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Abstract: A family of quantum Hamiltonians is said to be universal if any other finite-
dimensional Hamiltonian can be approximately encoded within the low-energy space of
a Hamiltonian from that family. If the encoding is efficient, universal families of Hamil-
tonians can be used as universal analogue quantum simulators and universal quantum
computers, and the problem of approximately determining the ground-state energy of a
Hamiltonian from a universal family is QMA-complete. One natural way to categorise
Hamiltonians into families is in terms of the interactions they are built from. Here we
prove universality of some important classes of interactions on qudits (d-level systems):

e We completely characterise the k-qudit interactions which are universal, if aug-
mented with arbitrary Hermitian 1-local terms.

We find that, for all k¥ > 2 and all local dimensions d > 2, almost all such interactions
are universal aside from a simple stoquastic class.

e We prove universality of generalisations of the Heisenberg model that are ubiquitous
in condensed-matter physics, even if free 1-local terms are not provided. We show that
the SU (d) and SU (2) Heisenberg interactions are universal for all local dimensions
d > 2 (spin > 1/2), implying that a quantum variant of the Max-d-Cut problem
is QMA-complete. We also show that for d = 3 all bilinear-biquadratic Heisenberg
interactions are universal. One example is the general AKLT model.

e We prove universality of any interaction proportional to the projector onto a pure
entangled state.

1. Introduction

What does it mean to say that a class of (quantum-)physical systems is complex? One
perspective is to look at the physical phenomena displayed by that type of system. If
these phenomena are rich and complex, then the system arguably can be said to be
complex itself. Another perspective is to look at the computational power of the system:
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the ability to build a universal computer using the system would serve as strong evidence
that the system is complex.

Interestingly, in some cases these notions of complexity are equivalent. Recent work
by us, together with Cubitt, introduced and characterised the notion of universality in
many-body quantum Hamiltonians [17]. A family of Hamiltonians is said to be universal
if any other quantum Hamiltonian can be simulated arbitrarily well by some Hamiltonian
in that family. By “simulate”, we mean the following (see Sect. 2 below for a formal
definition): Hamiltonian A simulates Hamiltonian B if the low-energy part of A is close
to B in operator norm, up to a local isometry (i.e. a map which associates each subsystem
of the B system with a discrete set of subsystems of the A system).

This notion of simulation is very strong, as it implies that the low-energy part of A
reproduces all physical properties of B (such as eigenvalues, ground states, partition
functions, correlation functions, etc.) in a technical sense made precise in [17]. Univer-
sality is correspondingly a very strong notion. As a universal family F of Hamiltonians
can simulate any other quantum Hamiltonian, any physical phenomenon that can occur
in a quantum system must occur within Hamiltonians picked from F. This implies that
the ability to implement Hamiltonians in F allows universal “analogue” simulation of
arbitrary quantum systems [14,21]. In addition, if one also assumes that the simulation
can be computed efficiently (as is usually the case), universal families of Hamiltonians
are computationally universal, in a number of senses [17]. First, they can be used to per-
form arbitrary quantum computations, either by preparing a simple initial state, evolving
according to H € F for some time and measuring, or via adiabatic evolution. Second,
the problem of approximately computing the ground-state energy of Hamiltonians from
F is QMA-complete, where QMA is the quantum analogue of the complexity class NP
[7,22], and hence expected to be computationally hard.

A natural way to classify physical systems is in terms of the types of interactions that
they are built from. Let S be a set of interactions on up to k qudits (d-level subsystems),
i.e. each element of S is a Hermitian operator on (C4)®! for some / < k. Then we say
that an n-qudit Hamiltonian H is an S-Hamiltonian if

H=> ah®, (1)
i

where for all i, &; € R and the non-trivial part of 2) is picked from S. That is,
h = h @I forsome h € S. H is a so-called k-local Hamiltonian. We stress that the ;
coefficients can (usually) be either positive or negative. If S contains a 2-local interaction
h that is not symmetric, then a Hamiltonian of terms of the form ach;; + Bh j; is also an S-
Hamiltonian. We also say that H is an S-Hamiltonian with local terms if it can be written
in the form (1) by adding arbitrary 1-local operators. The form (1) encompasses a vast
array of the Hamiltonians studied in condensed-matter physics, such as the general Ising
model (§ = {Z® Z}) and the general Heisenberg model (S = {XQX+Y QY +Z R Z}).
In the case where S = {h} for some &, we just call H an h-Hamiltonian.

Determining the complexity of S-Hamiltonians is a natural quantum generalisation
of the long-running programme in classical complexity theory of classifying constraint
satisfaction problems (CSPs) according to their complexity. Beginning with Schaefer’s
famous 1978 dichotomy theorem for boolean CSPs [40], which has been extended in
many different directions since (see e.g. [15,42] for references), this project aims to
pinpoint, for each possible set of constraints S, the complexity of a CSP that uses only
constraints from S (perhaps weighted, to give an optimisation problem). A quantum gen-
eralisation of this question is to determine the complexity of approximately computing
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the ground-state energy of S-Hamiltonians up to 1/ poly(n) precision [22]. This problem,
which we call simply S- HAMILTONIAN, is a special case of the LOCAL HAMILTONIAN
problem, which in general is QMA-complete [28,30] when S contains all k-qubit inter-
actions for any fixed k > 2. The classical special case of the S- HAMILTONIAN problem
corresponds to S containing only diagonal interactions; such problems are known as
“valued” or “generalised” CSPs, and a full complexity classification of these was only
obtained in 2016, by Thapper and Zivny [42].

A full classification was given in [16] of the computational complexity of the S-
HAMILTONIAN problem in the special case where all interactions in S are on at most
2 qubits; this was sharpened by [10], which showed that one complexity class in the
classification was equivalent to the previously studied class StogMA [8]. It was later
shown in [17] that each of the classes in [16] corresponds to a physical universality
class. These results can be summarised as follows:

Theorem 1 ([10,16-18,26]). Let S be any fixed set of two-qubit and one-qubit interac-
tions such that S contains at least one interaction which is not 1-local. Then:

e Ifthere exists U € SU (2) such that U locally diagonalises S, then S-Hamiltonians
are universal classical Hamiltonian simulators [18] and the S- HAMILTONIAN prob-
lem is NP-complete [16,26];

e Otherwise, if there exists U € SU (2) such that, for each 2-qubit matrix h; € S,
U®2h;(UNH®? = 0; Z%2 + A; ® I + I ® B;, where o; € R and A;, B; are arbitrary
single-qubit interactions, then S-Hamiltonians are universal stoquastic Hamiltonian
simulators [17)] and the S- HAMILTONIAN problem is StogMA-complete [10,16];

e Otherwise, S-Hamiltonians are universal quantum Hamiltonian simulators [17]
and the S- HAMILTONIAN problem is QMA-complete [16].

A stoquastic Hamiltonian is one whose off-diagonal elements in the standard basis are
all nonpositive. Here we sometimes generalise this terminology slightly by also calling
H stoquastic if there exists a local unitary U such that U®" H(U)®" is stoquastic.

1.1. Our results. Here we continue the programme of classifying universality of
Hamiltonians—and hence the computational complexity of the S- HAMILTONIAN
problem—by generalising from qubit interactions to qudit interactions, i.e. local di-
mension d > 2, or equivalently spin > 1/2. As well as being a natural next step from
the perspective of computational complexity, this framework includes many important
models studied in condensed-matter theory [1,6,25,29,31,33,39]. However, it is sig-
nificantly more difficult than the qubit case. One reason for this is that in the case of
qubits, there was a simple “canonical form” into which any 2-qubit interaction could be
put by applying local unitaries [16], which dramatically reduced the number of types of
interaction that needed to be considered. No comparably simple canonical form seems
to exist for d > 2 [32].

We first consider S-Hamiltonians with local terms. This is a more general setting
than just S-Hamiltonians, and hence easier to prove universality results. From a com-
puter science point of view, allowing free local terms corresponds to allowing arbitrary
constraints or penalties on individual variables in a CSP. For conciseness, we say that S
is LA-universal (“locally assisted universal”) if the family of S-Hamiltonians with local
terms is universal. Similarly, we say that S is LA-stoquastic-universal if it can simulate
any stoquastic Hamiltonian. Then our main result about universality with local terms is
a complete classification theorem:
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Theorem 2. Let S be a set of interactions, which are not all 1-local, between qudits of
dimension d. Then S is:

o LA-stoquastic-universal, if there exists |yr) € C¢ such that all interactions in S are,
up to the addition of 1-local terms, given by a linear combination of operators taken
from the set {I, |W) (|, [v) (W |®2, [¥) (|23, ... \—furthermore, if S is of this form
and H is an S-Hamiltonian with local terms, then H is stoquastic;

e LA-universal, otherwise.

We note some general consequences of this result for Hamiltonians assisted by local
terms. First, we see that any nontrivial k-qudit interaction can be used to simulate an
arbitrary stoquastic Hamiltonian. Second, almost any k-qudit interaction can actually be
used to simulate arbitrary general Hamiltonians. Third, perhaps surprisingly, there exist
Hamiltonians whose 2-local part is diagonal, but which are LA-universal.

We highlight some examples for d = 3. Consider

10 0\* 10 0\%
Si=1lo=10 s =1lo-10
00 —I 000

The single interaction in S is equal to |0) (0/®2 plus some 1-local terms, so S is
stoquastic and LA-stoquastic-universal. On the other hand, the interaction in S, cannot
be decomposed in this way, so S is LA-universal. So, for example, given access to
interactions of the form of S, and arbitrary local terms, one can perform universal
quantum computation.

Next we consider the more general 4#-Hamiltonian problem, where the lack of “free”
1-local terms makes it much more challenging to prove universality results. Here we
focus on qudit generalisations of the qubit Heisenberg (exchange) interaction (h
X®X+Y ®Y +Z® Z). Hamiltonians built from this interaction enjoy significant
levels of symmetry, which made it one of the most difficult cases to prove universal
in previous work [16,17]. The most symmetric such generalisation in local dimension
d is the SU (d) Heisenberg model (often known as “SU (N) Heisenberg model” in the
literature [6,33]), where the interaction is

d*—1
h= Z T Q@ T¢ )
a=1
for some d x d traceless Hermitian matrices 7¢ such that Tr(7T?) = %541,. Up to

adding an identity term and rescaling, 4 is just the swap operator, or the projector onto
the symmetric subspace of two qudits,

1
Poym = 7 D)+ 17D+ (i),
i,J

h is invariant under conjugation by local unitaries, implying that the eigenspaces of any
Hamiltonian built only from /% interactions inherit this property. Nevertheless, we have
the following result:

Theorem 3. Foranyd > 2, the SU (d) Heisenberg interaction h := Za T®T*4, where

{T?} are traceless Hermitian matrices such that Tr(T4T?) = %8ab, is universal. This
holds even if the weights «; in the decomposition (1) are restricted to be non-negative.
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The special case d = 2 of Theorem 3 was shown in [17]. As a corollary of Theo-
rem 3, we obtain QMA-hardness of a quantum variant of the Max-d-Cut problem [19]
(equivalently, a quantum generalisation of the (classical) antiferromagnetic Potts model
[44]). In the Max-d-Cut problem, we are given a graph where each edge (i, j) has a
non-negative weight w;;, and are asked to partition the vertices into d sets, such that the
sum of the weights of edges between vertices in different sets is maximised. That is, we
find a map ¢ from each vertex i to an integer c¢(i) € [d] such that ij wij (1 —=38¢(i)e(j))
is maximised. The natural “quantum” way of generalising this problem is to replace each
vertex with a d-dimensional qudit, and replace each weighted edge across two vertices
with a weighted projector onto the symmetric subspace across the corresponding qudits
(equivalently, an interaction /). Then the task is to approximate the ground-state energy
of the corresponding Hamiltonian _; j Wijhij, up to precision 1/ poly(n). Call this
problem QUANTUM MAX- d- CUT.

To see why this is a suitable (and non-trivial) generalisation, note that Psym gives
an energy penalty to a pair of qudits that are both in the same computational basis
state, similarly to the classical case, but that the behaviour of the quantum variant can
sometimes be quite different. For example, consider the case d = 2, and four vertices
arranged in an unweighted cycle. Classically, the vertices can clearly be partitioned into
two sets such that there are no edges between vertices in the same set. However, there is no
quantum state that is simultaneously in the ground space of all corresponding projectors
Pgym. This is because the unique ground state of Py, is maximally entangled, and each
qubit cannot be maximally entangled with both of its neighbours simultaneously.

It is an immediate consequence of Theorem 3 that:

Corollary 4. For any d > 2, QUANTUM MAX- d- CUT is QMA-complete.

The special case d = 2 of Corollary 4 was shown in [38, Theorem 2].
Next, we consider the case where the interactions are of the form P = |{/) (| for an
entangled two qudit state [i).

Theorem 5. Let P = |{) (| be the projector onto an entangled two-qudit state |{) €
(C4®2. Then {P}-Hamiltonians are universal.

In fact, Theorem 5 holds even in the restrictive setting where all the interactions
are required to sit on the edges of a bipartite interaction graph (see Sect. 6 for a precise
statement). Entanglement is a very well studied property of quantum systems, and is well
known to be fundamental to many interesting quantum phenomena. This result can be
viewed as an intriguing and apparently tight link between entanglement and universality.

A perhaps more familiar, and also very well-studied, interaction we consider is an-
other generalisation of the qubit Heisenberg interaction (e.g. [1,34,37]): the SU(2)
Heisenberg interaction in local dimension d (often just called the “spin-s Heisenberg
interaction”, where s = (d — 1)/2). Now the interaction is of the form

h=8S5+5®S5 +5° ® S5,

where S*, S, S¢ generate a d-dimensional irreducible representation of su(2) and
correspond to the familiar Pauli matices X, Y, Z (up to an overall scaling factor). Note
that, although the Lie algebra involved is the same as for the qubit case, the interaction &
may have very different properties for higher d; for example, it has d distinct eigenvalues
(see Eq. (44) below). Nevetheless, this generalisation turns out to be universal too:
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Theorem 6. For any d > 2, the SU(2) Heisenberg interaction h = §* @ S* + §¥ ®
SY + 8% ® S%, where §*, SY, S* are representations of the Pauli matrices X, Y, Z, is
universal.

Finally, we consider yet another well-studied generalisation of the Heisenberg model
(see e.g. [2,25,29,31]): the general bilinear-biquadratic Heisenberg model in local di-
mension d = 3 (spin 1). Here the interaction used is

h® .= (cos 0)h + (sin 9)h2,

where 6 € [0, 27) is an arbitrary parameter and / is the spin-1 Heisenberg interaction,
which can be written explicitly as

h=X30X3+Y3Q@Y3+2Z3® Z3 3)
where
, (010 i (0-10 100
B ve) P o) T e

The special case & = arctan 1/3 corresponds to the famous Affleck-Kennedy-Lieb-
Tasaki (AKLT) model [2]. Our result here is as follows:

Theorem 7. Let h'?) := (cos 0)h + (sin 0)h%, where 0 € [0, 21) is an arbitrary param-
eter and h is the spin-1 Heisenberg interaction. For all 6, h'© is universal.

We therefore see that, although different values of 6 may correspond to very different
physics [31], from a universality point of view they are all of equal power.

The family of S-Hamiltonians allows varying interaction strengths by definition.
The simulations presented here are all efficient in the sense that it is possible to simulate
an O (1)-local Hamiltonian of n qubits with maximum interaction strength Jmx using
a simulator Hamiltonian with interaction strengths that scale at most polynomially in
n, Jmax and A, 1/€, 1/n, which are the parameters of Definition 1 that describe the
accuracy of the simulation. However since the constructions presented here often consist
of multiple stages of simulations, with the degree of the corresponding polynomials
multiplying together, these interaction strengths can be very large, and we do not calculate
what these polynomials are exactly.

We remark that, in common with most previous work in this area [16,17], we usu-
ally allow each interaction weight to be positive or negative. This can lead to physical
systems built from the same interaction having very different physical properties (e.g.
antiferromagnetism vs. ferromagnetism). It is sometimes possible to prove universality-
type results for interactions whose weights all have the same sign [38]; we achieve this in
Theorem 3, but in general leave this extension for future work. Another interesting direc-
tion is to prove universality for systems with simpler interaction patterns [17,36,38,41],
or with less heavily-weighted interactions [13].

1.2. Related work. There has been a substantial amount of work characterising the
complexity of various types of qubit Hamiltonians from the perspective of QMA-
completeness; see [7,17,22] for references. In the case of qudits, rather than general
classification results, most work has considered carefully designed special cases where
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[Some universal 2-qubit interactionj

l,Lemma 15
[Diagonal, 2-local rank > 2}
l,Lemma 16
[A ® A, 3 distinct eigenvalues]

l,Lemma 17 L . .
Every 2-qudit interaction that is not

{A QA A+ (ZW)> <'¢‘ + bIJ > of the form av)(¥|®? 4 1-local terms

effectively fits into one of these categories

,Lemma 19

,Lemma 19 ARA+B®B

,Lemma 20

2-local rank > 2

Fig. 1. Sequence of simulations used in the proof of Theorem 2. An arrow from one box to another indicates
that a Hamiltonian of the first type can be simulated by a Hamiltonian of the second type

QMA-completeness can be achieved. Indeed, it is often the case that these results aim to
reduce the local dimension of a QMA-complete construction that achieves some other
desiderata. For example, Aharonov et al. [3] gave a QMA-complete family of local
Hamiltonians on a 1D line with d = 12, later improved to d = 8 by Hallgren, Nagaj
and Narayanaswami [24]; Gottesman and Irani [23] gave a QMAgxp-complete family
of translationally invariant Hamiltonians on a 1D line with d = O (10°), later improved
to d =~ 40 by Bausch, Cubitt and Ozols [4]. The local dimension has been reduced even
further to d = 4, for a translationally invariant Hamiltonian on a 3D lattice [5]. We refer
to [7] for further examples, including the more general case where the local dimension
can vary across the system being considered. In all these cases, one fixes the dimension
and then carefully tunes the types of interactions used to achieve the desired result.
Here, by contrast, we begin with a fixed set of interactions and attempt to determine the
complexity of Hamiltonians based on these interactions.

1.3. Overview of proof of Theorem 2. We now give an informal discussion of our LA-
universality classification result (Fig. 1). The majority of the work to prove Theorem 2
is taken up by the special case of 2-local interactions, and sets S containing only one
interaction. To prove universality of an interaction 4, we use simulations: showing that
an interaction known to be universal [16,17] can be implemented using Hamiltonians
consisting of & terms and 1-local terms. Our simulations are all based on perturbative
gadgets, as introduced in [28] and used for example in [10,17,36], to effectively imple-
ment one Hamiltonian within the ground space of another. For example, a type of gadget
we often use is a so-called mediator gadget. In this type of gadget, one or more ancilla
(“mediator”) qudits are added to the system. Strong interactions within the mediator qu-
dits effectively project these qudits into a fixed state. Then weaker interactions between
the mediator and original qudits implement effective interactions between the original
qudits. The interactions produced are determined rigorously via perturbation theory.
First we consider the special case of diagonal interactions with 2-local rank > 2,
where the 2-local rank of an interaction 4 is informally defined as follows: Writing
h = h' + 1-local terms, and h’ = ", , MapT* ® T? for some basis T of Hermitian
matrices, the 2-local rank of 4 is the rank of M. (For example,h = X ® X + Y ® I has
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2-local rank 1.) We can think of diagonal matrices symmetric under qudit interchange
and with 2-local rank 2 as being of the form D ® D + E ® E for some diagonal matrices
D and E. To show that such interactions are universal (a similar argument works for
non-symmetric interactions), we use our free 1-local terms to apply a heavy interaction
to each qudit which effectively projects it into a 2-dimensional subspace. Note that even
though D and E commute, this need not be the case for the corresponding projected
qubit interactions. This allows us to generate a 2-qubit effective interaction within this
subspace which is universal [17].

Remaining within the special case of diagonal interactions, the next step is to consider
those with 2-local rank 1, which are of the form A ® A. To deal with this case, we split
into two parts. When A has at least 3 distinct eigenvalues, we design a gadget using
an additional qudit to implement the effective interaction A ® A + A> ® A, which is
universal from the previous case. When A has 2 distinct eigenvalues, but is not of the form
aly)(¥|+bl, we show that another gadget can be used to simulate an interaction B ® B
where B has 3 distinct eigenvalues. For the remaining diagonal case—interactions of the
form A ® A for A = a|y) (Y| + bI—we show that local unitary rotations can be used
to transform any Hamiltonian built of such interactions into a stoquastic Hamiltonian,
so we cannot expect this case to be universal.

We then move on to non-diagonal interactions. We first consider those of the form
A® A+ B ® B for some B that does not commute with A (otherwise we would be in the
diagonal case). For all such interactions, we show there exists a gadget which projects
the interaction onto a 2-qubit subspace on which the resulting interaction is universal.
The non-commutativity makes this task simpler than in the diagonal case. The next step
is interactions with 2-local rank > 2, but not of the form A ® A + B ® B. For these, we
show that one can always produce an effective interaction of the foom A® A+ B ® B
using two rounds of simulation.

All 2-qudit interactions & can be handled using one of these lemmas. Considering
the interaction 4’ formed by deleting the 1-local parts from &, we know that 4 is LA-
universal if the 2-local rank of 4" is > 2. If not, then /' = A ® B for some A and B.
Either A ® B + B ® A has 2-local rank > 2, or B is proportional to A. Either way, we
are in one of the previously considered cases.

The final step to complete the proof of Theorem 2 is to generalise to k-local inter-
actions for k > 2. To do so, we show that our free 1-local terms can be used to extract
2-local “sub-interactions” from the interactions we are given; this is a generalisation to
d > 2 of an analogous argument for qubits in [16]. Then either we can produce a uni-
versal sub-interaction, or all the sub-interactions of all interactions in S are proportional
to |yr) (| %2, up to 1-local terms. In the latter case, the overall interactions must all have
been of the form |) (¥|®¢, so the whole Hamiltonian is stoquastic.

1.4. Overview of proof of Theorems 3, 5, 6 and 7. The techniques required to prove uni-
versality of interactions without free local terms are very different, and in general this
setting is much more challenging. Given the symmetry displayed by the interactions we
consider, we need to consider some notion of encoding in order to implement arbitrary
effective interactions. In the case of the SU (d) Heisenberg interaction, we proceed by
using a perturbative gadget to encode a qubit within the 2-dimensional ground space of a
system of 2d qudits; this generalises a similar (but significantly simpler) gadget used for
the case d = 2 in [17]. Interactions across pairs of qudits within the gadget implement
effective X and Z interactions, while interactions across two gadgets can be used to im-
plement a non-trivial 2-qubit interaction, which is enough to prove universality using the
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results of [17,38]. In order to analyse the gadget’s behaviour, we need to use the repre-
sentation theory of the Lie algebra su(d), and in particular analysis of quadratic Casimir
operators [20], which are operators of the form ) ", R(T“) R(T“) for some representation
R of the generators T¢ of su(d). The Hamiltonian corresponding to the SU (d) Heisen-
berg interaction on the complete graph on k qudits turns out to have a close connection

to the Casimir operator corresponding to the representation R(7%) = Zle T, whose
spectral properties are well-understood, and which has beautiful algebraic features that
enable suitable gadget weights to be determined for any d.

Theorem 5 is proven using a gadget that shows that, when P is the projector onto
an entangled state of two qudits, { P}-Hamiltonians can simulate { P’}-Hamiltonians for
some P’ = |y') (| where either |1') is an entangled state of two qubits, in which

case universality follows from Theorem 1; or |v//) = \/Ld, > 1i)]i), in which case uni-

versality can be shown to follow from universality of the SU (d)-Heisenberg interaction
(Theorem 3).

The gadget for the SU(2) Heisenberg interaction £ also relies on properties of the
corresponding Casimir operator, but is more complicated than the SU (d) case. Here the
key technical step is to give a gadget that allows 42 interactions to be simulated, given
access to & interactions; once this is achieved, it is not too hard to show that for any d, this
allows the SU (2) Heisenberg interaction to be simulated in local dimension 3 (qutrits).
Applying the h — h?* gadget again, we can produce the interaction 2 +h2, which (in local
dimension 3) is the same as the SU (3) Heisenberg interaction, and hence universal. The
analysis of this gadget depends on fourth-order perturbation theory, for which we need
to prove a new general simulation lemma based on the Schreiffer—Wolff transformation
[9]. Previous work gave general simulation lemmas for up to third-order perturbations
[10], but extending this line of argument to fourth-order is more complex technically;
in particular, there are non-trivial interference effects between different gadgets to take
into account. We thus hope that this result will find other applications elsewhere.

We note that higher order perturbation theory has been considered before in the
literature in slightly different settings, mostly in a framework where only the ground state
energy is reproduced; for example [27] considers perturbation theory at arbitrary order.
Although the contribution of the fourth order term in a Schreiffer—Wolff perturbative
series has been considered before [12], we are not aware of any explicit demonstration
of how the interactions must be chosen such that this fourth order term dominates as
in Lemma 12. Cross gadget interference has previously been seen before for certain
parameter regimes of low strength Hamiltonians [11], where it can be easily shown to
disappear simply by increasing the strength of the interactions; whereas in Lemma 13,
the cross gadget terms are independent of the strength of the Hamiltonian.

Finally, for the remaining bilinear-biquadratic Heisenberg interactions in dimension
3, we use different gadgets depending on the value of 8, which we can assume is within
the range [0, 7 ] because we are free to choose the signs of interactions arbitrarily. When
0 € (0, arctan 1/3) U (;r/4, ) and 6 # arctan 2, then there exists an entangled state |1)
which is either the unique ground state or the unique highest excited state of #?). Using
a perturbative gadget to effectively project some qudits onto |/}, we can obtain a new
interaction 1®" for some 6 # 6. Taking a linear combination of these two interactions,
we can simulate the SU(3) Heisenberg interaction. When 6 € (arctan 1/3, arctan 5),
h® has a 3-dimensional ground space. We encode a qutrit within this subspace of two
physical qutrits, and use 2® interactions across pairs of qutrits to simulate the SU (3)
Heisenberg interaction across logical qutrits. These ranges encompass all values of 6
except @ = arctan 1/3. In this last special case, 1?) corresponds to the well-studied
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AKLT interaction [2]. Here the ground space of 4®) is 4-dimensional, but we are able
to construct a mediator qutrit gadget which effectively projects 3 qutrits into the unique
ground state of a 3 qutrit AKLT Hamiltonian. This again allows us to simulate the SU (3)
Heisenberg interaction.

2. Summary of Techniques

Next, we give the required definitions to state our results formally, describe previous
results that we use, and exemplify our results by giving a simple example of a simulation.
We then proceed to a full technical presentation of the remainder of our results.

2.1. Definitions. We first formally define the notions of simulation and universality
that we will use. For an arbitrary Hamiltonian H € L((Cd), we let P<a(p) denote the
orthogonal projector onto the subspace Sca gy := span{|y) : H|Y) = A|yr), L < A}
We also let H'| <a(H) denote the restriction of some other arbitrary Hamiltonian H " to
SgA(H), and write H|<A = H|<A(H) and HgA = HPgA(H). We let L(H) denote
the set of linear operators acting on a Hilbert space H, and use the standard notation
[A, B] ;== AB — BA and {A, B} := AB + B A for the commutator and anticommutator
of A and B, respectively.

Definition 1 (Special case of definition in [17]; variant of definition in [10]). We say
that H' isa (A, n, €)-simulation of H if there exists a local isometry V = ®i Vi, where
each isometry V; acts on at most one qudit, such that:

1. There exists an isometry V such that VVT = Pcanry and || V- Vi <n;
2. |HL, — VHV'|| <e.

We say that a family 7~ of Hamiltonians can simulate a family F of Hamiltonians if, for
any H € F andany n,e > Oand A > A (for some Ag > 0, that depends only on H),
there exists H' € F' such that H’ is a (A, 7, €)-simulation of H. We say that the simu-
lation is efficient if, in addition, for H acting on n qudits, || H'|| = poly(n, 1/n, 1/€, A);
H' is efficiently computable given H, A, n and ¢€; and each isometry V; maps to O (1)
qudits.

The first part of Definition 1 says that H can be mapped exactly into the ground space
of H’ by some “encoding” isometry V which is close to a local isometry V. The second
part says that the low-energy part of H' is close to an encoded version of H. In [17] a
more general notion of encoding was used, which allowed for complex Hamiltonians
to be encoded as real Hamiltonians, for example; here we will not need this directly.
(However, as we make use of the results of [17], we do use this notion of encoding
indirectly.)

Definition 2 ([17]). We say that a family of Hamiltonians is universal if any (finite-
dimensional) Hamiltonian can be simulated by a Hamiltonian from the family. We say
that the universal simulator is efficient if the simulation is efficient for all k-local Hamil-
tonians, for constant k.

Here all simulations we develop will be efficient, so whenever we say “universal”,
we mean “efficiently universal” in the above sense.
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2.2. Perturbative gadgets. The main technique we will use to prove universality will
be the remarkably powerful concept of perturbative gadgets [28]. Let Him be a Hilbert
space decomposed as Hgjm = H4+ @ H—_, and let [T+ denote the projector onto H. For
any linear operator O on Hgjm, write

O__=T_0MN_, O_,=1_0I,, 0, =IL0M_, O, =ILO0I,.®®)

Throughout, let Hy be a Hamiltonian such that Hy is block-diagonal with respect to
the split Hy @ H—, (Hy)—— = 0, and Amin((Ho)++) = 1, where Anin(H) denotes the
minimal eigenvalue of H. We write H~! to denote the Moore—Penrose pseudoinverse,
when H is not an invertible matrix.

Slight variants of the following lemmas were shown in [10], building on previous
work [9,36]:

Lemma 8 (First-order simulation [10]). Let Hy and Hy be Hamiltonians acting on the
same space. Suppose there exists a local isometry V such that Im(V) = H_ and

V Hurget VI = (Hy)——. Q)

Then Hgm = AHo+H| (A /2, n, €)-simulates Hget, providedthat A > O (|| Hy ||2/e+
| H1ll/n).

Lemma 9 (Second-order simulation [10]). Let Hy, Hi, Hy» be Hamiltonians acting on
the same space, such that: max{||Hi ||, | Hz2||} < A; H; is block-diagonal with respect
to the split Hy & H_,; and (H2)—_ = 0. Suppose there exists a local isometry V such
that Im(V) = ‘H_ and

V Hurgel V= (H1)__ — (Ho) . Hy ' (). (©)

Then Hgm = AHo+ A2 H, + H, (A /2,1, €)-simulates Hyyget, provided that A >
O(A®/€% + A2 /n?).

Lemma 10 (Third-order simulation [10]). Ler Hy, Hy, H{, H, be Hamiltonians acting
on the same space, such that: max{||H ||, | H{|l, |H2|l} < A; Hi and H{ are block-
diagonal with respect to the split Hy ® H_; (Hz)—— = 0. Suppose there exists a local
isometry V such that Im(V) = H_ and

V Hurget VI = (H1)—— + (H2)—+ Hy ' (Ha) 1 Hy ' (Hp)4— @)

and also that

(H)—— = (Hy)—+Hy ' (H2)+—. ®)

Then Hgim = AHo+ A*3Hy+ AV3H| + Hy (A /2, n, €)-simulates Hyrget, provided
that A > O(A'2/€3 + A3/nd).
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These lemmas can be used to construct gadgets to simulate desired interactions via
a mixture of design and trial and error. The intuition for first order gadgets is fairly
straightforward: one just restricts to the groundspace of Hy. For the higher order gadgets,
there is still the restriction to this subspace, but now the lower strength interactions
(Hy, H», etc.) multiply together, allowing the generation of more complex effective
interactions. The H,, ! terms appear to complicate this, but in practice Hy can often be
chosen such that they are benign, for example when Hy is a projector.

We will often apply the simulation results in these lemmas to many individual in-
teractions within a larger overall Hamiltonian, in parallel. For the gadgets we will use,
it was shown in [17, Lemma 36] (following similar arguments in previous work, e.g.
[10,36]) that the overall simulation produced is what one would expect (i.e. a sum of the
individual simulated interactions, without unexpected interference between the terms)
at a cost of slightly larger interaction strengths. In addition, the simulations that we use
will either associate a fixed number of ancilla (“mediator””) qudits with each interaction,
or encode each logical qudit within a fixed number of physical qudits. In each such case,
the overall isometry V is easily seen to be a tensor product of local isometries as required
for Definition 1.

Later on, we will need a new fourth-order simulation lemma. As this is more technical
to state (and its proof has some additional complications involving interference), we defer
it to Sect. 3.

2.3. Example: the AKLT interaction. To see how the above simulation results can be
used to prove universality, we give a simple example of how the AKLT interaction [2]
can simulate the SU (3) Heisenberg interaction. The AKLT interaction KhAKLT s defined
inlocal dimension d = 3 (spin 1) by #AKLT .= 3p +h?, where h is the SU (2) Heisenberg
interaction defined in (3).

Lemma 11. The AKLT interaction hW*¥LT .= 34 + h? is universal.

Proof. We will use a gadget construction to show that #AKLT can simulate the SU (3)
invariant interaction & + h2, which is shown to be universal in Theorem 3. We will
use Lemma 9 and construct a second-order mediator qutrit gadget involving 3 mediator
qutrits labelled 3, 4, 5 that will result in an effective interaction between qutrits 1 and 2.
Let Hy € L((C%)®3) act trivially on qudits 1 and 2 as Hy = h?fLT+hﬁ‘5KLT+h‘3ASKLT+6I .
The projector onto the ground space of Hy is of the form /12 ® |¥) (¥ |345 where

) = % (1012) + [120) + |201) — |021) — [210) — |102))

is the completely antisymmetric state on 3 qutrits. Let V = I12 ® |)345 be the isometry
that maps |@p) +— |P)12]¥)345 and satisfies VvVl = TII. Let H, =
(h’f‘3KLT + h%KLT — %I ) for some o € R. The interaction graph of this gadget is pictured
in Fig. 2.

Then one can check (either by hand or using a computer algebra package) that
IMH>IT = 0 and

23 136
—TH, Hy ' HoTl = —2&72 (23h12 +h2 4 Tl) 1.
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le® O e 2
3

Fig. 2. Interaction graph of the gadget used in Lemma 11. Thick lines indicate the heavy interactions of Hy,
and white circles denote the mediator qutrits (3, 4, 5). The gadget produces an effective interaction between
the remaining qutrits (1, 2)

Let Hy = ozlh’l*zKLT for some «; € R so that ITHIT = alhfzKLTH. Then choosing
a1 =22 and ap = /27 we have

_1 2 272 N
M IT - ITHHy HaIT =V 20(h12 + hi,p) — TI \%

and so by Lemma 9 (second order), we can simulate the interaction 20(/ 1> +h%2) — % I,
which one can check is the SU (3) Heisenberg interaction as desired, up to rescaling
and deletion of an identity term. Note that this can only produce positively-weighted
interactions, but Hamiltonians of this restricted form are indeed proven universal in

Theorem 3. O

3. Fourth-Order Perturbative Gadgets

We will need the following lemma, which we prove for the first time here (and hence
state a bit more generally than the above simulation lemmas, although we will only need
€ = 0 on the right-hand side of (9)). The proof is technical, and hence (as with the
subsequent lemma) deferred to Appendix A.

Lemma 12 (Fourth-order simulation). Let Hy, Hi, H>, H3z, Hy be Hamiltonians acting
on the same space, such that: max{||Hi|l, || Hz2|l, || H3ll, || H4|l} < A; Hy and Hs are
block-diagonal with respect to the split H, @ H_; (Hs)—— = 0. Suppose there exists a
local isometry V such that Im(V) = H_ and

IV Higrger VT — T1Z (H1 + HyHy "HoHy ' Hy — H4H0_1H4H0_1H4H0_1H4) M| <e/2
)
and also that
(Hy)—— = TI_HsHy "HaTl_  and (Hs3)—— = —T1_HaH, 'HyHy ' HaTI_. (10)
Then Hgm = AHo + AY*Hy + AV4Hy + AV2H, + Hy (A /2,1, €)-simulates Hirger,
provided that A > O(A*0/e* + A*/n™).

For fourth-order gadgets, unlike the gadgets analysed in previous work, it is unfortu-
nately not the case that one can disregard interference between different gadgets applied
in parallel; there are additional terms generated by interference between gadgets. We
calculate this interference in the following lemma.
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Lemma 13. Consider a Hilbert space H = Ho ® ®i>1 ‘H; with multiple fourth-order
mediator gadgets labelled by i > 1, each with heavy Hamiltonian Héi) which acts
non-trivially only on 'H;, and interaction terms H l(i), H2(i), H3(i), Hf) which act non-
trivially only on 'H; ® Ho. Let 1Y denote the projector onto the ground space of Héi),
and H(+i ) = 1 -9, Suppose that for each i, these terms satisfy the conditions of
Lemma 12; in particular, Héi)l"[(_i) =0, Hz(i) and H3(i) are block diagonal with respect
to the 1Y, Hf) split, Hg)Hf)Hg) = 0and

n@aOn® = 09 E) T HOTY and
na'n® = -nud @ e ) e n?.
Foreachj € {0, ..., 4} letH; = Y H]?"), andlet A > max{|H\ |, || Hall, | H5 ]|, | Ha|}-

Suppose there exists a local isometry V such that Im(V) is the ground space of Hy
and also ||VHtargetVJr — M| < €/2, where

M= "m_ (Hf” +H (=T =Y (=) HY
i

—Hf)(Héi))_lHf)(Héi))_]Hf)(Héi))_le)) n
+ Z 1-[_(Hi’)(H(;l))*lH;J)(Héj))flH;J)(Hél))leil)
i#]
_ Hii)(Héi))“Hij)(Héi) n Héj))_lHf)(Héj))_lHij))H,
and T1_ is the projector onto the ground space of Hy.

Then AHy+ A3 Hy+ AV Hy + AYV2Hy + H (A /2, n, €) simulates Hyrget, provided
that A > O (A% /e* + A* /™).

Note that the first line of the simulated Hamiltonian is what one would expect when
summing the contributions of each of the gadgets separately. The other terms are in
general not zero and may be thought of as the cross-gadget interference.

We will only need to use Lemma 13 via the following simplified corollary.

Corollary 14. Suppose the conditions of Lemma 13 hold, and in addition Héi) H f) In_ =
Hf)l'[_ for all i. Then the expression for M is given by

O 4 5 ® g ® 5@ _ @) @) g1 ) )
M=y 1 (8" + O H Y - 1P H T H )
i
m -2y (a9 59 0
S
i<j

Proof. Fix apairi # j, and let H ij ) = Za Aq ® By where A, acts non-trivially only
on 'H; and By acts non-trivially only on Hy. By the additional assumption of the present
corollary,
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HO P HOT = B B (Z Ao ® Ba) M- =) (4, ® DHH'T-(I® By (11)
o o

=) (A @ DH'T_ (I ® B) = H” (Z Ao ® Ba) M- (12)

o o

= H 1. (13)

where it is possible to commute A, and B, to the front and back respectively because
Hél), Hf) acttrivially on H ; and I1_ acts trivially on H,. We also have Hé/) H;') Hf) - =
HOHY BT = B BT since (Hy”, H{"1 = 0.

Therefore (Hél) + Hé]))_le)H;J)H_ = %Hf)Hf)H_, so the expression for the
cross-gadget interference from Lemma 13 simplifies to

O gD D @ _ L (@ gD gD g g ) ) )
ZH_(H4 HYHY H —§(H4 HOHOHD + HO D HO | ))n_
=y

@) 7 D) g G) gy @) @) 7 ) g @) gy ()
P (H o B Y — B a0
Py
1

. ~2
O 1)
= -3y [H. 1]

where we note that the sum over i # j includes both casesi < jandi > j. O

An example of the condition Héi)Hf)l'[_ = Hf)l'[_ holding is when Héi) is a
projector. In this case the condition (from Lemma 13) that n“x ;')H(i) = 0 ensures

that H f) maps out of the ground space of Héi) and into the +1 eigenspace of Héi).

4. LA-Universal Hamiltonians

We first prove LA-universality (or otherwise) of various classes of interactions, before
bringing these results together into a full classification theorem by showing that every
interaction fits into one of these classes. Before embarking on the proof, we observe that
for any interaction &, we can delete its 1-local part by using our free 1-local terms. This
corresponds to replacing & with

I1®1
daz -

W =h-— é ®Tri(h) —Tra(h) ® é + Tr(h) (14)

We call i’ the 2-local part of A.

Definition 3. Let { T“}Zﬂ: | be a basis of Hermitian d x d matrices, and let the 2-local

part of h be h/ = Za’b My T @ TP for some real d? x d? matrix M. We define the
2-local rank of h to be the rank of M.

Note that this definition is independent of the choice of basis 7¢. Suppose we instead
write i’ =3, ), MapS* ® S’ for two other bases {S%}, and {S"?};, of Hermitian d x d
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matrices. Since these are bases there must exist invertible matrices R and R’ such that
=3, RapS* =Y, R, S Then

— ZMabSa ® S/b

= Z MegT @ T =Y (3" ReaMceaRap)S* ® S”

c,d a,b c.d

and thus rank (M) = rank(RT M R") = rank(M) since R and R’ are both full rank.

We comment on our use of subscript notation. For a local operator such as a 2-local
interaction £, the subscript notation denotes which subsystem the interaction acts on, so
hij denotes the interaction / acting on qudits 7 and j. However for a matrix of coefficients
such as the matrix M above, the subscript notation is used to index the entries of the
matrix, so M, denotes the entry in the ath row and bth column of the matrix M.

We now move on to the first case of the proof, diagonal interactions.

4.1. Interactions diagonalisable by local unitaries.

Lemma 15. Let h be a nonzero diagonal 2-qudit interaction. If the 2-local rank of h is
> 2, then h is LA-universal; otherwise, h is LA-stoquastic-universal.

Proof. First note that we can use 1-local terms to replace & with its 2-local part, as in
(14). This still results in a diagonal interaction and allows us to assume that Tr{(h) =
0 = Tra(h). Let h be given by h = Z?,j:l A;jli)(i| ® |j){j| for some d x d matrix A.
Then the 2-local rank of / is given by rank (A). Next observe that we can assume that the
interaction 4 is either symmetric or antisymmetric with respect to permuting the qudits
on which it acts, because we can apply it in either direction, with positive or negative
weights. So we obtain either ;; + hj; or h;j — hj;, corresponding to mapping A either
to A+ AT or A — AT. This cannot affect the condition on the rank of A, because

rank(A) = rank((A + A7) + (A — AT)) < rank(A + A7) + rank(A — AT);

ifrank(A) > 2, then either max{rank (A + A7), rank(A — A7)} > 2, orrank(A+ AT) =
rank(A — AT) = 1; but this latter possibility cannot occur because A — AT is skew-
symmetric, so rank (A — AT) # 1.

We will apply the first order perturbation theory Lemma 8 by using heavily-weighted
local terms to effectively project each subsystem on which % acts into a 2-dimensional
subspace, which will encode a qubit. Such a projection can be described by a 2 x d matrix
P. We aim to produce an effective 2-qubit interaction 2’ which is universal. As we can
apply arbitrary local terms, we can project each qudit onto an arbitrary 2-dimensional
subspace S by choosing a “heavy” Hamiltonian Hy = ), Hl.P in Lemma 8 such that
HP has S as its ground space. The local isometry V in the lemma is just given by PT.

The result of projecting % is the 2-qubit interaction

Z Ajij <P|z l|pT) ® <P|J (1P ) Z Aij (Zﬁ,ka ) ® (gﬂﬂa‘f),

i,j=1 i,j=1

for some real coefficients S;; such that

B = %Tr[P|i><i|P*ok].
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Reordering the sums, we obtain

3 d 3
W= | Y BudijBie|of®@c" = > (BilAlBr)o* @ o,
k(=0 \i.j=1 k(=0

where we define the unnormalised vector |B;) = Zle Birli). We can write down
explicit expressions for these vectors as

1
Bit =Re(P[; P2), Bio =Im(P|;Py), PBiz= 3 <|Pli|2 - |P2i|2> .

It was shown in [16, 17, Theorem 44] that an interaction of the form Zz =1 Myo*®ot
is universal if the 3 x 3 matrix M has rank at least 2. Our goal will be to choose the
vectors | Bx) to achieve this.

If A is symmetric, we can expand it as a weighted sum of projectors onto real,
orthonormal eigenvectors |n;); as rank(A) > 2, there exist |n1), |n2) with nonzero
eigenvalues. If A is skew-symmetric, there exist real, orthonormal vectors |7;) such that
(nilAln;) = 0 for all i, and (n1]|A|n2) = —(n2|Aln1) # 0O (see e.g. [43]). Hence, in
either the symmetric or skew-symmetric case, in order to achieve that M has rank at
least 2, itis sufficient to have |81) = |n1) and | 83) = |2). This fixes a 2 x 2 submatrix of
M to be either diagonal (and rank 2), or proportional to ( 91 (1)) So we want to produce
a matrix P that achieves 8;1 = (i|n1), Biz = (i|n2) forall i.

If we can find a real matrix P that achieves this, it will automatically have orthonormal
rows (up to an overall normalising constant), and also the entries of M outside a2 x 2
submatrix will be zero. To see this, first note that |n1) and |n2) are orthogonal to |+) =

4: |i). This holds because Try (h) = d: A;i ) 17){jl = 0, and similarly for
i=1 j 1 J y

Tra(h),s0 Al+) = AT|+) = 0.Soas |B1) = [ni)and |B3) = [m2), >, i1 = 2_; Bis =0,
implying that ) ; P; P»; =0and ) ; Plzi =) P22i. We can find an explicit expression
for each element of P by solving the simultaneous equations

v A(p2_p2)_s
PlzPZI—VZa ) Pli P2i _8“

where we write y; = (i|n1), 8; = (i|n2). It can readily be verified that the following is
a valid solution:
P =0, Pz,— —25 ify; =0and §; <0
P =./6 + Vz +81 , Py = otherwise.
8,+ Vi +82

Thus £ is LA-universal. This completes the proof of the case rank(A) > 2. If rank(A) =

1, we know that there exists an eigenvector |n1) with nonzero eigenvalue, and can take
[n2) to be an arbitrary orthogonal vector. Almost all the above steps go through, but
we end up producing a matrix M such that rank(M) > 1. This case is known to be
stoquastic-universal [10,17]. O

Lemma 16. Let h = A ® A be a 2-qudit interaction such that A has three distinct
eigenvalues. Then h is LA-universal.
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3
le® O o2

Fig. 3. Interaction graph of the gadget used in Lemma 16. H acts on the mediator qudit 3, which results in
an effective interaction between the qudits 1 and 2

Proof. We work in the eigenbasis of A, so that A = ), A;|i)(i| . With the addition of
1-local terms of the form uA ® I + I @ A+ I @ I in order to complete the square to
make (A+ul)Q(A+ul),itis possible to shift the spectrum of A by a constant u. Since A
has three distinct eigenvalues, we may therefore assume wlog (relabelling eigenvectors
if necessary) that A has eigenvalues Ao < 0 and A; > 0 such that Ag + 1| > O.

We will use a third order mediator qudit gadget involving a mediator qudit labelled
3, which will simulate an interaction between two other qudits 1 and 2. The resulting
effective interaction will be of the form shown to be universal in Lemma 15. Let H, =
A1As + AsAzand let Hy = 1 @ (I — |¥)(¥]) in L((C?)®3) act non-trivially only on
the mediator qudit 3, where |1/) = /A1|0) + «/—Ag|1) . The interaction graph of this
gadget is pictured in Fig. 3.

Note that |1/) has been chosen so that

(WIAlY) =0, (YIAZY) >0, (y|A%|y) >0, (15)

which implies that (H2)__ = (Y |A[|¥) (A1 + A2) Q [¥)(y| = 0.
Let H = (y|A%[Y)(2A1 Ay + AT + A3) so that

(Ha)—+Hy '(Ha)se = (WIAZ|Y) (A1 + A2)> @ [Y) (| = (H])——

as required, where we have used the fact that H; ' = Hy (since Hp is a projector)
and HoAly) = A|y) (since A|y) and |¢) are orthogonal as shown in (15)). Finally
we calculate the third order term: (Ha)—+Hy ' (H2)1s Hy '(Ha)oe = (W|A3 ) (A) +

A2)3 ® [Y) (¥l
Let H) = —(A3 + A3 (¥ |A%|¢) and let V : [§) — |$) 12 ® |)3 so that

() - Hy ' (Hp) + (H)-— = V (0142 [0)(A1 © A + AT @ A0)) V'

Therefore by Lemma 10 (third order) we can simulate an interaction proportional to
A ® A% + A2 ® A which is universal by Lemma 15 unless A> = AA + ul for some
A, € R. But if A has three distinct eigenvalues, then it cannot be a root of any
polynomial of degree 2. O

Lemma 17. Let h = A ® A be a 2-qudit interaction such that A is not of the form
aly) (Y| + bl forany |¢) € C%, and a, b € R. Then h is LA-universal.

Proof. By assumption A is not proportional to the identity so has at least two distinct
eigenvalues. If A has three distinct eigenvalues then £ is LA-universal by Lemma 16.
It remains to consider the case where A has exactly two eigenvalues A; # Aj. Since
A # al|y) (Y| + bl, there must be at least two orthonormal eigenvectors for each of
the two eigenvalues of A, and it must be the case that d > 4. Let |y;) and |¢;) be
orthonormal eigenvectors with eigenvalue A; fori € {1, 2}.

We will use Lemma 8 (first order) to effectively project into a 3-dimensional subspace
of each qudit, such that the effective 2-qutrit interaction is universal by Lemma 16.
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Let P be the projector onto S = span{|y1), |¥2), %}, and let Hy = 21 —

P — P € L(((Cd )®2) be a Hamiltonian on two qudits with groundspace S®2 Let
V: ((C3)®2 — ((Cd)®2 be the isometry that maps onto the groundspace of Hy,

®2
V= <I1ﬁ1><0| +[y2) (1] + (%) <2|> :

Let HH = A ® A so that

_ ® _ A+ <|¢1)+|¢2)) (<¢1|+(¢2|>
(Hi)—— = (PAP)®" = M) (W1 ] + Aalv2) (Ya| + > 7 7

A+ A ®2
:v<x1|0)(0|+xz|1><1|+%|2><2|> s

Therefore by Lemma 8 (first order), we can simulate an interaction B ® B, where B is a

qutrit operator with three distinct eigenvalues A, A3, A1 JZ“M ;and so B® B is LA-universal

by Lemma 16. O

We next show that the one remaining case that is not covered by Lemma 17 corre-
sponds to stoquastic Hamiltonians, so is unlikely to be universal.

Lemma18. Let h = A ® A be a 2-qudit interaction where A is of the form A =
aly) (| for some |y) € C¢ and a # 0. Then any Hamiltonian of the form Y M® 4
Zj#k ajih jk—where MD are arbitrary single qudit operators acting only on qudit i,
h ji refers to the interaction h applied to qudits j and k, and o j; € R—is equivalent to
a stoquastic Hamiltonian under conjugation by a local unitary operation.

Proof. By conjugating h by alocal unitary U ® U and rescaling, we may assume without
loss of generality that A = |0)(0|. For each qudit, we demonstrate the existence of a local
unitary acting on that qudit which leaves |0) unchanged, but rotates the 1-local term M)
acting on that qudit into a stoquastic term (i.e. non-positive off-diagonal entries). First we
conjugate by a unitary Uy = |0)(0|+U where U acts only on S = span{|1), ... |d — 1)},
such that Ui M Oy IT is diagonal on the space S; that is,

d—1 d-1
UMOUT =3 " wilj)(il+ Y ajl0)(jl+alj)ol.
j:O j_l

Write a; = |aj|e’/ and define U, = [0)(0] + Y91 —¢'%1j)(j| so that

' d—1 d—1
DLUMPUTUT =Y w1yl + Y —la;1(10)4j] +15)(0]).
j=0

Jj=1

This operator is clearly stoquastic. O
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4.2. Interactions not necessarily diagonalisable by local unitaries. Having dealt with
the diagonal case, we now need to consider other types of interactions. The first is
interactions of the form A ® A+ B ® B.

Lemma 19. Let A and B be single-qudit Hermitian operators such that the operators
A" = A —Tr(A)I/d and B' = B — Tr(B)I/d are linearly independent, and write
h=A® A+ BQ® B. Then h is LA-universal.

Proof. 1f A and B commute, then A and B are simultaneously diagonalisable by the same
unitary U. Conjugating 7 by U ® U, we have a diagonal 2-local interaction with Pauli
rank 2 (since A" and B’ are linearly independent), so the result follows from Lemma 15.
So suppose A and B do not commute. Then there must exist an eigenstate |) of A with
eigenvalue A such that AB|Yr) # BA|Y¥) = AB|y). So B|y) is not in the eigenspace
of A corresponding to eigenvalue A, and there must exist an orthogonal eigenstate |¢)
of A with distinct eigenvalue u # A, such that (¢|B|y) # 0. By multiplying |¢) by a
phase ¢'?, we may assume (¢| B|v/) is real.

We will apply a heavy term I — P to each of the qudits on which & acts, where P is the
projector onto the space S = span{|v), |¢)} . Then we can use first-order perturbation
theory (Lemma 8) to produce a logical 2-qubit interaction within the S®> subspace.

Let V : C2 — C? be the isometry V = [) (0] +|¢) (1|, which maps onto S such that

A — A+
PAP =V A0)(O]+u )1 Vi=V <T“z+ 2“1) v

x 4 WIBIY) + (¢|B|¢)1> vt

PBP:V(aZ+(¢|B|1p) 5

where a = (Y |B|y) — (¢]B|))/2.
LetH=IQU—-P)+(I—-P)R®I € L((Cd)®2) be a Hamiltonian on two qudits,
with ground space S®2. Let H; = h so that

(H))—— = PAP ® PAP + PBP ® PBP = V®?p/(v®?)T

for some two-local qubit interaction ' = Y M; jai ® o/ + 1-local terms, where M is
the matrix defined by

(@IBIY)* 0 alp|Bly)
M= 0 0 0

bl

a(g|BIy) 0a® + (L — w)?/4

which has rank 2 whenever (¢|B|y) (A — i) # 0, which holds here due to the choice of
|¢) and |¥). As shown in [16, 17, Theorem 44], any 2-local qubit interaction with Pauli
rank 2 is universal. Hence % is LA-universal. O

Next we use Lemma 19 to deal with almost all other types of interactions.
Lemma 20. Let h be a 2-qudit interaction with 2-local rank > 2. Then h is LA-universal.

Proof. This proof consists of two gadgets. We use a first order gadget to project into a
two-dimensional subspace of a qudit to produce an effective interaction F between a
qudit and a qubit. Second we use the interaction F in a mediator qubit gadget, pictured
in Fig. 4, to produce an effective 2 qudit interaction of the form shown to be universal
in Lemma 19.
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le® O o2
3

Fig. 4. Interaction graph of one of the gadgets in the proof of Lemma 20. Hy acts non-trivially only on the
mediator qubit 3, and the gadget results in an effective interaction between the qudits 1 and 2

Let i be the 2-local part of &, given by h' =}, Myp T ® T? where rank (M) >
2 and {T%}, is a basis for the space of of traceless Hermitian matrices. Let S be a
two-dimensional subspace of cd spanned by orthonormal vectors |y) and |¢) to be
chosen later. Let P be the projector onto S and let V : C> — C¢ map onto S by
V = |Y) (0| + |¢) (1], so that VVT = P.

Let Hy=1® (I — P) € L((C%)®?) and let H; = h, then

(H)—— =1 ®V) | Y MaT @VT'V | 1@ V)
a,b

Then by Lemma 8 (first order), we can simulate an interaction F between a qudit and a
qubit, where F = Za’b M,pTe @ ViTbV.

Now we can assume we have access to F' interactions, and we design another gadget,
this time using a second-order mediator gadget involving two qudits 1, 2 and a mediator
qubit 3 (of local dimension 2). We choose Hy = I12 ® |1)(1] to act non-trivially only
on the mediator qubit, and H, = F|3 + F3; the interaction graph is pictured in Fig. 4.
The second-order term is given by

— (Hy)—+Hy '(H2)s— = —(I @ |0){0D(Fi3 + F23)(I © [1){1])(F13 + F23)(I ® |0){0])

== Y Mu(T{' + T{)Mea(T{ + T5) ® (|0><0|VTT1’V|1><1|VTTdV|0> <0|)
a,b,c,d

=— > MapMa(YITP1$)@IT ) (T + T5)(Tf +T5) © 0)(0]
a,b,c,d

=-V |:Z(Rac + Rea)T{' Ty + 1-local terms:| vHt

a.c

where V' = I1» ® |0) and R is a (d®> — 1) x (d* — 1) matrix with entries R, =
Zb’d My Mg (W TP ) (o T4 |r). By Lemma 9 (second order), and choosing Hj to
cancel out the unwanted 1-local terms (and add additional 1-local terms if desired), we
can simulate the interaction — Za,c(RaC + R )T Q TC.

Note that Ry = (Y| K¢|$) (#|K|¢) where K¢ = 3, My, T?, s0 R is positive semi-
definite and rank 1. Since R + R” is symmetric, if we can choose |1/) and |¢) such that
rank (R +RT) = 2, then the simulated interaction must be of the form —(A® A+ B® B)
and so is LA-universal by Lemma 19.

Suppose for a contradiction that rank(R + RT) # 2 for any choice of |) and |¢).
Since rank(R) = 1 = rank(R7”), this can only happen if R = R . That is, for any a
and ¢ and any choice of orthogonal normalised states |v) and |¢),

(WIK“ 1) (@K ) = (WK |d) (@K |Y). 16)

By the definition of K¢ and the fact that M has rank at least 2, there must be a choice of
a and ¢ such that K¢ and K€ are linearly independent. Fix this choice of a and ¢ for the
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remainder of the proof. The contradiction we will show is that Eq. (16) implies that K¢
and K¢ are not linearly independent.

Fix |y) and extend it to an orthonormal basis By, = {|¥), |le1), ..., |les—1)}. Then tak-
ing |¢) = |e;) forany i, Eq. (16) holds. Taking the sum overalli we have (V| K*K€|y) =
(V| K K?|Y). Since |¢) was arbitrary, we conclude that [K¢, K] = 0. So K and K¢
are simultaneously diagonalisable. Let |®) = \/%7 > ;i i), where {|i)} is an eigenbasis

for both K“ and K¢. We can decompose an arbitrary state |y) as [) = |¢') + b| D)
where [') is an unnormalised vector orthogonal to |®). Then

1
(@IK“|Y) = (@K |Y) + b(P|K|P) = (PIK“|Y) +bo Tr(K“) = (®|K“|y)

and similarly for K¢. So, setting |¢) = |®), as |y} is orthogonal to |®) Eq. (16) holds
for any choice of |¢/), and hence K*|®)(P|K¢ = K|D)(P|K*. Multiplying on the left
by (i| and on the right by | j) this gives A; it j = ;A ; where A; and u; are the eigenvalues
corresponding to [i) of K and K¢ respectively. This implies there exists C € R such
that A; = Cu; for all i, and hence that K¢ = CK€ which is the contradiction we
desired. O

We have now proven all the ingredients we need to show the following theorem,
which is the 2-local, single-interaction special case of Theorem 2:

Theorem 21. Let h be a 2-qudit interaction which is not 1-local. If, up to addition of
I-local terms, h = a|¥)(y|®? for some state W) and some o # 0O, then h is LA-
stoquastic-universal. Otherwise h is LA-universal.

Proof. Let h’ be the interaction obtained from 4 by deleting its 1-local part. Then, by
Lemma 20 % is LA-universal unless A’ = A ® B for some A and B. If A and B are
linearly independent, then A ® B + B ® A has 2-local rank 2 and so is LA-universal
by Lemma 20. Otherwise, B = BA for some 8 # 0, so i’ = BA ® A. Diagonalising
h using a local unitary U ® U and using Lemma 15, & is LA-stoquastic-universal.
In addition, if A # a|y)(y| + bI for some |) € C?, then h is LA-universal by
Lemma 17. O

We do not expect any larger class of two-local interactions to be LA-universal than
in Theorem 21, as shown by Lemma 18.

4.3. Extension to k-local interactions. In order to extend our results to interaction terms
that act on more than 2 qudits, we first show how 1-local terms can be used to extract
(k — 1)-local interactions from k-local interactions.

Lemma 22. Let h be a k-local interaction with a decomposition h = Zé:] A @ B;
where the A; operators act on k — 1 qudits and the B; operators are linearly independent.
Then using h interactions and additional 1-local terms we can simulate any interaction
in span{Ai}ﬁzl.

Proof. Fix a single qudit state |) € C¢, and let Hy = I ® (I — |)(y¥]) € L((C4)®k)
which acts non-trivially only on the kth qudit. Let H] = hand V = I ® |) be the
isometry V : (CH®k=1 . (C?)®* onto the groundspace of Hy. Then (Hj)__ =

v (S Awl B V.
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So by Lemma 8 (first order), we can simulate 2521 A; (¥|Bi|¥r). Using different
ancilla qudits projected into different states |¢) we can produce a linear combination of
such interactions. It therefore suffices to prove that span{x(‘/’) :|y) € C?) =R, where

xW) is the vector in R! with coefficients given by xi(w) = (¥ |Bi|y¥).
Suppose for a contradiction that the x ) do not span the whole of R, then there must
exist some non-zero A € R! which is orthogonal to x¥) for all /), so

l
ozzxixf"”=<w|<zx,-3,->|w> ViY) = ) AiBi=0
i=1 i i

contradicting the assumption that the B; are linearly independent. O

Let h be a k-qudit Hamiltonian and S be a subset of those k qudits. Define kg to
be the part of & which acts non-trivially only on S but does not have any part in its
decomposition which acts trivially on any subset of S. More precisely, take a basis
{1, B;} of Hermitian matrices on cd , where the B; are traceless, and decompose & as a
linear combination of tensor products of terms from these bases; then /g is the sum of
all terms which are non-identity on S and identity elsewhere. Note that h = ) ¢ hg and
Tri(hs) =0foranyi € S.

The following corollary is an easy consequence of Lemma 22.

Corollary 23. Let h be a k-qudit interaction, with a decomposition h = )_ ¢ hs where
hs is defined as above. Then, using h and additional 1-local terms, it is possible to
simulate the interaction hg for any subset S.

Proof. Let h have a decompositionh = Ao ® I + Zi A; ® B; where the B; are traceless
Hermitian matrices acting nontrivially on a single qudit. Then, by Lemma 22, we can
simulate Ag. This is the part of 7 which acts trivially on the last qudit and can hence
way, we can simulate any interaction of the form h(S) =Y gcghg for an arbitrary set
S. -

We now prove the corollary by induction on | S|, noting that the base case |S| = 1 is
trivial since we have access to all 1-local terms. Assume the claim for all subsets of size
[ and let S be a subset of size / + 1. By the induction hypothesis, we can simulate 4 g for
all subsets S” C S. Taking these away from h(S) we are left with hg as desired. 0O

We are now ready to generalise Theorem 21 to k-local interactions.
Theorem 2 (restated) Let S be a set of interactions, which are not all 1-local, between
qudits of dimension d. Then S is:

e L A-stoquastic-universal, if there exists |/) € C4 such that all interactions in S are,
up to the addition of 1-local terms, given by a linear combination of operators taken
from the set {1, |v) (¥, |) (¥ |®2, |¥) (¥|®3, ... })—furthermore, if S is of this form
and H is an S-Hamiltonian with local terms, then H is stoquastic;

e L A-universal, otherwise.

Proof. First note that by the same argument as Lemma 18, the Hamiltonians given in the
first case are stoquastic. Since not all interactions are 1-local, Lemma 22 can be used to
extract a 2-local interaction with non-zero 2-local part, which is LA-stoquastic-universal
by Theorem 21.

It remains to prove that any other set of interactions is universal. Define 7; to be
the space of /-local interactions that have no m-local part in their decomposition for
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m < [, and which can be generated by repeated applications of Lemma 22 to interactions
h € S (and taking linear combinations of such interactions). Given an interaction £ in
S, and a decomposition 7 = Y s hs, T; includes all interactions A such that |S] =/
by Corollary 23. It will therefore suffice to prove that there exists |¢) such that 7; =
span{(d|y)(y| — )®'} for all [, as then H = > s Hs will be of the desired form.

We prove this claim by induction on /. Note that 7> is non-empty unless all interac-
tions in S are 1-local. By Theorem 21, each interaction in 7> must be proportional to
(d|y)(yr| — ®? for some state |1). Moreover, the state |y) must be the same for all
interactions in 7, or we could simulate (d|y) (y| — I)®? + (d|y) (¥'| — I)®? for some
[¥) # |¥’), which is LA-universal by Lemma 19.

Assume now that the claim holds for 7; and consider an interaction F in T7,1. Write
F =3, A; ® B;, where B; are traceless single-qudit operators. Then, by Lemma 22,
span{A;} C T;. Therefore, by the induction hypothesis, F = (d|y¥) (| — NH® ® B for
some single-qudit operator B. By applying Lemma 22 to a different qudit, we conclude
that B must also be proportional to (d|y¥) (| — I) as required. O

5. SU (d) Heisenberg Interaction

In the remainder of the paper we prove universality for some families of interactions
where we are not assisted by free 1-local terms. We consider interactions that generalise
the familiar Heisenberg interaction 7 = X ® X +Y ® Y + Z ® Z for qubits. The
Pauli matrices X, Y, Z correspond to generators for the fundamental (2-dimensional)
representation of the Lie algebra su(2). So two natural ways to generalise the interaction
h are to consider su(d) for d > 2, or to consider higher-dimensional representations of
su(2). We study both of these generalisations, beginning with the former.

We first review the mathematical aspects of these generalised Heisenberg models
that will be important for us, and in particular the required concepts from representa-
tion theory. Throughout this section, [20] will be a useful reference. The fundamental
representation of the Lie algebra su(d) is given by the space of traceless antiHermitian
d x d matrices. We will follow the physics convention of considering a set of traceless
Hermitian operators {7} such that the real linear span of {i 7%} gives the fundamental
representation of su(d). The basis can be chosen such that Tr(7¢ Y = %8[,1, so that the
structure constants fyp., defined by [T, T = Zc ifabe TC, are completely antisym-
metric. For example the Pauli spin matrices i X/2,iY/2,iZ /2 are such a basis of su(2).
The SU (d) Heisenberg interaction 4 is given by

d*—1
ho= Z T ® TC. (17)

a=1

which (up to rescaling and adding an identity term) is the only two-qudit operator which
is invariant under conjugation by the unitary U ® U for any matrix U in SU(d).

5.1. Notes on the representation theory of su(d). A representation of a Lie algebra g is
a vector space A and a linear map R : ¢ — L(A) from g to the space of linear maps
on A, such that [R(x), R(y)] = R([x, y]) for all x,y € g. The Lie algebra su(d) is
semi-simple, which means that any representation R has a direct sum decomposition
such that:
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R=@Ri and Az@Ai (18)
1 l

where each R; : g — A; is an irreducible representation.

The irreducible representations of su(d) can be labeled with a Young diagram of
at most d rows. The fundamental representation has a Young diagram of a single box.
The antifundamental representation or conjugate representation has Young diagram of
a single column of d — 1 boxes, and is given by Reonj(T¢) = —(T“)* where * denotes
complex conjugation. The trivial representation is a one dimensional representation in
which Ryivial(T%) = 0, with Young diagram consisting of a single column of d boxes.
The adjoint representation is an d?* — 1 dimensional representation in which Rygjoin acts
on the Lie algebra itself with the action of the Lie bracket, Radjoim(T”)Tb = [T, T".
The adjoint representation has a Young diagram of one column of d — 1 boxes and a
second column of a single box.

For a given representation R of su(d), the quadratic Casimir operator Cg, is defined
by Cr =), R(T*)R(T*). Note that Cr commutes with all elements R(T?):

[Cr. R(T")] =Y [R(T)R(T*), R(T")]
=) (R(T“)[R(T”x R(T")]+[R(TY, R(T%]R(T“))

= ifave (RCT)R(T) + R(T)R(T*)) = 0

a,c

since fupc 1S antisymmetricina, ¢ and R(T4)R(T€)+ R(T€)R(T*) is clearly symmetric
ina,c.

When R is an irreducible representation, Schur’s Lemma implies that Cg = cg! for
some cr € R known as the Casimir eigenvalue. For an irreducible representation R of
su(d) with corresponding Young diagram of n,,,, rows of length by, by, ..., b,,,,, and

Nl columns of length ay, az, .. . a,,,, and [ boxes in total, the Casimir eigenvalue cy is
[20, equation (19.14)]

1 Nrow Neol
cR=§|:l(d—l/d)+Zbi2—Zai2:|. (19)
i=1 i=1

For a representation R with a decomposition as in (18), Cr = @i Cg,; and so each
eigenspaces of Cg corresponds to a space A; with corresponding Casimir eigenvalue
CR;-

Given two representations R; and R, we can define a new representation R; ® R»
called the tensor product representation on the space A; ® A, by

(Ri®R)(TY) =Ri(TY®@ L+ 11 ® Ro(T?)

Even when R and R; are irreducible representations, the tensor product representation
is not in general irreducible. The irreducible representations R; in the decomposition
(18) of Ry ® R, can be calculated using the Young diagrams of R and R;. This process
is described in detail in, for example, [20, Section 19.3]. If R; and R; have Young
diagrams of /1 and /> boxes respectively, then every irreducible representation in the
decomposition of R| ® R, has a Young diagram of /1 + [ boxes.
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Fig. 5. Interaction graph of the gadget used in Sect. 5.2. Hy acts on the mediator qudits 3 and 4, which results
in an effective interaction between the qudits 1 and 2

5.2. Alternative SU (d) invariant interaction. We briefly note that an alternative gener-
alisation of the Heisenberg model has also been studied in the condensed-matter theory
literature [6,33,39]. The qudits of the system are partitioned into two subsets A and B,
and the interaction graph is bipartite, with no interactions acting within A or B. The total
Hamiltonian H is of the form

H=">"h whereh—ZT“@( T%y*
i€A,
]EB

where * denotes complex conjugation. Since ), T¢T¢ = %I by Eq. (19), we have

~ d*>—1
o+ - I_ZT“ ® (—=TH* + (T“T”®I+I®(T”) (—T9*)
Iy
2
a

where T¢ = T4 RI+1®(—T“)*. Thus his, up to a multiple of the identity, the Casimir
operator in the 7¢ representation and so commutes with 7 for all a. This implies that
the total Hamiltonian H is now no longer invariant under conjugation by the unitary
U®", but is invariant when conjugated by U®4| @ (U*)®IBl.

Note that 7 is the tensor product of the fundamental and antifundamental represen-
tation which decomposes into a direct sum of the trivial representation and the adjoint
representations (this can be seen using the Young diagram method, as descrlbed for ex-
ample in [20, Section 19.3]). Therefore, as 7 annihilates the state |¢) = f Yo lle),

h+ 5 dll =3 Z TaT4 also annihilates |¢), and has elgenvalue 5 Cadjoint = d/2 on

the rest of the space. Therefore K is just a linear combination of the identity / and the
projector onto |¢):

1 d

h= 51— 31¢){¢l (20)

We will show that this Hamiltonian can simulate an arbitrarily weighted SU (d)
invariant interaction h = )", T% ® T“ on the A qudits using a second-order mediator
gadget. Consider a system of four qudits with qudits 1,2,3 € A and qudit4 € B as in
Fig. 5. Let V = 112 ® |¢)34 and let T = V VT be the projector onto the state |$)34. Let
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Hy=1-11= %(’534 + ‘%I), Hy =0and H; = 7114 + ;1,7124 for some 1 € R. Since
[IM4T1 = (Tr M)II for any M and the T¢’s are traceless, [1H,I1 = 0, and so

NH T — IH Hy ' HyTl = —~TTHy (I — T Ha 11

1
— Z(Tf + MT;)E Te(TTP) (TP + nTH1
a,b

d* =1 H aga
y¥e I—EZTI 7411
a

d?> -1 7
VI[—+p? I—Zn)vf
((+/¢)M2 d)

=—(1+u?)

where we used that ) (T ) = ‘122—;1] in the third equality. Therefore by Lemma 9
(second order), and by adjusting i accordingly, we can simulate an arbitrarily weighted
h interaction up to the identity term.

In order to show that % is universal, it will therefore suffice to consider only 4. We
will do this for the rest of the paper.

5.3. Encoding a logical qubit in a 2d-qudit gadget. We now consider a system of k
qudits each of dimension d, and will use subscript notation to denote which qudit an
operator acts on, so 7/ denotes the action of 7¢ on qudit i and the identity elsewhere.
For a non-empty set S C {1, ..., k} we use the shorthand 7§ = } ;¢ 7. For any such
S, the operators {7 }, form a representation of su(d); it is the representation given by
the tensor product of the fundamental representation / = | S| times.

Consider the following Hamiltonian, given by the quadratic Casimir operator in the

{T§'}a representation:

cw = Y rms = Y ( Sner e Y nens o
a

a \i#j i

1d*—1
=Zh,~,~+¥1 (22)
£ 2d
i#]

where we have used Eq (19), the formula for the Casimir value. As discussed above, to
understand the eigenspaces of C(S), it suffices to know the irreducible representations
contained in the decomposition of {TS“}a. In particular we note that C(S) is a sum
of squares of Hermitian matrices so is positive semidefinite, and the Young diagram
consisting of a single column of d boxes is a one dimensional irrep, with Casimir
eigenvalue zero, corresponding to the state W), the completely antisymmetric state on d
qudits. The 1-dimensional irrep is known as the trivial representation because 7 |¥) = 0
for all a.

In [16], the representation theory of su(2) was used to understand the ground space
of the qubit Heisenberg model on the complete (bipartite) graph. This was important
as each gadget in their construction contained two logical qubits: one with which an
interesting simulation could be implemented, and one which could only implement qubit
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2

2
Fig. 6. Interaction graph of Hy = C(E) + C(A) +C(B) — YD1 ford = 4

Heisenberg interactions. The analysis of the complete bipartite Heisenberg model made
it possible to project the second logical qubit of each gadget into the non-degenerate
n-qubit ground state of this model. Here, we similarly use the representation theory of
su(d) to understand the ground space of the SU (d) Heisenberg model on the complete
graph, but our motivation is quite different. We will use a gadget construction to encode a
single logical qubit within a gadget of 2d (constant, independent of system size) physical
qudits. The construction here is more closely related to the construction in [17, Theorem
42].

The gadget construction, which encodes a logical qubit within 2d physical qudits,
is a second-order perturbative gadget which via Lemma 9 will implement effective
interactions across pairs of logical qubits. We consider a system of 2d qudits, each of
dimension d, and each with a label in E = {1,2,...,2d}. Let A = {3,4,...,d + 1}
and B = {d +2, . ..2d} and consider the Hamiltonian Hy € L((C%)®24)

@ -1
H0=C(E)+C(A)+C(B)—TI, (23)

whose interaction graph is pictured in Fig. 6. The —(dzd—_l)l term will simply ensure
that the ground state energy of H is zero, so that the requirements of Lemma 9 (second
order) are met.

First we will show that the ground space of Hy—which will form our logical qubit—
is indeed two-dimensional. In fact the two states in the ground space of Hy sit in the
respective ground spaces of C(E), C(A) and C(B). The eigenvalues of C(A) are the
Casimir values of the representations corresponding to Young diagrams of d — 1 boxes
with values as given in Eq. (19). The lowest eigenvalue occurs when these boxes are
arranged in a single column. The ground space of C(A) is therefore the d-dimensional
space Hantisym(d — 1) of antisymmetric states on the d — 1 qudits in A, correspond-
ing to the Young diagram of a single column of d — 1 boxes. Let {|i)}l’?l:1 be an or-
thonormal basis for C¢, then there is a unique (up to a phase) antisymmetric state |v/;)
inspan{[1l),...,[i —1),[i+1),... |d)}®4=1 These states are clearly orthonormal and
form a basis for Hantisym (d — 1).
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Fig. 7. Irreducible representations in the decomposition of the ground space of C(A) + C(B). The rules for
taking the tensor product of representations given as Young diagrams can be found for example in [20, Section
19.3]

Then the groundspace of Hj contains

[p1) = [W)141W)op and  [¢2) = (W) 15|¥)24,

where |W) is the completely antisymmetric state on d qudits,

f Y sen(@)lo (D)o (2))... o (d) (24)
geSy
:ﬁZuwn 25)

and {|i)}; and {|v;)}; are the orthonormal bases for C¢ and Hantisym(d — 1) as defined
above. Clearly, these states are in the ground space of C(A) and C(B), and |W¥) is the
antisymmetric state on d qudits so Ty annihilates |¢;) and |¢2), implying that these
states are also in the ground space of C(E). To see that these are the only two states
in the ground space of Hj, we note that the ground space of C(A) + C(B) is spanned
by states in the representations given in Fig. 7. The C(E) term forces the ground space
of Hy to be the two dimensional space corresponding to the two copies of the Young
diagram of two columns of d boxes.
It is important to note that |¢1) and |¢;) are not orthogonal:

1
(@1lg2) = — D (Wl GIw1) (O IDIYe) (26)
ij.k,l
Z BikSindjdjk = — Zsu == 27
i,j,k,l

In order to calculate perturbative gadgets we want to understand the action of the
physical interaction & defined in (17) in this logical qubit space. First we calculate
M (TETP) = (¢i| TE TP |p;) forall a, b, i, j and any k, [ € {1,2, A, B}, and then we
will convert to an orthogonal basis later. We only show the calculations for three of these
values, as all others can be calculated by symmetric arguments, and recalling that (T +

T¢)|W),4 = 0. For example, we can calculate (1T T2 |¢n) = — (1T T ¢n) =
(@1 TPT] |¢2).

1
GUTET 160 = =5 D (Wl ) TETP (R ) D) (28)

i,j.k.l

1
= Z (ITTP k)88 181 (29)
i,j,k,l
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1 amb
ETr(T T?) (30)
1
(DUTLTY 19) = 7 Z (GG 1) TET (1K) 1) 1) 1)) 3D
i,j,k,l
1
=5 D GITT 1K) 81818 (32)
i,j,k,l
1 arb
= 3 Te(T1") (33)
1
(DUTPTY 1) = 7 Z (Gl G Iw5) TETy (1K) |y) 1) 1)) (34)
i,j,k,l
1
=3 D GIT RS IT D81 (35)
i,j,k,l
a}z Te(T) Tr(T?) = 0. (36)
We then have
. Te(T4TY) (a1 . Te(TTY) (—g —1
M(T, T1b)=T<1d> M(T1T3)=T<—1 O) 37)
. Te(T°T?) (0 —1 ‘ Te(T°T") (01

Now let V : C? — (C%)®2? be an isometry that maps onto the ground space of Hy,
span{|¢1), |¢2)}, defined by its action on the basis states:

d
V|O>=‘,2(d+1) (I¢1) +192)) (39)

d
V1) = 3d-1) (|¢1) |$2)) (40)

Then the action of T T]fl in the ground space of Hy is given by VTTl.“ Tj“ V in Table 1.
Therefore by Lemma 8 (first-order), choosing Hy = ahi4 + Bhi for o, B € R, we can
simulate any logical 1-local interaction in span{X, Z}, up to an identity term.

5.4. Second-order terms. We now want to simulate interactions between two logical
qubits using a second-order gadget, via Lemma 9. Consider two copies of the gadget
above with qudit labels {1,2,...,2d} and {1’,2/,...,2d'} respectively; so now the
heavy term is ﬁo =IQHy+Hy®I € LUWCH®yandV @V maps onto the ground
space of Ho. Let IT = T ® II be the projector onto the ground space of Hy. Hj is
chosen as in the previous section to simulate any 1-local terms desired. We will choose
H, = Z i ] aijh;j, so we need to calculate

THy (Ho) ™ Hall = ) aijon Thij (Ho) ™ i TT
ijkl
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2
Table 1. Action of T T;‘ in the ground space of Hy = C(E) + C(A) + C(B) — (dd;l)l

(. j) VTV
(1,1, (2,2), (A, A), (B, B) !

1 d>=2
(1, A), 2, B) Nﬂ— 4(dz_1)z—4d<dz 0’
(1, B), (2, 4) Lz d22

4 /dz 4(d2 1) 4d(d?—1)

(1,2). (A, B) @ 0% @

The difficult part of this calculation is to understand how the (f[o)_l term acts. We
consider just a single gadget first: for any state |i) in the ground space of Hp, we will
show that HoTl.bW) = dTl.blv,h) foranyi € {1, 2, A, B}. We provide a proof for the case
i = 1, but the other cases are similar.

It is easy to check that the states {Tth)}h are orthogonal and that T} acts on this
space as the adjoint representation:

TET W) = | TETE+ Y TP T | ) = (1T = TP ) 1) = 17 T )
i#1
where the second equality holds because T¢[yr) = O and so }, ; T'|y) = —T{' ).

Therefore le |) is an eigenvector of C (E) with the Casimir eigenvalue correspond-
ing to the adjoint representation, which has Young diagram consisting of one column of
length d — 1 and a second column of length 1. By Eq. (19), this eigenvalue is given by
Cadjoint = d, which we can also check directly:

CyTi = S TETETIW = X [ 1t 1 (D

——Zfabcfacen v = beeTl V) =dT{ 1Y) (42)

a,c,e

where we have used the antisymmetry of the structure constants f,;. and the definition
of the Killing form «,p = Zc’e Sace frec = —2d Tr(T* Tb).

Furthermore, the operator le does not act on A or B so the state leW) is still
antisymmetric with respect to permutations within A and B and so is in the zero-energy

ground space of C(A) +C(B) — <1 and so H()Tbh/f) dle |¥) as claimed.
Thus H()hk[/ = 2dhk1/l'l for k,l € {1,2, A, B} and so

- ~ - 1 - ~ 1
1 _ Tl = — agb ab
Hhij/(Ho) hip T = 2d th] hip T = >d Eb nryr,ne HTJ'/TZ/H
a,

1 ara aga
=52 NTTEN @ NTSTI,

which corresponds to a logical operator that can be read off from Table 1. We choose
a;; = 1if (i, j) € {(1, A), (2, B), (A, 1), (B, A), (B, B)} and a;;; = 0 otherwise. Then

5 . . 3
—THy(Hy) 'HpT1 = Vev) (xx tor 22+ 1-local terms) (Ve V),

8d(dZ —1)
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which can be checked either by hand or using a computer algebra package. Therefore
by Lemma 9 (second order), we can choose Hj to cancel out the unwanted 1-local terms
(as described in the previous section), and simulate the interaction ot (X X + C% Z7) for
an arbitrary positive weight . This family of Hamiltonians was shown to be universal'
in [38, Theorem 2]. This completes the proof of the following theorem:
Theorem 3 (restated). For any d > 2, the SU (d) Heisenberg interaction 7 := ) _ TR
T4, where {T“} are traceless Hermitian matrices such that Tr(T¢T?) = %Sab, is univer-
sal.

The following corollary is an immediate consequence of Theorem 3 and the discus-
sion in Sect. 5.2.

Corollary 24. For any d > 2, the alternative SU(d) Heisenberg interaction ho=
— >, TR (T*)*, where {T“} are traceless Hermitian matrices such that Tr(T* TPy =

%Sab, is universal even on a bipartite interaction graph.

6. Rank 1 Projectors

In this section we consider the family of S-Hamiltonians where S contains a single
rank 1 projector P onto a two qudit state [1/) € (C¢)®2. We prove universality even in
the restricted setting where interactions are only allowed between qudits on a bipartite
interaction graph. We note that this also trivially implies universality without such a
restriction.

Theorem 5 (restated). Let P = |) (/| be the projector onto the two-qudit state [¢) €
(C%)®2, Then Hamiltonians of the form

H = Z aij Pij

icA,jeB

where A and B are disjoint subsets of qubits and «;; € R, are universalif [v/) is entangled.
Otherwise, if |Y) is a product state, then this family of Hamiltonians is classical.

We observe that we have already shown that the alternative SU (d) Heisenberg in-
teraction is universal in Corollary 24, which is the special case of Theorem 5 where

V) = 7 2 1D

Proof. We first conjugate the entire Hamiltonian by a total unitary
(®ical) ® <®j63 V). This allows us to perform a change of basis of the form

UV)PjU® V)T for each projector P;;. Therefore, by the Schmidt decomposition,

we may assume without loss of generality that |¢) = Zle AiliY|i), where A; > 0
and the A; are in non-increasing order. If |1/) is a product state, then the Hamiltonian is
clearly classical, since P is diagonal in this basis - it is the projector onto |1)|1).

So assume that |/) is entangled; we first show how to simulate some 1-local operators
using mediator qudit gadgets. For three qudits 1,3 € Aand 2 € B,let Hy = I — P3
and H; = P;» be operators in L((C%)®3). The interaction graph is pictured in Fig. 8.
Let IT be the projector onto the ground space of Hp andlet V = I ® |y/)3, (Which maps
onto the ground space of Hp), so that

1 Note that the results of [38] are stated in terms of QMA-completeness, but it is easy to check that, in
combination with [17], they imply that universality holds for this interaction.
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le® O O 3
2

Fig. 8. Interaction graph of the gadgets used in the proof of Theorem 5. Hy acts on the mediator qudits 2 and
3. An effective 1-local interaction is produced on qudit 1

H\IT = Py P1a Py = (ZA AT @) (@ 1i) Jl) (Z)»k)»llk l|®|k)(l|®1) P3

i,j k,l

(ZA Mu e b @i ;|) (mex [®|m)in| @ |m><n|)

i,j,l m,n

= (Z Mkl )1 @ i) (n] © |i><n|) =R Pp=VRV'

i,j.n

where R is the single qudit operator R = ) j Ajf |7)(j|. Then by Lemma 8 (first order)
we can simulate R.

We can now therefore assume we also have access to the 1-local interaction R on
any qudit in A, and we will construct another gadget of the same form, see Fig. 8.
Let H = (o + > P12 and H» = B(P12 — Ry) for some arbitrary o, 8 € R, with
Hy=1— P,V =1® |Y¥);, and IT as before. We note that [TH>IT = 0, so

M [Hy — Hy(Ho) 'Hp] T = P3; [( + B*) P12 — B> Pro(I — P32) P12 ] P32
= aPy PPy + (PP Pn)* = (@R + 2R P3
= V(R +B*RHV.

So by Lemma 8 (first order), we can simulate the 1-local interaction « R + 2 R? on any
qudit in A. By a symmetric argument, we can also simulate « R + 82 R? on any qudit in
B.

To complete the proof, we consider the following two separate cases:

(1) R has a degenerate eigenspace with non-zero eigenvalue.
Suppose there exists # > O suchthat J = {i | }; = u} € {1, 2, ..., d} has two or more
elements. Then R = RZ — 2u*R + u81 = (R — n*D)? is positive semidefinite with
ground space projector IT =", _, |i)(i|. Letd" = |J| and let V : cd - ¢d map onto
span; (1))
Let Hh=1® R+ R® I and let H; = P so that

(H)-—— =M @MPM M) =u> Y [i)(jl®i)jl = 1> (V@ VIRV & V)’
i,jeJ

where 7 is the alternative SU (d") Heisenberg interaction (see Eq. 20). Therefore by
Lemma 8 (first order), we can simulate a Hamiltonian of alternative SU (d") Heisenberg
interactions on a bipartite lattice, which is universal by Corollary 24.
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(ii) The eigenspaces of R with non-zero eigenvalue are non-degenerate.

Without loss of generality, assume that the A; are ordered in non-increasing order. The
assumption that |¢) is entangled implies that A1, Ao > 0. Since we are not in case (i),
we know that A; > Ay and A, > A; for all i # 1, 2. Then the operator R=R?— ()flL +
A3)R + A{A51 has two-dimensional ground space span{|1), [2)}. Let V : C?> — C? be
the isometry which acts on the qubit basis states as V|0) = |1) and V|1) = |2).

Let Hy = I®R+R®IandletH1 = P, so that

(HD——= Y xrjli)(jl® )]
i,je{l,2}
( A2+AZ AZ M- ) ;
—vewn |22xx vy + ZZ+1)+ ZI+I1Z2) | (VeYV)

So by Lemma 8 (ﬁrst order) we can simulate a Hamiltonian of interactions of the form

M2 (XX - YY)+ i +*2(22 4+ A2(21 +12).

The 2-local part of thlS interaction was shown to be universal in [38, Theorem 3], even
when the interactions are restricted to a bipartite interaction graph. It remains to note
that the gadget for removing the 1-local part of an interaction presented in [16] takes
place on a bipartite interaction graph. O

We remark on the efficiency of this simulation in the case when P projects onto a
state |¢) that is almost a product state. In this case A1 & 1 and Ay < 1 so the size of
the effective interactions (in both case i and ii) is small unless we scale up all the terms
in the gadget. This means that the interactions strengths of the terms in the simulator
Hamiltonian scale as poly(1/A3).

7. SU (2) Heisenberg Interaction on Qudits of Dimension d

Next we consider the SU (2) Heisenberg interaction in local dimension d. Let §*, §¥, §*
form a d-dimensional irreducible representation of su(2) corresponding to the qubit
operators 0* = X/2,0Y = Y/2,0% = Z/2. As a representation they must satisfy
[§4, S b 1=, i€apc S, where €4p is the completely antisymmetric Levi-Civita symbol
which satisfies the following standard identities:

Zfabcgaef = Sbe(scf Sbface = ZeabLEabf = zacf (43)
a,b

Then the SU (2) Heisenberg interaction on qudits of dimension d is defined by
h=Y s'®Ss"
a

We first prove some preliminary technical results that will be useful later on.

The irreducible representations of su(2) can be labelled by their dimension. Let R@
be the unique d-dimensional irreducible representation which maps R? (¢%) = §%. The
Young diagram corresponding to R‘@ has a single row of d — 1 boxes and the Casimir
eigenvalue of this representation is A := (d*> — 1)/4 by Eq. (19), so Y oS48 =l
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The tensor product of two d-dimensional representations has a direct sum decom-
position into all odd-dimensional representations of sizes 1, 3, ..., 2d — 1 (this can be
seen using the Young diagram method, as described for example in [20, Section 19.3]):

R(d) ® R(d) — R(l) D R(3) ) R(del) (44)

Letting s = (d — 1) /2, this is the familiar decomposition of the total spin of two particles
of spin s.

For two qudits of dimension d labelled E and F,let Hy = hgr + Al = % Za(S“E +
SE)(SE + S%), which up to a multiplicative factor of 1/2 is the Casimir operator in the
representation {S% + S%}4, so has eigenspace decomposition as given in Eq. (44), with
eigenvalues half of the corresponding Casimir eigenvalue for that representation.

Let | £ F) be the state corresponding to the trivial one dimensional representation in
the decomposition, for which (S% + S%) [ gr) = 0 for all a. In the standard choice of
basis this is given by

d—1
1 .
lWEr) = 7 §<—l>‘|i>E|d —i)p.

The following identities involving |Y¥gr) can be derived from the fact that
(VEpIME|VEF) = LTr(M) for any single qudit interaction M and the trace formulas
from [35]; we include the proofs in Appendix B.

A . iA
(WErPISEIWEF) =0, (Yerp|SESRIVER) = Z8a,  (VEFISESESLIVER) = — €abe

3 6
(45)
A
<WEF|SHESI£‘SCESE‘|10EF) = E (O‘ - 2)80(‘81’)6 + ()L + %)(aahace + Saeshc)) (46)
In particular the second equation of (45) shows that the states {S% |V g r) }2:1 are orthog-

onal; in fact they span the space on which S + 5% acts as the 3 dimensional adjoint repre-
sentation in the decomposition, since (S%+S%)[¥ g r) = Oimplies (S% + S‘[;)Sg [VEF) =
[S%, Slg]lep>. We can check that Hy has eigenvalue 1 on this space:

1 1
HoSEIWEr) = 5 D IS5 1S5 SENWEF) = 5 ) —€ace€are SEWEF) = SEIVER).

a a,c,e

Finally we wish to show that the states (3 {S%, 5%} — %Sbc) | £ ) arein the 5-dimensional
eigenspace of Hy with eigenvalue 3.

1 1 .
HoSESglver) = 5 ) (Si +S)(Sk + SPSESplver) = 5 D ISk, (S5, Sy Splllver)
a a

1
= 3 > (IS IS, SENISE +2(SE. SPISE. S5)+ SISELSE. SE1) IWer)
a

1
= _E <6abeeaefS£ S% + zeabeﬂchsg Slf; + €ace€aef SIE Sg) W/EF)

ae,f
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= (2S§SCE — ) " @Bpeber — abfs(-asgsg) WEr)
e.f

= (2S§S§ — Sperd + SgSZ) WEF)

where we have used Eq. (43) and ), S°S¢ = AI. This implies that Hp
(5085, S5} — %8pel) 1WEr) = 3 (3185, S} — §0bel) [WeF) as desired.

7.1. Simulating h* with h.

Lemma 25. A Hamiltonian consisting entirely of SU (2) Heisenberg interactions h can
simulate a Hamiltonian of the form Zij a;jhi; + ,Bijhizj for arbitrary a;j, Bij € R and
Bij = 0.

Proof. To apply an arbitrary interaction of the form ah + Bh% across qudits 1 and 2,
we will use a mediator gadget with a pair of mediator qudits labelled E, F under the

heavy interaction Hy = I1o ® (hgr +Al) € L((Cd)®4) for A = d{T—l as in the previous
section. Let IT = I ® |V gF)(¥EF| be the projector onto the ground space of Hy.

This will be a fourth-order gadget so we must define Hamiltonians Hy, H», H3, Hy €
L((C%)®%) in order to apply Lemma 12 (Fig. 9). Let

Hy = po(hig +haop) = pa ) _(S§ +S5)8F = pa Y 555,
a a

~ 2
where §¢ = S{ + 85, and let Hy = uihi2, Hb = 2‘fTZA(hlz + Al), and Hy =

3
— MT"’)“ (h12+MA1), where 111, 47 are real coefficients to be chosen later. Note that Ay +A 1 =

% Za saga, Hy, Hy, H3 all commute with I1, so are block diagonal with respect to the

split H_ & H.. We can use Eq. (45) to check that the remaining condition of Lemma 12
p q g

is satisfied,

MHT = w2 ) (S{ + S (Wer|SElver)T = 0.
a

F

1 2

Fig. 9. Interaction graph of the gadget used in the proof of Lemma 25. H) acts on the mediator qudits E and
F. An effective interaction is produced between the qudits 1 and 2
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Since Sg |YE F) is an eigenvector of h g g + A1 with eigenvalue 1 , we have Hy H4I1 =
H4TI1. This significantly simplifies the calculations required to determine the effective
interaction produced using Lemma 12:

THy Hy' ' HyTl = TI(H2) T = 113 ) (S{ +S5)(S} + S Y r|SESE [Wer)TT
a,b

2 2
_ MgA Savhry _ 2H3A _ .
== Y 54584501 = 3 (h2 + AT =TI TT;

MHyHy ' HyHy " HaTl = T1(Ha)T1
=113 ) (S§+ ST+ SH)(SY + S (Wer|SESESEIYER)TT

a,b,c

3
HAA . ~ oy~
= % Z i€ape SO SPSE

a,b,c
“2 ZSCSC “2 (hyy + 20T
— _TIH5II.

In the final set of equations we have used the following useful identity which holds
for any OEerators S@ which form a representation of su(2) and thus satisfy [S“ sb 1=

Z i€abeS
Y eSS =31 . (each 5 4 €pae 5P S ) Zeabc [54,5%1  47)

a,b a,b

1 s ~ ~
= _E Zeabceabese = 8.5 = —S°. (48)
a,b

To use Lemma 12 (fourth order), we need to calculate (H;)__ + A — B where
A =TIHyHy ' HyHy ' HyTland B = TIHyH, ' HyH, ' HyHy ' HyT1. First we calculate
A using Eq. (45) to find

4 2
A o
A =THsHy HyTl = =22 § SaSPSP S (Ypp|SESS | WER)TT 29 > Seshsbsem
a,b,c a,b

Calculating B is more complicated:

B =TI(Hs) Hy ' (Ha)’TI = p3 Y S“SPSCS(yep|SE Sy Hy ' S Sg1ver)TT

a,b,c,e

We therefore need to calculate (1//5F|S%S‘1§HO_IS%SE|¢EF), which can be done by
recalling from above that (%{Sb, S — %Sbcl) |[YEF) is in the eigenspace of Hy with

eigenvalue 3, and [Sg, S%1 =", frceSt, for some coefficients fyce, so [S%, SEIVEF)
is in the eigenspace of Hy with eigenvalue 1. Then we have

(VEFISESS Hy ' SSS4 W EF)
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_ a ¢b pr—1 l ¢ qe _& 1 ¢ qe &
= WerlSpSpHy | 548k, Set = F0cel + 1S, Spl+ Zdcel ) IV EF)

1 1
(1/fEF|SaSE( < {SE. Sg}— 5ce1> 5l %,SE]>IWEF>

2 1 A
= (VEF|S%LSh (gSES% - 352"555 - §5ce1> [VEF)
A

=5 (0 $)8acbe + (A +3)8aedpe + (5 — 32)8apdce)

where we have used Eqgs. (45) and (46) in the last equality. And so we have

k oy o ~ ey o~ o o
A—B= 45 > (G = 0FBPTE 4 @h - 3TFTT 4 G — HFUTFE).
a,b

Then we substitute in the following relations which are an easy consequence of Eq. (47):
PR
a,b

- (s“s“sbs” + 59058, 59 Sb> (S“E“E”Eb +Ziebm,§“§“§”>
a,b c

=2

a,b

> Segeshst — Y sese
a,b c

(55 + 54513, 501) = 1 (59550 4 ZiebaC§“§b§">
C

™
“l
“
C/é!
A
Il
M

IS}
<

a,b
COOSE B b
' a,b

IS}
<

4
'M2)L 11 a'ca’ch b 9 Scce
A—p=12 P DR )35
45 (3 Z 2 ;
= e (4(11A + 3)h%2 + (8822 + 300 — 27)h 2 + (4422 + 18), — 27)u) m

where we have used ), S¢S = 2(h1p + A1).
Let ) = o — 355 (882% + 301 — 27) and pp = (1358/4(1142 +31))1/4, noting
that 1112 + 3A is positive for all > 2. Then

TH T+ A — B = (ahiy + Bhi, + DI = V(ah + Bh*> + VT

for some ¢ € R, and where V = I1» ® |YgF). So by Lemma 12 (fourth order) we can
simulate ah + Bh? +cl.

Finally, since this is a fourth-order gadget, we must check if there is any cross-gadget
interference when we use multiple gadgets in parallel. Let [T be the projector onto the
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ground space of all gadgets being applied in parallel. By Corollary 14, the interference
between gadgets i and j is given by

1 . 12
3T [H B | T

If Hf) and H:j ) commute then clearly there is no interference. Assume without loss
of generality that gadget i simulates an interaction between qudits 1 and 2 with H, i” =
,u(zi)(hl E; + hag;) and gadget j simulates an interaction between qudits 1 and 3 with
Hij) = ng)(/’llEj + h3E;). Normalising by a factor of (/L(zi))z(uvéj))2 for convenience,
the cross-gadget interference is proportional to

1
2182 (s
2
1 b by ¢b
= 5T [Za:(sf +59)5% . Zb:(sl +SNSE, | Mot

1
== D_ ST, STNST, S11MaiSE, S, g, 5%, M

. ~2
ot [Hil), Hi'/)] Mot

a,b,c.e
12 a4 obiroa ob A2 cge
:_E?Z[ . STIsT. 871 = T D" €abceaveSiS;
a,b a,b,c,e

e 23
=) S8="1
9 Z )

where we have used Eq. (45) in the third equality. Therefore the cross-gadget interference
is proportional to the identity, which corresponds only to an unimportant energy shift,
and so can be ignored. 0O

7.2. h and h? simulate qutrit SU(3) Heisenberg interaction. Let C be the Casimir op-
erator corresponding to the {S{ + S5}, representation of su(2). Given access to h? and
h interactions, we can produce the two-qudit interaction

2
Hy = (C —21)* = <Z(Sf +89)(S§ + S§) — 21) = Qh1p + 201 — 21)?
a
—4 (h%z +200 — Dhyg + (0 — 1)21) ,

where as before A = (d> — 1)/4. This operator is clearly positive semidefinite and has
eigenvalue zero only on the 3-dimensional representation in the decomposition (44),
since the 3-dimensional representation has Casimir eigenvalue 2. We will use this 3-
dimensional space to encode a logical qutrit. For any 4 qudits (1, 2), (3, 4), where each
pair is restricted to this space, the operator

Hy=hi3+hig+hy+hag =) (S§+55)(S§ + S5
a
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20 O 4

Fig. 10. Interaction graph of the gadget used in Sect. 7.2. A logical qutrit is encoded into each pair of qudits
(1,2) and (3,4)

acts as a logical qutrit SU(2) Heisenberg interaction. So by Lemma 8 (first order) we
can use the interactions 4 and h? to simulate a Hamiltonian of 4’ interactions between
qutrits, where /2’ is the SU (2) Heisenberg quitrit interaction (Fig. 10).

Then by Lemma 25, it is possible to simulate any Hamiltonian H = ), s jh;j +
Bij (h;j.)z, where ;; > 0. In particular one can set «;; = f;; and simulate Zij Bij (hgj +
(n; j)z). Then A’ + (h')? is the SU(3) Heisenberg interaction, which is universal by
Theorem 3 (even with non-negative weights). This completes the proof of the following
theorem:

Theorem 6 (restated). For any d > 2, the SU (2) Heisenberg interaction 7 = $* ® $* +

ST ® SV + 5 ® S, where §*, §Y, S% are representations of the Pauli matrices X, Y, Z,
is universal.

8. Bilinear-Biquadratic Interaction in Dimension 3

We finally consider an important variant of the SU (2) Heisenberg model: the bilinear-
biquadratic spin-1 Heisenberg model (i.e. in local dimension 3). Write X3, Y3, Z3 for
matrices such that {i X3, iY3,iZ3} generate a 3-dimensional irreducible representation
of su(2). For example, we can take

L (010 ;{010 10 0
X3=—|101), Y3=—|10 —1], Z3=100 0 |;
V2 \o10 V2lo1 o 00—1

note that these obey the same commutation relations as the Pauli matrices (up to a scaling
constant). Then the Heisenberg interaction is

h=X30X3+Y3Q0Y3+7Z3Q Z3.

Consider the algebra generated by h. We have #3 = h — 2h? + 21, so up to scaling
and an identity term any nontrivial interaction in this algebra can be written as 4 :=
(cosO)h + (sin G)h2 for some 6. Let « = cos 6 and B = sin 8. Because of our freedom
to choose the signs of interactions, we can further assume that 0 < 6 < 7, and thus
B > 0. Then any Hamiltonian produced from such interactions can be written, up to an

overall identity term, as
0
H = E a; jhgj)'
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This model is known as the (general) bilinear-biquadratic Heisenberg model and has
been a popular object of study [1,25,29,31]. The special case § = arctan 1/3 is the
interaction proportional to /2 + %hz occurring in the famous AKLT model [2], which was
handled in Lemma 11. We also already showed that the cases 6 € {0, 7 /4} are universal
in the previous section (7t /4 corresponds to the SU (3) Heisenberg interaction); here we
prove universality for all other values of 6.

It is easy to check that % has three eigenspaces with eigenvalues —2, —1, 1 and
dimensions 1, 3, 5 respectively. Therefore h® has eigenvalues 48 — 20, B — o, B+«
with respect to the same eigenspaces. In addition, /7 is proportional to the projector onto
|r) = [02) — |11) + |20) plus a multiple of the identity. Depending on 6, #®) has the
following properties:

e 6 =0: h® = h. The Heisenberg model.

e 0 < 0 < arctan 1/3: ground state nondegenerate and equal to |02) — |11) + |20).
e 6 = arctan 1/3: ground space 4-fold degenerate (the AKLT model).

e arctan 1/3 < 0 < m/2: ground space 3-fold degenerate and spanned by

{I01) = 110), [12) — |21}, 102) — |20)}. (49)

e 6 = m/2: ground space 8-fold degenerate and the orthogonal complement of |02) —
[11) + |20). The case K@ = K2
e /2 <6 < m: ground space 5-fold degenerate.

The special case 6 = /4 gives the qutrit swap operator (up to rescaling and subtract-
ing an identity term), which is in addition SU (3)-invariant. For 8 > /4, the highest
energy state is nondegenerate and is |02) — |11) + |20).

8.1. Mediator gadget. We first consider the case where the state |) = |02) —|11)+]20)
is either the unique ground state or highest excited state of 1.

Lemma 26. Let 0 € (0, arctan 1/3) U (r/4, ) \ {arctan 2}. Then h'? is universal.

Proof. Our strategy will be to use a second-order gadget via Lemma 9 to implement the
effective interaction A" for any choice of §’. In particular this allows us to simulate
the interaction #"/4 which is the qutrit swap operator—the unique SU(3) invariant
interaction shown to be universal in Theorem 3. To use this approach, we need to define
Hamiltonians Hy, Hy, H> on a system of 4 qutrits. We label these qutrits 1, 2, 3, 4 where
qutrits 3 and 4 are mediator qutrits, and the effective interaction h®) is simulated on
qutrits 1 and 2 (Fig. 11).

The condition on 8 implies that 8 > 0 and &« > 38 or @ < B. Consider the operator
hD +(2a—48)1, which annihilates |y) = |02) —|11)+|20), and has eigenvalues o — 3
and 3o — 38 on the two eigenspaces of 4 with dimension 3 and 5 respectively, which in
turn correspond to eigenvalues —1 and +1. If « > 38 then both of these eigenvalues are

positive and we set Hy = hgi) +(2a—4p)1,whileif¢ < B then both of these eigenvalues
are negative and the proof will continue analogously with Hy = —(hgi) + Qo —4p)I).
In either case, IT = I ® |¥r34) (¥34] is the projector onto the ground space of Hy. Let

H| = Alh(lez) for some A1 € R, so that H; commutes with IT, and I[TH;IT = Alhg)l'l.
Then we choose

8
Hy =) (h(l? +h) — ?1) = Ja(a — B/2)A+2BB
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4
1@ I o2
3

Fig. 11. Interaction graph of the mediator gadget used in the proof of Lemma 26. Hy acts on the mediator
qutrits 3 and 4, and there is an effective interaction between the qutrits 1 and 2

where A = h3 + hy3, B = h% + %h13 + h§3 + %h23 — %I, and Ay € R. It is easy to
check that for any |¢12), h13|¢12)|¥34) and ha3|p12)|¥34) are in the eigenspace of h3q4
with eigenvalue —1, and therefore that AIT has support only on the eigenspace of H
with eigenvalue o — 3. Similarly, one can check that (h%3 + %h13 — %I) |p12)|¥34) and

(h%3 + %h23 — %1)|¢12>W34> are in the eigenspace of h34 with eigenvalue +1, which

implies that BII has support only on the eigenspace of Hy with eigenvalue 3o — 3.
Therefore neither AIT or BIT have support on the eigenspace of Hy with eigenvalue

0, and so [TH,IT = 0 as required to apply Lemma 9. The second-order term is given by

— B/2)2 2
(07
Calculating [TA?TT and I1B?I1 separately we find that
4
TA%T = T1(h35 + hi3hos + hoshyz + hay) Tl = 3(21 +ho)1I
MB’I = 2h2 +1h +21 1
—\3teT3ztiTgt )
Let V =I5 @ |y34) so that VVT = IT and
TH\T1 — TH, Hy  HyTl = V (Alh(e) +x§ﬁ(9)) Al

where

2 <5zh2 + 6o — 12“;f3_+320552 —3p° bt 2(18a3 — 32?:/3_+32ﬁ3)aﬂ2 —68%) 1) .

Therefore by Lemma 9 (second order), we can simulate A14® + A%ﬁ(@). By repeating
the same calculation with H, = A, (hg) — hg)), it is possible to simulate the interaction
A 1h§92) — A%ﬁlz(é) instead. For all  satisfying the conditions in the lemma, it is easy to
check that the 2-local part of 1»(6) is linearly independent of hg). So, by choosing A1,

A appropriately, we can use this gadget to simulate any desired interaction h®) (with
an arbitrary weight), and in particular the case 0’ = /4. O
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20 04

Fig. 12. Interaction graph of the gadget used in the proof of Lemma 27. A logical qutrit is encoded into each
pair of qutrits (1, 2) and (3, 4)

8.1.1. Logical qutrit gadget In the next case we consider, #) has a 3-dimensional
ground space.

Lemma 27. Let 6 € (arctan 1/3, arctan 5). Then h® s universal.

Proof. In this case, the condition on § implies that 0 < /5 < a < 38 and that 1’s
ground space is the 3-dimensional space with basis (49). Let V : C3 > (C)®? be the
isometry defined by

v — oh —10) 0] + 112) — 121) )+ 102) —|20)
W2 V2 V2

which maps onto the ground space of 1.

We will construct a second-order gadget that encodes each logical qutrit into one of
these 3-dimensional ground spaces of two physical qutrits (Fig. 12). Using Lemma 9,
we choose Hy, Hy and H; such that the effective interaction between logical qutrits is
proprtional to & + A%, the SU(3) invariant SWAP interaction shown to be universal in
Theorem 3.

By the anti-interference discussion presented in [17, Lemma 36], it will suffice to
consider just two logical qutrits encoded in 4 physical qutrits. Let one logical qutrit

be encoded into the ground space of higz) in a pair of physical qutrits labelled 1, 2 and

(21,

a second logical qutrit be encoded into the ground space of hgi) in a pair of physical
qutrits labelled 3, 4. The overall heavy Hamiltonian Hy, with an appropriate multiple of
the identity to ensure the ground state energy is zero, is given by

Ho =1 +n) +2 - p)I.

Let IT be the projector onto the 9 dimensional ground space of Hp, in which the two
logical qutrits are encoded. One can check that for i € {1, 2} and j € {3, 4},

1
M=V eV (Zh“’) - ﬂ1> Vev'
Let H, = )»z(hﬁ? — h;i)) so that [TH>IT = 0. Using a computer algebra package we

can calculate the second-order term, remembering that Hy has zero energy on its ground
space, and that the H,," ! denotes the inverse computed on the higher energy space only:

2

-1 2
—HHQHO Hzl_l = m

Ve V)((—3a3 +6a%B — 8ap® + Bk
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1 .
- 5(50‘3 — 708 +9ap? + BHn% + cI)(V Q@ V)]

for some ¢ € R.

Let Hy = 441h13 so that TTH T = A1 (B + 48T = Ay (ahy + Bh2 +4BDTL.
Then by Lemma 9 (second order), choosing Hy and H; as above and setting A1 = o — 3,
X = 24/ will simulate

53 — 8a’B + 130> — 28°
38—«

(h +h2> +él

for some ¢ € R, which is the SU(3) Heisenberg interaction as desired, up to rescaling
and deletion of an identity term. We note that 38 — o > 0 and

507 — 8a?B + 13aB% — 28% = (5a — B)(a — V/28)% + (10v2 = Ne*B + (3 — 2v/2)ap? > 0

since o, B > 0 and 5a — B > 0. Therefore this gadget can only produce positively-
weighted interactions, but this restriction is allowed in Theorem 3. O

Combining Theorem 6, Lemma 11, Lemma 26 and Lemma 27 yields our final result:
Theorem 7 (restated). Let 1?) := (cos 0)h+(sin @)h?, where 6 € [0, 27) is an arbitrary
parameter and / is the spin-1 Heisenberg interaction. For any 6, h1? is universal.
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A. Proofs for Fourth-Order Perturbative Gadgets

In this appendix, we prove Lemmas 12 and 13.

Lemma 12 (restated) (Fourth-order simulation). Let Hy, Hy, Hy, H3, H4 be Hamiltoni-
ans acting on the same space, such that: max{|| Hi||, || H2||, || H3l|, || H4||} < A; H> and
Hjs are block-diagonal with respect to the split H, @ H_; (Hs)—— = 0. Suppose there
exists a local isometry V' such that Im(V) = H_ and


http://creativecommons.org/licenses/by/4.0/
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IV Hiaged V' = T (Hy o+ HyHy ' Ho Hy ' Hy = HyHg ' HaHG ' b  Hy ) T < €/2
(50)

and also that
(Hy)—— =TI_HsHy 'HaTI_  and (H3)—_ = —TI_HaHy 'HsHy ' HaTI_. (51)

Then Hgm = AHo+ AY*Hy + AY4Hy + AV2Hy + Hy (A /2,7, €)-simulates Hiarget,
provided that A > O(A20/e* + A%/n*).

Proof. We will follow the presentation of the Schreiffer—Wolff transformation provided
in[9,10]. Let A = A¥*Hy + AV4*Hy + AV2H, + Hy, so that Hsim = AHo + A. The
Schreiffer—Wolff transformation is a unitary operator e’ ‘which maps the low-energy
space of Hgjy onto H_, the ground space of Hy. Define V = ¢SV, which therefore
maps exactly onto the low energy space of Hgm. And, using equation (22) of [10], we
have [V = V| = |1 —e S| = O(ISI) = O(IAI/A) = OA/AVY) < so V
satisfies condition 1 of Definition 1.
To check condition 2 of Definition 1, it is necessary to bound

”Hsim|§A - VHtargeth” = ”VVTFISimVVT - VHtargetVT” = ”Heff - VHtargetVT”

where Hefr = (es Hgme ™S )——_, which is in general a very complicated operator. To deal
with this, we expand Heg as a Taylor series in 1/A. The first three terms are given in
[10] as

1
Her1 =A__ and Hefrp = —ZA,+H0_1A+,

1 _ _ 1 _
Heir.3 = S5 A—+Hy YA Hy AL — Tz (A Hy 2A+—A__+h.c)

The fourth-order term in the Taylor series can be derived using the techniques of [9],
where they consider the more general situation where Hj acts non-trivially on its low
energy space. Let Agg = TI_AIl; + [T ATI_ and Ag = TI_AIl_ + I1;ATIl; and
ST = A‘l[Ho_l, Aod]. In the special case we are considering where (Hp)—_— = 0, the
fourth-order term is given according to equation (3.22) of [9] as

1 1
Hegra = T (g[sl, [S1, 81, Aoalll = 5 [Aca, (A Hy ! [Ag, AT HY Y [Ag, Sl]]m) -

1 -2 —1 —1 g =14 -1 —2 4 -1
=En,<AH0 ATI_AHy'A— AH;'AHy "AH; ' A+ AH; > AHy ' ATI_A

+AHG'AHG?ATL_A — A ATL_ATL_ A +h.c.)Tl

where the h. c. refers to the Hermitian conjugate of all terms contained in the brackets,
where the second equality follows from some tedious algebra or the use of a computer
algebra package.

Next we substitute in A = A3/4H4 + A1/4H3 + Al/sz + Hj to get

Heir1 = AVA(H3) —_ + AY2(Hy)__ + (Hy)——
Herp = —APTI_HyHy " HyTI- + O(A?/A)
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Heir3 = AVATI_HyHy "HyHy "HyTl_ + TI_HyHy " Ho Hy " HaTl-

1 -2 3,174
5 (M- HeHg HyTL T +hec.) + O(A7/A1Y)

1
Hegr4 = En,(H4HO—2H41'L1141'10‘1H4 — HyHy 'HyHy " HyHy ' Hy +h. c.)l'L +0(AY/ AV

Combining these expressions with Egs. (50) and (51), and noting that some terms cancel
because I1_HrI1_ = l'I_H4H(;1 H4TIT_, we have

4
1 Hett — V Huarget VI | < | Hett — ) Herrill +€/2+ O(A%/A) + O(A* /A + 0(A%/ A%

i=l1

Given A > O(A?°/e*), we may assume that the sum of the last three terms is less
than €/4. By equation (23) of [10], we have || Hetr — Y 1, Hetr.i| = O(A*|A[]°) =
O(AN/AV* <€/4. O

Lemma 13 (restated). Consider a Hilbert space H = Hy ® ®i>1 ‘H; with multiple
fourth-order mediator gadgets labelled by i > 1, each with heavy Hamiltonian H(gi)
which acts non-trivially only on H;, and interaction terms H l(i), Hz(i), H3(i), H f) which
act non-trivially only on H; ® Ho. Let 1% denote the projector onto the ground space
of Héi), and HY . Suppose that for each i, these terms satisfy the conditions
of Lemma 12; in particular, Héi)l'[g) =0, Hz(i) and H3(i) are block diagonal with respect
to the ¥, 1 split, 19 B 1Y = 0 and

n?u’n® = n®a"w")"'HPn® and
nm'n® = -nu" @ e =) e 0.

Foreachj € {0,...,4}letH; = ), H;i),andletA > max{|| Hi ||, | H2|l, | H3|, || H4]}.

Suppose there exists a local isometry V such that Im(V) is the ground space of Hy
and ||V Hyreet V' — M || < €/2 where M is equal to

v =30 (a0 + 1w P O
i

_ Hf)(H(gi))_lH;”(H(gi))_lHii)(Héi))_le)) m_
+ Z Hf(H;l)(Hél))_lHij)(HéD)_lHij)(Hél))_lHil)
i#]
_ Hil)(Hél))_lHi])(H(gl) + Héj))_lHi])(H(gl))_le)
_ Hf)(Héi))_lHij)(Héi) + Ho(j))_le)(Héj))_lHij))n_
where I1_ is the projector onto the ground space of Hy.

Then AHy+A3* Hy+ AYV4H3+ AY2Hy+ Hy (A /2, 1, €) simulates Hiarger, provided
that A > O(A%0/e* + A*/n*)
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Proof. First we note that since the Héi) operators act on different subsystems for each

i, all the n® operators commute and IT = [, %, Foraset S , let TIS be the projector
onto the excited (i.e. not ground) space of all gadgets with label i € S and onto the
ground space of all other gadgets. This is defined by

s = (]‘[ ni”) [TnY

ies j¢s

These projectors are orthogonal in the sense that I15TIT = Qunless S = T. By definition,
1S commutes with Hy, and the following relation holds:

—1
1T = (Z Hgf>) T = TH;. 2
ieS

since M A" = 0, we have H{"1¥) = " #{" 11" for all i. This implies the
following relations:

HPT. =n0HIN. and (7 —N)HPTIO = A HOTIO for all i, j(53)

We will now use Eqs. (52) and (53) to check that the conditions of Lemma 12 hold.

M_HyHy 'HaTl- = Z - H HY T

i’j

S BT TS
i

=> AP @E) T
i’j

=Y n_HHH) T HP T
i

=2 N_HTI_ = _HI_;

1

M_HyHy 'HyHy 'Ha_ =Y N_H Hy v Hy T

i,j.k

=Y n_H i H B B T T
i,j.k

— Z H_Hil)(Hél))—ln{[}HiJ)n{k}(Hék))—lHik)n_
i,jk

=Yz =) B HD) T H T

i
=-Y M_HN_=-N_HI_,
i
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where in the fourth equality we have used the fact that TT{ }Hij T = 0 unless i =
j = k, which again follows from H(i)Hil)l'[(i) =0.
Finally we use Eqgs. (52) and (53) to calculate the fourth-order terms from Lemma 12:

i,j.k

= Z HiHii)(Héi))—l_l—[{i}Hz(j)_l—[{k}(Hék))—lHik)ni
i,j,k

= Z H_Hj")(Hé"))*l_l'l{”Hé”_H{i}(Hg"))*le)n_
i,j

=Y B H) T Y )T E T
i
O EOY T HD E T D e T
i)

where in the third equality we note that [Hz(j ), %] = 0 for all j, k since Hz(j ) s
block diagonal with respect to the H(_j), nij ) split, which implies that mHz(j T =
H{i}H{k}HZ(j ) = Sikaz(j 'TI®); and in the final equality we used the fact that for
i # . N0 10 = nnY g’ nY'ni = 0 g (') =" T Next,

M_HyHy 'HyHy ' HyHy " HaTl-

_ @) =117 =1 1) =1 (1)

=Y 0 H H;'H Hy B Hy H T
i,j.k,1l

=Y n_HMiH B Hy P Hy O
i,j.k,1l

= Y nH @) MO 0 ) T
i,j,k,l

— Z Hinl)(H(gl))_lH;])H{l"l}H(;l H{k’l}Hik)(Hél))_lHil)nf
i,j.k,1l

Note that H, ! commutes with T/}, and so there is a factor TT¢-/ITT*.1} which is zero
unless {i, j} = {k, [}. There are three such possibilities:

(H)™! i=j=k=1
i Hy kD = (Hy + HY ' i=k#j=1
HP +H)' i=1#£j=k

Substituting these three possibilities back into the previous expression above, and sum-
ming over i, j,k, I, we find that TI_HyH, 'HoHy 'HsT1_ —TI_HyHy 'HsHy'
HyHy ! H4T1_ is equal to the terms given in the statement of the lemma. O
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B. Trace Formulas

Here we state, in the notation of this paper, the trace formulas from [35], and show how
they can be used to prove (45) and (46). Equations (2.28) and (2.31b) from [35] state
that

Tr(SS%) = ?(Sab, (54)
Tr({S%, S*}5¢) = 0. (55)
The first two equations in (45) follow from (54). For the third, (55) implies that
1 1
Tr(S?sP$¢) = 5 Tr([S¢, SP15) + 5 Tr({S¢, S”}5¢)

I, id
=3 Z i€abe Tr(S*S) +0 = == €ape.

Finally, to prove (46), equations (2.26) and (2.32) of [35] state that

. B 1 .
Te(S*S"S°S) = = (Babee +SacShe +acdhe) + ¢ D _(—€abyEcey + Caefeheg) Tr(S7 S¥)
f.8
(56)

where B = %61 —2) = (31 — 1).

Looking at the second half of (56), we can substitute in (54) and use the fact that
Zf €abf€cef = BacBhe — Saedpe to show that

Z(_eabfeceg + Eaefebcg) Tr(S7 8%) = ? Z(_Eabfecef + 6aefebcf)
18 f

di
= ?((Saeabc +8apBec — 25acabe)-

Substituting this back into (56) gives the desired result:

beeoer  dAABA=1) dx
TI‘(S §°8°S ) = T(aabace + 8acOpe + 5ae5bc) + 1_8(81125170 + 8apSec — 28(105176)
di 1
= E 55165176()L - 2) + (8a68bc + 8ab8ec)()¥ + E) .
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