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Abstract: We obtain an asymptotic formula for n x n Toeplitz determinants asn — oo,
for non-negative symbols with any fixed number of Fisher—Hartwig singularities, which
is uniform with respect to the location of the singularities. As an application, we prove
a conjecture by Fyodorov and Keating (Philos Trans R Soc A 372: 20120503, 2014)
regarding moments of averages of the characteristic polynomial of the Circular Unitary
Ensemble. In addition, we obtain an asymptotic formula regarding the momentum of
impenetrable bosons in one dimension with periodic boundary conditions.

1. Introduction

In this paper, we consider the asymptotics as n — oo of Toeplitz determinants

n— 2 ) o do
Dn(f) = det (fjik)j,klzo’ f] :/(‘) f (eIH)e ZJG)E’

where the symbol f is of the form

“ B
f@=¢"D0@), 0@ =][]ws.s @/, wa,ﬁ(z)z(%) 2 1%, (1)

j=1

B
with arg z € [0, 277) in the term (i> in the definition of wy, g, and where the symbol

e]Tl

satisfies the following conditions:

(a) V(z) is real-valued for |z| = 1 and is analytic on an open set containing |z| = 1,
(b) zj =e€'"i,where0 <t <tr < - - <ty <2m,
(¢c) aj >0andReB; =0for j =1,2,...,m.
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Under these conditions f is a non-negative symbol, and we obtain large n asymptotics
of Dy (f) (up to a bounded multiplicative term) which are uniform in the parameters z ;.

When (a;, 8;) # (0,0) for all j, one says the Toeplitz determinant possesses a
Fisher—Hartwig (FH) singularity at each point z; = e’/ , and that the singularity at z jis
of root-type if 8; = 0 and of jump-type if o; = 0.

The large n asymptotics of Toeplitz determinants were first studied by Szeg6 in 1915
[61]. They have been intensively studied over the last 70 years, and owe their relevance
to applications to physical models. The most prominent such application is the question
of spontaneous magnetization of the Ising model on the lattice Z* (see e.g. [7,9,24,52]),
but we also mention questions surrounding the momentum of impenetrable bosons in 1
dimension, which we return to in Sect. 3.

In addition to physical models, a considerable effort has been invested in understand-
ing statistical similarities between the asymptotics of the Riemann zeta function along
the critical line Rez = 1/2 and the statistics of the characteristic polynomial of the
Circular Unitary Ensemble (CUE) over arcs of the unit circle. Toeplitz determinants
appear in this context, and we return to this topic in Sect. 2.

We now turn to known results for the asymptotics of D, (f). The simplest case is the
special one where w(z) = 1 (i.e. «j, B; = 0 for all j), in which case

Dy(eV) = "0k KViV=k(1 4 o(1)),

asn — oo, where V; = foh V (e!) e=<0 42 This is known as the strong Szeg limit
theorem (see [8,9,11,37,40,43,60,62]), and holds for V satisfying condition (a), but
also more generally for any V such that Y 22 k| Vi | converges.

It was conjectured by Lenard [50] and Fisher and Hartwig [28], and proven in subse-
quent steps by Widom [67] (relying also on work by Lenard [50]) and Basor [4,5], that
if f is a symbol of the form (1) satisfying (a)—(c), then

Dy (f) = En=i=1%7F5 Vo (1 4 (1)), @)

as n — 0o, where E is independent of n and given by

E — oXisi kViVes ﬁ G+o;+p)G+a; — IBj)eZRe [(Bj—aj)Vi(z))]
o G(1+2))

1—[ (|eifj _ eitk|2(ﬁj/3k—aj0tk)ei(tk—tj—ﬂ)(ajﬁk—akﬁj)) ; (3)

1<j<k<m

Vilz) = Z(]’il ijj, and G(z) is the Barnes’ G-function (see e.g. [56]). We mention
here that although our focus is on non-negative symbols, the analogue of (2), (3) in
the case of complex symbols f is interesting and exhibits behaviour with additional
subtleties, see [8—10,23,25,27], or [24] for a review.

By the proof in [25], it is clear that the asymptotics (2) hold uniformly for e’/ and '’
bounded away from each other. It is also clear that the asymptotics (2) are discontinuous
if any two points '/, ¢/’ merge and that the asymptotic formula cannot be correct in
this situation. In [42] and [64], for « = 1/2 and B = 0, a part of the transition was
considered, corresponding to the box |ei’f — 1| < C/nforall j =1,...,m and some
fixed, large constant C. More recently, in [16], the authors considered the situation where
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m = 2 and obtained the full asymptotics of D, (), uniformly for0 <# <t < 2.1t
is easily seen that the results of [16] may be presented in the following manner:

2
log D, (f) = nVo+Y_ (] = 7) logn +2(iaz = 1)

=1
1 ~
log |t (11, 12) + o(1), 4)
s |T| +n

uniformly as n — oo, where I?,, is an explicit function in #1, o which is uniformly
bounded as n — oco. We mention that F), has an interesting and intricate representation
involving a solution to the Painlevé V equation when |t; — 2| = O(1/n)—for the details
we refer the reader to [16] (and additionally to [14] for certain simplifications that occur
in the specific case where « is integer-valued and 8 = 0).

We also refer the reader to work on a different but related problem, namely the
transition between smooth symbols and those with one singularity, see [15] and [68],
and the transition between a single singularity and two singularities, see [45].

In this paper, we obtain asymptotics for D, (f) as n — oo, uniformly in the param-
eters 11, . . ., ty,. Our main result is the following.

Theorem 1.1. Assume that f is of the form (1), satisfying (a)—(c). Then as n — 00,

m
log D, (f) = VlV0+Z (a? — ,3]2) logn
j=1

+ ) 2Aejor—Biflog | —r— +0(1),
I<j<k<m sin | L5 ‘+n—1
where the error term is uniform for0 < t; <ty < --- <t, < 27.

Remark 1.2. For simplicity of notation we take «; > 0, but it is straightforward to
see that the proof may be applied to negative c; as well, provided any combination of
merging singularities has a total sum of «;’s strictly greater than —1/2. For example
if there are three singularities and o, — #; while #3 remains bounded away from #; as
n — 00, one would require o1, a2, 3 > —1/2 and a1 + oy > —1/2.

2. The Characteristic Polynomial of the CUE

Let Zy, Z>, ..., Z, be random variables, distributed as the eigenvalues of the n x n
Circular Unitary Ensemble of random matrices, with the following joint probability
density function on the unit circle in the complex plane:

n

— | | - | | ek 5
n! lzi = 2 i 2miz; )

Tl<i< Jj=<n
Let the characteristic polynomial be denoted by

n

Pn(eig) = l_[ (Zj — eie) .

j=1
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It has long been believed that the statistical properties of the Riemann zeta function
on the critical line s = 1/2 +it, t € R, and the statistics of large random matrices
are related—it was Dyson who first spotted this possible connection. More recently,
possible connections between the behaviour of the characteristic polynomial P, (e?)
over the unit circle and the behaviour of the Riemann zeta function along the critical
line have been studied intensively (see e.g. [18-20,34,35,38,39,44,53] and references
therein). In this context the authors of [34,35] were interested in both extreme values
and average values of P, (e'") over the unit circle, namely the random variables

2
, Xn(w) = /
0

In addition, their work sparked interest in connections between the characteristic poly-
nomial of the CUE and Gaussian Multiplicative Chaos, see [55,66] for results on such
connections.

In [34] it was conjectured that log Y,, — logn + % loglog n converges in distribution
to a random variable, and subsequently the asymptotics of Y, have been studied in
[1,13,57]. In these works, the terms logn and %log logn were confirmed. The full
conjecture, however, remains open.

In [35], Fyodorov and Keating conjectured that form = 2,3, ...,

o dt

iny|?
Pn(e™) o

Y, = max ‘Py, (eit)
tel0,2m)

ma210gn+Cm(a)+o(l) for 0 < ma? < 1,
[(moz)2 +1— m] logn +O(1) for ma* > 1,

logE [X,, (ot)’"] = { (6)

as n — 0o, where E denotes the expectation with respect to (5), and

2 m
Cpn(@) = log [( G +a) > ra —maz)]

G(1+2a)T(1 — a2)

As a corollary to Theorem 1.1, we will prove (6).

To make the connection between Toeplitz determinants and the moments of X, («),
we recall the well-known representation of Toeplitz determinants in terms of multiple
integrals

1 » o2 N dO;
Da(f) = — / e =TT () 52 )
n:J,2mn I<j<k<n j=1 4
from which it follows that
dt dt,
E[X,(@)"] = D ( <°‘>)—...—, 8
[ n(a) ] \/[‘O’zﬂ)m " fm 2 27 ()

where we denote

20

9@ =] |e e ©)

J=1

Using (8) and (4), Claeys and Krasovsky were able to prove (6) for m = 2. They were
furthermore able to prove that £ [X,, (a = l/ﬁ)z] = c¢nlogn(1+o(1)) asn — oo for
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an explicit constant ¢. Additionally, for 2a®> > 1, they were able to determine explicitly
the O(1) term in (6) in terms of the Painlevé V equation.

For integer m > 2, the conjecture was proven recently by Bailey and Keating [3]
for integer ¢ = 1,2, 3, ..., by representing E [Xn (Ol)m] in terms of integrals of Schur
polynomials. A second proof was given by Assiotis and Keating in [2], where a represen-
tation for the constant O(1) term was given in terms of a certain volume of continuous
Gelfand-Tsetlin patterns with constraints.

Relying on Theorem 1.1 and (2), we prove the conjecture (6) for all parameter sets,
and more precisely we have following corollary.

Corollary 2.1. Asn — oo, the asymptotics of log E [ X, ()™ ] are given by (6), both for
0<ma? <1 and for ma? > 1. Additionally, ifmoz2 =1, then

logE [X”(a)m] =logn +loglogn + O(1),

asn — oQ.

2.1. Proof of Corollary 2.1.

2.1.1. 0 < ma? < 1 Denote

I () Zf
[0,277)m

fore > 0.If0 < ma? < 1, the integral is well defined for € = 0 and () is a Selberg
integral [33,59]:

1 — I

—2a
> +e) dty ...dt,, (10)

[ <sin

1<j<k<m

B 2D —ma?)
Io(a) = 27) m- (11)

Thus Corollary 2.1 follows (for 0 < ma? < 1) by combining (2), (8) and Theorem 1.1
as follows. Fix 6§ > 0. We will show that there is an integer N such that forn > N,

‘]E [Xo ()] — e’ eCn(@)| < gpme? (12)

thus proving the corollary. Given a measurable subset R C [0, 27)™, we denote

I(x, R) = / (
R

We note that I (¢, R) < Iy(a, R) for any € > 0 for any R C [0, 27)". For n > 0,
divide the integration regime [0, 2;7)™ into two regions R{(n) and R»(n), where R{(n)

1 — I

—2a?
5 +e> dry ... dty,. (13)

1<j<k<m

|ti— ,I

is the region where sin - > n for alli # j, and R>(n) is the complement of R (7).

It follows by Theorem 1.1 that

/Rz(n) Dn <f"(1a)) 621_;1 " % =0 (”mazIO(“’ Rz(n))) :
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as n — 00, uniformly for 0 < n < 5. In particular, since (e, R2(n)) — Oasn — 0,
it follows that there exists g > 0 and Ny € N such that

dn dt, 2
() 271 ~tm mo
/I;z(n) Pn (fm ) 2 2w <™ /2, (14

for n > Ny and n < ng, which gives the desired bound for the integral over R,(n). We
now evaluate the integral over R;(n). By (2), it follows that

2
f Dn<f(a))d£___dﬂ:nma2G(1+0l)m
R1(n) 2 2 G(1+2a)™

. . dt dt
[T e asoant .
2

Ri) 1 <jk<m 2w

where the o(1) tends to zero uniformly over Ri(n) for any fixed n as n — oo. Thus
we may move the error term outside the integral, and since R» () is the complement of
Ri(n), we have

J

; . dt dt,
:/ ]_[ leiti — eite =22 2L Em L ha1y)
[0,277)m 27‘[

dt,

. . dt
it _ it | 7207 (1 4 o(1)) =L .
le et (I'+o( ))271 o

1(m) I1<j<k<m

2

1<j<k<m

. . dt dt,
—/ [T 1" - e”"|_2“22—]...—m. (15)
R b4 2w

2(n) 1<j<k<m

By (11) we obtain

/ Dn( r;a))djmdﬂ
R (1) 2 2

G(l+a)? \"
= 0" @ (14 o(1)) — 0™ In(e, Ra()) (W?;a) 19

where the o(1) tends to zero for any fixed n as n — oco. Again we use the fact that
Ip(e, Ra(n)) — 0 as n — 0, from which it follows that we may pick n < ng such that

the second term on the right hand side of (16) is less than snme’ /4.
Thus we may fix n < ng such that

/ D, (f,ff”) dh e it _ e’ Cnl@)| - 5nma2/4 + o(nm"‘z),
R1(1) 2 2

as n — 00, and combined with (14), this proves (12).
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2.1.2. ma? > 1 We now study the asymptotics of I, () for ma®> > 1. A lower bound
for I (@) is easily obtained by integrating over the box [f; —t;| < e foralli # j, itis
easily seen that there is a constant ¢ such that

cem=1mmm=Da® _ ) (17)

for0 < € < €.
To prove Corollary 2.1, we need to obtain a corresponding upper bound for 7 (c).
We choose to work with the following integral instead:

—~ —2¢2
Ie(a)zf ]_[ (Itj — tl+€) ™" dty...dty.
O<ty <<ty

<l 1<j<k<m
Lemma 2.2. There is a constant 0 < ¢ such that for all sufficiently small € > 0,
Ie(@) < cle(@).

Proof. Denote U; = [0, 27 (j —1)/(m+1))U27j /(m+1), 27) for j = 1,2, ..., m+1.

Since there are m points ?1, ..., t,, and m + 1 sets U}, it follows that there is always a j
such that {rq, ..., t,;} C Uj, thus

m+1 t—t —2u

IE(O‘)SZ/ 1_[ (sin j K +e> dty ...dt,.

=107 1<j<k<m

It follows that
ti—th —2a2
I(@) < (m+1) I1 (sin J +e> dt; ...dty.
[0.27 =27/ (m+ D)™ | i <

Furthermore, for 0 < x <m — x/(m + 1), one has

x . 7w .
— sin <sinx < x,
b4 m+
and it follows that
2
+ 2 ti—t —2
Ie(a)s%/ 1_[ ( ik +e> dty ...dty.
(sin %) [0.27 =27/ (m+ )" | p oy
(18)
The lemma follows easily from (18). O
We now take the change of variables s; = tj41 —t; for j = 1,...,m — 1 and find

that

—202

1 k
Ie(a)zf dtlf l—[ Zsi+e dsy...dsy,—1,
0

1<j<k=m—1 \i=j
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with integration taken over s1, ..., S;;—1 > 0 such that ZT:] sj < 1 -1, from which
it follows that
Ie(@) = 12(@), (19)
where
k —2a?
12 () :/ ]_[ Zsi +e dsi...dsm_1. (20)
0.y <j<k<m—1 \i=j
If 202 > 1, then 16(2) (o) is straightforward to evaluate—one simply notes that
« —2a2
—2a2
D si+e < (si+e)7 2, 1)
i=j
foranyi = j, ..., k, and thus
m—1 s
15(2)(0‘) < / l_[ (sj +6)_2Ja dsy...dsm—1.
0.0 5
Separating out the variables, it follows that
12(@) = O (emn1=met)), (22)

as € — 0, for 202 > 1. However, ifn—l1 <ao?

< %, this approach fails to yield (22), and

in fact yields a worse error term!. To achieve the optimal error term (22) also in the case

% <a? < %, we need to consider ordered integrals.

Since the integral (20) is taken over all possible orderings, it follows that

—2a2

k
16(2)(oe)= Z / 1_[ ZS,'+6 dsy...dsy,_1,

0€Sy—1 """ 1<j<k=m—1 \i=j
where the integral is taken over
Wy = {0 < Som=1) < Sg(m=2) <+ < Sg(l) < 1}.
Let

V) ={(j,k):1<j<k<m—1landj=0() ork=0c(0))}.

I Asan example where the approach fails to provide optimal error terms, consider m = 3 and o? = 2/5.

Then we obtain

1 1
16(0‘) < [ dsy / dsy (s +€)—4/5(32 +€)—8/5 -0 (6_3/5) ,
0 0

2
as € — (0. However the optimal bound we are looking to obtain is of order em=D—ma®) — =2/5



Uniform Asymptotics of Toeplitz Determinants 693

Let $(€) = V(£)\ U2} V(j). Then S(1), ..., S(m — 1) are disjoint, and

2 2
t —2a el r —2a
[T (Xsi+e] =11 TI [Xsi+e
1<j<k<m—1 \i=j =1 (j,k)eSW) \i=j
By (21) it follows that
)
k 2o m—1 02
1_[ Zsi"‘f =< 1_[ (Sg(g)+6) .
1<j<k<m—1 \i=j =1 (j,k)eS)

It is easily seen that |S(£)| = m — £, and it follows that

X —202 B
20m—
1_[ ZS,'+E 1_[ Sg(/g)+6 —20%(m 6). (23)
I<j<k<m—1 \i=j (=1
By (23), it follows that
2
s —2a
/ 1_[ Zs,-+e dsy...dsy,—1
Wo 1<j<k<m—1 \i=j
m—1 2 »
f [T (o + )" oy .. dsoay, (24)
Wo =1

Ifm = 2 and ma? > 1, then the right hand side is of order 5’2"‘2”, and we are done. We
assume that m > 2, and integrate in s, (,,—1) on the right hand side of (24). The power
of $5(n—1) 18 —202, which could very well be equal to —1, so we need to take this into

account. Clearly

So(m—2)
/ (Srtm—1) + € dsgm-1) = O (10800 n-2)/€ + 3™ + (o2 + ™))
0
for any fixed x as € — 0. Since

log(sg(m-2)/€ +3) < log(so(1)/€ +3),

it follows that

—2 14
/ 1_[ So (£) +€) o m~ )dSO'(m 1) - dsa'(l) = O(/log(sg(l)/€+3)
W,

7 (=1
m—2

—202(m—0) [ _242 —20%+1
X 1_[ (Sg(/é) +€) o (m=t) (6 20741 + (Sg(m_z) +€) “ )dsg(m_z) .. .dsg(l)), (25)
=1
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hand side is taken over 0 < s5(u—2) < -+ < 85(1) < 1. We will next integrate out
So(m—2), then s5(n—3), etc. To do this, we introduce the following notation for v =
1,2,...,m—2:

m—v—l
—2a%(m—t
Je(v) = / [log(sg(l)/e +3) 1_[ Sa () +E o (m—£)
=1
’ j =202V
|:Z€r o (Somv—1) +€)" 2= +ljj|dso(m—v—1)‘--dsa(l)y
with integration taken over 0 < S5 (n—y—1) < *++ < So(1) < 1, and where we interpret

Z?-:l j= Zj’:u +1 J = 0. We observe that the error term on the right hand side of (25)
is equal to J(1). It is easily verified that

Je(v) =0 (Je(v+1)),
ase — 0,forv =1,2,...,m — 3. Iterating, we obtain

m—1

2(m—t
/ 1_[ So(¢) + 6 20" (m )dSO'(m_l) .. .dSO'(l) = O(Jg(m — 2))
We =1

- 0(/ [log(s/e + 3)]’"*2 (s + €) 207 m=D
0

m—2

r=0

m—2
j=m—1

that the power of s + € is smaller than —1, namely:

as € — 0, where we interpret Z?:lj => j = 0. Since ma? > 1, it follows

m—2
—2a2(m—1)+m—2—r—2a22j < -1,

r+1

foranyr =0,1,2,...,m — 2. If x < —1, then
1
/ (s +€)* log(s/e +3)"2ds = O(e**),
0

as € — 0, and thus it follows that

2 ) _ _ 2
/ 1—[ S0 (0) +E 20 (m )dsa(m—l) - ~dsa(1) -0 (e(m D(1—ma )) ,
Wo =1

as € — 0. Thus by (19) and (24), I.(a) = (9(60"—1)(1—’"“2)), as € — 0, which
combined with the lower bound (17) and Theorem 1.1 proves Corollary 2.1.
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2.1.3. ma? =1 We start by finding a lower bound for /. («) when ma? = 1. Let
D(j)=0<t1 <1: 1 <ty <ty +2jeforallk =2,...,m},

and let B¢ (j) = Dec(j)\De(j — 1). On B (), the integrand in (10) satisfies

—2a2
+ e) ,

for j = 1,2,..., 1/e, assuming for ease of notation that 1/€ is an integer. Combined
with the fact that B, (j) are disjoint for j = 1,2, ... and the fact that ma? = 1, it
follows that

1j — Ik
2

((j+ l)cf)im(mil)w2 < 1_[ (sin

1<j<k<m

1/€
3G+ ey D / dty . din < 1.(@).

s Be(j)

Since
/ div.diy = Q0" (77— (=) 2 G,
Be(j)

for j sufficiently large, say j > jo, it follows that

1/e
log(1/€) —ép < Y (j+ 17" < Ie(@), (26)
Jo=1
for some constant ¢y. Thus we have a lower bound for /. («) and we look to obtain a
corresponding upper bound.
We observe that the upper bounds (19) and (24) hold also for ma? = 1. If m = 2 and
ma? = 1, then the right hand side of (24) is of order log e ~! as € — 0. We assume that

m > 2 and integrate in the variable s, (,—1). We have 20% =2/m < 1, and it follows
that

Solm—2) —202 ~202+1
/ (Som-1 +€) dSo(m—1>=0((So<m—2)+f) ’ )
0

as € — 0, and thus

m—1

—2a2(m—¢
/ 1_[ (Sg(/g) + 6) o (m )dsU(m_l) .. .dsO'(l)
Wo =1

2

m—2
—2a%(m— _
=0 </ l_[ (Sa(@) +E) 20" (m—t) (Sa(mfz) +6) 2
=1

as € — 0 where integration on the right hand side is taken over 0 < sg(n—2) < --- <
So(1y < 1. We redefine Je (v) as follows

1
* dso(m-2) - - .dsg(1)> s

m—v—1

—20%(m—L —a? 1
Je(v) :/ l—[ (So(e) +€) o )(sa(m—v—l) +€)U vt )dsa(m—v—l) o dss (1),
=1
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with integration taken over 0 < s (u—y—1) < -+ < So(1) < 1. Since ma? = 1, we note
that the power of s, (u—y—1) is greater than —1 forv = 1,2, ..., m — 3, namely:

2%+ 1) +v— azv(v +1) > —1,

and it follows that J. (v) = O (Je(v + 1)) as € — 0 for such v. It follows that

m—1

—20%(m—t
/W (SG(() + E) o m )dsg(m,” cdsey = O (Je(m = 2))

1
=0 (/ (s + e)m_z_o‘zm(m_l) ds) ,
0

as € — 0. Since ma?> = 1, it follows that the right hand side is simply O (loge™").
Thus, combined with (26) and Theorem 1.1, we have proven Corollary 2.1 for ma? = 1.

3. Statistics of Impenetrable Bosons in 1 Dimension

Consider
1

A/ nlL"

It was proven by Girardeau [36] that it has the following properties:

VX1, ..., Xy) = 1_[ ‘eznix-//L—eZ”ixk/L .

1<j<k<n

e 1 is the ground-state solution to the general time-independent Schrodinger equation
in one-dimension with n particles.

e 1/ is symmetric with respect to interchange of x; and x; for i # j (Bose-Einstein
statistics).

e 1 is translationally invariant with period L.

e 1 vanishes when x; = x; fori # j (mutual impenetrabililty of particles).

In fact Girardeau only proved the above for odd n, but as noted by Lieb and Liniger
[51] (footnote 6), it is equally valid for even n. When the system is in ground state,
the wave function  gives rise to a probability distribution for both the position and
momentum. The position of the particles on [0, L) has joint probability density function
W (x1, ..., xp)>. Following the footsteps of Girardeau, we take as our starting point that
the wave function for the momentum is given by the Fourier transform of the wave
function of the position:

¢(M17 aM}’l)

1 / o Y x ;ML
dxi...dx,Y(xi, ..., x)e THei=1 NN M e 7
VL™ Jo,nyn " " !

Thus the probability of the j’th particle having momentum 27 M /L for each j =
1,...,nis given by

(M, ... My, 27)
It is easily verified that ¢ (M, ..., M,,) is independent of L, and that
o WM M =1 (28)

Mi,.. M, eZ
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Thus |¢|> may simply be viewed as a probability distribution on Z", which is the view-
point we will take in Corollary 3.1 below, where we fix L = 27 withoutloss of generality.

Since the particles are indistinguishable from one another, it is preferable to charac-
terize the distribution as a point process, which we do as follows. Let N4 (n) denote
the number of particles with momentum 2w M /L. Then if My, ..., My are distinct, it
follows from (27) by a straightforward calculation that

k
E|[]Nm 0 | =menMi. ... M),
j=1
where
!
Tk n(Mi, ..., My) = (nik)‘ Z |¢(M1,...,Mn)|2. 29)
’ Mty My €Z

The above is only valid for distinct particles, for moments of N we have
TenM, ..., M) =E[NM(Npg— D oo . (Npg —k+ 1], (30)

where N ¢ = N (n). Then the expected number of particles with 0 momentum is given
by 71.,(0). In 1963, Schultz [58] proved that 71 ,(0) = O(n~"/*) as n — oo, which
shows that there is no Bose-Einstein condensation according to the Penrose-Onsager
criterion (the criterion states that if the proportion of the particles expected to have 0
momentum tends to 0 as n — 00, then there is no Bose—Einstein condensation). The
upper bound obtained by Schultz was not optimal. In 1964 Lenard [49] was able to
improve on this, and obtained that E(Ny(n)) = On'/?)as n — oo. Lenard’s approach
was to make a connection to Toeplitz determinants with Fisher—Hartwig singularities by
observing that if we denote the k particle reduced density matrix by

Pk (X15 ooy Xk Y1y ooy Vi)

= /dxk+l codxp (X, X)U O e Vi Xkt L - Xn), (31)

then pi , is a Toeplitz determinant with 2k FH singularities. This observation relies on
the multiple integral formula (7). By (29) and (31) it is easily verified that

n!
Tkn(Mi, ..., M) = m,/(.OL)Zk dxy...dxidyy...dyx
.k
T 2= I M e X 1 ). (32)

Thus, to obtain the asymptotics of ;. , one must obtain those of pi ,. The asymptotics of
Pkn(X1, ..., Xk, Y1, - - ., Yk) was studied in the limit » — oo with L = n and for fixed
xj, yj independent of 7 in [42,64]. This is equivalent to studying Toeplitz determinants
with 2k FH singularities with o; = 1/2 for j = 1, ..., 2k, in the double scaling limit
where the singularities are all at a distance of length O(1/n) from each other. This gave
rise to some of the first connections to Painlevé V in the study of Toeplitz determinants.
To obtain more detailed asymptotics for 7y , however, uniform asymptotics of o , are
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required. As mentioned in the introduction, Claeys and Krasovsky [16] obtained uniform
asymptotics for p; ,, and they relied on (4) to prove that

/2
E[NO(”)] N QG(3/2)4/ (sin 1)~ 2dx,
N T 0

as n — oo (see formula (1.53) of [16]).
We are interested in not just the expectation of No(n)/+/n, but also the variance and
higher moments. By combining (2)—(3) with Theorem 1.1, we obtain the following.

Corollary 3.1. Fix L = 27 and let My, ..., M, € Z be random variables with the
probability distribution

Prob(My, ..., My) = [p(M, ..., M)I*.

Then, as n — o0,
g | (M| GG/*
< Vi ) (m)%*

/ Hl§r<s§k ’eitr — et
(0.2m)% \/H]§r<s§2k |eitr - em}

ity ity

[Tis1 u ¢ — €
k+1<r<s<2k | dty ...dty,

where
No(n) =#{j : M; =0, }7'=1-
Proof. To study higher moments of Nog = Ny(n), we have by (30) that
E[N§] = 7ea(0,....00+ 0 ( max  7;,(0,.... 0)) , (33)
j=L.., -

for any fixed k.
We note that 74 , (0, ..., 0) is independent of L, and so we set L = 2. Thus, by
(31)-(32),

1 1/2) ) ,
0,....,0) = —— D_<( ) || ‘zt,-_nx
Thon ) (2m)%k /(ogﬂ)zk nk \ ok ¢ e

1<r<s<k

e”’" — eit‘ dty ...dby,

k+1<r<s<2k

where we recall the notation (9). Thus 7% , (0, . .., 0) is evaluated by combining (2)—(3)
and Theorem 1.1 as n — oo by using similar types of arguments as in Sect. 2.1.1, and
we obtain

_ i GB/2*
- (27[)2k

it it
X/ n1§r<s§k }e e
(0,27)2k

\/n1§r<s§2k }eitr —ells

Thus the corollary follows from (33). O

a0, ..., 0)

ity ity

e’ —e
nk+1§r<s52k ‘ dtl . .dtzk(l +0(1)).
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4. Method of Proof of Theorem 1.1
Denote ¥ (z) = xo = 1/+/D1(f) and define the polynomials ¥; for j = 1,2, ... by

foo f-r oo feje1 o S
| f1 Joo oo foje fojn
Vi(2) = ——————det =yl +...,
A -
VDi(H)Dj(f) fi i o o foi
1 z Y z/

where the leading coefficient x; is given by

D;(f)
L= | 34
X =N D (D) G

By the representation (7), it follows that D;(f) > 0 and we fix x; > 0. Itis easily seen
that ; are orthonormal on the unit circle:

2 N . [ i\ dO 0 forj#k
i0 (i 12 W N ’
./() i (E )1//] (69)f(e )271 =k = {1 for j =k, (33)

for j,k=0,1,2,....By (34) and the definition xo = 1/+/D1(f),
n—1
Du(H)=]]x> (36)
j=0

In order to obtain asymptotics for log D, (f) as n — oo, we will obtain the asymp-
totics of log xny as N — oo in Proposition 4.1 below, and take the sum of these contri-
butions. The asymptotics of log x will depend on the locations of the singularities, and
our strategy to systemetize the different asymptotic behaviour that occurs for different
constellations of singularities is to classify singularities that are close together as being
in the same cluster, a notion which we will formalize shortly. Very roughly speaking, our
goal is to prove that if all the singularities in a cluster are of distance o(1/N) apart then
they behave as a single point, and if all the clusters are sufficiently well separated by a
distance at least U/ N for some sufficiently large U, then for our purposes the interaction
between the clusters is small. This is the content of Proposition 4.1 (b) below. For con-
figurations which do not fit into this setting, i.e. where there exists two singularities such
that N |e”f' — i+l | is neither small nor large, we still divide the points into clusters,
but the division into clusters is somewhat more arbitrary in this situation and we obtain
less detailed asymptotics. This is the content of Proposition 4.1 (a) below, which covers
all possible configurations.

We now formalize the notion of the clusters. Given U > € > 0, we say that the
parameters 71, ..., t, satisfy condition (¢, U, n) if t1, ..., t,, € S;, where

Si={t1,....t,:0<t; <+ <ty <2mw —7/m}, 37

and foreach 1 < j < k < m,either ty —t; < €/n orty —t; > U/n. The assumption
that t,, < 2w — 7r/m one can make without loss of generality when studying Toeplitz
determinants, since the Toeplitz determinant is rotationally invariant (i.e. D, ( f (€'?)) =
D, (f(e'@+))) for all x € [0, 27)).
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If 1, ..., t, satisfies condition (e, U, n), the points {z1, ..., t,} partition naturally
into clusters Cly (e, U, n), ..., Cl.(¢, U, n), where r = r(e, U, n), satisfying the fol-
lowing conditions.

e The radius of each cluster is less than € /n. Namely, €, < €, where

€, = n max max [x — y|.
Jj=1,....r x,y€Cl;(e,U,n)

o The distance between any two clusters is greater than U /n. Namely, u,, > U, where

U, =n min min |x — y|. (38)
I1<j<k=r xeCl;
yeClk

If there is only one singularity in each cluster we take €, = 0. If all the singularities
are in a single cluster, we take u, = kn for some sufficiently small constant k > 0 (the
meaning of "sufficiently small" will be determined in the Riemann-Hilbert analysis of
Sect. 6).

In Sects. 5-6, we prove the following proposition.

Proposition 4.1. (a) As n — oo,

log xn = =V0/2+O(1/n),

uniformly for ty, ..., ty, € S;.
(b) There exists Uy > Uy > 0, C > 0 and ng > 0, such that if the parameters ty, ..., ty
satisfy condition (Uy, U1, n) and n > ng, then
m 1 €n
[log 3 + Vo /2 + Hu(ej, By 1)1y | < € (= + ),
nu, n

where

1 & 1
Huay B tp)je = 2= (@ = B]) + D (@jon = BB Lugullne = 11,

2n j=1 1<j<k<m
where
1 0<x < Uy/n,
1 =
Uo/n(X) [0 Up/n < x.

Using Proposition 4.1, we now compute the asymptotics of D, (f) as n — oo, for
a specific configuration 0 < #| < h < --- < t, < 2w — m/m, but with error terms
which are uniform over all configurations. Let ng be a fixed positive integer such that
the asymptotics of Proposition 4.1 are valid for n > ng. Then D, (f) is a continuous
function in terms of #; on the compact set t{, ..., t, € [0,27], and is thus uniformly
bounded as ¢; vary. Thus by (36)

n—1

log Dy = =2 Y log xn +O(1), (39)
N=ng
as n — 0o, uniformly over S;. Denote Ny = N\{0, 1, 2, ..., no}, and let

J: ={N e Ny :1,..., 1ty satisfy condition (Uy, Uy, N)},
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with complement J£ = No\ J;. Then
JE=UT e, L ={N € No: (tj11 —1j))N € [Up, Un)}.
Written differently,

U U
Ij,l={NeN0:—°§N<—‘},
Lj+1 — 1 Lj+1 — 1

and it follows that

1
> =log(U1/Up) +O),
NGI]'.[

uniformly for 7;41 —¢; > 0. Since Uy and U are fixed, it follows that the right hand
side is uniformly bounded, and by Proposition 4.1 (a) and the fact that Hy = O(1/N),

> (log s+ Vo2 + Hy (s, 71,1, ) = O(1), (40)
NeJf
uniformly for #1, ..., 1, € [0,2n — w/m).
Suppose that 71, . . ., t,, satisfy condition (Uy, U1, N) for N in an interval Ny, N1 +

1,..., N>. By Proposition 4.1 (b),

N2 N2 1 EN
Z(logx,,+V0/2+HN(a,-,,3,-,tj)'}’=1) <c Yy ( +—>, (A1)

N N=N, NMN N
Sinceiy = N (t; _ti—l) forsomei € {2,3,...,m} (wherei is fixed for N € [Ny, N2)),
it follows that “WN = MNLI', and as a consequence (bearing in mind that &y, > U;) we

have uy > NN—LIJI Thus,

AN 1
Yo ——<—. (42)
N=N; NMN U1
Similarly, ey /N = €y, /N2, and
N> ¢
N
>y =em =l 43)
N=N,

Since J{ is composed of at most m — 1 disjoint intervals, it follows that J; is composed
of at most m disjoint intervals, and it follows by (41)—(43) that

1
Z (logxn + V()/2+ HN(Olj, ,3]', lj);-n:1> <Cm <F + U()) . 44)

NeJ, 1
N<n
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Since Uy, Uy, ng are just arbitrary constants, the right hand side is bounded uniformly
over S;. Thus, by (39), (40), (44), it follows that

n
log Dy (f) =nVo+2 Y Hy(a;. Bj.1))1—; + O(1),
N=1

uniformly over S;. Since

n

1 1
> Ty t; — 1) = log —————— + O(1),
2w Uo/N(tj — 1) Ogtj—ti+1/n (1

as n — 0o, with the implicit constant depending only on Uy which is fixed,

log Dy (f) =nVo + Zm: (2 - 2) t0gn

j=1
1
+ D 2ajox— BB log (—_1> +0(1),
i |t; —t|+n
as n — oo, uniformly over S;. For such 11, ..., t,,
1 1

log | = log = +O(1) 45)

|tj_lk|+” sin’Tk+n—1
with uniform error terms, which yields Theorem 1.1 for ¢, ..., 1, € &;, and the full

theorem follows from the aforementioned rotational invariance of the Toeplitz determi-
nant.

Structure of the proof of Proposition4.1. We will prove the following proposition, which
holds if and only Proposition 4.1 (a) holds.

Proposition 4.2. Given u > 0, there exists IZ >u,C >0, and No > 0 such that if the
parameters ty, . .., ty satisfy condition (u, U, n) and n > Ny, then

llog xu + Vo/2| < C/n.

‘We now show that Proposition 4.2 implies Proposition 4.1 (a). It will be useful make
the dependence of the implicit constants in Proposition 4.2 more explicit, so we denote
U=U@m),C = C(u), and Ny = No(u). Let Up, Uy be two constants for which
Proposition 4.1 (b) holds. For j = 1,2, ..., m — 1, we define U1 = U(U;) (meaning
that given u = U}, Proposition 4.2 holds with U=0 (Uj), which we define to be equal
to Ujy1). Foreach N = 1,2, ..., n, we have a sequence of conditions

(U()’ UlaN)v (U19U27N)7 (U27U?)aN)a'-'a(Um—]va’N)' (46)

Then the configuration #1, ..., t, will satisfy one of the conditions in the sequence
(46), because otherwise, for each k = 1,2, ..., m, one would have a corresponding
j=Jjk)=2,3,...,msuchthat Uy_/N < tj —tj_1 < Uy/N, meaning that there
are at least m + 1 distinct points in {z j}’le, which is a contradiction. Thus, if we denote
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the maximum of the implicit constants c (Uj) and ]VO(U jyover j =1,...,m —1by
Cmax and No max We obtain

llog xn + Vo/2| < Cinax/n,

for any n > ﬁ(),max» which proves Proposition 4.1 (a).

We will prove Proposition 4.1 (b) and Proposition 4.2 by applying the Deift—Zhou
steepest descent analysis [26] to a Riemann—Hilbert (RH) problem associated to the
orthogonal polynomials ;. Under the Deift—Zhou steepest descent framework, there
are several standard ingredients, including the opening of the lens, and the construction
of a main parametrix and local parametrices. Among these ingredients, the opening of
the lense and the construction of a local parametrix is the most involved. Each local
parametrix contains a cluster Cl;(u, U, n), and we map a model RH problem to a
shrinking disc containing Cl; (u, U, n). We construct and analyze the model RH problem
in the next section, Sect. 5, and use these results in Sect. 6 to prove Propositions 4.1(b)
and 4.2.

5. Model RH Problem

In this section we introduce and analyze a model Riemann—Hilbert problem, which will
be an important tool in the analysis of the asymptotics of the leading coefficient yy
defined in (34). While specialists in the field will be well aware of the significance
of the model problem in the analysis of Riemann—Hilbert problems, we have not yet
demonstrated its utility, and the reader may find it illuminating to first have a glance at
Sect. 6 to see how we rely on the model problem to prove Propositions 4.1(b) and 4.2 in
Sect. 6. A good reference to Riemann—Hilbert problems in random matrix theory is the
book by Deift [21], and the author also recommends two sets of lecture notes by Deift
[22] and Kuijlaars [48].

We pose a Riemann-Hilbert problem for & = & ((; (wj,aj, B j)’;:]) with param-
eters

o n=1,2,3,...,
o —u/2 <wy <wy_1<---<wy <w; = u/2, where wy > 0,
e «; > 0andReg; =O,with(o¢j,,3j)#(0,0)forj=1,2,...,u,

where u > 0 is some fixed constant.

The model RH problem will later be used to construct a local parametrix at each
cluster of points, where p will be the number of points in the cluster. In particular it
means that the ordering of the «;, 8; here do not necessarily correspond with those in
the definition of the Toeplitz determinant, we again refer to Sect. 6 for details on the
manner in which the model RH problem is utilized.

RH problem for ¢

(a) @ isanalytic on C\I'g, where "¢ is described by Fig. 1 for u = 4, and is in general
given by
T =Ul_oT;, To = [—iu, iul,
[y =iu+e™*R,,  Tor=iu+e™ /R, T3 = —iu+e /R,

Ty =—iu+e ™R, Ts5= U?zl{z tImz =wj},
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(b)

B. Fahs
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Fig. 1. Jumps of @ for 4 singularities

where iu + e™//*R, = {z : arg(z — iu) = 7j/4}, with the orientation of I's taken
to the right, and the orientation of I'; taken upwards for j = 0, ..., 4. On each line
segment of the contour, we denote the left hand and right hand side by the + and
- side respectively, where left and right are with respect to the orientation of the
curve.

® has continuous boundary values ®,(¢) and ®_(¢) as ¢ € T'p\{iwy, ..., iwy,
iu, —iu} is approached nontangentially from the + and — side respectively. Further-
more, @, and ®_ are related by the following jumps on I'g:
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(L) = D_(¢)e™ @) forTm¢ = w; and Re ¢ > 0,
.(¢) = D_ ()™ @ P forlm¢ = w; andRe ¢ < 0,

®.(0) = D_(¢) ((1) }) for ¢ € I'y, s,

®L(0) = D (D) (_11 ?) for ¢ € T2, T,

D) =D_(0)Jo for ¢ € To\{—iu,iu,iwy,...,iw,},
where Jy = _01 })
(c) As¢ — oo,

N
o) = (1 + % + 0@—2)) e 5 [ —iwp~Fi

j=1
exp [wi(Bj — &) xw; (£)o3] ,

0 forlm¢ > w,

xw() = {

1 forlm¢ < w,

where the branches are chosen such that arg(¢ —iw;) € [0,27) for j =1,..., u,
and where ®| = & (/,L; (wj, aj, ﬁj)’;:l) is independent of ¢.

(d) ®(¢) is bounded as ¢ — Ziu. As ¢ — iw; for j = 1,...,k in the sector
arg(¢ —iwj) € (w/2, 7),

Fi(0)(¢ — iw))i (é g(“fl’ ﬁf)) for2a; ¢ N=1{0,1,2,...},
@(¢) = .
1 g(aj, Bj)log(¢ —iw;)

Fi(0)(¢ —iwj)™* (0 | ) for2a; € N,

for some function F; which is analytic on a neighbourhood of iw ;, and

eZni67872nia
—e e Y for 2a ¢ N
2 2 ’

ga.py=1 "7 47)
3= ((=1)**e?"f — 1) for 2o € N.

Furthermore, as { —iw, fromany sector, ®(¢) = O (|{ — iwj|’°‘i|log(§—iwj)|).

Remark 5.1. The RH problem for & gives rise to an RH problem for the determinant of
@ as follows. Since the jump matrices of the RH problem for @ have determinant 1,
it follows that det ® extends to a meromorphic functions in the complex plane. Since
det®(¢) — las¢ — ooandas { — iw; for j =1,..., u, we obtain det ®(¢) =1
for all ¢ € C by Liouville’s theorem, and in particular & is invertible. Furthermore, if a
solution exists to the RH problem for @, then it is unique, because if ® were a second
solution, then ®(£)® ()" extends to a meromorphic function in the complex plane by
condition (b) for the RH problem for &, and by condition (c) and (d) and Liouville’s
theorem it is in fact the identity. It is not clear a priori that a solution does exist, this is
the content of Proposition 5.3 below.
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Remark 5.2. We use the standard notation

1 0 er 0
n=(o ) o= (0 5):

Note that +iu are not special points, and therefore the values of u are not significant,
aside from the fact that |w;| < u for j =1, ..., u. We present the RH problem in this
manner for notational convenience and to make it clear that the local behaviour at each
singularity can be presented in the same form, also for the top and bottom singularity.

We also note that g was chosen such that the local behaviour of W at the point iw
is consistent with the jumps.

5.0.1 The case of a single singularity © = 1

When there is only one singularity © = 1 and wy, u = 0, the RH problem for ®
(and equivalent versions of it) has been studied by many authors. It was first solved
by Kuijlaars and Vanlessen in [47,65] for § = O in terms of Bessel functions, and
brought to the setting of determinants by Krasovsky in [46] (the topic in [46] was Hankel
determinants, see also [12]). For ¢ = 0 it was solved by Its and Krasovsky in [41], and
a solution for general o, 8 was found in terms of confluent hypergeometric functions by
Deift, Its, Krasovsky in [23,25] and Moreno in [54].

Claeys, Its and Krasovsky [15] brought the above solution to the form which we will
refer to. In [15] the RH problem is denoted by M, which we will denote by Mcik, and
by comparison of RH problems it follows that

Mo (¢) = eT@PBo (i p =1, w = 0, a, B)e™ @ P 1003, 5 (B=c)os

when one takes u = 0. The solution to Mcrk may also be found in [16], Section 4, where
we find the following formula

a2 — ﬂz _e—mila+p) LU+a—p)
T
CDI(H/ =1 = w = 0’ a, ,3) = i(a+pB) I'(1+a+p) 2 2(a+ﬂ) ) (48)
¢ T(@—8) B -

where I" is Euler’s I" function.

5.0.2 The case of multiple singularities 1 > 1

In the case of 2 singularities © = 2, an equivalent version of the RH problem for ®
was proven to have a unique solution by Claeys and Krasovsky [16], and to be connected
to the Painlevé V equation. See also [30] for a reference on Riemann—Hilbert problems
connected to the Painlevé equations. The proof of a unique solution by [16] generalizes
easily to our situation of . = 1, 2, 3, ... singularities, and we have included a proof of
the following proposition in the Appendix for the reader’s convenience.

Proposition 5.3. Let o; > O andRe B; = 0 for j = 1,2, ... . There exists a unique
solution to the Riemann—Hilbert problem for ®.

5.1. Continuity of ® for varying w;’s. The main result of Sect. 5 is the following.

Lemma54. Letaj > Oand Re ; = 0 for j = 1,2, ..., u. Then the following two
statements hold.
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(a) Given u > 0,

r 1
O(5)es ]_[@ —iw)Pi% exp [mi(=Bj + ) xuw; (§)o3] = 1+ O <E> , (49)
j=1

as ¢ — oo, uniformly for —u/2 < w, < --- < wy; < u/2
(b) As wi —wy — 0,

A2 = BZ —m(A+B) ra+A-nB)
® S(wi, o IB)M — T (A+B)
L\ W5 &y Bi)j—1 ) = | xi(A+B) TU+A+B) _Az
€ T(A-B)
+O(w1 — wy), (50)

where A = Z‘;_l ojand B = ZH_I Bj.

The first step in the proof of Lemma 5.4 is to transform the RH problem for @ to a RH
problem for ® which is analytic except on the imaginary axis Re z = 0, and in particular
the jump contour is independent of the locations of the singularities w; (though the
jumps themselves will vary with the location of the singularities).

5.2. Transformation of RH problem. Let
1 forcel, IV,

1 —1
M) = <O 1) forc e I1, VI,

< 11 (1)) forc e Ill,V,

where I-VI are regions in the complex plane given in Fig. 2.
Let ® be defined in terms of ® as follows.

D) = SO [T exp [7i(j — Bj)xw,;(§)o3] forRes <0,
@(HHIT) ]_[’j:1 exp [7i(ej + Bj) xw; ({)os] forRes >0,

where Xw; wWas defined in condition (c) of the RH problem for &.
Then @ solves the following RH problem.

(51)

RH problem for )
(a) s analytic on C\ (—ioo, ic0), with the orientiation of (—ioo, ico) upwards.
(b) Let wop = +00 and w41 = —00. On (w41, iw;),

64. = 6_Jj,

for j =0,1,..., u, where Jy was defined in condition (b) of the RH problem for
®, and

0 exp [—27[1’ Z]{ZI ocv]

—exp [Zni Zi:l Olv] exp [Zni Zi:l IBV]
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I Iy
11 II
Jo
U 1wy
Ji
v 1 1wy
Ja
—U 1W3
J3
\Y VI
I Iy

Fig. 2. On the left we display Regions I-VI. On the right we display the jumps of RH problem for & when
w = 3, which are all on the imaginary axis Re z = 0, and we have not displayed +iu because these points
are not relevant for ®

(c) The behaviour of ) (¢) as ¢ — ooisinherited from conditions (c) of the RH problem
for &.

(d) As¢ — iwjfor j =1,..., kin the sector arg¢ € (n/2,37/2),

j—1
B() = FH (O — iw))H (5 8, ﬂf)) [Texp[mite; — B3]
v=1
for2a; ¢ N ={0,1,2, ...}, while for 2a; € N,

. . — . jil
a(;):FJ(g)(é-_le)(X](n ((1) g(a],ﬁ])lfg(f lw]))l—[exp[ni(aj_ﬁj)US],

v=1

for some function F; analytic in a neighbourhood of iw;, and where g(«, B) was
defined in condition (d) of the RH problem for ®.

5.3. Steepest descent analysis of ®. We will consider the asymptotics 0f§(§ )ase — 0,
with the goal of proving Lemma 5.4, and on the way we will prove that ® is continuous
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with respect to the parameters wj, ..., w, (we describe what we mean by continuity
below equation (58)).
Partition {wy, ..., w,} into T disjoint sets
Cite) =™ j=12..1 (52)
such that
lwi) —Wjl <e, forallv=1,2,..., M, (53)
where W, ..., W, are distinct fixed points.
We order the points so that
ng)>~-->w§lf1.3,, Wi > - > Wr. 54)

Denote
M; M;
AW = Zagj)’ BU) — Z'BSD’
v=1 v=1

forj=1,2,..., .
We plan to approximate the RH problem associated with the w’s by the RH problem
associated with the W;’s, and so for increased clarity we label them as different functions.
Let the RH problem associated with wy, ..., w, be denoted by

W) = (¢, (wison BI)). (55)
and the RH problem associated with Wy, ..., W, by

N@) = (g; 7. Wi, AV, BU’));:I) . (56)

We aim to analyze the RH problem for W in terms of the RH problem for N. We note
that N has the same jumps as W except on neighbourhoods containing Wy, ..., Wr,
and that W(¢)N (ﬁ)_1 — [ as { — oo by condition (c) for the RH problem for ® and
the definition of &, and thus N will be used as a main parametrix.

We will additionally need to show that there exists a local parametrix Q(¢) on fixed
neighbourhoods Uyy; of iWW;, such that W(£)Q(¢ )~ ! is analytic on Uw;, and

QN @) =1+0(e), (57)

as € — 0, uniformly for ¢ € dUyy,. Although we only need existence of such a local
parametrix, we prove the existence by construction, and we do this in the next subsection,
Sect. 5.3.1. By standard theory of small norm problems, see e.g. [21], we will obtain that
N approximates W well outside of the neighbourhoods U;:1 Uy, and more specifically
that

VONO T =1+0 ( - ) (58)

1g1+1
uniformly for ¢ bour}gled away from Wy, ..., Wy, as € — 0, which is what we referred
to as continuity of & with respect to wy, ..., w, in the first sentence of the present

section.
We will subsequently rely on (58) in Sect. 5.4 to prove Lemma 5.4.



710 B. Fahs

5.3.1. Local parametrix We construct a local parametrix at the point iVV; which will

contain the points 1w(] . 1w1(‘f1) ,for j =1, ..., r, and are inspired here by a similar

construction in [16] in the spemal case of two smgularltles Thus, letting Uyy, be a fixed
open disc centered at iV; with a fixed radius R > 0, we aim to construct an explicit
function Q(z) on U?Y i1 UWJ with the same jumps as W on each of these discs such that

w()0@) tis analytic on U%_, Uyy,, satisfying (57) uniformly on Uy, .
Throughout the Sect. 5.3.1, j will be fixed, and to reduce the number of superscripts,
we denote throughout the section

yy = ng)’ &y = Ot\()j), By = 5(1) (59)

forv=1,2,..., M;.
We first take a transformation ¥ — W;, where W; is analytic for all

[c e Uw, rarec —iv) #3772}, (60)

and similarly a transformation N — N; such that N; is analytic for all

{; € Uy, s arg (¢ — W) # 3n/2}. 61)
On UWj, we define
w()JY for R 0, N@)JY forR 0,
¥(@) = ) ]fj) orRe¢ < N;(©) = ) ]?j) orRe¢ <
W (¢)Jg'" forRe¢ >0, N()Jg" forRe¢ >0,

where
J(J) 1_[ exp [ i (A(S) — B(S)> 0'3] ,

I = j]:[ exp [—m’ (,4“) + B(S)) (;3] o, (62)

for j = 2,3,..., t, where Jy was defined in condition (b) of the RH problem for ®,
and

=1 1=
Denote
% v
:AI(JJ)ZZ&S’ By:By):Zﬁsa V:L...,Mj. (63)
= s=1
On (iyy41, iyy), ¥; has the jumps

W () =W _(0)Jy "exp[—mi (Ay + By) 03] Joexp [i (Ay — By) 03]

v, exp 2mwiA,) exp(—2miA,) —exp 2nilBB,) (64)
j=©) 0 exp (—2miAy), ’
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forv =1,..., Mj_ where orientation of the contour is taken upwards, where Jy was
defined in condition (b) of the RH problem for &, and on arg(¢ — yM_/) =3n/2,

2i Ay, “2midy,) — exp (7B,
Vi) =¥ (©) (e"p( midu;) exp g{;(yfz)mj;?)( i M,)>. (65)

We search for a local parametrix Q j such that Q ; has the same jumps as W; on Uyy),
and such that Q; N;] = 1 +O(¢) as € — 0, uniformly on the boundary dUyy, for
j=1,2,..., 7. By defining Q on U;leWj by

o\ -1
0;() (JIE'/)> for ¢in Uyy, andRe ¢ < 0,

o) = ) -1
0;() (JRJ ) for ¢ in Uy, and Re ¢ > 0,

(66)

where J éj ) and J ,(?j ) were defined in (62), we thus obtain the function Q we were
aiming for, satisfying the conditions that W () Q(¢) ™! is analytic on U;zl Uy, and that
Q@IN(©)™" =1+ 0O(e) as € — 0 uniformly on UT_8Uw;.

The approach depends on whether or not 2.4y, € N.

Local parametrix for 2.4/, ¢ N
Assume that ZAMJ. ¢ N, and define

M;
PN o (18 (Au.. Bur.
Qi) =Ej©)0;® [T —iw) ”<Og( " Mf)),
M;—1 v:l~ M; 5 67
0, = (g) R e 32, T = P )

where g was defined in (47), y, were defined in (59), E; is an analytic function given
below in (70), arg(¢ — iy,) € (—n /2,37 /2), and

o= o) = isin (2w A,) &AM, (g (A,,B)) — ¢ (.AM_/, BM./‘)) for2A, ¢ N,
! v exp [ni.AMj] (exp[—2miA,] —exp[27iBB,]) /2 for2A4, € N,

and we recall that A, and 5, were defined in (63).
We first consider the jumps of Q; on Uyy,, and aim to show that they are the same
as the jumps of W;. If '

F _1/“’H dx
(C)—;ia ()m,

fora < band h € L2([ia, ib]), then F is analytic on C\[ia, ib]. It follows that Qj
is analytic on Uy, \[iyum;, iy1], and it is easily verified by comparison with (65) that
QZI_Q]-,Jr = \11/?’1_\11]& for ¢ with arg (¢ — iyy;) = 37/2. If in addition 2 ()) extends
to an analytic function on a an open set containing (ia, ib), then

Fi(8) = F-(§) +2h(2),
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for all ¢ € (ia, ib), with upward orientation, so

0,0+ = 0;(0)- <(1) 2, 1,2, - ml”‘f)
for ¢ € (iyv+1,iyv),v=1,2,..., M; — 1, and it follows that

1 — ) ) 21i A, ) —miA,
0,0 = 0;(0)- (O ¢ (A”{-/’BM-/)) (6 2 )

0
o #UmBm)),
0 1

By comparison with (64) and the definition of c,, it follows that Q;l_ Qj+= \11;1_ L
on (iyy+1,iyv), v =1,2,..., M; — 1. Since the jumps match, and neither ¥; nor Q
have essential singularities, it follows that ¥ Q;l is meromorphic on Uyy; . To prove, in
addition, that W Q]Tl is analytic on Uyy,, it thus remains to prove boundedness on Uy,

as functions of ¢. Since E; and Q ;j are bounded on Uw;» it follows by the definition of
(0] j that

M;
Q; () (é _g(AMl" BMQ) [ =iy (68)

v=1

is bounded on UWj as a function of ¢. By the definition of W in (55) and condition (d)
for the RH problem for 6,

Mj
(@) (f) e BM’)> [T =iy~ (69)

v=1
is bounded on Uyy, as a function of ¢.
Since ¥;(¢)Q; (& )~ ! is meromorphic on Uy, and by the boundedness of (68) and

(69) it follows that ¥; (£) Q) ) 'is analytic on Uwy;.
We define E; by '

Ej(©) = N;(©) (g, & (A, B Mf')) (¢ —iwy) i (70)

We recall that Ay; = AW, Thus, by the definition of N ; and condition (d) for
the RH problem for @, it follows that N;(¢) = & (;; (Wi,A(i),B(i))::l) for
arg(¢) € (w/2,m), and one verifies that the singularity of N; cancels with that of
€ —i Wj)_AM./ P Itis easily seen that E j has no jumps on Uyy,, and thus it is analytic.
For ¢ € dUyy;,, define

M

Aj@) = Ej@©)0;©) [T @ —iv)®* (¢ —iwy) ™% £ @),

v=I
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We first note that E; are analytic functions on Uyy,, and since they are independent of
€, they are uniformly bounded on 9Uyy,. Since

iy M B M; e &y
f T —iv P X% —op, b= ComIT_

LYv+1 j=1 ({ —IW/)AMI

as € — 0, uniformly for ¢ € 9Uyy,, it follows by (67) and the boundedness of E; on
aUyy;, that

Aj(5) =1+0(e) (71)

as € — 0, uniformly for € dUyy;.
Local parametrix for ZAMJ. eN
Assume that ZAMj € N, and define

M; .
0,€) = E;©)0;0) [ (¢ = ipiee (& o B oe (€ =),

v=1

Mj—1 iy, . M; &, d
o0y = [V X021 fon, (dy+evlog (A —ivar)) T2, 12 — iys |2 m'()»)L—K)
;%) 0 i

where g was defined in (47), y, were defined in (59), E; is an analytic function given
below in (72), the argument arg ({ — iy,) € (—m /2,37 /2), and

emAMj

d, = dsj) =— (eerriAv _ eZnti>’
ey =el) = —iemAMfg (Am;. By;)sin2m A,

and we recall that A,, and B, were defined in (63). As in the case for 2AMj ¢ N, itiseasily
seen that Qj is analytic on UW_/\ [in_/., iyl], and it follows that Q]_£ Qj+= \11]—17 L
on arg(¢ — inj) =37/2.0n (iyp41,iyy),v=1,2,...,M; — 1,

0:(0)s=0;)- ((1) 2 (dy +eylog (¢ — iyﬁlh)) M2 1¢ — iyslza‘“) ,

and it follows that

Qi)+ =0;)- <(1) 8 (AM" BMjl) log (§ - inj)>

A 2 (dy + ey log (¢ —iyu,)) e T,
X 0 e—Zm'.AU

» <1 g (An;. By, ) log (¢ — in_,.))
0 1 '

By comparison with (64) and the definition of d,, e,, it follows that Ql_l_ Qj+ =
lll;l_\lfjﬁr on (iyp41, i), v=1,2,...,M;—1.Thus ¥; Q;l is meromorphic on UWj,
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and in a similar manner to the case 2.4 M; ¢ N, one verifies that W Q;l is also bounded,
and thus analytic on Uy, .
We define E; by

(0 = Ny(o) (g~ P B JI08E =V ¢y

and in a similar manner to the case 2Ay; ¢ N, it follows that £ is analytic on Uw;»
and that '

Q;(ON; ) =T+0() (73)

as € — 0, uniformly for ¢ € dUyy,.

5.3.2. Small norm matrix Recall Q defined by (66), and WV and N defined in (55) and
(56) respectively. Let R be given by

1 -
R {W(;)N(g)] for z € C\ (uj.leWj),
V(@)Q@)™! forzelpy,, j=1,....r

In Sect. 5.3.1 we proved that & 0~ was analytic on Uw, and that Q satisfied (57), from

which it follows that R satsisfies the following RH problem.
RH problem for R

(a) Ris analytic on C\ U;zl a UW,., with the orientation of dUw f taken in a clockwise
direction.
(b) Ase — 0,

Ri(0) = R_(0)(I + O(e)),

lgliformly on U;:l Uw;.
() R)=I1+0@ Hasz — oo.

By standard small norm analysis, see e.g. [21],

~ €
Roy=1+0(—"). 74
=1+ ((|z|+1>) 7

as € — 0 uniformly for the parameters
|u)‘(/) — Wil <e,

for fixed Wy, ..., Wy, and uniformly for ¢ € C\ U;zl 8UW], , with the implicit constant
depending only on u, and the parameters o, B;.
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5.4. Proof of Lemma 5.4. We prove (a) of Lemma 5.4 by contradiction. Denote the left
hand side of (49) by Fo(¢; wy, ..., w,). Assume that there is a sequence of points
—u/2 <wyk) <--- <wik) <u/2fork=1,2,... and corresponding ¢ such that
Lk — oo as k — oo, satisfying

1661 [ Fo (G wi k), -, wu(K)) — I| — oo, (75)

as k — oo. Then there would be a subsequence k; such that w;(k;) — w; for j =
1,2, ..., u, for some points

—u/2 <wy, <wy1 <---=wp Zu/

We denote {wy, ..., w,} = (Wi, ..., W}, where the points W; < --- < W) are
distinct. Let
€, = Mmax min |wj(k,-)—Ws ,
j=l,..,us=1,..,t

By (74), it follows that
B (g3 (w; i), o). B k)Y, )
- % V)& (e Wi AL BT
= (I +0 <(|§ki| " 1)>> o (é“k,-’ Wj, Aj, B/)j=1> )

as k; — 00. By condition (c) for the RH problem for ® ({; W;, A;, Bj)Ezl), and the
definition of ® in (51), it follows that

F<I>(§k,»§wl(ki),...,wu(ki)):(1+O<L))

(I8 1+ 1)

Sk; ‘ )
® (g: OV Ay BTy ) e [T, — iwpBim

Jj=1

X exp [m’(—Bj +Aj)xw; (§k,—)<73] r (k) (76)
where (&) is given by

?:1(5 — iw;(k;))Pio
NCELEE

r(¢) =

where the branch cuts of » are a subset of [—iu/2,iu/2] and r(§) — I as ¢ — oo.
By condition (c) of the RH problem for & (;kl.; Wi, Aj, B.i);=1)’ and the fact that
r(¢) = I+ O(1/¢) uniformly in k; as ¢ — o0, it follows that

|Fo (¢ wika), .. wu (k) — 11 = O(g. ),

as k; — oo. Thus the left hand side of (75) is bounded as k; — o0, which is a contra-
diction, concluding the proof of Lemma 5.4 (a).
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To prove (b), we note that if |wy|, ..., |w,| < € and € — 0, then similarly to (76)
we have

"
O()e3 [ — iw))Pi exp [wi (—B; + o)) o, (§)73]
j=1
€

= (I + O <—>) q> (C’ 07 A? B) 6%034803 exp [ﬂ'l(_B + A)XO({)O—:;] 7’0({):
(¢1+ 1

as ¢ — oo and € — 0, where r¢(¢) is given by

“C =i )
4—8103

ro(¢) =

El

where the branch cuts of rg are a subset of [—iu/2,iu/2] and ro(¢) — I as { — oo.
Then part (b) of the lemma follows by (48) and noting that ro(¢) = I + O (%) as
¢ —ooand e — 0.

6. Asymptotics of the Orthogonal Polynomials

Define Y = Y (z) in terms of the orthogonal polynomials v, satisfying (35):

-1 -1 Y @) f)dA
Y(Z) =< Xn I//l’l(Z) Xn fc r—z 2Ti >’

_ )
_ _ 10 f(V)dA (
X1 2"V @) = fp Lt L

where we recall that y;, is the leading coefficient of v,, with the integration taken in
counter-clockwise direction on the unit circle C, and where ¥/,,_;(z) = ¥,_1(z). The
function Y uniquely solves the following Riemann—Hilbert Problem

(@) Y : C\C — C>*? is analytic;

D) Ye(2) = Y_(2) ((1) f(zizn) for|z] = 1, argz £ 11, f2, + - b

(©) Y@ =U+01/2) (Zg Z9"> as 7 — 00.

That Y defined in (77) solves the RH problem for Y is easily verified, and is a result

due to Baik, Deift, Johansson [6], who were inspired by a similar observation by Fokas,

Its, Kitaev [29] concerning orthogonal polynomials on the real line. See e.g. [21] for an

introduction to analysis of RH problems in random matrix theory, and also two sets of

lecture notes [22,48]. Similarly to the RH problem for @, standard theory dictates that

the determinant of Y is 1, and that (77) is the unique solution to the RH problem for Y.
It is immediate from (77) that

x| =—121(0). (78)

We rely on the Deift-Zhou [26] steepest descent analysis for RH problems to obtain the
asymptotics of Y (0) as n — oo, which will provide the asymptotics of y,_ necessary
for the proof of Proposition 4.1 (b) and Proposition 4.2
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The Szegd function D(z) = exp ﬁ /. c log /() g plays an important role. Define

§—Z
o m it;\ %ithj
Din(z) = ==V T iz’
n elti e
j=1

forz € C\{z : argz = argt;, |z] > 1},
m it;\ —j+Bj
e » 7 — elli jthj
Dowt(z) = ¢~ = ' H( )
j=1 f
forz € C\ ({0} U {z:argz = args;, |z] < 1}),

(79)

analytic on C\{z : argz = argt;}. In [23], it was noted that for |[z] < 1, we have
D(z) = Din(z) and for |z] > 1 we have D(z) = Dout(2)-
Furthermore,

f(2) = Din(2) Dour(2) ™" (80)

forz € C\ (U;'.’zl el ) and we extend the definition of f by letting f be defined by (80)
on C\ ({0} U {z : argz = arg#;}). It follows that on {z : argz = arg;},

2mi(aj—pB;)
e =P for0 < |z| < 1,
Fr@) = 1-@ {ezm(aﬁﬁﬂ for |z| > 1, 1)
with the orientation taken away from 0 and toward co.
6.1. Transformation of the RH problem for Y, and opening of the lens. Define
Y(2) for |z| < 1,
T(z) = 82
@ {Y(z)z”"3 for |z| > 1. (82)

As z — oo, we have that T'(z) — I, and on the unit circle in the complex plane C,
n
To(2) = T_(2) (ZO ’;f?) . (83)

We observe that z” and z =" oscillate on the unit circle, and our goal in this section is,
roughly speaking, to define a function S in terms of 7', with a modified jump contour,
such that the jumps of S have no oscillations on the unit circle. This procedure is known
as the opening of the lens. The shape of the lens is depicted in Fig. 3, and outside the lens
we let S = T, while inside each region of the lens 7~'S will be analytic. Thus Fig. 3
also depicts the jump contour of S, and the jumps of S will be close to the identity on the
edges of the lenses as n — oo. The requirement that 7! is analytic on each region of
the lens is the reason why the shape of the lens cannot contain any of the singularities,
and we do not open the lens between singularities in the same cluster.

We now formalize the above discussion regarding the opening of the lens, and intro-
duce some notation. Given u, let U > 0 be such that the asymptotics of Lemma 5.4 (a)
hold for |¢| > U /3, for any n = 1, 2,...,m. Recall the notation from Sect. 4, namely
thattq, ..., t,, satisfies condition (u, U, n) if t1, ..., t,, partition into clusters where the
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Fig. 3. Opening of lenses and jump contour Xg in the case of 3 singularities z1, zp, z3 partitioned into two
clusters

radius of each cluster is less than u/n, while the distance between any two clusters is
greater than U /n. We denote the clusters by Cl; = Cl;(u, U, n). Denote the number of
points in each set Cl; by p; for j =1,2,...,r, and let

—~ 1
tj=— X. (84)
J xeCl
We denote the elements of Cl; {t(/ ), . (‘i.)} for j = 1,2,...,r, and denote the
parameters associated with t(j ) by oz(j ) . B; 0 , and order the points so that t(] Vs>
t,(fj). In this way we have a natural partition
(oap BpYy =V { (1.0 7)) (85)

We let
Aj={z:lzl=1, —u <n(argz) —7j) <u},

. . () ()
so that {e'’ : t € Cl;} C A and so that e''t ", elt"/ are not the endpoints of the arc A j,
and define A = U; A ;. We open a lens around each arc comprising C\ A, where C is the

unit circle, as in Fig. 3.
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In the lenses, f is given by (80), and we define

T(z) outside the lens,
1 0 .. . .
T\ _, _1 inside the lenses and outside the unit disc,
S(z) = z " f (@) 1 (86)
1 0
T (2) inside the lenses and inside the unit disc.
-"f@7" 1

By the jumps of T in (83) and using the factorisation

@\ 1 0 0 f(2) 1 0
0z") \z"f@ ') \-f@ ' 0 J\"fx7'1)"

it is easily verified that S uniquely solves the following RH problem.
RH problem for S

(a) S is analytic on C\ Xy, where X is the union of the unit circle and the contours of
the lenses.
(b) S has the following jumps on X:

Si(2) = S_ (Z_,, fl(z)_l (1)) on the edge of the lenses, |z| > 1,
S.(zx) =S_ (Z,, f(lz),l ?) on the edge of the lenses, |z| < 1,
$1(2) = S_(2) (_ P ff)) forz € C\A,

S.(z) = S_(2) (Zg J; (Zn)) for z € A.

(c) Asz — oo,
Siz)=1+0/z).
(d) Asz — elti, j =1,...,m,in the region outside the lens,

S(z) = O(llog |z — €"7]]).

6.2. Main parametrix. Recall Dj, and Dy from (79), and define M by

01 Y
M) = (_1 0) Din(z)™% for|z| <1 87)

Dout(2)% for |z| > 1.

We observe that M is analytic on C\C, that M(z) — I as z — o0, and that M same
jumps as S on the unit circle, namely:

Mi(z) = M_(2) (—f?z)_l f((f)> , zeC. (88)
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Thus SM ~! solves an RH problem with jumps that converge pointwise to I asn — 0o
except on the shrinking contour A, and SM~'(z) — I as z — o0, so we take M to be
our main parametrix, and will prove in Lemma 6.1 below that M (z) approximates S(z)
for z bounded away from the clusters.

6.3. Local parametrix. We define open sets Uj,...,U, containing each cluster
Cly, ..., Cl, respectively by

Uj = {z: |logz —it;| <u,/3n},

where we recall ’t} from (84) is the average of all the points in a cluster, and 7, from
(38) is defined so that nii,, is the minimal distance between any two clusters, which
implies that if 71, ..., t,, satisfy condition (u, U, n) then u, > U. In the case where
there is only a single cluster, we recall that u,, = kn for some sufficiently small k, and
we require that k is small enough so that V (z) is analytic on U/]. The asymptotics we
take in this section will be valid in the limit #,, — oo, which should be interpreted as
the clusters separating, and our goal is to construct local parametrices on I{;: namely
to find functions P; on U{; with the same jumps as S with S(z) P; (z)~! analytic on U i
such that Pj(Z)M(Z)_l — [ forz € 9U; as u, — 0.

Let
¢j(2) =n(logz —it}), (89)
forz € U;.
Recall the notation (85). We define
; ) N
w) = —i¢ (e”v’ ) =n (tgn -7) (90)
forv =1,..., u;. Then ¢; is a conformal map on U{; mapping A to [—iu, iu]. For
z € 0U;,

1£;(2)| = un/3.
Recall the model RH problem ® from Sect. 5. On U/}, we define
. , A\ M n
Pi@) = Ej@® (¢ (), o, p9) " ) 237 W ),
' v=1
where, recalling the definition of f below (80),

—G3f(z)_%"3 for |z| < 1,

W = <O 1) f(z)*%"3 for |z| > 1, On

10
and where

K (),
Ej@ =MW '[] (Cj(z) - iwl(;j)yv 3
v=1

inf;

exp [ﬂi (Ol\()j) — 55”) X (¢j(2) 03] e,
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recalling that x,,(¢) was defined in condition (c) of the RH problem for ®, and the
branches of ¢;(z) — iw‘(,j) are such that arg (gj (2) — iw,()j) e (0,2m), and M was
defined in (87). By the jumps of f in (81), the definition of M, and the definition of W,
it follows that £; has no jumps on {;. By the definitions of Dj, and Doy in (79), of f
in (80), and of M in (87), it is easily seen that M (z) W (z) ! is bounded on Z/Tj Thus E;
is analytic on ¢/}, and uniformly bounded on 0l{; as n — oo.

By the jumps of f in (81) and condition (b) for the RH problem for &, it follows that
Pj and S have the same jumps on {4}, and thus § P lis meromorphic. By condition (d)
for the RH problem for @, the definition of W, and condition (d) for the RH problem for
S, the singularities of S Pj_l at ej;; are removable, and thus § Pj_1 is analytic on U/;. By
condition (c) for the RH problem for ®, and the boundedness of E;(z) on 0l{;, given
u > 0, there exists U > u such that

PiM™\(z) = 1+0<ﬁ;‘), (92)

as n — 00, uniformly for z € 9/}, and by (49) the error term is also uniform for

1, ..., ty satisfying condition (u, U, n), which completes the construction of the local
parametrix.

6.4. Small norm matrix. Let R be given by

—1 r i
R(z) = !S(Z)M(Z) forz & &) (szlu]), (93)

S@)Pj(z)~" forzeU;, j=1,...,r

R satisfies the following RH problem.
RH problem for R

(a) R is analytic on C\Xg, where X is the union of the edges of the lenses and
U’,,lauj.
J_
(b) On X,

Ri(z2) = R_(2)(I + A(2)),

with orientiation taken clockwise, and by (92) and condition (b) for the RH problem
for S we have that given u > 0, there exists U > u, such that

O@,'y forzeddjandj=1,...,r,
A(z) = { O(|z]")  for z on the edge of the lenses and|z| < 1, (94)
O(|z|~™™) for z on the edge of the lenses and |z| > 1,

as n — oo, uniformly for 1, .. ., t,, satisfying condition (u, U ,n).
() RQ)=I+0(z"Yasz — co.

Lemma 6.1. Let aj > O and Re B; = 0 for j = 1,...,m. Then given u, there exists
U > usuchthat R(z) = I+(’)(1'2;1), asn — oo, uniformly forz € C\Xgandty, ..., ty,

satisfying condition (u, ﬁ, n).
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Proof. Small-norm analysis of RH—problems with fixed contours is standard material,
see e.g. [21], but for RH—problems with shrinking contours the theory is less developed.
In the following, we follow [17], where a slightly more detailed description may be found
for a similar problem.

It is easily verified that

R =14 [ W20,

95
2wi Jy, S—2 ©3)

Consider

Rimax = sup |Rj,k(z)|7
zeC, j,ke{l1,2}

and assume this maximum is achieved at a point zmax € C U {oo} (or that Ry or R_
achieves this supremum at zax ). We piecewise analytically continue R_ and A to strips
of width of order 2cu,, /n containing g, for some fixed but sufficiently small ¢ > 0.
On these strips the bounds on A from (94) still hold. Furthermore, on these strips R is
either equal to R_ or R_ (I + A), either way it follows by (94) that

R_ ikt < 2Rmax, 96
j,?é?ffZ}' (D), < 2Rmax (96)

for n sufficiently large, for all z in the strips. By deforming the contour of integration
3R, but keeping it in the strips, we may assume that zpax is of distance greater than
city /n from X g. Crucially, (96) still holds on this deformed contour, and combined with
(95), it follows that

k.

where we now assume that 7,y is of distance greater than ciz, /n from Zg. Thus

A(s)

§ — Zmax

Rmax < 1+ Rpax max ds

J.k={1,2}

3

J-k

1

o7

R <
max —= A(S)

§—Zmax

=i, [

max;k=(1.2} | [5, i
By the fact that zm,x is of at least distance cit,, /n from X for some ¢ > 0, by (94), and
by the fact that dl{; is of length of order u, /n, it follows that given u > 0, there exists

U > u such that

A 1
Z/ ids=(9<A—>, (98)
=1 oU; 1S — Zmax Up
as n — oo, uniformly for 71, ..., t,, satisfying condition (u, U ,n). Let Zg‘éﬁge denote

the edges of the lenses in the exterior of the unit disc in the complex plane. Then

/ =0 (,4 [ |s_"| ds
b)) Up |Jzou

Edge

A(s)

§ — Zmax

ds

) = O (e7™), (99)

out
Edge
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as n — oo in the same limit. We pick U > U such that the right hand side of (98)
and (99) are less than 1/4 for all 11, .. ., t,, satisfying condition (u, U, n) (if 11, ..., 1
satisfy condition (u, U, n) thenu,, > U so this is indeed possible). Then

Rimax < 2 (100)
forall #1, ..., t, satisfying condition (u, U ,n). Now consider
(R — Dmax = sup |R(Z)—]|j,k,
zeC, j,ke{l,2}

and assume this supremum is achieved at a point zmax,2 € C U {oo}. By deforming the
contour of integration, we may assume that zmax 2 is of distance greater than cit,, /n from
Y g, for some constant ¢ > 0. Thus, by (100), (96), (95), it follows that

A
[ _Al)
Tz § — Zmax,2

The lemma follows upon integration, by similar arguments to (98) and (99). O

2
(R — Dmax < — max
T jk={1,2}

Jj.k

Lemma 6.2. Let o; > 0 and Re B; = 0. Then given u, there exists U such that the
following two statements hold.

(a) As n — o0,
RO)=1+0(/n),

uniformly for t1, ..., t,, satisfying condition (u, U, n).

(b) Asn — o0
Ai(s) ds 1
RO) =1+ +0O ,
©) = Zf s 2mi nity,
uniformly for t, ..., t,, satisfying condition (u, U, n), where

. I,L
D111 (Mj; (wl(/),agl),ﬁlgj)>uj 1)
A12(z) = —,
£i(2)

for z € dU;, with ®1 as in condition (c) for the RH problem for ®.

Part (a) of Lemma 6.2 will be relied on to prove Proposition 4.2, while part (b) of
Lemma 6.2 will be relied on to prove Proposition 4.1 (b).

Proof. We choose U as in Lemma 6.1, and evaluate (95) as n — oo. The integration
contour X partitions naturally into two parts, U’ 10U; and the edges of the lenses

Yedge- Denote the edges of the lenses on the 1n51de of the unit disc by ZEdge Then by
Lemma 6.1 and (94),

f R_($)AG)
Em Ky

Edge

o~ n
§" (l — C3u7"> Cy
/ “ds| < <2 o
win S net3in

Edge

<C
Jk
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for some constants C; > 0,i = 1, ..., 4, and sufficiently large u,, for j, k € {1,2}.
A similar statement can be made for the edges of the lense outside the unit disc. We
note that the length of the contour U;.zl oU; is of order Uu,/n as n — oo, and so since

A(s) = O /uy,) fors € u;zlauj, it follows by Lemma 6.1 and (94), that

/ Mds = O(1/n), (102)
U._,dU; s

j=1

as n — oo. Part (a) of the lemma follows from (101)—(102). By the definition of R in
(93) and condition (c) of the RH problem for ®, we have that A(z) = A1(z) + (’)(ﬁ;z)
as n — oo, where

Ej(2)®1E; ' (2)

Ai(z) = (103)
£ (@)
for z € dU;. By (101) it follows that as n — oo,
r
A d 1
R(O):1+Z/ l(s)—s,+(’)(n2)+(9<,\), (104)
ooy, s 2mi nuy,

where the orientation of the integral is clockwise. Since

Ej(z) = (? (1)> g (@,

for some analytic function gg ;, it follows by (103) that

A122(z2) = @1,11/¢(2),

and thus we have proven part (b) of the lemma. O

6.5. Proof of Proposition 4.1. By (78), and the definition of 7', S, R in (82), (86), (93),
it follows that

Xe_y = —(RO)M(0))21. (105)

By (87),
\%
M(0) = (_eov() 600) . (106)

From Lemma 6.2 it follows that, given u > 0, there exists U > u such that R(0) =
1 +O(n_1) uniformly for all #1, .. ., #,, satisfying condition (u, U, n) asn — oo. Thus,
substituting these asymptotics and (106) into (105), we obtain

llog xu + Vo/2| = O ("),

in the same limit, which proves Proposition 4.2. This in turn proves Proposition 4.1(a)
by the discussion following Proposition 4.2.
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Substituting (106) and the asymptoticss of Lemma 6.2(b) into (105), we obtain that
given u > 0 there exists U > u such that

.
_ . . N ds
K =e P 1+Y @1 (Mj; (wy),afﬂ),ﬂﬁj)) )/8
j=1

v=1 U; 2misg(s)
1
+o( ! ) (107)
nu;,
as n — oo, uniformly for #1, ..., t, satisfying condition (u, 17, n), with the integral

taken with clockwise orientation. By (50),

. . L\ M
®1,11(Mj;(ng),d‘(,’),ﬁﬁ")) )

v=1
. 2 . 2
Hj Hj
=(Xa?) = (X87) +0(u —wi”). (108)
=1 v=l1

as w,(Lj/) — ng N 0. By the definition of ¢; in (89) and the fact that the orientation of
the integral is clockwise, it follows that

/ ds 1/ (109)
— = —1/n.

ou; 2misgj(s)

Substituting (107) and (108) into (109) proves Proposition 4.1 (b).
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Appendix

Proof of Proposition 5.3. It is well known that the existence of a unique solution to the
RH problem for ® may be proven by proving a vanishing lemma for the solution to the
homogeneous RH problem. We give a very brief overview of the manner in which the
vanishing lemma provides the existence of a unique solution to the RH problem for @,
for details see [69] and [30-32], and also [22] for an introduction to the topic.
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Let Dy, ..., D, be discs centered at iwy, ..., iw, respectively, with a fixed radius
chosen such that the discs do not intersect. Define

N
V@) = e [ [« — iwpPi™ exp [~xi(B) — a)xw; ()o3].
j=1

for ¢ € C\U"_,, and

J=1
V(&) = Fj(©), (110)

for ¢ in D}, with F; determined by condition (d) in the RH problem for &.
Then V is analytic on C\I'y, where I'y = U“_18D< U (U‘]‘ -0 j\D-), where we

recall that I'y = (—iu, iu) and I'; were givenin Fig. 1 for j = 1,2,3,4.
On I'y, we have V,.(¢) = V_ (g)JV(g) a.e. on 'y for some bounded function Jy,
with Vi € L?(I'y), and it is easy to verify that the jump matrix of V factorizes into

Ty =Ty Iy,

where Jy _ is upper triangular and piecewise analytic, and Jy ; is lower triangular and
piecewise analytic, and

|y +(0) = 1|, |Jy.— (&) — 1| = O(e™1¥1/?)
as ¢ — oo. Furthermore, as { — o0,
VE)=1+0¢™h.

For RH problems of the form V/, it is well known (see [69] and [30-32], or [22] for an
introduction to the topic) that the RH problem for V is intimately related to an operator
on L2(Ty). Namely, if

Ch(¢) =/ _hxdx (111)
ry (x —¢)2mi

and C1h(¢) are the limiting values of Ch(¢) from the + and — side for ¢ € 'y, and C,,
is defined by

Coh = Ci(ho™) + C_(ho™), (112)

where w* = +(Jy.+—1),then I —C,, is invertible if and only if V has a unique solution
if and only if I — C,, is an invertible operator on L2(Ty).

It is also well known that I — C,, is a Fredholm operator of index zero on L2(F V),
which means that the dimension of the kernel and cokernel are equal. Thus, in order to
prove that I — C,, is injective, it is sufficient to prove that the kernel of I — C,,, is zero.

Finally the kernel of I — C,, is zero if and only if zero is the unique solution to the
following homogenous RH problem Vyop:

() VHom is analytic on C\I'y.
(b) VHom,+ satisfies the jumps, VHom,+(¢) = VHom,—({)Jv(¢) for ¢ € T'y.
(c) As¢ — oo,

Viom($) = O ™H.

Thus we need to prove that 0 is the unique solution to the RH problem for Vijom. We
w111 find it easier to work with <I>H0m which we define below. It is easily verified that if
CDHom has the zero solution as its unique solution, then the same holds for Viom.
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Vanishing lemma. We consider the homogenous RH problem for d.N amely, we search
for a function @y, satisfying conditions (a), (b), and (d) in the RH problem for ®, and
as { — oo,

aSI-Iom(é‘)e%m =0 <§_1) .

Lemma. (Vanishing Lemma) 0 is the unique solution to the RH problem for Driom.

By the above discussion, it follows from the vanishing lemma that the RH problem for
@ has a unique solution.

Proof. Let U(Z) = ®om(£)e3° and let
W) =U@)U*(=0),

where * denotes the conjugate transpose. Then W is analytic on C\(—ioo, i00), and we
take the orientation of (—ioco, ioo) upwards. We note that if x € R, then as ¢ — ix
from the "+" side, it follows that —E — ix from the -/‘l side. Thus, by conditions (b)
and (d) of the RH problem for ® and the definitions of ®, U, W, as { — iw; from the
+ side,

O (Ilog(¢ —iw;)*) O (llog¢ — iwj>|2)>

W) = B0 - (R T 0

——\ ¥;03 —_
(—g —iw,-) "R D).
Thus W, (¢) is integrable for { € (—ioo, i00), and since W () = O (|{|_2) as ¢ — oo,
it follows from Cauchy’s theorem that
ioo
] Wi ($)ds = 0.
—10Q0

For ¢ € (—ioo, ioc0), we have W, (¢) = U+ (¢)U*(¢), and so by the jump conditions
for 6,

H iw; ¢ : ico
> / U_(§)e™3%J;e2U* (0)ds = Wi ()de =0, (113)
—0 W] —io0
where again we take the convention wy = +o0 and w4+ = —o0. For purely imaginary
¢, and with oj > 0 and Re B8; = 0, we have
059 J;03% 1 (717 1050 = ’ -
j j 0 2exp[2mi XI_ B])

forj=1,..., u,andfor j = 0 the 22 entry of the right hand side is taken to be 1. Thus,
summing (113) with its conjugate transpose, it follows that there is a strictly positive
function g such that

[ @040 v <o



728

B. Fahs

and thus U2, —(¢), U2y, —(¢) = 0 for ¢ € (—ioo, ioco). From the jump conditions of 6,
it follows that U11,+(¢), U21,+(¢) = 0 for ¢ € (—ioo, ioco). From the identity theorem
it follows that the first column of U(¢) = 0 for Re{ < 0 and the second column of
U()=0forRe¢ > 0.

For j = 1,2, let

Uj2(¢) forRe¢ < 0
gi () =qUji1(p)e ¢ forRe¢ > 0, Im¢ > w
Uji Qe Cexp[—2mi Y _ ] forReg >0, Im¢ < wy.

By the definitions of g; and U, and condition (b) of the RH problem for @, it follows
that g; is analytic on C\{z : Rez > 0, Im z € [w, w;]}. Furthermore, if

hj(¢) = g;(—(¢ +u)*?),

then h is analytic and bounded for Re ¢ > 0, and 1;(¢) = O (e711/?) as ¢ — +ico.
Thus it follows by Carlson’s theorem (see e.g. [63]), that 2;(¢) = 0 for Re ¢ > 0, and
by analytic continuation it follows that g;(¢) = 0 for ¢ in the domain of g;. It follows
that Pyom = 0. O
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