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Abstract: We study the eight-vertex model at its free-fermion point. We express a new
“switching” symmetry of the model in several forms: partition functions, order-disorder
variables, couplings, Kasteleyn matrices. This symmetry can be used to relate free-
fermion 8V-models to free-fermion 6V-models, or bipartite dimers. We also define new
solution of the Yang—Baxter equations in a “checkerboard” setting, and a corresponding
Z-invariant model. Using the bipartite dimers of Boutillier et al. (Probab Theory Relat
Fields 174:235-305, 2019), we give exact local formulas for edge correlations in the
Z-invariant free-fermion 8V-model on lozenge graphs, and we deduce the construction
of an ergodic Gibbs measure.
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1. Introduction

The eight-vertex model, or §V-model for short, was introduced by Sutherland [63] and
Fan and Wu [30] as a generalization of the 6V-model, which itself finds its origins in
the study of square ice [53,61]. The configurations of the 8V-model are orientations
of the edges of Z? such that every vertex has an even number of incoming edges, like
in Fig. 1. There are eight possible local configurations, hence the name. In the most
classical setting, the model is characterized by four local weights a, b, ¢, d such that
opposite local configurations are given the same weight, see [6].

This model attracted attention during the 70s and 80s, and was famously solved on
the square lattice and a few other regular lattices using transfer matrices methods, see
again [6] and references therein. It exhibits phenomena that were surprising at the time;
for instance, it has been predicted that some critical exponents depend continuously on
a,b,c,d. This is the case of the exponent v for the correlation length: in a generic
disordered phase, with inverse temperature §, the edge-edge correlations between far-

away edges e, ¢’ should decay as exp (— ‘Z_(_;)/ |). As the system becomes critical one

should have £(8) ~ (B — B;)~". It seems that these predictions and the computation
of v still require mathematical investigation. In what follows, we focus on the special
free-fermion case a* + b> = ¢* + d* on more generic lattices. A consequence of the
techniques developed here is a construction of a Gibbs measure on these graphs and a
proof that v = 1 for free-fermion models, in accordance with Baxter’s computation.
Let us now describe our setting. A configuration can be represented equivalently
as a polygon, by choosing a checkerboard coloring of the faces of Z? and drawing in
bold the edges oriented with, say, a white face on their left. In this paper we extend
definitions to graphs that are dual of a planar quadrangulation Q, whose set of vertices
(resp. edges, faces) we denote by V (resp. £, F); an example is displayed in Fig. 5.
More precisely, the Boltzmann weight of a configuration is the product of local weights
associated to local configurations at a face f of the quadrangulation Q, as in Fig. 4,
that are denoted A(f), B(f), C(f), D(f) (we use uppercase notations to emphasize
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Fig. 1. Two equivalent representations of an eight-vertex configuration on 72

that these are functions of the faces). The case of a 6V-model corresponds to D(f) =0
at every face. Notice that complementary configurations have the same weight, which
means that we are in a “zero field” case. To make these weights well-defined, notice also
that we fixed a bipartite coloring of Q. This is sometimes referred to as a checkerboard
model [3,7], or a staggered model in the case of the square lattice [37]. Checkerboard
(or alternating, or staggered) 8V models have attracted some attention, in particular
for their relation with the Ashkin-Teller model [6,67], but little is known about them
in general. In this paper we investigate checkerboard 8V-models that satisfy the free-
fermion condition:

A?+B*=C*+D>. 1)

Under this condition, the theory of transfer matrices can be adapted, making computation
easier than for the complete 8V-model [8—10,31-33]. There exists a different method
using a correspondence with dimers on a non-bipartite decorated graph, leading to the
computation of Pfaffians [30,37,54-56]. The dimer model is an object of interest of
its own in the mathematical community, an important example being the celebrated
description of Gibbs measures and phase diagram of bipartite dimers on periodic graphs
[21,48]. Adapting these results to non-bipartite settings is an important open problem
in the community, making the previous correspondence of 8V configurations to non-
bipartite dimers of little help for the description of, say, Gibbs measures and correlations.
In what follows we provide a way to transform these non-bipartite dimers into bipartite
ones. From the point of view of the dimer model, unexpectedly, this provides a family
of examples of non-bipartite dimers whose statistics can be related to bipartite ones, and
whose spectral curve is reducible, as shown in formula (2).

Our method is based on a “switching” result, that we introduce now. If we perform a
gauge transformation by multiplying all weights A(f), B(f), C(f), D(f) ataface f by
the same constant, the relative weight of different 8 V-configurations are unchanged. Thus
an 8V model with weights satisfying the free-fermion condition (1) can be effectively
represented by two free parameters per face, say «(f), B(f) € R/2nZ; see (10) for the
exact parametrization. Our parametrization is such that when o = , the model becomes
a 6V one. We denote by X, g the whole set of weights corresponding to e, 8, and by
Zgv(Q, Xq,p) the partition function; when oo = B, we denote it by Zey (Q, X4,¢) to
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emphasize that it becomes a 6V-model. The choice of parameters «, § is such that we
have the following “switching” relation, see Theorem 15 for a generalized statement and
(20) for the value of the constant ¢, g:

Theorem 1. Ler Q be a quadrangulation of the sphere. For any a, B,a’, B’ : F —
(0, %),
Z3v(Q, Xa.p) Z8v(Q, Xo p)  Zgv(Q, Xo p) Z3v(Q, Xo' p)
Vea.p Ny Ny Vg

In particular, for (o', ') = (B, a), we recover 6V-models on the right-hand side.
This gives a new relation between free-fermion 8V-models and 6V ones:

T

Corollary 2. Let Q be a quadrangulation of the sphere. For any a,  : F — (0, 7),

2 Ca,B
(Z8v(Q. Xop))” = JeaatiG Zev(Q, Xa.a) Z6v(Q, Xp.p)-

This illustrates how the switching identity of Theorem 1 can turn useful, as free-
fermion 6V models are related to bipartite dimers. Theorem 1 also suggests that other
hidden features of free-fermion 8V-models might exist. We identify several of them.

First, it hints at a possible coupling of pairs of 8V-configurations. If 7, 7’ are two
8V-configurations, seen as subsets of the dual edges of Q, their XOR is still an 8V-
configuration; we denote it by t @ 7’. To ensure that the 8V-weight actually define a
probability measure, we impose a sufficient condition (13) on the parametrization. We
prove the following:

Theorem 3. Let Q be a quadrangulation of the sphere, and leta, B, o', B’ : F — (0, 5)
be such that (a, B), (&', B), (o, B), (&', B) all satisfy (13). Let tq g, To' g/, Ta,p's T/, B
be independent 8V-configurations with the corresponding Boltzmann distributions. Then
Ta,p © To,pr and T g D Ty, g are equal in distribution.

Theorem 3 is proved via the formalism of order-disorder variables [26,40], see The-
orem 15 for a generalized statement. By specifying again to (', B’) = (8, ) it implies
that the XOR of two independent 8V-configurations (with the same distribution) is
distributed as the XOR of two independent 6V-configurations (with different distribu-
tions). This may be worth investigating from the point of view of conformal objects in
the limit: the XOR of free-fermion 6V-models are effectively double-dimer loops for
two independent, differently distributed (bipartite) dimers configurations. In the iden-
tically distributed case, these are conjectured to converge to CLE(4) [2,25,47], but the
differently-distributed case seems more mysterious at the moment. In any case, the po-
tential occurrence of such conformal ensembles in the context of §V-models is surprising.

Although being unexpected, this XOR property is reminiscent of the coupling identi-
ties of [ 15,26]. However these previous identities involved two independent Ising models,
while our results are naturally associated with four Ising models (see Corollary 14) and
cannot be deduced immediately from their work.

Second, it is natural to wonder what happens if Q is a quadrangulation of the torus.
This is useful in particular to understand periodic boundary conditions and construct
infinite measures on the full plane, as we explain later. In the toric case, the 8V-weights
X, p are naturally associated with a characteristic (Laurent) polynomial of two complex

variables, denoted Pf‘; (z, w), and defined in (23) just like in the case of the dimer model

[48]. The analogous statement of Theorem 1 is the following, which works under milder
hypothesis (12) (see Theorem 27 for a complete statement):
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PSV P6V

Fig. 2. Amoebas of the curves defined by P, B Fo and ng for the square lattice

Theorem 4. Let O be a quadrangulation of the torus. Let a, B, o', B’ : F — [0, 27)
be such that (a, B) and (o', B) satisfy (12). Then

Ca,BCa’, B’ aﬂ(z W) ﬂ/(Z IU) = Ca,p/Ca',B 5"‘2/(2’ w)Pf’Yﬂ(Z’ w)
In particular (see Corollary 29),
Poi‘};(z, U))ZgPO?V(Z, U))ng(z, w) (2)

The polynomials P6V and P6V correspond to bipartite dimers [15,26,58,69]. The curves

defined by their zero locus in C? are Harnack curves [48]. Thus the zero locus of Pg‘;}
is the union of two Harnack curves. This can be observed in the amoebae of Fig. 2, (the
amoeba is the image of the zero locus under the map (z, w) — (log |z], log |w]) ).

Third, the 8V-models at the free-fermion point corresponds to non-bipartite dimers,
for which we can define a version of a Kasteleyn matrix K g, see Sect. 4.3. The elements
of the inverse of K, g are related to the correlations of the 8V-model (see Proposition 22),
and thus encode the physical behaviour of the model. It is possible to get a relation
between those inverse matrices; precise statements are given in Theorem 23 on the
sphere and in Theorem 26 on the torus, and the matrix 7 is defined by (30).

Theorem 5.

KL= ((I+T)K_1, +(I-TK; )

This has the remarkable property of holding for all ', 8, even though this is not
apparent in the right-hand-side. Again we can set («’, 8') = (8, @), so that this formula
relates 8 V-correlations to 6V ones, i.e. to bipartite dimers [15,26,58,69]. We give several
consequences of this identity with the solution of the 8 V-model in the Z-invariant regime
on lozenge graphs.

A model is said to be Z-invariant when it satisfies a form of the Yang—Baxter equa-
tions, or a star-triangle transformation (see Fig. 15). In the approach via transfer matrices,
this property is often seen as a sufficient condition for the commutativity of transfer matri-
ces [6], see also [11,29]. However it has also been shown by Baxter that the star-triangle
move is enough information to guess the behavior of the model on very generic lattices
[5], without relying on transfer matrices methods. In particular, it should imply a form
of locality for the model, which means that the two-point correlations depend only on
a path (any path) between the two points. This property is surprising, since in general
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Fig. 3. Star-triangle move on a lozenge graph. The angles satisfy 6 + 6, +63 = 5

correlations are expected to depend on the geometry of the whole graph. We prove that it
holds for Z-invariant free-fermion models on lozenge graphs, which we introduce now.

One way to interpret Z-invariance geometrically is to use isoradial graphs. For these
graphs, the faces of the quadrangulation Q are supposed to be rhombi with the same
edge-length (we call Q a lozenge graph), and the weights A(f), B(f), C(f), D(f) at
a face f are supposed to depend on the half-angle 0 of the rhombus f at the black
vertices. The angles 6 satisfy some relations under star-triangle transformation (see
Fig. 3), and the goal is to define Boltzmann weights in terms of 6 so as to transform
these relations into the Yang—Baxter equations. Several Z-invariant models have been
studied on lozenge graphs, including the bipartite dimer model [45], Ising model [13,16],
Laplacian (or spanning forest model) [14,45], random cluster model [28]. The results of
[49] also imply that we do not lose anything by considering the Yang—Baxter equations
on a lozenge graph rather than on a pseudoline arrangement, like that of [5].

The Z-invariant weights of the 8V model in the non-checkerboard case have been
parameterized by Baxter [4—6] and Zamolodchikov [70]. Other techniques have appeared
since to classify these solutions [35,50,62,66]. By considering checkerboard Yang—
Baxter equations, more solutions can appear, as noted for instance in [59], although no
complete parametrization is known. Here we introduce what seems to be the first set
of checkerboard Z-invariant weights for the 8V model, all included in the free-fermion
case.

Let k, [ be complex numbers such that k2,12 € (—o00, 1). For any real number x let
Xp = @x, where K (k) is the complete elliptic integral of the first kind, and similarly
for x;. Then the following 8V-weights of lozenge graphs, expressed in terms of Jacobi’s
elliptic functions (see [1,52]) at a face f with half-angle 6, satisfy the Yang—Baxter
equations:

A(f) = sn (6klk) +sn (G]])

B(f) = cn (6klk) +cn (01

C(f) = 1+sn(Blk)sn (@l) +cn (Glk) cn (G)])
D(f) = cn (6lk) sn (6;]1) — sn (Ok|k) cn (6;11)

3)

We prove this in Proposition 31. When (1 — k%) (1 —1%) = 1 (or k* = [ in the notations
of [16]) the weights no longer depend on the bipartite coloring of Q (i.e if a face f has
a half-angle 0 and g has a half-angle % — 0, then A(f) = B(g), etc.), and we recover
Baxter’s solution in the free-fermion case. When k = [ we get a Z-invariant 6V model
whose corresponding dimer model can be found in [16]. At this point it is unknown
if this new parametrization of checkerboard Yang—Baxter equations could be extended
outside of the free-fermion manifold.
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We prove that this choice of local weights indeed provides a Gibbs measure with the
locality property, confirming in that case the prediction of Baxter. To be more precise,
every edge of the lozenge graph e € & is associated with two vertices b, w, that
correspond to the “leg” of a decorated graph G, see Fig. 8. In Sect. 5 we introduce a
local operator K 11 on the vertices of G . It satisfies the following:

Theorem 6. Let Q be a planar lozenge graph. For any 0 < k < | < 1, there exists a
unique probability measure Pgy on the space of 8V-configurations equipped with the
o-field generated by cylinders. It is such that for any ey, ...,e, € &, let V be the

associated vertices ofGT: V ={by,wi,...,bp, wp}, then

Psvier,...,em € T) =, /det [( kll)v] 4)

Moreover, P is a translation invariant ergodic Gibbs measure.

The construction is based on the switching property in operator form from Theorem 5
and on the work on bipartite dimers of [16]. When Q is Z2-periodic, it yields the free
energy (51). It also allows for the computation of asymptotics of coefficients, using
results from [16]: under some technical hypothesis, we show that when 0 < k </ < 1
the coefficients of the inverse Kasteleyn matrix between points at distance r decays as

F2e % (see Corollary 37). Notice that the effect of / vanishes in the asymptotics.
When k = 0 the decay is polynomial, corresponding to a critical model. When k — 0,
we prove that the quantity ¢; is a ®(k~2) in Proposition 38. As k2 plays the role of
(B — Bc) in usual statistical mechanics terms, this critical exponent is compatible with
that of the correlation length, v = 1, in the universality class of the Ising model, and
with previous predictions [6].

Outline of the paper. In Sect. 2 we properly define the 8V, Ising and dimer models in
spherical, toric and planar settings. We also introduce the formalism of order-disorder
correlators.

In Sect. 3 we restrict ourselves to the spherical case. We compute the correlators
of free-fermion 8V models and relate them to Ising ones, generalizing results of [26],
see Corollary 14. We prove the coupling result of Theorem 3, first in correlators terms
(Theorem 15), then in probabilistic terms; the latter is deduced from the former by using
a discrete Fourier transformation described in Appendix A. The results of Sect. 3 imply
Theorem 1. Sects. 4 and 5 are independent of Sect. 3.

In Sect. 4 we define the dimer model associated to the 8V-model, and appropriate
versions of Kasteleyn matrices, one being skew-symmetric and the other being skew-
hermitian; they are related by a diagonal conjugation, see Lemma 20. We show that
the edge correlations can be expressed as minors of the inverse Kasteleyn matrices, see
Proposition 22. We prove the relation of inverses of Theorem 5. This gives an alternative
proof of Theorem 1, as well as its toric counterpart, Theorem 4.

In Sect. 5 we prove that the weights (3) satisfy the Yang—Baxter equations. Using
the relation to 6V models coming from Sect. 4, we give a local formula for the inverse
Kasteleyn matrix K l in the full plane in Sect. 5.3. We prove the mentioned asymptotics
and critical exponent in Corollary 37 and Proposition 38. Finally we construct an ergodic
Gibbs measure in the Z-invariant case in Sect. 5.4 and prove Theorem 6.
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Fig. 4. The eight possible configurations for t at a face f € F and their local weight w ¢ (t)

2. Definitions

Let Q be a quadrangulation of a surface S, that is a finite connected graph Q = (V, ),
without multi-edges and self-loops, embedded on S so that edges do not intersect, and
so that the faces of Q are homeomorphic to disks and have degree 4. We denote by F
its set of faces. We will focus on three cases:

e the spherical case where S is the two-dimensional sphere and Q is finite;
e the planar case where S is R? and Q is infinite and covers the whole plane;
e the toric case where S is the two-dimensional torus and Q is finite and bipartite.

Since Q is bipartite in all these cases, we can fix a partition of V into a set of black
vertices B and white vertices WV, such that edges only connect black and white vertices
together. We also set GB (resp. G™) to be the graph formed by black (resp. white)
vertices, joined iff they form the diagonal of a face of Q. Finally, in the toric case, we
suppose that there are two simple cycles yXB and yyB on GB that wind once, respectively
horizontally and vertically on the torus; see Fig. 12.

The dual of Q, denoted by Q*, is the embedded graph whose set of vertices is F and
which has edges connecting elements of F that are adjacent in Q. We denote by £* the
set of edges of Q*; for an edge e € £, we denote by e* its corresponding dual edge.

2.1. Eight-vertex-model. An 8V-configuration is a subset 7 C £* such that, at each face
f € F, an even number of dual edges that belong to t meet at f. Thus at any face
f € F, 7 has to be one of the eight types shown in Fig. 4. Let Q2(Q) be the set of all
8V-configurations on Q.

Let A, B, C, D be four functions from F to R. We associate to f a local weight
function w ¢, such that w¢(7) is either A(f), B(f), C(f) or D(f) depending on the
local configuration, as in Fig. 4. In the spherical and toric cases, the global weight of t
is defined as

wgy (1) = [] wyo. ©)
feF

It is more difficult to make sense of formula (5) in the planar case, where the product
becomes infinite, requiring the construction of an appropriate Gibbs measure. We discuss
this construction in the case of a Z-invariant, free-fermion model in Sect. 5.4.

For the remainder of this section, we only deal with the spherical and toric cases. Let
X = (A, B, C, D) denote the whole set of weights. The partition function of the model
is

Zgy = Zgy(Q. X) = Y wgy(n).
TeQ(Q)
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Fig. 5. Left: a quadrangulation Q in the spherical case. Right: the same quadrangulation with its dual O*
(dashed) and an eight-vertex configuration

When the weights X take values in positive real numbers, the Boltzmann measure asso-
ciated to X is the probability measure on 2 (Q) defined by

w(T)
Zgy

Even if we are only interested in the positive real values in fine, it is convenient to let
the weights X take any real values. In this case, w(t) and Zgy are still well-defined but
(6) does not define a probability measure.

A gauge transformation at some face f € F consists in multiplying the weights
A(f), B(f), C(f), D(f) by the same constant A # 0. This has the effect of multiplying
all weights wgy () by A, and Zgy is also multiplied by A. Thus the Boltzmann measure
is unchanged.

The weights X = (A, B, C, D) are said to be free-fermion if

Vf e F. AN +B()?=C(N)?+ D).
They are said to be standard if

Pgy(7) = (6)

VfeF, C(f)#0.
Lemma 7. Let a, b, c, d be real numbers such that ¢ # 0 and
a?+b* = +d% 7
Then there exists a couple («, B) € (R/2wZ)? such that in homogeneous coordinates,
sina + sin B :
cosa +cosf:

[a:b:c:d]: 1 +sinasinf +cosacosf : ®)

cosa sin B — sinw cos B

= [51n (“;’3> cos (“;’3 cos “ : sin (%ﬂs)] . ©)
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Proof. We can rewrite (7) as

a\2 b\? c\2 d\’
@ (3) =6 () -
A A A A
for some constant A > 0. Thus there exists u, v € R/2wZ such that

[a:b:c:d]=|[sinu:cosu:cosv:—sinv].

Then we define « = u + v, B = u — v, which gives the form (9) of the homogeneous

coordinates. The form (8) is obtained by multiplying all weights of (9) by 2 cos (#),

which is non zero because ¢ # 0, and performing simple trigonometric computations.
O

For that reason, we fix two functions o, 8 : F — R/27Z and we define the associated
free-fermion weights by the following formula, implicitly evaluated at any f € F:

Aa,p sino + sin 8
| Bup | _ cosa +cos f
Xop = Cop | | 1+sinasinB+cosacosB|” (10)
Dy g cos« sin 8 — sin« cos

By Lemma 7, any standard free-fermion 8V-model can be written in this way, after
proper gauge transformations.

Remark 8.
o The weights X, g satisfy
2Cup= AL+ By =Cay+Dyy. (11)

As a result, given standard free-fermion 8V-weights X = (A, B, C, D), one gets
to the weights X, g by applying gauge transformations at each face with parameter

—__2€)
M) = A(f?+B(f)?
o The weight X, g are standard iff

VieF, alf) = B(f) # nl2x]. (12)

We also say that «, 8 are standard when (12) is satisfied. Note that if this is not the
case at some face f € F, then all the weights A(f), B(f), C(f), D(f) vanish.
e If o, B lie in the range

VfeF. 0<a(f) <B(f) < % (13)

then the weights Ay g, By, g, Cq,p are positive and Dy, g is non-negative. As a result,
the Boltzmann measure is a probability measure.

o If @ = B, then the weights D, g vanish and we are left with a 6V model. We simply
denote X, the weights in that case, and Zgy (Q, X4) for the partition function. We
have

[Ag : By : Co]l = [sine : cosa : 1].

e Switching o and 8 has the effect of multiplying the weights D by —1. Since any
8V-configuration contains an even number of D faces (see [26]), in both the spherical
and toric cases,

Z3v(Q, Xo,8) = Z3v(Q, Xp.a)- (14)
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2.2. Ising model. Let o, B : F — (O, %). Let Jg, J{/BV : F — R be the following
coupling constants:

o _l 1 +sina(f) B _l 1+ cos B(f)
Ve JB(f)_zm( cosa(f) ) Jw(f)_21“< sin B(f) )

An spin configuration on GB (resp. G")isan application from B (resp. W) to {£1}.
The weight of such a configuration o (resp. oyy) is defined as

% B
wB(O—B) — l_[ e]B(f) UuO'u, wW(O_W) — 1_[ eJW(f) o'xoy’
JeF feF

where u, v are the black vertices of f, and x, y its white vertices.
The partition functions are:

B B w w B
leing = ZIsing (‘]g) = Z wp(oB), ZIsing = “Ising (‘]W) = Z wwy (ow),
oB ow

where the sums are over spin configurations. Again, the associated Boltzmann measure
is

B _ wg(op) w _ww(ow)
HDlsing(o—B) = 2B ’ IP)Ising(o'VV) T aw :
Ising Ising

2.3. Dimer model. Let G = (V, E) be a finite graph, equipped with real weights on the
edges (Ve)ecE- A dimer configuration, or perfect matching, is a subset of edges m C E
such that every vertex of G is adjacent to exactly one edge of m. We denote by M(G)
the set of all dimer configurations on G.

The Boltzmann measure on M (G) is defined by

[l Ve
IP) ) — eem
dim () Z4im(G, v)

where Z4im (G, v) is the partition function:

Z4im(G, v) = Z l_[ve.

meM(G) eem

2.4. Order and disorder variables. The notions of order and disorder variables were
defined by Kadanoff and Ceva for the Ising model [40] and play a central role in the
study of spinor and fermionic observables; see for instance [18] for a unifying review.
The definition for the Ising model is classical; for the 8V model, we adapt definitions of
Dubédat [26].

For these definitions Q can be a quadrangulation in the spherical or toric case.
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2.4.1. Ising correlators Let By C B and W C W be two subset of black and whlte

vertices of Q, of even cardlnahty Let yg, be the union of disjoint simple paths on GB that

connect the vertices of By pairwise (these are called order lines); yp, can be alternatively

seen as a subset of F. We similarly define yyw, as a union of disjoint simple paths on
W that connect the W, pairwise (also called disorder lines).

Leta : F — ( , 2) We modify the coupling constants Jz by adding i 7 to the
coupling constant at f when f € yp,, and afterwards multiplying the coupling constant
by —1 when f € yw, (the order is important). Let J’ be these new coupling constants.
Then the mixed correlator of Kadanoff and Ceva is defined as

IsingB
IsingB
< [To T] uw> = (0 (BORW))aygy v, = Zlong(J)-
beBy weW, @Yy YW,

This depends on the choice of paths and the order of operations on the coupling con-
stants, but only up to a global sign. The order variables are simply the spins o3, with
(-) representing an unnormalized expectation under the Boltzmann measure. The disor-
der variables w,, represent defects in the configuration, and are conjugated with order
variables under Kramers-Wannier duality [51]. Again we refer to [40].

Similarly for the Ising model on GW,if Wo C W and 31 C B are even subsets, we
chose paths yw,, yp,. Then for § : F — ( , 2) we add i 5 2 to the constants J;/V on
YW, then multiply the constants by —1 on yp,, and we name the new constants J”. The
mixed correlator is

IsingV
IsinglV
<H ow [ ] ub> = (@ WoR(BD) gy = Zhing ).

weWo - beB B.ywy-VB,

2.4.2. 8V correlators Order and disorder variables for the 8 V-model are defined in [26].
The following definition is original but it is easy to check that it is equivalent to that of
[26]. In the 8V case, order and disorder variables can be located on either black or white
vertices of Q.

Definition 9. Let Q be a quadrangulation in the spherical case. Let X = (A, B, C, D) :
F — R*be a family of weights. Forevery f € F, we define operators v? , v}/-v, & ff, & }/V
that act on X by transforming X (f) in the following way: o

A(f) A(f) A(f) —A(f)
5. | B —B(f) w. | B(H B(f)
Tlen | T con reten | T con
D(f) —-D(f) D(f) —D(f)
A(;) C(J}) A(}”) D(?
5. | BU) D(f) w. | B(H c(f)
len|™ lan S ledn | 7 | B
D(f) B(f) D(f) ACf)

Let By, By C B (resp. Wy, Wi C W) be two even subsets of black (resp. white)
vertices, with simple paths yp,, yp, (tesp. yw,, yw,) joining them pairwise. As these
paths use black (resp. white) diagonals of faces, we can identify them with subsets of F.
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Lety = (yB, yw, vp', yw’). We define modified weights X ;, obtained by the following
composition of operators:

y= IT &7 IT ¢ I 7 I1 v/ )~ (15)

feVBl fGVWI fGVBO nyWO

X

We define the mixed correlator as:

8V
<H%HmﬂL@Hu& = 2 X))

beBy weWy beB) weW) X,y

We will also use the shorthand notation (o (Bg)o (Wo)u(B1) (W ))§(Yy.

Remark 10.

e Mixed correlators may depend on the set of paths y, but only up to a global sign

[26]. Also note that in (15) we always apply order operators before disorder ones.
This is important because these operators do not always commute. The only cases
were they do not commute are

vpEF = &7
Ve =57y
but like for path dependence, changing the order might only multiply the correlator

by a factor —1.

e Again these correlators can be interpreted as unnormalized expectations under the
Boltzmann measure. If b, b’ € By, then the couple of order variables o},0;, represents
the random variable (—1)" where n is the number of edges in the 8V configuration
on any path on Q between b and b'.

The disorder variables are equivalent to modifying every eight-vertex configuration by
applying a XOR with the configuration of “half edges” shown in Fig. 6. The resulting
“configuration” is no longer a subset of edges of O, but we could still define its weight
as in (5). The advantage of modifying weights with the operators of Definition 9 is that
we never actually have to work with these disordered configurations.

3. Couplings of 8V-Models

We review classical results on the Ising-8V correspondence [5], on the 8V duality [68],
in terms of order and disorder variables [26]. We then apply them to prove couplings
results for different free-fermion 8V-models.

3.1. Spin-vertex correspondence. The spin-vertex correspondence comes from the fol-
lowing simple remark, that seems to be due to Baxter [5]. If we superimpose two spin
configurations, one on G?B and one on GW, and we draw the interfaces between +1 and
—1 spins, we get an 8V-configuration. This transformation is two-to-one, and can be
made weight-preserving by choosing the appropriate 8V weights.
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~

Fig. 6. A piece of a quadrangulation, a subset B; C B with paths yp, joining them pairwise (dashed), and a
partial configuration (bold grey)

Proposition 11 ([5,26]). Let Q be a quadrangulation in the spherical case, and o, B :
F — (0, %). Consider the 8V-weights X : F — R* given by

ejg_]lév
—Jg+Ih
x=|¢"V (16)
eJB+JW
o IE— Iy
Then for any By, B1, Wy, W1 and paths y as in Definition 9,
i Ising\V
2 (0 (Bo)o (Wo)u(BOm(W))Y,, = (0 (BOr(W)LHEE, . (o (Wo)u(BD)gys!,, -

In particular,

2Z3v(Q, X) = ZB,, (U3) x 210 .(I).

3.2. Modifications of weights. One key feature of the 8V-model is its duality relation.
This is an instance of Kramers-Wannier duality [51], and in the case of the eight-vertex
model it was discovered by Wu [68] using high-temperature expansion techniques. The
formulation for correlators comes from Dubédat [26], and means that duality exchanges
order and disorder. We give an interpretation in terms of discrete Fourier transform in
Appendix A.

Proposition 12 ([26,68]). Let Q be a quadrangulation in the spherical case, and let
X =(A,B,C,D): F > R*be any 8V-weights. Let X = (A, B, C, D) be defined by

A 1 —11=1\ [A(f)
cHl 211 111 c(H |-

ﬁ(f) —1-111 D(f)

VfeF,
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Then forany By, B1, Wo, Wi and paths y asin Definition9, lety = (v, Yw,. YBos YWo)>
we have

(o (Bo)o (Wo)(B1) (W)Y, = (o (Bo (W) u(Bo)w(Wo)) -
In particular,

Zgv(Q, X) = Zgy(Q, X). (18)

Another transformation of weights consists in multiplying all weights D(f) by —1.
As any 8V-configuration contains an even number of faces of type D, this does not change
its global weight. However, in correlators containing disorder operators, the effect is non
trivial; a result of [26] is that u variables become o, while o variables are unchanged,
we rephrase it here using symmetric differences A.

Proposition 13 ([26]). Let Q be a quadrangulation in the spherical case, and let X =
(A, B, C, D) : F — R* be any 8V-weights. Let X' = (A, B, C, — D).

Then for any By, By, Wo, Wi and paths y as in Definition 9, let v/ =
(vBoAYBy» YWo AYW, s VB> YW,); we have

(o (Bo)a (Wo)(BOr(W1)Y', = (0 (BoAB1)o (WoAWDm(BD(Wi))Y! -
In particular,

Zv(Q, X) = Zgv(Q, X').

3.3. Free-fermion 8V correlators. By combining the previous results, we can relate
free-fermion 8V correlations with Ising ones. This has been done in [26] when the Ising
models are dual of each other (which in our case corresponds to @ = ), but the proof
works identically when this is not the case.

Corollary 14. Let Q be a quadrangulation in the spherical case, and let a,  : F —
©, 3.

For any By, B1, Wo, Wi and paths y as in Definition 9, let yg = (vBy, YwoAVYw;)
and yw = (ywy, vByAyB,). Then

(0 (Bo)o (Wo)u(BOR(W)Y,, , = co (0 (Bo)u(WosWp)gnsB

(o (Wo)e(Bo s BY)) " (19)
where
_ 1 : C
co=5 [ JJeosa(/)sinp(1)Cap(1).
feF
In particular,

Z5v(Q. Xap) = co 2B, (U2 210 (I



48 P. Melotti

Proof. From Proposition 11, the product of Ising correlators on the right-hand side of
(19) is equal to

2 (0 (Bo)o (Wo) it (BoAB) it (WoAWD)Y (s

for the weights X = (A, B, C, D) given by

_ Je—Jb _ [lisina sinp
A=es™w = cosa l+cosf’

_ o —Je+JB [ cosa l+cosp
B=e 57w = l+sine sinf

C = ng+J€V — 1+sina 1+cos B
B

cosa sinf
—JE—1. /| cosa _sinp
= B = -
D e w l+sina 1+cos B *

On these weights, we perform the transformation of Proposition 13, then of Proposi-
tion 12, and again of Proposition 13. This amounts to defining X = (A, B, C, D) by

A 1 -1 1 1\ /A
Bl _1[-11 1 1]|B
cl= 211 1 1 -1)l|c
b 1 1-11/\D

Following the transformations in the Propositions, we get that the Ising correlators are
equal to

2 (U(BO)U(WO)M(Bl),u(WQ)?/y .

Trigonometric computations show that (implicitly at any f € F):

B| _ 1 By g
C Jeosasin B (1 +cos(a — B)) | Cap
D Dy p

and using the definition of correlators as partition function, we see that these gauge
transformations multiply the correlator by the same factor. O

3.4. Coupling of free-fermion 8V-models. With Corollary 14, we are able to factor cor-
relators for the weights X, g into a part that depends on o« and a part that depends on
B. By doing the same for X, g and rearranging the Ising correlators, we can get the
correlators of X, g and X g. This is expressed in the following “switching” result.
The constants can be defined in terms of

A2 L(f)+B2,(f)
cap =[] Cap(h) = [] =72 (20)
feF feF
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Theorem 15. Let Q be a quadrangulation in the spherical case, and let a, B,a’, B’ :
‘77:;1—> (0, 3). Let By, By, Wo, Wi,y (resp. By, By, Wy, W|, y’) be as in Definition 9.
en

(o (Bo)o (Wo)w(BD1(W)Y. (o(Bé)a(Wé)u(Bi)u(WD)iZ,,ﬂ,,y/

(21)
— ¢ <a(B(/)/)U(Wé/)M(Bi/)M(Wl//»E);{Zﬂ X,

o o B W B,

/s

where
B(/)’ By B(’)” B(/)
Wé’ _ Wé Wé” _ Wo
Bi’ - BOAB(’)ABi ’ Bi” - BOAB(’)ABl ’
W]” WOAW(;AW] W{” WOAW(;AW{

with the same formulas for the paths in y”, y"", and
Co.BCal B
c1 = Zwplal B .
Ca,p'Ca’,B
In particular,

Zgv(Q, Xa.p) Z8v(Q, Xor p) = c1 Zsv(Q, Xa,p) Zsv(Q, Xo' p). (22)

Proof. This immediately comes from writing both the left-hand side and the right-hand
side in terms of Ising correlators using Corollary 14, and checking that they are the same.
0

Example 16. By taking By = B\, = B and Wy = W = W (i.e. the initial order variables
being the same), we get the simpler formula

(@ (B0 (W)n(Bu(W)Y, , , (o (B (WnBIRWD)

= ci{o B (WnBYWO) o Bo(WnBorW)), .,

This nontrivial equality of correlators (and of partition functions) suggests that there
exists a coupling between pairs of 8V-configurations. Specifically, when («, 8) and
(o, B) satisfy (13), then the 8V-weights define a Boltzmann probability; if 7, g, 7o/ g/
are independent and Boltzmann distributed, we want to couple them with 7, g/, 7o/ g,
while keeping as much information as possible.

This is the content of Theorem 3: it is possible to do so while keeping the XOR of
configurations equal (i.e. the XOR of the corresponding sets of dual edges of Q, which is
still an 8 V-configuration). The proof is a direct consequence of Theorem 15, but requires
the introduction of a discrete Fourier transform on the space of 8V-configurations and is
postponed to the end of Appendix A. An extended statement can be formulated for the
XOR of configurations with disorder, see Remark 43.

4. Kasteleyn Matrices

We review the transformation of free-fermion 8V-configurations into dimers, and we
compute special relations for the corresponding (inverse) Kasteleyn matrices.
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o
! (A—D)/C !
° B/C ¢ B/C °
i (A-D)/C -
o

Fig. 7. The quadrangulation Q (dashed) at a face f and the decorated graph of Fan and Wu [30] (solid lines)
with its dimer weights. The functions A, B, C, D are implicitly evaluated at f

Fig. 8. The decorated graph GT of Hsue et al. [37] with its dimer weights

4.1. Free-fermion 8V to dimers. In the case of the square lattice, it has been shown
by Fan and Wu that the 8V-model at its free-fermion point can be transformed into a
dimer model on a planar decorated graph [30]. Their arguments work identically on any
quadrangulation. The corresponding decorated graph is represented in Fig. 7.

In the more special case of a free-fermionic 6V model, the graph becomes bipar-
tite and the dimer model can be studied in more details [15,26,69]. No such bipartite
dimer decoration is known for the 8V-model, and the techniques of bipartite dimers are
unavailable as such.

In our setting we will make use of another decorated graph due to Hsue, Lin and Wu
[37], see Fig. 8. This graph is more symmetric but non planar, which makes the usual
theory of dimers as Pfaffians not available, but an adapted theory has been developed by
Kasteleyn [42,43].

More precisely, let GT = (VT , ET) be a decorated version of Q* obtained by
drawing small complete graphs K4 inside faces of Q and joining them by “legs” that
cross the edges of Q, as represented in Fig. 8. Even if this graph is not bipartite, we
still decompose VT into a subset of black vertices BT and white vertices W7, such
that the black (resp. white) vertices lie on the left (resp. right) of an edge of Q oriented
from black to white. For every edge e € ET, we define v, as in Fig. 8. We will need a
nonstandard weight for m € M(GT), defined as

b(m) = (=D T ve

eem
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where N (m) is the number of pairs of intersecting edges in m. The corresponding
partition function is

Zam(GT )= ) wm).
meM(GT)

Note that at the boundary of every face f € F, m uses an even number of legs. As
a result, if we only keep the occupied legs of m, we get an 8V-configuration 7 € Q(Q).
We denote this by m — 7. This mapping is weight-preserving in the following sense;
this was noted when Q is the square lattice by Hsue, Lin and Wu [37] but works in the
exact same way for any quadrangulation:

Theorem 17 ([37]). Let Q be a quadrangulation in the spherical or toric case, and X a
set of standard free-fermionic 8V-weights on Q. Then for every T € Q(Q),

wyy(@ = | [[cnH| Do wom.

feF meM(GT)

S.L. m—tT

In particular,

Zw(Q, X) = | [] €N | Zaim(G", ).
feF

We now describe how to compute édim (GT, V) using an adapted version of Kasteleyn
matrices.

4.2. Skew-symmetric real matrix. A Kasteleyn orientation of a planar or toric graphis an
orientation of the edges such that every face is clockwise-odd, meaning that it has an odd
number of clockwise-oriented edges; by the planarity condition, such an orientation can
always be constructed, and may be used to identify the partition function of dimers with
the Pfaffian of the corresponding skew-symmetric, weighted adjacency matrix [41,64].
Since G” is non-planar, there might not exist a usual Kasteleyn orientation, but there
still exists an admissible orientation so that the Pfaffian is equal to Z,;dim(GT, v) [42,43],
which we describe now.

If we remove all edges of G that join black vertices (the black diagonals of decora-
tions), we get a planar (or toric) graph G g. Similarly, removing the white diagonals gives
a graph G{V. An orientation of G is said to be admissible if its restriction to Gg and
G7V;, are both Kasteleyn orientation. The existence of such an orientation is established
in Section F of [43].

To define a Kasteleyn matrix, we first fix an admissible orientation of GT. For any
standard o, B : F — R/27Z, the 8V-weights X, g are standard. Thus we can define
dimer weights v, g as in Fig. 8. Let I?a, g be the weighted, skew-symmetric adjacency
matrix associated to the oriented weighted graph G7.

In the spherical case, the arguments leading to equation (79) in [43] imply the fol-
lowing.
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Fig. 9. An admissible orientation of GT in the toric case

Proposition 18 ([42,43]). In the spherical case, for any quadrangulation Q and any
standard a, B : F — R/2nZ,

Zgim(GT vy p) = Pf Ky p.

In the toric case, there also exists an admissible orientation, but its Pfaffian is no
longer equal to Zgim(GT, vy, g). We recall here the standard way of dealing with this
problem; the idea was suggested but not proved by Kasteleyn [41,42] and was then
proved in various forms of generality in the works of Dolbilin et al. [24], Galluccio and
Loebl [36], Tesler [65], Cimasoni and Reshetikhin [20].

Let m( be the dimer configuration consisting of all dimers in the decorations that are
parallel to the edges of GB; see the darker configuration of Fig. 12. For any dimer con-
figuration m on G7, the superimposition of m and m is the disjoint union of alternating
loops covering all the vertices. This union of curves has a well defined homology in

H,(T?, Z,/27Z), which we denote (A, k') € (Z/2Z)*. For any 6, T € {0, 1}, let 1%2;;

be the Kasteleyn matrix where the weights of edges of G crossing yxB (resp. )/yB ) have

been multiplied by (— ¢ (resp. (—1)7). Then there exists an admissible orientation such
that we have the following.

Proposition 19 ([20,24,36,41,42,65]). In the toric case, for any quadrangulation Q
and any standard o, B : F — R/2n7Z, for any 6, t € {0, 1},

Pf ~z:2 _ Z (_l)h;"h;f‘+hiv"+h3’?+0h§+rh’y"u~}(m).
meM(GT)
Consequently,
~ 1 = ” “ K
Zan(GT vap) = 5 (~PEROG+PIREL+PIRIS+PERLL).  23)
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For any (z, w) € (C*)2, consider the modified matrix I?a, g(z, w), obtained by mul-
tiplying the coefficients Iix, glu, vl by z (resp z~!) when the edge uv crosses yxB from

left to right (resp. right to left), and similarly for w and yyB. This leads to the definition
of the characteristic polynomial of the eight-vertex as the Laurent polynomial

Pfi‘é(z, w) = det Iga,lg(z, w).

When (z, w) ¢ {£1}2, this quantity has no reason to factor as a square product.
We conclude this part with a few remarks on the planar case. Then K, g is an infinite
. . T
matrix, or equivalently can be seen as an operator on CV" :

VieC" RaphHIxl= Y Kaplx ylfIyl.

yevT

This is well defined because forall x € V7T, Iga, glx, ylis zero for all but a finite number
of y’s.

An inverse of I?O,, g 1s an infinite matrix K o }3 such that K, 8 K o }3 = Id as a matrix
product. This is well defined by the previous remark.

When the graph is Z2-periodic, let GT = GT /Z? be the fundamental graph. Note
that GIT corresponds to the toric case. For any (z, w) € C? the subspace V(;w) of
(z, w)-quasiperiodic functions f:

Vx e Vi, Y(m,n) € Z*, f(x+(m.n)) =z"w" f(x)

is fixed by I?a’ - The restriction of Iea’ g to this finite-dimensional subspace is equal to
the matrix Iga,ﬂ(z, w) defined in the toric case for GlT, via the identification of x € VlT
with the only (z, w)-quasiperiodic function 6 (z, w) that takes value 1 at x and O at the
other vertices VIT of the fundamental domain.

4.3. Skew-hermitian complex matrix. There is another way to define Kasteleyn matrices
that is more intrinsic and does not require fixing an orientation, by using instead complex
arguments on the edges. Let K, g be the matrix whose entries are indexed by vertices
VT and defined by Fig. 10 and by the skew-hermitian condition:

Ky glu, vl = —Kg glv, ul.

The arguments of the entries are inspired by the relation with the Kac-Ward matrix
[18,19,39]. The “angles” (¢.).cs are defined in the following way:

e In the spherical and planar cases, we embed the graph GB properly in the plane,
with straight edges. Then the white vertices of Q, W, are in bijection with faces of
GB , and the edges £ of Q are in bijection with the corners of GPB. For every e € £,
we set 2¢, to be the direct angle at the corner corresponding to e, taken in [0, 27).
See Fig. 11.

e In the toric case, we lift Q to a bipartite periodic quadrangulation of the plane, and
we proceed as in the planar case. This yields a periodic choice of angles ¢, which
can be mapped again to the torus.
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Fig. 10. The skew-hermitian Kasteleyn matrix Ky g on GT

In the toric case, we also define Ky g(z, w) just as before.

The following result relates the matrices K g and K g by “gauge equivalence”. In
particular, it shows that all their principal minors are equal.

Lemma 20. In the spherical and toric cases, there exists a diagonal unitary matrix D,
that depends only on the chosen admissible orientation of G, such that

Kap =D "KypD (24)

Proof. We use Theorem 2.1 of [60]; see also Appendix A of [23]. The existence of
such a diagonal (not necessarily unitary) matrix is equivalent to having, for every cycle
C = (X1,...,Xp, Xp+1 = X1) of adjacent vertices on G,

p P
[ [ Kaplxi xic1] = [ | Kaplxi. xisl. (25)

i=1 i=l1

Since the complex moduli of the entries of K, g and K. g are equal, it is sufficient to
show that the complex arguments in (25) are the same. Notice that for the simple cycles
(X, y, X), by the skew-symmetric and skew-hermitian properties,

arg(Ky glx, y1Ka gy, xI) = 7 = arg(Ky g%, yl1Ka gLy, X1).

Moreover, if we show that the right-hand side of (25) is real (i.e. the argument is O[rr]),
then we only have to check one direction for any cycle.

All in all, by decomposing cycles, it suffices to check that the complex arguments in
(25) are equal and real for the following cycles:

1. the cycles that winds once in the counter-clockwise direction around a vertex of 13,
or of W;

2. the counter-clockwise 3-cycles inside decorations that use two sides and a diagonal;

3. inthetorus case, two fixed cycles that wind once vertically (resp. horizontally) around
the torus.

Case 1: let C be such a cycle corresponding to a black vertex b € B. Let ¢y, ..., ¢,
be the successive angles around b as in Fig. 11. By grouping together the successive
steps of C on legs and inside decorations, the argument of the left-hand side of (25) is

p
Y di=m (26)
i=1
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Fig. 11. Embedded graph GB and unitary part of the entries of K g on simple cycles around black and white
vertices

On the right-hand side, as the cycle is even, the product is also a negative real number
for an admissible orientation.

If C corresponds to a white vertex w € W, we alsoset @y, .. ., ¢, to be the successive
angles around w as in Fig. 11. Then

p
D 26 = (p£2)m, 27
i=1

with a — sign when w corresponds to an interior face of GB when embedded in the
plane, and a + sign for the exterior face. Again by grouping the steps, the argument for
the product of the left-hand side of (25)is Y1, (5 — ¢;) = m[27], and we conclude
similarly.

Case 2: In Fig. 10 we easily check that for any of these 3-cycles, the argument of the
product of the elements of K g is w[27]. By the construction of admissible orientations,

these are also clockwise-odd so the product for IZD,‘ g is also a negative real number.

Case 3: We show this for a cycle that winds once vertically around the torus, the
horizontal case being identical. We chose the alternating cycle C,, represented in Fig. 12.
This cycle is obtained by superimposing the dimer configuration m with a configuration
m,y that uses the legs that cross edges of Q that touch yfg on the right, edges parallel to
the white diagonal in the decorations of faces containing two such edges of Q, and is
equal to mq otherwise.

Again by decomposing the path, one easily checks that the argument on the left-hand
side of (25) is

> (vi - %) =0. (28)

i=1

For the right-hand side, we know that m( has homology (0, 0) while m, has ho-
mology (0, 1), so that by Proposition 19 the term in det Iga, g corresponding to the
superimposition of mq and m, must appear with a minus sign. All the double dimers in
this superimposition give a + sign, because the — sign of the product of opposite matrix
elements is compensated by the signature of a 2-cycle. Following this reasoning, the
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Fig. 12. A quadrangulation of the torus with the path yyB (dashed); the graph GT equipped with two dimer
configurations, m( (dark grey) and my (light grey)

product corresponding to the alternating cycle C, must be positive, since the signature
of the corresponding cycle of the permutation is —1. This proves that the arguments
match.

The fact that D does not depend on «, 8 is a consequence of the explicit form given in
[23]. Finally, to show that the matrix D can be taken to be unitary, we just have to show
that its diagonal elements have the same modulus, since multiplying it by a constant
leaves relation (24) unchanged. For any two adjacent vertices x,y € V7,

_ Dly.yl ¢
T DIx, x] Kaplx.y]

Ko plx,yl

so that | D[x, x]| = |Dly, y]|- Since the graph is connected, all these moduli are equal. O

4.4. Eight-vertex partition function and correlations. By injecting the result of Theo-
rem 17 into Propositions 18 and 19, and using Lemma 20 to transform the determinant

of Ky g into that of Ky g (we cannot do the same for Pfaffian, since the latter is only
defined for skew-symmetric matrices a priori) we get

Corollary 21. Let Q be a quadrangulation and a, 8 : F — R/2nZ be standard. In the
spherical case,

2

(2sv(Q. X)) = [ [] Cap(f) | detKap.
feF
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In the toric case,

I e Cap(f) (
2

Another standard result is the computation of dimer statistics in terms of minors of
the inverse Kasteleyn matrix; see [44,46]. If we adapt this to the 8V statistics, where we
are only interested in the statistics of the legs dimers, i.e. dimers that have weight 1, we
obtain:

Z3v(Q, Xa.p) = —PfI?O’0+PfI?2:1+Pf1301tj0+Pf1301t:1).

o.p B B B

Proposition 22. ([44]) Let Q be a quadrangulation in the spherical or toric case. Let
er,...,ep € &, each e; corresponding to a leg of GT, whose endpoints we denote
b; € BT andw; € WT. Let V = {bi,wr,...,bp, Wyl

Let a, B : F — R/2nZ satisfy (13). Let t be a random 8V-configuration with
Boltzmann distribution Pgy. Then in the spherical case,

(P (e ep) © 1)) = det[(K2). ]

where the matrix on the right-hand side is the submatrix of K, /]3 with rows and columns

indexed by V.
In the toric case,

Pgy ({e1, ..., ep} C 7)
_ m (=P (RY)., +Pr (RDY). +Pr(RLS). +pr(REL). ).
(29)

4.5. Relations between matrices K, /]3 We now exhibit a symmetry in the 8V-model in
the form of a relation between inverse matrices for different values of «, 8.

4.5.1. Spherical and planar cases Let us define the matrix 7 with entries indexed by
the vertices V! of the dimer graph G7, in the following way: if w € W7, then there is
a unique “leg” adjacent to w. Let us denote W € B the other endpoint of this leg. Let

e € & be the edge of Q crossed by {ww}. We define
T(w, W) = —e'%,

i . (30)

T(W, w) = —e %

and all the other entries of T are zero. Thus T is a weighted permutation matrix between
vertices x and their associated neighbor, which we still denote X, x being black or white.
Theorem 23. In the spherical case or planar case, let (o, B) and (o', B") be standard
elements of([O, 271)]:)2. If the matrices Ka_,ls” Ka_,lﬂ are inverses of Ko g/, Ko g, then
the following are inverses of Ko g, Ko gr:

1
-1 -1 -1
Kih =5 ((I+T)Ka,ﬂ,+(I—T)Ka,’ﬂ>, o

1
- _ Lo - ~1
Kly =3 ((1 T)K L+ (1 + T)K(mS) .
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O
X1 X4
X1 X:4/o
® ([
o/X'Q X3
Ko K3
O

Fig. 13. Notation for GT around x; € wT

Proof. To simplify notations, we will denote

e (A, B, C, D) the weights X, g;
e (A, B',C’, D') the weights Xy g;
e (a,b,c,d) the weights X, g, and K{;}S, = (uxy), yeyTs

o (a',b', ¢, d’) the weights X,/ g, and K;,lﬁ = (u; y) T
’ Y/ x,ye

Lemma 24. The following relations, implicitly evaluated at any f € F, hold:
cA+dB—aC—-bD =0, /A—dB—-aC+bD =0,
dA—cB+bC —aD =0, dA+cB—-b'C—d D=0,
aA+bB —cC—-dD =0, dA+bB—-'C—-d D=0,
bA—aB+dC—-cD =0, VA—a'B—-dC+cD=0.

(32)

Proof of Lemma 24. This is done by direct computations, which are made easier by the
use of the alternative form of weights (9). O

Letx; € WT. Its neighbors are denoted X1, X2, X3, X4 as in Fig. 13. Forany y € yT
andi € {1, ...,4} we have (Ka,ﬁ/K_;) [Xi, y] = 8x;,y, which reads:

o,

i b d a
—e Uy, y + ;uxz,y +1 ;MX3,y +1 ;Mx4,y = ‘SX],}’

—i
——ux, yte
c y

d a

l;uxl,y +1 ;sz,y —e'%3ug, y + ;”m,y = 8xs.y

.a .
Pey Ugyy +1 ;”x3,y +l;l/tx4’y = 8xay

a .
. . _i
l;“m,y +i ;“Xz,y - ;“m,y +e ¢e4u£4,y = Oxuy (33)

By writing the same equations for K,/ g, we get the same relations where uy y is changed
into u;’y and (a, b, ¢, d) are changed into (a’, b’, ¢/, d’). We denote these four new

equations by (EY), (E}), (E}), (E}).
Now we compute
C(E1) — B(E2) +iD(E3) —iA(E4)
+C(Ei)+B(Eé)—iD(E§)+iA(E£). (34)
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On the right-hand side, this is 2Céx, y. On the left-hand side, we can group the terms
corresponding to the same uy y (or u;’y). For instance, ux, y will appear with coefficient

b d
2B-%p+24 (35)
C C C

which is equal to C according to Lemma 24. All in all, using all relations of Lemma 24,
this yields

i 4 i ;
= Celtr (g, w0 gy~ ))
1 =i, e —y
+B (szyy tly,y—¢ 2 (sz,y quJ))
. /A 1) oy — U
+iD (MX3»}’ Flyyy —€70 <ux3’y M’A‘3’y>>

. 1 —ie . _ —
+iA <ux4,y +y, y—e (“xm)’ uf(4,y)) = 2C01.y-

(36)

Forx,y € VT, let ex € &£ be the edge of the quadrangulation closest to x, and let My y
be

1 ,
ifx e wl, My y = 3 (ux’y + u;ﬁy — i (u;()y — ul, )) ,

| (37
ifx e BT, Myy= 3 (ux,y +ilyy — e Pex (u;‘,y - u;y>) .
Then Eq. (36) exactly means that the matrix M = (Mx y)y yey7 satisfies
(Ka,ﬁM) [x1, Y] = 5x1,y (38)

when x; € W A similar computation shows that (38) also holds when x; € BT . Asa
result, M is an inverse of K g, and (37) is equivalent to

1 —1 —1
M= [(1 F KL+ (T~ T)Ka,’ﬂ] .

The second matrix relation in (31) is obtained by switching («, 8) < (&, 8/). O

Remark 25. Theorem 23 can be used to give an alternative proof of the relation of
partition functions (22). This works exactly as in the forthcoming proof of the analogous
statement for toric quadrangulations, see Theorem 27.

4.5.2. Toric case

Theorem 26. Let Q be a quadrangulation in the toric case. Let (o, B) and (o, B') be

two standard elements of ([0, 2n)f)2.
Let (z, w) € (C*? be such that K p(z, w) and Ky g(z, w) are invertible. Then
Ko p(z, w) and Ko g (2, w) are invertible and their inverses are given by

1
Kopaw) =3 [T+ DK ow) + (= DIKZw)]

Ky'ly(zw) = % [(1 — 1)K (2, w) + (I +TK (2, w)] :
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Proof. The proof, being based on a local computation of matrix products, is identical to

that of Theorem 23. One simply has to take into account the possible multiplication by

z+! and w*! in the weights when the face considered is crossed by )/XB , yVW , or both.

For instance, if it is crossed by yxB , in the notation of the proof of Theorem 23, one has
to compute

C(E1) —zB(E2) +izD(E3) — i A(E4)
+ C(E)) +zB(E3) — izD(E3) +iA(E}).
to get the correct matrix relation. The other cases are similar. O
Theorem 27. Let Q be a quadrangulation in the toric case. Let (a, B) and (o, B') be

two standard elements of ([0, 2m)” )2. Then the characteristic polynomials satisfy

PPy = 2Py Pyl

where
o= 2P 1_[ M
capeap 3 Cap(H)Cap(f)

To prove Theorem 27, we also need the following diagonal matrix D, whose rows
and columns are indexed by the vertices of G :

—1 ifxe wT,
Dyx = . T
1 ifx € B'.

Lemma 28. Let Q be a quadrangulation in the toric case, and let a, B : F — [0, 27|
be standard, and (z, w) € ((C*)z. The commutator of Ky g(z, w) with T is

[Kap(z,w), T] = =Ko p(z, w)DKg (2, w). (39)

If Py p(z, w) # O, the commutator of Ka_/ls (z, w) with T is

[K;}S(z, w), T] - D. (40)

Proof. Equality (39) can be verified by a straightforward computation of the matrix
elements. For instance, in the notations of Fig. 13 (we drop the (z, w) in the computation
to simplify notations) the matrix element [x, X»] are

(Ka.gT) [x1, X2] — (T Ka,p) [X1, R2] = Ko p[x1, x2]T[x2, k2] — 0

B (_e—i%) ;
C

— (Ka,pDKq,p) [x1, R2] = =Ko glx1, X2]1D[x2, X21K 0, glx2, X2]

_B (e—i%) .
c

Another important case is the matrix element [Xx1, X1]:

(Ka,gT) [x1. x1] — (T Ka,p) [x1, x1]
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= Ky glx1, X1 1T [X1, x1] — T'[x1, X1]1 Ko g[X1, X1]

_ (_eia:»el) (_efwel) _ (_em,)eam,;
— (Ko, DKo p) [x1, %21

i _ig B B .D D A A
=- (—e ”1>e At —|—=|+i=(—DiZ+izi—=
C C C c CCcC

( —BZ—A2+D2)
= — —1+—
C2

=2

All other cases are similar.

For the second point, P(z, w) = det (Iza,ﬂ(z, w)) = det (Ka,ﬂ(z, w)) Lemma 20,
so the matrix Ky g(z, w) is invertible. Then (40) is simply obtained by multiplying (39)
by Ka_/ls (z, w) on both sides. O

Proof of Theorem 27. We prove the polynomials relation for (z, w) such that none of
the four polynomials is zero at (z, w) (i.e. the four Kasteleyn matrices are invertible);
the relation is then obtained by analytic continuation. By noting that 72 = I, we can
rewrite Theorem 26 as a block-matrix relation:

(1 1) K p@w) 0 _(1 1) K, (2 w) %(1—T>K;(§,<z,w)
I=1)\KGlp@ow) Kty cow)) AT =T)\K )y cow) 5T+ Ky y(zw)
(41)

1
T -T
block-diagonal form, with blocks corresponding to the two copies of the pair (x, X) for
x € WT. For the two matrices, the blocks have determinant 4 and there are 2.F blocks,
so both their determinants are equal to 247

The determinant of both sides of (41) can now be computed; we successively use the
formula for determinants of block matrices, Lemma 28 to exchange T and the matrices
K_1 (z, w), and det(D) = (— 1)2}— = 1; we drop the (z, w) in the notations to make the
computation clearer:

We take the determinant of these. The matrices <§ _1 ]> and ( ) can be written in

1 1
—1 —1 -1 —1 -1 -1
‘KW ‘Ka,yﬂ,) = |k, 5(1 — K,y — Ka’ﬁ,Ka/’ﬁz(I + 1)K,

=k k! ! K, oTK L + Ky sTKS!

- |, ap'|| 2 ap T Re gt Rarpl Koy g

. (42)
-1 -1
= Ky 4| |Kap —T+E (Ka,5/+Ka/,,3)D'

a,p’

=|k;V ||k ! TD lK K
= [ Kb |70+ 5 (K + Kug)].
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Fig. 14. Coefficients of the matrix —7'D + % (Ka,ﬂ’ + Ko/,ﬂ) at a face

Notice that T'D is exactly equal the part of K, g that corresponds to legs of GT. Thus
—~TD+1 (Kyp + Ko p) is a block-diagonal matrix, where blocks correspond to deco-

rations inside of the faces F of Q. When the face is not crossed by yxB nor yyB , the block
we get is represented in Fig. 14, where (in the notation of the proof of Theorem 23):

The determinant of this block can be easily computed using (9), giving

N2 1 "opb dd\?
(&2+b2—d2) = - l+ga_+_____
4 cc cc  cc

a2+b2 a/2+b/2

_ c? 2
T A2+B2 A2+B"?
C2 cr?

When the face is crossed by yxB or yyB , some weights are multiplied by z*!, w*! but
the determinant is the same.
All in all, (42) becomes

I A+ B A(N)*+B'(f)*
C(f)? C'(f)?

|Koh@w)| [KZly 2 w)
feF

I a(f)* +b(f)* d'(f)* +b'(f)*

(/)2 ()2 Koy )| Kyt )]

feF

Using relation (11) finishes the proof. 0O
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An important case appears when we set @ = 8" and 8 = «’. The model with weights
Xq.o is actually a 6V model, and the weights of diagonals in GT become null. This gives
the bipartite decorated graph of Wu and Lin [69], see also [15,26] which we denote G Q

More precisely, our Kasteleyn skew-hermitian matrix K o(z, w) can be related to
Boutillier, de Tiliere and Raschel’s K matrix from Section 5 of [16] - whose rows are
indexed by white vertices and columns by black vertices of G€ - via

wT BT
Kea@wy=if, 0 Kalzwy) Wi 3)
Koz w™h 0 B

The determinant of [C(z, w) is the characteristic polynomial of a bipartite dimer model;
we denote it by Po? V(z, w). Thus PO?V (z, w) is the determinant of a matrix twice as small
as Ky g(z, w).

Corollary 29. Let Q be a quadrangulation in the toric case. Let (a, B) and (o', B)

be two standard elements of ([O, 2m)” )2. Then the characteristic polynomial of the
8V-model satisfies

Py =cpdV PgY

for some constant ¢ satisfying

2
@ =[] =
13 1Cap (D
Proof. Equation (43) yields
PEY (2, w) = P8V (z,w) PV (z™h w ). (44)

However, PO?V has extra symmetries. First, as it is the characteristic polynomial of
a (bipartite) dimer model, up to a global factor its entries are real (see for instance
Proposition 3.1 in [48]), so that PD?V = c3 PO?V for some constant ¢3 € S'. It also
corresponds to the dimer model on the decorated graph G<, and the characteristic
polynomial in that case is proportional to that of Fisher’s decorated graph [34] (see
Sect. 4 of [26]). By Corollary 16 of [16],the characteristic polynomial on Fisher’s graph
has a symmetry (z, w) <> (z~', w™"). This gives P(SV(Z, w) = PO?V(Z*I, w). Asa
result (44) becomes

2
Pi =i (PEY)

We can now apply Theorem 27 with o = B’ and B = o’. By the same argument as for
(14), P3Y, = Pﬁ";. Thus Theorem 27 becomes

af
2 2
(i) = ach (n2 ")’

By analytic continuation and by computing the constant we get the desired relation. 0O
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Fig. 15. “Star-triangle” move on the quadrangulation (solid lines) and its dual on which the 8 V-configurations
are defined (dashed lines)

5. Z-Invariant Regime

In this section we restrict to the planar case. The graph may be periodic (in which case
we will still make use of the toric case) or not. We study the Z-invariant regime of the
model, which is a regime where the star-triangle relations are satisfied.

5.1. Checkerboard Yang—Baxter equations. Here we generalize Baxter’s star-triangle
relations [5,6] in our “checkerboard” setting, and we find free-fermion solutions.

Let us suppose that the quadrangulation Q contains three adjacent faces in the con-
figuration on the left of Fig. 15. Then we can transform it locally into the configuration
on the right. We need to update the weights of the eight-vertex model at the same time.
This can be done in such a way that there exists a coupling of the configurations on
the right and of the left quadrangulations, such that they agree everywhere except at the
central dashed “triangles”.

Specifically, let us denote (a;, b;, c;, d;) the 8V-weights at f;, and (a;, b;, ¢}, d;)
those at f/. By conditioning on every possible boundary condition, we get the following
equations for the existence of a coupling: for every i, j, k with {7, j, k} = {1, 2, 3},

cicjcx +ajajag o cicic + bbby

aicjcy + ciajag cl{a}a,’( + b;d}d,/(

cibjby + aidjdy o bic'ici + cibby, (45)

Cidjdk +aibjbk (08 Cl/-d;-
cibjd +aid by di’a}c,’( +a,

! A
dk + laj ay
N
bk
where the proportionality constants are all the same. We call equations (45) the Yang—
Baxter equations of our model.

Remark 30.

e Most of the equations (all but the last one) are invariant under some nontrivial
subgroup of the permutation of indices {i, j, k}. All in all (45) contains 16 distinct
equations.

e We presented the “star-triangle” move as going from the left configuration to the
right one, but it can of course be done in both ways, giving the same set of equations.

Equations (45) are often written in matrix form. For the checkerboard setting, we
define R and R matrices containing the weights at every face, with the indexing of
Fig. 16:
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09 i 01 11 j 02

21 19 19 01
Fig. 16. Entries of R(f) (left) and R(f) (right) are indexed by the occupation state of (i1, i) and (o1, 02),
in the order (absent, absent), (absent, present), (present, absent), (present, present)

e 00 AU
R(f)://\ 0 D) B(f) O

-1 0 B(H DUH O
—~ \A(f) 0 0 Cn

< 1 < <

- (C(f) 0 0 B()
RfHy= —| O D(f) A(f) 0
=1 0 A(H DY O

= \B(f) 0 0 W

These matrices are elements of End(V ® V), where V is a complex vector space of
dimension 2. For i, j € {1,2,3},i < j, we define R; ;(f) € End(V ® V ® V) that
acts as R(f) on the components i and j, and as the identity on the other component. We
similarly define R; ;(f). Then equations (45) are equivalent to (see for instance [59])

Ri2(fR13(2)R2,3(f3) o Ras(fHR13(DR12(f])-

5.2. Lozenge graphs. One way to make sure that (45) always hold is to make the 8V
weights depend on the geometry of the embedding. This has been done for several models
on special embedded graphs called isoradial; see for instance [45]. In our context it is
more natural to talk only about lozenge graphs.

We say that the planar quadrangulation Q is a lozenge graph if it is embedded in
such a way that all faces are nondegenerate rhombi, with edge length equal to 1. Then
for every f € F, there is a natural parameter 6(f) € (0, w/2), which is the half-angle
of the black corners of the rhombus. For a vertex x € V7, we also denote 0(x) = 0(f)
where f is the face containing x.

Alozenge graph Q is said to be quasicrystalline if the number [ of possible directions
+¢/® of the edges of the rhombi is finite. In that case there exists an € > 0 such that for
all faces f,0(f) € (¢, 7 —€).

Let k£ be a complex number such that ke (—o00, 1), which will serve as an elliptic
modulus. We denote by K (k) (or simply K) the complete elliptic integral of the first kind
associated to k. We denote by am(-|k) the Jacobi amplitude with modulus k. For every
complex number 6 € C, we define 6y as

2K (k)
s

Or = 0.
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Fig. 17. A portion of a lozenge graph

Proposition 31. Ler Q be a lozenge graph. Let k, [ be two elliptic moduli, with k* < I>.
For every f € F, let

a(f) =am (6(f)l k),

46
B(f) = am (O(f)|]). (46)

Then o, B satisfy (13), and the weights X g satisfy the Yang—Baxter equations (45).

Proof. The rhombi are supposed to be nondegenerate so that 6y € (0, ), and for
u € (0, K(k)) one has am(u|k) € (0, %) (see for instance [1]). To show that (13) holds,
it suffices to show that for all A € (0, 1),

fu(k) = am (AK(k)|k)

is an increasing function of ke (—0o0, 1). This has been shown in [38] (see also [17]
for a reference in English) on the domain k% € [0, 1), but the proof works identically
for k? € (—o0, 1).

We now prove (45). It is easy to check that these equations are unchanged if we
multiply the weights d at every face by —1. Simple but lengthy computations also show
that they are still satisfied if we apply the duality of Proposition 12 at every face. As
a result, we just have to check equations 45 for the weights (16) (we show how these
weights can be transformed into X, g in the proof of Corollary 14). This holds iff the
Ising models defined by « and $ of (46) satisfy the star-triangle relations on lozenge
graphs, which is the case as shown in [12]. O

Remark 32. The weights of this Z-invariant 8V model are

A(f) = sn@(f)rlk) +sn@(fil)

B(f) = en(0(f)xlk) +en@(f)lD)

C(f) = L+sn@(filk) sn(@(f)ill) +cn(@(fHi|k) en(@(f)ill)
D(f) = en(0(f)rlk) sn(@(f)ill) — sn(@(f)xlk) en(@(f)ill)
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Ap—

—

az

Fig. 18. A pathon Q fromb to w

The dual modulus of k is defined as k¥’ = /1 — k2. When k’ = IL” (or I = k* in the
notations of [16]), the bipartite coloring no longer matters and we recover the Z-invariant
weights of Baxter [5,6] at the free-fermion point.

When k = [, we get a Z-invariant 6V model whose corresponding bipartite dimer
model has been studied in [16].

From now on, we suppose that Q is a lozenge graph, and that two elliptic moduli
k* < 1% are chosen. We replace the indices o, B by k, [, meaning that they correspond to
the «, B of (46). We also slightly modify our Kasteleyn matrices by setting ¢, = 6, in
the notations of Fig. 10. These angles also satisfy (26), (27), (28) so the results of Sect. 4
still hold.

5.3. Local expression for K,_ 11. In the case where k = [, we have « = 8 and we already
know that this corresponds to a free-fermionic six-vertex model — or equivalently to
dimers on a bipartite decorated graph G €. The operator K ; can be written as

we B@
Kex=if 0 Ke) we 47)
'Ke 0 ) BY

where Ky is the operator from black to white vertices, associated to the elliptic modulus
k, defined in Section 5 of [16]; we only change notation slightly to emphasize the
dependence on k. In the following subsection we recall the tools of [14,16] that are
required to compute a local formula for ICk_1 . Our definitions differ from those of [14,16]
by the multiplication of the arguments by a factor ﬁ(k)’ which is aimed at making the
dependence in k more apparent.

5.3.1. Inverse of K Leth € BT andw € W' . We chose apath on Q going from the half-

edge closest to b to the half-edge closest to w, which we denote %eio‘l L R L

%ei“". We also set aj, ..., a,—1 to be the successive vertices of Q in that path. See

Fig. 18. The following definitions do not depend on the choice of this path.
The discrete k-massive exponential function is defined in [14] as

n—1
€ay.a, (k) = l_[ VK sc <<u _2aj>k k> .

j=2
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This is a well-defined function of the complex argument u. It is moreover 27 -periodic,
and 2im Ki-periodic when a; and a,_| are the same color (i.e. the product contains an

! . . . .
even number of terms), 2iw %—antlperlodlc otherwise.

Let also
ne ((“52), k) ne ((“52),|k) (k) ifa; € B.,a,—1 € B
B |6 = ne ((“52),|k) de ((“52),|k) (—vK) ifa) € B.a—1 € W
do ((452), 1K) ne ((“52),[0) VB ifa) €W, a,- € B
de ((“52), | k) de ((“522), | k) ifar e W, ap_1 € W.

Then the function e~ 2@ ~Dp(ulk) is well defined and has the same (anti)periodicity
as €g,,q,_; (u|k). As aresult the following function is meromorphic on the torus T'(k) =

¢/ (2nz+2i7¥2):

fow(ulk) = P 2@ By k) ey o (k).

Its only possible poles are the «; + . On can chose the paths joining b and w such that
the angles «; all lie in an open interval of length 7. Let I', wx be a vertical contour on
T(k) avoiding this sector.

Theorem ([16], Theorem 37). Forb € BT ,w € W7, let

_ K(k)

K'bowl=—— Sowik () du. (48)
2w Fb.w\k

Then K,:l is an inverse of the operator Ky. Fork # 0, it is the only inverse with bounded
coefficients.

5.3.2. Inverse of Ki,; By (47), the following are inverses of K ; and K ;:

wT BT wT BT
-1 T 1 T
K,:é:—i(i 'Ky ) W’ , Kl_zlz_i(L 'K, ) W'_ ) (49)
’ Ktooo0 ) B! ’ Kitooo ) B!

Corollary 33. The operator
Kol = S (a+1)K7 + (1 =K
ki =5 U+DK +U =T)Ky,
is an inverse of Ky ;. It is the only inverse with bounded coefficients.
Its coefficients read, forw,w' € WT b, b € BT,

~1 _ Tl -1
Kifw.bl = — (lck [b, w] + & ![b, w]>,
—i
K b, wl= > (K;I[b, wl+K; ' [b, w]) ,
- 10(w)
Kt w, w) = = (K T w1 = K71 W)
ie*i@(b)

K]:ll [b, b/] — (/Ck_l[b/, B] o ’Cl—l[b/7 B]> ]

Proof. This is a direct consequence of (47), (48) and Theorem 23. O
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5.3.3. Asymptotics of coefficients The asymptotics of the coefficients of KL~ for points
b and w far away is also computed in [16]. To state the result, using the notations of
Sect. 5.3.1, we also introduce the following real function:

/

«l9]

1 .
X(l/t, k) = mlog |:€a1’a”l <u +17T—
n—

As stated before, the o; can be taken in an interval of length 7r; let « be the center of this
interval. According to [14], for any k € (0, 1) the equation g—fj(u, k) = 0 has a unique
solution in o + (—%, %). Let ug(k) be this solution, then uy(k) corresponds to a local
minimum of x (-|k), and yx (ug(k), k) < O.

Theorem 34 ([16], Theorem 38). Let Q be a quasicrystalline planar lozenge graph, and
k € (0, 1). Then when |b — w| — o0,

K(k) e = n—an) p (uo(k) + in%‘ k) +o(1)

’Clzl [b, w] = el@ —an—1lx o (k),k)

22
J272lar — a1 | 2 o), k)

The case k = 0 can be deduced from Theorem 4.3 of [45] and corresponds to a
polynomial decay of the coefficients of the inverse matrix.

To get precise asymptotics for K~ 11, we need to compare two terms coming from

ICk_l and ICI_I. The following Lemma lets us compare the main term, el ~@-1lx@o(k).%)
The conclusion is natural, since the case k = 0 corresponds to critical models (where
the decay of correlations is polynomial), while as k gets bigger the decay is exponential
and should have a faster rate. Thus for 0 < k < I < 1, only the term corresponding to
k remains in the asymptotics.

Lemma 35. The function k — |x (ug(k), k)| is increasing in (0, 1).
The proof can be found in Appendix B.

Remark 36. In the case of the Z-invariant elliptic Laplacian [14], Ising or free-fermion
6V model [16], the characteristic polynomial defines a Harnack curve of genus 1; in fact
every Harnack curve of genus 1 with a central symmetry can be obtained in this way.
This means that its amoeba’s complement has only one bounded component, or “oval”
(see Fig. 2). The boundary of this convex oval is parametrized by functions x (-, k) for
appropriate paths, and the value of x (¢ (k), k) corresponds to the position of an extremal
point of the oval in the path direction. Thus Lemma 35 shows that as k goes from O to 1,
these ovals are actually included into each other. In [14] the authors show that the area
of the oval grows from 0 to oo, but the monotonic inclusion is new.

We can now deduce the asymptotics of coefficients for K 11' There is a technical

difficulty due to the fact that the prefactor & (uo(k) +im %‘ k) in Theorem 34 can be

zero. This may happen when u (k) is equal to 1 or to ¢, in the notation of Fig. 18. We
do not expect this to happen except for a finite number of moduli &, but we could not
get rid of this hypothesis.
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Corollary 37. Let Q be a quasicrystalline planar lozenge graph, and 0 < k < 1. We let
|b—w| — oo, suppose that there is an € > 0suchthat lug(k)—o| > €, ugk)—ay| > €
for allb, w. Then

(k) 0(k) (1) elti—an—11xwok).k)

K,:l [w,b] =
222211 — ay 11 5% o (k). K

Proof. This comes immediately from Corollary 33, Theorem 34 and Lemma 35. The
fact that 4 is bounded away from zero is a consequence of the technical hypothesis, and

the fact that %(no(k), k) is bounded and bounded away from zero is proven in [14].
O

The other coefficients of K l can be computed in a similar way using Corollary 33,
giving the same exponential behavior. When k = 0 < [ < 1, the decay is polynomial,
so that all these models can be considered as “critical”.

We conclude this part on asymptotics with the computation of a critical parameter.

Proposition 38. Let Q be a quasicrystalline planar lozenge graph. For any b, w, as
k — 0, there exists positive constants ¢, C > 0 such that the exponential rate of decay
X (uo(k), k) satisfies

—Ck* < x (ug(k), k) < —ck?>.

Proof. In the notations of Appendix B, we showed that the minimum of g is % log(k),
so that

-2 -2

log (1 = kH!/2) ~ — ==

4r

On the other hand, by Lemma 16 of [14], there exists an € > 0 such that x (ug(k), k) <
log(v/k' nd (e|k)). As nd (€|k) — 1 when k — 0, this is equivalent to — ;2. O

n—2 NN 5
X (uo(k), k) > log(k’) = k=

5.4. Free energy and Gibbs measure. A Gibbs measure can be constructed by taking
the limit of Boltzmann measures on toric graphs, i.e. to consider periodic boundary
conditions. When Q is a Z?-periodic quadrangulation, we can define a toric exhaustion
by Q, = Q/nZ?. Using this idea and the machinery developed for finite graphs in
Sect. 4, we can prove Theorem 6.

Proof of Theorem 6. The proof follows closely from the arguments of [21], see also
Theorem 6 of [12]. We sketch the main steps here.

First consider the case where Q is Z?-periodic. We denote IPg,, the Boltzmann prob-
ability on Q,. We use Kolmogorov’s extension theorem; to do so, it is sufficient to show
that the right-hand side of (4) is the limitas n — oo of the probability thatey, ..., e, € T
in the toric graph Q,,. This probability is given by (29). Thus we want to compute the

limit of Pf ( ik l) (where the n means that the matrix is defined on Q) for any
s,t € {0,1}. When k # 0 or (s,7) # (0,0), the matrix 122221 is invertible and by

Jacobi’s identity,
Pf (12221) =Pf [( nk z)_l] Pf (k;;cl) . (50)

Vv
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By Lemma 20 and Theorem 26,

(15222,1)71 = [(1+T)( nkk)i "‘(I_T)( nll)l]p'

Asn — 00, the coefficients of ( ok k) tend to that of the infinite matrix K 11 by the

-1
6V case [16]. Using Corollary 33 we get that the coefficients of ( ik l) converge to

that of the infinite matrix K kil ! (where the orientation of the infinite graph is obtained
by periodizing the orientation of Q).
As aresult, (50) implies that for (s, t) # (0,0) or k # 0,

Pf( nkl) n—>OOPf|:I€k_,l:| Pf( nkl)

When k = 0 and (s, ) = (0, 0), the generic arguments in [12] imply that

Pf( nOl) 1
Zgv (Qn» Xo.1) =0 (7_1) .

Using these estimates, Proposition 22 implies

[1ter, Cra(f)

n

(e1,...,e er)NPf[ ] € Pf( )

Y " c 228V(Qn,xkz>z s P (Ko

where €9 0 = —1 and the others are 1. By Corollary 21, the right-hand side is simply

L (G

The non-periodic case can be deduced from the periodic case by the generic arguments
of [22]. It comes from the uniqueness of an inverse of the infinite Kasteleyn matrix with
bounded coefficients and the locality property of Corollary 33. O

When Q is Z2-periodic, the free energy is defined as
Fhl = — lim L log 2 X
gy = — Jim -7 log 8v (Qn, Xk.1).

Its existence and exact value can be deduced from that of dimers [21,48], giving the
following:

Proposition 39. Let Q be a periodic lozenge graph, and0 < k <1 < 1. Let P,g }/ be the
characteristic polynomial of the 8V-model on the toric graph Q. Then

dz dw
= 1 - = log P, . 1
i == 3 s Cuath 5 [ rdt o 55 6
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A. 8V-Configurations as 1-Forms

This section aims at providing a simple algebraic framework to understand 8V duality
and order-disorder variables. Specifically, we write configurations as elements of certain
Z»-modules, so we use additive notations; similar definitions can be found for various
models, in multiplicative notation, in [27]. We do this for a quadrangulation Q only in
the spherical case.

A.l. Setup. A spin configuration on the vertices V of Q can be seen as an element
o< Z;; (we will use bold notations to represent objects defined in Z,-modules). Then
the spin-vertex correspondence sketched at the beginning of Sect. 3.1 can be seen as a

linear map @ : ZY — (Z%)]:, such that for a spin configuration ¢ = (6,),cy and a face
f € F with boundary vertices b, b’ € Band w, w’ € W,
® (o) = (0p +0p, 0y +0y).

Thus an 8V-configuration can be represented as an element T = (et f, Bf) feF € (Z%)}—
with a s taking the value 0 when 7 is of type A or C (i.e. the black spins are equal)
and 1 when it is of type B or D, and similarly for 8 and white spins. Note that this
characterizes the 8V configuration up to global complement, so that this setup is only
relevant in the zero field case.

Thus we define the set of 8V-configurations as H = Im ®, which is a strict subset
of (Z%)]:. Also note that if T = (af, Bf) fer € H, thenforany b € B, 3, , Br =0
where the sum is over all faces adjacent to b. Similarly, if w € W, ) frw Of = 0. This

)}— — ZY . such thatif T = (eer, By)rer € (Z%)}—,

Y By ifx €B,
Y ppar ifxew.

)

motivates the definition of ¥ : (Z%
V(t)y =

The applications ® and ¥ can be considered as dual of each other. To do so, we equip

(Z%)F with the symplectic form (-|-)

(tlt) =) arBi+aiBy.
feF

and Z;j with the canonical bilinear symmetric form (-, -)

(0,0") = Z avalf.

veV
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Proposition 40.
1. The applications ¥ and ® are dual of each other, meaning that for any ¢ € Z;} and
re (@),
(Po|t) = (0, ¥T). (52)

2. H = Im ® = ker V. In other words, the following sequence is exact
]:
v 2 (Zg) 2 . (53)
3. H=H".

Proof. Leta = (0y)ycy and T = (Olf, ,Bf) e By linearity, it is enough to prove (52)
when o, T are elements of the canonical basis, i.e. when o, is 0 for all vertices but one,
and o 7, B are all 0 except one.

If 03, is 1 for one black vertex b € B and 0 for all other vertices, then ®o is (1, 0) on
faces adjacent to b and (0, 0) otherwise. Two cases may appear:

e if oy =1 at some face f and all the other components of 7 are 0, then ¥z is 1 on
the white vertices of f and 0 everywhere else, and we have

(Po|t) = (0,¥T) =0.

e if By =1 at some face f and all the other components of 7 are 0, then ¥t is 1 on
the black vertices of f and 0 everywhere else, and we have

1 ifuis a vertex of f,
0 otherwise.

(Po|t) =(0,¥T) = {

The case where gy, is 1 at a white vertex w € W and 0 elsewhere is similar. This proves
1.

We now prove 2. We already know that Im @ C ker ¥. Let us show that they have
the same dimension.

e The kernel of @ is clearly composed of elements of Z}j constant on 53 and constant
on W, so it has dimension 2. By the rank-nullity theorem, Im ® has dimension |V|—2.

e The applications ® and ¥ are dual of each other so they have the same rank. By the
rank-nullity theorem, ker ¥ has dimension 2|F| — |V| + 2.

e We have Euler’s formula |V| — |€] + |F| = 2, and the graph is a quadrangulation
so 4|F| = 2|&|. Combining these gives |V| — 2 = 2|F| — |V| + 2 as needed.

Since ® and ¥ are dual of each other, Im & = (ker \II)J‘ and 3 is obvious from 2. O
Remark 41.

e It is clear now that we are working with an avatar of discrete Hodge theory. The
applications @ and W are in fact the d applications defined by Mercat for the double
of a chain complex [57]. For that reason, we will now simply denote the sequence
(53) as

f
zy 5 () S 2¥
).7'-

so, for instance, an 8V configuration is a closed 1-form (i.e.at € (Z% st.dt =0).
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e The elements of (Z%)]: \H do not correspond to 8V-configurations, but can be
thought of as configurations with defects. More precisely, if dt = 1p,uw,, with
By € B and Wi C W, then By and W; have to be of even cardinality, and
corresponds to the disordered configurations of [26] mentioned in 2.4.2. We will
alternatively denote dt = B; U Wj.

e Properties similar to Proposition 40 might hold when Q is not a quadrangulation
of the sphere but of the torus, or other surfaces. These are beyond the scope of the
present paper.

A.2. Fourier transform. Let g : (Z%)}— — C. We define its Fourier transform g :
(Z%)F — Cby
g =271 3 (i),
ve(23)”

The normalization is such that we have the Inverse Fourier transform formula is ¢ = g.
Another important formula is Poisson’s summation identity. For any subspace F C

(z3)”.

Y ogmy= ) &)

teF teFL
Example 42. For 8V weights X : F — R*, the weight function wgy that we defined for
8V-configuration (5) can be extended to a function on (Z%)}—. Then it is easy to check

that its Fourier transform is actually the weight function for the dual weights X (17).
Then Poisson’s summation identity applied to H, given that H = H, becomes

Y wgv(z) =) gy ()
teH TeH

which is the duality relation for partition functions (18).

A.3. Correlators. We now describe how correlators of Definition 9 fit into this descrip-
tion. In the absence of disorder, the order variables o (Bg)o (Wp) correspond to a random
variable taking value 1 (resp. —1) when there is an even (resp. odd) number of edges in T
between the By, Wy joined pairwise. If we fix paths yg,, yw,, andif T = (a s, Bf) rer,
this is equivalent to considering

[T o T <ofr.
NASZ:N ferwy

If we define 7, = (lyWO, IVBO) (where the paths are identified with subsets of F),

then this quantity is exactly (— 1)<TV IT). On the other hand, disorder variables at By, W,
correspond to configurations T with d= = B} U W;. Thus we have:

(0 (Bo)o Won(BrW)Y, =2 D (D™ Pugy (o).

T s.t.
dt=B{UW,
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. . . F
The factor 2 comes from the fact that the representation of 8V-configurations in (Z%)
is two-to-one.

Proof of Theorem 3. Our goal is to prove that for any 8V-configuration 7 € Q(Q),
Pgy ('L'a,ﬂ Dty p = 'L') = Pgy (Ta’ﬂ/ Gty p= 'L') .

By definition of Boltzmann probabilities, this is equivalent to (we indicate the depen-
dence of wgy in the «, B variables):

Z wgi,ﬁ(ra,ﬂ) wgv’ﬁ (Ta’,ﬁ/) _ wgi}g (Ta,ﬁ/) wgv’ﬂ(ra/’ﬂ)
ot g S Zyv(Q. Xa,p) Z3v(Q. Xy p) it st Z3v(Q, Xo.p) Z8v(Q, Xy g)
ra_;qeara;_ﬂ/:r Tu:ﬁ/@'fa;ﬂ:f

We already know that the product of partition functions are proportional with a factor
c1 (22), so we just have to show that

a,B o B a,p’ o B
E Wgy (Ta,ﬂ)wgv (Ta/,ﬂ/) = E Wgy (Ta,ﬂ’)wgv (Ta/,f})(54)
Ta,BTa! g/ S.t. To p/ T/ B s.t.
To, BTy g =T To g BTo/ p=T

To prove (54), we first rewrite the correlators of Theorem 15 in the formalism of
1-forms. In the particular case B = By = By, W = Wo = Wjand B| = B = W| =
Wi =0,lett, = (1,,,1,,), then (21) reads

Z (_1)(1 +T |ry>wgi/ﬂ(1,/)w§v,ﬁ ") = ¢ Z (_1)(1' +T lty)wgi/ﬂ (r/)wg\}ﬂ(r”).
7, 1v"eH T, t"eH

Reordering these sums according to T = 7/ + T gives

S enEm S @y @

F / "
TG(Z%) T +T€€1:Y '
=c Y DN wE @ .
72" T, ‘t”eH s.t
rel®) tar'=t

Note that we always have T = v/ + t” € H, so when 7 ¢ H the inner sum is empty.
We rewrite this as

Y =@ =0

e(z3)”
where
fo= 3wy a@ —a Y wi @l an.
T/, 1”eH s.t T/, r”eH s.t
T +T _1.' T +T _T

In other words, we have f (ty) = 0. This is true for any B, W and paths y joining
them pairwise. Conversely, any element T € (Z%)}- can be considered as such a T,
— namely, if dt = BU W, then T = (1,,,, 1,;) for some paths yp, yw that satisfy

the hypothesis of Theorem 15. This means that f is actually the null function, and by
injectivity of the Fourier transform, so is f. This proves (54). O
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Remark 43. In the previous proof, if we let By, B{ , Wy, Wl’ be any even subsets of black
and white vertices of Q, we get

a, 0/, /
Z wsxﬁ(f/) wsvfj )
5 Z8v(Q, Xap) Z3v(Q, Xo,p)
r’,r”e(Z%) 5.t
T'+1"=1
dtv'=BUW;
dv"=B|UW]

a, B o,
. ugy @) wy @)
ZSV(Q, on ’) Z8V(Q1 X(x’ )
T/,T//E(Z%)]: s.t A ;
T'+1’=1
dT’=B{UW1
dt"=B|UW]

which expresses a coupling for the XOR of 8V-configurations with disorder.

B. Proof of Lemma 35

By rotating the graph, we can suppose that « = 0, i.e. the angles «; and ug(k) all lie
in (—%, %). We also fix a k € (0, 1) and suppose that ug(k) > 0, the other case being
symmetric.

Using the chain rule we have

d d ax ax

— k), k) = —ug(k) — k), k) + — k), k).

dkx(uo( ). k) dkuO( )au(uo( ). k) + ak(u()( ), k)
By definition of ug (k) the first term of the sum is null so we just have to show that g—)lg
is negative at (uq(k), k).

We denote r = |a; — a,—1/; this does not depend on k. By using the change of
arguments in Jacobi elliptic functions (see Table 16.8 in [1]),
k>j| . (55)

n—1
x(u, k) = lZlog [Wnd((u_aj)
"= >

Let

g(u, k) = log [x/Pnd ((;)k' k)] .

By the properties of the function nd(-, k) (see 16.2 in [1]), for any k£ € (0, 1), g(-, k) is
decreasing on [—, 0] and increasing on [0, 7 ]. Its minimum is g (0, k) = % log(k’) < 0.
As aresult, if all the angles « j are equal, then u( (k) has the same value and x (uo(k), k) =

% log(k"), which is indeed a decreasing function of k. We now suppose that the «; are
not all equal. We need some extra properties on g.

Lemma 44. For all k € (0, 1),
1. g(—u, k) = g(u, k) and g(mr —u, k) = —g(u, k).
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2. g—i(u, k) ifv a strictly decreasing function of u on [—m, 0], and strictly increasing on
[0, 7]. It is zero at u = :I:%.

Lemma 45. We have the following inequality of cardinals:
#{j e2.n—1]]a; <u0(k)—%} <#{je2n—111a; > up®)}.
We prove these two Lemmas later, and first show how they imply Lemma 35. By

differentiation of (55), for u € [0, Z) we have (using Lemma 44 to remove possible
terms equal to zero):

n—1

ax a8
A CUED I LN
j=2
ag ag ag
| > ek - > ﬁ(u—aj,k)+'z AT
Jlej<u—% Jlu—% <aj<u Jlu<aj

(56)

By Lemma 44, the terms in the first sum are positive while those in the second an third
sums are negative. We show that for u = u((k), the first sum is, in absolute value, smaller
than the third one, which is enough to conclude.

For the first sum, if—% <o <u-— % then % <u—aj < u+% and by Lemma 44,

ag ag b4
0<ﬁ(u—a1,k)<ﬁ<u+§,k).

Thus the first sum S; in (56) satisfies

0551§<2—i<u+%,k))#{j€[2,n—1]|ozj<u—%}. (57)

Similarly, for the third sum S3, we have

ag b4 .
S5 < —<u—§,k) #{jeln—11la; >u} <0. (58)
By Lemma 44, g (u+ %,k) = —g (u — %, k) > 0, and by differentiating the same
symmetry holds for g—i. Hence (58) becomes

|S3|z<8—g<u+%,k>>#{jE[Z,n—l]laj>u}. (59)

Using (59), (57) and Lemma 45 we see that for u = ug(k), |S3| > S; as needed. |

Proof of Lemma 44. The first point is a direct consequence of the change of arguments
in elliptic functions, see Table 16.8 in [1].
For the second point, first notice that for all k, using Table 16.5 in [1], g (% k) =1

SO g—‘,f (%, k) = 0. Using the symmetries of the first point of the Lemma, it remains to
check that g—f(u, k) is a strictly increasing function of u on [0, 5.
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Using the derivatives of elliptic functions with respect to u and k (see Sections 2.5

and 3.10 in [52]), and setting v = ( )k’ we get
(vlk)>

z—i(u, k)y=— E(k) —E(v, k) + (v|k) (60)

w2k (K(k)
where E is the elliptic integral of the second kind:
v
E(v, k) = / dn?(1]k)dr,
0
E(k) = E(K(k), k).

Asv = K(k)u it is sufficient to prove that the right-hand side of (60) is a strictly

increasing function of v on [O, %")] On that interval,

V> K(k E(k) E(w, k) + % (v]k) is strictly increasing because its derivative in
v is (using Section 2.5 in [52])

E()

2
Ko +k%sclk) > 0

o v S5 (v]k) is strictly increasing because, using the ascending Landen transform

)

As aresult, (60) is a strictly increasing function of v on [O, %k)] O

k = 1+k, (see 16.14.1 in [1]), this is equal to

1+k (K(/E)
sn| 2 v

2 K (k)

and sn(~|lz) is strictly increasing on [0, K(E)].

Proof of Lemma 45. We take again k = 1 +k, . By equation (26) in [14], ug(k) is also
the unique element of ( 7> 2) such that

n—1
sn (k) — )| k) =o0. ©1)

=2

~.

Lets; = sn ((uo(k) — aj),;] IE) We fix an € > 0 such that the angles «; and ug(k)
all lie in (—% +e, 5 — e). Since we supposed that ug(k) > 0, we have ug(k) — oj €
[-5 +e.m —€]. Asaresult, (ug(k) — oj); € [—K(E) +ez, 2K (k) — e,;]. By the prop-

erties of the sn function, this implies that s; < 0 when a; > ug(k), that s; > 0 when
aj < up(k), and that s; = 0 when o; = ug(k). As aresult,

2. si= ), (s)

Jlaj<uo(k) Jletj>uo(k)
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where all the terms in the sums are positive. In particular,

Z Sj = Z (—Sj).

Jloj<ug(k)—75 Jletj>uo (k)

When o < ug(k) — %, then (ug(k) — j); € [K(i%), K(k) + (uo(k) — e),;). Since
sn(-, k) is decreasing on [K(k), 2K (k)], in that case

0 < sn (K@) + (k) — )| k) <5 = 1.

When a; > u(k), then (uo(k) — ;); € (—K(/E) + (oK) +€); o). Since sn(-, &) is

increasing on [—K(lz), 0] and odd, in that case
0<—s; <sn (K(/E) — (o) +e),;‘ k) .
Moreover, using again the symmetry and monotonicity of the sn function,

sn (K(l%) — (o) + e)];‘ k) =sn (2K(1€) _ (K(/%) — (uo(k) + e),;) ‘ k)
—sn (K(JE) + (uo (k) + e),;‘ k)

<sn (K(IZ) + (uo(k) — e),;‘ 12) .

As aresult, we get the following inequalities:

sn(K(IE)+(u0(k) —e),;‘lé) #{j €2.n—11]a; < uo(k) — %}

< D> s

Jlej<uo(k)—%

> (=)

Jleej>uo (k)
< sn (K@) — wotk) + )| k) #{j € 2.1 =111 a; > uo(h)

<sn (K(1€)+(u0(k) —e),;‘lé) #ljen—111a; > uk).

IA

In the last inequality, we used the fact that the cardinal is not zero since these j are
exactly those that give a negative term in in (61); those negative terms have to exist

because the «; are not all equal. Dividing by sn (K(I;) + (ug(k) — e),;‘ 12) > 0, we get
the claim of Lemma 45. 0O
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