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This is an erratum to the paper [CP16]. The aim of this note is to address two separate
errors in the paper. We are very grateful to Yier Lin for pointing these out to us.

1. Finite Vertical Spin Plancherel Identities

The first error propagates from the earlier work [BCPS15]. It deals with the Plancherel
identity for the Bethe ansatz eigenfunctions in the case of finite vertical spin (in our
notation, ν = q−I , where I ∈ Z≥1). This identity is formulated in Proposition A.3 of
[CP16]. The case I = 1 of this identity is the Plancherel identity for the ASEP / six
vertexmodel eigenfunctions, and it was established by Tracy andWidom in [TW08]. For
I ≥ 2, it is not clear whether this Plancherel identity is correct, and how to establish it.
The claim in Proposition A.3 of [CP16], therefore, is not justified and should be removed
from the paper.

The paper [CP16] also references the earlier work [BCPS15] where the identity for
I = 1 was claimed to follow from the general higher spin (i.e., general ν) Plancherel
identity. This claim is also false, as explained in detail in erratum [BCPS18].

2. Duality (Theorem 2.23)

All four dualities of Theorem 2.23 in [CP16] (Theorem 2.22 in the arXiv v1 version)
are false. Here, we reproduce a counterexample provided to us by Yier Lin to the fourth
of these dualities.

The original article can be found online at https://doi.org/10.1007/s00220-015-2479-5.
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Recall from [CP16, Definition 2.5], the state spaces for k ∈ Z≥1:

G
k :=

{
�g = (. . . , g−1, g0, g1, . . .) : gi ∈ Z≥0 for all i, and

∑
gi = k

}
;

WY
k := {�n = (n1 ≥ . . . ≥ nk) : ni ∈ Z for all i } .

These spaces are in bijection with each other. Namely, we view elements of bothGk and
WY

k as k-particle configurations on Z, where gi is the number of particles at site i , and
n j is the location of the j-th particle from the right.

The higher spin zero range process �g(t), with discrete time t , is defined in [CP16,
Definition 2.6]. It acts in the coordinates Gk by randomly moving particles to the right,
in a left-to-right update manner, according to certain local stochastic vertex weights L(1)

α

depending on three parameters q, α, ν.
Let �n(t) be the same higher spin zero range process, but with particles moving to the

left, and written in the WY
k coordinates.

Theorem 2.23 in [CP16] claims that �g(t) and �n(t) are dual with respect to the func-
tional

Ĝn(�g, �n) =
k∏

i=1

[gni ]q q−N↓
ni (�g),

where N↓
n (�g) = ∑

x≤n gx , and [m]q := 1−qm

1−q (note that [0]q = 0). The (one time step)

duality means that for all initial states �g(0) ∈ G
l and �n(0) ∈ WY

k , one has

E
�g(0) [

Ĝn(�g(1), �n(0))
] = E

�n(0) [
Ĝn(�g(0), �n(1))

]
. (1)

The counterexample will show that (1) is false.
Let l = 1 and k = 2, and the initial states be:

• a single particle at 0 for �g(0);
• one particle at 0 and one particle at 1 for �n(0).

The left-hand side of (1) is zero because it is a product of two factors containing [g0(1)]q
and [g1(1)]q , and at least one of these quantities is zero.

In the right-hand side of (1), the quantity under the expectation is nonzero iff �n(1) =
(0, 0). In this case, we have Ĝn(�g(0), �n(1)) = q−2, and the probability of the transition
(0, 1) → (0, 0) in �n(t) can be found from the vertex weights [CP16, (2.1)] to be

α(1 − q)(1 − qν)

(1 + α)2
.

Therefore, the right-hand side of (1) is α(1−q)(1−qν)

(1+α)2
q−2. This quantity cannot be zero

unless α = 0, q = 1, or qν = 1. The first two cases trivialize the stochastic processes.
The third case corresponds to the degeneration of the process to the stochastic six vertex
model. This type of duality for the stochastic six vertex model was established recently
in [Lin19].
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3. Updated Version

We have prepared an updated version [CP19] of the paper [CP16] which removes these
incorrect statements:

• The discussion of finite vertical spin Plancherel identities from Appendix A;
• The parts of Sections 5.3–5.5 using the finite vertical spin Plancherel identities;
• Theorem 2.23 and parts of Corollary 3.3 using it;
• Parts of Sections 5.3–5.5 involving the incorrect duality from Theorem 2.23.

There is a note in place of former Theorem 2.23 referencing this erratum. The other main
statements of the paper (the definition of new stochastic particle systems, duality relations
for them, and contour integral observables) are not affected. The updated version also
contains journal references for the cited works, and minor corrections throughout.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims
in published maps and institutional affiliations.
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