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Abstract: In this paper, we show that loop groups and the universal cover of Diff , (S')
can be expressed as colimits of groups of loops/diffeomorphisms supported in subin-
tervals of S'. Analogous results hold for based loop groups and for the based diffeo-
morphism group of S'. These results continue to hold for the corresponding centrally
extended groups. We use the above results to construct a comparison functor from the
representations of a loop group conformal net to the representations of the correspond-
ing affine Lie algebra. We also establish an equivalence of categories between solitonic
representations of the loop group conformal net, and locally normal representations of
the based loop group.
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1. Introduction and Statement of Results

In the category of groups, the concept of colimit is a simultaneous generalisation of the
notions of direct limit, and amalgamted free product. Given a diagram of groups {G;};c7
indexed by some poset Z (i.e., a functor from Z viewed as a category into the category
of groups) the colimit colimz G; is the quotient

colimz G; = (*;e7 Gi)/N

of the free product of the G; by the normal subgroup N generated by the elements
g_lfij (g) for g € G;, where f;; : G; — G are the homomorphisms in the diagram.
If the diagram takes values in the category of topological groups (i.e., if the G; are
topological groups and the f;; are continuous), then we may take the colimit in the
category of topological groups. The underlying group remains the same, but it is now
endowed with the colimit topology: the finest group topology such that all the maps
G; — G are continuous.

In the present paper, we show that loop groups and the universal cover of Diff , (S!) can
be e>1<pressed as colimits of groups of loops/diffeomorphisms supported in subintervals'
of §°.

Let now G be a compact Lie group, and let LG := Map(S', G) be the group of
smooth maps of S! := {z € C : |z| = 1} into G. This is the so-called loop group of G.
For every interval I C S!,let L;G C LG denote the subgroup of loops whose support
is contained in /. If G is simple and simply connected, then LG admits a well-known
central extension by U (1) [GW84,Mic89,PS86]:

0——U(l)— LG — LG —— 0. ¢))

Letting L G be the restrictions of that central extension to the subgroups LG, our main
result about loop groups is that

LG = colim L;G and LG = colim Z;é,
IcS! IcS!

where the colimit is taken in the category of topological groups.

Let QG be the subgroup of LG consisting of loops that map the base point 1 € S!
to e € G, and all of whose derivatives vanish at that point. We call QG the based loop
group of G (this is the version of the based loop group that was used in [Hen15]). Letting

QG be the central extension of G induced by (1), we prove that

QG = colim" L;G and QG = colim" L;G,
Icst,1¢f Ics', 1¢1

where I denotes the interior of an interval [ , and colim" G; denotes the maximal Haus-
dorff quotient of colim G;, equivalently, the colimit in the category of Hausdorff topo-
logical groups.

Let Diff, (S') be the group of orientation preserving diffeomorphisms of S!, and
let Di~ff+(S 1) be its universal cover (with center Z). Given a subinterval I C S I of the
circle, we write Diffo (/) for the subgroup of diffeomorphisms that fix the complement
of I pointwise. The groups Diff((/) are contractible and may therefore be treated as

! The the poset of subintervals of S!is not directed, so the colimits in question are not direct limits.



Loop Groups and Diffeomorphism Groups of the Circle as Colimits 539

subgroups of Diff,(S!). The group Diff,(S') admits a well-known central extension
by the reals, called the Virasoro—-Bott group [Bot77, KW09,TL99]. We write Diffﬂf(S )
for the Virasoro—Bott group and Diff%XZ(S ) for its universal cover. We then have the
following system of central extensions:

. ]
RxZ z z

0 R Diff £ %% (§1)y ———— Diif(§!) ——— 0

0 R DiffR (§1) ——— Diff, (§)) ————— 0

g g\o

At last, let us write DifféR(I ) for the restriction of the central extension by R to the
subgroups Diffy (/) C Diff, (S 1y, Our main result about diffeomorphism groups is that

Diff,(S') = colim Diffo(/) and Diff®*%(s') = colim Diffg ().
IcS! Ics!

Let Diff,(S') be the subgroup of Diff (S') consisting of diffeomorphisms that fix
the point 1 € S', and are tangent up to infinite order to the identity map at that point.
We call it the based diffeomorphism group of S'. Let DiffX(S') be the restriction of the
central extension by R to Diff, (S!). We also prove that

Diff,.(S') = colim" Diffo([), Diff]f(Sl)z colim" Diffé)R(I).
Icst, 1¢i Icst 1¢i

Remark. All our results are formulated for the C* topology (uniform convergence of
all derivates), but they hold equally well for groups of C” loops S! — G, r > 1, and for
groups of C” diffeomorphisms of S!, r > 2 (with the exception of Sect. 3.3.1, which
seems to requires r > 4 [CDVIT18]).

In the third section of this paper, we apply the above results about (central extensions
of) LG and Diff(S') to the representations of loop group conformal nets. For each
compact simple Lie group G and integer k > 1, there is a conformal net called the loop
group conformal net. It associates to an interval / C S! a von Neumann algebra version
of the twisted group algebra of L;G.

We construct a comparison functor from the representations of a loop group conformal
net to the representations of the corresponding affine Lie algebra. We also establish an
equivalence of categories between solitonic representations of the loop group conformal
net, and locally normal representations of the based loop group. This last result is needed
in order to fill a small gap between the statement of [Hen17, Thm. 1.1] and the results
announced in [Hen15, §4 and §5].
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2. Colimits and Central Extensions

The category of topological groups admits all colimits. If {G;};<7 is a diagram of topo-
logical groups indexed by some small category Z, then the colimit G = colimz G; can
be computed as follows. As an abstract group, it is given by the colimit of the G; in the
category of groups. The topology on G is the finest group topology that makes all the
maps G; — G continuous.

Let us call a small category Z connected if any two objects i, j € 7 are related
by a zig—zag i < i] — ip < i3 = i4 ... iy < j of morphisms. Similarly, let us
call a diagram connected (‘diagram’ is just an other name for ‘functor’) if the indexing
category 7 is connected.

We recall the notion of central extension of topological groups:

Definition 1. Let G be a topological group, and let Z be an abelian topological group.
A central extension of G by Z is a short exact sequence

0—Z-5G6G-5G—0
such that Z sits centrally in G, the map ¢ is an embedding (Z is equipped with the

subspace topology) and there exist a continuous local section s : U — G of m, where
U is an open neighbourhood of e € G.

Note that for U and s as above, the map s - ¢ : U x Z — G is always an open
embedding.

Proposition 2. Let {G;};c7 be a connected diagram of topological groups, let
G = colim7 G;,

and let ¢; : Gi — G be the canonical homomorphisms. Assume that there exists a
neighbourhood of the identity U C G, and finitely many continuous maps f; : U — Gj,
fi(e) = e, such that

l_[igoiofi(x)zx Vx e U

(the f; are indexed over an ordered finite subset of the objects of I). _

Let0 - Z — G — G — 0 be a central extension of G, and let G; be the induced
central extensions of G; (the pullback of G along the map ¢; : Gi — G). Then the
canonical map

colimyt 6,- - G
is an isomorphism of topological groups.?

2 Fori — j a morphism in Z, the map G; — G ;j is the unique group homomorphism which makes the
G; g Gl G] -
diagrams | | and 7 N\ commute (by the universal property of the pullback defining G ;).
Gi — G; Gi — G
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Proof. The diagram is connected, so all the central Z’s in the various G get identified
in colim7 G;. Moreover, the canonical map tz : Z — colimz G; is an embedding,
because the triangle

colimg éi

%

commutes. The quotient is easily computed:

™

z

(74

(colimz 5,-)/2 = colim(Z = (colimy 51-))
0
= colimz(colim(Z = 5,-)) = colim7 G; = G,

so the sequence 0 — Z — colimz G; — G — Oisashort exact sequence of groups. To

show that it is also a short exact sequence of fopological groups, we need to argue that the

projection map colimz G; — G admits local sections. Pick neighbourhoods U; C G;

of the neutral elements and local sections s; : U; — G;. The map x — []; i (fi(x)),

defined on the finite intersection U := () ffl (U;) C G, is the desired local section.
We have two exact sequences of topological groups, and a map between them:

0 VA colimy G; —— colimy G; ———— 0
0 Z G G 0

By the five lemma, the middle vertical map is an isomorphism of groups. It is an isomor-

phism of topological groups because both G and colimz G; are locally homeomorphic
toaproductU x Z. 0O

2.1. Loop groups. We write S for a manifold diffeomorphic to the standard circle S! :=
{z € C : |z] = 1}, and call such a manifold a circle. We write I for a manifold
diffeomorphic to [0, 1], and call such a manifold an interval. All circles and intervals
are oriented.

2.1.1. The free loop group Let G be a compact, simple, simply connected Lie group.
Throughout this section, we fix a circle S, and write LG := Map(S, G) for the group
of smooth maps from S to G. Given an interval /, we denote by L;G be the group of
maps I — G that send the boundary of I to the neutral element e € G, and all of whose
derivatives vanish at those points. If / is a subinterval of S, we identify L;G with the
subgroup of LG of loops with support in /.

Theorem 3. For every circle S, the natural map
colim;-s L;G — LG

(colimit indexed over the poset of subintervals of S) is an isomorphism of topological
groups.
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The group LG = Map(S, G) admits a well-known central extension LG, constructed
as follows. Let g be the Lie algebra of G. The Lie algebra C*(S, g) of LG admits a well-
known 2-cocycle given by the formula ( f, g) 27“ fS f,dg).(Here, (, ):gxg—> R
is the basic inner product — the smallest G-invariant inner product whose restriction to
any su(2) C g is a positive integer multiple of the pairing (X, Y) +— —¢r(XY).) This
cocycle can be used to construct a central extension of C°°(S, g) by the abelian Lie
algebra iR. The latter can be then integrated to a simply connected infinite dimensional
Lie gro%IEG with center U (1) [GW84,Mic89,PS86,TLI9].

Let LG be the quotient of LG by the central subgroup u; C U (1) of k-th roots of
unity.

Theorem 4. Let S be a circle. Given aninterval I C S, let us denote by m the pullback

of the central extension LG — LG along the inclusion L;G — LG. Then the natural
map

colimIcsm — TG/

is an isomorphism of topological groups.

——k ——*k
More generally, let L;G be the pullback of LG along the inclusion L;G — LG.
Then the natural map

, —~k ——k
C011m1C51L1G — LG
is an isomorphism of topological groups.

Lemma 5. (i) Let S be a circle and let T = {I;} be a collection of subintervals whose
interiors cover S. Then the subgroups L, G generate LG.

(i1) Let I be an interval and let T = {I;} be a finite collection of subintervals whose
interiors cover that of 1. Then the subgroups L, G generate L|G.

Proof. The two statements are entirely analogous. We only prove the first one. First of
all, since S is compact, we may assume without loss of generality that n := |Z| < oo.
Letexp : g — G be the exponential map, and let u C g be a convex neighbourhood of
0 such that exp|, : u — G is a diffeomorphism onto its image U := exp(u).

Given a partition of unity ¢; : I; — [0, 1], every loop y € Map(S, U) C LG can be

factored as ,
y=[]w» )
i=1

with y;(f) = exp (¢,~ (t) - exp_l(y (t))). (Note that the y; commute.) The subgroup
generated by the L; G therefore contains Map(S, U). The latter is open and hence
generates LG. 0O

Let 7 be a collection of subintervals of S whose interiors form a cover and that is
closed under taking subintervals: (I} € Zand I, C I)) = I, € Z.If I}, I, € 7 are such
that 71 N I is an interval, then the diagram

L,,G
/ 31
Linp,G \colimz L;G 3)
\ L /2>
2
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clearly commutes. When I, I € 7 have disconnected intersection and y has support
in I1 N I, it is not clear, a priori, that ¢;(y) = 1»(y). Letting J;, J, be the connected
components of /1 N I, we can rewrite y as a product y = yj y», with y; € L;,G. We
then have

u@) =uy) =ulynu@n) = wulyu(n) = uly ) =ny).

So the diagram (3) always commutes, even when 11N I is disconnected. Giveny € L;G
for some I € 7, we also write y for its image in colimz L;G. This element is well-
defined by the commutativity of (3).

The following result is a strengthening of Theorem 3:

Theorem 6. Let T be a collection of subintervals of S whose interiors form a cover, and
that is closed under taking subintervals. Let N < colimy LG be the normal subgroup
generated by commutators of loops with disjoint supports:

N :={y8y~'s7"| supp(y), supp(8) € Z, supp(y) Nsupp(8) = #).

Then the natural map
(colimz L;G)/N — LG 4)

is an isomorphism of topological groups.

Before embarking in the proof, let us show how Theorems 3 and 4 follow from the
above result.

Proof of Theorem 3. LetZ be the poset of all subintervals of S. By Theorem 6, the map
(colimj-s L;G)/N — LG is an isomorphism. So it suffices to show that N is trivial.
Given two loops y, y» € LG with disjoint support, let / C S be an interval that contains
the union of their supports. The commutator of y; and y» is trivial in L; G. It is therefore
also trivial in the colimit. O

Proof of Theorem 4. 1t is enough to show that the colimit which appears in Theorem 3
satisfies the assumption of Proposition 2. The maps y +— y; used in Eq. (2) provide the
required factorization. So Theorem 3 implies Theorem 4. O

Proof of Theorem 6. Given y € L;G for some I € 7, we write [y] for its image in
(colimz L;G)/N.

Let{J;}j=1..n beacoverof S suchthateach J;NJ;, isaninterval (in particular J; N
Jj+1 isnon-empty) and the other intersections are empty (cyclic numbering). The J; may
be chosen small enough so that each union J;_1 U J; U Jj41 is in Z (cyclic numbering).
Let U C G be as in the proof of Lemma 5. By (2), any loop y € Map(S,U) C LG
can be factored as y = y1 ... vy, with y; € L, G. Moreover, that factorisation may be
chosen to depend continuously on y. This provides a local section of the map in (4):

(colimz L;G)/N ——— LG

<

illvl TS0
'y Map(S, U)

The map (colimz L;G)/N — LG is surjective by Lemma 5. Since there exists a
continuous local section, all that remains to do in order to show that it is an isomorphism
is to prove injectivity.
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Let g be an element in the kernel. By Lemma 5, we may rewrite g as a product
[y1lly2]- - - [yn], with y; € L;,G for J; € Z. Since g is in the kernel of the map to LG,
the relation

Yiva...YNn =¢ (@)

holds in LG.
Any loop y € Map(S, U) can be factored as y = y---y, withy; € L;;G. The
setU :=LjG-----L;,G={yi...mmlyj € ijG} is therefore a neighbourhood of

e € LG. Moreover, it is visibly path connected. Since 2 (G) = 0 [PS86, §8.6], we have
mT1(LG) = m1(QG x G) = m(G) x 11(G) = 0.

So, by Lemma 7, Eq. (5) is a formal consequence of relations of length 3 between the
elements of /.

Lemma 7. Let G be a simply connected topological group, let U C G be a path-
connected neighbourhood of e € G, and let F be the free group on U. Then the kernel
of the map F — G is generated as a normal subgroup by words of length 3.

(In other words, any relation between elements of ¢/ is a formal consequence of
relations of length 3 between elements of I/.)

Proof. Let gj'gy ... g\ € F,gi €U, & € {%1}, be a word in the kernel of the map
F — G. We want to show that the relation
81'85...gy =e (6)
is a formal consequence of relations of length 3 between elements of U.
For every i, pick a path y; : [0, 1] — U from e to g;. Since G is simply connected,
there exists a disk D?> — G that bounds the loop

! &'y’ 81l g%y’
U e P2 g el 9273 g & g3 ) eN

e—g — 8 & — 8 && — 1 —& & ---& =€ (D

Triangulate D? finely enough and orient all the edges so that, for each oriented edge
x — y,theratiox~!yisini{. The orientations along the boundary are chosen compatibly
with the ¢;’s in (6). Now forget the map D? - G and only remember the triangulation
of D, along with the labelling of its vertices by elements of G.

Before subdividing D, the word that one could read along the boundary of D was
gf’ ...g]gVN. After subdividing D, that word is now of the form (hy1h12... A1y, )"
(horhaa .. hopy)® oo .. (hnthyno .. Bnpy )N, with h;; € U and

hithia ... hin; = gi. (8

Each little triangle x — y — z — x of the triangulation corresponds to a 3-term relation
among elements of /. Depending on the orientation of the edges, this 3-term relation
could be any one of the following eight possibilities:

CoTEI=e GTIeTDET) T =e TInET T e =e oI e )T =e
0o = 0T TI0TDE T )T =e T T T e =e 0T T T T e ) T =

The whole disc is a van Kampen diagram exhibiting the relation

(hithiz .. hin) (hothoo . hopy)® oo (hnithno . gy )Y =€ 9
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as a formal consequence of the above 3-term relations (see [O1’91, Chapt 4] for gener-
alities about van Kampen diagrams).

The relation (6) is a formal consequence of the relations (9) and (8). Therefore, in
order to finish the lemma, it remains to show that (8) is a formal consequence of relations
of length 3 between elements of /. By construction, g;; := h;1 ... h;; is in U for every
Jj < n;. Therefore

&ij hi j+1 = 8i,j+1

is a 3-term relation between elements of {/. One checks easily that (8) is a formal
consequence of the above 3-term relations. O

We have shown that Eq. (5) is a formal consequence of relations of length 3 between
elements of Y = L;;G - --- - L;,G. It is therefore a formal consequence of certain
relations

(5182...8) Bt -+ - 820)°2 (B2ns1 ... 83) =& (10)

of length 3n between elements of the subgroup L J; G.Here, §;, 84+4i, 6204+ € L, G. The
implication (10) = (5) is formal: any group generated by subgroups isomorphic to the
L J; G’s in which the relations (10) hold also satisfies the relation (5).

In order to prove that the equation [y1][y2] ... [yn] = e holds, it is therefore enough
to show that the relations

(18111821 - . - [8a1)" (18411 - - - [8201) * ([820411 - . . [83a]) 7 = (11)

hold in (colimzL;G)/N. Using that [§;]"' = [8,71], we may rewrite (11) as:

3n
[Jleil=e. (12)
i=1
8, i'=iife;=1i'=n+l-iifey=—1, when 1<i<n
with o; 1= 81.8,2 i"=iifey=1; i'=2n+l—i ifen=—1, when n+1<i<2n
853 i—iifes=1; /=3n+1—iifes=—1, when 2n+1<i <3n.

1

At this point, it is useful to note that, for any y € L]j Gand$ € L;, G, (Jj, Jy € 1),
the following equation holds:
By 161" = [8y87'1. (13)

If k = j £ 1, this is true because J; U Jy € Z.If k # j £ 1, then y and § have disjoint

supports, [8][)/][8]’1 [y]’1 € N, and both sides of (13) are equal to [y]. Conjugation
by a loop does not increase supports. So we can iterate Eq. (13) to get:

811 8110807 18 =181 8 v 87 871 (14)

Leto € Gz, be a permutation such that oy (3x—2), 05 (3k—1), %o 3k) € L, G for every

k € {1,...,n}. By Lemma 8, there exist words w; € (colimzL;G)/N in the [a;]’s so
that

3n

3n
1_[ [ai] = 1_[ Wi [ag(i)]wi_l,
i=1 i

i—1
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By (14), we have w; [ag(i)]wlf] = [wiaa(,-)wlfl] where, in the right hand side, we have
identified w; with its image in LG. Let ; := o, (;). Recall that our goal is to show that
Eq. (12) holds. So far, we have shown that

3n 3n

[ [leil =] wilBilw;

i=1 i=1

n

= 1_[ [w3k—2ﬂ3k—2w3_kl,2][w3k—1ﬁ3k—1w3_kl,]][w3kﬂ3k w3_kl]
k=1
n

-1 -1 -1
= H [war—2B3k—2W3p_r W3k—1B3k—1 Wi W3k B3kWSy |-
k=1

: . —1 ~1 —1 I
Letting xx := wgk_zﬁgk_2w3k_2w3k_1ﬂ3k_1w3k_lw3k,33kw3k , we rewrite this as:

3n n

[ Jleid =] Jrxal-

i=1 k=1

By construction, supp(xx) C Jk.Since x1x2 ... xn = ein LG, and since Jy N Jry2 = 0,
the support of each xy is contained in (Jy N Jr—1) U (Jx N Jr+1). We can thus write yy
as yp = Xk_)(,:' with supp(x, ) C Jx N Jg—1 and supp(x,j) C Jk N Ji+1. Finally, since
X1 X2--. Xn = e, we have ;7 x,,, = e. It follows that

3n n

[Tleil =] 0] = x; xi g %31 Dy %7

= S IS 10 D 1]

=Dy W xg 10 x5 1+ Dor— 1 % 10x7
= 11 =e.

O

Lemma 8. Let F;, = (ay, ..., a,) be the free group on n letters. Then for any permuta-
tion o € &, there exist words w; € F, so that

n n
-1
1_[ a; = Hwiag(i)wi .
i=1 i=1

Moreover, the w; may be chosen so that each a; appears at most once in each w;.

Proof. Lettingwy :=ay ...ds(1)—1,wehaveay ... a, = (wlaa(l)wfl)al .. .m ... ay.
. . . — n —1
Now use induction on n to rewrite aj ... dg (1) - .. Gy as | [j_p widoyw; . O

2.1.2. The based loop group Fix abase point p € S, and let QG C LG be the subgroup
consisting of loops that map p to the neutralelement of G, and all of whose derivatives
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vanish at that point. We call QG the based loop group of G. Let QG be the central
extension of QG induced by the basic central extension (1) of LG.

The arguments of the previous section can be adapted without difficulty to prove the
following variants:

QG = colim (L;GNQG), QG = colim (L;GNQG).
IcS! IcS!
(The proofs are identical to those in the previous section: replace every occurrence of
LG by G, and every occurrence of L;G by L;G N QG.)

It is also possible to express G and Q2G as colimits over the poset of subintervals
whose interior does not contain p, provided one works in the category of Hausdorff
topological groups as opposed to the category of topological groups.

Definition 9. Given a diagram {G;};c7 of Hausdorff topological groups, let us write
colimy G; for the colimit in Hausdorff topological groups. Equivalently, this is the
maximal Hausdorff quotient of colimz G;.

Given an interval I, we write [ for its interior. The next result does not seem to hold
when the colimit is taken in the category of topological groups:

Proposition 10. The natural maps

colim" L;G — QG and colim" L;G — QG (15)
IcS', pel IcS!, pel

are isomorphisms of topological groups.

Proof. Let 7 be the poset of subintervals of S whose interior does not contain p, and
let N < colimz LG be the normal subgroup generated by commutators of loops whose
supports have disjoint interiors. The proof of Theorem 6 applies verbatim (using a cover
{Jj}j=1..n for which the J; N J;,1 are intervals for 0 < j < n, JoNJ, = {p}, and
all other intersections empty) and shows that the map (colimz L;G) / N — QG isan
isomorphism of topological groups. Since 2G is Hausdorff, the natural map

(colim* £,G)/N* - @G
Ics', pgi
is therefore an isomorphism, where N" denotes the image of N in colim%L 1G.

We wish to show that N is trivial. Let ¥ and § be two loops whose supports have
disjoint interiors. Write S\{p} as an increasing union of closed intervals I; C S, and
write

Yy = lim)/,' é =lim8i,

with supp(y;) C I;, supp(§;) C I;, and supp(y;)Nsupp(§;) = ¥. The commutator [y;, ;]
istrivial in L, G, and therefore in colimz L ;G. By uniqueness of limits (this is where we
use Hausdorffness3), it follows that [y, §] = [lim y;, lim §;] = lim[y;, §;] = lime = e
in colim’zL;G. This show that N" is the trivial group, and that the first map in (28) is
an isomorphism.

Proposition 2 is stated in the category of topological groups, but it also holds in
the category of Hausdorff topological groups (with identical proof: just replace every
occurrence of colim by colim™). The first isomorphism in (15) therefore implies the
second one. O

3 In the absence of the Hausdorffness condition, we could only deduce [y, 8] € lim[y;, §;] = closure({e}).
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——k —~
Similarly, letting 2G be the pullback of Xea along the inclusion QG — LG, the
natural map

. —~k —k
colim" L;G — QG (16)
IcS!, pel

is an isomorphism of topological groups. The proof that this map is an isomorphism is
identical to that of the second isomorphism in (15).

2.2. Diffeomorphism groups. The material in this section is largely parallel to the one
in the previous section, with one notable difference. Whereas conjugating by a loop
never increases the support, conjugating by a diffeomorphism does typically increase
supports. This introduces a number of small subtleties.

Recall that we write S! := {z € C : |z| = 1} for the standard circle, and S for a
manifold diffeomorphic to S'. All our circles are assumed oriented.

2.2.1. Diff(SY) and its universal cover Given an interval I, we write Diffo(1) C Diff (/)
for the group of diffeomorphisms of 7 that are tangent up to infinite order to the identity
map at the two boundary points. If 7 is a subinterval of a circle S, then this group can be
equivalently described as the subgroup Diffo(/) C Diff,(S) of diffeomorphisms with
support in /.

Theorem 11. Let S be a circle, and let Diff.(S) be the universal cover of the group of
orientation preserving diffeomorphisms of S. Then the natural map

colim; g Diffo(I) — Diff,(S)
is an isomorphism of topological groups.

The Lie algebra X(S) of smooth vector fields on S has a well known central extension
by iR, constructed as follows. Upon identifying S with S!, it can be described as the

p . P a2
central extension associated to the 2-cocycle (f a%’ gad—z) — % f gl ﬁ(z) ng(Z) %.

0z
n+l 31 of the complexified Lie algebra, this

In terms of the topological basis ¢, := —z -

cocycle can also be described by the formula®:
(s ) > 50m° = M)Sman 0. (17)

The corresponding central extension of X(S') is a universal central extension in the
category of topological Lie algebras [GF68]. Since X(S) and X¥(S') are isomorphic as
topological Lie algebras, the former also admits a universal central extension by iR
(universal central extensions are well defined up to unique isomorphism).

Finally, the universal central extension of X(S) integrates to a central extension 0 —
R — Diffﬂf(S) — Diff . (S) — 0, called the Virasoro—Bott group of S [KW09, Chapt
IL.2][Bot77][TL99] (where we have identified iR with R for notational convenience).
Let Diff]_ISXZ(S) be the universal cover of the Virasoro—Bott group.

4 The cocycle (17) is cohomologous to (£, £,) +— 1—12 . m38m+,,!0, but the former is usually preferred
because it is PSL(2, R)-invariant.
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Theorem 12. Let S be a circle. Given an interval I C S, let us denote by Diff§(1 ) the

pullback of the central extension Diffo(S ) — Diff.(S) along the inclusion Diffy (1) —
Diff; (S). Then the natural map

colimycg DiffS (1) — Diff=*Z(s)
is an isomorphism of topological groups.

Remark 13. The central extension DiffIE(S 1y  Diff, (S') is non-trivial not only as an
extension of Lie groups, but also as an extension of abstract groups. To see this, one can
argue as follows:

Let PSL(2,R)™ be the subgroup of Diff,(S') corresponding to the subalgebra
Spang{ilo, £, — €—p, ily + i€_p} of X(SY. That Lie algebra lifts to a Lie algebra

Spang {(ifo, ﬁ~L;1), &y, —€_,,0), (i€, +il_,,0)}in the central extension of x(sh.
The latter integrates to a subgroup of the Virasoro-Bott group isomorphic to PSL(2, R) ™

Diff(s!)
" J (18)

PSL(2, R)™ ——— Diff, (S')

-

Moreover, since PSL(2, R)®™ has trivial abelianization,’ the lift s, is unique (without
any continuity assumptions).

Assume by contradiction that there exists a section s : Diff,(S) — Diff%(S ) which
is a group homomorphism, possibly discontinuous. By uniqueness of the lift (18), we
would then have s|pg; 2 gy = $u, from which it would that follow that

Sn |PSL(2,R)<n>mPSL(2,R)<m) = Sm |PSL(z,R)OImPSL(z,R)(m .
But PSL(2, R)™ N PSL(2, R)™ is the circle subgroup with Lie algebra Spang{i£o},
and one can easily check at the Lie algebra level that s, | g1 # sp]g1-
A similar argument shows that the central extension Diff HfXZ(S ) — Diff, (S) remains
non-trivial when viewed as an extension of abstract groups.
The next remark provides an answer to a question by Vaughan Jones:

Remark 14. Theorem 12 can be used to show that the central extension Diff®(S) —
Diff; (S) remains non-trivial upon restricting it to a subgroup Diff(7). We first note
that, since Diffo(/) is perfect [Tsu02], for any J C I C S, the inclusion map L]% :

Diff(IgQ(J ) — Diff%g(l ) is uniquely characterized by the fact that L]ﬁ |r = idr, and that it
covers the inclusion map ¢,; : Diffo(J) — Diffo (7).
Suppose by contradiction that the central extension was trivial: DiffE)R(I ) =R x

Diffo (7). Then we would have L]% = idr X t;;, from which it would follow that
Diff**Z(8) = colim;cs Diff§ (1)

colimjcg (R X Diffo(l))

R x colim;cg Diffo(I) = R x Diff,(S),

12

12

contradicting the non-triviality of the central extension DiffIEXZ(S ) — Di~ff+(S).

la

5 The commutators [(6 1(/)A)’ (0 1 )] and [(6 1%), (é?)] generate a neighbourhood of the identity in
PSL(2, R).
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The main technical tool in our proofs of Theorems 3 and 12 is a kind of partitions of
unity for diffeomorphisms. The result is very similar to [DFK04, Lem. 3]. Let

Diff <?(R) := {¢ € Diff(R) : |¢(t) — t| < d}

be the set of diffeomorphisms of displacement smaller than d. Similarly, let Diff <¢ (S!) :=
{p € DIff(SY) : |p(t) — 1| < d).

Lemma 15. (i) There exist continuous maps ( )_, ( )4 : Diff<¢(R) — Diff <¢(R) such
that, for every ¢ € Diff <¢(R), we have:

@ = @_@y, supp(ep_) C (—oo,d], supp(ps) C [—d, 00).

(i) Let I_, I, C S' be two subintervals that cover the standard circle. Assume that
each connected component of I— N I has length 2d. Then there exist continuous maps
()—, ( )4 : Diff<4(S") — Diff<4(S') such that, for every ¢ € Diff<¢(S1), we have:

© = ¢—¢+, supp(p-) C I-, supp(ps) C L.

Proof. We only prove the fist part of the lemma (the second part is completely analogous).
Leto : R — [0, d] be amonotonic function such that o (f) = Oon (—oo, —d],0(t) = d
on [d, 0), and o’ (1) < 1. Given ¢ € Diff <¢(R), we let ¢, be the unique solution of the

functional equation "’*((t’)) = = M:

(1) i)

N

t=—d

It has supportin [—d, 00), and satisfies (pjl (1) = ¢~ 1(t) forevery t > d. The diffeomor-
phism ¢_ = @@, ' has displacement smaller than d, and support in

(—o0,d]. O
Given a subinterval 7 of R or S', let Diff§ (/) := Diffo (/) N Diff<?(I).

Corollary 16. Let {I;}; —1..n be a cover ofS1 such that each intersection I; N 111 (cyclic
numbering) has length 2d for some d, and the other intersections are empty:

'S @)

Then any element ¢ € Diff<¢(S') can be factored as ¢ = ¢ ... @, with @j €
Diff0<d(1 ). Moreover, the factorisation can be chosen to depend continuously on ¢.
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Proof. Apply Lemma 15(ii) to write ¢ = @19+ with ¢ € Diffgd(h) and ¢, €
Diffgd(lz U -+ U I;). Then use Lemma 15(i) to write ¢, = ¢2...¢, with ¢; €
Diff54(I;),for2 <i <n. O

Lemma 17. (i) Let I be an interval and let I = {I;} be a finite collection of subintervals
whose interiors cover that of 1. Then the subgroups Diff((1I;) generate Diffy(1).

(ii) Let S be a circle and let T = {I;} be a collection of subintervals whose interiors
cover S. Then the subgroups Diffy(I;) generate Diff (S).

Proof. We only prove the second statement (the first one is completely analogous).
Assume without loss of generality that § = § I Let {Jj}j=1..n be a refinement of
our cover such that each J; N J;41 has length 2d, for some constant d > 0, and the
other intersections are empty (cyclic numbering). Write ¢ as a product ¢ ... ¢, of
diffeomorphisms of displacement smaller than d. Now apply Corollary 16 to each ¢; to
rewrite it as a product ¢; = ;1 ... ¢; n, With ¢; ; € Diffp(J;). O

Let Z be a collection of intervals in S! whose interiors form a cover, and that is closed
under taking subintervals. As in (3), for any /1, I € Z, the diagram

Diffy (1) B
/ \
Diffo (11 N 1) colim7 Diffo (1) (19)

\ /Lz’

Diffy(1»)

commutes. Given a diffeomorphism ¢ € Diff , (S') with support in some interval I € Z,
we also write ¢ for its image in colimz Diffy (7). This element is well-defined by the
commutativity of (19).

The following result is a strengthening of Theorem 3:

Theorem 18. Let T be a collection of intervals in S' whose interiors form a cover, and
that is closed under taking subintervals. Let N < colimg Diff (1) be the normal subgroup
generated by commutators of diffeomorphisms with disjoint supports. Then the natural
map

(colimz Diffo(1))/N — Diff,(S") (20)

to the universal cover of Diff . (S') is an isomorphism of topological groups.

Before embarking in the proof, let us show how Theorems 11 and 12 follow from the
above result.

Proof of Theorem 11. Without loss of generality, we take S = S'. Let Z be the poset of
all subintervals of S'. By Theorem 18, the map (colim, - g1 Diffo(1))/N — Diff,(S")
is an isomorphism. So it suffices to show that N is trivial. Given diffeomorphisms with
disjoint support ¢, ¥ € Diff, (S!), there exists an interval I C S such that both ¢ and
Y are in Diffo (7). The commutator of ¢ and v is trivial in Diffy(7). It is therefore also
trivial in the colimit. O

Proof of Theorem 12. The maps ( )—, ( )+ Diff<?¢(S') — Diff(S!) in Lemma 15(ii)
show that the colimit which appears in Theorem 11 satisfies the assumption of Proposi-
tion 2. Theorem 12 therefore follows from Theorem 11. 0O
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Proof of Theorem 18. Given a diffeomorphism ¢ € Diff, (S') with support in some
interval I € Z, we write [¢] for its image in the group (colimz Diffy(7))/N.

Let{J;}j=1.. beacoverof § I such that each intersection J N Jj41 (cyclic number-
ing) has length 2d for some d, and the other intersections are empty. The J; are chosen
so that each J;_; U J; U Jjy41 is in T (cyclic numbering) and the distance between
Jj and Jj,; is greater than 6d. By Corollary 16, any element ¢ € Diff<?(S') can be
factored as ¢ = @1 ...y, wWith ¢; € Diff(fd(J i). Moreover, that factorisation may be
chosen to depend continuously on ¢. After identifying Diff <¢(S') with an open subset
of Diff, (S1), this provides a local section of the map in (20):

(colimz Diffo(1))/N ——— Diff,(S}).
[olalgal S /
Yo Diff<d(sh

The map (20) is surjective by Lemma 17, and admits continuous local sections.

It remains to prove injectivity. Let g € (colimzDiffo(/))/N be in the kernel of the
map to Diff, (S1). By Lemma 17, we may rewrite it as a product [¢1][¢2] . . . [pn], where
each ¢; is in some Diff(fd(.] 7). By assumption, the relation

P1g2...0N =€ 21
holds in Diff+(S . Our goal is to show that the relation

[o1llg2] ... [on]=e (22)

holds in (colimz Diffy(7))/N.
Any x € Diff<¢(S") can be factored as x = x; ...x, with Xj € Diff(fd(Jj), so the

setU := Diff§¢(Jy) ... Diff54(J,) = {x; ... x, : x; € Diff5¢(J;)} is aneighbourhood
of e € Diff . (S'). The set I/ is visibly path-connected. By Lemma 7, Eq. (5) is therefore
a formal consequence of certain relations of length 3 between the elements of I/:

W12 ) Wt - V22 (Y2t - Y3) = e, (23)

Vi, Ynti> Yonti € Diff(fd(J,'). In order to prove that (22) holds, it is therefore enough
to show that the relations

(a2l - - [n]) ™ (W1 -+ [W2a]) 2 (W2t 1+ [W3a]) =€ (24)
hold in (colimzDiffo(7))/N. Using that [wi]’l = [1//171], we rewrite (24) as

3n
[Tleil = (25)
i=1
S ih=iife=1iit=n+l-iife;=—1, when 1<i<n
with o := Y72 in=iifey=1it=2m+l-iife;=—1, when n+1<i<2n
5 h—iifes=1;i""=3n+l—iifes=—1, when 2n+1<i <3n.

L

Asin (13), for any ¢ € Diffo(J;) and ¥ € Diff((Jx), the following equation holds:

WY1 = [vey 1. (26)
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We would like to replace [v] in (26) by an arbitrary word [y1]. .. [¥s]:

Wil sl el s~ 1™ = [ - Yty 27)

However, for general y; € |J; Diffo(Ji) it is not clear that (27) should hold, be-
cause each time one conjugates ¢ by a diffeomorphism, its support grows. If we in-
sist, however, that the ¥; have small displacement, so as to control the supports of
Urtrat - Us @ ¥ty L, then Eq. (27) will hold. The precise version of (27)
that we will need is he following: Let ¥; € Uk Diffgd(]k), and let ¢ € Diffo(J;). If
there are at most three \;’s whose support is in J;_1 and not in some other Ji, and at
most three ;’s whose support J 1 and not in some other Jy, then Eq. (27) holds. The
proof is an iteration of the argument used for (26), while keeping track of the size of the
supports. (This only uses the fact that the distance between J; and J4 is greater than
3d. Later, we will use that it is greater than 6d.)

Let 0 € G3, be a permutation such that Uo(3k—2)s Ao (3k—1)> %o (3k) € Diffgd(fk).
By Lemma 8, there exist words w; in the [o;]’s so that ]_[3" [oi] = ]_[3" w; [oeg(,')]wlf]
Moreover, these words can be chosen so that each [¢; ] appears at most once in each w;.
By (27), we then have:

w; [aa(i)]wi_] = [wiaaa)wl-_l]-
Recall that our goal is to show that (25) holds. Let B; := a4 ;). So far, we have:

n

n n
l_[ [oi]= 1_[ wilBilw; ' = H [wak—2B3—2w3 5 |[wak—1 Bsk—1 w3_kl_1] [w3r B3k w?,_kl]
= ' k=1
n
= 1_[ [wak—2B3—2w3y Hwsk—1Bsk—1w3  waBuwy']-
k=1

Let X := w3k—2B3k—2w3 yW3t—1B3k—1wy; w3k B3kws; sothat [T [ ] = [T [xx].
By construction, supp(xx) C J;7, where J;! is obtained from J; by by enlarging it by
3d on each side. The crucial property of those slightly larger intervals is that J;/ does

not overlap with Jk*' .»- The relation x1x2 ... x, = e holds in Di~ff+(S 1) so the support of
each xy is contained in (J;F N J;_ ) U (JF N J, ). We can thus write xi as xx = x; X;»
with supp(xk_) C JF N J, and supp(xf) C Jf N Jf,, . Since x1 x2... xa = e, We
must have Xk X4 = e. Finally, as in the proof of Theorem 6,

l_[[al] = H[Xk] e xi Xy x2 1+ [ X ]
Sl I IG5 T D 1T = e

O

2.2.2. The based diffeomorphism group Choose a base point p € S, and let Diff . (S) C
Diff (S) be the subgroup of diffeomorphisms that fix p and that are tangent to idg up to
infinite order at that point. We call this group the based diffeomorphism group of S. Let
Diff]f(S ) be the restriction of the central extension by R to Diff,(S). The arguments of
the previous section can be adapted without difficulty to prove the following variants:

Dff,.(8) = colim (Diffo(I) N Diff.(S)),  Diff¥(S) = colim (Diffg (I) N DiffX(S)).
C
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The proofs are identical to those in the previous section: replace every occurrence of
Diff (') by Diff, (S'), and every occurrence of Diffo () by Diffo(Z) N Diff(S1).

It is also possible to express the groups Diff, (S) and DiffIE(S ) as colimits over the
poset of subintervals whose interior does not contain p, provided one works in the
category of Hausdorff topological groups:

Proposition 19. The natural maps

colim" Diffo(I) — Diff,(S) colim" Diff5 (/) — Difff(s) (28)
icS, pgl IcS, pgl

are isomorphisms of topological groups.

Proof. The proof is identical to that of Proposition 10. Let Z be the poset of subintervals
of S whose interior does not contain p, and let N < colimy Diffo(/) be the normal
subgroup generated by commutators of diffeomorphisms whose supports have disjoint
interiors. The proof of Theorem 18 applies verbatim (using a cover {J;}j=1..., for which
the J; N Jj11 have length 2d for some d, Jo N J, = {p}, and all other intersections are
empty) and shows that the map (colimz Diffy(/)) / N — Diff,(S) is an isomorphism
of topological groups. Since Diff(S) is Hausdorff, the natural map

( colim" Diffo(l)) /N" = Diff,(5)
IcS!, pel

is an isomorphism, where N" denotes the image of N in colim7Diffo(/). The end of
the proof consists in showing that N* is trivial. The argument is identical to the one in
Proposition 10. O

3. Application: Representations of Loop Group Conformal Nets

Fix a compact, simple, simply connected Lie group G, and let k > 0O be an integer. Let g
be the complexified Lie algebra of G. There is a certain central extension g§ of g[z, z7']
called the affine Lie algebra. There is also a conformal net A  associated to G and k,
called the loop group conformal net (we will review these notions below).

It is well believed among experts that there should be an equivalence between the
category of representations of A¢ x and a certain category of representations of § (see
Conjecture 23 for a precise statement). In this section, leveraging Theorems 4 and 12,
we prove one half of this conjecture. Namely, given a representation of the loop group
conformal net, we construct a representation of the corresponding affine Lie algebra:

Rep(Agx) ~> Rep(@).

3.1. Loop group conformal nets and affine Lie algebras.

3.1.1. Loop group conformalnets Let S beacircle. Let LG be the basic central extension

of LG = Map(S, G), and let LG beits quotient by the central subgroup iy C U (1)
of k-th roots of unity. Upon identifying U (1)/uy with U (1), we get a central extension

0 U LG"— LG 0
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——k
called the level k central extension of LG. Given an interval I C S, we write L;G for
the restriction of that central extension to the subgroup L;G:

——k
0——U(l)— L;G — L;G ——0. (29)

The latter only depends on / and not on the choice of circle S in which the interval is
embedded.

Recall that the group algebra C[G] of a group G is the set of finite linear combinations
of elements of G. We write [g] € C[G] for the image in the group algebra of an element
g € G. Given a central extension 0 — U(1) — G — G — 0, the twisted group algebra
of G is the quotient of C[ G ] by the relation [Ag] ~ A[g], for L € U(1) and g € G.

Following [BDH15, §1.A], a conformal net is a functor from the category of inter-
vals and embeddings to the category of von Neumann algebras and x-algebra homo-
morphisms (satisfying various axioms). Associated to each compact, simple, simply
connected Lie group G and integer k > 1, there is a conformal net Ag x called the loop
group conformal net. The loop group conformal net sends an interval / to a certain von
Neumann algebra Ag (I). The latter is a completion of the twisted group algebra of
L ;G associated to the central extension (29). In particular, there is a homomorphism

——k
LiG — U(Agx(D) (30)

—k
from L;G to the group of unitaries of .Ag i (I). The homomorphism (30) is continuous

for the topology on L; Gk induced from the C* topology on L;G, and the strong
operator topology on U (Ag i (1)). We refer the reader to [BDH15, §4.C][GF93][Hen16,
§8][TL97][Was98] for background on loop group conformal nets.

We write B(H) for the algebra of bounded operators on a Hilbert space H, and U (H)
for the group of unitary operators.

Definition 20. A representation of a conformal net .4 on a Hilbert space H is a collection
of actions (i.e. normal, unital, x-homomorphisms) p; : A(I) — B(H), indexed by the
subintervals I C S!, which are compatible in the sense that oy | Ay = py for every
JclIcsh

We write Rep(.A) for the category of representation of A, and Repg(A) for the sub-
category whose objects are finite direct sums of irreducible representations.

3.1.2. Affine Lie algebras Let gr be the Lie algebra of G, and let g := gr ®g C be its
complexification. The affine Lie algebra § is the central extension of g[z, z~'] by the
2-cocycle (f, g) — Res,—o(f, dg), where ( , ) denotes the basic inner product on g
(c.f. Sect. 2.1.1).° The Kac—Moody algebra is the semi-direct product C x § associated
to the derivation (f, a) +— (—z%, 0) of g. We write £y for the generator of C in the
semi-direct product.

Definition 21 ([Kac90, Chapt. 3 and 10]). Let k € N. A representation p of g on a vector
space V is called a level k integrable positive energy representation if:

6 This normalization ensures that the set of possible levels of integrable positive energy representations of
g is exactly the set N of non-negative integers.
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1. It is the restriction of a representation of C x § for which the generator Lo := p (£g)
of C is diagonalizable, with positive spectrum.

2. For every nilpotent element X € g and every n > 0, the operator Xz~ acts locally
nilpotently on V (the operators Xz" are automatically locally nilpotent for n > 0).

3. The central element 1 € C C g acts by the scalar k.

We note that the choice of operator L is not part of the data of an integrable positive
energy representation.

We write Rep/ (§) for the category of level k integrable positive energy representations
of §, and write Rep’f‘ (§) for the subcategory whose objects are finite sums of irreducible
representations.

It is well known that every object of Rep¥(§) can be equipped with a positive definite
g-invariant inner product [Kac90, Chapt. 11], and thus completed to a Hilbert space. The
action of g extends to an action on the Hilbert space by unbounded operators, and the
real form (g[z, zlnc>e(st, gR)) @ iR C g acts by skew-adjoint operators. The latter
can then be integrated to a strongly continuous positive energy unitary representation of
Ijék [GW84,TL99]. (A unitary representation G — U (H) is called strongly continuous
if it is continuous with respect to the strong operator topology on U (H).) In order to

. o . . ~k

have a better parallel with Definition 21, we prefer to view representations of LG~ as
. ~ . . —~ —~k

representations of LG, via the quotient map LG — LG :

Definition 22 ([PS86, §9.2]). A strongly continuous unitary representation p : LG —
U (H) is called a level k positive energy representation if:

1. It is the restriction of a representation S! x LG > U (H), for which the generator
Ly = —ij—t |t:0(’0 (€', 1)) of S! has positive spectrum.
2.2eU() C LG acts by scalar multiplication by A¥.

We note that the action of S! C S! x LG is not part of the data of a level k positive
energy representation.

We write RepX (L G) for the category of level k positive energy representations of LG,
and Rep’f‘(LG) for the subcategory whose objects are finite direct sums of irreducible
representations.

3.2. The comparison functors Rep(Ag k) — Repk(LG) and Repk (LG) — Repk (@).
It has long been expected that there should be a one-to-one correspondence between
representations of Ag x and level k integrable positive energy representations of §. One
way to state this is as an equivalence of categories:

Repp(Ag.x) = Repf(g).

We prefer the following statement, as it excludes the possibility of .A¢ x having repre-
sentations which are not direct sums of irreducible ones:

Conjecture 23. Let Vect be the category of finite dimensional vector spaces, and let
Hilb be the category of Hilbert spaces and bounded linear maps. Then there is a natural
equivalence of categories:

Rep(Agi) = Repf(§) @vec, Hilb.
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Here, the objects of Rep (§) ®vec, Hilb are formal expressions of the form B/_, V; ® H;
with V; € Repf (§) and H; € Hilb,and Hom(V;®H;, V/®H) = Homgt g (Vi. V) ®c
Homuiip (H;, H).

Remark 24. For G = SU (n), Conjecture 23 is a consequence of [Xu00, Thm. 2.2],
[KLMO1, Thm. 33], and [Xu00, 42, Thm. 3.5].

Theorems 29 and 30 below, together with Remark 31 (or Remark 24), prove one half
of Conjecture 23. Namely, they combine to a fully faithful functor

Rep(Ag k) — Repi(§) @vec, Hilb. (31)

This proves, among other things, that every representation of A j is a direct sum of
irreducible ones, and that there is an injective map (conjecturally a bijection) from the
set of isomorphism classes of irreducible objects of Rep(Ag ) to the set of isomorphism
classes of irreducible objects of Rep*(§).

Remark 25. An alternative proof of the above result can be found in the unpublished
manuscript [CW16].

Remark 26. Constructing the inverse functor of (31) requires something called “local
equivalence”. Results about local equivalence can be found in [Was98, Thm.B in §17]
and [TL97, Prop.2.4.1 in Chapt.IV]. The unpublished preprint [Was90, §15] seems to
contain most of the ingredients of a proof, but falls short of being a complete argument.

Remark 27. By the results in [KLMOI1, App. D], the existence of an injective map from
the set of isomorphism classes of irreducible Ag -reps to the set of isomorphism classes
of irreducible positive energy g-reps implies that every Ag k-rep is a direct sum of
irreducible ones. This fact could have been used to simplify the proof of Theorem 29
(specifically the direct integral argument) by assuming from the beginning that L is
diagonalizable. We have opted instead for a more self-contained exposition.

Remark 28. The corresponding questions for the Virasoro conformal net have been stud-
ied by anumber of people. Carpi [Car04], based on results by Loke [Lok94] and D’ Antoni
and Koster [DFKO04], proved that every irreducible positive energy representation of a
Virasoro conformal net comes from a positive energy representation of the Virasoro
algebra with same central charge. The converse (local normality) was shown to hold by
Weiner [Weil7] (with partial results by Buchholz and Schulz-Mirbach [BSM90]), and
the positive energy condition was removed in [Wei06].

Theorem 29. For every representation of the loop group conformal net Ag i, the ac-

——k
tions of the subgroups LG C U(Ag k(1)) assemble to a level k positive energy
representation of the loop group. That construction yields a fully faithful functor

Rep(Agx) — Repf(LG). (32)

Proof. Let H be arepresentation of A . By definition, H is equipped with compatible
actions Ag (1) — B(H) forall I C st Precomposing by the maps (30), we get a

—~—k
compatible system of homomorphisms L;G — U (H). By Theorem 4, these assemble
to a strongly continuous action

—~ ——k
LG" = colim; 1L, G — U(H). (33)
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By construction, any A € U(1) C LG" acts by scalar multiplication by A.
By the diffeomorphism covariance of the loop group conformal nets ([(BDHI15,
Prop.4.3] with [GW84, Thm. 6.7] or [TL99, Thm. 6.1.2]), there exist canonical maps

——k
Diff§ (/) — Agx(I) which assemble to homomorphisms Diff§(I) x L;G —
U(Ag.x(I)). Composing with the map to U(H) and using (33), we get a compati-

ble system of maps DiffE)R(I ) X [Ték — U(H). By Theorem 4, these then assemble to
a strongly continuous action

Diff®*%(s'y x LG — U(H).

Precomposing by the quotient map LG — LG we get an action of lefRXZ(S )x LG
such that every A € U (1) C LG acts by scalar multiplication by AX. In particular, we
get an action of (S HZ LG on H, where (SH)Z ¢ lef§XZ(S ) denotes the universal
cover of S1 DiffR(S ). The main result of [Wei06] shows that the generator L¢ of
(S1HZ has positive spectrum.

So far, we have constructed a representation of LG on H that satisfies all the con-
ditions of a level k positive energy representation, except that the S' is replaced by its
universal cover (S')Z. In order to show that H is a positive energy representation (Def-
inlition 22), we need to modify the action of (§ l)Z so that it descends to an action of
St

Decompose H as a direct integral according to the characters of the central Z C
(sHx:

@
H = Hy.
feU(l)
(This direct integral will turn out to be a mere direct sum, but don’t know this at the mo-
ment.) Direct integrals for loop group representations are tricky, because disintegration
theory only applies to separable locally compact groups, and LG is not locally compact.
So we proceed with care. In particular, we never make the claim that the Hilbert spaces
Hy carry actions of LG.

For each 6 € U(1), extend the character n — 6" of 7Z to a character 7 — z
of (§1)% (principal branch of the logarithm). Let Cy denote the vector space C, equipped
with the action of (S")Z given by the above character. Then the representation

log(6)/2mi

@ —_
H' = / Hy ® Cy
geU(1)

of (S")Z descends to a representation of S! whose generator has positive spectrum (the

spectrum of Lo has been modified by a bounded amount). As mere vector spaces, we

have (C@ = C, and therefore H" = H. Use this isomorphism to equlp H' with an action

of LG. We wish to show that the actions of § 'and of LG on H’ assemble to an action
of S' x LG.

P1ck a countable dense subgroup (S )Z (S )Z that contains the central Z, and let

= (SHZ%/Z c S'. Pick an (sH 1)Z_invariant countable dense subgroup LG, C LG.

Smce Z 1s central in (S1)% x LG, the Hilbert spaces Hp carry representatlons of

(S )Z [ LG* for almost all 6. By construction, on almost each Hy ® Cy, the action

of (S )Z X LG* descends to an action of Sl X LG* The actions of S1 and LG* on

H’ therefore assemble to an action of S! x LG,. At last, since S LG, is dense in
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S! x LG and since the actions of S! and LG on H' are strongly continuous, these two
actions assemble to an action of S! x LG This finishes the proof that H', and hence H,
is a positive energy representation of LG. O

Positive energy representations of S! x LG come with no smoothness assumptions.
It is therefore not clear, a priori, that it should be possible to differentiate them. Zellner
showed that, in such a representation, the set of smooth vectors is always dense [Zell5,
Thm2.16]. One can therefore differentiate it to a representation of the corresponding
Kac—Moody Lie algebra. We present an alternative proof of that same result. (Our proof
does not cover the case G = SU (2): it relies on the fact that every rank 2 sub diagram of
the affine Dynkin diagram of G is of finite type, something which holds for all groups
except for SU(2).)

Theorem 30. Let G # SU (2). A level k positive energy representation/L\G/—> U(H)
can be differentiated to a level k integrable positive energy representation of § on a
dense subset of H. This construction yields an equivalence of categories

Rep“(LG) — Rept(§) @veg, Hilb.

Remark 31. For G = SU (2) (and indeed for any compact simple group Lie group G),
Theorem 30 follows from [Zell15, Thm 2.16].

Proof. An integration functor Rep’f‘ @ — Repk(LG) was constructed in [GW84] and
[TL99]. The functor sends irreducible representations of g to irreducible representations
of LG. It is therefore visibly fully faithful.

The category Rep*(LG) is tensored over the category of Hilbert spaces (i.e., the
tensor product of a positive energy LG representation with a Hilbert space is again a
positive energy LG representation). So the above functor extends to a functor

Rep! () ®vec, Hilb — Rep*(LG), (34)

which is again visibly fully faithful. In order to show that the functor (34) is an equiva-
lence of categories, we need to show that it is essentially surjective.
Let 7, Tig. Tg1 [ be the maximal tori of G, LG, and S! x LG, so that

Tre=U() xTg and Tg, =S xU(l) x Tg.

Let Ag, Afg, Agi ¢ be the character lattices of T, Trg, and T, 1, and let
Ay = {X € Agiy7e | x(A) = Ak for every A € U(l)}

(an affine sublattice canonically isomorphic to Z x A ). We write AZ C Aj for the set of
possible highest weights of irreducible highest weight level k integrable representations
of C x g [Kac90, Chapt. 10]. Let & : Ay — A be the projection map, and let Ay :=
n(A+) C Ag. The finite set Ay parametrizes the isomorphism classes of irreducible
objects of Rep*(§).

__Let H be alevel k positive energy representation of LG. G. By definition, the action of
LG extends (in a non-unique way) to an action of ' x LG such that the generator of
S has positive spectrum. Pick such as extension of the action. Then H decomposes as
the Hilbert space direct sum of its weight spaces:

H= @Zz H,.

reAg
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Let P := {1 € Ag | Hy # 0). The affine Weyl group W = NTg e/ Ts1 G acts on
Ay, and preserves P. By the positive energy condition, P is contained in the “half-space”
Z>o X Ag C Z x Ag = A. Combining this with its W-invariance, we learn that P is
contained in a paraboloid.

Let D be the affine Dynkin diagram associated to G. Every node a € D corresponds
to an embedding SU (2) — LG. We write SU(2), for the subgroup of LG which
is the image of that embedding. Let T, C T, ¢ be the subgroup of the torus which
centralizes SU (2)4, and let A, be the corresponding quotientof A ¢1, 7, With projection
map pg : Agi ¢ — Aa (Ag is the character lattice of 7). The kernel of p, has rank
one. Let us also define Ay , := p,(Ax).

Since P is contained inside a paraboloid, for each 0 € Ag 4, the set A(o) 1= {1 €
P| ps(A) = o} is finite. It follows that, for every o, the representation of SU (2), on
D, Aoy H) contains only finitely many isomorphism classes of irreducible SU (2),
representations. In particular, the action of su(2), on @, .5 (o) Hy. 1s by bounded oper-
ators (which are in particular everywhere defined). In this way, we obtain actions of the
Lie algebras su(2), on the algebraic direct sum

H:= P H, c H.
reAL

Those Lie algebras contain all the generators { E,, F,, H,} of the Serre presentation of g.
To check that the above generators satisfy the Serre relations, we consider rank
two subgroups of LG. For every pairs of vertices a, b € D, the subgroup G,, C LG
generated by SU (2), and SU (2);, is compact as it correspnds to the sub-Dynkin diagram
of D on the two vertices, and the latter is either A; U A, Ay, By, or G, — this is where
we use that G is not SU (2). Applying the same arguments as above, we see that there
are actions of the corresponding Lie algebras g,;, on H. Every Serre relation is detected
in one of the Lie algebras g,;. So the generators {E,, F,, H,} satisfy all the relations
and we get an action of § on H. Finally, we can use the action of T, ;7 on H (and
thus on H) to extend the action of § on H to a action of C x §.
Let L, be the irreducible highest weight representation of C x § with highest weight
w € Ay. We write H(u) := Homgy 5Ly, H ) for the multiplicity space of L, inside
H , so that
H=@ HweL,. (39)
HEAT

(Hisa representation of C x g satisfying the three conditions listed in Definition 21,
and the category of such representations is semi-simple in the sense that every object
is a direct sum of irreducible ones [Kac90, Chapt. 9, 10].) The multiplicity space H (i)
can also be described as the joint kernel of the lowering operators F, acting H,,. By this
second description, we see that H(w) is a closed subspace of H,,, and thus a Hilbert
space in its own right. Letting L . be the Hilbert space completion of L, we can then
upgrade the isomorphism (35) to an isomorphism of Hilbert spaces:

12 _
H=@ HwSL, (36)
neA

(where ® now denotes the Hilbert space tensor product).
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Recall the projection 7 : A} — Ag. Two representations L, and L, of C x g are
isomorphic as representations of § if and only if 7w () = 7 (u'). For A € Ag,let H[A] :=

@ff(m:\ H (w). The decomposition (36) then induces a direct sum decomposition

H = QB H[A]® L;.
LEAL

This finishes the proof that H is in the essential image of the functor (34). O

3.3. The based loop group and its representations. Let Repffn (LG) be the essential image

of the functor (32). We call it the category of locally normal representations offG/at
level k. By Theorem 30 (and Remark 31), Conjecture 23 is equivalent to the statement
that Rept (LG) = Rep*(LG) (the latter was defined in Definition 22).

In [Hen15], we introduced the category of locally normal representations’ of QG
at level k (Definition 32). We denote it here by Rep{fn(QG). In that same preprint, we
announced that the Drinfel’d center of the category of locally normal representations of
the based loop group at level & is equivalent to the category of locally normal represen-
tations of the free loop group at level k, where the latter is equipped with the fusion and
braiding inherited from Rep(Ag k):

Z(Repf,(2G)) = Rept (LG). (37)

In the more recent preprint [Hen17], we considered the category 74, , of solitons of the
conformal net Ag x, and proved that

Z(Tag,) = Rep! (LG).

In order to complete our proof of (37), we need to identify Repffﬂ(QG) with 74 - This
is the main result of the present section.

3.3.1. Solitons and representations of QG We work with the standard circle S!, and the
base point p :=1 € S!.

Definition 32. A strongly continuous representation p : QG — U (H) is a locally
normal level k representation if

I.xeU() C QG acts by scalar multiplication by A¥, and

2. for every interval I C S!, p ¢ I, the action of L;G extends to an action of the von
Neumann algebra Ag x(1).

We write Repffn (2G) for the category of locally normal representations of QG atlevel k.

For every conformal net A, we also have its category of solitons [BE98,Kaw(02,
LR95,LX04]:

7 In the first versions of [Hen15], we called these representations “positive energy representations”. We call
them here ‘locally normal representations’ and reserve the term ‘positive energy representations’ for another
type of representations (we conjecture that the two conditions are equivalent — see Conjecture 37).
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Definition 33. A soliton (or solitonic representation) of a conformal net .A on a Hilbert
space H is a collection of actions p; : A(I) — B(H) for every interval I C S! with

pé I which satisfy py| 45y = py forevery J C I C st
There is an obvious fully faithful functor

Rep; (2G) — Ty, (38)

which takes a locally normal representation of QG and only remembers the actions of
the von Neumann algebras Ag x (1), p & I.

Theorem 34. The functor (38) is an equivalence of categories.

Proof. We need to show that the functor is essentially surjective. Let H be a soliton
of Ag k. By definition, H is equipped with compatible actions Ag (1) — B(H) for

all intervals I C S', p & 1. Precomposing by the maps (30), we get homomorphisms
——k

L;G — U(H).By(16),andusing that U (H) is Hausdorff, these assemble to a strongly
continuous action

ek . —~—k
QG = colim" L;G — U(H).
1cst, pel

—~—*k
Clearly, any A € U (1) C QG acts by scalar multiplication by A. Precomposing by the
—~—*k

quotient map§5 — QG , we get an action of QG such that each & € U (1) C QG
acts by A*. By construction, this is a locally normal representation. 0O

Solitonic representations are also equipped with a natural action of the based diffeo-
morphism group. Let H be a soliton of Ag k. Recall that, by diffeomorphism covari-

—k
ance, there exist homomorphisms DiffI(;R(I )X LG — U(Agk(I)) for every interval

o —~—  ——k
I c ' with p ¢ I. Composing with the projection L;G — L;G and with the action
U(Ag k(1)) - U(H), we get a compatible family of homomorphisms

Diff (1) x L;G — U(H).
By Propositions 10 and 19, these assemble to a strongly continuous action

Diff¥($1) x QG = colim" Diff¥(1) x L;G — U(H). (39)
Icst, pel

Based on results of Carpi and Weiner [CWO05, Wei06], it was proved in [DVIT18,
App. A] that the maps Diff%{(l ) = Ag.x(I) extend to a certain larger group involving
non-smooth diffeomorphisms. Given an interval /, let Diff | ps () be the group of orien-
tation preserving piecewise smooth C! diffeomorphisms of I whose derivative is 1 at the
boundary points. And let Diff ps(S 1) be the group of orientation preserving piecewise
smooth C! diffeomorphisms of S! that fix the base point p, and whose derivative is 1 at
that point. Let Diff ]ﬁps (1) and Diff ]F,ps (S1) be the corresponding central extensions by R,
constructed by using the same cocycle that was used to construct the central extensions
of Diffy(7) and of Diff,(1).

By [DVIT18, App. A], the maps Diffé)R(I ) — Ag.x(I) extend to the larger group

DiffIIR’ps(I). The proofs in Sect. 2.2 go through with the groups Diff ps (1), Difflﬁps(l)
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and Diff{_ (S") in place of Diffo(/), Diffg (1) and Diff} (S"). In particular, the homo-
morphism (39) extends to a homomorphism

Dff}  (S1) x QG — U(H).

LetR C Diff]ﬁ ps(S 1) be (the canonical lift of) the subgroup of Mobius transformations
that fixes p. Upon mapping S' to the real line via the stereographic projection that sends
p = 1to oo, this group gets identified with the group of translations of the real line. We
write P for the infinitesimal generator, and call it the energy-momentum operator (if the
Hilbert space has an action of Diff®(S!), then the energy-momentum operator is given
by P=—L_1+2Lo— Ly).

Conjecture 35. For every locally normal representation H € Repffn(QG) of the based
loop group, the energy-momentum operator P has positive spectrum.

The above conjecture has been recently proven by Del Vecchio, [ovieno, and Tanimoto
[DVIT18, Thm3.4] (and is thus no longer a conjecture).

We define a positive energy representation of the based loop group to be a represen-
tation whose energy-momentum operator has positive spectrum:

Definition 36. A level k positive energy representation of the based loop group is a
continuous representation p : QG — U (H) satisfying:

1. p is the restriction of a representation R x QG — U (H) such that the infinitesimal
generator P of the group R has positive spectrum.

2. % € U(1) C QG acts by scalar multiplication by A*.

We note that the action of R is not part of the data of a positive energy representation.
The following is a strengthening of Conjecture 35:

Conjecture 37. A representation of the centrally extended based loop group is locally
normal if and only if it has positive energy.
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