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In this addendum, we remove the ambiguity for roots of higher order of denominator
formulas in our paper. These refinements state that there are roots of order 4, 5, 6, which
is the first such observation of a root of order strictly larger than 3 to the best knowledge
of the authors.

1. Introduction

In this short note, we remove the ambiguities in our paper [2, Prop. 4.29, Prop. 7.8,

)
App. C, App. D]. We will use the same notation as in [2]; in particular, d; ;(z) ::dl.}’(]’? ()
denotes the denominator formula for Rr‘l,"(rwmi))c V(@) in the affine Lie algebra of type

X,(f), where z = x/y. We also require the following.

Proposition 1.1 [3, Prop. 6.8]. Let Q be a Dynkin quiver of finite simply laced type. For
a [Q]-minimal pair («, B) of a simple sequence s = (ay, ..., d), Vél)(al) R R

Vél) (k) is simple, and there exists a surjective homomorphism

vyl B e vy e » vien e @ vy ).
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2. Type Eél) and Eéz)

In [2, Prop. 4.29], there was the ambiguity

(1)
45 ()= (— gD -9 -d - -¢D @D

for some € € {0, 1}. We shall show that e = 1.
Proposition 2.1. For type Eél), we have
da(2) = 2= ¢ —q4 =49 @ ="’ =4 —¢").
Proof. Note that, from the AR-quiver of type Eg in [2, (2.6)], we can read that
(({3,3), (}‘f(‘,)) is a [Q]-minimal pair of the simple sequence (({83), (}{5))

Hence Proposition 1.1 states that we have a homomorphism

V(@1)—g)-3 @ V(wa) gy — V(@) ® V(@s). (2.2)
Then we have
dia()*Ddaa(=)'D) az,zi(%z)ds,4(z) ekt 23)
dr4(2)ds,4(2) a1,4((—g)>2)as 4((—q)'2)
by [1, Lemma C.15]. From [2, Lemma 3.9], one can compute that
1ra(z) = [19][5][23][1] 434(2) = as5(2) = [1][3]1[21][23]
’ O [7I0171[11][13] B o O [91[11][13][15]
a14(2) = [2][22] 44(2) = [01[2]1[4]1[20][22][24]
M o4 ST IgInon 24l

Since we have computed dj 4(z), d2.4(z) and ds 4(z), (2.3) can be written as follows:

dia(—) P Ddaa(—9)')  @+gHe+ @+ 3 @+dD* e -3 —q')?c+q")

d> 4(2)ds 4(2) @+ @+g°)3 @+ e +4%)3 (@ +q'1)?
by (2.1) and
a2, 4(2)ds 4(z2) _ [191[51123][1] [11[31[21][23] [71[11] [91[111[1317[15][17]

a1 4((=)3Dag a((=)'2)  [TINTIN3] OIS 0091 BISI2R312S]

_ 23 c-C9Th
[-1251 = (=)

Thus we have

(2+q")eE+q) @+ +q) 2 — ¢ @ —q'") 2z +q") L G

@+g32 @+ @ +gN Mz +4°)3 @ +q')? (z—(=hH
GHg e+ e+ ) e+ e — 47— ¢z +4")
B @ +¢)*@+q) @ +qN* ez +q°)3 (@ +q'")?

e k[zt]

which implies that the order of degree (—g)® should be 3. O
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By applying generalized Schur—Wey1 duality

Rep(REs)
k\\ )
1 2
CEél) D) C(Q) < > C(Q) C CEéz)

we have the twisted analogue of Proposition 1.1:

Proposition 2.2. Let Q be a Dynkin quiver of finite simply-laced type. For a [ Q]-minimal
pair (o, B) of a simple sequence s = (a1, ..., &), Vg) @)®---® Vg) (o) is simple,
and there exists a surjective homomorphism

VI BBV @) » VP ) @ @ VS ().

In particular, (2.2) transfers to the following homomorphism in C(QZ) under the map
in [2, Prop. 6.5]:

V(w1)(—g)-3 @ V(@3) y=1(_gy = V(@2)-1 @ V() /5. 2.4
Next, we resolve from [2, Prop. 7.8] the ambiguity in type Eéz)
dfé;) ) = @2 —gM2 - ¢4 - q12)2+e’(Z2 — "3 = 29222 — ¢
(2.5)
for some €’ € {0, 1} by showing ¢/ = 1.
Proposition 2.3. For type Eéz), we have
d33(2) = (@ = gH@ = ¢ (@ =" @ =" -7 - ¢

Proof. By (2.4) and [1, Lemma C.15], we have

d13(v=1(=q)32)d33((—q)'2) y a2 3(v/—12)az 4(z) K[z
dr3(v/—12)d3 4(2) a13(v=1(=q)32)a3 3((—¢q)'2) ‘
(2.6)
From [2, Lemma 3.9], one can compute that
_Benes3) _ (5H19){1}{23)
e TS TTTE M T TTTER
2122 {4}{20){2}{22}{0} (24}
a3/ =10 = Faar 4.3 = Ry 1eH10}14H12)

Since we have computed d 3(z), d2,3(z) and d3 4(z), (2.6) can be written as follows:

di3(W=1(=q)*2)d33((—¢)'2)
dr3(v/—12)d3 4(2)
B (22 — qz)(zz _ q6)2(z2 _ q10)2 or3(2 q]4)4(Z2 _ q]S)S(ZZ _ qzz)z(zz _ qzs)
- (Z2 _ q6)2(Z2 _ 6110)3(22 _ q14)4(Z2 _ q18)3(Z2 _ q22)2
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by (2.5) and

ar 3(v/—12)az 4(z)
a13(v=1(=q)3az 3((—q)'z)
_ BH20123)  {SHI9HINZ3} (7M1} (OHITHITHISH13)
OHISHITHI3) ~ {THITHITHI3} ~ (=119}~ (SH21}H3H23H1}{25}
{123} P -q7h
TSH-1 T (@2 —g))

Thus we have

(Zz _ q—2)(z2 _ qG)Z(Zz _ q10)2 01‘3(Z2 _ q14)4(12 _ q18)3(Z2 _ q22)2(Z2 _ q26)

+1
(22 _ q6)2(22 _ qIO)S(ZZ _ 6]14)4(22 _ q18)3(22 _ q22)2 €k[z™],

which implies our assertion. 0O

3. Types Eél) and Eél)

In [2, App. C,D], there were several denominators which contain ambiguity for roots of
higher order (note that there were several typos in [2, App. C,D]):

M
E M
Ay} @ =G@+a)e+q)@+q ) @+q)™ @+ e+q!H e +g

(1)
E 24 e
Ayl @ =@+a)e+a) @+q)™ @+ @ +q"H e +g"H e+ @+ g,

(1)
E 24D 24D
A @=G-g)ez—q" -7 2-¢47"2

15)2(Z + q17)’

) 0
(2= g% (7 — g3 (2 — g3 — 162z — 1%,
(1)

3)
B3 @)= G+aHa+a)e+a) @ +q" G +a

) ) 3
2461 (4 g 13324617 (4 4 g15)24€)

(2 (1)
x (Z+ql7)2+e] (Z+q19)2+5] (z+q21)3(z+q23)2(z+q25)2(z+q27)(z+q29),

1) (1)
df% @ =G-gHe-gHe -9 ¢%2@—q'" 0% - ¢"HP @ - g™ - ¢'%)?

(1)
x =" - @ - "2 - " - " - ¢*¥) - ¢,
(1)
E, (1) (6} 2) 3)
d3,§t () = (z+q3)(z+q5)2(z+q7)2(z+q9)2+51 (z+q”)2+€2 (Z+q13)2+€2 (Z+q15)2+52

(2) (1) (1)
x (Z+ql7)2+52 (Z+q19)2+52 (Z_*_(121)3+e1 (z+q23)3(z+q25)2(z+q27)2(z+q29),

(1)
E 1 (2) (3) (3)
d3,§ (2) = (z — q4)(z _ q6)2(z _ qS)Z(Z _ q10)2+el (z— q12)2+el (z— ql4)2+el (z— q16)3+el

o) m
= g2 = 209244 (= 23— P2 — 22 — g2,
Eg! 5 7,2 9,2 11,2 13,2 15,2+¢D 17,3
dyg ()= (2+qg")z+q" )" @+q ) (@+q ) (2+q ) (+q 7)1 (2+q )

19)2 23,2 25)2(z+q27),

x 2+ z+¢*H 2+ ¢z +q

(D

E 24D 24D 24D 24D 24e®
Ay @) =G-qHe—gH =g =g = ¢'OTF - g'HT - g
(1)

(2) (1) [©) (1)
x (z _ql6)2+e4 (z _q18)2+e4 (z —q20)3+€3 (z —q22)3+€2 (z _qz4)3+e1
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Table 1. The minimal pairs p and their socles socg (p) of I'g in [2, App. A]

Minimal pair p <(1111101): (1222213)> ((1111202)’ (1222213» ((1%22214 ) (110 1111)>
soco(p) ((0111101)’ (1111102)* (1111111)) ((0111101)7 (1111102)’ (11112 12)> ((1211112 ) (1212213))

x (z 7q26)3(z 7q28)2(z 7q30)’
(1)
E (O] (M ) O] 2
d4§ (2) = (z+q3)(z+q5)2(z+q7)2+61 (Z+q9)2+é2 (z+q“)2+€2 (z+ql3)2+€3 (Z+q15)2+63

) @) ) &)
2 +q TS 2419 (+q22* (2 +gB) (2 +g5V 2+ 2P + 4%,

(1)

E 24D 24c@ 24e® 2D
df @ =c-qHCc—-4%@— )7 = q')T @ - ¢'H*T @ —q¢'H2

(1) 3) (2) (1
2 3 2 2
x (z _ql()) +€, (z _q18) +€1 (z _qZO) +€) (z _q22) +€) (z —(124)3(Z —(126)2(2 —ng),
(1)

E, (1 2) (1) (2)

dsg (@) =(z— qz)(z _ (14)(Z _ q6)2(z _ q8)2+el (z 7q10)2+€l (z 7q12)2+52 (z — q14)2+ez

) €3] 3) (1
x (2 _(]16)2+e2 (z _q18)2+€2 (z _q20)3+€1 (z _q22)2+€1 (z —424)3(2 —426)2(2 —ng),

(1

(2)
53 ()= g+ )+ +q P+

( (2) (3)
11)2+e1 13)2+e1 (Z+q15)2+e] (Z+ql7)2+s|

1
(z+q

(1
X @+ g7 @+ g3+ @+ @+ ¢+ 4P,

for some €\ € {0,1}, & € {0,1,2}, &) € {0,1,2,3} and €} € {0,1,2,3,4)
(i € Z>o) (i € Z>p).

Applying the same arguments in Sect. 2, we can prove that elgl) =kforalll <k <4
and i. Hence there are roots of order 4, 5, 6 also. To the best knowledge of the authors,
this is the first such observation of a root of order strictly larger than 3.

When we prove for E;l) cases, we employ the following homomorphisms

VB g1 ®@VO)gys > V(DB V(2)(—g) ® V(T) (g2
V3 —g-1 ® V() (g3 = V(1) ® V(2)(—g) @ V(0)(_g)2s
VD3 @ V@A) g1 » V() QV(S),

which can be obtained from Proposition 1.1 and Table 1.
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