x by setting:

Q) = Geeve®id)Q)  and Q57 =) -l
Since the maps ev, commute for different c, the definition does not depend on the order in
which the chords in x U ¢ are taken, and the decomposition is canonical. By an identical
argument to the one above, we check by induction that indeed

: -3 -3
QU evine®Qy P\ and QY e vi®Qf P (xua\D

since (eve ® )R = 0 and (id ®Resp,) Q. = 0. O

Note that the sum of the spaces V; ® §2|SS|_3( x\I) is not direct.



844 Francis Brown & Clément Dupont

5.2. Logarithmic expansions. For each chord c, let £, be a formal symbol which we
think of as corresponding to a logarithm of u..
There is a continuous homomorphism of algebras defined on generators by

Fs(M) — Q[{€c}eexs][[M]]

ul e Y (55)
n>0
This extends to a map
As(M) — Q7110 cen IIML (56)

For an additive map & : M — C we have the realisation maps pg" " and pgk’sed

from Definition 4.5. A form pg’ " (S2) (resp. pglosed (€2)) has a series expansion given by
composing (56) with « and by interpreting the formal symbols £, as:

Cc > log(ue)  (resp. £ > log |ucl?).
Definition 5.2. A convergent monomial is one of the form
. 51-3
(TTe)eo e 2 Htdeey] (57)
CEXS

where for every ¢ € xs such that Resp, w # 0, there exists another chord ¢’ € xg which
crosses ¢ such that k. > 1.

Lemma 5.3. For a convergent monomial (57), the corresponding integrals
/ ( l_[ logk”(uc)> w and /7 ( l_[ logkf |uc|2> Vs A @
X0 S cexs Mos(©) " cexs
are convergent.

Proof. For any chord ¢’ which crosses ¢ € xs, equation (13) implies that
log(ue) =, and  loglus|* = Buc +yiic

for some «, B, y. By applying this to every chord ¢ for which Resp.w # 0, we can
rewrite the above integrals as linear combinations of

’ . Ue \ —
/ F(u:)w respectively /7 G(uc)vs A H — | o
X9 M. s(C) Ue

ceX

where F', G have at most logarithmic singularties near boundary divisors, x C xsis a
subset of chords, and @’ has no poles along D,, for all ¢ € xg. Convergence in both
cases follows from a very small modification of propositions 3.5, 3.6 to allow for possible
logarithmic divergences. The latter do not affect the convergence since | log(z)|¥z* tends
to zero as z — O forany Res > 0. O

Proposition 5.4. Let 2 € Ag(M) such that R.2 = 0 for all chords c. Then Q2 admits a
canonical expansion which only involves convergent monomials (57).
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Proof. Apply (55) to each term in QE(I) in the decomposition (54). O

Corollary 5.5. Renormalised amplitudes, where they converge, can be canonically writ-
ten as infinite sums of integrals of convergent monomials in logarithms:

/;(5 openQren — Z aK/ 1_[ log (Mc)) wK

K=(ke) cEXs

ff POl = i)™ / (TT toghue® ) vs A, (58)
M(),s((C) K= (k) MOS((C) CEXS

where ag , ay lie in the Q-subalgebra of C generated by a(M). Each integral on the
right-hand side converges.

Equivalently, if we treat the elements of M as formal variables then the open and
closed string amplitudes admit expansions in C[[ M ]] whose coefficients are canonically
expressible as Q-linear combinations of integrals of convergent monomials as above.

Example 5.6. We apply the above recipe to Example 4.18. By abuse of notation we
identify s, ¢+ with their images under a realisation « : Ns & Nt — C, and write
(Qren)open — Open(Qren) (Qren)closed _ pclosed(Qren)' In the open case we get

m .n 1
@ = 30 S g (o) log (1 — 1 X
X moO el m!n! Jo X
s 1
+ Z —— | log™(x)log"(1 — x) (59)

Note that log(x) vanishes at x = 1, and log(l — x) at x = 0, so the integrals on the
right-hand side are convergent. In the closed case we get

1 Sm t’l d2Z
Qren closed _ ~ ° log™ |z 210 n 1—22—
/Pl(o( ) T 2t fuey O O P

m=>0,n>1 ]P’I((C
1 M g d2Z
= ) == log" |z*log" [1 — z[*—— - (60)
meLs0 m!n! Jpi(c) z|1 —z|

Again, the integrals on the right-hand side are convergent.

5.3. Removing a logarithm. We can now replace each logarithm with an integral one
by one. It suffices to do this once and for all for |S| = 5.

Example 5.7. (The logarithm) Consider the forgetful map x : Mg 5 — My 4 of example
2.9. It is a fibration whose fibers are isomorphic to the projective line minus 4 points.
More precisely, the forgetful maps u24 = x and uz5 = y embed My 5 as the complement
of 1 —xy = 0 in the product Mg 4 x My 4. The projection onto the first factor gives a
commutative diagram

Mos € Mo x Moa

1x \:
Mos = Moa
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The projection restricts to the real domains X5 — X4 whose fibers are identified with
(0, 1) with respect to the coordinate y. Then

duis
= dlog(l —xy) =log(l — x).
O<y<l U13 0<y<l

The function 1 — x is the dihedral coordinate v13 on My 4 and so

d
logviz = f u13. 61)
O<y<l U13

In this manner we shall inductively replace all logarithms of dihedral coordinates
with algebraic integrals. Note that it is not possible to express the logarithmic dihedral
coordinate log vo4 = log x as an integral of another logarithmic dihedral coordinate over
the fiber in y with respect to the same dihedral structure. It is precisely this subtlety that
complicates the following arguments.

From now on, we fix a dihedral structure (S, &), and consider a differential form of
degree |S| — 3 of the following type:

Q= ( I1 log""(uc)) wo (62)

CEXS.8

where wy € QI¥ "3(/\/10, s). Suppose that it is convergent, i.e., for every chord ¢ such
that Res p,wq # 0, there exists a ¢’ € I which crosses ¢ with no > 1. Define

weight(Q) = [S| =3+ Y ne.
CEXS,8
We can remove one logarithm at a time as follows.

Lemma 5.8. Pick any chord c such that n. > 1, and write
Q = log(u.) 2.

Then there exists an enlargement (S¢, 8.) of (S, 8), i.e., S C S and |S:\S| = 1, where
the restriction of 8. to S induces 8, and a differential form Q" of degree |S.| — 3 which
is a sum of convergent forms (62) such that

/;(8 log(u.) Q' = /){5‘ Q. (63)

Furthermore, each monomial in Q" has weight equal to that of Q.

Proof. The chord c on S is determined by four edges 7 = {t1, ..., 14} C S, where t1, 1>
and 13, t4 are consecutive with respect to 8. This identifies Mo r = My 4 and u, with
the dihedral coordinate v13 in My 4. Consider the set S, = S U {ts}, equipped with the
dihedral structure §. obtained by inserting a new edge #5 next to #; and in between #; and
t4. Let T’ be the set of five edges T U {ts} with the dihedral structure inherited from §.
Then My 77 = My 5 (see example 5.7).
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Consider the diagram

8¢ Selpr

MO,S M T
l/fs l/x
5 e s

Mos — Mya

It commutes since forgetful maps are functorial. Let 8 € Q! (Mo,5) denote the form
dlogu1sz of example 5.7 whose integral in the fiber yields log(vy3) and set

Q' = fE@) A [ B).
The product f = fs x f7/ induces a morphism
fiMos, — Mo.s X mes Mos

and an isomorphism f : X% = X% x (0, 1). Since Q" = f*(Q' A B), we find by
changing variables along the map f that

/ Q’ :/ QAB :/ log(u.) .
Xée X5%(0,1) X°

The second integral takes place on the fiber product Mo, s x A4, , Mo,5 and is computed
using (61). This proves equation (63).

We now check that Q" is of the required shape (62) with respect to ./\/lg‘ s, and
convergent. First of all, observe that for any forgetful morphism f : §' — § and any
chords a, b in S which cross, we have by (14)

f (l()g(ua) _> Z IOg(ua/)_

/b/

where a’, b’ range over chords in S’ in the preimage of a and b respectively. Every
pair a’, b’ crosses. It remains to check the convergence condition along the poles of the
1-form B. For this, denote the two chords in S, lying above the chord ¢ by ¢y, ¢2. The
chord ¢ corresponds to edges {t5, 1; 13, 14} and ¢; to {t1, 2; 13, 14}. By (14), we have

f§ue) = ucuc,, and by example 5.7 f7,p = d:"z, (B corresponds to dlog uy3 in
172
example 2.9). We therefore check that

* * dufz
fs (due) A fT/(ﬁ) = d(uclucz) A

@

du, N U duc2
N 7 = 1 1 _—
» ) f7(8) <§ og ) .

Ucy

=du¢ Ndue,

f; <10g (e

where ¢’ crosses c. In the sum, ¢” ranges over the preimages of ¢’ under fg, and neces-
sarily crosses both ¢ and c¢;. It follows that ” is a sum of convergent monomials in
logarithms. The statement about the weights is clear. O
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Remark 5.9. Note that S. depends on the choice of where to insert the new edge we
called #5. Similarly, the computation in example 5.7 also involves a choice: we could
instead have used

d 1-
—log(l—x)=/ u35:/ dlog( x).
O<y<l U35 0<y<l1 I —xy

Thus there are two different ways in which we can remove each logarithm. One can
presumably make these choices in a canonical way.

Corollary 5.10. Let 2 be of the form (62) and convergent. Then the integral I of Q2 over
X% is an absolutely convergent integral

/ w (64)
x¢

where S’ O S is a set with dihedral structure §' compatible with 8, and w € Qg a
logarithmic algebraic differential form with no poles along the boundary of ./\/lg, g
Furthermore, |S'| = weight(2) + 3.

Proof. Apply the previous lemma inductively to remove the logarithms log(u.) one at
a time. At each stage the total degree of the logarithms decreases by one. One obtains
a Z-linear combination of convergent integrals of the form (64). Add the integrands
together to obtain a single integral of the required form. O

5.4. Motivic versions of open string amplitude coefficients. Let MT (Z) denote the
tannakian category of mixed Tate motives over Z with rational coefficients [DG05]. An
object H € M7 (Z) has two underlying Q-vector spaces Hgr (the de Rham realisation)
and Hp (the Betti realisation) together with a comparison isomorphism comp : Hgr ®q
CS Hp ®qC. Forevery integer N > 3 we have an object H = HN’3(M3 N 8/\/!3 )
in M7 (Z) whose de Rham and Betti realisations are the usual relative de Rham and
Betti cohomology groups of the pair (Mg’ N 8./\/18’ ~) [GM04,Bro09].

Letusrecall [Bro14b], [Bro17] the algebra P/T/(T(Z) of motivic periods of the category

MT (Z).Its elements can be represented as equivalence classes of triples [H, [0 ], [@]]™
with H € MT(Z), [o] € Hy and [w] € Hgr. It is equipped with a period map

per : Pyrz) = C

defined by per [H, [0], [@]]™ = ([o], comp [w]). Let us also recall the subalgebra
P;\“/i}@ of effective motivic periods of M7 (Z).

Corollary 5.11. Let Q2 be of the form (62) and convergent. Then the integral

1=/§2
X4

is a period of a universal moduli space motive HN =3 (Mg/ o 8/\/18/ ¢)» where o8
is a set with dihedral structure 8’ compatible with 8, and |S'| = N = 3 + weight(L).
More precisely, we can write I = per '™ where

N=3, 4 8 8 8 ho
I™ = [HY (MG ¢, OMG o), X0 [oll™ € PR,
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is an effective motivic period of weight N — 3 and w € F(MQN, 9%3 (log aﬂo,s/))
0.5
is a logarithmic differential form.

Proof. Let (8, 8") and o be as in Corollary 5.10, set H = H¥=3(MJ ,, 9M? ) and
define I™ as in the statement. We have

I=/ w=perI™
X

by definition of the comparison isomorphism for H. The statement about the weight
follows from the fact that w is logarithmic in the following way. As for every mixed
Tate motive, the weight filtration on Hgr is canonically split by the Hodge filtration
[DGOS, 2.9] and we have a weight grading on H; this splitting implies in particular that
H = Wyy_4H®F N=3H. The statement about the weight says that the class of
is a homogeneous element of weight 2(N — 3) with respect to this grading, i.e., that
[w] € FN=3H. This can be checked after extending the scalars to C and thus follows
from Corollary 4.13 in [BD20] (compare with [Dup18, Proposition 3.12]). 0O

Remark 5.12. Note that the motivic lift I™ of I depends on some choices which go into
Lemma 5.8. One expects, from the period conjecture, that it is independent of these
choices. One can possibly make the lift canonical by fixing choices in the application of
Lemma 5.8.

We deduce a number of consequences:

Theorem 5.13. The coefficients in the Laurent expansion of open string amplitudes with
N particles are multiple zeta values. More precisely,

I[P, s) = Z Cns™  where  s" = 1_[ spe

ﬂ:(nc)z‘e)(s CEXS

and each n. > —1. Here, §, is a Q-linear combination of multiple zeta values of weight
N + |n| — 3, where |n| = ZCEXS ne.

Proof. Use the fact that the periods of universal moduli space motives are multiple zeta
values [Bro09]. One can obtain the statement about the weights either by modifying the
argument of loc. cit or as a corollary of the next theorem (using the fact that a real motivic
period of weight n of an effective mixed Tate motive over Z is a Q-linear combination
of motivic multiple zeta values of weight n). O

Theorem 5.13 is well-known in this field using results scattered throughout the liter-
ature, but until now lacked a completely rigorous proof from start to finish.

Theorem 5.14. The above expansion admits a (non-canonical) motivic lift
™o, )= Y 's" (65)
E:("c')c'e)(s
where ¢, is a Q-linear combination of motivic multiple zeta values of weight N +|n| —3,
whose period is ¢, .

Proof. Apply the Laurent expansions (58) to each renormalised integrand (50) and
invoke Corollary 5.11. This expresses the terms in the Laurent expansion as linear
combinations of products of motivic periods of the required type. 0O
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Remark 5.15. The existence of a motivic lift is a pre-requisite for the computations of
Schlotterer and Stieberger [SS13], in which the motivic periods are decomposed into an
‘ f-alphabet’ (rephrased in a different language, that paper and related literature studies
the action of the motivic Galois group on I™(w, s)). In [SS19], this is achieved by
assuming the period conjecture. The computation of universal moduli space periods
in terms of multiple zeta values can be carried out algorithmically [Bro09], [Pan15],
[Bog16]. This type of analytic argument (or [Ter02], [BSST14]) is used in the literature
to deduce a theorem of the form 5.13, but it is not capable of proving the much stronger
statement 5.14.

Example 5.16. (‘Motivic’ beta function). We now treat the case of the beta function
(Example 4.18) by using the expansion (59) of the renormalised part. We can remove
all logarithms at once and write, for w € {‘%, %}1

1
/ log™ (x) IOg"(l—x)wz(_l)m_m/ dui duy, w@.“dvm
0 m! n! Amnsl 1 —ug 1 —u, V1 Um
where A" = {0 <y < -+~ <up <x <v] < -+ < v, < 1} is the standard

simplex. We thus get the following expansion:

_l 1 o\ n—1
,B(S,t)—s+t+ Z (=) (=" ¢{1}" ", m+2)

m>0,n>1

+ ) =DM ED Y m 1,

m=>1,n>0
which can be rewritten as
1 1 m n n—1
B, )y=|-+-)|1- Z (=)" (=" ¢}, m+1) | . (66)
s t
m>1,n>1

The above argument yields a ‘motivic’ beta function

m = l 1 _ o\ em n—1
B (S’t)_<s+t> 1 Z (=)" (=" ¢ {1 m+ D). (67)

m>1,n>1

whose period, applied termwise, gives back (66).

Note that Ohno and Zagier observed in [OZ01] that (66) agrees with the more clas-
sical expansion of the beta function (3). Likewise, one can verify using motivic-Galois
theoretic techniques that (67) indeed coincides with the definition (5).

5.5. Single valued projection and single-valued periods. We let P}Ci%l-z(z) denote the

algebra of motivic de Rham periods of the category M7 (Z) [Brol7] (see also [BD20,
§2.3]). It is equipped with a single-valued period map

. m,dR
S: PMT(Z) — R

defined in [Brol4a,Brol7] (see also [BD20, §2]). The de Rham projection

m,dR

m,dR . pm,+
7 “Pyira — Pura
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on effective mixed Tate motivic periods was defined in [Brol4a] and [Brol7, 4.3] (see
also [BD20, Definition 4.3]).

Definition 5.17. Given a choice of motivic lift (65), define its de Rham projection to be
its image after applying 7™9R term-by-term:

"R, =Y &Rt where MR = g™ Rem

ﬁ:(nc)csxS

This makes sense since ¢, is effective. Likewise, define its single-valued version

I (w,s) = Z ¢y s, where (% = s mdR

ﬂ:(nc)szXS

It is a Laurent series whose coefficients are (Q-linear combinations of single-valued
multiple zeta values.

m,dR m,dR

Since sV o =Som , we could equivalently have applied the map sv, which
is specific to the mixed Tate situation (see [BD20, §2.6]). We now compute /5V(w, s).

Lemma 5.18. For any x € C\{1},
1 d
log |l — x> = — <——y>Adlog(1—ﬁ)
2i Jprcy \ (I —y)

Proof. This follows from the computations of [BD20, §6.3] after a change of
coordinates. O

Theorem 5.19. Consider an integral of the form

1= /X [T dog™ ey o

CEXS

where the integrand is convergent of the form (62). Let I™ denote a choice of motivic
lift (Corollary 5.11). Its single-valued period 1%V = s 7™ R (™) js

1% = @miy 1% /7 [ | (og™ lucl?) vs A @p. (68)
Mos(©) ceys

and in particular does not depend on the choice of motivic lift.

Proof. Repeated application of Lemma 5.8 (which may involve a choice at each stage),
gives rise to a dihedral structure (S’, §’), a morphism

k
fiMosg — Mos xu (Mos) © Mos x (PO, 1, c0hF,
and a differential form o’ € Qg with no poles along BMg/ ¢ such that
1 =/ ' s the period of 1™ = [H'S13(MS o, a M ¢, Xs, 1™,
X ' '

The form o’ satisfies ' = f*(wy A B) where

B =dlog(1 —x1y1) A...Adlog(l — xkyr)
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and x1, . .., x; denote the coordinates on A¥ and correspond to the 1 — u., with multi-
plicity n., taken in some order. By [BD20, Theorem 3.16] and Corollary 2.9,

S]Tm’dR ™= (27.”')3—\5/| /.7 vy /\J. (69)
MO S/(C>

Since o', vy are logarithmic with singularities along distinct divisors, the integral con-
verges. By repeated application of Lemma 2.10, we obtain that vy is, up to a sign, the
pullback by f of the form

USA<_L>A._.A<_L>,
yi(l —y1) (L = yi)

the sign being such that after changing coordinates via f we obtain:

sV _ 38| i —
= (2mi) /; Vs A g X / < —)/\dlog(l—x V).
Mo, s(C) l_[ P1(C) yi(l—=yj) e

Formula (68) follows on applying Lemma 5.18. O
Theorem 5.20. We have

ISV((,(), £) — Iclosed(aL i) (70)

In other words, the coefficients in the canonical Laurent expansion of the closed string
amplitudes (52) are the images of the single-valued projection of the coefficients in any
motivic lift of the expansion coefficients of open string amplitudes.

Proof. By (50), we write the open string amplitude as

Q Qe 71
Jom = 25, g

By Corollary 5.5, each integrand on the right-hand side admits a Taylor expansion, whose
coefficients are products of integrals over moduli spaces, each of which can be lifted to
motivic periods by Corollary 5.11. Thus

JCx

/ Q" = per(I]*(s))
Xy

for some formal power series I}" (s) in the s., ¢ € xs whose coefficients are effective
motivic periods coming from tensor products of universal moduli space motives. Since
S is an algebra homomorphism, (68) yields

S7_[m,dR I;n — /7 (eren)closed_
Mo,s/5(C)

On the other hand, by (52) these integrals can be repackaged into

Z / (QrJen)closed — / chosed
JCxs SJ I Mo,s71(C) Mo, 5(C)
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By abuse of notation, we may express the previous theorem as the formula

S/ e lw= i)’ 1S /; lucl Jvg A @
X9 <1_[ ¢ ) M,s(C) Cle_)([S

CEXS
which is equivalent to the form conjectured in [Stil14].

Remark 5.21. Define a motivic version of closed string amplitudes by setting
19w, 5) = s 1™ (0, 5)

where s™ was defined in [Brol7, (4.3)] (see also [BD20, Remark 2.10]). Its period
is per (I*V'"™(w, 5)) = I%V(w, s), which coincides with the closed string amplitude,
by the previous theorem. This object is of interest because it immediately implies a
compatibility between the actions of the motivic Galois group on the open and closed
string amplitudes.

6. Background on (Co)homology of M, ¢ with Coefficients

Most, if not all, of the results reviewed below are taken from the literature. A proof that
the Parke—Taylor forms are a basis for cohomology with coefficients can be found in the
appendix. See [KY94a,KY94b,CM95,Mat98,MYO03] and references therein for more
details.

6.1. Koba—Nielsen connection and local system. Let S be a finite set with |S| = N =
n+3 > 3. Lets = (s;;) be a solution to the momentum conservation equations (30).
Let

QP =QE™")  and QR =Q(su) (72)
be the subfields of C generated by the exp(27isy;) and sg; respectively.

Definition 6.1. Let Og denote the structure sheaf on My s X QSR. The Koba—Nielsen
connection [KN69] is the logarithmic connection on Oy defined by

V,:0s — Qf  where Vy=d+a,

and wy; was defined in (31). The Koba—Nielsen local system is the Qf‘-local system of
rank one on Mj_s(C) defined by

Li=Q% [ pj—p.

1<i<j<N

Since wy is a closed one-form, the connection V; is integrable. The horizontal sections
of the analytification (O%", V") define arank one local system over the complex numbers
that is naturally isomorphic to the complexification of Ly:

)

(O = £, ®gs C. (73)
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We will also consider the dual of the Koba—Nielsen local system

;=0 [[ (j—p)=Ly (74)
I<i<j<N
Let (S, 8) be a dihedral structure. In dihedral coordinates,

d
Vy=d+ Z see and EizQiB 1_[ u, .

Uc
CEXS,8 CEXS,8

Definition 6.2. A solution to the momentum conservation equations (30) is generic if

Y s ¢z (75)

ijel
for every subset I C S with || > 2, and |S\/| > 2.

Remark 6.3. Write H = Hle(Mo,s /Q). By formality (20) and (21), and Lemma 3.2,
the form wj is the specialisation of the universal abelian one-form

w € H'®@Q =H'QH
which represents the identity in HY ® H = End(H).

Remark 6.4. The formal one-form w defines a logarithmic connection on the universal
enveloping algebra of the braid Lie algebra. It is the universal connection on the affine
ring of the unipotent de Rham fundamental group JTIC‘R(MO,S):

. dR 1 dR
Vkz : O@"(Mo,s)) —> Qg Q Oy (Mo,s))
The Koba—Nielsen connection (viewed as a connection over the field QSR, i.e., for
the universal solution of the momentum-conservation equations) is its abelianisation.
Given any particular complex solution to the moment conservation equations, the latter
specialises to a connection over C.

6.2. Singular(co)homology. Denote the (singular) homology, locally finite (Borel-Moore)
homology, cohomology, and cohomology with compact supports of My s with
coefficients in L by

Hi(Mo.s, Ly), H'(Mo.s, Ls), H*(Mo.s, Ly), H (Mo.s, Ly).

They are finite-dimensional QB-vector spaces. The second is the cohomology of the
complex of formal infinite sums of cochains with coefficients in £; whose restriction to
any compact subset have only finitely many non-zero terms. -

Because of (74), duality between homology and cohomology gives rises to canonical
isomorphisms of QB-vector spaces for all k:

Hi(Mos, L) =~ H"(Mo s, £,)Y, H(Mos, L—s) = H* (Mo s, Ly)".
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Proposition 6.5. If the s;; are generic in the sense of (75), then the natural maps induce
the following isomorphisms:

HY (Mo s, Ls) — H*(Mo.s, Ly) (76)
Hi(Mo s, Ls) — H(Mo s, Ly). (77)

Proof. Let j : Mo s — m(), s denote the open immersion. We claim that the natural
map jLs — Rj.L, is an isomorphism in the derived category of the category of

sheaves on My g, which amounts to the fact that R Jj«Ls has zero stalk at any point

of BJ\_/lo, s. Since 8./\_/10,5 is a normal crossing divisor we are reduced, by Kiinneth,
to proving that £, has non-trivial monodromy around each boundary divisor. For a
divisor defined by the vanishing of a dihedral coordinate u, = 0, monodromy acts
by multiplication by exp(—2mis.), since Ly is generated by [],.. s e % Every other
boundary divisor on My s is obtained from such a divisor by permuting the elements
of S. From formula (36) and the action of the symmetric group, it follows that the
monodromy of Ly around a divisor D defined by a partition S = S§; U S5 is given by
exp(—2misp) where sp = Zi,jeSl Sij = Zi,jeSz sij. It is non-trivial if and only if
sp ¢ Z, which is equation (75). The first statement follows by applying RT". >~ RTI to

the isomorphism ji Ly SR Jj«Ls. The second statement is dual to the first. O

Remark 6.6. Under the assumptions (75), Artin vanishing and duality imply that all
homology and cohomology groups in Proposition 6.5 vanish if i # n.

The inverse to the isomorphism (77) is sometimes called regularisation. For any
dihedral structure & on S, the function fy = [].c,,, u is well-defined on the domain

X% € My s(R) and defines a class [X? ® fs]in H,llf(./\/lo,s, L_y). (Strictly speaking,
this class is represented by the infinite sum of the simplices of a fixed locally finite
triangulation of X%, and does not depend on the choice of triangulation). Its image
under the regularisation map, assuming (75), defines a class we abusively also denote
by [X° ® fsl € Hy(Mog,s, L_s). The following result is classical.

Proposition 6.7. Assume that the s;j are generic in the sense of (75). Choose three
distinct elements a,b,c € S. A basis of H,(Moy s, L_s) is provided by the classes
(X°® fs], where 5 ranges over the set of dihedral structures on S with respect to which
a, b, c appear consecutively, and in that order (or the reverse order).

Proof. We may assume that § = {1,...,n+3}, (a,b,c) = (n+1,n+2,n+3), and
work in simplicial coordinates (1, ..., f,) by fixing p,+1 = 1, pp42 = 00, py+3 = 0.
These coordinates give an isomorphism of Mg g with the complement of the hyperplane
arrangement in A” consisting of the hyperplanes {f; = 0} and {t; = 1}for1 <i < n,and
{t; =tj}forl <i < j < n.This arrangement is defined over R and the real points of its
complement is the disjoint union of the domains X? for § a dihedral structure on S. Such
a domain is bounded in R” if and only if it is of the form {0 < t5(1) < -+ < to(m) < 1}
for some permutation o € %, i.e., if and only if no simplicial coordinate is adjacent to
oo in the dihedral ordering. Equivalently the points n + 1, n+2, n+3 are consecutive and
in that order (or its reverse) in the dihedral ordering §. The proposition is thus a special
case of [DT97, Proposition 3.1.4]. O
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6.3. Bettipairing. Under the assumptions (75), Poincaré—Verdier duality combined with
(76) defines a perfect pairing of QE -vector spaces in cohomology

()P H"(Mos, Ly) ®gp H" (Mos. L—g) —> QF,
which is dual to a perfect pairing in homology
()8 Hi(Mo.s, L5) @gs Hi(Mo.s, L5) —> QE-

If o ® f_y and T ® f, are locally finite representatives for homology classes in
H,(My,s, L) and H, (Mo s, L_,) respectively, then the corresponding pairing

([t ® fg]a [c ® f—g])B

is the number of intersection points (with signs) of o and 7 where [T ® f;] is a regular-
isation of [t ® f,] and T is in general position with respect to o [KY94a,KY94b]. The
matrix of the cohomological Betti pairing is the inverse transpose of the matrix of the
homological Betti pairing.

6.4. Algebraic de Rham cohomology. Let H* (Mo,s, Vs) denote the algebraic de Rham
cohomology of My s with coefficients in the algebraic vector bundle (Og, V) with

integrable connection over M s xg QIR. It is a finite-dimensional QYR-vector space.
Let (O%", Vi) denote the analytic rank one vector bundle with connection on My s(C)
obtained from (Os, V). We have an isomorphism

H*(Mo,s. V5) ®g C = H (Mo,s(C), Vi), (78)

where the right-hand side denotes the cohomology of the complex of global smooth

differential forms on My s(C) with differential V,. Recall from [BD20, §3] the no-

tation A.ﬂ (log BMQ s) for the complex of sheaves of smooth forms on MQV s with
0,8

logarithmic singularities along M s.

Proposition 6.8. Under the assumptions (75) we have a natural isomorphism

H (Mo,s(C), Vi) = H* (I (Mo,s. A% (logdMo,s)). Vi™).
Proof. This is a smooth version of [Del70, Proposition 3.13]. The assumptions of [loc.
cit.] are implied by (75) and one can check that its proof can be copied in the smooth

setting. 0O

By a classical argument due to Esnault—Schechtman—Viehweg [ESV92], we can re-
place global logarithmic smooth forms with global algebraic smooth forms and the
cohomology group H*(My s, V) is given, under the assumptions (75), by the coho-
mology of the complex (2% ® QR | ws A —). In particular, H" (My_s, Vy) is simply
the quotient of Q's ® QER by the subspace spanned by the elements w; A ¢ for ¢ € Q’S’_l .
The following theorem gives a basis of that quotient.
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Theorem 6.9. Assume that the s;; are generic in the sense of (75). A basis of
H"(Mo,s, Vy) is provided by the classes of the differential forms

duy A --- Adty,

Hk 1 (e — 1)

for the tuples (i, ..., i,) with O < iy < k — 1 and where we set to = 0.
Proof. This is a special case of [Aom87, Theorem 1]. O

The following more symmetric basis is more prevalent in the string theory literature.
Its elements are called Parke—Taylor factors [PT86]. Therefore we shall refer to it as
the Parke—Taylor basis, as opposed to the Aomoto basis of Theorem 6.9. Although the
following theorem is frequently referred to in the literature, we could not find a complete
proof for it and therefore provide one in “Appendix 7.4”.

Theorem 6.10. Assume that the s;; are generic in the sense of (75). A basis of
H"(Mo,s, Vy) is provided by the classes of the differential forms

dty A -+ ANdty,
1
[TE (o) — toe—1))

for permutations o € X, where we set t50) = 0 and t; 111y = 1.

Other bases can be found in the literature, e.g., the fnbc bases of Falk—Terao [FT97].

6.5. de Rham pairing. Under the assumptions (75) there is an algebraic de Rham version
of the intersection pairing, which is a perfect pairing

()R H"(Mos. V) ®quw H"(Mo,s, V) — o

of QER-Vector spaces. This is easily checked after extending the scalars to C by working
with smooth de Rham complexes. The only part to check is that this pairing is algebraic,
i.e., defined over QSR. Indeed, it can be defined algebraically (see [CM95] for the general
case of curves), and computed explicitly for hyperplane arrangements [Mat98], which
contains the present situation as a special case.

Ifw,ve QSR ® Qg are logarithmic n-forms, let v be a smooth Vy-closed n-form on
Mo, s(C) which represents [v] and has compact support. Then

(], [l ® = i) / T ro.
Mo, s(C)

Our normalisation differs from the one in the literature by the factor of (27i)™".
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6.6. Periods. Since algebraic de Rham cohomology is defined over SR, we can mean-

ingfully speak of periods. Using (73) we see that integration induces a perfect pairing
of complex vector spaces:

Hy(Mo.s, L5 ®gp C) ®@c H" (Mo,5(C), V§") — C
ly ® f,]® [w] — /ny‘O
which is well-defined by Stokes’ theorem. By (78) it induces an isomorphism:
compg gr = H"(Mo.s, Vy) ®ga C — H"(Mo.s, Ly) ®gs C. (79)

We will use the notation compg 4r(s) when we want to make the dependence on s
explicit. If we choose a QYR-basis of the left-hand vector space, and a QB-basis of the

right-hand vector space, the isomorphism compg g (s) can be expressed as a matrix Py,
and we will sometimes abusively use the notation Py instead of compg gg (s)-

Theorem 6.11. (Twisted period relations [KY94a, CM95]) Assume that the s; j are generic
in the sense of (75). Let w, v € QgR ® QY be logarithmic n-forms giving rise to classes
in H"(Mo,s, V_y) and H" (Mg s, V;) respectively. We have the equality:

Qi) ([v], [w)® = (P[v], P_s[0])B, (80)

where the cohomological Betti pairing is naturally extended by C-linearity.

Proof. This follows from the fact that the (iso)morphisms (76) and (77) and Poincaré—
Verdier duality are compatible with the comparison isomorphisms. O

The reason for the factor (2777)" in the formula (80) is because of our insistence that
the de Rham intersection pairing Igr be algebraic and have entries in Q‘SR.

Proposition 6.12. Assume that the s;; are generic in the sense of (75). Let § be a dihedral
structure on S and let w € QSR ® QU be a regular logarithmic form on Mo_s of top
degree. If the inequalities of Proposition 3.5 hold then we have

([X° ® fil, compg grlw]) = /Xa fso.

: 8
Proof. 1) We first prove that the formula holds for any algebraic n-form w on Mg ¢

with logarithmic singularities along 8/\/18’ » provided Re(s.) > 0 for every chord
¢ € xs,s. By definition we have for every s the formula:

([X° ® f], compg gglw]) = /X S5,

where @ is a global section of .A"ﬂ (log dMo.s) with compact support which
0,5
is cohomologous to w, i.e., such that v — @ = Vs, with ¢ a global section of
A’%l (log BMQ s). Thus, we need to prove that the integral of f;V ¢ = d(fs¢) on
0.5 - - -

X? vanishes if Re(s.) > 0 for all chords ¢ € Xs,5- We note that in general f;¢ has
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singularities along the boundary of X 8 unless Re(s.) > 1 for all chords ¢ € XS.5> SO
that we cannot apply Stokes’ theorem directly. We can write

=2(oent)

celJ

where the sum is over subsets of chords J C xs, 5 and ¢; extends to a smooth form
on Mg,n (i.e., has no poles along the boundary of X°). By properties of dihedral
coordinates, we can furthermore assume that ¢; = 0 if J contains two crossing
chords. Indeed, a form A .., du"; extends to a regular form on Mg,n if every chord
in J is crossed by another chord in J by (13). It is therefore sufficient to consider a
single term given by a set J C xg s consisting of chords that do not cross. We write
¢' = ¢ and set f] =[] 4, uc so that we have

Y s(,»duc
d(fs¢>=d(fs¢)A</\uc - )

celJ ¢

The forgetful maps (18) give rise to a diffeomorphism X? ~ (0, 1) x X; with
k=|J]and X; = X% x ... x X% We can thus write

k

se. dx; ,
/ d(fyp) =+ / ( A [ g >> ,
X3 (0, )k xi Jx,

i=1

where the x; are the coordinates on (0, 1)]‘ , corresponding to the dihedral coordinates
uc, for J = {cy, ..., cx}. Now the boundary of X ; has components {u. = 0} for c a
chord that does not cross any chord in J. Thus, if Re(s.) > 0 for every chord ¢ we
have that f;, and hence f;¢’, vanishes on the boundary of X ;, and the inner integral
is zero by Stokes’ theorem for manifolds with corners.

2) Now, for w as in the statement of the proposition, let D,,, ..., D., be the divisors
along which w does not have a pole. Applying the first step of the proof to the product
(ITi=; ug,') @ yields the result.

O

Example 6.13. Let |S| = 4. Then H{(Mos, L_s—;) = H'(Mos, L_s ;) is one-
dimensional. The locally finite homology is spanned by the class of 0 @ x* (1 —x)" where
o isthe openinterval (0, 1). The algebraic de Rham cohomology group H' (M s, Vi) =

@SR[U] is one-dimensional spanned by the class of v = —vg where

dx

= ¢ QL.
YT X —x s

The period matrix P; is the 1 x 1 matrix whose entry is the beta function:

! dx INQING)
P = S —x)—— | = D))= ——). 81
, (/0 ¥ = x) x(l_x)> (BGs.1) (F(Ht)) 81)
For any small ¢ > 0, a representative for the regularisation of [0 ® x*(1 — x)]is
So(e) S1(e) s t
<—62m's 7 +[e,1 —¢] — TR 1) ®x*(1 —x)
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where S; (¢) denotes the small circle of radius ¢ winding positively around i. From this
one easily deduces the intersection product with the class of 0 @ x (1 — x)~". It is

(lo ® (1 — 1. [0 @ x~"(1 -1 p = — =0 _ 1 sinGr(s+0)
ceriimol ey B = sy (1 — 27ty | 2 sin(rs) sin(ar)
(82)
See, e.g., [CMO95], [KY9%4a, §2], or [MYO03, §2]. Dually:
2 si in(wt
o ®x* (1 — 01", [0 ® x> (1 — x)~]Y)B = 2 LTI SNED
i sinm(s+1)
On the other hand, the de Rham intersection pairing [Mat98] is
1 1
(], )™ = -+ - (83)
K t
In this case, equation (80) reads
11 2 sin(srs) sin(t)
2 —+—) =B(—s, —t ) — 84
m<s+t) pl=s ) Bls )i sinm(s +1) (84)
using (82) and (83), as observed in [CM95], or in terms of the gamma function:
L)) T(=s)T(—1) (s +1)sin(w(s +1))
S . (85)

[(s+1) D(—s—1) s sin(rrs) ¢ sin(rrt)

This can easily be deduced from the well-known functional equation for the gamma

function I'(s)I"(—s) = —ﬁ(m), and is in fact equivalent to it (set = —s/2).

6.7. Self-duality. Itis convenient to reformulate the above relations as a statement about
self-duality. Consider the object

Mgr = H"(Mo,s, Vs) @ H"(Mo,s, V_)
Mg = H"(Mo,s, Ls) ® H"(Mo,s, L_s)

and denote the comparison
P = PSGBP_EIMdR@QgR(C;) MB®Q§(C

The results in the previous section can be summarised by saying that the triple of ob-
jects (Mgr, Mg, P) is self-dual. In other words, the Betti and de Rham pairings induce
isomorphisms

IR : M@ = Mgz and  Ig: Mg = My

which are compatible with the comparison isomorphism P. With these notations, equa-
tion (80) can be written in the simpler form:

Qi)' Iy = PVIgP. (86)
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7. Single-Valued Periods for Cohomology with Coefficients

We fix a solution (s;;) of the momentum conservation equations over the complex num-
bers.

7.1. Complex conjugation and the single-valued period map. We can define and com-
pute a period pairing on de Rham cohomology classes by transporting complex conju-
gation which is the anti-holomorphic diffeomorphism:

conj : Mo, s(C) —> My, s(C). (87)

Since it reverses the orientation of simple closed loops, and since a rank one local
system on M _s(C) is determined by a representation of the abelian group H; (Mo s(C))
we see that we have an isomorphism of local systems:

conj*Ly >~ L. (88)
We thus get a morphism of local systems on Mg s(C):
Ly —> conj,conj* Ly >~ conj, L_g,
which at the level of cohomology induces a morphism of QE -vector spaces
Foo : H'(Mys, L) — H"(Mo,s, L_5).

We call F, the real Frobenius or Frobenius at the infinite prime. We will use the notation
F(s) when we want to make dependence on s explicit. One checks that the Frobenius
is involutive: Foo(—5) Foo(s) = id.

Remark 7.1. The isomorphism (88) is induced by the trivialisation of the tensor product
conj*L; ® L given by the section

gs=[T1pi = pil ™ =[T@; =0~ - []w; — P~
i<j i<j i<j
Thus, the action of real Frobenius on homology

Foo: Hn(MO,Sa »Ci) — Hn(MO,S» L—g)

is given by the formula

o@[Jwj—r)™ = T [[Gr -0 g =T @[ [0 — P

i<j i<j i<j

Remark 7.2. A morphism similar to F, was considered in [HY99] and leads to similar
formulae but has a different definition. Our definition only uses the action of complex
conjugation on the complex points of M s, whereas the definition in [loc. cit.] con-
jugates the field of coefficients of the local systems. Note that our definition does not
require the s;; to be real.
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Definition 7.3. The single-valued period map is the C-linear isomorphism
s: H"(Mo,s, Vy) ®qur C — H"(Mo,s, V—s) Bqur C
defined as the composite
§ = compy g (—3) © (Foo ® id) o compg 4 ().
In other words, it is defined by the following commutative diagram:

compg g (s)

H"(Mo,s. Vy) ®gar C ————— H"(Mq_s. L) ®gs C

sl J'Foo ®id

H"(Mo.s. V-) ®qa C H"(Mo.s, L) ®gn C

compg 4R (—$)

The single-valued period map can be computed explicitly by choosing a QSR—bases
{[w]} and {[v]} for H" (M s, V_y) and H" (Mo, s, Vy) respectively and a (@E—basis
{lo ® fs]} for H,(Mo,s, L_y). In these bases, the isomorphism (79) is represented by
amatrix Ps with entries

Ps([o ® fsl. [v]D) = / fs v

By Remark 7.1 the entries of Foo P—g are

(Foo P—s) ([0 ® fl. [w]) = Lf—; w.
o
The single-valued period matrix (the matrix of S) is then the product
P=}(FaPy) = (FuoP_y) ' Py.

This formula is often impractical because one needs to compute all the entries of the
period matrix in order to compute any single entry of the single-valued period matrix.

Example 7.4. With the notation of Example 6.13 we have & = o since (0, 1) is real, and
the single-valued period matrix is

T (=s — 1) )

(FooP—g)_lpiz (ﬂ(—s, _t)_lﬂ(s,t)) - <F(s+t)F(—S)F(—l)
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7.2. The single-valued period pairing via the Betti pairing. 1f the s;; are generic in the
sense of (75), the single-valued period map and the de Rham pairing induce a single-
valued period pairing

H(?R(./\/lo’s, Vs) ®Q€R H(;IR(M()’S, V) — C
given for w, v € QSR ® Qf by the formula

W] ® [w] > (], slo)™® = ([v], P Foo Pow])™®

One can use the compatibility between the de Rham and the Betti pairings to express
the single-valued pairing in terms of the latter.

Proposition 7.5. Assume that the s;; are generic in the sense of (75). Letw, v € (Q)SR ®
QY and denote by [w), [v] their classes in H"(Mo,s, Vy). The corresponding single-
valued period is given by the formula

([v], slw))™® = @7i) ™" (Py[v], Foo Ps[])®
and can be computed explicitly by a sum

Qi)™ Y (r® £l o ® f-5]") f fov L fio,

[0’®f7£]
[T®fg]

where [0 @ f_g] and [t ® f;] range over a basis of H,(My, s, Ly) and H,(Mo s, L)
respectively, and [0 ® f—s1V.[t ® fs]V are the dual bases.

Proof. We have
([v]. s[w])™ = ([v], P7} Fao Py[w])™® = i) ™"(P[v], Fao Ps[o])®,
where the first equality is the definition of the single-valued period map, and the second

equality follows from Theorem 6.11. The second formula follows from the definition of
P; and Remark 7.1. O

Example 7.6. Following up on Example 7.4 and using (83) we see that we have

([, SR = B(—s, = B(s, 1) (242 ) = - LWEL =5 2D g
B y ") T TG+ —srd—n
where we have used I'(—x) = —x I'(1 — x). Now using (82), Proposition 7.5 reads
(v, sy R 21 2 sin(7rs) sin(rt) B(s. 02 = _l si?(ns) sin(rwt) (F(S)I‘(;)>2
i [ sin(mw(s +1)) w sin(w(s +1)) I'(s+1)
(90)

One deduces (90) from (89), and vice versa, by applying the functional equation (84).
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7.3. An integral formula for single-valued periods. The single-valued period map is
a transcendental comparison isomorphism that is naturally interpreted at the level of
analytic de Rham cohomology via the isomorphism (78).

Lemma 7.7. In analytic de Rham cohomology, the single-valued period map is induced
by the morphism of smooth de Rham complexes

N (A;\/lo,s((c)’ V;n) - Conj*(A?Vlo,s(C)’ VinY)
given on the level of sections by
Aty s @@ 3 @ = []lpj = pil conj*(@) € Ay )@
i<j

Proof. Recall thenotationgs = [[;_ |pj —pi |2%ii . We first check that " is a morphism

i<j
of complexes:

VAL (8™ () = V| (g5 conj* ()
=38 Zsij dlog(pj — pi) + Zsu dlog(pj — A conj* (w) + d(conj* (w))
i<j i<j
— Zs,-j dlog(pj — pi) A (gs conj*(w))

i<j

=g (Z sij dlog(P — P7) A conj* (o) + d(conj*(a))))

i<j
= g, conj* (Z sijdlog(pj — pi) A a)+da))

i<j

= (V" @)).

On the level of horizontal sections, we compute:

"N\ T1wi = | =g [[@7 -0~ =[]wj — p)*

i<j i<j i<j
Thus, s*" induces the isomorphism £; — conj,£_; and the result follows. DO

We can now give an explicit formula for single-valued periods in the case of forms
with logarithmic singularities.

Theorem 7.8. Assume the s;;j are generic in the sense of (75). Let w € QSR ® Q’; and
let vs be as in Definition 2.7. Then vs, w define de Rham cohomology classes
[vs], [0] € Hgzr(Mo.s, Vs).

If the inequalities stated in Proposition 3.6 hold, then the single-valued period of [vs] ®
[w] is given by the absolutely convergent integral

st stah™ = @i [ ([Tl = nP | vs 2.
Mo, s(C)

i<j
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Proof. Recall the notation g; = [, _ j Ipj — pi |*%ii . By definition and Lemma 7.7 we
have the formula, valid for every generic (s;;):

([vs], slo))™® = @ri)™ /f g5 Vs A @,
M, s(C)

where @ is a global section of .A"ﬂ (log M s) with compact support which is coho-
0,8
mologous to w, i.e., such that w—w = V¢, with ¢ a global section of.A"m_l (logdMo_s).
= 0.8

We need to prove that the integral of g;vg /\@ = +d(gsvs A¢)on A70,S(C) vanishes
under the stated assumptions on s. By a partition of unity argument, we can assume that
¢ has support in a local chart on ./\/lo s. For this, let (z1, ..., z,) denote local coordinates
/\/lo s taking values in a polydisk A" = {|z;| < 1}, with respect to which 3/\/10 sisa
union of coordinate hyperplanes {z; = 0}. We can assume the support of ¢ is contained
within this polydisk. By renumbering the coordinates if necessary, we let zy, . .., z, de-
note the equations of components of 8M0,5 at finite distance and z,41, . . ., 2,45 denote
the coordinates corresponding to components at infinite distance (relative to the fixed
dihedral structure on S). In these coordinates we have

r+s

,
2s; 2t;
gs=a[]lal™ [] lul*

i=1 i=r+l

where a is a smooth function on A”, s; is one of the Mandelstam variables s., and #; is a
linear combination of Mandelstam variables s, with coefficients in {0, 1, —1}. Since vg
only has simple poles located along the divisors at finite distance, we can write

dzi dz
vs=b—L A A
21 Zr

,
ANdzys1 A Ndzy

where b is a smooth function on A”. Since ¢ has degree n — 1, by linearity in ¢, we can
assume that there is a single coordinate z,, such that dz;, does not appear in ¢. There are
three cases to consider, depending on whether this coordinate is away from aﬂo,s, or
corresponds to a component at finite or infinite distance. In each case we use the Leibniz
rule to compute d(gsvs A q_b).

1) We have p > r +s. Without loss of generality, assume that p = n. Then ¢ has the
form
dzy Az

p=c—A--- A
<1 Zr+s

ANdzryset Ao Ndzp—1

where c is a smooth function on C". Since ¢ has support in A", it is enough to show
that the following integral vanishes:

n—1

dz; Ndz; m~ dz; /\dZ
/ /\mzs# /\ i —=——= A )\ dznrdz (f d(fdzn)>,
A - lznl=1

i Zi =r+l i=r+s+1

where f = abc is a smooth function on C" with support in A”. The inner integral
vanishes by Stokes’ theorem and we are done.
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2) We have p < r. Without loss of generality, let p = r. Then ¢ has the form

b=c dzy A A dzy—q A dzpi A A dZyrys

<1 Zr—1 Zr+l Zr+s

ANdzrsge1 A= ANdzy

where ¢ is a smooth function on C" with support in A”. It is enough to show that the
following integral vanishes:

r+s

r—1 — = n
dz; NdzZ; dz; NdZ; dz
2s; i i 21, -1 i 5T . 25 251
[zi |7 ——— A [zi| ———~A dzi NdZ; d\ flel™ ’
An—] l/=\1 Zi Zi /\ Zi /\ |zr|=1 ir

i=r+l i=r+s+1

where f = abc is a smooth function on C"* with support in A”. The inner integral is
the limit as ¢ goes to zero of the same integral over {¢ < |z,| < 1}, which by Stokes
and changing to polar coordinates evaluates to

d 21
/ FlarPr S = g f if do.
Jor|=e Zr 0

This tends to zero when ¢ goes to zero if Re(s,) > 0.
3) Wehaver < p <r +s. We can assume that p = r + s and so ¢ has the form

dzy dzres-1
C—= A A N Azl A Adzy

¢ =
21 Zr+s—1
where c¢ is a smooth function on C" with support in A”. We want to prove that the
following integral vanishes:

res—1 n

dzi AdZ; —
I\ il % AN dundz (/ K (f lzas PPrs er+s)> :
i [zres|=

i=r+l i=r+s+l1

r _
25 d2i N dZi

/ /\ |zi| ™ ——— A

Al Zi Zi

where f = abc is a smooth function on C" with support in A”. The inner integral
is the limit as € goes to zero of the same integral over {¢ < |z,4s| < 1}, which by
Stokes and changing to polar coordinates evaluates to

0

2
./ A |Zr+s|2tr+sdzr+s = g2t / ifelede,
[Zres =€

This goes to zero when ¢ goes to zero if 2 Re(#-45) > —1, which is a consequence of
the inequalities stated in Proposition 3.6 as in the proof of that Proposition.
Therefore, the integral of gsvg A V¢ vanishes if the inequalities stated in Proposition

3.6 hold: namely —% < Re(s.) < # for all ¢ and Re(s.) > O for every divisor D,
along which @ has a pole. O

Example 7.9. In the case of the beta function, with v = —vg = —%, Theorem 7.8
reads:
1 1
<[V], S[\)])dR = — |Z|2S|1 _ letv AT = — |Z|2S—2|1 _ Z|2t—2dz A d?,
2wi Jpi(c) 2wi Jpi(c)

which equals —fBc (s, ).
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7.4. Double copy formula. By equating the two expressions for the single-valued period
given in Proposition 7.5 and Theorem 7.8 we obtain an equality that expresses a volume
integral as a quadratic expression in ordinary period integrals.

Corollary 7.10. Under the assumptions of Theorem 7.8 we have the equality:

/ﬂo,s(c)

where [0 ® f_s]1and [t ® f;] range over a basis of H,(Mo,s, L) and H,(Mo s, L_y)
respectively, and [0 ® f—_s17, [t ® f1V are the dual bases.

[Tipi=pi®i vsna = > <[r®fgv,[a®f-i]v>3ffmﬁfiw,
i<j [0®f_s] ’ ‘
[T®fs]

This formula bears very close similarity to the KLT formula [KLT86], and makes
it apparent that the ‘KLT kernel’ should coincide with the Betti intersection pairing on
twisted cohomology, which is the inverse transpose of the intersection pairing on twisted
homology. Indeed, Mizera has shown in [Miz17] that the KLT kernel indeed coincides
with the inverse transpose matrix of the intersection pairing.

Example 7.11. Examples 7.6 and 7.9 give rise to the equality

1 2sin(mws)sin(mwt)

Be(s, 1) = ——— 2 B(s,1)%,

2mwi i sin(mw(s +1))

which is an instance of Corollary 7.10.
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Appendix A: The Parke-Taylor basis

In this appendix we prove the following theorem, which is Theorem 6.10 from the main
body of the paper.
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Theorem A.1. Assume that the s; j are generic in the sense of (75). A basis of
H" (Mo n43, Vs) is provided by the classes of the differential forms

diy A --- Adty,

1
[TE (o) — toe—1))

oD

for permutations o € X, where we set ty0) = 0 and t; 141y = 1.

A.1. Working with the Configuration Space of Points in C

We consider the configuration space
Conf(n+2,C) = {(20, 21, - - -» Zns1) € C™*2 | 7; # 7

and its (rational algebraic de Rham) cohomology algebra

A® = Hjz (Conf(n +2, C)).
By a classical result of Arnol’d [Arn69], it is generated by the (classes of the) forms

wi,j =dlog(zj — zi).
The natural (diagonal) C*-action on Conf (n+2, C) induces a linear map in cohomology:
3:A° > A1 @ Hp(C*) ~ A*L,

Compatibility with the cup-product and the Koszul sign rule implies that it is a graded
derivation, i.e., that it satisfies the Leibniz rule

d(ab) = d(a)b + (—D)Pla a(b)

for b homogeneous of degree |b|. It is uniquely determined by d(w; ;) = 1 for all i, j
and is given more generally by the formula:

.
k—1 —_—
iy jy A Ao g) =D (=D oy A A D A A,
k=1

We will make use of the following relations.

Lemma A.2. We have
Wiy jy N A =00 and  dwi jy A A, ) =0

ifthere is a cycle in the graph with vertices {0, . .., n+1} and edges {i1, j1}, ..., {ir, jr}.

Proof. The second relation follows from the first, which is already satisfied at the level
of differential forms. 0O



Single-Valued Integration and Superstring Amplitudes 869

A special case is the classical Arnol’d relations 9 (w;, j Aw; x Awj k) = 0, which generate
all the relations among the generators w; ; in the algebra A®* [Arn69].

The (homological) complex (A®, d) is contractible. A contracting homotopy is given,
for instance, by multiplication by the generator wy ;.

There is a natural quotient morphism (by the affine group C x C*):
Conf(n + 25 (C) - MO,VL+3 ) (ZO’ R Zn+1) = (Zlv ey Znsls OQ, ZO)!

defined so that the simplicial coordinates fyp = 0, t1, ..., fy, tpr1 = 1 on Mg 443 are
related to the coordinates z; by the formula
Zj — 20
= — = .
Zn+l — 20

The pullback by this quotientidentifies 2° = Hj (Mo, ,+3) with the subalgebraker(d) C
A®. Since (A®, 9) is contractible we have ker(d) = Im(d) and we get a short exact se-
quence:

0— Q° — A° L @l . (92)

‘We now move to cohomology with coefficients. A solution s to the momentum conser-
vation equations is completely determined by the complex numbers s; ; for 0 < i <
J <n+1, where we set 5o, j := 5 43 as in Sect. 3.2, subject to the single relation:

Z sij = 0. (93)
0<i<j<n+l
Denote the pullback of the Koba—Nielsen form to Conf(n + 2, C) by the same symbol:
Wy = Z Si,j Wi j-
0<i<j<n+l

In the remainder of this appendix we extend the scalars from Q to the field QSR = QCsi, ;)
generated by the s; ; inside C. In order to keep the notations simple, we continue to write
A* and Q° for A®* ®g QIR and Q* ®g QIR, respectively.

The short exact sequence (92) induces a short exact sequence of complexes :

0 — (Q°, Aewy) — (A°, Awy) N Q! Awg) —> 0.

This is because d(wy) = 0, which follows from equation (93). Assume that s is generic

(75). Then H* (e, Awyg) = 0 for k # n (Remark 6.6) and the long exact sequence in
cohomology shows that the morphism induced by 9 in top degree cohomology

Hn+l(A.,/\0)£) _3) H}’l(s‘z.’ /\a)i)

is an isomorphism. An easy computation (see, e.g., [Miz17, Claim 3.1]) shows that the
Parke—Taylor form (91) from Theorem A.1 is, up to the sign sgn(o’), the image by 9 of
the form

W = W0,6(1) N OWs(1),6(2) N\ NOsn—1),0(n) N\ Pon),n+l € A"“,

for o € X,. Thus, a restatement of Theorem A.1 is as follows:
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Theorem A.3. Assume that the s; ; are generic in the sense of (75). Then a basis of
Hn+1(A., /\wi) — An+1/(An A 0)5)

is provided by the classes of the forms ws, for permutations o € ;.

The rest of this appendix is devoted to the proof of this theorem.

A.2. A Basis of A"*!
We slightly extend the notation w, to permutations o € ¥,41:
Wo 1= W0,0(1) N Wo(1),02) N " AN Ogn—1),0(n) N\ Oo(n),o(n+l) € AL

Proposition A.4. The cohomology classes w,, for & € 41, are a basis of A",

Proof. The dimension of A”*! is (n + 1)! by [Arn69], so it is enough to prove that the
w, are linearly independent in A" For1 <i < n+ 1 we have a residue morphism
along {zo = z;}:

Res; : H!(Conf(n +2,C)) — H'(Conf(n + 1, C)),

where in the target Conf (n + 1, C) consists of tuples (zo, ..., Zi, .. ., Zn+1). It satisfies:
0 if o(1 [
Res; (wy) = . o )#l.’
ws, if o(1) =1,

where in the second case we implicitly use the natural bijection
Sy ~Bij({2, ..o+ 11 {1, .0, n+ 1)),

The result follows by induction on 7, since the case n = 0 is trivial. O

We now let FXA"*! denote the subspace of A”*! spanned by the basis elements w,, for
o € X,41 such that o~ (n + 1) > k. It forms a decreasing filtration, where F TAm+l =
AL a2 gn+l — 0 and F™+1 A" is spanned by the w, for o € %,,.

Lemma A.5. Any element of A" which is the exterior product of a form with an element
of the following type

W0,iy N Wiyipg N N Wiy ip 1 N Dig_y n+l
lies in F*An+1,

Proof. To a graph I with set of vertices {0, ...,n + 1} and (n + 1) edges we associate
a monomial wr (well-defined up to a sign) obtained by multiplying the generators w;
together for {i, j} an edge of I". What we need to prove is that wr € FKA™! if T
contains a path of length k between the vertices 0 and n + 1. If I contains a cycle then
or = 0 by Lemma A.2 and there is nothing to prove. Since I" has n + 2 vertices and
n + 1 edges we can thus assume that it is a tree. If we choose 0 to be the root of I' then
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all edges inherit a preferred orientation (from the root to the leaves). We let 61 (i) denote
the distance between the vertices 0 and i in I' and set

n+l

Sr=_or().
i=1

We have §r < 1+2+---+(n+1) and the equality holds exactly when I' is linear, i.e.,
has only one leaf. We prove by decreasing induction on 8r the statement: wr € FXA"*!
if Sp(n+1) > k. If I is linear then wr is one of the basis elements w, for some o € X,
such that 0 ' (n + 1) > k and thus wr € FFA"! by definition. Now assume that I is
not linear and let a be a vertex of I" with two children b; and b, (which means that there
is an edge from a to b1 and an edge from a to by in I'). Then we can use the Arnol’d
relation

Wa,by N Ba,by = Wa,by N Why,by — Wa,by N Oby,by
and deduce a relation
wr = F*or;, £ or

where I'} is obtained from I" by deleting the edge {a, bs} and adding the edge {b}, b2},
for s € {1, 2}. One easily sees that we have, for alli € {l,...,n+ 1}, Sré (i) = ér@@),
and 5[‘; > 8r, for s € {1, 2}. One can thus apply the induction hypothesis to Fi and Fé,
which completes the induction step and the proof. O

A.3. The Proof

The filtration F¥ on A"*! induces a decreasing filtration denoted by the same symbol
on the quotient H"*1(A®, Awg) = AML/(AT A wy).

Proposition A.6. For every k € {1, ..., n} we have

Fan+l (A., /\wi) C Fk+lHn+1 (A., /\wi)-

Proof. Let us fix a permutation o € X,, such thato '(n+1) =k e {1, ..., n}. We set
is =o(s)forevery s € {1,...,n+ 1} and ip = 0, so that we have
we =XAY

where we set:

X = wig,iy A @ijig N Ajg_nr1 A0d Y = @il g A A @iy iy A Oy iy -

We have the relation, in H"*!(A®, wy):

X ANws A3(Y) =0.

We note that if {7, j} = {is4, ip} for 0 < a < b < k then we have X A w; ; = 0 by
Lemma A.2. Let P denote the set of remaining pairs of indices. We then get the relation:

Z sij X ANwij AI(Y) =0.
{i.jleP
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The Leibniz rule gives
wij ANIY) =Y —0(w;j AY)

and we can rewrite the relation as:

D siloe= > sij X Adwi;AY). (94)

{i.jleP {i,jleP

We now claim that the term X A 9(w;,; AY) isin F*1 for all {i, j} € P. Thereis
one easy case: if {i, j} = {i4, ip} fork < a < b < n+1 then we have d(w;; AY) = 0 by
Lemma A.2. Thus, we only have to treat the case where {i, j} = {i;, ip} for0 <a <k
andk+1<b<n+l.

We proceed by decreasing induction on a. If @ = k then the first case applies and we are
done. If a < k then the Leibniz rule implies:

X A 8((01'“’1'}’ AY)—X A a(a)im_],ib AY)=XA a(w,-a,ib A wim,ib) AJI(Y).
We now set
/
X' = wigiy N AN Oy _ig N Oigariign N A Oy nl

so that we have X = fwj, i ., A X’. We thus get

ia+l
XA a(a)ia,,-b ANY)— XA 8(a)ia+1’ib ANY) = +X' A Wig,ipy N Oigyyip N a(y),

where we have used the Arnol’d relation d(wj, i ,; A Wi,iy N Wigy,i,) = 0 in the
form: w;, i, A (@i, iy N Wigyyiy) = Wiy iy N @iy,,.i,- Now Lemma A.5 applied to
(X "Awi, i, A wia+1,ib) A 9(Y) and the induction hypothesis respectively imply that

X' A Wiy iy N Wigyy,ip ANO(Y) and X A 0(wiy,,iy ANY)

are in FFUH™1(A®, wy), which implies that it is also the case for X A 9(w;, i, A Y).
This concludes the induction step and the proof by induction. Returning to (94) we see
that we have S w, € F¥*! for

S= D Sii== D Siir
{i,jlepP 0<a<b<k

where we have used equation (93). Thus S # 0 by the genericity assumption, and
wy € F**1, which finishes the proof of the proposition. O

We can now conclude with the proof of Theorem A.3. By Proposition A.6 we have
Hn+1(A., wi) — FlHn+1(A., a)i) — Fn+1Hn+1(A., a)g)
which is spanned by the w, for o € X,. Since the dimension of H"™1(A®, wy) is n!

if the s; ; are generic, this implies that the w, are a basis, and Theorem A.3 is proved.
Theorem A.1 follows as explained in Sect. A.1.
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