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Abstract: This is the second of two works, in which we discuss the definition of an
appropriate notion of mass for static metrics, in the case where the cosmological constant
is positive and the model solutions are compact. In the first part, we have established a
positive mass statement, characterising the de Sitter solution as the only static vacuum
metric with zero mass. In this second part, we prove optimal area bounds for horizons
of black hole type and of cosmological type, corresponding to Riemannian Penrose
inequalities and to cosmological area bounds a la Boucher—Gibbons—Horowitz, respec-
tively. Building on the related rigidity statements, we also deduce a uniqueness result
for the Schwarzschild—de Sitter spacetime.

1. Introduction and Statement of the Main Results

In this paper we continue the study started in [14] about the notion of virtual mass of
a static metric with positive cosmological constant. To make the exposition as much
self-contained as possible, we briefly recall the basic notions and definitions.

1.1. Setting of the problem and preliminaries. In this paper we consider static vacuum
metrics in presence of a positive cosmological constant. These are given by triples
(M, go, u) where (M, go) is an n-dimensional compact Riemannian manifold, n > 3,
with nonempty smooth boundary d M, andu € 4°°(M) is asmooth nonnegative function
obeying to the following system

uRic = D%u + ugo, inM,
n—1
2A

n—1

(1.1)
Au = —

u, inM,
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where Ric, D, and A represent the Ricci tensor, the Levi-Civita connection, and the
Laplace—Beltrami operator of the metric g, respectively, and A > 0 is a positive real
number called cosmological constant. We will always assume that the boundary o M
coincides with the zero level set of u, so that, in particular, u is strictly positive in the
interior of M. For more detailed discussions on the legitimacy of these assumptions, we
refer the reader to [5,32]. In the rest of the paper the metric gp and the function u will be
referred to as static metric and static (or gravitational) potential, respectively, whereas
the triple (M, go, u) will be called a static solution. For a more complete justification of
this terminology as well as for some comments about the physical nature of the problem,
we refer the reader to the introduction of [14] and the references therein. Here, we only
recall that, having at hand a solution (M, go, u) to (1.1), it is possible to recover a static
solution (X, y) to the vacuum Einstein field equations

R
Ricy—%y+Ay=0, inRx M, (1.2)
just by setting X = R x M and letting y be the Lorentzian metric defined on X by

y = —u?dt @dt + £0-

To complete the setup of our problem, we now list some of the basic properties of
static solutions to system (1.1), whose proof can be found in [5, Lemma 3] as well as in
the indicated references.

e Concerning the regularity of the function u, we know from [23,58] that u is analytic.
In particular, by the results in [54], we have that its critical level sets are discrete.

e Since the manifold M is compact, 9M = {u = 0} and u > 0 in M\9dM, the static
potential u achieves its maximum in the interior of M. To fix the notation, we set

Umax = mﬁxu and MAXw)={p e M : u(p) = tmax}-

Since u is analytic, one has that, according to [44] (see also [40, Theorem 6.3.3]),
the locus MAX () is a (possibly disconnected) stratified analytic subvariety whose
strata have dimensions between 0 and n — 1. More precisely, it holds

MAXw) = 2'us!u...ux

where X is a finite union of i-dimensional analytic submanifolds, for every i =
0,...,n — 1. This means that, given a point p € X', there exists a neighborhood
p € 2 C M and an analytic diffeomorphism f : Q@ — R” such that

f@NTH = LN fFE),

for some i-dimensional linear space L C R”. In particular, the set >~ is a smooth
analytic hypersurface and it will play an important role in what follows. We will refer
to the hypersurface X" ~! as the rop stratum of MAX (u).

e Taking the trace of the first equation in (1.1) and substituting the result into the
second one, it is immediate to deduce that the scalar curvature of the metric g is
constant, and more precisely it holds

R =2A. (1.3)
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In particular, we observe that choosing a normalization for the cosmological constant
corresponds to fixing a scale for the metric gg. Throughout the paper we will choose
the following normalization

nn—1)

5 (1.4)

So that in particular the manifold (M, go) will have constant scalar curvature R =
n(n—1).

e The boundary oM = {u = 0}, which is assumed to be a smooth submanifold
of M, is also a regular level set of u. In particular it follows from the equations
that it is a (possibly disconnected) totally geodesic hypersurface in (M, gg). The
connected components of d M will be referred to as horizons. In Definition 2 below,
we will distinguish between horizons of black hole type, horizons of cosmological
type and horizon of cylindrical type. In order to simplify the exposition of some of
the results in the paper, it is convenient to suppose that the manifold M is orientable.
This of course is not restrictive. In fact, if the manifold is not orientable, we can
consider its orientable double covering, and transfer the results obtained on this latter
to the original manifold by means of the projection. We recall that an orientation
of M induces an orientation on the boundary d M, therefore, in particular, if M is
orientable so are the horizons.

e Finally, one has that the quantity |Du| is locally constant and positive on d M. Notice
that the value of |Du| at a horizon depends on the choice of the normalization of u.
A more invariant quantity is the so called surface gravity of an horizon §, which can
be defined as the constant

K(S) = —8, (1.5)

where we recall that u,x is the maximum of « in M. For a more precise explaination
of the physical motivations behind this definition, we refer the reader to [14].

Recasting all the normalizations that we have introduced so far, we are led to study the
following system

uRic=D2u+nugo, in M

Au=—nu, in M , ,
! e ¥n with M compact orientable and R = n(n — 1).
u >0, in M\oM
u=20, on oM

(1.6)

This system is of course equivalent to (1.1), with some of the assumptions made more
explicit. In this work, we are interested in the classification of static triples up to isometry,
or at least up to a finite covering. Even though these notions are quite natural, we recall
their precise definitions in the setting of static triples.

Definition 1. We say that two triples (M, go, u) and (M’, g, u’) are isometric if there
exists a Riemannian isometry F : (M, go) — (M, gé)) such that, up to a normalization
of u, it holds u = u’ o F. We say that (M, go, u) is a covering of (M, g, u’) if there
exists a Riemannian covering F : (M, go) — (M’, g(,) such that, up to a normalization
of u,itholdsu =u’ o F.
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It is worth remarking that, for the most part, the results in this paper allow for a
classification up to isometry of the solutions. However, as we will discuss more precisely
in Remark 1, there is one example of a static triple that is not simply connected. In
order to include this special case in our statements, it will be occasionally necessary to
argue up to covering. We conclude this subsection introducing some more terminology,
whose meaning will be clarified in the next subsection by the detailed description of the
rotationally symmetric solutions to (1.6).

Definition 2. Let (M, go, u) be a solution to problem (1.6). A connected component S
of dM is called an horizon. An horizon is said to be:

e of cosmological type if: k(S) < /n,
o of black hole type if: k(S) > /n,
o of cylindrical type if: k(S) = /n

where « (S) is the surface gravity of S defined in (1.5). A connected component N of
M\MAX (u) is called region and we will denote by d N the collection of the horizons of
M that lie in N, namely

ON = dMNN.

A region N is said to be:

e an outer region if all of its horizons are of cosmological type, i.e., if

max «(S) < /n,
Semo(IN)

e an inner region if it has at least one horizon of black hole type, i.e., if

max «(S) > /n,
Semo(IN)

e a cylindrical region if there are no horizons of black hole type and there is at least
one horizon of cylindrical type, i.e., if

max «(S) = /n.

Semo(dN)

1.2. Rotationally symmetric solutions. In this subsection, we briefly recall the rota-
tionally symmetric solutions to (1.6). These have three different qualitative behaviour,
depending on the value of the mass parameter m, which is allowed to vary in the real

interval [0, mpnax], Where
[(n —2)n—2
Mmax =4 — - (L.7)
n

We observe that if the number m,x is defined as above, then for every 0 < m < mpax
the equation f,,(r) = 0, where f,,(r) = 1 — r2 — 2mr?" has exactly two positive
solutions 0 < r_(m) < ry(m) < 1. Moreover, in the interval [r_(m), ry(m)] the
function f, (r) assumes its maximum value at ro(m) = [(n — 2ym]Y/". For m = 0,
one has that ro(0) = r_(0) = 0 and r,(0) = 1, whereas for m = mp,x, one has
ro(Mmax) = r—(Mmax) = r+(Mmax) = [(n — 2)/n]"/2.



On the Mass of Static Metrics 2083

< e

(a) de Sitter (b) Schwarzschild—de Sitter (c¢) Nariai

Fig. 1. Rotationally symmetric solutions to problem (1.6). The red dot and red lines represent the set MAX («)
for the three models

e de Sitter solution [27] (m = 0), Fig. la.

_ dx| ®d|x]|
1= x]?

u=+/1-—|x2 (1.8)

It is not hard to check that both the metric gp and the function u, which a priori are
well defined only in the interior of M\ {0}, extend smoothly up to the boundary and
through the origin. This model solution can be seen as the limit of the following
Schwarzschild—de Sitter solutions (1.9), when the parameter m — 0*. The de Sitter
solution is such that the maximum of the potential is umax = 1, and it is achieved
at the origin. Moreover, this solution has only one connected horizon with surface
gravity

M = B0, 1) C R", +|x12ggi1.

[Dul = 1 on oM.

Hence, according to Definition 2 below, this horizon is of cosmological type.
e Schwarzschild—de Sitter solutions [38] (0 < m < mmax), Fig. 1b.

M = B(0,ry(m))\B(0, r_(m)) C R,
d|x| ® d|x| 2
80 = 1 — |x|2 — 2m|x|27n + |-x| gS"_la
u = 1—|x|2 = 2mlx|2". (1.9)

Here r_(m) and r;(m) are the two positive solutions to 1 — r2 —2mr¥ " = 0. We
notice that, for r_(m), r+(m) to be real and positive, one needs (1.7). It is not hard
to check that both the metric gp and the function u, which a priori are well defined
only in the interior of M, extend smoothly up to the boundary. This latter has two
connected components with different character

My = {Ix| =ri(m)} and  IM_ = {|x| =r_(m)}.

In fact, it is easy to check (see formula (1.12) and (1.13)) that the normalized surface
gravities satisfy

Du |Du|;.
Dullans, - _ Jioand  k(@OM.) = —M o /.

Umax Umax

k(M) =
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Hence, according to Definition 2 below, one has that d M. is of cosmological type,
whereas d M_ is of black hole type. Furthermore, it holds

m 2/n
Umax = 1—( ) » MAX(u) = {|x| =ro(m)}, (1.10)

Mmax

where we recall that ro(m) = [(n — 2)m]/". Notice that M \MAX(u) has exactly
two connected components: M, with boundary d My and M_ with boundary dM_.
According to Definition 2, we have that M, is an outer region, whereas M_ is an
inner region.

e Nariai solution [46] (m = mmax), Fig. lc.

1
M = [O’T[] X Sn_l, 80 = — [dr®dr+(n —Z)gsn—l],
n
u = sin(r). (L.11)

This model solution can be seen as the limit of the previous Schwarzschild—de Sitter
solutions, when the parameter m — m,,, ., after an appropriate rescaling of the
coordinates and potential u (this was shown for n = 3 in [31] and then generalized
to all dimensions n > 3 in [21], see also [17,18]). In this case, we have upmax = 1
and MAX (1) = {r/2} x S"~!. Moreover, the boundary of M has two connected
components with the same constant value of the surface gravity, namely

Du| = «/n on M.

In Sect. 1.3, we are going to use the above listed solutions as reference configurations
in order to define the concept of virfual mass of a solution (M, go, u) to (1.6). To this
aim, it is useful to introduce the functions k; and k_, whose graphs are plotted, for
n = 3, in Fig. 2. They represent the normalized surface gravities of the model solutions
as functions of the mass parameter m.

e The outer surface gravity function

ke : [0, mmax) —> [1,/n) (1.12)
is defined by
ki (0) = 1, for m =0,
2 _ n12
ko(m) = rz(m) [1 = (ro(m)/r+(m))"] D 0 <m <

1- (m/mmax)z/n

where r,(m) is the largest positive root of the polynomial P, (r) = P o,

Loosely speaking, k(m) is nothing but the constant value of |Du|/umax at {|x| =
ry(m)} for the Schwarzschild—de Sitter solution with mass parameter equal to m.
We also observe that k, is continuous, strictly increasing and ky(m) — ./n, as
m — mpy...
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Fig. 2. Plot of the surface gravities |Du|/umax of the two boundaries of the Schwarzschild—de Sitter so-
lution (1.9) as a function of the mass m for n = 3. The red line represents the surface gravity of the
boundary dM; = {r = ry(m)}, whereas the blue line represents the surface gravity of the boundary
dM_ = {r = r—(m)}. Notice that for m = 0 we recover the constant value |Du| = 1 of the surface
gravity on the (connected) cosmological horizon of the de Sitter solution (1.8). The other special situation
is when m = mmax. In this case the plot assigns to mmax = 1/ (3\/5) the unique value /3 achieved by the
surface gravity on both the connected components of the boundary of the Nariai solution (1.11)

e The inner surface gravity function
k— : (0, Mmax | —> [/n, +00) (1.13)
is defined by

k_ (Mmax) «/E, for m = mpax,

r2(m) [1 = (rom)/r—m))"]> |
k_(m) = - (m/mmax)z/" , if 0 <m < mpax,

where r_ (m) is the smallest positive root of the polynomial P, (r) = P2 o,

Loosely speaking, k_(m) is nothing but the constant value of [Du|/umax at {|x| =
r—(m)} for the Schwarzschild—de Sitter solution with mass parameter equal to m.
We also observe that k_ is continuous, strictly decreasing and k_(m) — +o0, as
m — 0%,

This concludes the list of rotationally symmetric solutions. However, it is worth men-
tioning that in higher dimensions there is a simple generalization of the above model
triples. In fact, one can replace the spherical fibers in the Schwarzschild—de Sitter
solution (1.9) with any (n — 1)-dimensional Einstein manifold (E"1, gpn—1) with
Ricgn-1 = (n — 2)ggn—1. The resulting triple is still a solution to (1.6), and it will
be called generalized Schwarzschild—de Sitter solution

dr ® dr 5
1 —r2 —2mr2—n Tr8pnt

u=+1-r2—2mr2n, (1.14)

M = [r—(m),r+(m)] x E"™', g0 =
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Analogously, one can define the generalized Nariai solution as the triple

n—1 1
M =[0,7]xE""", g = —[dr@dr+n—2)ggn-1],
n
u = sin(r), (1.15)

where, again, (E n=l ggn—1) isan (n— 1)-dimensional Einstein manifold with Ricgn—1 =
(n — 2)ggn—1. Of course, the generalized solutions (1.14) and (1.15) are relevant only
for n > 5, since for n = 3,4 the only (n — 1)-dimensional Einstein manifold with
Ricgn-1 = (n — 2)gpn—1 is the round sphere (S, gsn—1). We also mention that,
exploiting a previous work of Bohm about the existence of 'non round’ Einstein metrics
on spheres [12], Gibbons, Hartnoll and Pope in [29] were able to exhibit infinite families
of solutions to problem (1.6), in dimension4 < n < 8. These solutions are such that their
boundary is connected and diffeomorphic to a (n — 1)-dimensional sphere. However,
they do not have a warped product structure. This suggests that a complete classification
of the solutions to problem (1.6) in dimension n > 4 is a very hard task. On the other
hand, in dimension n = 3, the only known solutions are the de Sitter, Schwarzschild—de
Sitter and Nariai triple. The question of whether these are the only ones is still open,
although there are some partial results. For instance, in [37,41] it is proven that these
models are the only locally conformally flat static metrics, in [47] this result has been
extended to the Bach-flat case and in [26] the case of cyclic parallel Ricci tensor has been
discussed. Some pinching conditions implying the same classification are provided in
[5,9]. Moreover, some further characterizations of the de Sitter metric have been proven
in [16,22,32].

Since it will be of some importance in the forthcoming discussion, we conclude this
section recalling the definition of Schwarzschild metric with mass parameter equal to
m > 0. This is the simplest (and also the early) example of a non flat static metric in the
case where the cosmological constant in the Einstein Field Equations (1.2) is taken to
be zero.

e Schwarzschild solutions [51] (m > 0).
d|x| ® d|x|
1= 2m|x|2"

u = +/1—2mjx|>". (1.16)

Here, the so called Schwarzschild radius ry(m) = 2m)Y/®=2 is the only positive
solution to 1 — 2mr>~" = 0. It is not hard to check that both the metric go and the
function u, which a priori are well defined only in the interior of M, extend smoothly
up to the boundary.

M = R"\B(0, ry(m)) C R", +xPggnt,

1.3. Thevirtualmass. As already discussed in[14], in the case of a positive cosmological
constant there does not seem to be a general consensus about what the right notion of
mass should be. For some possible approaches, as well as for more insights on the
problems posed by the case A > 0, we refer the reader to the following references
[1,6-8,24,36,45,52,53,56]. In our previous work [14], we have introduced a different
point of view, leading to a new notion of mass, that we now recall.

Definition 3 (Virtual Mass).Let (M, go, u) be asolutionto (1.6) and let N be a connected
component of M\MAX (u). The virtual mass of N is denoted by (N, go, u) and it is
defined in the following way:
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(i) If N is an outer region, then we set

-1 |Du|
(N, go,u) = k, = | max , (1.17)

ON  Umax

where k, is the outer surface gravity function defined in (1.12).
(ii) If N is an inner region, then we set

D
(N, go.u) = kZ' (max| u'), (1.18)

ON  Umax

where k_ is the inner surface gravity function defined in (1.13).

In other words, the virtual mass of a connected component N of M\MAX(u) can be
thought as the mass (parameter) that on a model solution would be responsible for (the
maximum value of) the surface gravity measured at 9 N. In this sense the rotationally
symmetric solutions described in Sect. 1.2 are playing here the role of reference configu-
rations. Asitis easy to check, if (M, go, u) is either the de Sitter, or the Schwarzschild—de
Sitter, or the Nariai solution, then the virtual mass coincides with the explicit mass pa-
rameter m that appears in Sect. 1.2.

It is important to notice that it is not a priori guaranteed that the above definition is
well posed. In fact, it could happen that the boundary of a connected component is empty
or that the value of the normalized surface gravity does not lie in the range of either &,
or k_. The first possibility can be easily excluded arguing as in the No Island Lemma
(see [14, Lemma 5.1]), whereas to exclude the second possibility we need to invoke [14,
Theorem 2.2]. This result tells us that, on any region N of a solution (M, go, u), it holds

|Du|

max «(§) = max 1,

Semp(dN) ON  Umax

and the equality is fulfilled only if (M, go, u) is isometric to the de Sitter solution (1.8).
As animmediate consequence we obtain the following Positive Mass Statement for static
metrics with positive cosmological constant.

Theorem 1.1. (Positive Mass Statement for Static Metrics with Positive Cosmological
Constant) Let (M, go, u) be a solution to problem (1.6). Then, every connected com-
ponent of M\MAX (u) has well-defined and thus nonnegative virtual mass. Moreover,
as soon as the virtual mass of some connected component vanishes, the entire solution
(M, go, u) is isometric to the de Sitter solution (1.8).

We refer the reader to [14] for a more detailed discussion about the above statement as
well as for a comparison with the classical Positive Mass Theorem proved by Schoen
and Yau [49,50] (and with a different proof by Witten [55]) for the ADM-mass of
asymptotically flat manifolds with nonnegative scalar curvature.

1.4. Area bounds. An important feature of the above positive mass statement is that it
gives a complete characterisation of the zero mass solutions. Another very interesting
and nowadays classical characterisation of the de Sitter solution is given by the Boucher—
Gibbons—Horowitz area bound [16], which in our framework can be phrased as follows
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Theorem 1.2 (Boucher—-Gibbons—Horowitz Area Bound). Let (M3, go,u) be a
3-dimensional solution to problem (1.6) with connected boundary dM. Then, the fol-
lowing inequality holds

[OM| < 4. (1.19)

Moreover, the equality is fulfilled if and only if (M3, go, u) is isometric to the de Sitter
solution (1.8).

Having at hand Theorems 1.1 and 1.2, it is natural to ask if in the case where the virtual
mass is strictly positive and the boundary of M is allowed to have several connected
components, it is possible to provide a refined version of both statements, whose rigidity
case characterises now the Schwarzschild—de Sitter solutions described in (1.9) instead of
the de Sitter solution. In accomplishing this program, we are inspired by the well known
relation between the Positive Mass Theorem and the Riemannian Penrose Inequality as
they are stated in the classical setting, where M? is an asymptotically flat Riemannian
manifold with nonnegative scalar curvature. To be more concrete, we report a simplified
version of these statements in the case where the 3-manifold has one end and at most
one compact horizon.

Theorem 1.3. Let (M3, go) be a 3-dimensional complete asymptotically flat Riemannian
manifold with nonnegative scalar curvature and ADM-mass mapy (M3, go) equal to
m € R. Then, the following statements hold.

(i) Positive Mass Theorem (Schoen-Yau [49,50], Witten [55]). The number m is always
nonnegative

0 < m.

Moreover; the equality is fulfilled if and only if (M3, go, u) is isometric to the flat
Euclidean space with u = 1.

(ii) Riemannian Penrose Inequality (Huisken-Ilmanen [33], Bray [19]). Assume that the
boundary of M is non empty and given by a connected, smooth and compact outermost
minimal surface. Then, the following inequality holds

|0M|

Moreover; the equality is fulfilled if and only if (M3, go,u) is isometric to the
Schwarzschild solution (1.8) with mass parameter equal to m.

For the precise definitions of asymptotically flat manifold and ADM-mass, we refer
the reader to the above cited references. We also observe that in the original statement of
the Positive Mass Theorem, the 3-manifold (M 3, g) is a priori allowed to have a finite
number of ends and that the rigidity statement holds in a stronger way, meaning that as
soon as the mass of one end is vanishing, then the whole manifold is isometric to the
Euclidean space. Concerning the Riemannian Penrose Inequality, it is worth pointing
out that in the original statement by Huisken and Ilmanen [33, Main Theorem], the
boundary of M is a priori allowed to have a finite number of connected component,
namely 0M = Sp LI S1 U ... U Sk, and the authors are able to prove the following

inequality
Jmaxo<j<k IS;l _
167 -
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where m = mapy (M 3, g). With a different proof, Bray is able to recover in [19,
Theorem 1] a stronger version of the above inequality, namely

[1Sol+—+1Sk] _
167 -

Of course, when dM is connected, the two inequalities are the same and they re-
duce to (1.20). To introduce our first main result, we focus on this simple version of
the Riemannian Penrose Inequality and we observe that, using the definition of the
Schwarzschild radius given below formula (1.16), it can be rephrased as follows

OM| < 167m? = 4w (2m)? = 4mrd(m),

where m = mapy (M 3 g). Having these considerations in mind, we can now state one
of the main results of the present paper.

Theorem 1.4 (Refined Area Bounds). Let (M3, go, u) be a 3-dimensional solution to
problem (1.6) and let N be a connected component of M3\MAX (u) with virtual mass

m = (N, go,u) € (o, 1/(3«/3)].

Let S C 0N be the horizon with the largest surface gravity in N, namely

k+(m) if N is outer,
k(S) = {k_(m) ifN isinner,
N if N is cylindrical.

Then, S is diffeomorphic to the sphere S*. Moreover; the following inequalities hold:

(i) Cosmological Area Bound If N is an outer region, then
S| < dmri(m). (1.21)

Moreover, if the equality is fulfilled and S = N, then the triple (M?, go, u) is
isometric to the Schwarzschild—de Sitter solution (1.9) with mass m.
(ii) Riemannian Penrose Inequality If N is an inner region, then

S| < 4772 (m). (1.22)

Moreover; if the equality is fulfilled and S = N, then the triple (M3, go, u) is
isometric to the Schwarzschild—de Sitter solution (1.9) with mass m.
(iii) Cylindrical Area Bound If N is a cylindrical region, then

4
IS| < R (1.23)

Moreover, if the equality is fulfilled and S = 9N, then the triple (M, go, u) is covered
by the Nariai solution (1.11).
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Remark 1. Notice that the rigidity statements are only in force when d N is connected.
Concerning the rigidity statement in point (iii) of the above theorem, we observe that there
is only one orientable triple which is not isometric to the 3-dimensional Nariai solution
but that is covered by it, which is the quotient of the Nariai triple by the involution

(2 [0, 7] x S — [0, 7] x S?, (t,x) = (mr —t, —x),

where we have denoted by —x the antipodal point of x on S?. The existence of this
solution was pointed out in [5, Section 7].

About the previous statement some comments are in order. First, the fact that S is nec-
essarily diffeomorphic to a sphere is not a new result. In fact, a stronger result is already
known from [5, Theorem B], where it is shown that every connected component of the
boundary of a static solution to problem (1.6) is diffeomorphic to a sphere. Our approach
allows to prove the same topological result, but only in the case where the horizons of
(M3, 80, u) are somehow separated from each other by the locus MAX (). Concerning
the area bounds, we observe that, conceptually speaking, the inequality (1.22) should be
compared with the Boucher—Gibbons—Horowitz Area Bound (1.19), since it involves the
cosmological horizons of the solution, whereas the inequality (1.22) should be compared
with (1.20) since it is a statement about horizons of black hole type.

An analogous statement holds in higher dimension, giving the natural analog of the

inequality
RBM
[0M]| 5[ ——— do, (1.24)
om (n—1D(n —2)

which has been obtained by Chrusciel in [22, Section 6] in the case of connected bound-
ary, extending the Boucher—Gibbons—Horowitz method to every dimension n > 3. Of
course, in the above inequality R stands for the scalar curvature of the boundary.
Moreover, the equality is fulfilled if and only if (M, go, u) coincides with the de Sitter
solution.

Theorem 1.5. Let (M, go, u) be a solution to problem (1.6) of dimension n > 3, and let
N be a connected component of M\MAX (1) with connected smooth compact boundary
ON. We then let m € (0, mmax] be the virtual mass of N, namely
m = (N, go, u).

Let S € 9N be the horizon with the largest surface gravity in N, namely

ki(m) if N is outer,

k(S) = {k_(m) ifN is inner,

N if N is cylindrical.

Then, the following inequalities hold:

(i) If N is an outer region, then

N
IS| < (/R—dcr> r2(m). (1.25)
s(n—1Dn-2)

Moreover, if the equality is fulfilled and S = 0N, then (M, go, u) is isometric to
the Schwarzschild—de Sitter solution (1.9) with mass m, for n = 3,4. Whereas for
n > 5 it is isometric to some generalized Schwarzschild—de Sitter solution (1.14)
with Einstein fiber.
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(ii) If N is an inner region, then

S
IS| < (/ R—da) r2(m). (1.26)
s(n—1m—2)

Moreover, if the equality is fulfilled and S = 0N, then (M, go, u) is isometric to
the Schwarzschild—de Sitter solution (1.9) with mass m, for n = 3, 4. Whereas for
n > 5 it is isometric to some generalized Schwarzschild—de Sitter solution (1.14)
with Einstein fiber.

(iii) If N is a cylindrical region, then

S
[S] < /R—da. (1.27)
snn—1)

Moreover, if the equality is fulfilled and S = 0N, then (M, go, u) is covered by
the Nariai solution (1.11), for n = 3, 4. Whereas for n > 5 it is covered by some
generalized Nariai solution (1.15) with Einstein fiber.

The proof of the above statement will be given in Sect. 5, except for the rigidity state-
ments, whose proof will be discussed in Sect. 6, and for the cylindrical case, that will
be discussed in Sect. 8. It is clear that Theorem 1.4 follows directly from Theorem 1.5,
applying the Gauss-Bonnet formula. We also mention that the rigidity statement for
Theorem 1.5 will be deduced by some more general statements (see Corollaries 6.1, 6.5
and 8.7) which correspond to some balancing formulas, in the case where the boundary
of N is allowed to have several connected components. The inequalities proven in The-
orem 1.5 share some analogies with the ones developed in [28,57], see in particular [57,
Theorem B].

Our approach will also allow us to prove some area lower bounds on the horizons.
These lower bounds do not require the connectedness of the boundary of our region N
and depend on the area of the hypersurface ¥y C MAX(u) that separates N from the
rest of the manifold.

Theorem 1.6 (Area Lower Bound). Let (M, go, u) be a solution to problem (1.6) of
dimension n > 3, and let N be a connected component of M\MAX (u) with connected
smooth compact boundary ON. We let m € (0, mmax] be the virtual mass of N, namely

m = (N, go, u).

Let Sy = N N M\N be the possibly stratified hypersurface separating N from the rest
of the manifold M. Then, the following inequalities hold:

(i) If N is an outer region, then
re(m) ]!
oN| = [W} =, (1.28)

and the equality is fulfilled if and only if (M, go, u) is isometric to the Schwarzschild—
de Sitter solution (1.9) with mass m, for n = 3, 4. Whereas for n > 5 it is isometric
to some generalized Schwarzschild—de Sitter solution (1.14) with Einstein fiber.
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(ii) If N is an inner region, then

n—1
N = ["(’”)] xl. (1.29)
ro(m)

and the equality is fulfilled if and only if (M, go, u) is isometric to the Schwarzschild—
de Sitter solution (1.9) with mass m, for n = 3, 4. Whereas for n > 5 it is isometric
to some generalized Schwarzschild—de Sitter solution (1.14) with Einstein fiber.

(iii) If N is a cylindrical region, then

ON| = [Xn], (1.30)

and the equality is fulfilled if and only if (M, go, u) is covered by the Nariai solu-
tion (1.11), for n = 3, 4. Whereas for n > 5 it is covered by some generalized Nariai
solution (1.15) with Einstein fiber.

In the notations of Theorem 1.6, if we also assume that 0 N is connected we can
combine the lower and upper bounds proved in Theorems 1.4 and 1.6 to obtain an area
lower bound for the hypersurface X . The general statement of this result is given in
Theorem 5.3. Here we report the special 3-dimensional case, in which the bound turns
out to be particularly nice.

Corollary 1.7. Let (M, go, u) be a 3-dimensional solution to problem (1.6), and let N
be a connected component of M\MAX (u) with connected smooth compact boundary
ON. We let m € (0, mmax] be the virtual mass of N, namely

m = (N, go, u).

Let ¥y = N N M\N be the possibly stratified hypersurface separating N from the rest
of the manifold M. Then it holds

1Zn] < 47 rd(m),

and the equality is fulfilled if and only if (M, go, u) is either isometric to the Schwarzschild—
de Sitter solution (1.9) with mass 0 < m < mmax or (M, go, u) is covered by the Nariai
solution (1.11).

We conclude this subsection with a comparison of our Theorem 1.4 with the following
recent result due to Ambrozio.

Theorem 1.8 ([5, Theorem CJ). Let (M, go, u) be a 3-dimensional solution to prob-
lem (1.6), let So, ..., Sp be the connected components of M and let ko, . . ., k), be their
surface gravities. If (M, go, u) is not isometric to the de Sitter solution (1.16), then

p
Zi:o I(,'|S,‘| < 4
—~—p = .

1—0 Kl

Moreover, if the equality holds, then (M, go, u) is isometric to the Nariai solution (1.11).
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Of course Ambrozio’s result is slightly different from ours under certain aspects, as
Theorem 1.8 does not require any assumption on MAX(«) and has a global nature,
whereas our Theorem 1.4 uses the locus MAX (1) to decompose the manifold into several
connected components and provides on each of these components a (local) weighted
inequality in the spirit of the above (1.31). Let us compare the two statements in a
couple of special cases. First of all, if our solution (M, go, «) has a single horizon and
it is not isometric to the de Sitter solution, then Theorem 1.8 gives

4
oM < =
3

which is a neat improvement of the classical Boucher—Gibbons—Horowitz inequal-
ity (1.19). In this respect, our Theorem 1.4 gives the same inequality if the horizon
is of cylindrical type, a stronger inequality when the horizon is of black hole type and a
worse result if the horizon is of cosmological type.

Let us now compare the two statements in the case upon which our result is modelled,
that is, suppose that our solution (M, go, u) is such that

M\MAX(u) = M, UM_,

where M, is an outer region with connected boundary d M, and M_ is an inner region
with connected boundary d M_. If we denote by

m+ = M(M+5 807’/1)7 m_ = /\‘(/(Mfa g()’u)’

the virtual masses of M, and M_, then inequality (1.31) in Theorem 1.8 writes as
47
ka(ma) [OM] + k—(mo) [OM-| = —=[ke(ms) + k-(m)]. (1.32)

On the other hand, inequalities (1.22) and (1.22) in Theorem 1.4 give

ky(my) [0My| + k—(m_) [0M_|
< 47 [k+(m+)r$(m+) + k_(m_)rE(m_)]. (1.33)

The two inequalities (1.32), (1.33) are compared in Fig. 3, where we have highlighted
the values of m,, m_ for which our formula (1.33) improves (1.32). This comparison
suggests that our result is particularly effective when the set MAX(u) separates the
manifold into an outer region and an inner one, and motivates in turn our definition of a
2-sided solution to problem (1.6) (see Definition 4 below), providing us with the natural
setting for the uniqueness statement described in the next subsection.

1.5. Uniqueness results. In this subsection, we discuss a characterization of both the
Schwarzschild—de Sitter and the Nariai solution, which is in some ways reminiscent of
the well known Black Hole Uniqueness Theorem proved in different ways by Israel [35],
Zum Hagen et al. [59], Robinson [48], Bunting and Masood-ul Alam [20] and recently
by the second author in collaboration with Agostiniani [3]. This classical result states
that when the cosmological constant is zero, the only asymptotically flat static solutions
with nonempty boundary are the Schwarzschild triples described in (1.16). In order to
clarify what should be expected to hold in the case of positive cosmological constant, let
us briefly comment the asymptotic flatness assumption. Without discussing the physical
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Fig. 3. In this plot we have numerically analyzed the relation between formulz (1.32) and (1.33), in function of
the values of m4 (on the x-axis) and of m _ (on the y-axis). The red line represents the points where my = m_,
so that the Schwarzschild—de Sitter solutions lie on this line. The coloured region is the one where (1.33) is
stronger than (1.32). The darker the colour, the better our formula is. To give also a quantitative idea, the black
region at the bottom is where the difference between the right hand side of (1.32) and the right hand side
of (1.33) is greater than 3

meaning of this assumption nor reporting its precise definition—which on the other
hand can be easily found in the literature—we underline the fact that it amounts to both
a topological and a geometric requirement. More precisely, each end of the manifold is
a priori forced to be diffeomorphic to [ 0,+00) x S~ ! and the metric has to converge to
the flat one at a suitable rate, so that, up to a convenient rescaling, the boundary at infinity
of the end is isometric to a round sphere. Another important feature of the asymptotic
flatness assumption is that the static potential approaches its maximum value at infinity.

From this last property, it seems natural to guess that the boundary at infinity of an
asymptotically flat static solution with A = 0 should correspond in our framework to
the set MAX(u). The same analogy is also proposed in [18, Appendix], where it is used
to justify the physical meaning of the normalization (1.5) for the surface gravity. Before
presenting the precise statement of this uniqueness result, it is important to underline
another feature of the set MAX(u), that is peculiar of our setting. In fact, in sharp
contrast with the A = 0 case, we observe that MAX () may in principle disconnect our
manifold. On the other hand, this situation is not only possible but even natural, since it
is realized in the model examples given by the Schwarzschild—de Sitter solutions (1.9)
and the Nariai solutions (1.11). Here, the set MAX () separates the manifold into two
regions, one of which is either outer or cylindrical, while the other is either inner or
cylindrical. Having this in mind, it is natural to introduce the notion of a 2-sided solution
to problem (1.6).

Definition 4 (2-Sided Solution). A triple (M, go, u) is said to be a 2-sided solution to
problem (1.6) if

M\MAX(u) = M,uM-_,

where M, is either an outer or a cylindrical region, that is

Du
max k(S) = max| | < /n,
Semo(dMy) M. Umax
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Fig. 4. The drawing represents the possible structure of a generic 2-sided solution to problem (1.6). The red
line represents the set MAX (), with the separating stratified hypersurface ¥ put in evidence. The blue colour
of a boundary component indicates a black hole horizon, whereas the green colour indicates a cosmological
horizon. Cylindrical horizons are not considered in this figure since they are non generic

and M_ is either an inner or a cylindrical region, that is

Du
max k(S) = max| | > J/n.
Semo(IM_) OM_ Umax

The generic shape of a 2-sided solution is shown in Fig. 4. We recall that, by a
classical theorem of Lojasiewicz [44], the set MAX(u) is given a priori by a possibly
disconnected stratified analytic subvariety of dimensions ranging from 0 to (n — 1). In
particular, it follows that a 2-sided solution contains a stratified (possibly disconnected)
hypersurface ¥ € MAX(u) which separates M, and M_, that is, M,NM_ = X.This
hypersurface will play an important role in our analysis, as it represents the junction
between the regions M, and M_. We are now ready to state the main result of this
subsection.

A careful analysis along X, combined with the area upper and lower bounds for the
horizons stated in Sect. 1.4, will lead to the proof of the following 3-dimensional Black
Hole Uniqueness Theorem:

Theorem 1.9. Let (M, go, u) be a 3-dimensional 2-sided solution to problem (1.6), and
let ¥ € MAX(u) be the stratified hypersurface separating My and M_. Let also

my = w(My, go,u), and m_ = u(M_,go,u)

be the virtual masses of My and M _, respectively. Suppose that the following conditions
hold

e mass compatibility my =m = m_ for some 0 < m < Mmmpax,
e connected cosmological horizon — dMy is connected.

Then the triple (M, go, u) is isometric to either the Schwarzschild—de Sitter solution (1.9)
with mass 0 < m < mmax or to the Nariai solution (1.11) with mass m = mpx.
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The hypothesis of connected cosmological horizon is motivated by the beautiful result
in [5, Theorem B], where it is proven that any static solution (M, go, ) admits at most
one unstable horizon. From a physical perspective, one may expect that the unstable
horizons should be the ones of cosmological type, whereas the horizons of black hole
type should be stable. This is what happens for the model solutions, as one can easily
check. This observation leads us to formulate the following conjecture, which, if proven
to be true, would allow to remove the assumption of connected cosmological horizon
from Theorem 1.9.

Conjecture. An horizon of cosmological type is necessarily unstable. In particular,
every static solution to problem (1.6) has at most one horizon of cosmological type.

1.6. Summary. In the remainder of the paper we will prove the results stated in this
introduction. We will first focus on outer and inner regions, since the analysis of these
two cases is similar. Our study is based on the so called cylindrical ansatz, introduced in
[2—4] and [15], which consists is finding an appropriate conformal change of the original
metric go in terms of the static potential u.

After some preliminaries (Sect. 2) in Sect. 3 we will describe this method, we will set
up the formalism and we will provide some preliminary lemmata and computations that
will be used throughout the paper. Building on this, we will prove in Sect. 4 a couple of
integral identities in the conformal setting.

In Sect. 5 we will proceed to the proof of the inequalities in Theorems 1.4, 1.5 and 1.6,
for both the cases of outer and inner regions. In Sect. 6 we will translate the integral
identities proven in Sect. 4 in terms of the original metric go. As a consequence, we will
prove the rigidity statements for Theorems 1.4, 1.5, together with some weighted area
inequalities for the horizons.

In Sect. 7 we will show that our analysis can be improved under the assumption
that the solution is 2-sided, and this will lead us to the proof of Theorem 1.9 stated in
Sect. 1.5, in the case where my < mmax.

Finally, in Sect. 8 we will focus on the cylindrical regions. The analysis of the cylin-
drical case is slightly different, as our model solution will be the Nariai triple instead of
the Schwarzschild—de Sitter triple, however the ideas behind our analysis are completely
analogous. In this section we will establish the results stated in Sect. 1.4 for cylindrical
regions and we will complete the proof of Theorem 1.9 by studying the case my = mpax.

2. Analytic Preliminaries

This section is devoted to the setup of the cylindrical ansatz, which will be the starting
point of the proofs of our main results. We will work on a single region N of our manifold
M, and we will always suppose that N is not cylindrical, that is

max  «(S) # /n.

Semo(dN)

The case of equality requires a different analysis, and will be studied separately in Sect. 8.
The cylindrical ansatz is inspired by the analogous technique used in [2—4], and
consists in an appropriate conformal change of the original triple. The idea comes from
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the observation that the Schwarzschild—de Sitter metric can be made cylindrical via a
division by |x |2. In fact, the metric

1 ( dlx| ® d|x| +|x|238”1> dlx| ® d|x|

—s = + ggn—1,
Ix[2 \ 1 = |x]2 = 2m|x|2—" W 2(E— 2 = 2mfx) 58

after a rescaling of the coordinate |x|, is just the standard metric of the cylinder R x
S"~1. We would like to perform a similar change of coordinates on a general solution
(M, go, u).

To this end, in Sect. 2.1 we are going to define on a region N of a general triple
(M, go, u) a pseudo-radial function ¥ : N — R. The function ¥ will be constructed
starting from the static potential u, and in the case where u is as in the Schwarzschild—de
Sitter solution (1.9), it will simply coincide with |x|.

Section 2.2 is devoted to the proof of the relevant properties of the pseudo-radial
function. Most of the results in this subsection are quite technical, and the reader is
advised to simply ignore this part of the work and to come back only when needed.
However, there is one result that deserves to be mentioned. In Proposition 2.3 we will
prove that static potentials satisfy a reverse Lojasiewicz inequality. The proof does not
depend so deeply on the equations in (1.6), and can thus be adapted to a much larger
family of functions, see [13, Theorem 2.2]. For the purposes of this work, the reverse
Lojasiewicz inequality will be crucial in the Minimum Principle argument that leads
to Proposition 3.3. It is interesting to notice that Proposition 3.3, in turn, will allow to
improve the reverse Lojasiewicz inequality, as explained in Remark 5. However, since the
proof of Proposition 3.3 exploits the equations in (1.6), we do not know if the improved
Lojasiewicz inequality still holds outside the realm of static potentials.

2.1. The pseudo-radial function. Let (M, go, u) be a solution to problem (1.6), and
let N be a connected component of M\MAX(u). As already discussed above, in this
subsection we focus on inner and outer region. In other words, the quantity

[Du|
max «(S) = max
Semp(dN) ON  Umax

will always be supposed to be different from /7. In particular, the virtual mass

m = (N, go, u),

is strictly less than mmax. The special case m = mpax Will be discussed later, in Sect. 8.

The aim of this subsection is that of defining a pseudo-radial function, that is, a
function that mimic the behavior of the radial coordinate |x| in the Schwarzschild—de
Sitter solution. First of all, we recall that our problem is invariant under a normalization
of u, hence we first rescale u in such a way that its maximum is the same as the maximum
of the Schwarzschild—de Sitter solution with mass m.

Notation 1. We will make use of the notations mmax, Umax introduced in (1.7), (1.10).
We recall their definitions here

(n —2)n—2 m \"
Mmax = ———— > Umax (M) = 1 - ( > .

n
n Mmax

We emphasize that umax = Umax (M) is a function of the virtual mass m of N. We will
explicitate that dependence only when it will be significative.
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Normalization 1. We normalize u in such a way that its maximum is umgx (m), where m
is the virtual mass of N and umax(m) is defined as in Notation 1.

As usual, we let ry(m) > r_(m) > 0 be the two positive roots of the polynomial
P, (x) = x""2 — x" — 2m, we set ro(m) = [(n — 2)m]"/" and we define the function

Fy [0, umax(m)] X [r—(m)’ r+(m)] — R
U, ) —> Fn(u,¥) = u®> —1+9> +2my>™"

It is a simple computation to show that 9 F;,, /0y = Oif and only if v = O or ¢ = ro(m).
Therefore, as a consequence of the Implicit Function Theorem we have the following.

Proposition 2.1. Let u be a positive function and let umax be its maximum value. Then
there exist functions

Vo [0, umax] —> [r=(m),rom)], Y 1 [0, umax] —> [ro(m), re(m)],

such that Fy,,(u, Y—(u)) = F, (u, v+ (m)) = 0 for all u € [0, umax (m)].

Let us make a list of the main properties of 1 and ¥ _, that can be derived easily from
their definition.

e Firstofall, we can compute ¥, ¥_ and their derivatives using the following formula

u? = 1—y2 —2myi™ 2.1)
- u " vl Vi Vs
= - , = n—= —DE 4+ =
L B Y 1 A I
(2.2)

e The function v/_ takes values in [r_(m), ro(m)], hence " < ryj(m) = (n —2)m
and from (2.2) we deduce

Yo >0, v >0, lim ¢_ = +o0.
U—> Umax
o The function v/, takes values in [ro(m), r1(m)], hence ¥} > ryj(m) = (n —2)m

and from the first formula in (2.2) we deduce that v, is nonpositive and diverges as
u approaches um,x. Moreover, the second formula in (2.2) can be rewritten as

_ W

u

Vs {1+[1+(n— D(n —2)my;"] 1/}3},

from which it follows 1Z+ < 0. Summing up, we have

1‘#+ <0, 1])+ <0, lim 1‘#+ = —0Q.

U—> Umax

Let us now come back to our case of interest, that is, let us consider a region N C
M\MAX (u). We want to use the functions ¥ in order to define a pseudo-radial function
on N. To this end, we distinguish between the case where N is an outer or an inner region,
according to Definition 2.



On the Mass of Static Metrics 2099

e If N is an outer region, then our reference model will be the outer region of the
Schwarzschild—de Sitter solution (1.9). Accordingly, we define the pseudo-radial
function W, as

Yy N —> [ro(m), ry(m)]
p > Vi(p) == ¥ (u(p)).

Notice that, if N is the outer region of the Schwarzschild—de Sitter solution (1.9)
with mass m, for every p € N the value of W, (p) is equal to the value of the radial
coordinate |x| at p.

e If NV is an inner region, then our reference model will be the inner region of the
Schwarzschild—de Sitter solution (1.9). Accordingly, we define the pseudo-radial
function W_ as

(2.3)

v_: N — [r_(m),ro(m)]
p > V_(p) :=y_(u(p).

Notice that, if N is the inner region of the Schwarzschild—de Sitter solution (1.9)
with mass m, for every p € N the value of W_(p) is equal to the value of the radial
coordinate |x| at p.

(2.4)

In the case of 2-sided solutions we will need a global version of the definition above.
o If (M, go, u) is a 2-sided solution in the sense of Definition 4, then we define the
global pseudo-radial function as
v: M — [r,(m), r+(m)]
Vi(u(p)) if p e M,
p > Y(p)={v¥-(u(p) ifpeM_,
ro(m) if p € MAX(u).

(2.5)

If (M, go, u) is isometric to the Schwarzschild—de Sitter solution (1.9) with mass
m, then W coincides with the radial coordinate |x|. The function W is continuous
by construction, but a priori we have no more information about its regularity near
the set MAX(u). However, in Sect. 2.2 we will prove that W is always Lipschitz.
Moreover, we will also show that W is % at the points of the top stratum of the
hypersurface ¥ € MAX(u) that separates M, and M_.

By definition, we have the following relation between the derivatives of the pseudo-
radial function ¥ and the potential u.

DV, = (Yrou)Du, D*Wy = (e ouw)D*u + (Yrr ou)du ® du. (2.6)

Notation 2. In the following sections, we will perform several formal computations. In
order to simplify the notations, we will avoid to indicate the subscript £, and we will
simply denote by V = 1 o u the pseudo-radial function on a region N of M\MAX(u),
where we understand that \V is defined by (2.4) if we are in an outer region and by (2.4)
if we are in an inner region. When there is no risk of confusion, we will also avoid to
explicitate the composition with u, namely, we will write \r instead of \ ou. For instance,
the formulee in (2.6) will be simply written as

DV = ¢ Du, D’V = ¢ D%u + ¥ du ® du,
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Fig. 5. Relation between u? (on the x-axis) and the pseudo-radial functions (on the y-axis) for different values
of the virtual mass m. The blue lines represent the relation with 1 whereas the red lines represent the relation

with ¥4+. We have also included in the plot a dashed line showing the relation between the radial coordinate
and the static potential in the de Sitter solution (1.8), which represents the limit case when m — 0

2.2. Preparatory estimates. Here we collect some lemmata that will be useful in the
following. The first one shows an important connection between the value of the pseudo-
radial function at the boundary and the surface gravity.

Lemma 2.2. Let (M, go, u) be a solution to problem (1.6) and let N € M\MAX(u) be

a region with virtual mass m = (W(N, go, u) < mmax. If N is outer, then

max Du =1
N | e (m)[1 = (ro(m)/ry.(m))"]

If N is inner, then

max Du = 1
N | r_(m)[1 — (ro(m)/r—(m))"]|

Proof. The proof is an easy computation. We recall from the definition of the virtual mass

region. Therefore, we have

m of N, that maxyy [Du|/umax = k+(m), where k4 are the surface gravity functions
defined by (1.12) and (1.13), and the sign &+ depends on whether N is an outer or inner

max Du
W | re(m)[1 = (ro(m)/re(m))"]

Umax

|Du
77 max
ra(m)[1 = (ro(m)/re(m))"| N tmax
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Umax

= k
re(m)|1 = (ro(m) /r=(m))"| )

=1,

where the last equality follows from the definition of ky and k_. O

Remark 2. Following the proof of Lemma 2.2, it is easy to see that, if N is an outer
region, then, for every (N, go, u) < m < mmax it holds

max
aN

Du
re(m)[1 = (ro(m)/r4(m))"]

Similarly, if N is an inner region, one can see that for every 0 < m < w(N, go, u) it
holds

Du
rom)[1 = (ro(m)/r—(m))"]

This remark will be useful in Sect. 7, where we will work with parameters m that do not
necessarily coincide with the virtual mass.

max
N

We now pass to discuss an estimate for the gradient of the potential u# near the max-
imum points. This estimate will be an important ingredient in the proof of Lemma 2.5
below, which is the result that we will actually need in the following. However, Propo-
sition 2.3 is also interesting on its own. In fact, it can be interpreted as a reverse Lo-
jasiewicz inequality for the function u (for the original Lojasiewicz inequality, see [43,
Théorem 4]). Proposition 2.3 is stated for solutions to problem (1.6), but we empha-
size that a similar property can be proven for a much larger class of functions, see [13,
Theorem 2.2].

Proposition 2.3. Let (M, go, u) be a solution to problem (1.6) and let umax be the max-
imum of u. Then, for every 0 < B < 1, there exists a constant Kg and an open neigh-
borhood Qg O MAX(u) such that

IDul’(x) < Kp lumax — u(0)1’,
forall x € Qg.
Proof. We consider the function
w = [Duf* = K (max — 1),
where K > 0 is a constant that will be chosen conveniently later. We compute
Dw = D|Dul* + BK (umax — )~ Du,
and diverging the above formula

Aw = ADul? + BK (tmax — )" P Au+ B(1 — B)K (tmax — u)~ 7P |Duf?
Au

2/D*u|? + 2Ric(Du, Du) +2(DAu | Du) + K ————————
(Umax — 1) —B

|Du/?
—u)2-#’

(tmax

+p(1 - pK
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where in the second equality we have used the Bochner formula. Since |Du| goes to
zero as we approach MAX(u), so does the quantity &7 = 2Ric(Du, Du) + 2(DAu|Du).
Moreover, we have [D?u| > (Au)?/n = nu®> > Oina neighborhood of MAX (u). From
the compactness of the level sets of u, it follows that we can choose 1 > 0 small enough
such that

Ihl < 21D%ul> on {umax =1 < U < tmax).
Therefore, from the identity above we find

Au |Du|?
(Umax — u)! =P TAU=PK (Umax — u)>= P

Au 2
= BK i AU = PK 5+ B = PK

(Umax —

Aw > BK

(Umax — 1) (Umax — u)>=2F"

where in the second equality we have used |Du|?> = w + K (umax — u)?. It follows that,
on {Umax — N < u < Umax}, it holds

Aw — B(1 - B)K w > BX[Au+ (1 - B)X], 2.7)

(Umax — u)>=#
where

_ K

B (max — u)l_ﬁ.
On {umax — N < u < Umax} We have

K K

- (Umax — u)! =P = )71_/3'
Moreover, Au is continuous and thus bounded in a neighborhood of MAX(u). This

means that, for any K big enough, we have (1 — ) X+ Au > 0 on the whole {upax —n <
U < umax}. For such values of K, the right hand side of (2.7) is nonnegative, that is,

Aw — B(1 - pBK

————w >0, on {umax — 7 < U < Umax}-
_M)Z—ﬁ

(U max
Therefore, we can apply the Weak Maximum Principle [30, Corollary 3.2] to w in any
open set where w is € 2 _that is, on any open set of {umax — 7 < u < umax} that does
not intersect MAX(u). Up to increasing the value of K, if needed, we can suppose
|Du|? MAaX (0 —n) 1D |

K > max = )
{u=ttmax—n} (Umax — )P np

so that w < 0 on {u = umax — n}. Now we apply the Weak Maximum Principle to the
function w on the open set Q¢ = {umax — 7 < U < umax — €}, Obtaining

w < max(w) = max{ max (w), max (w)} < max{ max (w), O}.
092, {u=umax—e} {u=umax—n} U=Umax —€

Taking the limit as ¢ — 0, from the continuity of # and the compactness of the level
sets, we have lim,_, o max,—y,,,,—}(w) = 0, hence we obtain w < 0 on {umax — n <
u < umax}. Recalling the definition of w, we have proved that the inequality

IDul? < K (tmax — )"
holds in 2 = {umax — 7 < u < Umax}, Which is a collar neighborhood of MAX(x). 0O
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The above result can actually be improved in the following way. Take @ < 8 < 1. In
the neighborhood €24 given by Proposition 2.3, we have

Dul>  [Duf

(Umax — u)* B (Umax — u)

B (Umax — u)ﬂ—a =< Kﬂ (tmax — M)ﬁ_a,
for some constant Kg. Since 8 > «, the right hand side goes to zero as we approach
MAX(u) and we obtain the following corollary.

Corollary 2.4. Let (M, go, u) be a solution to problem (1.6) and let umax be the maximum
of u. Then, for every p € MAX(u), it holds

D 2
lim L(x) =0,
XEMAX(u), x—>p (Umax — U)*
forall0 <a < 1.

Of course, we have specified x ¢ MAX(u) in the limit above because otherwise the
function in the argument is not defined. Corollary 2.4, in turn, allows us to prove the
following useful estimate near MAX (u).

Lemma 2.5. Let (M, go, u) be a solution to problem (1.6) and let ¥ = o u be defined

by (2.4) or (2.4) with respect to a parameter m € (0, mmax). Then, for every p €
MAX((u), it holds

lim ¥2¢|Du*(x) = 0,
X—>p

forevery) < a < 1.
Proof. First, we compute

2 2
max — U

[1— (rotm)/w)"] tmax+ [1 = (ro(m)/y)"]
1 1 — (m/mpa)?™ — 1+ Y2 + 2myy>"

Umax + 1 [1 = (rom)/¥)" ]
1

(Umax + u)[l - (rO(m)/I//)n]
) [wZ Cami 1 (ro<m>/1/f)"‘2} _
n—2)"% 1= (rom)/¥)"

We want to show that the quantity above has a finite nonzero limit as we approach
MAX(u). If we denote z = ro(m) /¥, the equation above can be rewritten as

Umax — U 1 u

Umax — U Umax — U

[1 = (oemy)' | (=22
rg(m) ) no 1—-7"72
T (max + ) (1 — 27) [Z Th-2 1-¢ ]
rd(m) [_2 n 1+z+-~-+z”‘3]
(thmax + u)(1 — z™) n—2 l+zt...+zn1
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. rg(m)z_2
T (umax Fu) (1474 + 27712
2 .2 n-3
l+z— %52 (1+z+-~-+Z )

X

1-z2

It is clear that the first factor above has a finite nonzero limit as we approach MAX (u),
that is, when z goes to 1. Concerning the second factor, one easily computes

1+z—%z2 (T+z+-+2"7%)

1—-z
2 n—2
= n—nj(l—z)];(n—k—1)(1+z+---+zk_l).

Substituting, we easily obtain

Umax — U rg(m)

[1 = (ro(m) /)" " 2t

[1+ f(@], (2.8)

where f(z) is a function that is analytic near z = 1 and such that f'(1) = 0. In particular,
recalling formula (2.2), we have proved that (#max — M)I//2 has a finite limit as we approach
the set MAX(u). Therefore, for any p € MAX(#) and 0 < o < 1, we compute

PN . 121 |Duf?
lim 2 Dul ) = lim [umas = 037 ————(x),
x=>p x=>p (Umax — u)*

and, since (Umax — u)gb2 has a finite limit on MAX(u), from Corollary 2.4 we
conclude. O

Lemma 2.5 will be crucial later in the proof of Proposition 3.3, where a Minimum
Principle argument will be used to prove a stronger result, namely, that the quantity
¥ |Du| is bounded near MAX (u), see Remark 5. In particular, since (#max — u)w2 is
also bounded near MAX(u), as shown in the proof of Lemma 2.5, it follows that the
quantity

2 |Du/?

4|D(itmar — 1)

Umax — U

is bounded near MAX (u). In other words, the function «/umax — u is always Lipschitz
continuous on M.

It is worth remarking that, in the neighborhood of the points of the top stratum of
MAX(u), we can actually prove a much more precise result about the behavior of the
static potential . We recall that with top stratum of MAX(«) we mean the open subset
¥ C MAX(u) whichis a (n — 1)-dimensional analytic submanifold. In other words, the
points p € X are the ones such that there exists a neighborhood €2 of p and an analytic
function f : Q — R such that MAX(u) N Q = f_l(O) and |df| # 0 in Q.

Proposition 2.6. Let (M, gg, u) be a solution to problem (1.6) and let p € MAX(u)
be a point in the top stratum of MAX(u). Let 2 be a small neighborhood of p such
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that ¥ = Q N MAX(u) is contained in the top stratum and Q\X has two connected
components Q., 2. We define the signed distance to X as

) = +d(x,Y), ifx € Qq,
"E_aw, s, ifretn.

Then the following expansion holds:

1 N 1
U = Umax [1 - grz + %Hr3 ~ 5 <2n|h|2 + nflnjl) H? — nz) r4 +O(r5)], 2.9)

where H is the mean curvature of ¥ with respect to the normal pointing towards 2.

Proof. Let (x', ..., x™) be achart centered at p, with respect to which the metric go and
the function u are analytic. From the fact that p belongs to the top stratum of MAX (u),
it follows that we can choose an open neighborhood 2 of p in M, where the signed
distance r(x) is a well defined analytic function (see for instance [39], where this result
is discussed in full details in the Euclidean space, however the proofs extend with small
modifications to the Riemannian setting). More precisely, we have

r=¢kx', ..., x",

where ¢ is an analytic function. Since r is a signed distance function, we have |Dr| = 1,
which implies in particular that one of the partial derivatives of ¢ has to be different from
zero. Without loss of generality, let us suppose d¢/dx! # 0 in a small neighborhood
of p. As a consequence, we have that the function

H: R"! - R, Hrx',....x") =r—¢&', ..., x"

satisfies 9 H/dx! = —d¢/dx' # 0in Q. We can then apply the Real Analytic Implicit
Function Theorem (see [40, Theorem 2.3.5]), from which it follows that there exists an
analytic function i : R” — R such that

H@r h(r,x%, ..., x"), x%, ..., x") =0.

In other words, the change of coordinates from (7, x2, ..., x") to (xl, ..., x™), which
is obtained setting xl = h(r, X2 .., x™), is analytic, and in particular u is an analytic
function also with respect to the chart (r, x2, ..., x™). In the following computation,
it is convenient to denote this new analytic chart as y = (y!,..., y"), where y! = r
and yi =xifori =2,...,n. In particular, in this new chart, the smooth hypersurface
¥ N coincides with the points with y! = 0. Since  is analytic, we can take its Taylor
expansion in p

o0
max —u(y) = Y Y Aryl, (2.10)
k=2 |1|=k
where I = (I1, ..., I,;) isamulti-index and |I| = I1 +-- -+ I,,. Since umax —u# = 0 on

¥ N Q = {y! =0}, the summand on the right hand side of (2.10) must be identically
zero when we set y1 = 0. From this it follows that A; = 0 whenever I; = 0.
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We now prove that A; = 0 also when /1 = 1. In fact, suppose that this is not true,
and let k£ be the smallest integer such that there exists a multi-index I with |I| = k,
I) = 1 and A; # 0. Consider points of the form

where ¢ € R, 0! = 1 and ¢! € R\{0} for all i = 2,...,n. Recalling that Ay = 0
whenever /1 = 0 and whenever || < k and I} = 1, at these points it holds

Umpax — U = g2k=1 Z Aj ol + (9(821‘).
|I|=k, I;=1

We recall that we are supposing that there are some nonzero coefficients in the sum
on the right hand side, hence we can choose the values of o2, ..., ¢" in such a way
that lel:k, L=l A;o! < 0. Therefore, for small values of ¢ > 0, we would have
Umax — U < 0, against the hypothesis that uy,x is the maximum value of u.

From these considerations, it follows that we can write

umax —u(y) = ) - (Ao,..0 + ¥ ), 2.11)
where f is an analytic function. Notice that, at the point p, we have d,u = 0 for all
o =1,...,n, and from the second equation in (1.6) we find

—NUmax = Au = g(‘ﬁ‘ﬂ[aiﬂu — Fgﬁayu] =-2 g(])] A@2,0,..00 =—2A2,0.,..0-

It follows that A2 0,....0) = PUmax/2 > 0.

Now that we have found a good expansion of u around the point p, it is convenient to
come back to the old notation (r, x2, ..., x"). Namely, we set again r = yl and x' = yi
foralli = 2,...,n. Rewriting (2.11) recalling also that a = numax/2, we obtain the
following expansion

— _n 2,3
u(r, xX) = Umax zumaxr +r’ f. (2.12)

We now want to gather more information on the analytic function f. To this end, set
¥, = {r = p} and observe that all X, with p small enough are smooth, since (r, x) =
(r,x%, ..., x") is an analytic chart and |Dr| = 1 # 0. In particular, of course, we have
Yo = XN Q. Oneach X,, the laplacian of u satisfies the following well known formula

Au = D*u(ny,n,) + H* (Du|n,) + A¥0u, (2.13)

where n, = 3/dr is the go-unit normal to X,, H¥ is the mean curvature of X, with
respect to n, and A*ry is the laplacian of the restriction of u to X o with respect to the
metric induced by go on X,. Evaluating (2.13) at p = 0, since 4 = umax and [Du| =0
on X, recalling also that Au = —nu, we immediately get

Dzu(v, V) = Au = —nlmax,

in agreement with expansion (2.12). We now differentiate formula (2.13) two times with
respect to r, obtaining the following
du  Fu s 3%u  OHT du 9
= + H*— +

—n— = —x + — & —A¥y,
or ar3 ar? or dr  or
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Pu w5 OH> 32w 3’H® du  9* s
n—r = —+H"—+2——— + —— — + —A"u.

ar2 ort or3 ar or? arr ar  or?
Let us focus first on the terms involving A* u. Calling g(,) the metric induced by go on
%, and I the Christoffel symbols of gy, we have

ho o ij u ij k a_u
AMu = 84y 5 a7 T80 s 3x

where the indices i, j, k vary between 2 and n. On the other hand, notice from (2.12)
that

9%u _%u ot B
axidxs |, Ordxii_,  or2dxi,_,  or2oxioxii_,

)

foralli, j =2, ..., n. From this, it easily follows
3 5 P s
S AT = o AT, = 0.
Since we also know that du/dr = 0 and 82u/8r2 = —numax When r = 0, from the
expansions above we deduce
93u
m‘r=0 = N Umax H.
d*u oH>
~ = 2N Umax —— — N Umax H2 + n2 Umax,
8r4 [r=0 8r |r=0

where we have denoted by H the mean curvature of 2 N ¥ = ¥ for simplicity. Fur-
thermore, from [34, Lemma 7.6] and the first equation in (1.6) we get

aHZ ) _ ., H? D2u(v, v)
= —|h|* — Ric(v,v) = — | |h]” + - + n{vlv)
or o n—1 u
. H?
= —h? - :
n—1
where we have used D2u(v, V) = —nUmax, as proven above. Now that we have computed

the third and fourth derivative of u, we can use this information to improve (2.12) and
get the desired expansion of the static potential . O

Proposition 2.6 has some very useful consequences for our analysis. Let us start from
the simplest one. From expansion (2.9), we can compute the explicit formula for the
gradient of u# as we approach a point p in the top stratum of MAX(u) as

|Du|?(x) o nful,  r? + O@?)
xgMAX (), x—p Umax — U(X) r—0 (n/2) Umax 12 + O@3)
= 2l (2.14)

In particular, recalling formula (2.8), at each point of the top stratum we deduce the
following identity
D 2
lim Dul) ;=1 (2.15)
FEMAXCO. 222 2 () [1 = (ro(m) /()]
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We will see that the left hand side of formula (2.15) admits an interpretation as the norm
of the gradient of a pseudo-affine function (see formula (3.10)) that will be of extreme
importance in the rest of the work.

A second important consequence of Proposition 2.6 is the following regularity result
for the pseudo-radial function W.

Proposition 2.7. Let (M, go, u) be a solution to problem (1.6) and let p € MAX(u)
be a point in the top stratum of MAX(u). Let 2 be a small neighborhood of p such
that ¥ = Q N MAX(u) is contained in the top stratum and Q\X has two connected
components Q., 2_. We define the function

W, (x), ifxe Q4

U(x) = _
V_(x), ifxeQ_,

where W, is the pseudo-radial function defined by (2.4) with respect to a parameter
m € [0, mmax) and V_ is the pseudo-radial function defined by (2.4) with respect to the
same parameter m. Then the function WV is € in Q.

Proof. Let us start from formula (2.8) obtained in the proof of Proposition 2.5, where
we recall that we had set z = ro(m) /. It is clear that it is possible to refine (2.8) by
expanding around z = 1 the function f(z) appearing in it. Namely, we can write

Umax — U ”g(m)

[1 = (rotm)/w)' T~ 2ntman

[1+a0-0+B0-22+0(0-27)],

(2.16)
for suitable A, B € R. The computation of the precise values of the coefficients A, B is
tedious and it will not be necessary in our proof, as for our argument it is sufficient that
such coefficients exist. If we also expand 1 — (ro (m)/ lp)" =1—z7"interms of 1 — z,
from (2.16) we obtain

2
Umax —U rg(m) ) X
o = e [1+C(1—z)+D(1—z) +(9<(1—z) )] (2.17)

for suitable coefficients C, D € R that, once again, we avoid to compute explicitly. We
want to use (2.17) in order to prove that 1 — z can be expanded in terms of r close to X.
We do this by applying (2.17) repeatedly as follows

1 -z

11—z = mm
_ [2numay lmax — U
—\ rgm) \/1+C(1—z)+D(1—z)2+(’)((1—z)3)
| 2numax
IR
) i~

1+ 2nUmax /Umax —U _'_DZnu,mx Umax —U + 1— 3
\/ ¢ 5m) J1+C(1—2)+O((1—2)2) rg(m) 1+00=2) O(( 2 )

2N U max

r3(m)
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AV Umax — U

1+C /2numax Vitmax—u + Dznumax Umax —U _ 4 ) ((] — 7)3
r()(m) 14C 2numax _/Utmax—u o1 2 r()(m) 00— (( Z) )
T R Yot * (-2?)

We observe, again from (2.17), that O(1 — z) = O(umax — u)"/?> = O(@r). Now we
use Proposition 2.6 to substitute umax — u with its expansion (2.9). Using the known
expansions for square roots and fractions, the cumbersome formula above reduces to

l—z=E+Fr+Gr+ 00

for suitable coefficients E, F, G. Notice that these coefficients are not necessarily con-
stant, as they can depend on H and |h| coming from the expansion of u. Finally, we can

substitute back in (2.16) to obtain
Umax — U _ r(% (m)
[1 = (rolm)/w)"]? 2nttmax
for suitable coefficients P, Q (that again, may not be constant). We are now ready to

prove the regularity of W. Recalling (2.2), and using again the expansion (2.9) of u, we
compute

+Pr+0r*+ 00, (2.18)

9 (W2)
ar

. ou
=2y o
2u 8_u
L — (ro(m)/¥)" or
2u Umax — U 8_u
vV Umax — U 1— (ro(m)/l/f)” or’

We can now expand the three factors using (2.9) and (2.18), obtaining

a(W?)

=R+ Sr+Tr>+ 00,
or

where the coefficients R, S, T depend only on H and |I°1|. It is then clear that 8(\112) /or,
and also its first and second derivatives, are continuous along r = 0. A completely
analogous reasoning can be done for 8(\112)/8xi, foralli = 2,...,n. It follows that
W2 and thus W, is €.

It should be mentioned that it is possible to compute precisely the coefficients of the
expansion of W. A sufficiently simple way of doing it is to recall that ¥ = ro(m) on
MAX (1) and then write

VU = rogim) + Wr + Xr2+vYr +(’)(r4),

where W, X, Y are functions of the coordinates x2, . .., x" only. Now one can compute
the expansions of the left and right hand sides of the relation u* = 1 — W2 — 2mWw2—"
to obtain information on the functions W, X, Y. With some lenghty (but standard) com-
putations, one obtains

Umax

U = rg(m) + Umax  + B
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B2+ (n+1)(n—1) L Hinax 2| 3ot
x | |h] n (n — (n—l)z_rg(m) —2n|r ™).

Anyway, this expansion will not be useful in what follows. O

Finally, we conclude this subsection with another important consequence of Propo-
sition 2.6, which is the following regularity result on the top stratum of MAX (u).

Proposition 2.8. Let (M, go, u) be a solution to problem (1.6) and let ¥ be the top
stratum of MAX (u). Then % is a €' hypersurface (possibly with boundary).

Proof. We already know that the top stratum X is an analytic hypersurface, meaning that
each point p € ¥ admits a neighborhood €2 such that there exists an analytic function
f:Q—>RwithQN X = f1(0) and |df| # 0 on the whole €. It remains to prove
that T is a ¢! hypersurface also at the points that do not belong to . Let then p € £\ X
and let Q2 > p be a small open neighborhood. From the Lojasiewicz Structure Theorem
[40, Theorem 6.3.3], it follows that we can choose €2 small enough so that

TNQ = U---UZg (2.19)

for some k € N, where the X;’s are connected analytic hypersurfaces contained in the
top stratum ¥ and p € >, foralli = 1,..., k. For every i = 1,...,k and for every
x € %, let us denote by n; (x) the unit normal to %; at the point x.

We now show that the following limit

Iim  n;(x) (2.20)
XEX;, x—>p
exists for every i = 1,..., k. To this end, suppose that this is not the case, that is,

suppose that, for some i, there exists a sequence of points {x}jeny on X; withx; — p
as j — oo and such that the sequence of normal vectors n;(x;) does not converge.
Considering an orthonormal basis n; (x;), X2(x;), ..., X,(x;) of ijM, we easily see
from formula (2.11) that the hessian D?u at the point x j is represented by the following
matrix

—RUmax 0 ... 0

2.21)

Since the normal vectors n; (x;) belong to S"1 (viewed as a subspace of IvM ), which
( .
1 2 J
responding normal vectors n; (x;k)), n; (xj.k)) converge to X M X@ ¢ §"1 (viewed as

is compact, we can find two subsequences {x kl)}, {x](.f)} of {x;}jen such that the cor-

a subspace of T), M) with X M '7& +X@_ Up to pass to subsubsequences, we can also
suppose that X, (x;f)), oL X, (xj(f)) converge to some vectors X (E), X ,(,e) inT,M
for £ = 1, 2. Notice that the continuity of go grants us that XD, Xél), e, X,(,l) and
X®, Xéz) R ¢ ,(,2) are both orthonormal bases of T, M. Since u is analytic, its hes-
sian is continuous, hence passing to the limit along the subsequence {x;:) } we deduce

that D%« at the point p is represented by the matrix (2.21) with respect to the basis
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(a) Transversal point (b) Cuspidal point (¢) Touching point

Fig. 6. Visual 1-dimensional representation of the possible singularities of . The first part of the proof of
Proposition 2.8 is concerned with showing that the normal to X is well defined everywhere, thus ruling out
transversal singularities like the one pictured in (a). To exclude folding singularities (cuspidal points (b) or
multiple hypersurfaces touching tangentially (c¢)) one needs a different argument, which is presented in the
second part of the proof

XM, Xél), ..., XV Analogously, if we take the limit of D?u along the second subse-
quence, we get that D?u at the point p is represented by the matrix (2.21) with respect to
X, X§2), R X,(lz). On the other hand, since XV #* +X@ itis clear that the change

of basis from X1, X;l), A X,Sl) to X@, Xéz), ol X,(12) must modify the first line and
the first row of the hessian matrix, hence we have a contradiction. Therefore necessarily
the limit in (2.20) must exist. Let us also observe that the limit in (2.20) cannot depend
ontheindexi € {1, ..., k}, otherwise we could repeat the same argument working with
two sequences on two different hypersurfaces to obtain the same contradiction. There-
fore, up to a suitable choice of the orientation, all of the >;’s share the same normal at
the point p € X\ X. In particular, the tangent space Tpf is well defined.

We are not finished yet, as it may happen that p is a cuspidal point or that there
are multiple hypersurfaces touching at p, see Fig. 6. We now show that such folding
singularities cannot happen by proving that ¥ is uniformly distant from itself along its
normal direction. Let us start by considering a point x € ¥ and a unit speed geodesic
y with y(0) = x and y (0) orthogonal to X. Since M is compact and complete, there
exists a positive constant K > 0 such that every such y(¢) exists (that is, it does not
reach the boundary d M) and is smooth for |[¢| < K. From the above observations on the
hessian of u, it follows that the restriction of u to y satisfies the following

n
(woy)t) = Umax — Eumax 1+ o(1),

where o (¢) is an error term such that, for all ¢,

(woy)" (&)
oWl = ———=Il’,
for some & € R with || < ¢. Since u and y are smooth and M is compact, in particular
we have that the derivatives of u o y are bounded, hence there exists a constant C such
that |o ()| < C |¢]>. But this implies that, for every |¢| < min{numax/(2C), K} it holds

NUmax

2C

This means that every point of y (¢) with |f| < min{num,x/(2C), K}, t # 0, does not
belong to MAX (u). This must hold for every unit speet geodesic starting from a point of ¥
and directed orthogonally to X. From this property it follows that there cannot be folding

n
(woy)t) = umax — El'imaxt2 +0(t) < Umax — ( - |t|)Ct2 = Umax-
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pathologies at our point p. In fact, if there exist X1, ¥» in the decomposition (2.19)
that form a fold, this would mean that orthogonal geodesics starting from points of
31 arbitrarily close to p would intersect ¥, (which is also contained in MAX(u)) for
arbitrarily small values of ¢. This is in contradiction with what we have just proven,
hence such singularities cannot exist. This concludes our proof. O

Remark 3. We emphasize that Proposition 2.8, as it is presented here, does not contain
any information about the boundary of X, which in principle might consist of a stratified
submanifold with dimension ranging from O up to n — 2. On the other hand, it is worth
mentioning that in a recent joint work with P. T. Chrusciel, we were able to show that
the boundary of ¥ is actually empty. The interested reader can find the details in [13,
Theorem 3.3]. Here, we recall once again that Proposition 2.8 is however suited to
the purposes of the present paper, as it will only be employed to study the separating
hypersurface of a 2-sided solution, and it is clear that such an hypersurface has empty
boundary. In other words, Proposition 2.8 tells us that the separating hypersurface of a
2-sided solution is €' In Sect. 7, starting from this, we will refine the analysis to show
that such an hypersurface is actually €.

3. The Cylindrical Ansatz

In Sect. 3.1 we will finally use the pseudo-radial function W to set up our cylindrical
ansatz. More precisely, on a region N of our initial manifold, we will consider the new
metric

80

w2’
and we will also define a pseudo-affine function ¢. The definitions are chosen in such
a way that, if (M, go, u) is isometric to the Schwarzschild—de Sitter solution, then the
metric g is just the standard cylindrical metric and ¢ is an affine function, that is, the
norm of Vg with respect to the metric g is constant on M (here we have denoted by V
the Levi-Civita connection of g). Conversely, the general idea in the future proofs will
be to find opportune conditions that force ¢ to be affine and g to be cylindrical, thus
proving the isometry with the Schwarzschild—de Sitter solution. The highlight of this
subsection is Proposition 3.1, where we will translate the equations in problem (1.6) in
terms of g and ¢.

In Sect. 3.2 we will analyze the level sets of ¢, and in particular we will write down
the relations between the mean curvature and second fundamental form of the level sets
with respect to go and g.

In Sect. 3.3 we will apply the Bochner formula and the equations of the conformal
reformulation of problem (1.6) written down in Proposition 3.1, in order to deduce an
elliptic inequality for the quantity

w=p(1-1Vel),

where § is a suitably chosen positive function. A Minimum Principle argument, together
with an estimate on the behavior of | V¢|, near MAX («) (which is provided by the reverse
Lojasiewicz inequality proved in Sect. 2.2) will allow us to prove that w is positive on
our region N. This will give us an important bound from above on the norm of the
gradient of ¢, which will be of great importance in the next sections.

As a first consequence of this bound on [V¢|,, in Sect. 3.4 we will prove the mono-
tonicity along the level sets of u of the function ® defined in (3.28). From this we will
deduce an area lower bound for the boundary of our region N.
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3.1. Conformal reformulation of the problem. Let (M, go, u) be a solution to prob-
lem (1.6), and let N be a connected component of M\MAX(u). As already observed,
when (M, go, u) is the Schwarzschild—de Sitter solution, the pseudo-radial function

= v o u, defined by (2.4) or by (2.4) depending on whether N is outer or inner,
coincides with the radial coordinate |x|, provided the parameter m in the definition of W
coincides with the virtual mass of N. As anticipated, we want to proceed via a cylindrical
ansatz, that is, on N we consider the following conformal change

80
w2’

and we rephrase problem (1.6) in terms of g. We fix local coordinates in N and we
compute the relation between the Christoffel symbols F(’;ﬁ, Ggﬁ of g, g0

g= (3.1

My =Gla = (5gaﬁ\y + 850, = (80)ap (800, W) (3.2)

Denote by V, A, the Levi-Civita connection and the Laplace-Beltrami operator of g.
For every z € €°°, we compute

|
V242 = Dlyz+ E(aaza,gqf + 9, Wdpz — (Dz [DW) g(0)> (3.3)

Agz = Y2 Az — (n —2)¥(Dz |IDW). 34

Substituting z = W in formule (3.3) and (3.4), and using the equations in (1.6) we
compute

20 — M2 1 _ 2
V20 =D \p+vf 2dV ® d¥ — |D¥|? gg

. 1 1 w2
ZWD2M+(—¢+I1; +l’l£)d‘~p®d\lj—| |
u u

80

j V|2 :
+n%> AV @ dv — %g — nuyy g, (3.9

&Ric+< ! +n+1
=u —_—

wy Y
AW = Y2 AV — (n — 2)y|DY|?

2
=y IﬂAu+<‘/jw+l/f+ v ¢>|D\IJ|2

= —nuyy + (%ﬂ+%+n£> VW3, (3.6)

On the other hand, we know from [11, Theorem 1.159] that the Ricci tensors of gg and
g are related by the formula

n—2 2(n —2)

y?

—2
— Ric, — nTVZ\I/ + %d\p ® A

. V|2
+ |:nuww — (n — 2+n1ﬂu_1ﬂ i) | |g:| g. 3.7

VU +

1
Ric = Ric, — AV ® dV — <wA N wz |V\II|2>

wyp ) Y?
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Substituting (3.7) in (3.5) we obtain

n—2 1 5 2m—2) n 1 n+1
+ — |V — s 2+ — + 0 d\I'(X)d\I'
v w?houtyr o uyy

Ric, = [
. " (3.8)

In order to simplify the above expressions, we notice that, a posteriori, in the rotationally
symmetric case we expect the equality |Du|> = (u/v)?, or equivalently |VW |§ =

; 2
+ |:nw<1ﬂ—u1'ﬁ)+<n—2+nﬂ+%>|vwlz|g:|g

(u)?, to hold pointwise on N. For this reason, it is convenient to introduce a function
@ € €°°(N) which satisfies |V<p|§ = |VV¥ |§/(u1ﬂ)2, so that, a posteriori, we expect
[Volg = 1 pointwise on N, that is, we expect ¢ to be an affine function. Such a function
¢ can be defined in several ways. In fact, if ¢ is such a function, also ¢ £ ¢, with c € R,
satisfies the same equality |[Vo|, = 1. However, all these choices are actually equivalent
for our analysis, hence we will fix ¢ now, once and for all. We define the pseudo-affine

Sfunction ¢ as
ry(m) dt
(p) = / . (3.9)
vip w(p) t1—12 —2mern

Despite the integrand has a singularity for t = r4(m), the integral in (3.9) is finite. In
fact, setting s = 1 — 12 — 2mt?" fixed n>[n-— 2)ym]/", we have

r4(m) dt 0 —ds
~/ﬂ ﬁ B /;—n2—2n1n2” 212[1 — (n — 2)ymt " ]/s

1 1—n2=2mnp?>" ds
< _
= 27%[1 — (n — 2)mn"] ./o Vs

V1 =12 —2mn2—n
> — <
n°[l — (n —2)ymn="]

The singularity of the integrand when ¢t = r_(m) can be handled in the same way. It
follows that ¢ is well defined and smooth on N. However, a priori we do not know if
the gradient of ¢ is bounded when we approach MAX (i), because both the numerator
and the denominator of formula (3.10) below go to zero. This point will be addressed in
Proposition 3.3, where we will show that [Vg|, is bounded above by 1 on the whole V.
Notice that the definition of ¢ is chosen in such a way that, when N is outerand p € 9N,
we have ¢ = 0 on dN. Instead, when N is inner and p € 9N, thatis, V(p) = r—(m),
the function ¢ assumes its maximum value.

For future convenience, we also write down some formule for the gradient and the
hessian of ¢

VW2 42 IDul|?
IVolz = —— = — IDuf* = —., (3.10)
e S w2[1 = (rom) /)" ]
Vo = -V pu = Du . 3.11)
uy Y21 = (ro(m)/¥)" ]
V2w 1 v
2. R
Vep = _I/fu + ¢2u2(u+l'p)d\y®dqj
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v v v
— —— Dul’gp — n——
uy uy usyr
Combining equations (3.10), (3.12) with (3.6), (3.8), we arrive with some computations
to a conformal reformulation of system (1.6).

D%u +

(u+yy)du ®du. (3.12)

Proposition 3.1. Let (M, go, u) be a solution to problem (1.6), and let N be an outer or
inner region with virtual mass

m = (N, go, u).

Let also ¥ = Y o u be the pseudo-radial function defined by (2.4) or (2.4), depending
on whether N is an outer or inner region, respectively. Then the metric g = go/W? and
the pseudo-affine function ¢ defined in (3.9) satisfy the following system of differential
equations

Ric, = 7[(,1 —Du+ %]v%p — (1 —2)dg @dg + |:(n —2)|Vgl? - (u - %)qu)}g, inN,

Agp = nyrr (1 - |V<p|§), inN,
(.13)

with boundary conditions

=0 on N,
e dr - if N outer,  (3.14)
¢ =¢@o = / on N N MAX(u),
rom) V1 —12 —2m>="
/r+(m) dt N
@ = Pmax ‘= on ,
romy (N1 —12 = 2mi2=n -
/vr+(m) dt A MAXG) if N inner. (3.15)
Y =@ = on u,
rom) A1 — 12 — 2mt2—n

Tracing the first equation of (3.13), one obtains

R, _ 2nu1ﬁ1p —ny? 5
n—Dn—-2) - (1 + T) (1 - Ivfplg) (3.16)

where Ry is the scalar curvature of g. In the cylindrical situation, which is the conformal
counterpart of the Schwarzschild—de Sitter solution, R, has to be constant. In this case,
the above formula implies that also [V¢|, has to be constant and equal to 1, as already
anticipated. For these reasons, also in the situation, where we do not know a priori if
g 1is cylindrical, it is natural to think of Vg as to a candidate splitting direction and to
investigate under which conditions this is actually the case. A first important observation
is that the splitting is in force when ¢ is an affine function, that is, when its hessian Vzgo
and the quantity 1 — |Vg¢|, vanish everywhere in our region.

Proposition 3.2. Let (M, go, u) be a solution to problem (1.6), and let N be an outer or
inner region with virtual mass

m = wu(N, go, u).
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Let W = 1 o u be the pseudo-radial function defined by (2.4) or (2.4), depending on
whether N is an outer or inner region, respectively. Finally, let g = go/ W2 and let ¢
be the pseudo-affine function defined by (3.9). If VZ¢ = 0 and Vol = 10on N, then
(M, go, u) is isometric to a generalized Schwarzschild—de Sitter solution (1.14) with
mass m.

Proof. Let us suppose that N is an outer region, the inner case being completely equiv-
alent. Proceeding as in the proof of [2, Theorem 4.1], we obtain that ({0 < ¢ < ¢p}, g)
is isometric to the product

(10, o) x IN, dp @ dg + g°"),

where gV is the metric induced by g on 3 N. From the first equation in (3.13) we deduce
that Ricon = (n —2) g"N . Recalling the definition of ¢ and the relation between g and
g0, we deduce that g is isometric to

dV ® dV¥
- + g,
u

This proves that (N, go, ©) is isometric to the outer region of a generalized Schwarzschild—
de Sitter solution (M*, gj, u*) defined by (1.14), where W is the radial coordinate. It
remains to prove that this isometry between the outer regions extends to an isometry be-
tween the whole (M, go, u) and the whole (M°*, gg, u*). To this end, we distinguish two

cases, depending on whether the (possibly stratified) hypersurface £y = N N M\N
MAX(u) is orientable or not.

e Let us start by considering the case in which Xy is an orientable hypersurface.
Since M is orientable by hypothesis, the hypersurface X is orientable if and only if
it is two sided, meaning that any neighborhood of Xy contains both points of N and
points outside N. Considering the corresponding chart in (M*, gg, u*), by analytic
continuation we can extend the isometry between (N, go, #) and the outer region of
(M?, g, u') to all the points in the chart. That way, the isometry passes through %,
and we can continue to argue chart by chart until we finally cover the whole manifold
M, thus proving the global isometry of (M, go, u) and (M?, g(s), u®).

o If X is not orientable, this means that it is one sided, that is, every point of Xy
has a neighborhood that is entirely contained inside N. Therefore, it easily follows
that (M, go, u) = (N, g0, i) is isometric to (ﬁi, gé, u®)/ ~, where ~ is a relation
on the points of

MAXS(u) = {p € M* : u*(p) = tmax} C IM,.
We first observe that this relation is induced by an involution

i~ : MAX! () — MAX®(u).
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In fact, the neighborhood of a point x € MAX?’ (u) inside (Mi, go) is isometric to
an half space R} endowed with a metric such that the boundary dR is smooth. In

order for the manifold (Mi, g0)/ ~ to be smooth at x it is necessary that there exists
exactly one point t~(x) € MAX®(u), t~(x) # x, such that x ~ ¢~ (x). Moreover,
1~ has to be continuous and to reverse the orientation. It is also clear that (2 is the
identity, so that ¢~ is indeed an involution.

We now notice that the mean curvature vector H of the hypersurface MAX?® ()
has constant nonzero norm and it always points outside M3 on the whole MAX® (1),
hence the same holds on MAX® (u)/ ~. In particular, at the points x and ¢~ (x) the
vector H points outside M. Therefore, in a chart centered at x = ¢~ (x) in the quotient
manifold we would have that H points in one direction according to the measure at
x, and points in the opposite direction if measured at ¢~ (x), which means that the
mean curvature of Xy at x is not well defined. Since the same reasoning can be
repeated at each point x € Xy, we would have that the mean curvature in nowhere
defined on Xy, against the fact that we know that ¥y = MAX(u) is a stratified
hypersurface, so that in particular it is smooth .~ !-almost everywhere. We have
reached a contradiction, hence Xy is necessarily oriented and the first case applies.

This concludes the proof. O

3.2. The geometry of the level sets. In the forthcoming analysis a crucial role is played
by the study of the geometry of the level sets of ¢, which coincide with the level sets
of u in N, by definition. Hence, we pass now to describe the second fundamental form
and the mean curvature of the regular level sets of ¢ (or equivalently of #) in both the
original Riemannian context (N, go) and the conformally related one (N, g). To this
aim, we fix a regular level set {¢p = so} and we construct a suitable set of coordinates
in a neighborhood of it. Note that {¢ = sg} must be compact, by the properness of ¢.
In particular, there exists a real number 6 > O such that in the tubular neighborhood
Us = {so — 8 < ¢ < sp+ 8} we have [Vo|; > 0 so that U is foliated by regular level
sets of ¢. As a consequence, Us is diffeomorphic to (sg — 8, so + ) x {¢ = so} and the
function ¢ can be regarded as a coordinate in U{s. Thus, one can choose a local system of
coordinates {¢, ol z‘/‘”_l}, where {191,...., 19"_1} are local coordinates on {¢ = s¢}.
In such a system, the metric g can be written as

- &2‘” + 81 (@9 9" O @ dO
VP2

where the latin indices vary between 1 and n — 1. We now fix in /s the g-unit vector
field v, = —V@/|Ve|s. We also define v as the go-unit vector field that points in the
same direction as v, at every point, that is

—Du/|Du|, if N outer,
Du/|Dul|, if N inner.

We will denote by h and H the second fundamental form and mean curvature with respect
to the metric go and the normal v. We will denote by h, and H, the second fundamental
form and mean curvature with respect to the metric g and the normal v,. According to
these choices, the second fundamental forms of the level sets of u or ¢ are given by
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Dl.z'u
——__ if N outer,
hO _ [Du|
ij 2
Y , if N inner,
|Du|
V.2.(p
W = for i, j=1,,n—1 (3.17)
J |V§0|g

Taking the traces of the above expressions with respect to the induced metrics we obtain
the following expressions for the mean curvatures in the two ambients

Au  D*u(Du, Du)

— + , if N outer,
He [Du| |Du/|3
Au  D?u(Du, Du) e
— , if N inner,
|Du| |Du|3
A V2p(Vo, V
(= —ost Ve, Vg) (3.18)
[Vol, IVolg

Taking into account expressions (3.10), (3.12), one can show that the second fundamental
forms are related by

e _ Lo 1
i =y T e

The analogous formula for the mean curvatures reads

|Du| gl.(;)). (3.19)

H, = y H — (n— 1) /| |Dul. (3.20)

Concerning the nonregular level sets of ¢, we first observe that, since u is analytic on
M (see [23,58]), then ¢ is analytic on the whole N. As anticipated in Sect. 1.1, it follows
from the results in [44] (see also [40, Theorem 6.3.3]) that there exists an hypersurface
S C Crit(¢) such that 52"~ (Crit(¢)\S) = 0. In particular, the (n — 1)-dimensional
Hausdorff measure of the level sets of ¢ is locally finite. Moreover, the unit normal to a
level set is well-defined 7~ !-almost everywhere, and so are the second fundamental
form h, and the mean curvature Hg. We now compute the relation between h,, Hg and
h, Hata point yg € S. Let v, vg be the unit normal vector fields to S at yo with respect to
g0, g respectively. Since |ng§ =1 = |v? = ¥?|v|2, we deduce that vy = Y. Let
(8/3x1, A 8/8x”_1) be a basis of T, S, so that in particular (8/8x1, A 8/8x”_1, Vg)
is a basis of Ty, M. Recalling (3.2) and observing that the derivatives of # and W in y
are all zero since yg € Crit(¢) = Crit(u), we have

o o 19 1
b = (Vi ) =10 =Gl = (Di [g) = - (Di=—|v) = —n.
i axd | Vel = = S = P el T g P g

Taking the trace we obtain H, = vH. This proves that formula (3.19) and (3.20) hold

also at any point yo € S, so that in particular they hold .72~ !-almost everywhere on
any level set.
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3.3. Consequences of the Bochner formula. Starting from the Bochner formula and
using the equations in (3.13), we find

Ag|Vol; = 2|V2¢l; +2Ric,(Ve, Vo) +2(VA.p | Vo)
_ 2 2 14 ; 2
= 2|Vl — [(n —2u+ v +2m/f1/f] (VIVol, | Vo),
- 2|:(n+ 1)u+nm&] Vo2 Agg. (3.21)

We will use (3.21) to compute the laplacian of the function

w:ﬂ<1—|V(p|§>, where B = Y2 |1 — (n — Jmy ™| = y2

Since the function ¥ = v o u is smooth and nonzero in the interior of N, so is 8. We
will denote by B’ the derivative of B with respect to ¢, more precisely, 8 € €°(N) is
the function that satisfies VB = 8'V¢. One computes

% =Yy +(n — u, (3.22)
Vw = —ﬂV|V¢|§+%wV¢. (3.23)

In order to compute the laplacian of w, we take the divergence of (3.23)

Agw = —%(ﬂV|V¢|2|V¢) — BAIVel; +<§) w| Vol
+%<Vw | Vo), + %wAgw

and using formula (3.21) we obtain

2 /
Aqw = —28 [|v2¢|§, - M] —|:(n —du+ ﬂ +2nyy — 2E]<Vw|v(p)g
n v B
+nww(% —21/“//)

B’ B’ v B’
+[(§) (ﬁ) ((n—Z)u+J+nl//1/f>‘3
+2n(n + Duyry +2n(n + 1)w2¢2] IVoliw

[(n —2u — ﬂ (Vw| Vo) +n(n — 2my> " [(n — 2) + (n +2)| Vo3 |w
(3.24)
In particular, w satisfies an elliptic inequality on our connected component N and, as a

consequence of the Minimum Principle, we obtain the following relevant bound on the
gradient of the pseudo-affine function ¢.
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Proposition 3.3. Let (M, go, u) be a solution to problem (1.6) and let N € M\MAX(u)
be an outer or inner region with virtual mass m = w(N, go, u). Let also g, ¢ be defined

by (3.1), (3.9). Then it holds
[Volg <1, (3.25)

on the whole N. Moreover, if |V o|, = 1 at a point in the interior of N, then |V¢l|, = 1
on the whole N and (M, go, u) is isometric to a generalized Schwarzschild—de Sitter
solution (1.14) with mass m.

Proof. We start by noticing that 8 = 2|1 — (ro(m)/4)"| has a finite nonzero limit as
Y — ro(m). It follows that the function w = (1 — |V<p|§) is continuous up to the
boundary d N. We recall from (3.10) that it holds

[Du|
¥ 1= (rom) /)"’

|V‘P|g =

therefore, from Lemma 2.2 we deduce that w > 0 on 0 N. On the other hand, we can
also write w as follows:

w = B(1—|Vel}) = y> ‘ﬂl IDu/?.
u

7
Y
Since by definition 8 goes to 0 as we approach MAX(u), and 1ﬁ|D14|2 goes to 0 by
Lemma 2.5, we have w — 0 as we approach MAX (u).

After these preliminary remarks, we now recall that u is analytic, hence, as observed
in Sect. 1.1, this implies that the critical level sets of u are discrete. Therefore there exists

n > 0 such that for any 0 < ¢ < n the level sets {u = ¢} and {# = upax — €} are regular.
In particular, the submanifold

Ne = NN{e < u < upmax — €}

is a compact domain with smooth boundary. Since N is contained in the interior of N,
in particular the coefficients of the elliptic inequality (3.24) are bounded in N, and we
can apply the Weak Minimum Principle (see for instance [30, Corollary 3.2]) to deduce
that

minw > minw = min{ min  w, (3.26)

min w} .
Ng ANg NN{u=¢} NN{u=umax—e}
Since inequality (3.26) holds for all 0 < ¢ < 5, we can take its limit as ¢ — 0. We have
already observed that w > O on d N and that w — 0 as we approach MAX(u), therefore
at the limit we get miny w > 0. It follows that w is nonnegative, and this proves (3.25).
Now we pass to the proof of the second part of the statement. Let x be a point in
the interior of N such that |[Vg|g(x) = 1. In particular it holds w(x) = 0 and we have
proved above that w > 0 on the whole N. Applying the Strong Minimum Principle on
an open set 2 containing x, we obtain w = 0, or equivalently |Vg|, = 1, on 2. From
the arbitrariness of €2 we deduce |Vg|, = 1 on N, and plugging this information inside
the Bochner formula (3.21), we obtain |V2g| ¢ = 0. We can now invoke Proposition 3.2
to conclude. O
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Remark 4. Proposition 3.3 should be compared with [10, Proposition 1], where an anal-
ogous result is obtained for a vast class of static perfect fluid solutions. The proof in [10]
is based on the application of the Maximum Principle to an elliptic inequality which
seems to be closely related to the one used in our proof.

Remark 5. Translating the thesis of Proposition 3.3 back in terms of u, go, we have
that i/ |Du| is bounded in N, and recalling formula (2.8), we deduce that the quantity
|Du|?/ (ttmax — u) is bounded on N. In particular, for any p € N "MAX () there exists
a collar neighborhood p € Q, C N and a constant K, such that

Dul?(x) < Kp[tmax — u(x)] (3.27)

for any x € €2,,. The same proof can be repeated on each inner and outer region, and a
similar result will also be shown for cylindrical regions, see Proposition 8.2. It follows
from these considerations that inequality (3.27) is always in force in a neighborhood of
any p € MAX(u). This is an improvement of Proposition 2.3 proved above.

3.4. Area lower bound. In this subsection, we will study the function
D(s) = / [Volg dog, (3.28)
{p=s}

whichisdefinedons € [0, o) ors € (¢o, max] depending on whether maxyy |Du|/umax
is less or greater than \/n, respectively. As an application of Proposition 3.3, one can
prove the following monotonicity result for ®.

Proposition 3.4. Let (M, go, u) be a solution to problem (1.6), let N be a connected
component of M\MAX (u) with virtual mass m < mmax, and let ®(s) be the function
defined by (3.28), with respect to the metric g and the pseudo-affine function ¢ defined
by (3.1), (3.9).

(i) If N is an outer region, then the function ®(s), defined for s € [0, ¢o), is monotoni-
cally nonincreasing. Moreover, if ®(s1) = ®(s2) for two different values 0 < 51 <
§2 < @, then the triple (M, go, u) is isometric to a generalized Schwarzschild—de
Sitter triple (1.14) with mass m.

(ii) If N is an inner region, then the function ®(s), defined for s € (9o, Pmax], is
monotonically nondecreasing. Moreover, if ®(s1) = ®(s2) for two different val-
ues 99 < §1 < §2 < @max, then the solution (M, go, u) is isometric a generalized
Schwarzschild—de Sitter triple (1.14) with mass m.

Proof. Consider the case N outer, that is, maxyy |Du|/umax < «/n. In particular, the
determination of v is (2.4), ¢ € [0, ), w < 0and Az < O (this last inequality is a
consequence of the second equation of system (3.13) and of Proposition 3.3). Integrating
Agp <0in {51 < ¢ < sy} forany 0 < 51 < 52 < @, we get

Agpdo, < 0. (3.29)

{s1<p=<s2}

Applying the Divergence Theorem to inequality (3.29), we easily obtain ®(s2) < ®(s1),
therefore @ is nonincreasing. To prove the rigidity statement, we observe that, if the
equality ®(s1) = P (s2) holds for some 0 < 51 < 52 < @p,then Agp =0on{s; < ¢ <
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52}, hence by the analyticity of ¢ we deduce Agp = 0 on N. Recalling the definition of
Agg, this in turn implies [Vg|, = 1 on N. Substituting this information in the Bochner
formula (3.21) we obtain |V¢| ¢ = 0, hence we can apply Proposition 3.2 to conclude.

If instead N is an inner region, that is, maxyy |Du|/umax > /7, then ¥ is as in (2.4),
¢ € (90, ¥max] and Agp > 0. Proceeding in the same way as above, we obtain the
opposite monotonicity for ®. The rigidity statement is proved in the same way as in the
preceding case. O

If the limit of ®(s) exists as s — ¢y, then this limit is finite since |V¢|, is bounded
(this is a consequence of Proposition 3.3) and the level sets are compact. Therefore, from
the monotonicity of ® we can deduce the following global monotonicity property.

Corollary 3.5. Let (M, go, u) be a solution to problem (1.6), let N be a connected
component of M\MAX(u) with virtual mass m < mmax, and let g and ¢ be defined
by (3.1), (3.9). Let Ty = N N M\N be the possibly stratified hypersurface separating
N from the rest of the manifold M. Then

|EN|g =< |8N|g- (3.30)

Moreover, if the equality holds, then (M, go, u) is isometric to a generalized Schwarzschild—
de Sitter triple (1.14) with mass m.

Proof. If N is outer, then we know that the function ®(s), defined for 0 < ¢ < ¢, is
monotonically nonincreasing by Proposition 3.4, hence lim;_, 4, ®(s) < ®(0). More-
over, from Lemma 2.2, we know that [V¢|, < 1on 9N, thus ®(0) < faN dog = [ON|,.
This proves the following

dNl|, > lim Vol do,.
| lg > =00 Jipes) [Vol, doy
It remains to show that the right hand side is greater than or equal to | Xy |,. To this end,
for a small value ¢ > 0, consider a set S; C Xy such that [S¢|, < & and Xy \S; is
contained in the top stratum of X . From Proposition 2.7 and formula (3.10) we know
that g, ¢ are €2 and

|Du?
ni2 -
w21 = (rom)/¥)"]
as we approach the top stratum of X . In particular, for every value s close enough

to o, the flow of Vg gives a diffeomorphism between X y\S; and an open subset
Vs C {9 = s}. Therefore, from the continuity of g and |[V¢|,, we get

\Vol; =

lim Vol|,do, > lim Vol,do, = |[ZEN\Sele-
i {(p:S}| ¢lgdog > S—>¢0/;/S| ¢lg dog [Zn\Selg

Taking the limit as ¢ — O we obtain the wished inequality. The case N inner is proved
in the exact same way. O

Recalling the definition of g, if we rewrite formula (3.30) in terms of gy, we obtain

re(m)"!
ol
ro(iﬂ)] =

where the sign + depends on whether N is outer or inner. This proves Theorem 1.6,
stated in the introduction, except for the case where N is a cylindrical region, which will
be studied in Sect. 8.

|ON| Z[
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4. Integral Identities

In this section we will construct vector fields Y and Y, (see (4.1), (4.12)) having nonneg-
ative divergence in N. These vector fields will be defined in terms of the pseudo-affine
function ¢, in such a way that it will be clear that Y and Y,, vanish if the solution is
isometric to the Schwarzschild—de Sitter triple (1.9). As an application of the Divergence
Theorem, we will then deduce a couple of interesting sharp integral inequalities, whose
equality cases force the rotational symmetry of the solution.

We will need to address the outer and inner case separately, as they need a slightly
different analysis. The outer case will be studied in Sect. 4.1 and the inner case will be
studied in Sect. 4.2.

4.1. Integral identities in the outer regions. We start by considering the case where N
is an outer region, that is, in this subsection we will suppose

< J/n,

|Du|
max «(S) = max
Semp(dN) ON  Umax

and the pseudo-radial function ¥ = 1 o u is chosen as in (2.4). Consider the vector
field

Y = V|Vgl} + AgpVg. 4.1)
It is worth remarking that, if N is isometric to the outer region of the Schwarzschild—de
Sitter solution, then |[Vg|, = 1 and Agp = 0, hence Y vanishes pointwise. From the
Bochner formula (3.21) and the equations in (3.13) we compute
divg(Y) = Ag|Vol; +divy (A Vo)
_ 14 i 212 2
=—|m-2u+ J +3ny i [(VolY ) + 2|V 0l + (Age)
—2n(n+2uy | Vol (1 — [Vol3).
Since
u

v

is negative when the chosen determination of v is (2.4), we have

uyry = Y2y? ( ) = 23— (n — 2)my "]

divg(Y) + [(n —u+ % + 3n1//1/.fi| (VoY )e
= 2|V0l; + (Agp)” — 2n(n + Quy | Vol (1 = [Vel) = 0. (42)

Now consider the function

B u2w2n71 _ ¢2(n+1)

b p [1—(—2my "] (4.3)

y:
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(notice that y > 0 when W = ¢ o u is as in (2.4)). We compute

y/ 1&.3 du uwZn—l u2w2n—2,¢. MZwZn—l,‘Z.
V= gy [ e 0
EbZ uwZn—l u2w2n—2¢ u2w2n—l&
= _u1ﬂ2”_2 [2 1&3 +(2I"l‘—1) 1ﬂ3 -3 Iﬁ4 :|
= —2% —2n—1Du +3u:;—21/f

—2% —@n—Du+3nyy +3n — Du + 3%

(n—2)u+ % +3nyy.

Therefore, formula (4.2) rewrites as

dive(y¥) = y [21V2012 + (2g9)? = 201+ Duy Vo2 (1 - 19012 |
0. (4.4)

Integrating (4.4) in N, we obtain the following proposition.

Proposition 4.1. Let (M, go, u) be a solution to problem (1.6), let N € M\MAX(u)
be an outer region with virtual mass m = (t(N, go, u), and let ¥, g and ¢ be defined
by (2.4), (3.1) and (3.9). For any 0 < s < ¢y it holds

, 3
faN IVol, [Rlcg(vg, vg) — Enrz(m)(l - |V<p|§)] do,

_ 1 2 12 1 2 2 7 21 2
=~ | 7| IVl + 5800 — n+ DUy Ve~ Vel |doy < 0.
4.5)

where C = C(m,n) = rf”” (m)[1 — (n — 2)mr;™(m)1* and y is the function defined
by (4.17). Moreover, if the equality

i 3
/3N IVolg |:R1cg(vg, Vg) — znrf(m)(l — |V(p|§)] do, = 0, (4.6)

holds, then the solution (M, go, u) is isometric to a generalized Schwarzschild—de Sitter
triple (1.14) with mass m.

Proof. Let us recall from Sect. 1.1 that u is an analytic function. In particular, also ¢ is
analytic in the interior of N, hence its critical level sets are discrete. It follows that we
can choose 0 < s < § < ¢, with s arbitrarily close to zero and § arbitrarily close to ¢
such that both s and S are regular values for ¢. Integrating divg(yY) on {s < ¢ < S}
and using the Divergence Theorem we obtain
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\Y
8

{s<p=<S} {p=5}
Vo
- y(s)<Y ’ —> do,. 4.7
|V(/7|g g
{p=s}

First of all, we notice that it holds
. Vo
lim () <Y ‘ —) do, = 0. (4.8)
S—¢0 {(9=S5) [Volgle

In fact, using formule (3.10), (3.12) and (3.13) to translate the integrand in terms of
u, go, we find

\Y
r (' ier)
|V§0|g 4

VIVl V),
Vel

+ Ag</>|V<P|g)

Y 1V0l, [2 V2000, vo) + Ay |

2n i i 12
v |Du||: —2D%u(v, v) — 2£(n -1 +;¢M>|Du|2 +n <1 - w—z |Du|2) }
4 uy u

u

where v = Du/|Du|, vy = Vo/|Vpl|, = v v are the unit normals to {¢ = S}, which
exist everywhere because {¢ = S} is aregular level set. Since |Vg0|f, = (Y2 /u?)|Du|? <
1 by Proposition 3.3, we deduce that the limit of the term in square bracket as S — ¢
(or equivalently u — umyx) is bounded from above. Therefore, in order to prove (4.8),
it is enough to show that

1
lim — |Du|do = 0.
t—=17 Ju=0nN ¥

But this can be done proceeding exactly as in the proof of [14, Theorem 4.4], via a simple
argument using the coarea formula and the facts that (y2/u?)|Du|> < 1 and ¥/ — +00
as u — umax. Lherefore, taking the limit as § — ¢ of (4.21), we deduce

%
/ y@r | o2 dog = - / div,(yY)do, < 0, 4.9)
=) IVolgls {s<p<qo}

where in the last inequality we have used (4.4). Now we compute the integral on the left
hand side. Using the equations in (3.13), we obtain

1 \Y
—(r] =2
AN

_, Ve(Ve, Vo)

Vo, +Ag0|Vol,
) ) ) . L, u= W/
- 'W'g[ = Dur gy e (1 iC —2)u+<w/x/>)>Ag¢}’
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and taking the limit as s — 0, since u — 0, ¥ — ry(m) and w — 0, we get

. [ 1 Vo
lim | — <Y >
s=>0 [ |Vg0|g i lipms

= {|Vo| % Ric Ve, Vo) + 3nre(m) (1 — |Vo|? . (4.10)
8 r+(m) 8\"8 8 8

}

lan
Moreover, recalling from (2.2) the relation between ¥, llf and u, we find
; u? -1
. . n—
{p=s}
— _lim {1//2"“[1 — (- 2)mw—"]2}
S*)O |(W:S)
= — 2 m)[1 — (n — 2mr " (m)]>. 4.11)

Taking the limit of (4.22) as s — 0 and using the information given by (4.23) and (4.24),
we obtain te desired inequality (4.5).

To prove the rigidity statement, we start by observing that, if the equality (4.6) holds,
then necessarily the right-hand side of (4.5) is null. In particular, |[Vg|, = 1 on N.
Substituting this information in the Bochner formula (3.21) we obtain |VZ¢| ¢ =0,
hence we can apply Proposition 3.2 to conclude. O

4.2. Integral identities in the inner regions. In this subsection, we deal with the case in
which N is an inner region, that is,

> /n,

|Du|
max k(S) = max
Semo(dN) ON  Umax

and the pseudo-radial function W = ¥ o u is defined by (2.4). This case is slightly more
complicated than the outer one, and requires a generalization of the computations of the
previous subsection. Let

Yo = V|Vol; +aAgpVe, (4.12)

where o € R. In analogy with the outer case discussed in the previous subsection, we
notice that Y, has been chosen in such a way that it vanishes pointwise if N is the inner
region of a Schwarzschild—de Sitter solution. From the Bochner formula (3.21) and the
equations in (3.13) we compute

divy (Ye) + [(n —u+ % + 3mp¢} (Vo Yy )
= 21V% 2 + a(Agp) +ny [n(a CD@+2) -2 +a+ 1)&}

Vol (1= [Vely).
In order for the term 2|V2<p|§, + a(Ag<p)2 to be positive, we want « > —2/n. Recalling
u

o —[1=(n=2my™"],
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we have
divg (Yy) + |:(n —2u + % + (o + 2)n1ﬁ1ﬁi| (Vo |Yy)g

= 2|V202 2 2~2[ _ B ﬂ}
= <p|g+ot(Ag(p) +ny YT |l n(na+2)(a+1) —2m+a+1)(n —2)

wn
IVol3(1 = [Vol3). (4.13)
The term in square brackets is positive if and only if
n +oa+1
LAY L (4.14)
m (na+2)(x+1)

Since the term on the right hand side goes to zero as « — 0o, there exists an o big
enough so that

r’* (m) n+a+1
=2 - T hEr D)

(4.15)

Notice that the value of « that satisfies (4.15) is greater than or equal to 1 (in fact, if
we set « = 1 in (4.14) we have " > (n — 2)m, which is never satisfied on N). If
we choose « as in (4.15), we have that the square bracket above is positive for any

¥ e [r—(m), ((n — 2)m)1/n]. In particular, for that @ we have

divg(Yy) + |:(n —2u + % + (o + 2)n1ﬂ1jf:| (Vo lYy)e = 0, 4.16)

on the whole N. Now we choose

uot+1 wnoﬁn—a wna+n+2

_nlot2
O e [1—- 0 —2my™"]"" >0, 4.17)

(notice that y > 0 when W = ¢ o u is as in (2.4)). We compute

J// 1'#11+2 du I:(a .\ 1) u® wnoﬁn—(x ua+1wna+n—a—1 1//

1poz+2 +(na+n —a) ¢a+2

; - ua+1wna+n—a ’ d(p
u2wna+n7a12}
1’”0&3

—(x+2)

u® wmx+n—a ua+1wna+n—a—1 w
+(na+n—a) 1/}0”2

¢a+1

= —W[(‘HUW

u2wna+n—oz1'/} i|

I/}a+3
uy Y

= —(a+1)%—(na+n—a)u+(a+2)v

—(@+2)

= —(a+1)%—(noc+n—a)u+(ot+2)n1ﬁfﬂ+(a+2)(n— 1)u+(a+2)%

= (n —2)u+%+(a+2)n¢¢.
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From formule (4.13), (4.16) we deduce
divg(yYa) = 2|V20[} +a(Agp)?

+mp2¢ [n(na +2)(a+1) —2n+a+1)(n — Z)Wi|

IVoli(1—|Vely) = 0. (4.18)
Integrating (4.18) on N, we obtain the following statement.

Proposition 4.2. Let (M, go, u) be a solution to problem (1.6), let N € M\MAX(u)
be an inner region with virtual mass m = (t(N, go, u), and let V¥, g and ¢ be defined
by (2.4), (3.1) and (3.9). For any 0 < s < ¢y it holds

Vol | Ri 22y — Vel |d
BNl 90|g lcg(Vg»Vg)_ nrZ(m)(1 — | 90|g) Og

1 o
= ——f y [|v2w|§+5mg¢>2

+ ww (—n(n(x +2)(a+1l)—(n+a+1)(n — 2)10_) |V¢|§Ag<p:|dag <0,
4.19)

where a > 1 is the solution of equation (4.15), vy is the function defined by (4.17) and
C=C(x,m,n) = (‘Hl)nﬂ( N1 — (n — 2)mr="(m)1**'. Moreover; if the equality

Vol. | Ri “F2 2 1 — Vo) | do, = 0 420
8N| §0|g lcg(Vg’Vg)_ nrZ(m)(1 — | §0|g) Og = U, (4.20)

holds, then the solution (M, go, u) is isometric to a generalized Schwarzschild—de Sitter
triple (1.14) with mass m.

Proof. Let us recall from Sect. 1.1 that u is an analytic function. In particular, also ¢
is analytic in the interior of N, hence its critical level sets are discrete. It follows that
we can choose g < S < § < @max, With S arbitrarily close to ¢y and s arbitrarily
close to gmax such that both s and S are regular values for ¢. Integrating divg (¥ Y,) on
{S < ¢ < s} and using the Divergence Theorem we obtain

. \%
/ divg(yYy)do, = /y(s)<Ya —(p>gd0g
{S=<p=<s} {o=s}
Vo
- /V(S)<Ya —)dog. 421)
g'8
{p=S5}

First of all, with analogous computations to the ones employed in the proof of Proposi-
tion 4.1, we obtain

lim y(S)

(1. > dog = 0.
5w {p=5)
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Therefore, taking the limit as S — ¢q of (4.21), we deduce

f{ . y )Y

where in the last inequality we have used (4.18). Now we compute the integral on the
left hand side. Using the equations in (3.13), we obtain

v
—¢> do, = / dive(yYy)do, > 0, (4.22)
IVolgls {po<p<s}

l(n o)
AN
_, V(Ve, V)
= 2W+Ag<plv<plg
) ) ) _ L, u— W)
= 99| = g s (-2 S e

and taking the limit as s — @max, since u — 0, ¥ — r_(m) and w — 0, we get

. 1 Vo
lim |— <Ya >
§—> Pmax 1/] |V(p|g g ltp=s)
2 . 2
- {|v¢|g [—m Ricg (v, v) + (@ + 2)nr—(m) (1= |Vga|g)“m.v (4.23)
Moreover, recalling from (2.2) the relation between v, ¥ and u, we find
X ua+1 (@sDyns]
. _ . a+l)n+
i e =t ()
Q=s
§—> Ymax ‘(q):x)
= rmen — (0= 2)mr " (m)]1*t (4.24)

Taking the limit of (4.22) as s — @max and using (4.23) and (4.24), we obtain the desired
inequality (4.19).

The rigidity statement is proved in the same way as in Proposition 4.1. If the equality
in (4.20) holds, then necessarily the right hand side of (4.19) is null. In particular,
IVolg = 1 on N. Substituting this information in the Bochner formula (3.21) we obtain
|V2g| ¢ = 0, hence we can apply Proposition 3.2 to conclude. O

5. Area Bounds

Section 5.1 is devoted to the proof of the inequalities in Theorems 1.4 and 1.5 for outer
and inner regions. The proof of the corresponding rigidity statements will be discussed
in Sect. 6, whereas the cylindrical case will be addressed in Sect. 8. In Sect. 5.2 we will
discuss some area bounds for the hypersurface separating our region from the rest of the
manifold. In particular, we will recover Corollary 1.7.
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5.1. Area bounds for the horizons. Let N be a connected component of M\MAX (u),
let © = (N, go, u) be its virtual mass and let S € 9N be an horizon with maximum
surface gravity. We now follow [25] (see also [42, Section 4]) to prove area bounds for
the horizon S. We start by noticing that, if we define g, W, ¢ as usual with respect to the
mass m, the definitions are chosen in such a way that

Du 2( | _ IDul(p)
1= —2myp—]| 7T W)

where W (¢) is the constant value of [Du|? on the level set {u = 7} N M+ of the
Schwarzschild—de Sitter solution, where of course the sign £+ depends on whether we
are on an outer or inner region.

From Lemma 2.2 we have |Vg|, = 1 on §, whereas Proposition 3.3 tells us that
[Volg < 1 on the whole N. In other words, we have |Du|?> < W (u) on the whole N
and the equality holds on S. Letnow p € S and y : [0, ¢) — R be a geodesic such that
y(0) = p and y’(0) = v, where v is the unit normal to S pointing inside N. Applying
[5,(11)]in N we have

IVeli(p) =

IDul o y(s) = W(0) [1 + (Ric(v, v) — n)s2 + (’)(s4)]
_ S
= W(0) [1 + (@ — %) s2+ (’)(s4):| , (5.1)

where in the second identity we have used the Gauss-Codazzi equation and the fact that
the horizon S is totally geodesic. Of course we can apply the same formula on the model
solution, obtaining the same expansion with R?M= in place of RS. Since |Du|> < W as
observed above, necessarily we have RS > R?M%_ In other words, we have proven the
following:

Theorem 5.1. Let (M, go, u) be a solution to problem (1.6), let N € M\MAX(u) be
a region with virtual mass m = w(N, go, u). Let also S C dN be an horizon with
maximum surface gravity. Then

e If N is outer, it holds
RS > (n— D(n —2)r%(m).
e If N is inner, it holds
RY = (n = D)(n = 2r22(m).
Integrating the inequalities in Theorem 5.1 on S, we obtain the following formula
/ R do > ri?(m)|S|. (5.2)
s (n—1n—2)
This gives a particularly nice result in the case n = 3.

Theorem 5.2. Let (M, go, u) be a 3-dimensional solution to problem (1.6), and let N C
M\MAX(u) be a region with virtual mass m = (N, go, u). Let also S C dN be an
horizon with maximum surface gravity in N. Then S is diffeomorphic to S* and it holds

IS| < 4mri(m),

where the sign + depends on whether N is an outer or inner region.
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Proof. Substituting n = 3 in inequality (5.2) and using the Gauss-Bonnet formula, we
immediately obtain

4y (S) = 2r*(m)|S|.

In particular, y (S) has to be positive, hence S is necessarily a sphere and we obtain the
thesis. O

5.2. Area bounds for the disconnecting hypersurface. Combining the results of this sec-
tion with Corollary 3.5, it is straightforward to obtain an area bound on the hypersurface
Yy that separates N from the rest of the manifold.

Theorem 5.3. Let (M, go, u) be a solution to problem (1.6), let N € M\MAX(u) be
a region of M with connected boundary 0N and with virtual mass m < Mmpax. Let

Sy = N N M\N be the hypersurface separating N from the rest of the manifold M.

e If N is an outer region, then

IN n—1
ISy| < (/ R do> o (m) (5.3)
an (n— 1D —2) r=3(m)

and, ifthe equality holds, then (M, go, u) is isometric to a generalized Schwarzschild—
de Sitter triple (1.14) with mass m.
e If N is an inner region, then

Snl < (/ R dg) ro =" om) o
M= any (n —1)(n —2) rﬁ_3(m)7 .

and, ifthe equality holds, then (M, go, u) is isometric to a generalized Schwarzschild—
de Sitter triple (1.14) with mass m.

Proof. Letus study the case where N is outer, the inner case being completely analogous.
From Corollary 3.5, recalling the definitions of g, ¢, we get

re " m)IEN| = |ENlg < 19N]g = rl"(m)|aN].
Now we conclude using formula (5.2). 0O

This result becomes particularly nice in dimension n = 3. Combining Theorem 5.2
with Corollary 3.5 we immediately obtain Corollary 1.7, which we recall here for the
reader’s convenience.

Corollary 5.4. Let (M, go, u) be a 3-dimensional solution to problem (1.6), let N C
M\MAX(u) be a region with connected boundary N and with virtual mass m < mmax.

Let Sy = N N M\N be the hypersurface separating N from the rest of the manifold
M. Then

|Zn| < dmrg(m). (5.5)

Moreover, if the equality holds, then (M, go, u) is isometric to the Schwarzschild—de
Sitter triple (1.9) with mass m.
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6. Balancing Inequalities and Rigidity of Area Bounds

Here we translate the integral identities obtained in Sect. 4 in terms of u and gg. Some
computations will lead to the proof of the rigidity statements in Theorem 1.5 in the
case where N is outer (Theorem 6.3) and inner (Theorem 6.7). As a consequence of the
Gauss-Bonnet formula we will then deduce Theorem 1.4 (see Theorems 6.2 and 6.6).
We will also prove some more general statements, in the cases where N has more than
one horizon.

6.1. Area bounds for outer regions. Here we focus on the case where our region N is
outer and translate Proposition 4.1, proved in Sect. 4.1, in terms of u, go. To do that, it is
useful tolet A : 9N — (0, 1] be the locally constant function defined for every x € N
by

|Du|

Theorem 6.1. Let (M, go, u) be a solution to problem (1.6) and let N € M\MAX(u)
be an outer region with virtual mass m = w(N, go, u). Then it holds

RBN
/ Addo < (/ A—do) rf(m)
N ay (m—1)m—-2)

__na-4 a2 2
EE T (/WA (1 A ) da) r2(m).

where RN is the scalar curvature of the metric induced by gy on dN and A is the step
function defined in (6.1). Moreover, if the equality holds, then the solution (M, go, u) is
isometric to a generalized Schwarzschild—de Sitter triple (1.14) with mass m.

Proof. Tt is enough to translate formula (4.5) in terms of u and go, using the relations
developed in Sect. 3.1. In particular, let us notice that

¢2

2 _ ¥V 2 _
Vol = 2 [Dul”,  and HBI%X|V(/7|g =1,

where the second identity follows from Lemma 2.2. Therefore

12
(1/’—2> max [Dul?® = 1,
us/lpn N

which in turn implies |V¢|§ = |Du|?*/maxyy |Du|?>. Now we translate Ricg (vg, vg)
in terms of Ric(v, v), where v = Du/|Du| and v, = V¢/|Ve|, = v are the unit
normals to the level sets of u with respect to gp and g. Recalling the equations in

systems (1.6), (3.13), using also formula (3.12) and the fact that ¥ — 0asu — 0, we
obtain that on 9N = {u = 0} N N it holds

Ricg (vg, vg)

= — |:(n —2u + %] Vzw(vg, Vg) — <u - %) Agop
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2 2 jr2
= wz—D uiv, V) + |:(n — l)u% +n1ﬁ2:| w—2|Du|2 + mﬁz (1 - 1p—2|DM|2>

i 2 2
=¢2|:Ric(v,v) n+nw—|Du| +(n— 1);—ww—|Du| < w2|Du| )}

|Du|*
wqp maxyy |Dul? |°

Substituting the above computations inside formula (4.5), and recalling that ¥ = ry.(m)
on dN (because N is an outer region and v is defined as specified in (2.4)), we obtain

/|DM||:R1C(U v)+(n—1)—_ (§n+(n—1)_> <1_ |Du|? >j| "
vy 2 vy maxyy |Dul|?

N
2 07

= w |:R1c(v V+m—1) —

where we recall that the equality holds if and only if the solution is isometric to the
Schwarzschild—de Sitter solution. Notice that the above formula is slightly imprecise,
as, rigorously, the quantity u /() is not defined on 9N, because ¥y — 0 as u — 0.
However, from formula (2.2) that quantity can be explicitated as

—[1=@m—=2my™"],

u

v

which has a finite value on the boundary, as ¥ = r(m) on d N. Moreover, using the
Gauss-Codazzi equation we have 2Ric(v,v) = R — R?M = n(n — 1) — R?V, and
substituting in the inequality above we get

/ |Du||:R8N —(n=Dn-2)(1+ 2mr;"(m))] do
IN

> —/ [Du| (n +2+2(n—1)(n — 2)mr_”(m)) (1 B ﬂ &
= IN + maxay |Du|2

Moreover, since ry(m) satisfies 1 — rf(m) 2mrJr "(m) = 0, we have
1+ 2mr"(m) = r+_ (m),

hence the integral inequality above becomes

/ A[R“’N —(n—1n-— 2)r+_2(m)] do
oN

> /BN A|:((n +2)+20n — D(n — 2)mr+_"(m)> (1 - A2) ] do.

where A is the function defined in (6.1). The thesis follows from this inequality with
some straightforward algebra. O

Notice that A < 1 on d N by definition, hence for n > 4 Theorem 6.1 gives the following

formula
RDN
f Addo < (/ A—da) r2(m).
aN aN (n—=1n-=2)

Instead, in dimension n = 3, we can make Theorem 6.1 more explicit by means of
the Gauss-Bonnet formula.
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Theorem 6.2. Let (M, go, u) be a 3-dimensional solution to problem (1.6) and let N C
M\MAX(u) be an outer region with virtual mass m = w(N, go, u). Then

= [(%)2 = 3r2em (1~ (%)2>:|Ki|si|

P
i=0Ki

< 47rrf(m)

where 9N = So U ---U S, and ko > - -+ > kp are the surface gravities of So, ..., Sp.
Moreover, if the equality holds then dN is connected and (M, go, u) is isometric to the
Schwarzschild—de Sitter solution with mass m.

Proof. For n = 3, the formula in Corollary 6.1 rewrites as

P 2
Z/ Ki |:Rsi —2r; 2 (m) + [5+4mr:3(m)] <l — —’2>:| do > 0.
i=0 75

Ko

Since 1 — r2(m) — 2mry ' (m) = 0 by definition, we compute 5 + 4mr;>(m) = 3 +
2ry 2(m). Moreover, from the Gauss-Bonnet formula, we have f s; RSido = 47w x(S;)
foralli =0, ..., p. From [5, Theorem B], we also know that each S; is diffeomorphic
to a sphere, hence x (S;) = 2. Substituting these pieces of information inside the above
formula, with some manipulations we arrive to the thesis. O

The local formula proven in Theorem 6.2 may be compared with Theorem 1.8 by
Ambrozio [5]. Although our result has the virtue of being sharp for the Schwarzschild-
de Sitter solutions, the formula that we obtain is much more cumbersome. On the other
hand, our results become particularly nice when the boundary d N is connected. In fact,
in this case, the constancy of the quantity |Du| on the whole boundary allows to obtain
the following stronger results.

Corollary 6.3. Let (M, go, u) be a solution to problem (1.6) and let N € M\MAX (u)
be an outer region with virtual mass m. If N is connected, then it holds

dN
[ON] < </ —R do) r2(m).
an (n—1)(n —2) "

Moreover, if the equality is fulfilled, then the solution (M, go, u) is isometric to a gen-
eralized Schwarzschild—de Sitter triple (1.14) with mass m.

Proof. The result is an immediate consequence of Corollary 6.1 and the fact that [Du/|
is constanton dN. O

Theorem 6.4. Let (M, go, u) be a 3-dimensional solution to problem (1.6) and let N C
M\MAX(u) be an outer region with virtual mass m. If 0N is connected, then dN is
diffeomorphic to S* and it holds

|ON| < dmr2(m).

Moreover, if the equality holds, then the solution (M, go,u) is isometric to the
Schwarzschild—de Sitter triple (1.9) with mass m.

Proof. Substituting n = 3 in Corollary 6.3 and using the Gauss-Bonnet formula, we
immediately obtain

4 x(AN) = 2r;2(m) [dN].

In particular, x (9 N) has to be positive, hence d N is necessarily a sphere and we obtain
the thesis. O
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6.2. Area bounds for inner regions. Here we proceed as in Sect. 6.1 to prove analogous
integral identities when N is an inner region.

Theorem 6.5. Let (M, go, u) be a solution to problem (1.6) and let N € M\MAX(u)
be an inner region with virtual mass m = (N, go, u). Then it holds

RBN
f Addo < (f A—da) 2 (m)
aN aN (n—=1(n-=2)
nln — (o +3)] 42 5
T =De-2) </3NA (1-47) dg) e

where is the scalar curvature of the metric induced by gy on dN, o > 1 is the
solution of (4.15) and A is the step function defined in (6.1). Moreover, if the equality
holds, then the solution (M, go, u) is isometric to a generalized Schwarzschild—de Sitter
triple (1.14) with mass m.

RBN

Proof. As in the proof of Corollary 6.1, it is enough to translate formula (4.19) in terms
of u and go, using the relations developed in Sect. 3.1. Again one starts by noticing that

17'”2

2 _ vV 2 _
Vol = 2 [Dul”,  and Ig}aVXIprlg =1,

where the second identity follows from Lemma 2.2. In particular we have

1.2
(1//—2) max [Dul? = 1,
us/lgn ON

which in turn implies |Vg0|§, = |Du|?/ maxyy |Du|?. Translating also Ric, in terms of
Ric, with similar computations to the ones done in the proof of Corollary 6.1, from
formula (4.5) we obtain

] u a+2 u |Du|?
a{ |Du|[—Rlc(v, V) = (n— 1)@ + <T”+(” B DN) (1 B m)}
do > 0,

where we recall that the equality holds if and only if the solution is isometric to the
Schwarzschild—de Sitter solution). We remark that the above formula is not completely
rigorous, as the quantity u/(yv) is not defined on 9N, because ¥y — 0 as u — 0.
However, from formula (2.2) that quantity can be explicitated as

L e [I=—-2my"]
. ’

which has a finite value on the boundary, as ¢ = r_(m) on dN (because N is an
inner region and v is defined as specified in (2.4)). Moreover, using the Gauss-Codazzi
equation we have 2Ric(v, v) = R — RN = n(n — 1) — R?V, hence we can rewrite the
above inequality as
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/ |Du|[RaN — (=D —2)(1+ 2mr:"(m))i| do
IN

> _/ [(an +24+201 — D)(n — Z)mr_"(m)) (1 - ﬂ) } do
N aN - maxyy [Dul?

We also recall that r_(m) satisfies 1 — r2(m) — 2mr " (m) = 0, hence we easily
compute

L+ 2mr="(m) = r=2(m).
Substituting in the integral inequality above we obtain
/ A|:R3N —(n—1n - 2)r_2(m)] do
N
> / [((an +2)+2(n — 1)(n — 2)mr:”(m)) (1 _ A2) } do,
N
where A is the step function defined in (6.1). The thesis follows with some easy

algebra. 0O

Since A < 1 on dN by definition, for n > 4 Theorem 6.5 gives the following formula

RBN
/ Aldo < (/ A—da) r(m).
N o (1= D —2)

Concerning dimension n = 3, the above result can be made more explicit using the
Gauss-Bonnet formula.

Theorem 6.6. Let (M, go, u) be a 3-dimensional solution to problem (1.6) and let N C
M\MAX((u) be an inner region with virtual mass m = w(N, go, u). Then

S () derzon(1 - (5)) wis

p .
i=0Ki

< dxr?(m)

where a > 1 is the solution to equation (4.15), 0N = SoU- - -US, and kg > --- > Kk are
the surface gravities of So, . .., Sp. Moreover, if the equality holds then O N is connected
and (M, go, u) is isometric to the Schwarzschild—de Sitter solution with mass m.

Proof. For n = 3, the formula in Corollary 6.5 rewrites as

P 2
Zf ki |:RS" —2r=%(m) + (3a+2+4mr:3(m)) (1 -~ '%)} do > 0.
i=0"Si Ko

Since 1 —r2 (m) —2mr="(m) = 0 by definition, we compute 3o +2+4mr_>(m) = 3a +
2r:2(m). Moreover, from the Gauss-Bonnet formula, we have f s; RSido = 4 x(S))
foralli =1, ..., p. From [5, Theorem B], we also know that each S; is diffeomorphic

to a sphere, hence x (S;) = 2. Substituting this information inside the above formula,
with some manipulations we arrive to the thesis. O
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As in the outer case, when d N is connected, the constancy of the quantity |Du| on the
whole boundary allows to obtain stronger results.

Corollary 6.7. Let (M, go, u) be a solution to problem (1.6) and let N € M\MAX (u)
be an inner region with virtual mass m. If 0N is connected, then it holds

IN
[ON] < (/ _ R do) rZ(m).
an (n =1 —2)

Moreover, if the equality is fulfilled, then the solution (M, go, u) is isometric to a gen-
eralized Schwarzschild—de Sitter triple (1.14) with mass m.

Proof. The result is an immediate consequence of Corollary 6.5 and the fact that |Du|
is constanton dN. O

Theorem 6.8. Let (M, go, u) be a 3-dimensional solution to problem (1.6) and let N C
M\MAX(u) be an inner region with virtual mass m. If 0N is connected, then dN is
diffeomorphic to S* and it holds

|ON| < 472 (m).

Moreover, if the equality holds, then the solution (M, gy, u) is isometric to the
Schwarzschild—de Sitter triple (1.9) with mass m.

Proof. Substituting n = 3 in Corollary 6.7 and using the Gauss-Bonnet formula, we
immediately obtain

47 x(AN) > 2r=%(m)|ON]|.

In particular, x (0 N) has to be positive, hence d N is necessarily a sphere and we obtain
the thesis. 0O

7. Black Hole Uniqueness Theorem

In this section we will prove the Black Hole Uniqueness Theorem 1.9 stated in Sect. 1.5,
in the case where m; < mpax. The case my = mp,x requires a different analysis, as
the model solution will be the Nariai triple (1.11), and it will be studied in Sect. 8. The
hypothesis m < mmax allows us to use the metric g and the functions W, ¢ defined in
the previous sections by formule (3.1), (2.1), (3.9). We recall the definitions here, for
the reader convenience. The function ¥ = ¥ o u is defined as

v: M — [r_(m),r+(m)]
Yi(u(p)) ifp e My,
p > Y(p)=1¥-(u(p) ifpeM_,
ro(m) if p € MAX(u),

where we recall that ¥, : My, — [ry(m), ro(m)] and ¥_ : M_ — [ro(m), r—(m)] are
defined implicitly as the two determinations of the equation

W =1—y> = 2my>".
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In turn, the metric g and the function ¢ are defined as

r4+(m) dt
o(p) = /
w(p) A1 —12 = 2me?n
_ &
8= @-

We start by stating a lemma on the regularity of the pseudo-radial function along the
hypersurface separating the two regions M, and M_.

Lemma 7.1. Let (M, go, u) be a 2-sided solution to problem (1.6), let V be the global
pseudo-radial function defined by (2.5) with respect to a parameter m € [0, Mmmax) and
let g, ¢ be defined by (3.1) and (3.9). Then, at each point in the top stratum of ¥, we
have that g, W and ¢ are € and that [Volg = 1.

Proof. Proposition 2.7 tells us that W is €7 at each point of the top stratum of X.
The regularity of g and ¢ follows immediately from their definition. Finally, recalling
formula (2.15), we get

|Du/?

5 = 1.
Y2 [1 = (n—2)my—"]

\Vol; =

This concludes the proof. O

Lemma 7.1 will play an important role in the proof of the following theorem. which
will be a crucial step in the proof of Theorem 1.9.

Theorem 7.2. Let (M, go, u) be a 3-dimensional 2-sided solution to problem (1.6), and
let ¥ € MAX(u) be the stratified hypersurface separating M, and M _. Let also

my = u(My, go,u), and m_ = (M-, go,u)

be the virtual masses of My and M _, respectively. Then

Moreover, if my, = m_ then ¥ is a €°° hypersurface and it holds

H =2m;?? - 3, (7.1)

h = m;?? =3 g7, (7.2)
RE = 2m; >, (7.3)
Ric(v,v) = 0, (7.4)

where v is the go-unit normal to X pointing towards M, H and h are the mean curvature
and second fundamental form of ¥ with respect to v, R* is the scalar curvature of the
metric go2 induced on X by g.
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Proof. If my = mmax the first part of the statement is trivial, whereas the second part
will be proved in Sect. 8. Therefore, from now on we focus on the case m, < mpax.
To prove the first part of the statement let us suppose that m; < m_ and then deduce
from this a contradiction. Fix a value m € [m., m_] and define the global pseudo-radial
function ¥ = 1 o u with respect to this parameter. We recall from Lemma 7.1 that the
function W is % in a neighborhood of the points in the top stratum of X. In turn, also
the pseudo-affine function ¢ defined by (3.9) is %7 in a neighborhood of ¥, and so is
the metric g = go/W?2. In particular, the scalar curvature R, is continuous, and from
formula (3.16) we deduce that

. H 2 . H 2

lim (1 —[Vol,) = x_)[}}r)rcleM vl —[Vely)

xX—p, xeMy

for every p in the top stratum of X. As observed in Remark 2, following the proof of
Lemma 2.2 it is easily seen that, since m € [my, m_], it holds

[Volg <1

_ ‘ Du

Y (1l —my=3)
on the whole boundary 0M = dM, L1 dM_. We can then apply the Minimum Principle
to the elliptic inequality (3.24) on M, and M_, as we have done in Proposition 3.3. This
proves that [Vg|, < 1 on the whole M\MAX(u). Furthermore, we recall that v has

positive sign on M_ and negative sign on M,. Therefore v (1 — |V<p|§) has to change
sign when passing through X, hence

lim /(1 — [Vg[3) =0
X—)[)

for every p in the top stratum of X. In particular, Ay = 0 and |Vg|, = 1 on
X. Moreover, |[V¢|, has a maximum on X, hence V|V<p|§ = 0 on X. In particular,
V2p(vg, vg) = (Vo | VIV@[3)e/IVel; = 0, where v, = Vo/|Vg|, = Vg is the g-
unit normal vector field to X. At the points in the top stratum of X, the mean curvature
H, of ¥ with respect to g and the normal v, can be computed using formule (3.17)
and (3.18). Using the fact that Az = V2<p(vg, ve) = 0on X, from (3.18) we deduce

H, = 0, (7.5)

on X. Translating (7.5) in terms of gg using (3.20), and recalling that | V¢|, = W/u | |IDu|
=1 on X, we obtain

_ g Umax(m) s, (7.6)
ro(m)
Notice that the formula for H depends on the parameter m, which can be chosen freely in
the range [m., m_]. But this is a contradiction, as the value of H cannot vary depending
on m but depends only on the geometry of X. This proves that m, cannot be smaller
than m_.

To prove the second part of the statement, let us define W, ¢, g with respect to the
parameter m, = m_. We have already observed that W, ¢ and g are % in a neighborhood
of the points of the top stratum of X. We also recall that, as computed above, on the top
stratum of ¥ we have Agp = szp(vg, vg) = Hg = 0. Now we choose a point p in the
top stratum of ¥ and we consider an embedding

Fo:B2—> M
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such that o = Fy (ﬁ) is contained in the top stratum of X. We know from Lemma 7.1
that |[Vg|, = 1 ateach point in the top stratum of X. Given a small enough number & > 0

we can use the gradient Vg to extend the map Fj to a cartesian product [—¢, €] x ﬁ,
obtaining a new map

F:[—e,e]lx B2 M, (5,60',6%) — F(s,0',0%),
satisfying the initial value problem

dF Vo

— = —=—50F, F(@O,) = F().

ds ~ Vel
It is not hard to chgk that o (F (s, 0',0%) = ©o + 8, so that, for all s € [—¢, €], the
image X, = F(s, Bz)_belongs to the level set {¢p = ¢o + s}. Let us denote by C, the
cylinder F([—¢, €] x B?). Integrating Bochner’s formula on C,, we obtain

1 .
/C IV2eladu, = /C [EAgwwﬁ — Ricg(Vo, Vo) — <V¢|VAg<o>g]dug

€

1 .
=3 / (VIVel Ing)gdoy — / Ricg (Vo, Ve)dig
C, C,

+ f (Agp)dug — f Agp(V | ng)edo,
C, 0C,

where n, is the g-unit outward normal vector field to dC, and in the second equality we
have integrated by parts. We can rewrite the above formula as follows:

= | (1908 = (249) +Ric, (V. V) | du
Ce

1
=% facg [W'V‘P'ﬁ Ing)g — 2A40(Ve| ng>g] do. (1.7)

Let us study in more details the right hand side of this formula. First of all, we notice
that the integrand goes to zero as we approach Xy. We also know thatn, = Vo/|V|,

on ¥, = F(s,ﬁ) andn, = —Vg/|Vgp|, on X_, = F(—s,ﬁ). Moreover, from
the second equation in (3.13) it follows that Ag¢ is positive on M_ and negative on
M., so that in particular Aggp > 0 on ¥, and Agzp < 0 on X_,. Concerning the
function (V|V(p|§ | V), we first notice that it is differentiable since ¢, g are €3, We
now distinguish two cases: either its gradient V(V|V¢ |§ | Vo) is zeroin p oritis not. If
its gradient is zero, this means that the function (V|Vg0|§, | Vo) goes to zero at the first
order as we approach p, which in turn implies that (V|V<p|§ | Vo)g = o(e). If instead
V(V|V¢|§ | Vo)g(p) # 0, then up torestricting C, we can assume V(V|Vg0|§ Vo), #
0 on the whole C,. This implies that inside C, the level sets of (V|Vg0|§ | Vo), form a
foliation of regular hypersurfaces, the zero level set corresponding to Xg. Since [Vo|
assumes its maximum value 1 on X, it is easily seen that (V|Vg0|§, [Vp)e <0on M_
(in particular on %) and (V|V(p|§ | Vo)g > 0 on M, (in particular on X_.). In other

words, we have (V|Vg0|§ Ing); < 0on X, and on X_;. In particular, in both cases we
have shown that the integrand on the right hand side over ¥, U X_. is bounded from
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above by a function going to zero faster than ¢ as we approach p. We also notice that
the 77"~ !-measure of dCs\(X_; U X,) is of the order of ¢. Therefore, using the coarea
formula on the left hand side, equation (7.7) gives

L[ U ! (|v2¢|§ — (Agg)* +Ricy (Vo w)) dog]ds <5, (18)
2e J_¢ N |V<p|g

where § — 0 as ¢ — 0. Since ¢ is >, we can use the mean value property on the
function

1
> (|V2(p|2 — (A,0)? +Ric, (Vo, Vgo)) do
./zx Vol § ‘ ¢ ¢
to deduce that there exists a value x € (—¢, ¢) such that

! ( 212 2 L Ri
= (IV20I2 = (Ag9)* +Ricy(Vo, Vg) ) do
/zx Vol V7 P T 0 ¢ ¢

1 & / 1 ( 2 2 2 .
= — V2012 — (A,9)? + Ric, (Vo, w)) do, |ds < 8.
2e —8[ X |V(p|g # ¢ ¢ ¢

Recalling that Agp = V2<p(vg, vg) = 0 on X, from the first equation in (3.13) we find
Ricg (vg, vg) = 0 on Z. Therefore, taking the limit as ¢ — 0 of the above inequality,
we get

f |V2¢l; doy < 0.
o

It follows that V2 = 0 on X, which we recall is a neighborhood of p in . Therefore,
from formula (3.19) we also deduce that h, = 0 at each point in the top stratum of X.
Since the points in the top stratum of ¥ are dense in X, it follows that h, = 0 at each

point where h, is well defined, that is, at each point where X is a %” hypersurface. Since
later we will show that X is €°°°, a posteriori we will have that h, = 0 on the whole X.

Substituting formula (7.6) in (3.19), we also find 0 = |hg|§, = mi/3|ﬁ|2. Therefore,
h = 0 and it follows

s

h = Ego2 = Vm=23 —3gF.
Now we pass to compute the scalar curvature of 3. We have proven above that Ric, (vg, vg)
= |hg|; = Hy = 0 on the top stratum of X. Moreover, from (3.16) we have R, = 2 on
3. Therefore, from the Gauss-Codazzi equation we find

Ry = R, — 2Ric, (vg. vg) — |hg|} +H; = 2. (7.9)
Noticing that R? = mi/ 3 RZ, where R? is the scalar curvature of the metric induced
by go on X, from identity (7.9) we obtain
R* = m:2/3 RgE = 2m:2/3.
Finally, recalling that Dzu(v, V) = —3umax On X, we obtain

D2u(v, v)
_— +

Ric(v,v) = 3(vlv)y = 0.
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This concludes the proof of the formula stated in Theorem 7.2.

It remains to show that, under the hypothesis m, = m_, the hypersurface X is
necessarily . We start by recalling from Proposition 2.8 that X is a %' hypersurface,
so that in particular its unit normal vector is defined everywhere. Let us start by computing
the derivative of the normal vector v at a point p of the top stratum of X. Let v, X5, X3
be an orthonormal basis of T), M. Differentiating the identity lv|? = 1 we deduce that

0 = (Dyv|v),
0 = (Dx;v|v) = (DyX;|v) = =(X; |Dyv), fori=2,3,

at each point in the top stratum of X. This shows that D,v = 0. Moreover, from our
previous computations we get

(DX,-lej) :h(Xi,Xj) = m72/3_38ij-

Now that we know the components of Dv on the top stratum, since the points in the
top stratum are dense in X, it is clear that the limit of Dv exists when we approach
every point of X. It follows that the normal vector is differentiable, that is, ¥ is &2,
Differentiating again the formula

(DXI.U|V> =0, (DXI.V|X]‘) = \/m*2/3—35,-j, and Dyv = 0,

we easily get D1 = 0 on the top stratum. From this it follows that D» = 0 on the
top stratum for every k > 2, hence the limit of all the derivatives of v exist when we
approach every point of X. This proves that the normal vector is smooth, which in turn
implies that ¥ is €°°. 0O

The next result follows combining Theorem 7.2 with Corollary 3.5, in order to obtain
lower bound on |0 M |.

Proposition 7.3. Let (M, go, u) be a 2-sided solution to problem (1.6), and let ¥ C
MAX(u) be the stratified hypersurface separating My and M_. Let also

my = w(My, go,u), m— = u(M-, go,u)
be the virtual masses of My and M_. Suppose my = m_ < mmax. Then it holds

R> | 2] |0 M|
299 = 55 = 3o,
x 2 my ry(my)

Moreover, if the equality holds in the latter inequality, then (M, go, u) is isometric to a
generalized Schwarzschild—de Sitter solution (1.14) with mass my = m_.

Proof. The proof is just a collection of the previous results. From formula (7.3), we get
RE
m?/3 / = _do = |3|.
s 2

We also recall that [Vg|, — 1 as we approach X, as proven in Theorem 7.2 above.
Therefore, from Corollary 3.5 we deduce

Xy = [9My]g.
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where we recall that the metric g is defined by g = go/W?. In particular, it holds
|0M. | |X]

IMilg = 5——, |l = 575
o T omdB

Putting together these formula we easily obtain the thesis. O

If we also assume the hypothesis that d M, is connected, we can use Corollary 6.3 to
obtain a bound from above on d M. Combining this bound with the bound from below
given by Proposition 7.3, we obtain the chain of inequalities

R* |0 M, | / ROM+
s 2 ri(my) M, 2

do. (7.10)

Combining this inequality with the Gauss-Bonnet formula, we obtain the following
uniqueness theorem.

Theorem 7.4. Let (M, go, u) be a 3-dimensional 2-sided solution to problem (1.6), and
let ¥ € MAX(u) be the stratified hypersurface separating M, and M_. Let also

my = n(My, go,u), m— = (M-, go, u)
be the virtual masses of My and M_. If the following conditions are satisfied

e mass compatibility my =m_ < Mmax,
e connected cosmological horizon — dM, is connected,

then (M, go, u) is isometric to the Schwarzschild—de Sitter triple (1.9) with mass my =
m_.

Proof. The chain of inequalities (7.10) tells us that

/RE do 5/ R3M+dc7,
) M,

and the equality holds if and only if (M, go, u) is isometric to the Schwarzschild—de
Sitter solution (1.9). Applying the Gauss-Bonnet formula to both sides of the above
inequality, we obtain

k
4m Yy x(i) < 4w x(IM.).

i=1

We recall from Theorem 6.4 that if d M, is connected then d M, is diffeomorphic to a
sphere, hence we get

k
Y xE) <2, (7.11)
i=1

where X1, ..., ¥ are the connected components of ¥. Moreover, the equality holds

in (7.11) if and only if (M, go, u) is equivalent to the Schwarzschild—de Sitter solution.
On the other hand, from formula (7.3) we get

RY = 2m+2/3 > 0,
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hence

k
z:x(zg - /,dea > 0.
i=1 z

Since X is a separating surface, X is necessarily orientable, therefore its Euler charac-
teristic is necessarily an even number. Since x (¥) > 0, it follows x (X) > 2. Therefore,
the equality must hold in (7.11) and this triggers the rigidity statement. O

8. The Cylindrical Case

In this section we deal with the case where the virtual mass of a region N is equal
to mmax. We notice that the metric and the static potential of the Schwarzschild—de
Sitter solution (1.9) collapse as the mass m approaches mpax. Nevertheless, it is well
known (see for instance [17,18,21,31]) that, if one rescales the static potential and the
coordinates during the limit process in order to avoid singularities, then the limit of the
Schwarzschild—de Sitter solution as the mass m approaches mmax can be seen to be the
Nariai triple (1.11). Therefore, in this section, the Nariai triple will play the role of the
reference model. While the following computations are different from the ones shown
in the preceding sections, the ideas and the conclusions will be analogue.

Normalization 2. According to the Nariai solution (1.11), throughout all this section,
the static potential u is normalized in such a way that umax := maxpy (u) = 1.

8.1. Conformal reformulation. Let (M, go, u) be a solution to system (1.6), and let N
be a connected component of M \MAX (1) such that maxsy |Du| = +/n. On N, consider
the metric

n

n—2

We want to reformulate problem (1.6) in terms of g.

8= 80- (8.1)

Remark 6. We notice that this conformal change is analogue to the conformal change (3.1)
(in fact, the value of the pseudo-radial function W defined in Sect. 2.1 goesto \/(n — 2)/n
as m — mmax)- In this case, the conformal change (8.1) is just a rescaling of the metric,
hence it is not really necessary for the following analysis. However, we have preferred to
introduce it, since it allows for an easier comparison between the following computations
and the ones shown in the previous sections for m # mimgx.

We fix local coordinates in M and we denote by Fgﬁ, Gzﬁ the Christoffel symbols
of g, go. It is clear that Fgﬁ = Ggﬁ. Denote by V, A, the Levi-Civita connection and
the Laplace-Beltrami operator of g. For every z € 4°°, we compute

Vagz =Dz (8.2)

[03
n—2

Agz = Az (8.3)
Moreover, since the Ricci tensor is invariant under rescaling, we have Ric, = Ric.
Consider now the function

arcsin(u)

= (8.4)
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Since u is normalized in such a way that uax = 1, the function ¢ is well defined, is zero
on dN and goes to w/(2+/n — 2) when we approach MAX(u). Moreover, the gradient
and hessian of ¢ satisfy the following identities

Vo2 = L |D"|2, (8.5)
8 nl1—u?
1 u
2. _ - 2
Vop = Y |:Du+ l_uzdu@)du]. (8.6)

Some more calculations show that, with respect to (¢, g), the equations in (1.6) rewrites
in N as

Jn—2 5
Ric,=——+—V9o—n—-2de@de+(n—2)g, inN
Agp = —/n — 2 tan(v/n — 2¢) (1 - |V¢|§) , in N 57
¢ =0, on N
T —
= P — on N N MAX(u).
¥ =¢0 N ()

We observe that, since g is just a rescaling of go, we have Ric, = Ric. In particular the
scalar curvature of g is constant and more precisely

R =@m— D —2). (8.8)
We can also prove the analogue of Proposition 3.2.

Proposition 8.1. Let (M, go, u) be a solution to problem (1.6), and let N be a cylindrical
region. Let g = [n/(n — 2)]go and let ¢ be the pseudo-affine function defined by (8.4).

If V¢ = 0and [Volg = 1on N, then (M, go, u) is covered by a generalized Nariai
solution (1.15).

Proof. Proceeding as in the proof of Proposition 3.2 one shows that (N, go, u) is iso-
metric to a region (MY, gg, u") of a Nariai solution (1.11), that we denote in this proof
as (M", g;, u"). We then distinguish two cases, depending on whether the hypersurface

Yy = N N MAX(u) is two-sided or one-sided.

e If X is two sided, then one can proceed exactly as in Proposition 3.2 to prove that
the isometry extends beyond X . Therefore, (M, go, u) is isometric to the Nariai
solution (1.11).

e If ¥ is one sided then, reasoning as in Proposition 4.1, we have that (M, go, u) =

(ﬁ, g0, 1) is isometric to (MZ, g(’;, u")/ ~, where ~ is a relation on the points of
MAX" (1) = {p € M" : u"(p) = umax} C M.

induced by an involution of MAX" (). Notice that MAX" (u), with the metric induced

by gg, is isometric to an Einstein manifold (E, gg), hence the relation ~ gives rise

to an isometric involution ¢~ : E — E. But then one can check that

(M, gh,u")) ~= (M", g8, u")/1
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where ¢ : M" — M" is the involution defined, for any (r, x) € [0, 7] x E = M",
by

t(r,x) = (m —r,1~(x)).
In particular, (MZ, g(')', u'")/ ~ is covered by the Nariai solution (1.11) with fiber E,
and so the same holds for our initial manifold (M, go, u) = (ﬁ, g0, U).

This concludes the proof. 0O

Proceeding as in Sect. 3.2, from identity (8.6) one can also prove the following
formule for the second fundamental form and mean curvature of a level set {¢ = s}

1 |Du| h H, |Vl ~n—2 |Du|
——— _h, @l = L el B
V=2 1 —u? ¢ ¢ no 1 —u?

Furthermore, starting from the Bochner formula and using the equations in (8.7), we
find

he [Vol, = H. (8.9

1+2 tan?(/n — 2 ¢)
Vol2 — Jn =3 2

= 2V2pl; = 2(n = ) tan’(Vn = 29) [Velg (1 = [Velp).  (8.10)

Letw = 8(1 — |V(p|§,), where 8 = cos(v/n — 2 ¢). With computations analogous
to the ones shown in Sect. 3.3, we arrive to the following equation

i3

- = — (n—2) tan’>(v/n — 2
Agw tan(\/nT2<p) (Vo | Vw) (n ) tan“(v/n )
[(n+2)|vgo|§,+(n —2)]w
2
= —2 cos(v/n —2¢) [|v2¢|§ — %} < 0. (8.11)

In particular, we can apply a Minimum Principle to find the following analogue of
Proposition 3.3.

Proposition 8.2. Let (M, go, u) be a solution to problem (1.6), let N be a connected
component of M\MAX(u) with virtual mass m = mpyax, and let g, ¢ be defined
by, (8.1), (8.4). Then

Volg <1

on the whole N.
Moreover, if |Vo|g = 1 at a point in the interior of N, then V|, = 1 on the whole
N and (M, go, u) is isometric to a generalized Nariai solution (1.15).

Proof. The proof is completely analogue to the proof of Proposition 3.3 for the case
m # Mmax, S0 we will not give all the details.

Since maxyy |Du| = /n, from (8.5) we deduce w > 0 on dN. Moreover, again
from (8.5), and Lemma 2.5, we have that w goes to zero as we approach MAX (). In
particular, since cos(+/n —2¢) — 0 as ¢ — ¢o, we have w — 0 as we approach
MAX(u). In particular, for any € > 0 we can find a small neighborhood 2. of MAX ()
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such that w > —e on d(N\€2,). The thesis follows applying the Minimum Principle in
N\€2, and then letting ¢ and the volume of €2, go to zero.

Now we pass to the proof of the second part of the statement. Let x be a point in
the interior of N such that [Vg|g(x) = 1. In particular it holds w(x) = 0 and we have
proved above that w > 0 on the whole N. Applying the Strong Minimum Principle on
an open set §2 containing x, we obtain w = 0, or equivalently |Vg|, = 1, on 2. From
the arbitrariness of 2 we deduce |V¢|, = 1 on N, and plugging this information inside
the Bochner formula (8.10), we obtain |VZ¢| ¢ = 0. We can now invoke Proposition 8.1
to conclude. O

Now we consider the function
D(s) =/ [Vo|g dog, (8.12)
{p=s}

which is defined on s € [0, ¢g], where we recall that we have set o9 = 7/(2+/n — 2).
Proceeding as in the proof of Proposition 3.4, as an application of Proposition 8.2 one
can prove the following monotonicity result for ®.

Proposition 8.3. Let (M, go, u) be a solution to problem (1.6), let N € M\MAX(u) be
a cylindrical region, and let ® (s) be the function defined by (8.12), with respect to the
metric g and the pseudo-affine function ¢ defined by (8.1), (8.4). Then the function ®(s)
is monotonically nonincreasing. Moreover, if ®(s1) = ®(s2) for two different values
0 < s1 < 52 < @o, then the solution (M, go, u) is isometric to a generalized Nariai
triple (1.15).

From Proposition 2.7 and formula (2.14) we also know that |Vg|, goes to 1 as we
approach the points where MAX () is an analytic hypersurface. Proceeding as in the
proof of Corollary 3.5 we obtain the following.

Corollary 8.4. Let (M, go, u) be a solution to problem (1.6), let N € M\MAX (u) be a

cylindrical region, and let g and ¢ be defined by (8.1), (8.4). Let also ¥y = N N M\N
be the hypersurface separating N from the rest of the manifold M. Then

|8N|g > |2N|g-

Moreover, if the equality holds, then (M, go, u) is isometric to a generalized Nariai
triple (1.15).

In order to make use of Corollary 8.4, we need some information on the set MAX ()
and on the behavior of Vg at the limit ¢ — ¢p. In Sect. 8.4 we will see how to recover
some more explicit information from Corollary 8.4 in the case where our solution is
2-sided according to Definition 4.

8.2. Integral identities. Consider the vector field Y = V|V¢|§ +AgpVe. Asin Sect. 4,
this vector field has been chosen because it vanishes if N is a region of the model solution
(the Nariai triple (1.11), in this case) and because it can be used to construct a vector
field with nonnegative divergence. Starting from the Bochner formula (8.10), we easily
compute

1+ 3tan’(V/n — 2¢)
tan(v/n — 2¢)

divg(Y) — v/n—2 [ }(wmg = 2|V?[; + (Agp)* = 0.
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If we introduce the function

— cos’(vn —2¢) (8.13)
v sin(+/n — 2 ¢) ’ ’

the identity above can be rewritten as

dive(y ¥) = y [2 V202 + (qu))z] > 0. (8.14)
As an application of the Divergence Theorem, we obtain the following result, which is
the analogue of Propositions 4.1 and 4.2.

Proposition 8.5. Let (M, go, u) be a solution to problem (1.6), let N € M\MAX(u) be
a cylindrical region, and let g and ¢ be defined by (8.1) and (8.4). For any 0 < s < ¢g
it holds

) 3
/ [Volg | Ricg(vg, vg) — =(n —2)(1 — |pr|§) dog
N 2
1
= —n —2/ % [|v2<p|§+§(Ag¢)2} <0, (8.15)
N
where y is the function defined by (8.13). Moreover, if the equality
i 3
f IVol, |:Rlcg(|)g, ve) = 5 (1 = 2)(1 - |V<p|§)] dog = 0, (8.16)
N

holds, then the solution (M, go, u) is covered by a generalized Nariai triple (1.15).

Proof. Let us recall from Sect. 1.1 that u is an analytic function. In particular, also ¢ is
analytic in the interior of N, hence its critical level sets are discrete. It follows that we
can choose 0 < s < § < ¢, with s arbitrarily close to 0 and S arbitrarily close to ¢
such that both s and S are regular values for ¢. Integrating divg(yY) on {s < ¢ < S}
and using the Divergence Theorem we obtain

div.yNydo, = [ (v | —2-) do
¢ ¢ |V(,0|gg &

{S<p=<s} {p=5}
/ ()<Y’ V‘”)d (8.17)
— y (s ———) do,. .
IVolgls ¢
{p=s}
First of all, we notice that it holds
Vo
|V‘P|g

In fact, using formulz (8.5), (8.6) and (8.7) to translate the integrand in terms of u, g,
we find

lim y(S) (
5% lp=5)

Y ‘ >gdag —0. (8.18)

,,(Y w) _(VIVelg | Vo)
Volgls Volg

= ¥ IVolg [2V20(vg, vg) + Agg]

+ Agp |V¢Ig>
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\/ |D|
D2 D 1 Dul®
[n( e )= (-0 1) |

where v = Du/|Dul, vy = Vo/|Vg|s = /(n —2)/n v are the unit normals to {¢p =
S} which exist everywhere because {¢ = S} is a regular level set. Since |V(p|§, =
(1/n)|Du|?>/(1 — u?) < 1 by Proposition 8.2, we deduce that the limit of the term in
square bracket as S — ¢q (or equivalently # — 1) is bounded from above. Therefore,
in order to prove (8.18), it is enough to show that

lim (1 —u?)|Du|do = 0.

u— {M=l}

But this can be done proceeding exactly as in the proof of [14, Theorem 4.4], via a
simple argument using the coarea formula and the fact that u — 1 and [Du| — 0 (more
precisely [Du|?/(1 — u?) is bounded) as u — 1. Therefore, taking the limit as S — ¢
of (8.17), we deduce

/ y(s)<Y’&> do, = —/ dive(yY)do, <0,  (8.19)
=) IVolgls {s<p<q0}

where in the last inequality we have used (8.14). Now we compute the integral on the
left hand side. Using the equations in (8.7), we obtain

1 <Y Vo )
tan(+/n — 2 @) IVolgls
1 V2(Ve, Vo)
= 2 A,0|Vo| ]
tan(v/n — 2 ¢) |: [Volg # ¢
2 .
= Vol [ﬁ Ric (vg, vg) — 3v/n—2 (1= Vgl )} (8.20)
Moreover, recalling the definition (8.13) of y, we find
lim [an(v/n—2¢)y], = lim[cos’Wn—2¢)| =1 2D
s—0 lp=s} s—0 I

p=s}

Taking the limit of (8.19) as s — 0 and using (8.20) and (8.21), we obtain the desired
inequality (8.15).

Concerning the rigidity statement, if the equality in (8.16) holds, then necessarily
the right hand side of (8.15) is null. In particular, [Vg|, = 1 on N. Substituting this
information in the Bochner formula (8.10) we obtain |V2<p|g = 0, hence we can apply
Proposition 8.1 to conclude. O

8.3. Proof of the area bounds. The area bounds for cylindrical regions is proven in
the exact same way as in the outer and inner case discussed in Sect. 5.1. Namely, one
compares formula (5.1) with the gradient estimate proven in Proposition 8.2, obtaining
that the scalar curvature of dN is necessarily greater that or equal to the one of the
sections of the Nariai solution.
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Theorem 8.6. Let (M, go, u) be a solution to problem (1.6) of dimension n > 3, and let
N € M\MAX(u) be a cylindrical region. Then

RN > n(n—1). (8.22)

We pass now to discuss the consequences of Proposition 8.5 proved above. First of
all, translating it in terms of u# and gp, we obtain the following result.

Corollary 8.7. Let (M, go, u) be a solution to problem (1.6) and let N € M\MAX (u)
be a cylindrical region. Then it holds

/aNA[RaN—n(n—1)+3n<1—A2)] do > 0,

where R?N is the scalar curvature of the metric induced by go on dN. Moreover, if

the equality holds, then the solution (M, go, u) is covered by a generalized Nariai
triple (1.15).

Proof. 1t is enough to translate formula (8.15) in terms of u# and go, using the relations
developed in Sect. 8.1. In particular, let us notice that

, 1 |Duf?
|V€0|g = r_ll——uz’ and Hgf\l]XW‘Ng = 1,

where the second identity follows from Lemma 2.2. Therefore

1 2
—max |Du|” = 1,
n aN

which in turn implies |Vg0|§, = |Du|?>/ maxsy |Du|?. Since we have already observed
that Ric, = Ric and vy = /(n —2)/n v, from formula (8.15) we obtain

1. 3 |Du|?
|Du| [ ——Ric(v,v)+ =1 — —— | | do > 0,
N n 2 maxyy |Dul?

where we remark that the equality holds if and only if the solution is covered by the
Nariai triple.

Using the Gauss-Codazzi equation we have 2Ric(v, v) = R—RN = n(n—1)—RV,
Substituting in the inequality above we easily obtain the thesis. O

In dimension n = 3, the above formula can be made more explicit using the Gauss-
Bonnet formula.

Theorem 8.8. Let (M, go, u) be a 3-dimensional solution to problem (1.6) and let N C
M\MAX(u) be a cylindrical region. Then

2 2
i 1 i
Lo () =30 () ]est
P ==
i=0 Ki 3

where dN = So U ---U Sy, and ko > --- > kp are the surface gravities of So, ..., Sp.
Moreover, if the equality holds then dN is connected and (M, go, u) is covered by the
Nariai triple (1.11).
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Proof. For n = 3, the formula in Corollary 8.7 rewrites as

p 2

S; ki
E//qR’—6+9 1——2 do > 0.
i=0YSi Ko

From the Gauss-Bonnet formula, we have fSi RSido = 4mx(S;) foralli =0,..., p.

From [5, Theorem B], we also know that each §; is diffeomorphic to a sphere, hence
x (S;) = 2. Substituting these pieces of information inside formula above, with some
manipulations we arrive to the thesis. O

In the case when d N is connected, the constancy of the quantity |Du| on the whole
boundary allows to obtain the following stronger results.

Corollary 8.9. Let (M, go, u) be a solution to problem (1.6) and let N € M\MAX(u)
be a cylindrical region. If 9N is connected, then it holds

/ RN do > n(n — 1)|9N].
oN

Moreover, if the equality holds, then the solution (M, go, u) is covered by a generalized
Nariai triple (1.15).

Proof. The result is an immediate consequence of Corollary 8.7 and the fact that |Du|

is constant on ON. O

Theorem 8.10. Let (M, go, u) be a 3-dimensional solution to problem (1.6) and let
N € M\MAX(u) be a cylindrical region. If dN is connected, then o N is diffeomorphic
to S* and it holds
4
[ON| < —.
3

Moreover, if the equality holds, then the solution (M, go, u) is covered by the Nariai
triple (1.11).

Proof. Substituting n = 3 in Corollary 8.9 and using the Gauss-Bonnet formula, we
immediately obtain
47 x(AN) > 6|9N|.

In particular, x (0 N) has to be positive, hence d N is necessarily a sphere and we obtain
the thesis. 0O

We now pass to investigate the hypersurface Xy that separates N from the rest of the
manifold. Combining the results of this section with Corollary 8.4, it is straightforward
to obtain the following area bound.

Theorem 8.11. Let (M, go, u) be a solution to problem (1.6), let N be a cylindrical

region with smooth compact boundary dN. Let &y = NNM\N be the possibly stratified
hypersurface separating N from the rest of the manifold M. Then

RdN
[Zn] =< / ——do, (8.23)
an n(n—1)

and, ifthe equality holds, then (M, go, u) is covered by a generalized Nariai triple (1.15).



2152 S. Borghini, L. Mazzieri

Proof. Letus study the case where N is outer, the inner case being completely analogous.
From Corollary 8.4, recalling the definitions of g, ¢, we get

n—1 n—1

n 2 8 n Ta
Zyl = |2 < |O0N|, = | ——= NJ.
(n_z) Syl = ISnle < 10Nl (n_z) |

Now we conclude using Corollary 8.9. O

In particular, in dimension n = 3, applying Gauss Bonnet Theorem to the right hand
side of formula (8.23), we obtain the cylindrical case of Corollary 1.7, which we recall
here for the reader’s convenience.

Corollary 8.12. Let (M, go, u) be a 3-dimensional solution to problem (1.6), let N C
M\MAX(u) be a cylindrical region with connected boundary 9N. Let £y = NN M\N

be the possibly stratified hypersurface separating N from the rest of the manifold M.
Then

4
ISN| < Tﬂ (8.24)

Moreover, if the equality holds, then (M, go, u) is covered by a generalized Nariai
triple (1.14).

8.4. Black hole uniqueness. In this section we will complete the proof of Theorem 1.9,
started in Theorem 7.4, by discussing the missing case m, = mmax. To this end, on
M = M, U M _ we define the metric g as in (8.1), and the function ¢ as follows

arcsin(u) on M
® . (8.25)
7w — arcsin(u) on M
Vn=2 -

The function ¢ defined here is equal to 0 on dM,, it is equal to g9 = 7w/(24/n —2)
onY = M,NM_ and is equal to pmax = 7/+/n —2 on dM_. Moreover, it is easily
checked that ¢, g satisfy the equations in (8.7) on M, and M_. In particular, the elliptic
inequality (8.11) holds on every connected component of M, and M_, and this leads
to the following global estimate for the gradient of ¢ (which is defined a priori only on
M_ U M, and not on X).

Proposition 8.13. Let (M, go, u) be a 2-sided solution to problem (1.6) such that the
virtual masses my. = (My, go, u), m— = w(M—, go, u) satisfy my = m_ = Mmax,
and let g, ¢ be defined by (8.1), (8.25). Then |V¢l|, < 1 on the whole M\MAX (u).

Proof. The proof is an easy adjustment of the proof of Proposition 3.3. First of all, we
notice that our function ¢ satisfies formula (8.5) hence, thanks to the assumption, we
have

1 2
IVolg = —[Dul” < 1
n
on the whole boundary 0 M = d M, LI d M_. The thesis follows applying the Minimum

Principle to the elliptic inequality (8.11) on each connected component of M, and M_.
i
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A second important remark is that the regularity of /umax — u implies the regularity of
@.

Proposition 8.14. Let (M, go, u) be a 2-sided solution to problem (1.6), and let ¢ be
defined by (8.25). Then the function ¢ is €> in a neighborhood of each point in the top
stratum of 2.

Proof. From the definition of ¢, it is clear that it is enough to show that arcsin(u) is
%7. This is an easy exercise of analysis starting from the expansion (2.9) for u proven
before. O

As an easy consequence of the above results, we obtain the following analogue of
Theorem 7.2.

Theorem 8.15. Let (M, go, u) be a 3-dimensional 2-sided solution to problem (1.6),
and let ¥ C MAX(u) be the stratified hypersurface separating M, and M_. Suppose
that the virtual masses of My and M _ satisfy

w(My, go,u) = pn(M_, go,u) = Mmax.

Then X is a €°° hypersurface and it holds

H = 0, (8.26)
h =0, (8.27)

R* = 6, (8.28)
Ric(v,v) = 0, (8.29)

where v is the go-unit normal to ¥ pointing towards M, H and h are the mean curvature
and second fundamental form of ¥ with respect to v, R is the scalar curvature of the
metric goE induced on X by g.

Proof. This proof follows the scheme of the proof of Theorem 7.2. Define ¢ and g as
in (8.25) and (8.1), consider a point p € ¥ and consider a neighborhood €2 5 p such
that ¥ N € is contained in the top stratum of X. From Proposition 8.14 we know that
@ is €3 in Q. Therefore A ¢® is continuous in €2, thus from the second formula in (8.7)
we deduce that also tan(¢) (1 — |V(p|§,) can be extended to a continuous function along
X N Q. We also notice that [Vg|g < 1 everywhere by Proposition 8.13, whereas tan(¢)
has positive sign on M, and negative sign on M_. Therefore, tan(p)(l — |Vgo|§,) has

to change sign when passing through X, hence tan(p)(1 — |V¢|§,) =0onXNQ. In
particular, Ay = Oand |Vg|, = 1 on XN E2. Furthermore, |V¢|, has amaximumon X,
hence V|Vg|Z = 0 on £ NQ. In particular, VZ¢(vg, v,) = (Vo | V|Vg[2)e/|Ve|2 = 0,
where v, = Vo/|Vg|, = Vg is the g-unit normal vector field to X, and substituting in
the first formula in (8.7), we obtain Ric, (v, vg) = 0 on £ N 2. The second fundamental
form hg and the mean curvature H, of ¥ can be computed using formula (8.9). Since
Agp = Vzgo(vg, vg) = 0on X N L, from (8.9) we deduce

H, = 0, (8.30)

on X N Q. Proceeding exactly as in Proposition 7.2, one also shows that |hg| = 0 and
that X is €°.
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Moreover, from the Gauss-Codazzi equation we find

RY = R, — 2Ric, (vg, vg) — |hgl; + H;
) (8.31)

where in the last equality we have used from (8.8).
Translating (8.30) in terms of gg recalling (8.9), and using the fact that |V(p|§ =

(1/3) |Dul?/(1 — u?*) = 1 on %, we obtain
H=0 [?=hP = b =0
=0, = = 3 Ihelg = 0.

Finally, noticing that R* = R* /3, where R* is the scalar curvature of the metric induced
by go on X, from identity (8.31) we obtain

RZ + |
3

m2/3 (R2 + |1°1|2) - — RZ + |2 = 2.

This concludes the proof. 0O
The next result follows combining Propositions 8.3, 8.15 and the results in Sect. 8.3.

Proposition 8.16. Let (M, go, u) be a 3-dimensional 2-sided solution to problem (1.6),
and let ¥ € MAX(u) be the stratified hypersurface separating M, and M_. Suppose
that the virtual masses of My and M_ satisfy

w(My, go,u) = uw(M-—, go,u) = Mmax.

Then it holds
RE
/ —do = |Z| < |[0M.].
s 6

Moreover, if the equality holds, then (M, go, u) is isometric to the Nariai solution (1.11).

Proof. The proofis just a collection of the previous results. From (8.28), we immediately

get
RZ
/ = _do = |3
s 6

Since (M, go, u) = Mmax, we have |Vg0|§ = (1/3)|Du|* < 1 on dM,.. Moreover, we
recall from the proof of Proposition 8.15 that |V¢|g, where g and ¢ are defined by (8.1)
and (8.4) as usual, goes to 1 as we approach X. Therefore, from Corollary 8.4 we obtain

3|12 = |2y < [0M4lg = 310M,].

This concludes the proof of the inequality. The rigidity statement follows from the
corresponding rigidity statements in Proposition 8.3. O
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If we also assume that d M., is connected, then we can combine Proposition 8.16 with
Corollary 8.9 and we obtain the following inequality

f R¥do < / RM+ (g, (8.32)
= M,

Combining this inequality with the Gauss-Bonnet formula we obtain the following result,
which concludes the proof of the Black Hole Uniqueness Theorem 1.9 by addressing
the cylindrical case.

Theorem 8.17. Let (M, go, u) be a 3-dimensional 2-sided solution to problem (1.6),
and let ¥ C MAX(u) be the stratified hypersurface separating My and M_. Let also

my = w(Ms, go,u), m— = pn(M-, go, u)
be the virtual masses of My and M_. If the following conditions are satisfied

e mass compatibility M4 = M_ = Mmax,
e connected cylindrical horizon 0M, is connected,

then (M, go, u) is isometric to the Nariai triple (1.11).

Proof. Inequality (8.32) tells us that

/RZ do 5/ R3M+dc7,
) M,

and the equality holds if and only if (M, go, u) is isometric to the Nariai solution (1.11).
Recalling that ¥ has no conical singularities as proved in Theorem 7.2, applying the
Gauss-Bonnet formula to both sides of the above inequality, we obtain

k
ATy " x(%) < Amx(IM,).
i=1

We recall from Theorem 8.10 that if d M, is connected then d M, is diffeomorphic to a
sphere, hence we obtain

k
doxE) <2, (8.33)
i=1

where the equality holds if and only if the solution is isometric to the Nariai solution.
On the other hand, in dimension n = 3, formula (8.28) gives

R* = 6.

In particular, again from the Gauss-Bonnet formula, it follows

k 1 .
Y x(E) = — | R¥o > 0,
izl Vil 4 b))

but Zf: | x (2;) can only assume even integer values, hence Zf‘z 1 x(2;) > 2. Therefore
the equality holds in (8.33), as wished. O
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