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Abstract: Inthis paper, we consider a certain class of second order nonlinear PDEs with
damping and space-time white noise forcing, posed on the d-dimensional torus. This
class includes the wave equation for d = 1 and the beam equation for d < 3. We show
that the Gibbs measure is the unique invariant measure for this system. Since the flow
does not satisfy the strong Feller property, we introduce a new technique for showing
unique ergodicity. This approach may be also useful in situations in which finite-time
blowup is possible.

1. Introduction

Consider the equation
U + Uy + U+ (—A)%u +ud = «/55;‘,

posed on the d - dimensional torus T¢, where £ is the space-time white noise on R x T¢
(defined in Sect. 2), and s > d.
By expressing this equation in vectorial notation,

R T R AN

from a formal computation, we expect this system to preserve the Gibbs measure

d 6 __n _l 4_1 2 — % 2 _l 2 “dd n
o(u, u)“="exp 2 u 3 u”+|(—A)2ul|”) exp 3 u; udu,",

where “dudu," is the non-existent Lebesgue measure on an infinite dimensional vector
space (of functions). Heuristically, we expect invariance for this measure by splitting (1)
into
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which is a Hamiltonian PDE in the variables u, u;, and so it should preserve the Gibbs
measure

exp ( — H(u, u,))“dudut",

where H (u, u;) = %fu4+%fu2+ |(—A)%u|2+%fu,2,

()= 1)) - ()

which is the Ornstein - Uhlenbeck process in the variable u,, and so it preserves the

spatial white noise
1 2\eeq,, n
exp(—E u,) du,".

For s = 1, up to the damping term exp (— % / utz)du 1, the measure p corresponds to the

well known d>§ model of quantum field theory, which is known to be definable without
resorting to renormalisation just for d = 1 (this measure will be rigorously defined - in
the case s > d - in Sect. 2).

Our goal is to study the global behaviour of the flow of (1), by proving invariance of
the measure p and furthermore showing that p is the unique invariant measure for the
flow.

Following ideas first appearing in Bourgain’s seminal paper [1] and in the works
of McKean—Vasinski [33] and McKean [34,35], there have been many developments
in proving invariance of the Gibbs measure for deterministic ispersive PDEs (see for
instance [2-7,9,24,38-40]).

A natural question that arises when an invariant measure is present is uniqueness of
the invariant measure and convergence to equilibrium starting from a “good enough"
initial data. This has been extensively studied in the case of parabolic stochastic PDEs
(see for instance [12,13,16,18,19,22,41,45] and references therein) and for stochastic
equations coming from fluid dynamics (see [14,21,46] and references therein). On the
other hand, there are not many results in the dispersive setting, and they often rely either
on some smoother version of the noise &, or onto some dissipative properties of the
system (see for instance [15,23,25-31,36]). Indeed, as far as the author knows, the
ergodicity result of this paper is the first that can deal with a forcing as rough as space-
time white noise in a setting without any dissipation. More precisely, we will prove the
following:

Theorem 1.1. Let s = 4, d = 3. Then the measure p is invariant for the Markov process
associated to the flow ®;(-, &) of (1), in the sense that for every function F measurable
and bounded, for u = (u, u)T,

/Mmqmammw=/nmwwﬁwmw>0 ®)



Unique Ergodicity for a Class of Stochastic Hyperbolic Equations 1313

. . . s
Moreover, there exists a Banach space X* which contains the Sobolev Space H? =
s
H?2 x L?, such that forevery0 < a < %, p is the only invariant measure concentrated
on X*. Furthermore, for every uy € X% and for every F : X* — R continuous and

bounded,

1 T
lim /0 E[F (, (up, £))]dr = / Fdpw). 3)

We will carry out the proof in full details only in the case s = 4,d = 3, however the
same proof can be extended to the general nonsingular case s > d. We will describe in
more details how to obtain the general result in Sect. 1.4.

The proof of this theorem is heavily influenced by the recent parabolic literature,
and in particular by results that use or are inspired by the Bismut—Elworthy-Li formula,
especially [45] and [22]. A crucial step in these papers is showing that the flow of the
equation in study satisfies the Strong Feller property. However, as we will prove in
Sect. 5, the flow of (1) does not satisfy the strong Feller property, therefore a more
refined approach is needed.

While the argument in this work does not provide any information on the rate of
convergence to equilibrium, it does not rely on good long time estimates, as opposed to
works that rely on the Asymptotic strong Feller property defined in [20]. In particular,
as far as ergodicity is concerned (in the sense that (3) holds p-a.s.), we use just the
qualitative result of global existence of the flow, and it may be possible to extend this
approach even to situations in which finite-time blowup is possible, similarly to the result
in [22]. This goes in the direction of dealing with the singular case s = d. Indeed, in the
case s = d = 2, in aupcoming work by M.Gubinelli, H. Koch, T. Oh and the author, we
prove global well posedness and invariance of the Gibbs measure for the renormalised
damped wave equation

u”+u,+u—Au+:u3 = \/55.

See also [43,44] for the global existence part of the argument.

However, since the best bound available with the argument grows more than exponen-
tially in time, any approach on unique ergodicity that relies on good long time estimate
has little chance to yield any result for this equation.

1.1. Structure of the argument and organisation of the paper. In order to make this
paper less notation-heavy, we will concentrate on the case d = 3, s = 4, which is the
Beam equation in 3-d

()Gl DO e

Local and global well posedness for the non-damped version of this equation have been
explored in detail in an upcoming work by R. Mosincat, O. Pocovnicu, the author, and
Y. Wang (see also [43]). We will however present an independent treatment that works
for general s > d. While the case s = 2,d = 1, which corresponds to wave equation
in 1 dimension, can arguably be considered more interesting, we decide to focus on
(4) because it presents all the difficulties of the general case (namely, the definition of
the spaces X¢, and some subtleties that come from the multidimensional nature of the
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equation). At the end of this section, we will discuss how to convert the proof for this
case into the proof for the general case.

The paper and the proof of Theorem 1.1 are organised as follows:

e In the remaining of this section, we will define what we mean by the flow of (4),
and introduce the spaces X%, the stochastic convolution 1;, and the notation that we
will use throughout the paper.

e In Sect. 2, we will state and prove the relevant X% estimates of the stochastic
convolution 1;, as well as define rigorously the measure p and prove the related X
estimates for a generic initial data sampled according to p.

e In Sect. 3, we build the flow, by showing local and global well posedness of the
equation (4). Local well posedness is shown by applying a standard Banach fixed point
argument, after reformulating the equation using the so-called Da Prato-Debussche
trick. Global well posedness is shown via an energy estimate, making use of an
integration by parts trick similar to the one used in [37].

e In Sect. 4, we show invariance for the measure p.

e Section 5 is dedicated to showing unique ergodicity of p. In particular, we first
recover the strong Feller property by changing the underlying topology of the space
X“. However, with this new topology, the space ceases to be connected and separable.
Therefore, even when we combine this property with irreducibility of the flow, we
derive just the partial information that if p; L p; are invariant, then there exists a
Borel set V s.t.

p1(V+H?) =0, 02(V+H?) = 1.

In order to obtain ergodicity of p, we combine this argument with a completely

algebraic one. We consider the projection & : X* — X%/ H3, and we show that if

p1, p2 K p, then mz p1 = 7y p2 = myp, which contradicts the existence of such V.
Finally, to conclude uniqueness, we show that for every ug € X¢, if w, is the law of

u(r) = (u(t), us(t)), then every weak limit v of% fOT wedt will satisfy v = 0, from
which we derive v = p.

1.2. Mild formulation. Before discussing ergodicity issues, we need to define the flow

of (4). Consider the linear damped beam equation with forcing f = (ch > and initial

aatano = (10),
(@) =-(oe ) (@) (2)

By variation of constants, the solution to this equation is given by

t

u = S(t)uy +/ S(t —tHE()Hdr', 5)
0
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where S(¢) is the operator formally defined as

i /3 A2 . 3
sin |,/ 3+A sin | ¢
4 J3+A2 34A2

3 5 . 3 5 3 5 1sin(t %+A2)
(58— Ysin o3 22 cos 1y o) - 30 E)
( 4 4./3+02 4 4 : a2

or equivalently, is the operator that corresponds to the symbol

. 3 4 . 3 4
sin ( 1,/ 2+[n sin ( 1,/ 2+n
cos(t,/i+|n|4)+éw M
Vgt F+nl*

sin (Z,I%Hn\“)
—(V3 +Inl* = =) sin (1y/3 + In1*) cos (/3 + Int*) = §—2—~
4./ 3+nf* NS

in Fourier series. We notice that this operator maps distributions to distributions, and for
every a € R, it maps the Sobolev space H* := H® x H*~? into itself, with the estimate

IS@ullpe < e 2 fJullpe.
By the formula (5), since we formally have f = — (MO3> + (g), we expect the

=

solution of (4) to satisfy the Duhamel formulation

' N R N ,
u= S(t)uo+/o S<t_t)(§(t’)> dt —/0 S(t—t)<u3(t,)> dr’. (6)

From the previous discussion about S(¢), we have that

! / O /
1.(&) ._/0 S(t—t)<ﬁé(t/)> dr

is a well defined space-time distribution. In the following, when it is not ambiguous, we
may omit the argument & (i.e. T, := 1,(&¢)). We will explore more quantitative estimates
about 1; in Sect. 2.

Moreover, it is helpful to consider (6) as an equation for the term

! / 0 /
v(t) = u() — SHug — 1,(§) = —/0 St —1) <u3(t’)) dr’.

This is the so called Da Prato - Debussche trick ([10, 11]). With a slight abuse of notation,
the equation for v becomes

! / O /
v == su-r) ((S(t’)uo +106) + v(r’)>3) 4 @

where (S(t")ug+1,/(§)+v(r")) is actually the first component of (S(t")ug+1,/(§)+v(t')).
Following this discussion, we define a solution for (4) with initial data ug to be
S(Hug + 1, (§) + v(r), where v(¢) solves (7).
In order to define a flow, we need a space X such that for every ug € X, we can find
a solution for (7), and S(¢#)ug + 1, (&) + v(z) € X as well. Due to the dispersive nature of
the equation, this choice is not as straightforward as in the parabolic case, where Holder
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spaces satisfy all of the required properties. On the other hand, keeping track only of the
‘H® regularity of the initial data would hide important information about the solution,
namely the gain in regularity of the term v. A good space for this equation turns out to
be

X" = {ue (T x SISO € C([0, +00); €*). [SDullgu S €5},

A
lullxe := supes [[S(ullge

t>0

for0 < a < % Here €* := C% x C*2. As it is common in these situations, the

particular definition of the Holder spaces C# for 8 ¢ (0, 1) (where they all coincide)
does not play any role. In this paper, we choose to define ||ul|-s := ||(1 — A)gu ” Lo’

As it is defined, the space X might not be separable, which is a helpful hypothesis
for some measure theoretical considerations in the following. In order to solve this issue,
. o . . . %1 .
we will denote by X* the closure of trigonometric polynomials in X . Since we have,
fora’ > «a,

—a

/
Ju—Poyuf e SN Uy,

~

we have that for every o’ > a, if lull yor < +00, thenu € X*.

Lemma 1.2. X" is a Banach space.

Proof. |-||x« is clearly a norm, so we just need to show completeness. Let u, be a
Cauchy sequence in xX“. By definition, for every ¢, S(¢)u, is a Cauchy sequence in ¢’*,
so there exists a limit S(¢)u, — u(z) in €. Moreover, S(¢) is a bounded operator in
H%, so one has that

u(t) = €% —lim S(Hu, = H* — lim S(t)u, = SE)(HY — limu,) = S(E)u(0).
Lastly,
lim |lu, — u|| y« = lim supeé 1S(H)u, — S(Hu(0)|| g«
n noog

= lim suplim e5 [|S()u, — S(t) |l e
n t m

< limlim sup ef [|S(t)u, — S(t)uy llge
n m t

= lim lim ||u, — vy, || x«
n m

=0.

O

Since the operator S(z) is not bounded on 6, the space X* might appear mysterious.
However, in the next sections, we will see that the term 1,(&) belongs to X¢, as well
as almost every initial data according to p, i.e. p(X%) = 1. Moreover, we have the
following embedding for smooth functions:

Lemma 1.3. For every 0 < o < % we have H> C X®. Moreover, the identity id :
H2 < X%isa compact operator.
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Proof. Letu € H?. By Sobolev embeddings,

_t
[Sullge SISl < e 2 [Jullye
and given s > 0, we have

lim ||S(1)u — S(s)ullge < limsup [|S(Hu — S(s)ully2 =0,
1—s t—>s

hence u € X“.

Now let u,, be a bounded sequence in 2. By compactness of Sobolev embeddings,
up to subsequences, u, — uin ¢* andu,, — uweakly in H* forevery s < 2. Therefore,
S()u, — S(¢#)u weakly in H* for every r > 0.

By a diagonal argument, up to subsequences, we have that S(¢)u, is a converging
sequence in €™ for every t € Q, so by coherence of the limits, S(t)u, — S(¢)u in €*
for every t € Q*. By the property

s =-(1 2 7)so,

we have that [|S(t)u — S(s)ullps S |t — s|° [Jullggs+e . Therefore, by taking e such that

a+de+ % < 2, by the Sobolev embedding H>~* < €*, we have that S(¢)u, — S()u

in € for every t > 0 and uniformly on compact sets. Finally, for every T we have

T _3
S sup [|S(s)uy — S(s)ullge + e 37 sup a4 -
5€[0,T] n

t
es |S(Du, — S(Dullge S e

For T > 1 big enough and n >> 1 (depending on T'), we can make the right hand side
arbitrarily small. Therefore, we get |ju, — ul|y« — 0 asn — o0, so id is compact. O

However, the space X is strictly bigger than 742, and it contains functions at regularity
exactly «. Indeed, we have

Lemma 1.4. For every o) > a > 0, there exists ug € X% such that uy & H*'.

Proof. Suppose by contradiction that X¢ C H%!. By the closed graph theorem, this
implies that
lallpen S llullxe (®)

in-x

. e
For n € 73, consider u, = ( 0

). By definition of S(z),

sin (z,/ %+|n\4) .
: einx
v/ z+|’l\4
sin (t,/ %+|n 4) .
. einx
vV z+|”\4

It is easy to check that || S()u,, ||lg« ~ et (m)*, so [|S(t)u, || x« ~ (n)“. On the other
hand, |[u, ||z ~ (n)*'. By (8), this implies (n)*' < (n)%, which is a contradiction. O

3
cos (t I+ |n|4) +

B[—

S(t)u, = e 2



1318 L. Tolomeo

1.3. Truncated system. In order to prove invariance of the measure u, it will be helpful
to introduce a truncated system. While many truncations are possible, for this particular
class of systems it is helpful to introduce the sharp Fourier truncation P<y, N € NU {0}
given by

1 -~ in-x
P_yu(x) = G Z W(n)e'™™,

max; [n;|<N

i.e. the sharp restriction on the cube [-N, N ]3 in Fourier variable. Similarly, we define
P.n = 1 — P<y. While this is a somewhat odd choice for the truncation, it has the
advantages that P.y and P<y have orthogonal ranges, and || PENu” L Sp lullpe
uniformly in N for every 1 < p < 400 (since it corresponds to the composition of the
Hilbert transform in every variable).

It is convenient for notation to allow also N = —1, in which case P<y = 0 and
P- n = id. Therefore, we define the truncated system to be

(i) == (e 7)) = )+ (G2e).
(;) 0) = (Z?) € X

In a similar fashion to (4), we will write solutions to this system as S(r)ug + T;(§) + vy,
where v solves the equation

1 , O
win == [ 86 -)pay <P§N<S(r’)uo +106) + vN(r’))3) -0

€))

1.4. Notation and conversion to the general case. In the following, H® will denote the
Sobolev space H* x H*~2, with norm given by

o |12 o 2
i = | = %u +|a -85 .

Similarly, #* P will denote the Sobolev space WP x W2 with norm given by

P = g ull” H NS = P L
CIE [N W (SN

and as already discussed, €% := C* x C*~2, with norm given by

ullge = max(”(l - A)%MH (1 — A5,

)

In order to convert the argument presented in this paper into the one for the general case,
we make the following modifications:

Lo’

H = H® x HY2, WP = WP x WO 2P, %= C% x C% 2,
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with the analogous modifications of the norms. Moreover, S(¢) would denote the linear
propagator for (1), and
X = {ulS(Hu € C([0, +00); %), ISDullga < e 5},

t
l[ull xo := sup e | S()ull4e

t>0

is defined for 0 < o < %. Moreover, in the following discussion, the space H? has to

be substituted by the space H2, and any threshold of the regularity in the form o < %

has to be substituted by o < %.

2. Stochastic Objects

This section is dedicated to building the stochastic objects that we will need throughout
the paper and to proving the relevant estimates about them, in the case s = 4,d = 3.
More precisely, in the first subsection we prove that 1, € C([0, +00); ) and T, € X*

almost surely. In the second subsection, we build the Gibbs measure(s) and we prove
that they are actually concentrated on X“.

2.1. Stochastic convolution. We will use that the space-time white noise is a distribution-
valued random variable such that, for every ¢, ¥ € C°(R x T ),

E[{(¢,§) (Y. 6)] = (o, V) 2wxd) -

Proposition 2.1. For every o < %

E |12, <+

Moreover;, 1, € C([0, +00); €%) almost surely.

Proof. For a test function f = ( ]]: ) , define
t

y (@ ] :=E(1(), £)(15). ), (1)

where (f, g) = [ fg+ [ fg. We have that

(Tf,f)=/0l <S(r—t/) <ﬁg(t,)),f>

=V2(&, mSt— 1)),

where 7 is the projection on the second component. Therefore, by definition of &,

tAS

v, $)[f] = 2f (R (28t — 1)*F), R(m2S(s — 1)*F)). (12)
0



1320 L. Tolomeo

Hence, by boundedness of S(¢), we have that y (¢, s)[f] < ||f||%1_2 + || f; II%Z. Moreover,
since

050 =-(, 2 1) 50,

we have Lip(y (-, )[f]) < ||f|| ) + ||f,||H2, so by interpolation, for every 0 < 0 < 1,
we have

ly(t,s) =y @ OBV S ALFI3 200 + 1 fil 32000t — '+ 15 — "D

1-2a—¢
7

Therefore, choosing 6 = , we have

E 1n(®) — 1) |3
S (n>2a (y(t +h,t+h)—2y@+h,t)+y(t, t)) |:(el(r;-x>]

nez?
0
£ > (y(t+h, (+h) =27+ D+ (D) [<<n> ze,m)}
nez?
< Z —3-20— 8|h (13)
nez?

By translation invariance of the operator S(¢), we have that
E[{(V)™ (Ten — 1D = E[(V)™ (Ten — T

for every x, y € T, so

E[ (V) (i — 1) (@) ~ /TIEI (V) (Tean — T (0)[Pdx

<E ||Tt+h - ”3.{01

1-20—¢
)

S |kl

and similarly

E| (V)72 8 (Trn — 1
By hypercontractivity, (or since (V)™% (1,45 — 1:)(x) is Gaussian),

2 p( 2(1 £)

S |kl

E(V)* (Teen = DI S5 (BLE (i = D)

and

p1—-20—¢)
E| (V)2 3y (Tean — TN COIP Sy 0] 5
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so for p > ¢,

E [ Ten =T[5
([ 109 (s = Wyl + [ 1001280y~ Dywltdx)"
(14)
SE [ 19 Qi =100+ [ 1(9)72% 0T = TP

p(1-2a—¢) Za £)

Sp Al

Therefore, by Kolmogorov Continuity Theorem, if o < %, by taking p big enough in
(A=2a—e) 1

such a way that w > 1,wehave !, € C, * Py 4. For every B < «,
by Sobolev embeddings we can find ¢ < +00 s.t. #*9 C €P. From this we get that
LeC%P. o
Proposition 2.2. For everyt > 0, 1, € X% a.s. More precisely,

sup He%S(s)L H < 400 a.s.

5s>0 %ja

1
Joreverya < 3.

Proof. Letf = < ]]: ) be a test function, and let ¢ to be such that
1

E(S(r)1, £) (ST, £) = e~ T 52, )IF].
As for (11), we have the analogous of (12)

! - s
7(t, $)f] =2/ <9t7'[2e7S(r+t—t’)*f, mmezS(Hr—z’)*f).
0

Therefore, exactly as for (11), wehave y (¢, s)[f] < ||f||%1_2+||f,||i2 andLip(y (-, )[f]) <
I£175 + 11.f: 13,2 Therefore, proceeding as in (13),

E[S(s+mT = SO |5e Se

and arguing as in (14), for every p > ¢,
_Py pU— 2a )
E|Sts+mt =S|y Spe 2510l
Therefore, by Kolmogorov Continuity Theorem, S(-)1, € Cs#*4 a.s. and

E SO |7 —5N,

pe

Therefore, P(|| ()1, ||C,([N,N+1];“///w) > e 1) <p ¢~ 1V which is summable in N, so

by Borel-Cantelli ||S(~)Tt ppaay = e definitely. Taking 8 < « and g big

enough, by Sobolev embeddlngs we have that || SO Se” ¥ definitely.

Therefore,

Cs(IN,N+11;68) ~

lim sup ‘ esS(sH;

§—>00

=0a.s.,
@B

which in particular implies (2.2). O
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2.2. Invariant measure. Consider the distribution-valued random variable

m( 8n einx
u— ZHEZS /l+|l’l‘4 ) (15)

(S o)
where g, h, are independent complex-valued standard gaussians (i.e. the real and imagi-
nary parts are independent real valued standard gaussians). Iff = < ]]: > is a test function,

t
then
1 IE|gn|2 VINCENS 2, 2 2
E[(u, f)?] = = +-Y Elh
[, £)%] = 2 Z T P + 3 Z [l fr ()]
FQls E o 16
=Zm+2|ft(n)| (16)
n n
2—1 12 2
=|a+anis| v 1.

Therefore, if w is the law of u, we have that formally

dp(u) = exp ( - % H(l + Az)%uHiz )du X exp ( — % luc12, )du,
:exp(_%/ 2_%/(Au)2)du xexp(—%/utz)du,.

Proposition 2.3. For every o < %, uec” as.

a7

Proof. By Sobolev embeddings, it is enough to show thatu € #*? a.s. forevery p > 0.
We have that
1 g mx|? 1 (n)*
2 _ n _
ENV)" u(@) = 3E| Y tn)* <= | = 2 3 Tap Se b

/ )
neZz’ 1+ |n| neZz3

and similarly

1 |
E' (V>—2+C( Mt(x)|2 — EE‘ Z (n)—2+0{ hnelnx — E Z (n)—4+20l Sa 1

neZ3 neZ?

Therefore, by hypercontractivity, for g > p,
q
E ullp = E( f [ (V) uo))dx + f (V)2 () lPdx)”
<E| / [ (V) o + / (V)72 uy (o) |

< / (B (V) u(x)[*) 3 dx + [ (B (V)24 u, (x)]%) T dx
<ol

and in particular u € #“? as. 0O
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Proposition 2.4. For every o < % S®)u € C;€* a.s. Moreover,

sup
t>0

1
esS(Hu H < 400
<5)ot

a.s. In particular, u € X% a.s.

Proof. For a test function f, we have that

E (S(u, £) (S(s)u, £) = (LS()*F, S(s)*f) = (S(s)LE, S(OF) = e T, ),

f\_ (1+A2>—1f>
c()=("5)

Therefore, we have (¢, $)[f] < | 115, o+l fi I, and Lip7 ¢, IED S £ 172+ £ 113,25
so we can conclude the proof exactly in the same way as in Proposition 2.2. O

where

However, we are not interested in w, but in the Gibbs measure p, which formally is
given by

dpo(u) = z! exp(— %/u“ — %/ z_ %/(Au)z) exp(— %/uf)dudut
=z exp ( — %/u“)du(u),

where Z is the normalisation factor.

Proposition 2.5. The function F (u) := exp (—% f u4) belongsto L™ (u) and || F|l poo () <
1. Moreover, if Fy(u) :=exp ( — A—IL (PENM)4), then |Fy|l o) < 1 and Fy — F in
LP () forevery 1 < p < +00.

In particular, the probability measures py = ZX,IFN;L, p = Z_IF;L are well
defined, absolutely continuous with respect to , and, for every set E, py(E) — p(E).

Proof. By Proposition 2.3, f u* < +oo u-a.s., so F, Fy are well defined p-a.s. More-
over, since f f 4 > 0 for every f, we have that F, Fy < 1. Again by Proposition 2.3,
Poyu — uin L*, so up to subsequences, Fy — F ji-a.s., therefore f |Fy — F|Pdu —
0 by dominated convergence. O

3. Local and Global Well Posedness

In this section, we will show local and global well posedness in X¢ for the equations
4), (9), relying onto the probabilistic estimates of the previous section and the Da
Prato-Debussche trick.

Local well posedness will follow by a standard Banach fixed point argument. For
global well posedness, following [8] we estimate an appropriate energy for the remainder
v, and we combine this argument with an integration by parts trick from [37].
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3.1. Local well posedness.

Proposition 3.1. The equations

! / 0 ,
v(t) = S(t)vg — /o Sit—1) ((S(t’)uo 1) + v)3> de’, (18)

t
0 )dt’, (19)

VN(Z‘)=S(1‘)V0_/(; PSN(S(I/)IIO‘F1t’(%-)"'v1\/)3

S(t—t’)PSN(

where vo € H* and ug € X%, are locally well-posed.
More precisely, there exists T (||voll42 , luoll xe |

THC([O 1]_(50)) > 0 such that there

exists a unique solution v(t; vo, U, £) € C;H?, defined on a maximal interval (respec-
tively) [0, T*(vo, o, &)), [0, Ty (vo, wo, §)), with T*, Ty > T.
Moreover, if T* < +00, then the following blowup condition holds

linTl V()32 = +oo. (20)
t—T*

. P
Respectively, if Ty, < +00, we have

lim [[vy (1)l = +00.
t—>Ty

Proof. Consider the map I' = I'y, u,,1 given respectively by

13 , 0 ,
F(V) - S(I)VO - /0 S(t —1 ) ((S(t/)uo + Tt’(é) + U)3> dr )

t , 0 /
v = S@)vo — /0 S¢ =~ )Py (PSN(SU’)uo FT(E) + vN)3) 4

We want to show that for some universal C > 0, R = 2C(1 + |[vollpp2),
T = Tlvollyz, llaollxe , \THC([O 1],%0)) > (0, this map is a contraction on
Br € C([0, T1; H?). By the uniform boundedness of S(r) and Py as operators
H? — HZ2, we have that, if v € Bg,

ITVED 2 S lIvollge + T sup
0<t<T

0
((S(t)llo +1(5) + v>3> HW

= Vol + T sup_ | (Swo+1(6) +v)*|
0<t<T

L2 Q1)

3
< Ivollzz + T (wolie + 1) [ o, 7pe00) + JSup IVI52)-

3
< Ivollzz + T (ol + 1) [ o, 71000 + TR,

where we just used the Sobolev embedding [[v| ;o < |[v] y2-
Therefore, if C is the implicit constant in this inequality, for 7 small enough (T <
A 1), T maps Bp into itself. Proceeding similarly,

R
3 3 3
200wl O o 11 0+

IT(v(®) — T (W) 92

2
S T(lolie + [T ¢ o.ryg0) + RO IV = Wl
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Therefore, for T small enough (T < A 1, where C’ is the

1
— 2 2 2
S ‘ ‘ ‘ 2C" (ol xa +HITENE, (o 11 0, R
implicit constant in the inequality),

1
IT(v(@) =T W)l = 3 v — w2,

so I' is a contraction. This implies that the equations (18), (19) have a unique solution
in BR up to time T(||V0||H2 s ”uO”X“ ) T”C([O,l];(ﬁ)o))'
‘We notice that if v solves (18), then

v(t +s)
t+s , O ,
=8 +s5)vp +/0 Sit+s—1) <(S(t,)u0 1) + U)3> dr
S , 0 ,
=S5(1) (S(s)vo +/o S —1") ((S(t’)uo F1E) + v)3> dr ) 22)

t+s , 0 /
+ /S S(t+s—1) ((S(t’)uo +10(6) + U>3> <

’ , 0 ,
=50V + /0 S =1 ((S(r’)(s<s)uo) Pl (&) +u(s + r’)>3) d,

and similarly, if v solves (19), then

vy (t +5)

! / O /
= 50v(s) +f0 S =Py (P<N<S<ﬂ)<S<s>uo> Pl (&) +un s + r/)>3) dr.
(23)

Since v(s), vy (s) € H2, S(s)ug € X% and ter.(§) € C([0, 17; €9, we can repeat the
same contraction argument on I'y(s), s(s)ug,1,,.» and we obtain that (22) and (23) have a
unique solution on the interval

[Oa T(”VO”H2 ) ||u0||X°‘ ) T||C([S,S+1];<€O))]'

To show uniqueness up to time T* or Ty, suppose we have two different solutions
vi, vo.Lets := inf{#|vi () # v2(¢)}. Then we have v (s) = v2(s), and both v{ (s+7) and
vo(s + t) solve either (22) or (23), so they have to be equal up to time
T(Ivoll3¢ , laollxe , |1 C(ls.s41]:¢0))» Which is in contradiction with the definition of
s.

To show the blowup condition (20), suppose by contradiction that v solves (18) and
Iv(H)ll42 < C forevery t < T*. Taking

T =T(C, |lugllxa,

! ” C([O,T*+1];‘ca”0))’

lets :=T* — % We clearly have T* > T, sos > 0. Then v(s + -) solves (22), and we
can extend the solution up to time

T(lv(s)llp2 » 1S)uol xe

T”cqs,xﬂ];%O)) >T.

Therefore, we can extend v as solution of (18) uptotime s +7 = T*+ %, contradiction.
The same argument holds for solutions of (19). O
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Proposition 3.2 (Continuity of the flow). Let v(ug) solve (18) in an interval [0, T*). Let
T < T*. Then there exists a neighbourhood U of wy such that v(Qy) is a solution of
(18) in the interval [0, T] for every g € U € X% and lim g, —uy | ya —0 V(o) = V(up)
in C([0, T1: H2). The same holds for solutions of (19).

Proof. We prove the result just for solutions of (18), the case of (19) is completely
analogous. We want to prove that

3U > ug open such that
o = sup { T| Iv@o)llc o, r1:2) = IVl o, 7112y + 1VV0 € U, L o px.

lim v(ip) = v(ug)
up—ug

By definition, we have that 7* > 0 (with U = B 1 (up) for T = 0). Suppose by
contradiction that T* < T*. Let

1
T = _T(||V(u0)||c[(),r*+g];7-[2 + 17 ”uO” + 17

) T||C([0,r*+s];‘€0))’

where T (a, b, c¢) is defined as in the proof of Proposition 3.1. Proceeding as in the proof
of Proposition 3.1, v(tg) (¢ + [(* — 1) Vv 0]) will satisfy (22) with s = (z* — 1) V 0.
Let U be the set corresponding to T = s in the definition of t*. By definition of t,
proceeding as in the proof of Proposition 3.1,

gy V) +5)

— - ! , 0 )
=50y (o)(s) + /0 S@—1) <(S(t/)(5(s)ﬁ0) i (€) +uls + r’))3) dr

will be a contraction (with Lipschitz constant %) in the ball
. .12
BR = Bac@Ivo)ll g g prsepp2) S CUSs (8 +27) A (t* +8)]; H")
for every ug € U. Moreover, these solutions will satisfy

Ly (v(W0)) (s +1) — v(u1o) (s +1)
= Ty (v(@0)) (s + 1) — Ty (v(W0)) (s +1)
= S()(v(uo)(s) — v(uo)(s))

t , 0 /
¥ /0 S <(s</)(S(s)uo> o (€) +0(s + f’>>3) @

t / 0 /
B /0 =0 <(S(t/)(S(s)ﬁo) + 1o (8) +0(s + ;/))3) @

so proceeding as in the proof of Proposition 3.1, and recalling that 27 < 1,

[v(up) — V(ﬁ0)||c([s,f*+gm];H2)
< | Tup (V(AI0)) (s + 1) — v(ig) (s + 1) |
S v(ag) (s) — v(lig) (5) [l 442

+ (”uO”XO‘ + ”ﬁ()”XO‘ + “T@)HC([OJ*H];‘KO) + R)2 llap — ﬁO”X"‘ .
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Therefore, for |juy — tig|| x« — 0, by definition of * we have that
V(o) (s) — v(up)(s) 2 = 0
as well and so
V(o) — v@@0) ll ¢ 15,461, 12) = O,
which implies that in a small neighbourhood V N U around uy,
V@) llc (0. +enr1:H2) = VWO oo, 4eneyiH2) + 1
and

lim v(ifip) = v(@) in C([0, T* + & A T]; H?),
up—up

which contradicts the maximality of t*. O

Lemma 3.3. Let vo € H?, ug € X%, and let vy be the solution of (19). Suppose that for
some K € R,

sup sup [[vyllp2 < K < +00.
N 0<i<T

Then the solution v to (18) satisfies T* > T, SUPg<,<T Ivllz < K, and
V(@) = Vv Ol co7):12) = 0as N — oo.

Proof. Let

! / 0 /
Cw)@) = St)vy — /0 St —1") ((S(t’)uo 1) + v)3) dr’.

In Proposition 3.1 we have shown that I" is a contraction (with Lip(I") < %) in Bg C
C ([0, T1; H?), where

R = C(lvollzz + D) and T = T (||voll3¢2 , luoll xe

! ” C([O,l];‘fo))'

‘We have that

Cvy) (@) —vn (D)

! ! O /
= S®vo - /0 S@—1)P<n ((PSN(SU’)uo P10 + vN))3) = (@)

! / 0 /
- / S@—1)P<n ((S(z’)uo F10(E) + un)® — (Pen (S g + 1 () + vN))3) dr

/

_ S(t t)P>N<(S(,)u0+11,(5)+v,\,)3>dt

0
S(’ PN (s yup + 10 (s>+vN)3—(P§N<S(r/)uo+Tﬂ<5)+vN))3>dt

S(’ PN (syo + 1o (&)+vN>>
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SO
1T = VN lleqo.rme)

ST sup | Poy(S@uo+16) +uy)’|
0<t<T

L2

T sup | Py (S@uo +16) + o) (S0 + 1) + o] -

0<t<

By Bernstein’s inequalities, || P~ywll;2 S N7 |w|ge < N7 ||W| 4« . Therefore, for
o< %,

_ 3 3 3
”F(VN) — VN ”C([O’TJ;’HZ) 5 TN a(”u()”XOt + ”THC([O,T];%”‘) + ||VN||C([0,T];H2))

—a 3 3 3
SJ TN (”uO”XOt + ||T||C([0,T];<ga) + R )v
therefore for N big enough, since I" is a contraction, then
_ 3
IV = vy llcqorirey S TN ol + | .7y g0 + B = 0as N — oo.

Now let .7 := sup{r > 0 s.t. |[v(t) — VN(t)||C([0’T];H2) — 0 as N — oo}. We just
proved that 7 > T (||volls42 , lluoll xa T||C([0,1];<£0))' Suppose by contradiction that
J < Torthat 7 = T but [|[v(t) = vN(®)llcqo.77.12) 7> 0as N — oo. Let T :=
T(K, llagllxe THC([O,TH

v(s) in H2, so ||v(s)|| < K. Then v solves (22) in (at least) the interval [s, s + T'] and
vy solves (23) in the same interval. Redefining

];Cgo)).Lets = 9—%. Since s < 7, we have that vy (s) —

- ! ) 0 .
L@ = 50v(s) +/0 St =1 ((S(z’)(S(s>uo) Pl () + v(t’))3) d,

and proceeding as before, we have that
- 3 3 3
”F(VN) - VN||C([s,x+T];'H2) S TN a(”“o”xl! + ||T||C([0,T+l];§ap°‘) + R )7
and since I" is a contraction,
v — vl S TN (uole + | 2o 7oipe, + B
Nllc(s,s+T1;H?) ~ Ol xo C([0,T+11;€*) s

so we have that vy — v uniformly in the interval [s, s+7]. Joining this with convergence
in the interval [0, s], we have that

Iv(®) = v Dl eqo s+r1:H2) = V() — VN(f)||c([0,(7+%];H2) — 0,

which is in contradiction with the definition of .7. O
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3.2. Global well posedness. Consider the energy
1 1 1 1 1
E(V) = E/vt2+§/v2+E/(Av)2+1/v4+§/(v+v,)2.

Proposition 3.4. For every 0 < o < % there exist ¢ > 0 such that for every solution
vy of (19) we have

§ /
o dt).

1

- s 4 et
B @) Sa e E0)+ (14 luollgo + [Tl + [ 00
0

Together with Lemma 3.3, this implies that

Corollary 3.5. Let v be a solution of (7) and let vy be a solution of (10). Then for every
O<a< % and for every N > 1 we have that

t
o [ O,

Moreover, v is a.s. defined on the half-line [0, +00), it satisfies the same estimate

8
Sa dt/) < 400 a.s..

8
, s
Ival3e Sa (1+ ol + [

8 ? , 8
VI3, Sa (1+||uo||;;a+ It ]|% + fo e~ =0 1|2 dr/) (24)

and for every T < +00,
”V — VN ||C([0,T];H2) — Oa.s..

Remark 3.6. Any solution vy of (10) actually belongs to C! ([0, T*); €). Indeed, for
any t < T < T*, proceeding like in (21),

s [ : 0 :
”VN(I)”'HZ“ = H(V) /0 PSNS(t —t ) ((PgN(S(f)llo + T(g) + UN))3> dt

<T sup ”<v>2 Py (S(Dug + 1(6) + vN)3‘
OSTST

<TN? sup H(S(t)uo+T(§)+vN)3‘
0<t<T

HZ

L2

+00,

<
L2
where we just used that || (V)* P<n ||L2_)L2 < N¥. Similarly,

19Vl < TN® sup H(S(t)u0+ 1) +v)3H < +oo.
0<t<T L?

Proceeding in this way, it is actually possible to show that vy € C/°([0, T*); €°°),
however, we will never need more regularity than C L (in time).

In the remainder of this subsection, in order to make the notation less cumbersome,
we will omit the subscript N from vy whenever it is not relevant in the analysis.
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Lemma 3.7. If v solves (10), then
_ 1 2 2 2 4
o, E(v) = 3fvi+ v+ | (Av) + [ v 25)
4
1
+ a,(g / uf) (26)

-3 / v 2 (1,(€) + S(H)ug) (27)
— f (v + iv>[<s<r>u0>3v<n@> +S(Hue)” + (1:(6) + S(Hup)’]  (28)
- / (1) + SDup) (29)
+ /(v, + %v)P>N(v + 1,0+ S(t)u0)3. 30)

Proof. By Remark 3.6, E(v) is differentiable, and moreover v satisfies

s (V) = 0 —1\[v 0
Nv )T 7 \+a2 1 ) \v ) "\ Pay@+ 1) +S()up)? )

The formula follows by computing d; E, and using the equation to substitute the term
V. O

Lemma 3.8. If v solves (10), then
(30) = 0.

Proof. If v solves (10), then we can write v in the form v = P<yw for some w, therefore
Po nyv = 0. Therefore,

1
(30) = /(vz PN+ 1) + S(t)up)’

1
= / PSN(UI + ZU)P>N(U +Tt(‘i:) + S(l)uO)3 =0.

Lemma 3.9. If v solves (10), then for every 0 < o < %

(28) S EF(luollxe + | 1) | ou)® + E (luoll e + | 1:5) | 0)?
Proof. By Holder, we have that
1 2 2
(v + 3030(1(E) + SOB0)” < (vl + urllz2) vl | (@) + SO .

.. 1 1 1
so by noticing that [Jv;||;2 S E2, |[vll;2 S E2, |v|l¢ S E%, and

|t + 5w

LS 0@+ 50w | S Uuollye + |16 )
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we have that

1 ;
/ v+ 0300+ SO S E (gl + 1,6

g
Proceeding similarly,

1
/(Ut + Zv)(fz(é‘) +80uo)* S (vl g2 + el 2)

(1) + S0y’

L2

< Ex(Juplixe + 1 (6)

(goc):s'

Lemma 3.10. If v solves (10), then for every 0 < a < %

3
(29) < E4(lugllya + | 1:&) | ).
Proof. By Holder,

(29) S Ivl2s [ SOuo + 1) | 4 S EF (uollxe + 1) | )

Lemma 3.11. [f v solves (10), then
@7) = o f v (1§ + S(tuo) ) + / Vo l®+SOw). G
and for every 0 < a < %,

/v3at(rt(s) +S0up) < E ¥ (lugll e + [ 16)

%a)'

Proof. (31) follows just from Leibniz rule. In order to prove the estimate, notice that

lvll;« S E %, and ||[v||p2 S E % Therefore, by Holder and fractional Leibniz respec-
tively,

IR
NI
I
—
|
0|

Therefore, by interpolation (Gagliardo - Nirenberg), if % =1-%)+

then [v? ||W2,,,,,, < E0-9+%7 — E-%. Hence

[ o ssow < |2, 180+ @y,

S|9]o, 1@+ S@u0 ]y

< E"7 S (lugllxe + |16

o)
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Proof of Proposition 3.4. Let F(v) := E(V) — & [ v+ [ v3(1,(§) + S(t)up). By Holder
and Young’s inequalities,

| / V(1) + SOuo)| = vl (1@ + SO .
< EZ(|1(®)] oo + 0ol xe)

1 27
< 2B+ (@] g + luollx)®.
Therefore,
5 27
F= 2B+ (L®]co+ Il xa)*, (32)
27 4
E < 2F + - (L(®)] co + Iuollx)*. 33)
Using Lemma 3.7 and (31), we have that
a,F:—%(3/v3+/v2+/(Av)2+/v4)
+ / V33 (1,(€) + S(1)uo)
1 2 3
— / e+ 0B E) + SOu)® + (1(§) + S(1)uo)’]
1
. / (4 0Py (04 1E) + 5w

Therefore, using Lemmas 3.11, 3.9, 3.10, 3.8, Young’s inequality and (32), for some
constant C (that can change line by line) we have

1
oF < —§E

+ E'78 (Juollxe + | 1 )] o)

3 2 1
+E4(Jugllxe + |11(€) | u)* + E2 (gl xe + [|1:(€)
< —1E+1E
2 4

+C[ (ol + [ 16
+ (oo + [T ©) ] )°

(ga)?,

g + (ol xe + 1) | o)

1 § “
<—sE+ C(1+ Mol + | 1® g )

2 27 3 .
< 5P+ 1 ® ]+ ol + (1 + ol + 1] . )

2 8 .
=—3F+ C(l +lluol e + |16 & )
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Therefore, by Gronwall, if ¢ := %, for some other constant C we have

8 4 , 8
FVn) < e F(vo) +C (1 + luoll o + fo e 1) g ar).

Hence, using (33) and (32),

E(v(1))
SFE@) + (1) | 4o + ol xe)*

8 t 8

—c @ —c(t—t' o 4

S e TFW(0) + 1+ [lugll o + / e D1 @) | ew dt' + | 1:®) | + 0ol ja
0

E /
o dt

8 bt
< e (luglha) + 1+ ol + 1) L +f0 e D)

8
1) &a dr’”.

8 t )
< 1+ luoll e + | 1®) |50 +/O —

4. Invariance

The goal of this section is showing that the flow of (4) is a stochastic flow which satisfies
the semigroup property, and proceed to prove that the measure p is invariant for the
flow of (4). Even if we will not use it explicitly in the following, the semigroup property
ensures that the maps on Borel functions

F > PF :=E[F(®;(-; €)]

define a Markov semigroup, to which we can apply the usual theory for stationary
measures.
Recall that, if ug € X%, the flow of (4) at time ¢ with initial data ug is defined as

@, (ug; &) = S(Hug + 1,(8) +v(ug, &: 1),
where v solves (7).

Proposition 4.1. The map O satisfies the semigroup property, i.e. for every F measurable
and bounded,

E[F (Pres(ug; £))] = E[F (D5 (P (uo; €1); 62))],
where &1, & are two independent copies of space-time white noise.

Proof. Given &}, & independent copies of the white noise, let £ be defined by
(£, 0) = (L1, @) + (Laron§2( = 1). 9)
for every test function ¢. It is easy to see that £ satisfies the universal property

E[IE. AIP1= 11113
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so0 it is a copy of space-time white noise. Moreover, from a direct computation,

Dy (D (ug; £1). £2) = Py (up; £),
and so for every F measurable and bounded,

E[F(®45(ug; £))] = E[F(Py (P, (ug; &1); £2))1.

Proposition 4.2. Consider the flow given by

@ (uo; ) 1= S(t)ug +1:(§) + v (up; ), (34)

where v solves (10). Then the measure

1 1
dox (W = - exp (-3 / (Pzyu)*)dp(u) (35)

is invariant for the the process associated to the flow CDﬁv (-3 &), where Zy = [ exp ( -
:1; f(PfNu)“)dy,(u) (so that py is a probability measure).

Proof. Let X be a random variable with law u, independent from &. Invariance of (35)
is equivalent to showing that

s[r@fene (- ; [Pavm®?)| =E[Foew (- § [(Pavmx)?)]

for every F : X* — R continuous. Let M > N. By definition of X, we have that
limy/— o0 [0 — Pprullx« = O forevery u € X%, o/ > a. Therefore, by Proposition 2.2
and Proposition 3.2, one has that for every t > 0,

li

m | o (PuX; Py) - oY s )| =o0.
M—o00 X«

Therefore, by dominated convergence, it is enough to prove that

E[F(cb,N(PMX; Py§)) exp ( - %/(PSN”IX)4>] 36)

1
= E[F(PsMX) exp ( ~ 2 /(PmeX)‘l)].
By (34), it is easy to check that Y = (Y, ¥;)T := ®N(-; Py&) solves the SDE

0 1 0 0
a¥ = (L% a2y )Y =P (o) * (yatw )

where dWj, := Py& is a space-time white noise on the finite dimensional space given
by the image of the map Pj;. Therefore, if we show that the measure p defined on the
image of Pyy,

B 1 1 1 1
apu) = exp (- Z/(Pgm“— §f|u|2— 5/|Au|2— 5/|u,|2)dudu,,
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is invariant for the flow Y, we get (36). Since Y solves an SDE with smooth coefficients,
this is true if and only if p solves the Fokker-Planck equation

—div [( <—(1 S A2) —11> <5,) - (33> )’3(”’ ”’)} =0,

which can be shown through a direct computation. O
Corollary 4.3. The measure p is invariant by the flow of (4).

Proof. By Corollary 3.5, one has that for every ¢+ > 0 and every up € X, @fv (wo; &) —
®,(up; £) in X¢ as. Let F : X* — R be continuous and bounded. By dominated
convergence and Proposition 4.2, we have

/ B[ F(@, (wo; €)|dp (o)

[ E[r@en]exs (- 5 [ w0)ann

1
Jim. f B[ F@) woren]esp (- 5 / (P=ymiun)* )dra(uo)

li F Lp 4)d
Nl_r)noo/ (uo)exp(— Z/( <NTT1UQ) ) w(ag)

1
— [ Favexp (= [ enun*)ducwo)

_ / F(uo)dp(up).

5. Ergodicity

In this section, we proceed to show unique ergodicity for the flow @, (ug; &) of (4). We
recall that, as discussed in Sect. 1, the flow is naturally split as ®;(up; &) = T,(§) +
S(t)ug + v, where v = v(ug, &; t) solves (7).

As discussed in the introduction, the flow of (4) does not satisfy the strong Feller
property, so more “standard” techniques are not applicable. Indeed, by taking a set
E; C X% such that P({1,(&§) € E;}) = 1, we can see that

P(®,(0; &) € E,+H) =P, +v(0,&;1) € E,+H?) =P, € E, +H?) = 1.

Taking 0 < o < o] < % letup € X* \ ‘H!, whose existence is guaranteed by Lemma
1.4. We have that S(f)uy ¢ H*' for every ¢!, and so for every A # 0,

P(®;(AUo; €) € E; + H?) = P(1,(&) + AS(Dug € E; + H?).

By taking E; € H®!, (as allowed by Proposition 2.2), we have that this probability is
bounded from above by

P(1,(€) + AS()iip € HY) = P(S()iip € H*') = 0.

1 Since S(¢) in invertible in H*1.
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Therefore, the function
W) = E[L g, 50 (0 (0, §))]

satisfies W (0) = 1 and W(Aup) = O for A # 0, therefore is not continuous in 0. With
the same argument, we can see that W(H?) = {1} and W (X% \ H*') = {0}, and since
both sets are dense in X%, we have that W is not continuous anywhere.

5.1. Restricted strong Feller property and irreducibility of the flow. In this subsection,
we try to recover some weaker version of the strong Feller property for the flow ®. The
end result will be to prove the following lemma, which will be crucial for the proof of
ergodicity:

Lemma 5.1. Let vy, vy be two invariant measures (in the sense of (2)) such that vy L vs.
Then there exists some V. C X% such that vi(V) = 1 and vo(V + H?) = 0.

In order to prove this, it is convenient to introduce the space X* = X¢ equipped
with the distance

d(ug,ur) = [Jup —uglly2 A L.

While X* is a complete metric space and a vector space, it does not satisfy many
of the usual hypotheses on ambient spaces: it is not a topological vector space, it is
disconnected, and it is not separable. Moreover, the sigma-algebra Z of the Borel sets
on X, which is also the sigma-algebra we equip X'* with, does not coincide with the
Borel sigma-algebra of X% - 2 is strictly smaller>. However, in this topology, we can
prove the strong Feller property.

Proposition 5.2 (Restricted strong Feller property). The process associated to the flow
D, (; &) of (4) defined on X% has the strong Feller property, i.e. for every t > 0, the
function

PG (u) := E[G(P(u, §))]
is continuous as a function X* — R for every G : X* — R measurable and bounded.

We would like to point out that a phenomenon similar to the one described by this
proposition, i.e. the fact that the strong Feller property holds only with respect to a
stronger topology, has already been observed in the literature for other equations, for
instance in [17].

Before being able to prove Proposition 5.2, we need the following (completely de-
terministic) lemma, which will take the role of support theorems for £.

Lemma 5.3. Foreveryt > 0, there exists a bounded operator T; H? — L2([0, t]; L2)
such that for every w € H?2,

! / 0 ’r_
w=/0 SO_Z)(ﬁ(T,w)(ﬂ)) dt’ = 1, (Tyw).

2 Take up € X%\ 2, and let E € R be not Borel. Then it is easy to see that Eug := {Aug|r € E} is not
in 4, but it is closed in X%.
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Proof. This lemma is equivalent to proving that the operator
L L0, 1] L?) — H?

has a right inverse. Since H2 and L2([0, r]; L?) are both Hilbert spaces, we have that 1,
has a right inverse if and only if 17 has a left inverse. In Hilbert spaces, this is equivalent

to the estimate || W(ly2 < H 1;‘WHL2([O 112" We have that
(TFw)(s) = St — 5)*w,

where 7 is the projection on the second component. Therefore,

t
7790y = [ 2 Im2S@ Wl

For convenience of notation, define L := ,/% + A2, and define ||w|? := (f |Lw|2) 3

2

In the space H = H? given by the norm [|w|3, = w3, + [lw,[|3,, we have that

L2
r " . sin(sL)
eZm S(s)*w = Lsin(sL)v + (cos(sL) Y )vt.
Therefore, if A, := /% + |n|4, by Parseval
P .
2 . R sin(sA;)\ 2
I g~ X [ fhnsinGsimen + (eostsr) = S5 ) o s
neZ3 0 "
Since by Parseval |[w| g = [|A,W]2 and ||w;||;2 = ||w; |2, the lemma is proven if we

manage to prove that the quadratic form on R

t
B,(x,y) = /
0

satisfies B, > ¢, id, with ¢, > ¢ > O forevery n € 73. We have that B, > 0, since the
integrand cannot be identically O for (x, y) # (0, 0) (if the integrand is 0, by evaluating
itins = 0 we get y = 0, from which evaluating in almost any other s we get x = 0).
Therefore, it is enough to prove that ¢, — ¢ > 0 as |[n| — +00. As |n| — +o0,
An — +00 as well, so

in(sh, )
sin(sA,)x + (cos(skn) - %)y‘ ds

9

t
lim / sin(shy)? =
nJo

o~ NI

)

'
lim[ cos(s)»,,)2 =
nJo

. sin(sAy)
lim — =
n 2An

t
lim/ sin(sA,) cos(sA,) = 0.
mJo

07

Hence, B, — %id and so ¢, — % >0. O

3 1tis easy to see that it is equivalent to the usual H? norm JIV1+ AZw)?
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Proof of Proposition 5.2. We recall the decomposition ®;(u, &) = S@E)u + 1,(§) +
v(u,&;t). Forh € L? adapted to the natural filtration induced by &, let

x>

1 t t
Eh) = exp(—E/O ||h(ﬂ)|}iz+/o (h(t’),é)Lz).

LetCy > 1, E := {&| ”1’(5)”6([0 gy = C1}, and T; as in Lemma 5.3. Let ug € X'*
. By Corollary 3.5, as long as £ € E and C; is big enough (depending on ug, C1), then

max(”V(uv Ev t/) ”C([O;l];'Hz) ) }S(t/)u + TI’ (E) + U||3C([0;t];L2)) S C2

in a neighbourhood of ug. For convenience of notation, we denote

(Trv(u, £ 0)(1) = —%(m (S u+T10(8) +v)°.

Because of (7), v satisfies v(t) = 1,(7;v), and by the continuity of the flow in the
initial data, 7;v is continuous in ug. Moreover, 7;v will always be adapted to the natural
filtration induced by &.

By Girsanov’s theorem ([32, Theorem 1]), we have that

E[G(®P;(u, §))]
= E[lgcpeG(Pr(u, )]+ E[lecpG(S(u+T1,(§) +v(u, &; 1))]
= E[lecpeG(Pr(u, E)] + E[lece G(S(Ou+1:(§ + Trv(u, &; 1)))]
= E[lgcpeG(Pr(u, )]+ E[lecprrvG(SOu+ 1 (E)E(Tv(u, &; 1))].
Notice that Novikov condition ((2.1) in ([32, Theorem 1])) is satisfied automatically by
the estimate || Z;v(u, &; 1)[l4;2 < Ca, which holds true on {§ € E}.* Let vo € H?, with
Vol < Ca.
E[G(®;(u+vp, §))]
= E[lgepcG(P(u+vo, §))]
+E[leceG(S(Ou+ 1§ + T;S(t)vo + Trv(u +vo, &; 1)))]
= E[lgepe G(P;(u+vo, §))]
+Ee+7, 50)vo+ Ty G(SOu + 1,(E)E(T: S () vo + Trv)].

Up to changing v outside of £, we can assume ||[v(u, &; 7) |42 < C». Therefore, we have
(using Girsanov again)

[E[G (P (u + Vo, §))] — E[G (D, (u, §))]|
= G e (2P € E)+ Bl (g70eE(Tv(u, & 0)]
+E[L(£47, 5o+ vy E(T S () vo + 71 v)]
+E[E(Tiv(u, &; 1) — ETS)vo + Tv((w+ Vo), €; t))l)
= |G|l (4P € E€) +E|E(T;S(t)vo + Tiv(u+vo, &5 1)) — E(Tyv(u), &; 1)]).

4 To define a global adapted process that is equal to 7;v on {§ € E} and bounded by C; everywhere, we
can for instance stop 7;v when its norm reaches C;.
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Notice that, by Burkholder-Davis—Gundy inequality, for / inthe form h = T, S(t)w+7;v,
with both ||V||L’2. < Crand ||w|y2 < Co,

1
Elexp(p (h. €),2 )] < kX:PkEE[I (h, &)z 1]
>0
k

k2
<1+ P (ITSs@wll, +EINTVI, 1)
k>1

1
< 1+ (Iwlig2) Wil + ‘lfz(Cz)lE[IIZVIIitzx]f,
< W((C).

where W1, Wy, W are monotone analytic functions with infinite radius of convergence.
With the same computation, we get

El(exp(p (. €)1z ) — 1)1 = W3u(C(IWlhe + ENTVIZ; 19) Sy ELIAIG, 1.

Therefore, by continuity of the flow of (4) in the initial data, for ||vo|l42 < 1, we have
that

E|E(T; S()vo + Trv(u+vo, &; 1)) — E(Tv(w), & 1)
1
=E[exp (= 5 1TV & 012, +(Tvw §0.8), )
1
x (exp (= UTSOVO+ Tva+vo. 012 — 1TV, 012 )
HTSOVO+ Tv+vo, 61 = Ty, 0,82 ) = 1)]
1
= E[exp (= 3 I1Tv 6013, +(Tvauw.&:0.6)2 )
1
x (exp (= FUTSOv0+ Tva+vo &0l — I1Tv & nl2; ) —1)
x exp ((T:S()vo + Ty +vo,60) = Tv(w, £:1),6) 2 )

+exp ({TSOv0+ Tv+vo, 6 1) = Ty, 60,6),2 ) —1)]

1
2

< [Eexp (2 (Tv(u, &; 1), E)Lzz.x )]

e

< [(B(exp (= 3UTSOV + Tvsvo, & 012~ 1Tviw & 012,0) 1))
1

x (Eexp (4(TS(vo + Tviu+v0, & 1) — Tv(w, £0,6) 2 )

[STE

+ (E(exp (S@vo+ Tvtuvo, &)~ Tiviw 600,62 ) — 1))

1
Sop [ENTS@vo + Tiv(u+vo, &51) — Tv(u, & t)llitz 12,

]
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which is converging to 0 as | vglly;2 — 0 because of dominated convergence. Therefore,

limsup |E[G (P, (u +vo, £))] — E[G(P, (u, §))]|

llvoll,,2—0

< limsup [|G|lz= (4P € E) +E|E(T, S(t)vo + Tiv(u+vo, §; 1)) — E(Tv(w), £:1)])

llvoll 2 —0

= 4Gl = P(§ € E°).

Since the left-hand-side does not depend on C1, we can send C; — 0o, and we obtain
that

lim |E[G(®;(u+ Vo, £))] — E[G(P;(u, £))]| =0,

lvoll 2 —0

i.e. E[G(®;(u, £))] is continuous in u in the X'* topology. O

While the topology of X* does not allow to extend many common consequences
of the strong Feller property, we still have the following generalisation of the disjoint
supports property.

Corollary 5.4. Let vi L vy be two invariant measures. Then there exists a measurable
open set Vo C X% such that vi(Vy) = 1 and vo(Vy) = 0.

Proof. Let S| C X* be a measurable set with v{(S1) = 1, v2(S1) = 0. Recall that a set
is measurable if and only if it is Borel in X“. Consider the function

V() = E[Ls, (®;(u, §))].

By the Proposition 5.2, ¥ : X* — R is continuous. Moreover, since S; is a Borel set
in X%, W is also measurable. By invariance of v;, ¥ = 1 vi-a.s. and ¥ = 0 vz-a.s. Let

Vo i={V > %}. We have that Vy C A'* is open by continuity of W, it is measurable
since W is measurable,

viVo) =2n({v=1) =1
and

v2(Vo) = v2({¥ #0}) = 0.
O

Lemma 5.5 (Irreducibility). Suppose that v is invariant for the flow of (4), and let E C
X® such that v(E) = 0. Then for every w € H2, v(E +w) = 0.

Proof. Since X¢ is a Polish space, by inner regularity of v it is enough to prove the
statement when E is compact. Take C| < +00, and let

F =& |1L®]cme0 < C1)-

Proceeding in a similar way to Proposition 5.2, we have that by the compactness of
E, the boundedness of 1,(&) and Proposition 3.5, 7;v satisfies Novikov’s condition on
{¢ € F} and
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0=v(E) = /IE[]IE(S(t)u+ 1:(&) + v])dv(u)
> /E[ﬂF(E)ﬂE(S(t)U+ 1:(§) + v)1dv(w)
= fE[]lF+T,v(§)]1E(S(I)U+T;(&))E(TtV)]dV(U)-

Since £ > 0 P x v—a.s., this implies that 1 p47.v() L (S(Hu+1,(§)) =0 P x v—as.
By sending C; — oo, by monotone convergence we obtain that 1z (S(f)u+1,(§)) =0
P x v—a.s.

Let w € H?. Then, proceeding similarly,

/]E[]IF(S)]IEw(S(t)u +1:(6) + v)1dv(w)
=/E[llf(S)]lE(S(t)U+Tz(é)+V—W)]dV(ll)

= v/‘]E[]lF+’Z}v7T,w(§)]lE(S(Z)u+ 1 ENETv — Tw)ldv(u) =0,

since the integrand is 0 P x v—a.s. By taking C; — oo, by monotone convergence we
get

0= / E[1 pan (S()u + 1:() + v)]dv(u)
=v(E+w).
O

Proof of Lemma 5.1. Let vi L vy be two invariant measures, let V = V| be the set
given by Corollary 5.4, and let {w,},cn be a countable dense subset of H2. We have
that, by definition, v{ (V) = 1 and v2(V) = 0. By Lemma 5.5, vo(V +w,,) = 0 for every
w,,. Therefore, v2(|J,(V + w,)) = 0. Moreover, since V is open in X'*, we have that
U, (V+w,) =V + H2. Therefore, v,(V +H2) =0. O

5.2. Projected flow. In this subsection, we will bootstrap ergodicity of the measure p
from ergodicity of the flow of the linear equation

() =00 ) )+ () “

The measure u defined in (17) is invariant for the flow of this equation (which can be
seen as a special case of Proposition 4.2 for N = —1). Let L(#)u be the flow of (37),
i.e.

L(Hu := SEHu+1,(%).

Lemma 5.6. The measure (1 is the only invariant measure for (37). Moreover, for every
ug € X% the law of L(t)ug is weakly converging to L as t — 00.
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Proof. Letug,u; € X%, and let F : X* — R be a Lipschitz function. We have that
|E[F (L(t)up) — F(L(up]| = [E[F(S®)ug + 1:(§)) — F(S(Huy +1,(£))]]
< E[min(Lip(F) |S(t)up — SOy llxe , [ Fllz0)]
< min(e™§ Lip(F) [lug — il ye , | Fll ).

Therefore by invariance of , we have that
BIF@@ul - [ Fandu]
= | [ @ouw - BrFeou)dum)

L
=< /mln(e $ Lip(F) [lwp — uy[xa , [| Fll Loo)dpe(uy),

which is converging to 0 by dominated convergence. Since Lipschitz functions are dense
in the set of continuous functions, this implies that the law of L (¢)ug is weakly converging
to w. Similarly, if v is another invariant measure,

| [ Fandvo - [ Fanden|
= | [[ EFow - EF wowaveaw

< / / min(e™ Lip(F) o — y e . 1 | oo)dv(up)de(up),

which is converging to 0 by dominated convergence. Since the left hand side does not
depend on 7, one gets that [ F(ug)dv(ug) = [ F(u;)du(up) for every F Lipschitz, so
n=v. 0O

Consider the (algebraic) projection 7 : X% — X%/H?. While the quotient space
does not have a sensible topology, we can define the quotient sigma-algebra,

A:={F C X*/H?s.t. 7' (F) € X* Borel},

which corresponds to the finest o -algebra that makes the map 7 measurable. While this
will not be relevant in the following, we can see that A is relatively rich: if E C X% is
closed and B is the closed unit ball in 2, since B is compact in X%, E + nB is closed
for every n, so E + H? = U, E +nB is Borel. Therefore, 7(E) € A.

Since S(#) maps H2 into itself, is it easy to see thatif w (u) = w(v), then 7 (L(t)u) =
7 (L(t)v). Therefore, 7w (L(¢t)u) is a function of 7 (u), and we define

L®m () := 7(L{)u).

Moreover, if ®,(u; &) = S)u+"T1,(&) +v(u, &; 1) is the flow of (4), where v solves (7),
since v belongs to ‘H?, we have that

(@ (w; §)) = w(SOu+1 +v, & 1) = 7(SOu+ 1) = 7(L(Hu) = L(1)7(w).
Therefore, also 7 (d,(u; £)) is a function of 7 (u), and moreover
(P (u; §)) = L(t)m (), (38)

so the projections of the flows for (37) and (4) coincide.
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Proposition 5.7. The measure wy(1) is ergodic for the process associated to L@) :
X% /H? - X¥/H2.

Proof. If G : X%/ H? — R s a bounded measurable function, then by invariance of u,
/E[G(Z(I)x)]dﬂuM(X) = fE[G(f(t)ﬂ(U))]du(u)

= / E[G (w(L(t)u))]dp(u)
39

= / G (mr (w)dpu(w)

=/Gammmm,

SO 7z 1s invariant.
Let now G be a function such that E[G(L(¢)x)] = G(x) for myu-a.e. x € X"‘/HZ.
Then

E[G o 7 (L(OWIE[G (x(L(Hw)] = E[G(L(1)7 ()] = G ((w)),

so G o is u-a.s. constant by ergodicity of u. Therefore, G is 73 /4-a.s. constant, S0 7y 1
isergodic. 0O
Remark 5.8. We can see u as the law of the random variable u defined in (15). In this
way, for every E C X%, by definition u(E) = P({u € E}). If E = E + H?, then the
event {u € E} is independent from {g,, h,||n| < N} for every N, since H? contains
every function with finite Fourier support. Therefore, E € ("|y o (gn, hulln| = N). By
Kolmogorov’s 0-1 theorem, this implies that u(E) = 0 or w(E) = 1.

Since by definition 4 (F) = (w1 (F)) and 7~ (F) = 7 ~!(F) + H?, then for
every set F € A we have w3 (F) € {0, 1}, therefore trivially any invariant set has
measure 0 or 1, hence the measure 3 is ergodic.

Proposition 5.9. Let v be an invariant measure for the flow of (4) such that wyv < s L.
Thenv = p.>

Proof. Suppose by contradiction that v # p. Let
_ 1
(0 = v)+(XY)

v =0+

Pl (p—Vv)+

o)

Since p, v are invariant, it is easy to see that pj, pp are both invariant probabilities.
Moreover, p1 L p2,and p; < p+v,80 w30 K w30 + T3V K TRl
Proceeding as for (39), and using (38), we have

/E[G(Z([)x)]dn’upj(x) = /]E[G(Z(l)ﬂ(u))]dpj(“)
=/mam®m£mwm®

5 Notice that since 0 K w, then mgp K myp.
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- [ Gorawnap;w

= f G(x)dnﬁ,oj(x),

therefore myp; is invariant. Moreover, since m30; < myu, by invariance of m30; and
ergodicity of 7y, we must have wyp; = 7. Let now V be the set given by Lemma

5.1,ie. p1(V) =1, po(V + H?) = 0. We have
0= pa(V+H?) = mepa(m(V +HD)) = mu((V +H?))
= o (m(V+H?) = pi(V+HD) = p1(V) = 1,
contradiction. 0O

Remark 5.10. Using Remark 5.8, it is possible to show mzp; = myu without using
the ergodicity of 7. We have indeed that p; < p implies wpp; < myu. Let E be
any set with wy0;(E) > 0. Then by absolute continuity, 73 (E) > 0 as well, and by
Remark 5.8, myu(E) = 1 > myp; (E). Therefore myp0; < myu, and since they are both
probabilities, we must have y0; = s

Corollary 5.11. The measure p is ergodic for the Markov process associated to the flow
(-, &) : X¥ > X¥ of (4).

Proof. Letv < p, v invariant. We have that v < 7o < 7z 1. Hence, by Proposition
5.9, v = p. Therefore, p is ergodic. O

We conclude this section by proving unique ergodicity for the measure p. This will
be the only part of this paper for which we require the good long-time estimates for the
flow given by (24) (up to this point, whenever we used Corollary 3.5, we needed just the
qualitative result of global existence and time-dependent bounds on the growth of the
solution).

In particular, we will prove the following version of Birkhoff’s theorem for this
process, which in particular implies Theorem 1.1.

Proposition 5.12. Let ®,(u; &) be the flow of (4). For every ug € X%, we have that
pr — past — oo, where p; is defined by

1 t
| Fwan =1 [ EF @, enlar.
Proof. Consider the usual decomposition

Ds(up; &) = SHug + 1,(6) +v(ug, &5 1).

We have that the law p; of S(t)ug + 1,(§) = L(ug) is tight in X%, because by Lemma
5.6, iy — p as t — oo. Therefore, there exists compact sets K, € X¢ such that
P{S(t)ug+1,(¢) € K¢}) > 1 — . Moreover, by the estimate (24) and the compactness
of the embedding H? < X%, we have that also the law of v is tight; more precisely,
there exists constants c, such that P({||v|l2 < ¢¢}) = 1 — ¢, uniformly in ¢. Therefore,

P({®:(up, &) € Ke + {lI-l2 < ce}}) = 1 =2,

so also the law of ®,(ug, &) is tight. By averaging in time, we obtain that also the
sequence p; is. Hence it is enough to prove that every weak limit point p of p; satisfies



Unique Ergodicity for a Class of Stochastic Hyperbolic Equations 1345

© = p. Notice that, by definition, p is invariant. Let #,, — oo be a sequence such that
p1, = p. Consider the random variable

Yp:= (S@ug +1,(§), v(ug, &5 1)) € X¥ x X*.

By the same argument, the law Y; is tight in X% x X%, with compact sets C, of the form
Ce = Ko x {llyllyz < c¢} such that P(Y; € C¢) > 1 — ¢ uniformly in ¢. Therefore,
tightness with the same associated compact sets will hold for the measure v; given by

1 t
/F(ul,Uz)dw(m,uz) = ;/0 E[F(Y)]dz.

Hence, up to subsequences, v;, — v, with v concentrated on X% x ‘H?. Define the maps
S, m  X* x X¥ - X%by

Gx,y):=x+y,
mi(x, y) == x.

Since &(Y;) = P, (ug, &), then S4v = p. Moreover, since 71 (Y;) = S(f)ug + 1, (§), we
have that (71)3v; = s, so (1)4v = w. Recall the projection w : X% — X*/H?. On
X% x H?, wehavethat t oS = 7w o 7r1. Therefore, since v is concentrated on X% x H2,

wyp = w3 Gy = m () = WU
Hence, by Proposition (5.9), we getp = p. O

Remark 5.13. If we could improve Proposition 5.7 to unigue ergodicity for the measure
7y b, we would automatically improve the result of Corollary 5.11 to unique ergodicity,
without using at all the long time estimates for the growth of v. Indeed, in the proof
of Proposition 5.9, the only point in which we used the condition p; <« p was for
showing that w3 p; = myu. If we knew that the measure 7314 was uniquely ergodic, then
myp; = myie will follow automatically from invariance, without the need for the extra
condition p; < p.
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