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Abstract: We show that the Laplace transforms of traces of words in independent
unitary Brownian motions converge towards an analytic function on a non trivial disc.
These results allow one to study the asymptotic behavior of Wilson loops under the
unitary Yang—Mills measure on the plane with a potential. The limiting objects obtained
are shown to be characterized by equations analogue to Schwinger—Dyson’s ones, named
here after Makeenko and Migdal.
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1. Introduction

The following paper aims at studying traces of non-commutative polynomials in inde-
pendent Brownian motions on the group of unitary matrices U(NV), as the size N goes to
infinity. In [5,34,35,45], it has been shown that for Brownian motions invariant by con-
jugation, with a proper time-scale, these traces, properly normalized, converge towards
a deterministic limit given by the evaluation of the free Brownian motion. We want
here to study the Laplace transform of these random variables with normalization ana-
logue to the one of the mod-¢ convergence [22]; it can be viewed as an analogue of the
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well known Harisch—Chandra—Itzykson—Zuber integrals (often abbreviated as HCIZ,
[28,46]). As a corollary, we obtain the fluctuations of the latter traces around their limit.
In [36], the fluctuation of traces in polynomials of one marginal were given, this second
point of the present work gives an extension of their result. In [9], Cébron and Kemp
have obtained the existence of Gaussian fluctuations of analogue random variables for
diffusions on GL y (C). Therein, the main result is obtained by an exact computation of
the moments. In our situation, compactness allows us to go beyond the characterization
of fluctuations and to answer analytical questions that are not answered for the HCIZ
integrals. A second motivation of our paper is to study the planar Yang—Mills measure
for large unitary groups, as well as planar Yang—Mills measure with a potential. We are
able here to show the convergence to all orders of the Wilson loops and prove that the
limiting objects are characterized by analogues of Schwinger—Dyson equations, named
after Makeenko and Migdal. In particular, we prove the existence of a Gaussian field
indexed by rectifiable loops describing the fluctuations of the convergence towards the
master field proved in [35]. In a subsequent joint work [12], we have obtained bounds on
the speed of convergence of moments of a unitary Brownian motion, in order to show the
strong convergence of the latter. We believe that an extension of the proof therein leads to
larger lower bounds for the radiuses of convergence obtained here and a result of strong
convergence for holonomies of rectifiable loops. Though, in order to simplify the presen-
tation, we shall not discuss it further here. Let us also highlight three new proofs of the
Makeenko—Migdal equations in [20], discovered later on, during the publication process
of the present article. In contrast with the previous ones of [35] and of the current paper,
the arguments are local and some of these proofs apply to any compact surface [21].

Free energies of matrix models In many random matrix models, the asymptotic behav-
ior of E[eNT(V)], where V is a fixed non-commutative polynomial in a sequence of
random matrices of size N, have been extensively studied and have several applications
ranging from theoretical physics, through enumerative combinatorics, free probability
and representation theory. A case of study is the HCIZ integral [13,25,28,46]

where A and B are two deterministic Hermitian matrices and U is a random unitary
matrix, distributed according to the Haar measure. When the non-commutative poly-
nomial plays the role of the potential of a Gibbs measure, the normalized logarithm of
Laplace transforms is called the free energy and has been studied in several places, for
example in [7,13,27]. In the pioneering work [8], formal expansions have been proposed
for several physical models. In [11,14], technics have been developed to study formal
expansions for model of random matrices with properties of invariance by conjugation.
Though, there are yet few results about the radius of convergence of these power series in
the complex plane. See [11,13] as well as [24], for a conjecture addressing this question
for the Harisch—Chandra—-Itzykson—Zuber integrals. We have managed here to give a
converging expansion for the following model.

Let (Urss .-, Ugt,), eRY be g independent Brownian motions invariant by adjunc-
tion in U(N) (see section 2 for a definition) and denote by Tr the usual non-normalized
trace of matrices.

Theorem 1. For t € RY and any non-commutative polynomial V in 2q variables, there
exists ry > 0 and analytic functions ¢; v, (Y1, v.N)N>1 and Y v on D,, = {z € C:
|z| < rv}, such that
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as N — oo, where the convergence is uniform on compact subset of Dy, .

For any non-commutative polynomial V in 2g variables, whose restriction to unitary
matrices is Hermitian-valued, we shall define for any integer N > 1, a probabil-
ity measure puy v on U(N)? that is absolutely continuous with respect to the law of

. . . NT(V (U .. . U¥, i=l..
(Ui 1;)1<i<q» with density proportional to e r(V Wi Uiy q)).Then, forany N > 1,
(Ul‘é Lroens UI‘\; q) denotes a random variable with law puy v .

Theorem 2. If V, W € C(X;, Y;)i=1.4 are non-commutative polynomials with small

enough coefficients and V* = V., then, under the probability measure iy v, the random

gria(bvl‘f) %TI‘(W(UiV, Ul-v*,i = 1..q)) converges in probability towards a constant
t,V .

Yang-Mills measure on the plane We shall see that this result can be partly extended
to the framework of Yang—Mills measure that has been developed in [1,19,35,37,42].
Therein, we give a recursive way to compute coefficients of ¢; v (z), proving analogues
of Schwinger-Dyson equations, called here Makeenko—Migdal equations. The latter
equations for the first coefficient in z appeared in [38] and were first proved rigorously
in [35]. The Yang-Mills measure encompasses the different models for all ¢ € N*
and t+ € RY, into one random object, for which the recursive equations have simple
interpretation. We shall use the approach of [35,37] by considering for any N > 1, a
process (H;); indexed by the set L(R?) of rectifiable loops in the plane, valued in U(N),
whose law will be denoted by YM y .

Planar master field The works [1,35] proved that under YMy, the random field
(%Tr(H;)),eL(Rz) converges in probability towards a deterministic field (@ (1))1eL(R2)-
The statement of this result first appeared in the physics literature, in the study of QCD,
with the works [31,32,38], and in the mathematical paper [43], as a conjecture. The lim-
iting field was named therein master field, following the terminology of [29]. This object
is the first coefficient of an analytic function, limit of Laplace transforms appearing in a
generalization of 1. The asymptotic of 2 D-Yang—Mills measure on other compact sur-
faces has also been investigated in the physics literature [26]. It won’t be discussed in
this text but could lead to future works.

Fluctuations The study of fluctuations of traces of random elements of a compact
group of large dimension started with [18], where it was investigated, thanks to rep-
resentation theory tools, for the Haar measure on the classical compact Lie groups.
Theorem 1 allows us in particular to characterize the fluctuations in the convergence
of the non-commutative distribution of a U(/N)-Brownian motion towards the free uni-
tary Brownian motion distribution. We further prove that under YMy the random field
(Tr(H;) — ]E[Tr(H,)]),eL(Rz) converges in law towards a Gaussian field (DD 1eL(Rr2)>
characterized by the Makeenko—Migdal equations. Besides, we observe that when the
loops are dilated by a factor A, the above fields have the same Gaussian behavior as
A — 0. Our result extends the work of [36], which studies the Gaussian fluctuations in
the convergence of the empirical measure of a U(NN)-Brownian motion marginal. The
Gaussian field obtained therein can be shown to be a deformation of the one obtained
in [18]. The fluctuation results presented in this text are extracted from the PhD thesis
of the author, where the case of the orthogonal and symplectic groups have also been
addressed. Note also that in [3,17], fluctuations with another scaling are considered to
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study finite blocks of a random matrix. For the sake of simplicity, we shall restrict here
to the study of traces of words in the unitary case.

Organisation of the paper The next section is devoted to the description of the con-
vention we use for the standard Brownian motion on U(N) and the choice of scaling
we made. In Sects. 3 and 4, we obtain the main expressions and estimates needed to get
our result. In Sects. 5 and 6, we give their applications to study respectively the unitary
Brownian motion and the Yang—Mills measure. In the last section, we show that the
limited object obtained in the paper can be characterized by the recursive equations of
Makeenko and Migdal.

2. Unitary Brownian Motion and its Large N Limit

2.1. Definition and time scale of unitary Brownian motion. ~ For any integer N, we shall
write U(N) for the group of unitary matrices of My (C) and u(N) for its Lie algebra,
that is, the set of skew-Hermitian matrices. We define a scalar product (-, -) on u(N) by
setting for any X, Y € u(N),

(X,Y) = —NTr(XY).

Let us write (K;);>0 the Brownian motion on the Euclidean space (u(N), (-, -)) and
recall that it is a Gaussian process such that for any X, Y € u(N), 1, s > 0,

E[(X, K)(Y, Kg)] = (X, Y) min(z, s).
Let us define (U;);>0 as the My (C)-valued solution of the following stochastic differ-
ential equation:
1 ,
dU; ZUIth_EUtdt (*)
Uy =1d.

Lemma 1. (i) Almost surely, for allt > 0, U; € U(N).
(ii) For all T > 0, (U;Ut41)1>0 is independent of the sigma field o (Ug, s < T) and has
the same law as (U;)i>0.
(iii) For any t > 0 and every fixed U € U(N), UU,U! has the same law as U,.

Proof. Let us prove the first point, the two others are left to the Reader. The processes
(iv'N(K)p.p)iso for 1 < p < N and (v/N(K;)i j)i=0 for 1 < i < j < N are
N? independent processes, the N first have the same law as standard real Brownian
motions, whereas the others are distributed as standard complex Brownian motions, so
that E[|(K 1)1,2|2] = 1. Let us denote by ((-)) the symbol of quadratic variations, so that

(dK;.dK;)) = Z (d(Kp)i pd(Kp)p i) Eij = —dtld.
1<i,p,j=<N

[td’s formula then yields

d (U U]") = Ui(dK; +dK)U; + Uy ((dK;.dK]") — di1d) U = 0.
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We call this process the U(N)-Brownian motion! (see [16,35] for a similar definition
on other classical compact groups). For N = 1, it has the same law as (e'Br )r>0, where
(B:)r>0 is the standard real Brownian motion. Let us make remarks on the scaling. Recall
that the scalar product (-, -) on u(N) induces a Riemannian metric d on U(N). On the one
hand, this choice of metric yields that the diameter of U(N) is d(Id, —Id) = fol v lldz,
where y : t € [0, 1] — exp(timldy), thatis, ||iz1d|| = Nm. On the other hand, the law
of large numbers implies that dim (u(N)) ™' || K, ||*> = N~2||K,||> converges, as N — o0,
towards ¢. Heuristically, we may infer that, as N — oo, forany ¢ > 0, d(Id, U;) behaves

like || K, || and ;(ggrf;g) — C; € (0, 00). With this scaling, the Brownian motion "has the
992

time to visit”~ U(N). Besides, the stochastic differential equation (*) does not depend
on N and such an equation makes sense in the context of free stochastic differential
equations (see [5]). Let us add a last comment on the time-scale. With the above choice,
the U(1)-Brownian motion appears with the same scaling in all U(N )-Brownian motions.

Lemma 2. For any N € N*, let (U; n)i>0 be a U(N)-Brownian motion. Then, the
process (det(U;, n))i>0 has the same distribution as (U; 1):>0.

Proof. Observe that for any N € N*, (iTr(K;));>0 has the same law as a standard
Brownian motion. If Dy(det)y : My (C)? — C denotes the second derivative of the
determinant at a point M € My (C), Itd’s formula yields that

d (det(Uy)) = det(Up)dTr(K;) — % det(U,)dt + det(U;) (D> (det)a (dK;, dKy))).

‘What is more,

(D2 (det)1a(d Ky, dKy))) Z ((dKD)ii, (dKp)j i) — (@K ji, (dKi i)
l<i<j<N
Mdt.

2N

Hence, (det(U;));>0 is the unique strong solution to

d (det(U;)) = det(Uy)d (Tr(K;)) — %det(Ut)dt
and det(Up) = 1, thatis (exp(Tr(K;)));>0. O

2.2. Free unitary Brownian motion.  Let us recall the first result obtained about the
behavior of unitary Brownian motion in large dimension. We shall denote by (,ufv )i=0
the family of random measures given by the empirical measure of eigenvalues of U;:
if A, ..., An € U are the eigenvalues of Uy, ,ufv = % (5A1 + - +8AN). Note that for

any P € C[X], %Tr(P(U,)) = fIU P(2)11;(dz). The following theorem has first been
proved in [5] using harmonic analysis on the unitary group and by [40] using stochastic
calculus.

! Tt can be shown that it is a diffusion on the Riemannian manifold U(N) endowed by the left-invariant
metric associated to (-, -) and that its generator is the Laplace-Beltrami operator (see [36,44], Proposition 2.1.,
for an elementary proof).

2 Note that a good scaling to study the convergence of the distance in total variation d7y between the law
of Brownian motion and the Haar measure, is faster than ours. Let U be a Haar distributed random variable on
U(N). It has been shown in [39] that the function t > d7y (Usog(n), U) admits a cut-off around the value
t=2.
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Theorem 3 [5,34,40,45]. The sequence or random measures (,uiv )N>0 converges
weakly in probability,? towards a deterministic measure j; on U, whose moments are
given as follows:

n—1

—at (=" i n
uz,n=/Uz”m(dz)=e ZZ a " i)

k=0

Using the property of independence and stationarity satisfied by multiplicative incre-
ments of a U(N)-Brownian motion, together with the invariance of their law by adjunc-
tion, free probability arguments lead to the following Theorem.

Theorem 4 [5]. For any t1, 1, ...,t; = 0 and V any non-commutative polynomial in
2q-variables, the random variables %Tr(V(Ul, Ul*, .Uy, U;)) converge in proba-
bility towards a constant.

The limiting object is called the non-commutative distribution of the free unitary
Brownian motion and can be characterized by the family of measures (u,);>0 together
with the asymptotic freeness of the increments. This last theorem was proved in another
way in [34,35,45] showing directly the convergence for any non-commutative polyno-
mial. Let us recall how the argument of [34,35] goes to show Theorem 3. Let us denote
by &,, the group of permutations of

[n]:={1,...,n}.

For any permutation o € &,, composed of #o cycles, we define a function f,; on U(N)
by setting for any U € U(N),

fo(U) = N*Tr (cU®")
and a function on &,, by setting for any ¢ > 0,

o (o) = E[f, (U],

where U; is the marginal of a U(N)-Brownian motion. Then, the latter family of functions
on the symmetric group is shown to satisfy the following differential system (see [34,40]
or Lemma 4).

Lemma 3 [34,40]. For any permutation o € G,,

d n o — ..
Tt @==2¢ @)= > NN ),

1<i<j<n
o) (o) = 1.

The unique solution of this system of ordinary differential equations is a power series
in % that converges, as N — o0, to a function ¢;. It can further be shown to satisfy for
any o € G, with g cycles of length k,

gi(o) =[]e(.. k)™
k=1

3 We mean here that for any continuous function f, the sequence of random variables ([ fd ;LtN IN>1
converges in probability to the constant [ fd ;.
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Setting forallt > 0,n > 1, s, = ¢:((1...n)), the limit in N of the former equations
takes the following form:

d

n—1
n n
S = =t = 2> ks 1
dr HKt,n z,ut,n ) - Mtk Mt,n—k (D

with initial condition g, = 1. This system of equations is then shown to have a unique
solution given by the expression of Theorem [5]. It follows that forn € N, t > 0,

b [ [ o (dw)] > e
U

To conclude and obtain a convergence in probability, one ultimately needs to estimate the
covariances of the complex variables (ﬁTr(Ul"))neN’ >0 with their complex conjugate.
This latter point together with the Lemma 3 can be proved using the following lemma, that
allows to study any polynomial in the entries and their conjugate of a unitary Brownian
motion.

For any integer n € N*, let us recall the left action of &, on C®", such that for any
permutation o € G,, and any elementary tensor vy @ 1, ® ... Q v, € (CNHy®n,

OV ®U Q@ Up = Ug-1(1) &+ Vgl

The endomorphism of (CV)®" associated to a permutation o will be abusively denoted
below by the same symbol. For any pair of distinct integers i, j € [n], we denote by (i j)
the endomorphism of (CV)®" which acts like the endomorphism > <rs<N Ers ® Ers
on the ith and jth tensors and trivially on the others.

Lemma 4 [16,35]. Let U; be a Brownian motion on U(N). For any positive integers
a, b, which add up to n, the following differential equation holds:

d —®b —wb, [ n 1 . 1 .
SEUP QU =-EU QU | S+ Z (i ])—N'Z'OJ)
i<j=<a i<a<j

ora<i<j

For any permutation o € &,,¢N(0) = N #*Tr(cE[U®"]) and the Lemma 3
reduces to this more general one.

Proof. We shall use the stochastic differential equation (*) and apply 1t6 formula. First,
writing the u(/N)-valued Brownian motion (K;);>0 as a sum of independent real standard
Brownian motions yields that

1 1
(dK; ®dK) = —~ > Ep® Egpdt = ——(12)dt € End((C")®?)
N N
1<r,s<N
and

_ 1 1
(K ®dK) = D Ers® Ery = (12)dr.

1<r,s<N
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We can now use the Itd formula to get that the variational-bounded part of the variation of
the semi-martingales U,QZ’2 and U; @ Uy are respectively U; @ U .(—dt + (dK; ®dK, ) =
~UP*(1+ L (12))dt and U; ® U, (—dt + (dK; ® dK ) = —U; @ Uy (1 — L (12))dt.
The same analysis yields that the variational-bounded part of the variation of the semi-
martingale U2* ® Ufpb is

®a o 7ob [ 1 | .
U U, 3TN Z (lJ)+N Z<1J> dt.

i<j<a,ora<i<j i<a<j

3. Free Energy, Words in Unitary Brownian Motions

The convergence of the above paragraph can be considered as a law of large numbers
for the traces of words in unitary Brownian motion. We aim at studying their Laplace
transform and at deriving from this study a central limit theorem. Note that if (K;);>0 is
a u(N) Brownian motion as defined above, for any ¢ > 0, N2 log E[eNTr(KD] =
N2 log E[e! Kiildn)] = ¢ and N~2log E[eNTIKKD] = N2 log E[e~IKI*] =
log IEJ[e’Br2 ], where B; is the marginal of a standard real Brownian motion. These two
naive examples suggest that the scaling chosen in Theorem 1 is the good one (see [47]
for examples of Hermitian matrix models, where this scaling is used). We shall prove it
in the following by estimating cumulants.

3.1. Laplace transforms and cumulants of traces.

3.1.1. Scaling of cumulants. For any bounded random variable X, the function
log E[¢?X] is analytic on a neighborhood of 0. We denote its analytic expansion

log E[e**] =" ) o,

!
n>1 n
the coefficients (C, (X)),>1 are called the classical cumulants of the random variable
X. We are interested here in the behavior in N of N2 log E[eNTr(AN)], hence of the
rescaled cumulant

N"72C,(Tr(Ap)),

where the Ay are random matrices of My (C), uniformly bounded in norm.

3.1.2. Cumulants of several random variables. These coefficients are related to the
moments of X via a Mobius inversion formula ([41], [11, 2.3]) in a lattice of partitions.
Forany n € N*, the set P, of partitions of [1] is endowed with a partial order <, such that
for, v € P,, m < v if the blocks of 7 are included in the ones of v. It has a maximum
and a minimum that we denote respectively by 1, and 0,,. For any pair &, v € P,, m A v
(respectively Vv v) denotes the biggest (smallest) partition smaller (bigger) than 7 and
v. Each partition 7 has #m blocks. For any sequence of complex numbers (@4)ac(n].
let us set for any partition & € P,
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Og = HO(A.

Aem

Then, for any = € P,, there exists a unique sequence (Bx,,(a))r <y such that for any
V=TT,
=D Brx@. )

T’V

For any w,v € P, with v < m and m # v, we set B (o) = 0. If X1..., X,
are bounded complex random variables and for any A C [n], g4 = IE[HI»e 4 Xil, let
us set C, (X1, ..., X,) = Po,.1,(a) and similarly, for any pair (;, v) of partitions,
Cryv(X1, ..., Xn) = Bxv(a). Then, the following expansion holds for any z € C" ina
neighborhood of 0,

Zip -+ Zig

IOgE[€Z1X1+"'+Z”X"] = z Cr(Xiy, ..., Xiy) o

k>1
1<iy,...,ix<n

Differentiating the previous expression leads to two useful formulas: if ¥ and Z are
bounded random variables coupled with X and if z € C is in a neighborhood of 0, then

E[YesX] Z Crn (7, X,-..,X)Zk

E[ezX] k! )

k>0

and

E[YZe*X]  E[YeX|E[ZeX o Z, X, ..., X
[YZe*] [6’][e]=zck2( )zk. @

E[esX] E[e2X]? = k!

The coefficient C, (X1, ..., X,) is called a classical cumulant and is symmetric in
the variables X1, ..., X,. The coefficients (Cr (X1, ..., X,))z<u are called relative
cumulants. Using the characterizing formula (2), one can express relative cumulants in
terms of classical cumulants. For any pair # < v, if for any A € v, A, denotes the set
of blocks of 7 included in A, then

Crv(X1, .., Xn) = [ | Caan (Hxi, B e An)

Aev ieB

= Z Cu(X1, ..., Xn). (5)

WEP, TV =y

The second formula is named after Leonov and Shiryaev [33].

3.1.3. Tensor valued cumulants. We shall here recall the notion of moments and cumu-
lants for vector valued random variables (see [15], where this notion is considered in the
broader setting of non-commutative probability spaces). This framework will later on
(Sect. 4.2) allow us to obtain representation formulas for classical cumulants in terms
of matrices, which are the core of the argument to bound from below the radius of
convergence of Laplace transforms.

For any finite dimensional vector space V and any finite set A, let us denote by
V®4 the vector space of multilinear map on (V*)? and for any n € N* identify V®!"]
with V®. Any function X : [n] — V defines an elementary element of V®4 that we
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denote by &4 X;. Any partition = € P, defines a multilinear map [],., V&4 —
VO (ap) per & scr @, suchthatforany X € V', Q) 4o Qicn Xi = ®i€[n] X;.
For instance, for vy, ..., v4 € V,if a3 =v1 Qv € y®2 ~ y®il3) gpg ap3 =
13 @ vg € VO ~ @24}

® g =V Qus® vy ® vg.
Ae{{1,3},{2.4}}

For any sequence (o4) Ac[n] such that for any A C [n], a4 € V®A et us set for any
partition & € Py,

ar = R an € V", (©)

Aem

Then, for any w € P,, there exists a unique sequence (S5 ,(a))z<v such that for any
V=T,

= D Pral@) eV (7)

7'V

When X ..., X, are bounded random variables valued in V on a probability space
(22, B,P) and for any A C [n], @y = E[®i€A X;], note that for any pair of partitions
7, v, Cq (X1, ..., Xy) = Br.v(a) is n-linear as a function on the space L (2, B, P) ®
V. We then define linear functions on L®(Q2, B) ® V®" by setting for any random
variables X1, ..., X, e L¥(Q,B,P)QV,Cr (X1 ®---® X;) = Cr (X1, ..., Xn)
and C,(X1®---®X,) = Co, 1,(X1, ..., X,).Forexample, if A and B are two bounded
random vectors of V,

C2(A® B) = E[A ® B] — E[A] @ E[B] € V®2,
Ci12).5).1,(A®B®C) =E[A® B®C]—E[A® B]®E[C] € V3.

If Ay, ..., A, are random matrices in M, ((CN ) with bounded operator norms and 77, v €
‘P, 1s a pair of partitions, then

Crw(Tr(AD), Tr(Az), ..., Tr(An)) = Trevyen (Cry (A1 ® - - @ Ap)).

If o € G, is a permutation whose orbits are included in blocks of the partition v, then

Co(  []  Tr(Ay.. A, Bev) =Tr(Cy1,(0AI® A2® - ® Ay).  (8)

(i1...i) cycle of o
included in B

3.1.4. Cumulant of exponential tensors. For any n € N*, let us denote by 3, the set of
subsets of [n]. Forany A, B € 13,,, with B C A, letus write EA for the smallest partition
of A for <, containing B as a block, and set for any endomorphism 7 € End(V®B ),
T" = @seqp.ap @s € End(VOY), where ap = T and aay g = Idyeas. If A = [n],
we shall write respectively B and T for B and T For any d > 1, let us denote by A?

the simplex {s € [0, 194 5o+ . 45 = 1} of dimension d and by ds the Lebesgue
measure on A4,
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Lemma S. Let (Ta) pesp, #a>2 be a family of endomorphisms such that for any A € B,
Ts € End(V®4) and

as = exp[ Z T_BA]-

BCA#B>2

Then, for any pair of partitions T < v in Py,

Brv(@) = Z/Ad 0T g, q, T ay - T agids, )
where the sum is over sequences Ay, ..., Aq, such that (w v (szl Aj))o<k<d is strictly
increasing, withmw v Ay Vv ...V Ag = v. Moreover, if u € P, and for any t € R*,

Ta(r) =tcTa,
whenever A C C, with C € u, and 0 otherwise, then for any C € |,
d _
—Bav@) = D TaPrvan(@d). (10)
dtc
ACC#A>2

Though we shall not use it, it is also enlightening and easy to show that for any partitions
7w < vof [n],

Il —
Brol@) =D 5> Ta .. Ta, € End(VE"),

k>0

where the second sum is over sequences Ay, ..., Ay € PB,, with #4; > 2 for any
l<i<kandm VA VAV...VA,=v.

Proof. Applying the uniqueness of (7) to the integral of the right-hand-side of (10)
implies the latter. Then, (10) for © = 1,,, implies that both sides of (9) satisfies the same
differential equation. Moreover, both sides have the same initial condition: 8 ,(«(0)) =
1, if # = v and 0 otherwise. Hence, by induction on #r — #v, the two terms agree. O

3.2. Words in independent unitary Brownian motions and their traces. ~ We obtain here
adifferential system for the normalized cumulants in traces of words of unitary Brownian
motions and show that the latter converge as N — oo.

3.2.1. Partitioned words. For each positive integer g, W, denotes the monoid of words
in the alphabet made of 2¢ symbols x1, ..., x4, xl_l, el xq’l. An element w of W,
writes down uniquely x;' ... x;", with e, ..., €, € {—1, 1}. We call n the length of w
and denote it by £(w). Its pth letter x;pp is denoted by X ,(w) and for any k € [¢] and

A C [n], we set ”i,A(k) =#reA: X, (w)= xki},

nw,A(k) =ny, g (k) —ny 4 (k) and 7ty 4 (k) =y, 4 (k) + 1y, 4 (K), e8Y)
where we shall drop the second index when A = [n]. We call partitioned word every
couple (S, ), where S is atuple (wy, ..., wy) of words in W, and = € P,,. Given such

acouple, we set#S = m, w(S) = wiws ... wy, and £(S) = L(w(S, 7)). We denote the
set of partitioned words by PW,. For any m € N* and w € W, w!™ denotes the tuple
composed of m copies of w. For any function ¢ € CF%4, and § € W', we shall write
@(S) for ((S, Om)).
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3.2.2. Operations on partitioned words. For any partitioned word (S, 7) € PW, with

S =(wy, ..., wy)andw = w(S, ), letusintroduce two transformations of (S, 7). For

any pair of positive integers , j suchthat 1 <i < j < £(S) and X; (w) = Xj(w)i =a,

let us define ’Z;,j;((S, T)) = (’Z;j; (S), ") € PW, according to two cases, as illustrated

in Figs. 1, 2.

1. If the ith and jth letters of w belong to the same word wy = AX; (w)uX ;(w)v, then
let us set

T5(S) = (Wi, .+ Wk—1, AQV, G, Wk - - 5 Wi),

if X;(w) = X;(w),
T,5(S) = Wi, oo wp, Av, apa™ ' wets - wy),

if X;(w) = X; (w)~! and in both cases 7’ € P,,41 the partition obtained from 7 by
substituting / with / + 1 for / > k and adding k + 1 to any block of 7 including k.

2. If the ith and jth letters of w belong to two words w, = AX;(w)u and w, =
vX;(w)y, then let us set

Tijrj(S) = (Wi, ..., Wp, kaxvap, ..., Wy, ..., Wn),
if X;(w) = X;(w),
’];3(5) = (wy,..., W, )»)(va_la,u, ces Wy, Why),
if X;(w) = X (w)~! and in both cases we let 7’ € P,,_; be the image of the

restriction of 7 to [m]\{q} by the increasing bijection [m]\{g} — [m — 1].

Let us make two remarks. In the first case the number of blocks of the partitioned
words are constant and the number of words is increased by 1. In the second one, the
number of words is decreased by 1, whereas the number of blocks of #7/ is equal to #7,
if p and g belong to the same block of w and #mw — 1 otherwise. For any f € [¢g], we
define the sets

N () =G ) e )P i < j, Xi(f) = X7(f) € fxp .27,

Sj;(f) ={(i, ) eNE(f) :#n' =#7 — 1 or #Tif;(S) =#S+1)},
NSZ;j(f) = {(i, j) e NE(f) : #n' = #7 and #Ti%j(S) =#S — 1},

Ss.a(f) =G, J) € Ny (f) : #n = #n) (12)

and

q
N = J Na(H VN, ().
f=1

3.2.3. A differential system. Let us fix ¢ independent and identically distributed U(NV)-
valued Brownian motions (U1 5)s>0, - . - » (Uq,s)s=0. We would like to show that Lemma
3 admits a natural generalization for cumulants instead of moments of traces in this
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multiple times setting. This will be achieved in Proposition 1. For any word decomposed
€ €{—1,1}and Uy, ..., U; € U(N), let us set

€ .
as w =xi1l X", withe, ...,

w(Ui, ..., Uy =U ... U
and for any vector t € R,

w) =wWUu. ..., Ugs,). (13)

For any partitioned word (S, v) € PW,, with § = (wy, ..., wy), we shall consider for

any t € RY,

Ki(S.v) = Cp([ [ Trwl)), A e v).
i€cA

Lemma 6. For any f € [q] and any partitioned word x = (S,v) € PW,,
T k0 - (X KT 0 - Y KT )
Nouis) ()

dK()
diy e

where the sums are over (i, j) belonging respectively to N w( S)( f)and
Note that this Lemma could be proved differently than below, using the formulas of [40,

Sect. 4.].
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Remark 1. Tt is possible to adopt a more functional approach, closer to [13], describing
the above operations in terms of the square of the formal operator of derivation with
respect to one letter, given in [13], followed by a contraction. A possible framework
could be the algebra of trace polynomials used in [9]. We leave here this question open.

Proof. Letus fix a tuple (wy, ..., wy,) of words, set w = wj ... wy, = x;, . ..xl-en”, with
€1,...,€6, € {—1,1} and ¢ : [n] — [m] the map induced by the decomposition of w
into wy, ..., wy,. For any partition v € P,,, we denote by v’ € P, the biggest partition

c €c
such that L(VO) =v.Forany o € G,, let S, be the tuple of words xl.€ o X; % such that
<1 k

c1 < ... < ¢, forms a cycle of o, ordered by the position of their first letter in w. We
denote W, (w) = {Ss : 0 € &,,} and fix an arbitrary injective map

SeW,(w) — os €G,, suchthat S5 =S. (14)

Let us denote 8 : My(C) — My(C), M — M!, set for any integer i < ¢(w),
8 = 1_2€f , and define for any pair of distinct integers i, j two operators TlJr and T,

o v J i
acting on End((CV)®%:7}) by setting for any M € End((CN)®{.7}),

T (M) = M ), (15)
_ Y T ..
T, (M) =67 06 (ef' 0 07 (M)(i ])). (16)
For any collection of words § € W, (w), any pair1 <i < j <mnandany Uy,...,U, €
€j

UWN) with U = U},

-+
TI’((CN)@,, (UST,',j U ®---Up,)) = Tl"(@N)@n (O’zz?i;(S)Ul ®---QUy,).

It follows that if Uy, ..., U, are U(N)-valued random variables with Ufi = U;.j , then
for any partition 7 € P, such that i and j belong to the same block of r,

Treyon (05Ca1, (175 ( Q) Un)) = Trempen (0725 Cr1, (Q) Ui). (D)
l<i<n N I<i<n
We shall now apply Lemma 4 to the tensors

v = QU a9

keA

for any A C [n], that we denote simply by w;X’, for A = [n]. For any f € [q], the latter
yields

d 7w, A(f) 1 A e
Em[w;@A]z—TE[w;@Al—ﬁ(ZTm -7 )(]E[w?8 1) a9

where the first and the second sums are over pairs (i, j) € A? belonging respectively
to N} (f) and N, (f). Consider now a partitioned word (S, v) with § € W, (w).
According to (8),

Ki(S,v) = Trienyon (Cyo y [osw]) = Trcmyen (05Cho 1 [w]).
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For any subset A C [n], with #A > 2, letusset T4 = 0, if #A > 3 and
Th=F27) (20)

if A = {a, b}, with (a, b) € Nf (f). Let us consider here elements of My (C) as linear
operators of My (C) acting by left multiplication. The family of tensors

= o3 Zizr<q tfﬁw,A(f)E[wt@A] € End(V®4), @h

for A C [n], with V = My (C), satisfies the condition of Lemma 5 with u = {./\/ujf(f) :
1 < f < gq}. Hence, forany f € [¢g] and 7 € P,

d 1 7 =
;ez 2li=r=q tan(f)C:r[,l,, [wt®] — Z Cﬂ\/{a,b},ln (tf lT{a,b} (w?)) G
/ (@.b)eNi (f)

For any pair (a,b) € N, if p,q € [m] are such that the a™ and the b let-
ters of w belong respectively to w, and w,, then according to (17), the trace

—ea@NTrevyon@5Coo g, (17 Tian (F))) is equal o

Trempen @7 g Coovia 1, (0F) = KTy ), vvIpah - (%)
€ €j

= KT (S.v)).

The two equations (*) and (**) then imply the announced formula. O

3.2.4. Scaling and asymptotic expansion of the cumulants. Let us now introduce a scal-
ing of the above functions that matches the one of Sect. 3.1.1 and that yields a differential
system with converging coefficients and initial conditions, as N goes to infinity. For any

partitioned word (S, v) € PW,, with § = (wy, ..., wy,), the following quantity
@i (S, v) = N2E=D=S ([T Tr(wi). A € v) (22)
i€eA

satisfies these two conditions. Let us define two operators on CP%a, by setting for any
function ¢ € CPWa and (S,v) € PWy, L¢(¢)(S,v) to be equal to

—”“’%)(f)w(s,m D e TS — D eIk (23)
(. )eENYT G )ENE
and
Di@)x)= > oI5 — D @(TH). (24)

Q)N (. )eNGT
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Proposition 1. Foranyt € R, N € N* and (S, ) € PW,,

d 1
— S,m)=(Ls+—=Dy). S,
dr; @, N ( )= (Ly N2 £)-0,N( )
and ¢o n(S, ) = 1, if m has one block and 0 otherwise. As N — 00, the sequence

of functions ¢, N converges pointwise towards the unique function ¢, such that for any
teR? and (S, ) € PW,,

d
d_(p[(S»n) = LngI(S,T[)
Ly

and ¢o = ¢o.1.
Proof. 1tis a direct consequence of Lemma 6. O

Corollary 1. There exists a sequence of functions (\r; ¢) ¢>1 on PW, such for any (S, m),
the power series with coefficients (Y, 4(S, w))g>1 has a positive radius of convergence
and for N large enough,

QN (S ) =@ (S. )+ D N2 o (S, 7).
g=1

Proof. Forany fixedn € N*, the operators L ¢, D s preserve the finite dimensional space
of functions supported on {x € PW, : £(x) < n}. The above expansion follows then
easily from Proposition 1. O

In particular, for any ny,...,n, € Z, Nm_ZCm(Tr(UZ’”), R Tr(Ut"’")) admits a
limitas N — oo. Together with the property of independence, stationarity and invariance
by unitary adjunction of multiplicative increments of the process (U;);>¢ and the notion
of higher order freeness developed in [14], this fact alone implies that for any (S, 7) €
PWy, ¢, n(S, m) admits alimitas N — oo. Nonetheless, this result does not give easily
an expansion in N.

4. Two Estimates on the Cumulants

The proof of Theorem 1 relies on two estimates on the above cumulants. The first one
shall allow to extend them to broader class of words as we will see in Sect. 6. It is
nonetheless too loose to obtain a positive radius of convergence as stated in Theorem 1.
The second type of estimates gives a much sharper bound and is the key ingredient to
address this question.

4.1. All-order bounds. ~ For any t € RY, let us define a scalar product (-, -); on R?, by
setting for any a, b € RY,

q

(a, b); = Zafbfrt.
f=l

Let us recall the notations of Sect. 3.2.1 and set for any word w € W,

Ar(w) = (), )
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For any (S,7) € PW, and N e N*, we define inductively a sequence by setting
Yron(S, m) = ¢ n(S, ) and forany g € N,

Vi gt N (S, ) = N2 (Y, N (S, ) — Y o (S, 7)) .

Lemma 7. For any words wy, ..., w, € Wy, N € N* t € Rz, A e[0,1]andk € N,
k —k k Al(wl-uwm)
|W‘PAI,N(WI,-~,wm)| <27A (.. wp) e 2
and
—k k Ar(wy..wm)
ik, n(Wr, o, wp)| S 277 A (W wy) e 2

Besides, A;(wi ... wy) <m Y it Aj(w;).

Proof. For every integer p € N and any matrix M € M,(C), let us set |[M]| =
max;e[p] Z’i’:l |M; ;|. Recall that || - || is a sub-multiplicative norm on M, (C), such
that for any matrix M € M,(C) and v € CP, max;e[p) |(Mv);| < | M| max;cp |vil.
Let us fix a word w € W, and denote by B,, the set of partitioned words (S, ) € PW,
with ni( 5) = n:ut) Note that B, is stable by the operations appearing in (23) and (24),
so that for any f € [¢], the two operators Ly and Dy preserve the finite dimensional
space J, of functions on P W,, with support in B,,. For any F' € End(F,,), let us set

IFIl = max > F@)®).

v x€By,

For any (S’, ') € By, there are at most w elements (S, ) of By, such that
(§’, ) is obtained from (S, ) by a transformation of the form le; with (i, j) € Nw(g).
It follows that the restriction of L y and D to F, satisfy the following inequality

I 7w (f)?
max{lL sz, I 107 7, I 1L £z, + 23 D i, I} < =25
Let us set
q q
L=2islsp, ad D=3 1Dy, 25)
f=1 f=1
Then, according to Proposition 1,
L+ D
$t,N\p, — € N2 (%0,
and
_ L
%118, =€ (®oB,)-
Let us recall that for any matrices A, B € M, (C),
1
ATB _ A =/ SAB) g, (1=9)A 4 ¢ (26)
0
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Using iteratively this formula together with the former two equations yields that for any
g=1

Vig.N|p :/
|Bu O<sy<sa<..<sg<l

Therefore,

SI(L+N2 D) De(Sz—S‘])LD De(l Sg)LdS(§00|Bw) (27)

L D L
max {g‘|1ﬁl . N(S 7[)|} < ”D”g max{|| + LIL max {(PO(S, 7T)}
(S,m)eB (S,m)eBy

Ar(w)

<2° g(thn Yot Timt 1M = 2=8 A, (w)¥e 2"
f=1

Besides, forall A € [0, 1] and r € N,

r

1
. D)’eMLJrWD)

1
—— %N B, (L+m (po18,,)

so that the left-hand-side is uniformly bounded by 2_’A,(w)’e# on B, . Besides,
for any words wy ... w, € Wy, if w = wy...wy, thenn,, = ny, + - +ny, and
Ai(w) = ||ﬁw||t2, the last point follows. O

Note that these first estimates are very loose. For example, for w = x{’, the lemma shows
that |¢; (w)| < 6’1”2, when we have* the simple bound |¢; (w)| = | fU o" gy, (do)| < 1.
Furthermore, for this same word, it yields for any m € N*, [N"~2C,, (Tr(U)I <

2,2 . . . .
e g0 that the exponential power series of the sequence on the right-hand-side
diverges.

4.2. Sharper bounds for the first and second orders. ~ For any positive integer m, let us

denote by C,, the set of Cayley trees on m vertices. For any wy, ..., w, € Wy, T € Cy,
we set
Tiown) =[] w7y (28)
{i,j} edge of T
and

‘il(wla"-vwm)z H <nwi,nw./>t,

{i,j} edge of ¥
ifm > 2, and %, (wy) = ‘it(wl) = 1, otherwise.

Proposition 2. For any words wy, ..., wy, € W, and any N € N¥,

N Wi, w)| < D Ti(wi, . W)
TeCp

4 The rightdecay of this moment sequence is at least polynomial, as the measure 14, is absolutely continuous
with respect to the Lebesgue measure, with a density that is Holder continuous. The regularity of the density
does depend on t1, there are three regimes: #; < 4, t{ =4 and #] > 4, see Remark 6.8. of [34].
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and form > 2,

§0t,N(w1’ LRI wm) = Z il(w15 RN wm)+Rl‘,N(w17 BRI wln)7
TeCp
with |RyWi, - .own)|l < (2" (A (wr) + -+ + Ay (W) e Arwi+-+Arwn)

whereas

1
o n(wy) =1— Ennwn? + R,y (wy),

2 A;(wl)
with |Ry y(wi)| = Ar(wi)7e ,

The second estimate shows that the first one is optimal for tuples of words w € W,
such that 77, = ny,. The idea of the following proof is to get formulas for the considered
cumulants not in terms of partitioned words, as we did in Lemma 7, but rather in terms
of their “Schur-Weyl dual”, that is here, tensors of unitary matrices.

Proof. Let us consider ¢ independent Brownian motions (U; /);>0, - - - (Uq,t)tzo, on
U(N), ﬁx a tuple of m words So = (wy,...,wy) € W' setw = wy...w, =
Xt oo = (1...28wp)) x --- x (1...L(wy)) and g € P, the set of its orbits

131
ordered by their smallest element and recall Definition (18). Let us further use the same

notations as in the first paragraph of proof of Lemma 6. According our choice of scaling
and (8),

o NWi, . W) = Nm_zTr((CN)®n (ooCnOJm(w?)) .

Let us remind that the family of tensors (21) satisfies the condition of Lemma 5, with
(Ta)aess, given in (20). We shall denote here Tj, 4y by Tp 4. Let W, be the set of
strictly increasing sequences (vl)’” | € Py, with vy = 0y, and v, = 1,,. Each sequence
of pairs (pr, g1)1<i<m—1 € va with V;”z_ll{pl,ql} VvV mg = 1,, induces an element
of ¥,, and any element of W,, can be obtained in this way. For any v € W,,, we
set Y(0) = {(pk @) 1<km—1 = Yk € [m — 1], pi < Qi Vi i gi} v o = ek

According to (9), e2 Zl<f<q ’f"'”(f)C 0. 1m (w ) equals

Bro.1,, (@) = Z Z /A’" 1 P19 "'Tpmflquqai’,:ds' 29)

VeV (pr,qi)keY (v)

Let us now rewrite the right-hand-side in terms of unitary matrices thanks to the Defin-
itions (6) and (21). For any partition u € P,,, let us denote by w : [n] — u the natural
quotient map and introduce a collection ((U; p, £)1=0)bep,1< f;q of g#u independent
U(N)-Brownian motions. Then, let (U*),¢p, be a collection of independent random
variables such that for each u € Py,

(viia) = (U )
k) R 1<k<n e, (k) ik reR" 1<k<n

Forany v € End(My (C)®"), letus denote by £(v) the endomorphism of End(M y (C)®"),
of left multiplication by v. With these notations, (29) yields that the cumulant Cr, 1,, (w? )
equals
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n n
Z Z /Am—l s |:£(® ljs‘)lltikvk)Tpl’q1 e Tpm’qm£(® Us‘j:zntik’k):| o
k=1 k=1

VEWn (pr,q)k €Y (v)
(30)

Notice that for every matrices Uy, ..., U, € U(N) and any pair (a, b) € J\/’f, such that
U, = Uy, E(®k€[n] Uy) commutes with T, ;. Therefore, if we set for any sequence
veWw,,se A" land1 <k <n,

V=0 Uy, € UN),

s ‘Yltik»k T Sml

then, TI'((CN)@n (UOlem (w;g’)) equals

Z Z / 1 E[Tr(aoTpm—b(Im—l tt Tpl,(h (®ke[n] Vv‘fk))]ds
A=

veWy (pr,qi)k€Y (v)

Foreachv € Wy, ¥ = (pr, qu)x € T (v), there exists a word w,, such that Tpf”’:ll P

.. 0 T;zz’qz 0 Tyl 41(S0.0m) = (wy, 11), where for any k € [m — 1], e = €€,

and for 2 < k < m, px, g are the new positions of the p,t{h and q}{h letters of Sp in
_ —1 .

/T[‘Z_ll,qul 0---0 ,Z;fll-,m (So). If 1, = [, (_Eipk €iyy )t,-pk , then, according to (17), for

any tensor v € My (C)®",

Tr(007 pp_y.gues - - L pr.gy () = 1, N 7" Tr (o, v),

where Ow, is defined as (14). It remains now to unfold the above notations to get

oW w) = D ty/A E[N""Tr(wy (V... V2 ))lds. (31)

m—1
veW, yeY(v)

To conclude, note that the normalized trace in the integrand of the right-hand-side are
bounded by 1. Let " : ¥,, — C,, be the (m — 1)!-to-one map that sends every sequence
V= (\/f‘:] {i1, j1})1<k<m to the Cayley tree with edges ({ix, jk})1<k<m. Then, for every
veWw,, ZYGT(V) [ty| = I'(v)(w1, ..., wy) and the first bound of the statement fol-
lows. Another consequence of (31), is that, in the Taylor expansion of . y (w1, ..., W)
around 0 € ]Rf’r, the terms of degree less than m — 2 vanish, whereas, the sum of terms of

degree m — lisexactly 3 ,cy, 20 cr() ﬁ But, forany T € C, and v € I'~1(%),

m

ZyeT(V) ty = T, (wi, ..., wy). Hence, applying Proposition 7 yields the second esti-
mate. A similar argument applies for ¢; y(w1). O

Remark 2. When N = 1, (wi ;)1<k<m has the same law as (exp(iZr))1<k<m, Where
(Zk)1<k<m 1s a Gaussian vector of covariance matrix ((ny,, nw,)t)1<p,q<m- It follows
from the definition that

_1 2
(pt,l(w) —e 2”"111”[ ,

whereas for w € W;’, the Leonov Shiryaev formula (5), shows that for any m > 2,

~ 1 2
(pt,l(wls LRI wm) = Z E(U)ls ML) wm)e z‘lnwl‘*‘m"’"wm ”r .
TeCpy
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Remark 3. Formula (31) implies that any cumulant ¢; y(wq, ..., W) is expressed in
terms of the non-commutative distribution of the unitary Brownian motion.
For any ¢ € Ry, let us set

A= (1 + 1+ /1t +2))e2VITD

and for any word w € W, andt € RY,

q -_— "
) = [T (32)
f=1
Lemma 8. For any sequence S = (w1, ..., wy) of words in Wy with m > 2 and any

N € N*,

m
m—1_72 — 2
[N (S < 2" lm _1'[1At(w,->1r5nia;;1 172 112 TEC T(S).
1= eClm

Proof. Letus fix Sy € W, By the set of partitioned word obtained from xg = (S, 0,,,)

by a sequence of cut and join transformations and set for any n € Py, B, = {(S', 1) :
(8’,n) € Bp}.Forany N € N*, according to Proposition 1 and Duhamel’s formula (26),
if L and D are defined as in (25),

1

_ -2

V1N (So) = — / UL s LANTD) (90 (x0)ds.
0

Setting for any s € [0, 1] and x, y € By, Qs(x, y) = e“LD((Sy)(x), yields

1
> /0 Q15 (xo. 1) EN D) (o) (y)ds

Y€By

—V¥1,1,8(S0)

1
>, Z/O @st.N () Q15 (x0, y)ds. )

n€Pm yEBy

Let us fix n € P, and consider the space of strictly increasing sequences W7 =
(A i aiDoskem—n € P " VI 0 g} = nyand Wy = {(VE_ Tpin qi} v
Mo<k<#y—1 € 77,?," : \/?Zlm v n = 1,}. For any t € R and any increasing
sequence v € an, induced by a sequence of pairs of integers (p;, gi)1<i<; of [m], let us
set

[

vi(S0) = [ [ wp, » g, )1

k=1

For any 7w € P,, and any linear operator A on C?0, let us introduce another operator A
by setting for any ¢ € C50 and x € By, A, (p)(x) = ZyeBﬂ @(¥)A(dy)(x). On one
hand, for any y € Bj, a slight modification of the proof of Proposition 2 yields that for
any r € R,
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1
lor, N(D)] < m Z v (So).

vew,

On the other hand, the same argument as in Lemma 5 yields that > B, |Q1(xp, y)| is
bounded by

L L
sup > [e" et (50 () ds.
A= lxeBn)GB

> (Aw, . 7, )i (So)
vew”
{p.q}=<n

To conclude, we shall expand the exponential in the right-hand-side and use then trian-
gular inequality. For each f € [¢], let us define an operator L y on CP%4 | by setting for
all g € CPYa and x = (S, 7) € By,

Ly = D oThen+ D 9T ,x). (33)
(@b)eN32(f) (@b)eN(f)

Forany x € By, v € W7 and s € A#171,
> ettt ) ()] < €7 Zia D S 2 trEr (5 (),
YEBy, YEB;,

For any tuple S of words in W, let us denote, for each f € [¢], by w;(S) € W,, the
word obtained from w(S) by deleting the letters x s and x;,l, for f’ # f. Recall that

forany x = (5, 7) € PWy, ¢o(x) = 1, if #7 = 1, and 0, otherwise. Then, for any
x=(S, 7)€ By,

q [ q .~ .
> X1 6, @) < [T e (wo)wr (8), L, (1)
YEB;, f=1
Let us denote
Ag(w) = e 2 EI M qp He’f“(woxwf(S) ). (349
(S.m)€Bo 7y

Gathering the equality (<>) with the last four inequalities yields that the quantity
PR
2=t "“’(f)ljf,’],N(So, 0,,) is bounded by

1 2
S S
z v; (So)v; (So) As(w) sup |7y, ||

o=y (#n — D!(m — #)! l<i<m

vle\I/",vze\IJ,,
_ v (So)
< Ar(w) sup |7y, |7
! l<i<m v tveq,zl;(k DI(m —k)!

< 2" 'Aw) sup 7 ll; D T(So).

1<i<m TeC
m

Then, the following lemma implies the announced bound. O
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Lemma 9. For any word w € Wy, t € RZ,
Ar(w) < A(w),
where both terms are given by (34) and (32).

Proof. For any w = x1 ... x% € Wy, let us define 7, = {k € [L(w)] : € = —€k+1},
where ¢ is indexed over Z/[I(w)]Z, and an operator L on CFW1_ setting for any ¢ €
CPWi and x € PW,

Lg)(x) = > 0(T,5(S)).
(@b)eN s, 1, (T

Let us consider the function ¢ on PW; with ¢o(S, 7) = 1 if #7 = 1, and 0 otherwise.
As 2#7,, < n, the operator defined in (33) satisfies for any r € R,

'L (o) (w, 1,) < "5 (o) (w, 1,).

‘What is more,

'L (o) w, 1) < L1 (o) (61, 1,).

For any n € N*| let us denote here by ¢y € (CCWIJ the constant function equal to 1.
Therefore, setting for any s > 0,n € N, ps(n) = eSLl(tpo) (xf,1,), forany t € RY,

q
Aw) < [T ooy () (*)
f=I

According to the Definition (33) of the operator Zl , the family of functions (p.(1)),>0
satisfies the following differential system: for any n € N* and s > 0,

n—1
d
s = g ZI ps(p)ps(n — p)

and po(n) = 1. Let us define a formal power series by setting for any z,
ps(2) =D ps(m)".
n>1

Then, for any s > 0,

4 (2) = ()i (2)
dspsz —Z,OdeZPsZ-

According to the Lemma 13 of [6], (ps(n)),>0 is the sequence of moments of a Her-
mitian operator (therein, denoted by A2 A} /2) acting on a separable Hilbert space and,

according to Proposition 11 of the same article, with spectrum [)‘s_/z’ A: /2], where

o A = [@s+1—=2/s(T+5)e V0D (2541 +2/s(s + 1) 6],

n
It implies that for all n € N*, ps(n) < (A:/z) and the result then follows from (*). 0O
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5. Applications

5.1. Asymptotic behavior of the free energies. ~ We give here a proof of the Theorems
1 and 2. For any function V € CWa, let us set Vi = Zwqu [V(w)| and ||V ]eo =
SUPyew, [V(w)|. We define Fi, = {V € C% | V|l1 < oo} and Fo,q the set of

functions V € C%, with#{w € W, : V(w) # 0} < co.Forany N € N*, Uy, ..., U, €
U(N) and V € Fj 4 the following sum converges almost surely and defines a random
matrix

VWU.....U) = > VwwUs. 1= f=<q)eMy().

weW,
Let (Ut1,1)1>0, - .., (Ug,1)i=0 be g independent U(N) Brownian motions.

Theorem 5. For t € R and V e Fo.,q» there exists ry > 0 and analytic functions
@1,vs Yy, NIN=1 and Yy on Dy, ={z € C: |z] < rv}, such that

VN @ — E[eZNTT(V(ULt] ~~~~~ Uq,rq))*Nzwt,v(Z)] N e%,v(Z)’

as N — oo, where the convergence is uniform on compact subset of Dy.,.

Proof. For any function V € Fj g, let us define V; y = VUi, ..., Uq,,q) and

LiynG@) =N -2 log E[e?NTr(Vin)]. The latter analytic function admits the following
Taylor expansion on a neighborhood of 0,

L V(wy)
> v Y AT, e
nm:
weW, m=>2

According to Proposition 1, the summands of the two sums converge pointwise as N —
00. The summand of the first sum is bounded by |[zV (w)]|, so that this sum converges
absolutely towards >_ ew, V(w)e: (w)z. Each coefficient of the second power series is
bounded by

"V (w; mm—2
> MO, = max @ v,
m! a#besupp(V) m!
W,y wm €Wy
TeCpn
It follows that
" TT, V(w;)
Iy .n(2) = > #%,N(wl’ s W)
m!

m>1Lwy,...,wy €Wy
is well defined on D,,, with

1 _
— = max {(ig, np)iell Vi
ry a,besupp(V)
and converges uniformly as N — 00, on its compact subset towards a limit that we
denote by ¢; v (z). Let us set for any V € CWa,

ny = sup all; D AV (w)l,
aesupp(V) wew,
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where A; is defined in (32). For any m > 1 and V with ny < oo, according to Lemma
8, the sum

" V(w;
= > mewl,...,wm

wi,...,wm €Wy

is well defined and satisfies
m
_1m
N (V)] < 27 =i,
m!
Thanks to Proposition 1, by dominated convergence, if v v y(z) denotes the power
series with coefficients (Y m (V))m>1, then ¥, v n is well defined on Dr‘// and converges
uniformly on its compact subsets towards a function v, v, with
1
— = 2eny.
v
To conclude, note that r(, < ry, so that if |z| < r(, < 00, ¢, v(z) is well defined and
the analytic function

Vv N @) — FeENTE VN =Ny ()]

converges uniformly towards ¥V ?) on Dr{/. O

For any function V € C%s and any word w = xfll ...xfn" € Wy, wither,..., e €

{—1, 1}, let us set V*(w) = V(xif" ...x;“). We say that V e CWa is symmetric
if V¥ = V.Forany N € N*, let (U1+)s>0, ..., (Ug.)i=0 be g independent U(N)-
Brownian motions. For any symmetric function V € Fj, and ¢+ € R}, the random
matrix

Vin =VWUiy,-....Uqgs,)

is Hermitian and its operator norm is bounded by ||V|;. In particular, it satisfies
0 < E[eNT(ViN)] < oo. Let ;v be the probability measure on U(N)?, absolutely
continuous with respect to the law of (U 4, . . ., Uq,,q ), whose Radon-Nikodym deriva-
tive is E[eNTT(Vin) =1 NTr(VWULL-.Ug)) "We shall denote by (Ul‘fl1 s qu,r[,) arandom
variable distributed as p; v on U(N)4.
Forany V, W ¢ CWa, let us define for any t € RY,
m
Tiv(W) = > |W(a)|ws,

m>1,a,wi,...wyeW,,TeCy

(@, wi, ..., Wp)

and
Tipv(W) = Z (g, 1) e | W (@) || W (b)]
a,beW,
m oV (w;
+ > |W<a>||W(b>|Wma,b,wl,...,wm>.

m=1,a,b,wi,... wyeWy,TeCy

Forafixed V € CVe,t € RY, we consider 7, v = {W € Fi 4 : J.v, Tro,v < 00}.
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Theorem 6. For any V € F\ 4, the random variables %Tr(W(U]‘ftl, ey Uq‘f,q)), with
W e F; v converge jointly in probability towards constants @; v(W), W € F; y.

Remark 4. For any Cayley tree T € Cy,, let us write (d5(i))1<i<m for the degree distri-
bution of T. For m > 2, Cauchy-Schwarz inequality yields that for wy, ..., w;, € Wy,

[IL) [V (w)

m!

1 = —  d=(
Tr(wy, .o, wy) < Z %H|V(wz)|”nw, ||1T(l)-
QEC"; i=1

Forany V € CWa, according to formula (1) of [4],

DT vediZiw, own) < D7 T w1V @) IO 7w, 10" 2.
i=1

weW;"i:l weWy" i=1

In particular, J; v (W), Ji2,v(W) < 0o, assoonas V, W € Fq 4, with

_ 2 1
VI sup Inally < —.
asWw, e

W(a) or V(a)#0

Proof. Letusconsider V € Fi ,and W € F; y. According to (3), (4) and Proposition 2,
the mean and variance of the random variable %Tr(W(U l‘fn L. U q‘{tq) are respectively
equal to the following absolutely convergent sums,

1 m
> EW(w)HV(wk)wt,N(w,w1,...,wm)

m=>0,w,wi, k=1
W €Wy

and

1 m
> EW(a)W(b)HV(wk)rp,,N(a,b,wl,...,wm).

m=>0,a,b,wy, k=1
W €Wy

According to Proposition 2, dominated convergence implies that these two sequences
have a limitas N — co. O

5.2. Central limit theorem.  As a consequence of Proposition 1, we get the

Proposition 3. For any t € R, using the notation (13), the family (Tr(w,N ) —
N (p,(w))wewq, converges towards the centered Gaussian field (qﬁw)wewq, such that

forany a,b € Wy, cov(¢u, pu) = ¢r(w, w').

Proof. For any word w € W,, IE[N_ITr(th)] = ¢ (w) + O(N~?), whereas for any
m > 2and w € W, Cp(Tr(w),), ..., Tr(w) )) = N> "¢, y(wi, ..., wy) con-
verges, as N — oo, towards ¢;(wy, wp), if m =2,and 0, if m > 3. O
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Let us remark that in the proof of Proposition 2, we obtained in formula (31) an
expression of the function ¢; y for any N € N*, in terms of its restriction to single
words. Specialized to partitioned words with two blocks, this gives an expression of
the covariance of the above field. Let us define a family of 3¢ independent U(N)-
Brownian motions (Uj,/);>0, (Vlly,)zzm (VI%t)tzo, cees (Uq,t)tZOs (Vql,l)tzm (qu,f)IZO'
For any words wy, wy € Wy and (a, b) € Ny, w, ()\Sqw,u),0,, let x : [E(wiw2)] —
{1, 2} be the function such that the i letter of the word Ta.p((w1, w2)) belongs to w, ;).

If 7, 5 (w1, wa)) = xfl‘ . .xfn", let us set for any r, s € RY,

D)€l €n
Wa,b(r: 5) = (Ui"ril Vl)f(sll)> o (Uin,rfn VX(H)) .

In,Siy

According to formula (31),

1
1
cov(Tr(wyy), Tr(wa n)) = D €ty / 2 BT p(st, (1= 9)0)lds,
1=f=q 0
ec{—1,1}

where the second sum is over pairs (a, b) € Ny, ,, (f)\Sw,w),0,-

6. Planar Yang-Mills Measure

We shall see in this section how the results of the previous one apply in the framework of
the planar Yang—Mills measure. We first recall a construction and some properties of the
planar Yang—Mills measure following [35,37] and from Sect. 6.7 on, explain our results.
In the next section, we will then give analogues of Schwinger—Dyson’s equations.

6.1. Paths of finite length. ~ Let us call parametrized path any Lipschitz function from
[0, 1] to R?, that are either constant or with speed bounded by below. We denote by
P(R?) the set of parametrized paths up to bi-Lipschitz increasing reparametrization and
call its elements paths. For any path y € P(R?) with parametrization ¢ : [0, 1] — R?,
let us denote its endpoints ¢(0) and ¢(1) by ¥ and ¥, and by y~! the inverse path

parametrized by ¢ € [0, 1] — ¢(1 —t). For any x € R2, we denote by Ly (R2?) the set
of paths y € P(R?) such that y=x=Yy and call elements of L, (R?) loops based
at x. We set L(R?) = U, 2L, (R?). For any loop [ based at some point x € R? and
parametrized by the Lipschitz-continuous map / : [0, 1] — R?, we call non-based loop
the induced map U — RR2, up to bi-Lipschitz, order preserving, one-to-one mappings of

U. If a and b are two paths such that @ = b, we denote by ab the path of P(R?) obtained
by concatenation.

6.2. Embedded graphs. ~ We call here embedded graph in the plane the data of a triple
of finite sets G = (V, E, F), where faces I are domains of the plane with disjoint
interior, simply connected in the Riemann sphere C and which boundary is the image
of a non-based loops, edges I are paths of P(R?) stable by the inversion map, such that
the union of their image is the union of boundaries of elements of IF, vertices V are the
endpoints of E and the graph induced by E on V is connected. With this convention,
any edge e € E is either a simple loop or an injective path of finite length. As any edge
is bounded, G has a unique unbounded face that we denote by Fu, ¢ (or simply Foo)
and set F, = I\ F.o. We write | F'| the area of any element of F € [F, and by 0 F the
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non-based loop, whose image is the boundary of F with counterclockwise orientation.
We shall write P(G) for the set of paths that are concatenation of elements of E and
L(G) (and respectively for any v € V, L, (G)) for the set of loops (respectively loops
based at v) in P(G). The dual graph of G is the combinatorial graph G = (F, ) with
vertices I, where two faces are neighbors if their closures intersect. For any path y € G,
we denote its number of edges by |y|.

6.3. A free group: reduced loops of an embedded graph.  Let us fix an embedded graph
G. For any pair of paths y; and y» of P(G), let us write y; ~ y» and say that y| and y»
are equivalent, if one can get y| from y», or vice-versa, by adding or erasing paths of the
form e.e~!, with e € . For any path y, there is a unique element of minimal length in
its equivalence class, that we call the reduction of y. The set of reduced paths endowed
with the operation of concatenation and reduction forms a groupoid that we denote by
RP(G). For any v € V, we denote by RL,(G) the set of reduced paths that are loops
based at v. Endowed with the above multiplication, RL, (G) is a free group of rank #[F},
(we shall highlight specific free basis in Sect. 6.6).

6.3.1. Multiplicative functions. For any N € N* and any subset % of P(R?), stable
by concatenation, we call a function & : 8 — U(N), multiplicative if for any paths
a,b e P, witha = b,

h(ab) = h(a)h(b).

We denote the space of multiplicative functions by My () and by Cs (or simply C,

when P = P(R?)) the smallest o-fields such that for any y € B, h € My (P) —
h(y) € U(N) is measurable, where U (N) is endowed with its Borel o -fields. For any
embedded graph G, v € V and any choice of basis A of RL, (G), there is a bijection

Oa : My (Ly(G)) — UN)#?
h = (h(}))rea-

6.3.2. Lassos basis and discrete Yang—Mills measure. For any loop v € V and [ €
L,(G), we say that [ is a lasso based at v, if | = ad;Fa™! wherea € P(R?), witha = v,
a is a vertex in the image of 0 F and dz F is the rooting of d F at a. We shall see in the next
section that there exists basis of RL, (G) formed with lassos. Let A = (Af) peF, be a free
basis of RL, (G), composed with lassos, and let YM@ be the law of @Xl ((UF,|F) FeF,)
on My (Ly(G)), Cg), where (Uf,1)i>0) FeF, is a family of independent Brownian
motions on U(N).

Lemma 10 [35]. (i) For any lassos free basis A, A’ of RL,(G), YMé = YM(é/. We
denote this law by Y M.
(i) If G' is embedded graph with P(G') c P(G) and RE . My(@Ly(G) —
My (Ly(G)) denotes the restriction map, then
RE, YMg = Y Mg

We denote by (H);cr, ) the canonical process on My (L, (G)) with law YMg. The
first point follows from the invariance of the law of the U(N)-Brownian motion by
adjunction and the following result.
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Theorem 7 [30]. Let X = (x1,...,xy) andY = (y1, ..., Yn) be two free basis for the
[free group F,, such that x; is conjugated to y; foralli € [n]. Then X can be obtained from
Y by a sequence of transformations of the kind (uy, ..., u,) = (U}, ..., u,) where, for

~or uflu,‘uj and uj, = uy fork # i.

L
some i, J, uj = UjUiu; i

The second point of Lemma 10 requires a proof (see [37, Prop. 4.3.4]) that we won’t
reproduce here; an argument goes as follows. Let G’ = (V', E’, F)) be an embedded
graph with v € V' and P(G’) C P(G). Assume that there exists F € [, and Fy, F; € ),
with F = F; U F,.If and A}, A}, arelassos respectively inL, (G) and L, (G), with faces
F, F, F> such that A = A A2, then under Y M, H,, has the same law as Uy |5, | U2, |5,
where (U] ;)s>0 and (Uz,;);>0 are two independent U(/N)-Brownian motions. Hence, it
has the same law as U ||, that is the law of H) under Y Mg .

6.4. Yang—Mills measure.  Let dy and d; be the two distances on P(R?) defined in the
following way: for any pair of paths y, y» € P(R?), parametrized by ¢, c; : [0, 1] —
Ry, with |c}| = |c5] =1,

1
A, v) = Iy — 1l +/0 1¢4(1) — &) ldr
and

de(yr,y2) = inf  sup {lc; o @(r) —cao ()|} + [£(c1) — L(c2)l,
o.v r,s€l0,1]

where we have denoted by €(c) the length of a path y € P(R?) and the infimum is
taken over all increasing bijections of [0, 1]. It has been proved in [37] that d; and d;
induce the same topology on P(R?), though (P(R?), dy) is complete and (P(R?), dy) is
not. In the following, we shall only use this topology and say that a sequence of paths
(In)n>0 converges to [ if d¢(yn, y) — Oand y, = y, ¥, =¥, for every n € N*. For any
embedded graph G, with v € V, let us denote by Rg, : M N(PR2) = Mpy(Ly(G))
the restriction mapping. This application is measurable with respect to the o -fields C and
Cg. Itis shown in [37] that the family of measures Y Mg, with G ranging over embedded
graphs, can be extended in the following way.

Theorem 8. There exists a probability measure YMy on (My (P(R?)), C) such that,
for any embedded graph G, v € R?,

RL . YMy = Y Mg.

Let (Hy)yeP(]RZ) be a random multiplicative function with law YMp. If (Yn)n=0 is a
sequence of paths in P(R2) that converges to y, then, under YM, H,, converges in

probability towards H,. If h is an area preserving diffeomorphism of R, then the
process (Hp(y))y epr2) and (Hy ), cpr2y have the same law.

For any [ € L(R?) and N € N*, the random variable %Tr(H;) is called a Wilson
loop. The above approach to define the Yang—Mills measure on embedded graphs by
defining a random morphism of the free group has been considered by Franck Gabriel
to give a different construction of the Yang—Mills measure and to solve problems of
characterization of Markovian holonomy fields in [23]. Therein, one of the key feature
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is the study of group valued sequences satisfying properties of invariances by an action
of the braid group (analogues to the operations introduced in Theorem 7). In [10,23], it
is also the starting point of an alternative construction of the Yang—Mills measure and
of master fields in the plane.

6.5. U(1)-Yang—Mills measure.  Let us consider the commutative case, N = 1. Let
G be an embedded graph in the plane, v a vertex of G. For any loop / € RL,(G),
its winding number function defines a compactly supported function n; € L*(R?).
Let us fix a family of lassos (Ar)rer, of G. Under YM; measure, (H,,)FcF, has
the same law as #F;, independent marginals of U(1)-Brownian motion (Uf |F|) FeF,-
Let W be a white noise on the plane, with intensity given by the Lebesgue measure.
The random family (Hj);err, (G) is equal to ([ ] FeF, H;fl‘: (l))leRLU((G) and has the same
law as (exp (iW(n;)))icrL,(G)- For any loop I € L(R?), according to Banchoff-Pohl
inequality (see Lemma 15), its winding number function defines an element n; € L(R?).
Moreover, according to Theorem 3.3.1. of [37], the map [ € Lo(R?*) — L2(R?) is
continuous, so that, if (l,i)nzo, ooy (M) =0 are sequences of L (R?) that converge for
the d; topology to a family of loops (/t)1<j<m € Lo(R?)™, the sequences of random

1<k<m
in distribution. Hence, the process (H;);cp (r2) introduced in Theorem 8 has the same
law as (exp (i W (n1)));err2)- Moreover, the same argument and Lemma 2 yield the
following lemma.

variables exp (i W(n, 1 )) s .., EXP (i W(nl;;z)) converge jointly to (exp (i W(l’llk)))

Lemma 11. For any integer N € N*, under YMy, the law of (det(H)))jep w2y and
(exp (iW(nl)))leLo(Rz) is Y M.

6.6. Two free basis of the group of reduced loops. ~ We shall present two families of
free basis of RL,(G). Let E* be an orientation of G, that is a subset of [E such that for
any e € E, e or e~! € E*. Let us also fix a spanning tree 7' of the graph G and set T+
the collection of positively oriented edges of T. We denote by e¢ : F;, — E*\T* the
unique bijection such that for any face F' € Fp, e(F) is bounding the face F. For any
e € E, bounding a face F, we denote by 9, F the loop starting with e and bounding F.
For any x, y € V, we denote by [x, y]7 the unique path in 7 going from x to y. Let us
now define two families of loops by setting for any edge e € E,

Be = [v, elrele, vir
and for any face F' € [y,
AF = [v,e(F)]70.F) Fle(F), vlr.

Itis easy to see that RL, (G) is a free group of rank #IF}, with free basis (8,),cg+ r+. For
any loop [ € L(G),
[~ BeiBey -+ Be,» (35)

where eq, ..., e, are the edges in E\T, used by the loop / in this order. In [35], it is
proved that the second family of loops is another free basis of RL,(G).

Lemma 12 [35]. The family (A) peF, is a free basis of RLy, (G).
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Fig. 3. We represent with black lines a spanning tree of a square grid together with its dual with dashed red
lines. We also display an edge e of E*\T in blue together with the order <, on TFy (¢)» by numbering its

elements and drawing in black the clockwise contour process around iFL (¢)- Here, elements of Cp, (,) are
labeled 2 and 3 (color figure online)

For any edge e € E, we denote by Fy (e) and Fr(e) the edges on the left and on the
right of e and denote by ¢ the edge (FL(e), Fr(e)) € E in the dual graph. Let T = E\T
be the dual spanning tree of 7', considered as rooted at the infinite face Fo,. We fix

an orientation E* of G, such that for any edge ¢ € E*\T, the distance in T to the
root Fy decreases along ¢. Note that with this orientation, for any bounded face F,

Fr(e(F)) = F. For any face F, we denote by f"F the subtree of T, with root F and
vertices the set of descendants of F in T. We denote by CF the set of children of F. For
any edge e € E*\T™, TF, () is endowed with the order <, induced by the time of the

first visit by the clockwise contour process boarding the dual tree T, starting along the
left of 7!, as is displayed with an example in Fig. 3. Then, for any edge e € E*\T,

. -1
AFp(e) = Be (HFeCF ( )ﬂe(F))
Lte

—

e=T]. .. *r. 36
¢ FGTFL(e) £ ( )
—

where [] denotes the product of terms increasing for <, from the left to the right. For
any loop ! € L,(G), we denote by wlT the word with letters (A ) rer, and their inverse,
such that [ ~ w, given by the decomposition (35) and the inversion formula (36). Using
notation (11), for any face F' € [F, and any complex number z € F, the winding number
satisfies

and

n1(z) = ny, (F). (37)
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6.6.1. Complexity of lassos decompositions. We can now give an estimate on the com-
plexity of the above decomposition of a loop in G in a word of lassos associated to a
spanning tree 7. We display here results of [35] in a slightly different form, adapted to
our purpose. Let us fix an embedded graph G = (V,E,F), v € Vand t = (|F|) pep, -
For any subset E C E and any loop [ € L(G), denote by L (/) the number of times that
[ uses the edges of E or E~!. The two following lemmas are elementary.

Lemma 13. Let | € L(G) be a loop of G. Then, for any face F € Fy,
nyr (F) = LiF, Foo1y (D-
Lemma 14. There exists a spanning tree T of G, such that for any face F € Fp,
df(Fa Foo) = d@(Fa Foo).
For any loop [ € L,(G) and T a spanning tree of G, we want to control the maximal

Amperean area Af(wlT) = D FeF |F|ﬁwlr (F)?, with the length of the loop £(/). The
Amperean area of | is the integral

A(l) = / ny(x)%dx.
]RZ

Lemma 15 (Banchoff-Pohl inequality [2]). For any loop of finite length | € L(R?),
A < e

Note that if n wl = = =n; € ZF, that is, if  winds only to the left or only to the right,

then the Banchoff—Pohl inequality gives the expected bound. To treat more general loops,
we need the following lemma.

Lemma 16 [35, 3. Lemma 5.9]. There exists a loop le L(G), which does not use any
edge twice, such that for any face F € F and z € F,

ni(z) = d(F, Fa).

Lemma 17. Let | € L(G) be a loop that uses each edge at most once. If T is a spanning
tree chosen as in Lemma 14 and E* is any orientation of G, then

Aw]) <7D L(e)).

ecE+

Proof. The assumptions together with Lemma 13 yield that for any face F € [,

i (F) < d(F, Fuo).

Let us now choose a loop [ as in Lemma 16. Then, A,(wlT) < A(!) and Banchoff-Pohl
inequality applied to / yields the expected bound. O
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6.7. Asymptotics of Wilsonloopsas N — oo We shall consider the following families
of loops.

Definition 1. A skein is a finite multiset of loops of L(IR?). It is regular if its associated set
is composed of distinct smooth loops, forming transverse intersections of multiplicity at
most 2. A skein is affine if the corresponding set is a regular skein composed of piecewise
affine loops. The set of skeins, regular and affine skeins are respectively denoted by
Sk(R?), Sk, (R?) and E4. Forany S € Sk(R?), #S and £(S) denote respectively the
number of elements of S counted with multiplicity and the sum of lengths counted
without multiplicity.

We endow Sk(R?) with the quotient topology for the map [ [,,,~.; L(R*)™ — Sk(R?),

where for each m > 1, L(R?)™ is endowed® with the product topology. It is elementary
to show that the spaces Sk, (R?) and £4 are dense in Sk(R?). If the multiset S =
{l1, ..., 1} is a skein, let us define for any N € N*,

DN(S) = N"2C,(Tr(Hyy), ..., Tr(Hy,)), (38)

where the cumulants are with respect to the measure YM y. Observe that the law of the
unitary Brownian motion is invariant under complex conjugation. Hence, for any skein
S={li,..., Iy} € Sk(R?), denoting S* = {I;"', ..., [;;'},

DN (S) = PN (S) = DN (SY)
is real-valued.

Proposition 4. For any affine skein S € € 4, the sequence ® y (S) converges as N — o0.
We denote its limit by @ (S).

Proof. For any affine skein S, there exists an embedded graph G such that the elements
of § belong to L(G). Choosing an arbitrary base point v € V and decomposing each loop
in a lassos basis, yields that under YM y, the random family (H;);cs has the same law as
a collection of words in marginals of independent U(N) Brownian motions. Therefore,
the Proposition 1 implies the result. O

Proposition 5. Let us fix a constant K > 0. For any skein § € E 4 of loops of length
smaller than % > 0 and taking their values in a ball of radius %,
#S2K?
B3 (S) — B(S)| < T TS,
N
Proof. Letus assume that S = {1, ..., [} is a family of loops in € 4 all based at 0. Let
Gs = (Vg, Eg, Fg) be the embedded graph with vertices the set of intersection points
of the elements of S and with edges the restriction of elements of S between points of
intersection. The loop /11> . . .1, satisfies the conditions of Lemma 17. Let us choose T
as in this Lemma and decompose each element of S in the corresponding lassos basis

AT, Then, the second inequality of Lemma 7, for k = 1 and the bound of Lemma 17
imply

T
1PN (S) — D(S)] < N2 A, w]_, yel Wi’

5 with this convention, the function ¢ : Sk(Rz) — Ry is not continuous but upper continuous.
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= () 4+ (1)) e, (39)
Consider now {l1, ..., [,} € £4 satisfying the assumption of the Proposition. For any
€ > 0, let us choose piecewise affine paths cq, yf, ..+, Cm, Vyy» Such that yf =0=

G =l = by L) < K(L+e), forany i € [m], 8¢ = {yflic;.i € [m]} is

1
an affine skein and yf - ¢ 1, for any i € [m]. Theorem 8 implies that @y (S€) —
Dy ({ci_llic,-, i € [m]}) = @y (S). The application of the bound (39) for S¢, uniform
in €, implies that @y (S) admits a limit @ (S), as N — oo, and that the claimed bound
holds true. 0O

This result allows then to extend the function @ to all of SK(R?). Surprisingly, an
argument analogue to the proof of Theorem 5.14. of [35] applies as well to the higher
order case.

Theorem 9. For any skein S € SK(R?), the sequence ®y (S) converges as N — oc. We
denote its limit by ® (S). The function ® is a real-valued continuous function on SKk(R?).
If h is an area-preserving diffeomorphism of R, for any S € Sk(R?), @ (h(S)) =
D(S).

We shall also call the function @ : Sk(R?) —> R planar master field.

Proof. For any K > 0, let Skg (respectively ) be the set of skeins S (respectively
affine skeins with distinct loops) with elements included in the ball of radius r around
0 and with length less than r, with r (#S5)> = K. As Ux-oSkx = Sk(R?), it is enough
to prove the result on Sk . The set £k is dense in Sk . Indeed, any loop of L(R?)
can be approximated by its linear interpolation, which itself can be approached by
piecewise linear loops with simple intersections, without increasing its length. Accord-
ing to Theorem 8, for any N > 1, the function @y is continuous on Skg. More-
over, Proposition 5 shows that @y converges uniformly towards @ on £g. Therefore,
@y converges uniformly on Sk towards the unique continuous extension @ of @
toSkx. O

A consequence of this Theorem is that for any m > 3, and any loops /1, ..., [, in
L(R?), under YMy,

Con(Tr(Hy,), ..., Te(H,,)) = N " 0Ny, .oy ) — 0,
as N — oo. The following theorem follows.

Theorem 10. Under YMy, the random family (Tr(H;) — E[Tr(H))1);ep r2) converges
weakly as N — oo, towards a Gaussian field (¢1);c1,r2), such that for any a,b €
L(R2), cov(da, ¢p) = ®({a, b}). If (In)n>o0 is a fixed sequence of loops in L(R?) that
converges towards | € L(R?), then @1, — ¢y in distribution. If h is an area preserving
diffeomorphism of R?, the process (Dna))ieLw2) has the same law as ($1);cp,r2)-

6.8. Yang—Mills measure with a polynomial potential. ~ When V is a function on L(R?),
letussetLy = {{ € L(R?) : V(I) # 0}and Sky = {S € Sk(R?) : VI € S, V() #0, }.
We shall consider the space F of functions V such that Ly is countable and

Vi = DIV < oo.

leLy
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Forany V € F| and N € N*, under YMy, almost surely the following sum converges
absolutely in operator norm and defines a random variable

Vn = > V()H,.

IELV

For any function V € (CL(RZ), let us say that V is symmetric if for any I € L(R?),
Vi = m For any symmetric function V € F7, the random matrix Vy is Hermitian
and its operator norm is bounded by ||V ||;. In particular, 0 < E[¢NTT(V¥ )] < 0. Let
YMy.v be the probability measure on (M ~(P(R?)), C), whose density with respect to
YMy is E[eVTT(V1M) =1 NTr(VV) We shall denote by (H," )ieL(r2) the canonical process

on My (P(R?)) with law YMy,y. When S € Sk(R?) has multiplicities m, . .., my,
we set
mgs = m1! .. .mk!.

Forany V € C"¢ and a € L(R?), let us define

F@=3 w3 (redaruss)” [[Ivol
SeSky leS

and for a, b € L(R?),

#S
Tra.by= > m3' (zea.byuS?#s) " [TIVOL
SeSky leS

Theorem 11. For any symmetric function V € Fy andl € L(R?) such that Jy (I) < oo,
EYMN,V(%TT(HI)) — @y(l), as N — oo, where

dy()= > e{yuSmg [[va)
SeSky l'eS

is absolutely converging. Moreover,

1 1
VarYMN,v(NTr(HI)) =< WJV(L l)

Proof. For any affine skein S € €4, with m elements [, ...,[,, let us choose an
embedded graph Gs with area’s vector ¢, as in the proof of Proposition 5, for the affine
skein without multiplicities associated to S. Then, if 7' is a spanning tree of G s satisfying
the condition of Lemma 14, Lemma 17 implies that for any / € S, ||ﬁwlr 1> < we(S)>%.

Then, for any Cayley tree T; € Cp, ‘I,(wlT, ...,wli) < 7" 10(8)2"=2 (recall the
definition (28) of the left hand side). ComBining this inequality with Proposition 2,
yields for every N € N*,

|®N(S)| S mm—an—lz(s)Zm—Z‘

By continuity of @, it follows that this inequality holds true for all skein S € Sk(R?).
Let us fix a symmetric function V € Fj on L(R?) and ! € L(R?) such that Jy (I) < oco.
For every N € N*, the function x € R — E(exp(xNTr(Vy))) is analytic. According
to the previous inequality and to the assumption on V, its Taylor expansion at O has a
radius bigger than one and equals
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m #S
> %;c'"HV(z,-)@N(z,zl,...,zm)= > ;—SHV(Z)@N({I}US).
=l

m=0 SeSky =
11, eL(R?)

Each term of the sum over m being uniformly bounded in N, by dominated convergence,
Theorem 9 yields the first result. The bound on the variance follows by a similar argument,
using equality (4). O

Remark 5. For any V€ Fi, let us write |V = sup;ep gy V(D] and (V) =

SUpsesk, (S). For any V € Fy and I € L(R?), if (¢(V) +£(1)* < , then
Jv () < oo.

_1_
en|[Vlleo

6.9. Small area limit. ~ For any @ > 0 and any loop / € L(R?), denote by a./ the
image of [ by the dilatation of rate «, centered at 0. If S = {1, ..., [,;} is a skein, .S =
{aly, ..., a.l;,}. The following proposition shows that, as « — 0, all the quantities
defined above have the same behavior as o — 0.

Proposition 6. The following Taylor expansions are true for any N € N*. As ¢ — 0,
for any loop | € L(R?),

Oy(Val)=1-— %/ n? (x)dx + 0(a®) = & (Ja.l) + 0(a?)
R2
and for any skein S with at least two loops,

oy(a.d) = (a1 D[] /R i (Onn ()dx + 0(@*)

Ts {l.h}e%s
= ®(Ja.S) + 0™),

where the sum is over connected graph with vertices S and #S — 1 edges. In both cases,
there exists a positive continuous function b, independent of N, such that 0@l <

aSIb(S, s D).

Proof. If S € &4, the assertion is a direct consequence of Proposition 2 and (37).
Continuity of the functions @y, @ and b allows then to conclude. O

A direct consequence is the following

Corollary 2. Let W be a white noise on R?, with intensity given by the Lebesgue measure.
Ast — 0, the Gaussian field (%(bl.l)leL(Rz)’ as well as, for any N € N*, the random

Sfamily (¢t Y(Tr(H,))— N® (t.l)))leL(Rz), under YMy, converge in distribution towards
the Gaussian field (iW(nl))leL(Rz).

7. Makeenko—-Migdal Equations

We shall now address the problem of the computation and characterization of the master
field. Let Sk, (R2) be the quotient of Sk, (R?) under the action of diffeomorphisms of
the plane. For any integer n, the set of equivalence classes of skeins with less than n
intersections is finite. Thanks to its invariance property under area-preserving diffeomor-
phisms and to its continuity, the master field is characterized by its value on Sk, (R?)
and yields functions indexed by Sk, (R?) that can be expressed inductively.
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lelpla

Lalpla

Fig. 4. An example with a loop winding three times around the origin and the decomposition of two loops
traced in its image. The spanning tree associated to the free basis and its dual are drawn in dashed lines

7.1. Makeenko-Migdal equations for the master field on skeins. ~ For any skein S, let
us denote by Ws the expectation Eywm, [Hl S Tr(Hl)], we call this function a Wilson
skein® and say it is regular whenever the associated skein is. In view of the definition of
discrete Yang—Mills measure, one may try to compute the master field of higher order
of a regular skein S using It6 formula to yield a first order differential system for the
family (Ws)scsk, (r2), With areas of the faces of a graph G containing S as variables.
However, this differential system yields at first sight non-regular Wilson skeins Wgs as
features the Example 1.

Example 1. Consider a loop [/ that winds three times around the origin. Let us name
the faces A, B and C and choose a lassos basis (l4, /g, [c) according to a spanning
tree as illustrated in Fig. 4 in dashed lines. In this basis, the loop is decomposed as
I =lclgl3lpla.

Using It6 formula as described in Lemma 4 and differentiating with respect to the area
of the faces C and B yields %Wl = —% and

d
N (M(Wl) + Wl) = Wiz sciginy = ~Wilalsla lclsla)-
These first two derivatives can be expressed in terms of regular Wilson skeins. However,
the derivative with respect to the face of index 3 yields terms that do not seem to be
polynomials of regular Wilson skeins:

d 3
N (m W) + EWI) = ~Wigiaicizizy = Wictstatatsia) = Wita lplalclsla)-

For any regular skein S, one must therefore face the problem of finding a closed system
of Wilson skeins containing Ws. The system of equations given by Lemma 4 gives
such a system, but its size happens to grow exponentially with the number of faces of the
original skein (see section 6.8 of [35], where the smallest closed system obtained is made
of what is called therein Wilson garlands). The Makeenko—Migdal equation solves this
problem and gives linear combinations of area derivatives operators that preserve the

6 We warn the Reader that these functions are not normalized as they can be in the literature, so that, with
this convention, Wegt = N.
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Fig. 5. Local transformation at an intersection point x of a skein S

set of function indexed by skeins, so that the size of the system grows as a polynomial
in the number of faces. Let S be a regular skein and x be a point of intersection of its
elements (between themselves or each other). Let us denote by Sy the skein composed
with the same loops as S except for the loop or the pair of loops containing x that is
replaced respectively by the pair of loops or the loop based at x, which instead of going
straight along the same strand of S, turns at the point x using the other outgoing strand
(see Fig. 5).

The following proposition is proved in [35], in a more general framework’ and relies
on integration by parts applied to the product of a function on My (P(G)) with the
density of the discrete Yang—Mills measure. We provide here another proof relying on
the decomposition in lassos described in Sect. 6.6 and on the invariance of the Brownian
motion by adjunction. Let us fix a regular skein S and an embedded graph G, such that
elements of S belong to P(G).

Proposition 7 (Makeenko-Migdal equation). Let Fy, ..., F4 be the four faces of G
around a point of intersection x € V of S in a cyclic order and such that F is the face
bounded by the two incoming edges of S at x. If their area are respectively parametrized
byty,...,1, then,

d d d d 1
L _ 2,4 _%\E Tr(H) | = —E Tr(H) | . (40
(dn an T an dt4) YMy [IEHS r( l)i| N YMy 11;[ r(H)) (40)

In the latter left hand side, when two faces F;, Fj agree or if Fy is unbounded, then by
convention dd_t,- = d%_ or % = 0. Using this convention, we denote by . the operator

dn ~dn Ydn T dne where the faces are numbered as in the Proposition. For any skein

S, letussetng = » ;.5 n;. Notice that for N = 1, the equality (40) is equivalent to the
fact

ns(F1)?* — ns(F2)? +ns(F3)? — ns(Fs)* = 2.

The strategy of our proof is to choose an embedded graph G containing S and an
appropriate basis of RL, (G), so that using properties of Sect. 6.6 and Lemma 6, terms on

7 For intersections of higher degree and for classical compact Lie groups.



Free Energies and Fluctuations for the Unitary Brownian Motion 433

the left-hand-side of (40) cancel themselves leaving a single cut and join transformation.
Such a cancellation appears in the following situation. Let us recall notation of Sect.
3.2.3 and set for any words w € W, and t € R, E,;(w) = K;(w, 1,,).

Lemma 18. For g > 4, let wy, ..., w, be m words such that
w; = W; (X1X2X3X4, X2X3, X3X4, X5, ..., Xg),

withm; € W,_1. Let us assume that

nm(2) =nm3) =1, (41)
where m = my ... my,. If y¢, y0 occur in position a and b in w; . .. w,,, where w; =
m; (X1X2X3X4, X2Y, YX4, X5, ..., Xg), fori € [m], then

d d d d €4€D
—_—— Y+ ———\E ey = — E; (7, ey .
(dt1 an T an dt4) t(wi W) N t(Ta,p (w1 W)

Proof. Let A be a subset of [£(w)] such that the restriction of w = wy ... w, to A is
of the form vy (x;x;) ... v, (x;x;), with for any p € [m], v, € W; and v, (x;x;) is a
restriction of w,. Then, an inspection of the definition of Sect. 3.2.2 yields that for any
ee{—1,1}, NS(j) N A% = (¢,€) + N5 (i) N A% and

/Tp,q(w], cees W) =7;7+€,q+€(w17"'5 Wpy). (42)
Let A, B, C be the set of occurrences of x, y, z in Wy ... Wy, where for each i € [m],
Wi =m;(x*, 2, 22, x5, ..., X4—1). According to Lemma 6 and (42),
d d d d Nw(@) — 1y (3) + 1y, (2) — iy (1
4 _ 4.4 4 Et(W)znw() Ny (3) + 1y, (2) nw()Et(W)
dtyy dt dtz du 2

1
= 2 E(Tp W),

where the sum is over € € {—1, 1} and (p, ¢) € N5(3) N (B x C). By assumption the
alternated sum of the right hand side vanishes and N (3) N (B x C) equals {(a, b)} if
€ = €4€p and the empty set otherwise. O

Definition 2. We say that two skeins S = {l1, ..., [}, 8" = {l{, ..., I} are conjugated
and write S = &', if there exist y1, ..., yn € P(R?) with v, = L, y; =1; and
I = yil,-yfl, forany i € [m].

Lemma 19. Let x be a point of intersection of a regular skein S, whose loops are all

based at y # x. There exists an embedded graph G', with P(G) C P(G’), a lassos
basis® A of RLy(G') and a labeling of faces of G’ matching the condition of Proposition

7, such that a decomposition of elements of S, into words wy, ..., w, in A, satisfies
the condition of Lemma 18, with moreover € e, = —1 and
{wih, heN):1<i<m}=S,, 43)

where (W1, ..., Wy) = Tap(Wi, ..., Wy).

8 As defined in section 6.3.2.
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Fig. 6. A spanning tree T of G/, such that f’pl is a tree with vertices {F;, i € [4]}, with F; and F3 as leaves.
The order induced by the clockwise contour is denoted in red (color figure online)

Proof (Proposition 7). Let us choose a graph G’ and a lassos basis A = (Ap) FeF),

according to Lemma 19. Then, according to Lemma 10 and Theorem 8, under YMy,
(HA)FG]F’ has the same law as (Up, |p|)F€F/ where (UF)FeelF/ are #I) independent

U(N )-Brownian motions. Let r € R, F be the vector of faces area of G’. For any skein
S, with elements in L(G’), let {yi,l € S} be a family of paths of P(G’), with y v, =Y

and y; = [ and denote by (wy, ..., wy) a decomposition of & = {nly; L1e8)in
the basis A. Then, as H € My (P(R?)),
E(] [ Tr(H)] = EL] | Tr(HD] = Ei(w1, ... wp)
1S 1S’

and (= — L+ & — D E(wi, ..., wa) = wEI[]jes Tr(Hp]. Applying Lemma
18 and the former equality to Sy implies the claim. O

Proof (Lemma 19). Let us consider an embedded graph G’ with P(G’) D P(G), with
a vertex y € V/'\{x} and labeled faces, such that the faces F1, ..., F4 are neighboring
x in G’, bounded, distinct, in clockwise order, with F; bounding the two ingoing edges
and such that the graph (V\{Fl, ooy Fa), BN U4 —1 {e, F; € e}) is connected.

Such a graph can be obtained by sphttlng successwely the faces of G. Let us choose
a spanning tree® T of (G’ such that the tree TF1 has vertices {F;,i € [4]} and edges
{(Fz, F1), (F3, Fy), (F4, F1)}, see Fig. 6. We denote by T the spanning tree of G’ dual

to T. Let us consider the basis of lassos A7 rooted at v, as defined in Sect. 6.6. Let us fix
an ordering (/1, ..., ;) of S. According to (35) and (36), each element /; is decomposed
into w; (Af,,i € [q]), with ¢ = #IF,,

W; = W (X1X2X4X3, X2X3, X4X3, X5, . . ., Xq)

9 Recall the notation below Lemma 12.
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and m; € W,_. Moreover, if m = m; ...m,,, as F> and F3 are leaves of T, nn2) =
nm(3) = 1. Let us emphasize that as y # x, x and x3 occur consecutively in w;
only once, for ip such that /;, goes through the edges dual to (F2, F1) and (F3, Fy).
Let us denote by ©3 4 the automorphism of the free group RL,(G’), that maps A,
to )»;35» A F; and fixes Ap for F # Fjy. Then, the family S admits a decomposition

(wi, ..., wy,) into the lassos basis @3,4(AT) satisfying the condition of Lemma 18. As
the skein crosses the edge (F3, Fy) (directed towards Fo, /) from right to left, whereas
it crosses (Fy, F1) from left to right, €,¢;, = —1. To conclude, it remains to identify the
right hand side of Lemma 18 as a decomposition of a skein in ©3 4(AT). We shall only
detail the case when x is a point of self-intersection of S, the case of the intersection of
two different loops being similar. Let /;, be the loop of & with an intersection point at
x and consider the three edges ey, e2, e3 of G’ around x, crossing T from right to left,
with the counterclockwise order (see Fig. 6). The decomposition of /;, in the basis
(recall (39)) is

lip = XBeyBesYB:,' Z ot XB,'YPe fer Z,
where X, Y, Z are words in {8, : e € E\ (T U {ey, e2, e3})}, so that
wi, = Wxx2x3 Wyx4_lx3_1WZ or WX)C4_1X3_1WYX2X3WZ,

where Wy, Wy, Wz are words of the form m(x1x2x4x3, x5, ..., x,) for some m €
W,—3. Then, 7;wa is a permutation of (wy, ..., Wiy, - .., Wy, W}, Wy), With

w; = Wxxo Wz, w, = x3Wyx;1x§1 or w; = Wyxa, w, = Wxx;1x§]x3Wz.

In the first case, w is the decomposition into @3 4(AT) of the loop rooted at y following
the strands of /;, but at x, where it turns left, whereas w, is the decomposition of

[y, e_3]Tlf les, ylr, where lf is the loop based at x, using the strands of /;, starting with
e3, until it uses e, ! The second case is similar. 0

For any regular skein S € Sk, (R?), letus denote respectively by V(S) and V 7(8),or
simply V;, V ¢, the set of self-intersection points of each loops and the set of intersection
points of pair of distinct loops of S. If x € V is a point of intersection of one loop/ € S,
we denote respectively by /X and IR the loops based at x, that use respectively the left
and right outgoing edges, following the strand of / until their first return to x. If x € V¢
is the intersection point of two different loops /; and I of S, we denote by [ o, [5 the
concatenation of the loops obtained by rooting /1 and /> at the point x.

Theorem 12. Let S = {ly, ..., l;y} be a regular skein, x € Vs a point of intersection
and Fy, ..., Fa faces around x, with areas parametrized by t1, . . ., t4, as in Proposition
7. If x is the intersection point of two different loops l1 and I,

d d d d
— = —+— — — ) ON(S) = Dy bz, ... 0L). *
(dtl dr, dn dt4) NS N ox b, 13 m) (*)

If x is an intersection point of the loop | € S, then (% - d% + dd_n — %) @ N (S) equals
1
2 ONEHPNED + PN L by ) (+%)

SLuSk=8,
1LeSE and IReSR
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Moreover, if F € [y, is a neighbor face of the unbounded face, then

d 1

—— DN (S) = —=DN(S). Hoksk

T PNE) = 3PS (%)
Proof. For any loops I1,...,1, € L(R?) and 7,V € P,, with 7 < V, let us set

]En[ll [ lm] = HBGIT E[H[GB Tr(Hl,')]’ CV[lla R lm] = HBGV C#B(TI'(H[i), i €
B)and C, yll1,...,In] = Cyy(Tr(H),), i € [m]). Let us recall (38) and consider the
normalized cumulant

Gy, b)) =[] @Ui.i € B) = N"""Cr(ly, ... 1n).

Bem

Assume that x is an intersection point of /1 and denote by {1, 2} the smallest partition of
[m + 1] containing {1, 2}. For any partition V of [m + 1] connecting 1 with 2, denoting
by V'’ the partition of [m] obtained by identifying 2 with 1,
> NwColibao b)) = D NpaCor(ly, b, L)
{I.2}<m <V =V
= NxByrll, by ooy bl = Byl Dyl
=Epllf, . If e D).

Therefore, for any partition & € P4+ connecting 1 and 2,
Ciigpn o e l) = N Cor(l Lo, - D).
In particular, according to the Leonov Schiryaev formula (5),

chbN(ll,...,zm):Nm*ch P F N )

m+1 Lx»
= > N" S C IR )
T E€Ppms1:TV{L2 =1
= > N4 (f IR L)

T E€Ppms1: V{12 =141

If 1 € Py satisfies m Vv {1,2} = 1,,41, then, whether #7 = 1 or #7 = 2 and the
Eq. (**) follows. Assume now that x is an intersection point of /1 with /5. Then, for any
partition w € Py, uxEr (1,2, ..., In) = %En(ll oxla, ..., Iy),if 1, 2 are in the same
block of 7, and O otherwise, by Leibniz rule. This implies that for any partition & € P,
such that 1 and 2 are not in the same block of 7, uxCr (1,12, ..., L) = 0. Therefore,
for any partition v € P,,_;, denoting by ¥ € P, the partition obtained by shifting = by
1 and adding 1 to the block containing 2,

D N Callh, o, I3, ly) = D N Cy(li, 1, 13, - L)
TV W<b
= NleEf)[ll, 121 LR ) lm] = El)[ll Oy 123 133 R ) lm]

It follows that for any & € Pp,—1, uxC5z (1, L2, ..., [y) = %C,,(ll ox b, 13, ..., Ln).
For m = 1,1, the latter equality yields

x@nUi, D, o b)) = Pn(liox D13, .0 L)

Observe that Egs. (¥) and (***) on @ do not depend on N.
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7.2. Uniqueness for Makeenko—Migdal equations. ~ We want to tackle this question by
asking whether area-derivative operators can be obtained by linear combinations of the
operators appearing on the left-hand-side of Theorem 12.

Therefor, we shall consider a slightly different notion of embedded graph. We call a
multi-embedded graph in the plane atriplet G = (V, E, F) satisfying the same conditions
as an embedded graph defined at the beginning of Sect. 6.2, without the condition of
simple connectivity on the faces [F. The dual graph G is then defined in the same way.
Let us fix a regular skein S (Definition 1 of Sect. 6.7). We let Gs = (Vgs, Es, Fs)
be the finest multi-connected embedded graph such that S C P(Gg). Let E* and A be
respectively the orientation and the permutation of the edges [E induced by S. For any
N > 1, the function @y restricted to the class of S in Sk, (Rz) can be considered as a

smooth function on Rﬂ:‘s constant along the coordinate indexed by F. Let us set
w: RF — RE

wi— (e u(FL(e) = u(Fr(e) — u(FLG" @) +u(Fr(:™ ()

and denote by m its transpose. Identifying the vector space of first order differential
operators on C OO(RIE) with (R*)]F, any operator (*) and (**) defined in Theorem 12 is
of the form m(3,), e € E*, where (9,),cg+ denotes the canonical basis of (R* )E+. To
answer our question we need to identify the range of m. For any loop / respectively in
L(G) and S, we denote by n; € CFands; e CE” the winding number function of / and

the function Z 8.. Forany v € V, set

ecE*:[ traverses e

*y = z 867

e€Out(v)

where Out(v) denotes the set of oriented edges of G, outgoing from v. The following
lemma is proved in [35](Lemma 6.28.).

Lemma 20. (i) The kernel of  is spanned by {n;,, ny,, ..., n;,, 1r}.

(ii) If Gg is an embedded graph, then the image of | is the orthogonal space to {,, v €
Viu{é, 1 e S}

)IF

Letus denote by (# ) Fer the canonical basis (R*)" . Note that we have a partial negative

answer to our question: dim(ker(u)) > 2 and Im (m) + Rﬁ = ker(u)* + Rﬁ *
(R*)F. We need to complete the left-hand-side with a space of operators whose action
on @(S) is known. When m = 1, if Fj is a face of G, neighbor of the infinite face,

then, it is shown in [35] that Rﬁ answers this question. In general, the following holds
true.

Lemma 21. Suppose that Gs is an embedded graph and that there exists m distinct
faces F, ..., Fy, of Gg, neighbors of the unbounded face such that for any i € [m], l;
is bounding F;. Let Foo 1 = {Foco, F1, ..., Fiu}. Then,

d

:FelF = RHF.
dIF] 00,1} = (RY)

Im (m) @ span{




438 A. Dahlqvist

Proof. By assumption, for any i, j € [m], ﬁ(nlj) = §;j. AsIm(m) = ker(u)®t,

Lemma 20 implies that Im (m)N span (L (i€ [m]) = {0} anddim(Im (m))+m+1 =

d|F;|
#F. O

Definition 3. We call a regular skein satisfying the condition of Lemma 21 a skein based
at infinity.

For any skein based at infinity, the differential operators appearing in Theorem 12 allow
to express any area derivative. Indeed according to the previous Lemma there exists!’
(KF,x) FeF,xeE+UF,, , » such that for any face F € I,

d d
— = K 9 Kr pr . 44
a7 > Krem@)+ > Krr 7 (44)

ecE% F'eFoo1

Our task is now to show that solutions to the differential problem of Theorem 12 are
characterized by their value on skeins based at infinity.

Remark 6. Note that if S satisfies the condition of Lemma 21 but the condition of simple
connectivity, then one loop / of S is disjoint from the others and under YMy, H; is
independent from (Hj/)es\ (1), so that @n(S) = 0.

A problem is that the latter family of skeins is not stable by the operation (*): among the
two skeins SE and SR obtained by splitting S at v, one of them might not be based at
infinity. To solve this problem and compute the master field against all skeins, we could
enlarge the type of loops families. Instead, we shall use that any skein can be deformed
into a skein based at infinity, without changing the conjugacy class of its elements in
P(R?).

For any [ € P(Gg), we consider

doo,s() = inf{dg (F, Fo) = 1: F € Gs. F N Foo iy = 0}

Let Vi (S) and V £ (S) be respectively the points of self-intersection and of intersection
of two different loops and set I (S) = #V(S) + #V £(S) (we shall drop the notation S,
when the context is not ambiguous). For any loop [ € S, denote by /s(/) the number of
intersections of / with itself and other loops of S. We define the complexity of S to be
the number
CS) =1(S) +2 D do.s(]). (45)
leS

Example 2. A skein S is based at infinity if and only if C(S) = I(S).

Example 3. If C(S) = 0, then S is an union of closed Jordan curved bounding disjoints
D|

domains. Therefore, @ (S) = 0, if #5 > 2 and e“T, if S has a single loop bounding a
simply connected domain D.

Recall that for any v € Is, S, denotes the transformed skein, whereas /X and /X stand
for the two new loops of S,,, when v € Vj, as respectively defined above Proposition 7
and Theorem 12.

10" We shall give an explicit formula in the next section.
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Lemma 22. (i) If v € V£(S5),
C(Sy) <C(S)
and if v € V(S), for any partition S U SR = S,, with It € SE and IR € SK,
max{C(S)). C(SH} < C(S).

(ii) For any regular skein S, there exists a family (5¢)¢~ of skeins based at infinity with
C(S¢) = C(S), for any € > 0, that converges to S', with S’ = S.

Proof. (i) Assume that v € V. Then, for any loop / € S, that does not contain v,
Il € Sy and dog 5,(1) < doo,s(D). If I} and [ are the two loops crossing at v, then
doo,5,(l1 0y I2) < min{dy, s(I1), dso,s(I2)}. Moreover, Vi (S,) = V(S) and for any
w € Vi(S), de.s,(ly) < doo,s(ly). Therefore, the fact that 1(S,) = I(S) — 1 yields
the expected inequality.

Assume now that v € V. Let [ € S be the loop of S crossing at v and fix a
partition SUL U SR of S, separating the loops 15 and lf. For any loop I’ € SU\{III;, 1Ry,
oo, SL (h, oo, SK (") < doo.s(l'), whereas minge(r, g} doo,s(I4) = doo.s(1). Let us
suppose w.l.o.g. that the latter minimum is reached at @ = L, and let ¢ € P((Gg)
be a path such that Foo,G(,4} Nc =@and |c| — 1 = doo’g(l,f) = dso.s(). Then,

1(8)) < I(Sy) — Tand as do s2.(If) < doo,5(1), C(Sf) < C(S) — 1. The right side
needs more caution. Let us consider the two paths ¢* € P(G sr) induced by IE and

c in the following way: ¢ is the face on the left of the outgoing edge of 15 at v, one

path follows the orientation of /2 and the other goes in the reverse direction, erasing
loops chronologically, until they first hit ¢, when they both follow ¢ up to Fix, G 5, - Their
combinatorial length satisfies

It +le™| < Is, 5 +2(Jc| — 1).
Therefore,

Is, Ik
o s (0) = min(lc?], le 1} = 2 s,
The number of intersections of 85 is bounded by 7 (S\{/}) +Is, (lf ). Moreover, for any
loop I € SF\(I), dog 51 (I') < do, s(I'). Tt follows that

CSH < 1S\ + 15, + 15,5 +2 D" doe 5 1),
l'eS

The equality /s, (15) +1s, (ZII;) + I (S\{I}) = I(Sy) = I(S) — 1 implies the claim.

(ii) For each [ € S, such that ds, s5(I) > 0, consider a self-avoiding path ¢; in @S,
such that Foo g, N¢; = 0,1 = Foo g5 and |¢| = doo,s(I) + 1. Choose such a family
(c1)1es of loops that do not cross each other but may be merged with one another.
Deform each loop [ along ¢; into [ so that the deformation intersects exactly twice each
dual edge of ¢; and does not intersect the deformation of other loops. Denote by S the
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skein {/ : [ € S, doos(l) > 0} U{l : I € §,dx s(I) = 0}. By construction, for any
leS.d s()=0and

IS =1(S)+2 > (lal = 1) =C(S).
leS

We can now choose a family of skeins (S€)¢~¢ as above, that converges towards a skein
S’,suchthat S’ = S,ase — 0. 0O

We can now solve our differential system recursively ordering skeins by their com-
plexity. Recall that if x is a point of intersection of a skein S, then ©, = ﬁ - (ﬁ +
ﬁ — ﬁ, where F1, F», F3 and F; are faces around the vertex v in cyclic order and
F is the face bounded by the two outgoing edges of x.

Theorem 13. There exists a unique function ® on SK(R?) satisfying the following equa-

tions: 1

1. {1} =1.

2. If 8~ and S8* are two skeins that are separated by a closed Jordan curve, ® (S~ U
St =0.

3. @ is continuous.

4. If S = 8§’ (definition on p. 40), then ®(S') = @(S).

5. For any area-preserving diffeomorphism g of the plane, ® o g = ®.

6. For any regular skein S, @ is differentiable with respect to (| F|) e and satisfies

the following differential equations. If x is the intersection of two different loops,
px@(S) = P(Sx). (46)

If x is the intersection of a loop | of S with itself,

WS = D> ON(SHONSH). (47)
SLUSR=S,
ILeSE and IReSR

For any face F € Fg, neighbor of Fo,

d 1
—P(S) = —=P(S). 48
dIF| (S) > (S) (48)
Proof. The function @ satisfies by construction the point 1-5. According to Theorems
12 and 9, for any regular skein S, @y (S) is analytic in (IF) Ferg, satisfies (), (xx)

and (x **) and converges uniformly on every compact set of RES to the function @ (S).
Therefore, @ (S) is analytic and satisfies the equations of point 6. It remains to show
uniqueness of the solutions of the latter problem. We wish to prove it by induction
on the complexity (45). Let W be a function on finite skeins satisfying point 1 to 6.
Using point 3, it is enough to prove that W (S) = @(S) for any regular skein S. For
any integer n, set Sk, = {S € Sk,(R?) : C(S) < n}. Let us prove inductively that
Wisk, = P|sk,- Thanks to points 1 and 2, the equality holds for n = 0. Assume that it
is true for n € N and consider a regular skein S € SK;,41. Suppose that S is based at
infinity. According to the inversion formula (44) together with point 6 and Lemma 22,

I The set of skein is defined as in Sect. 6.7 with the topology associated to dy (defined in Sect. 6.4).
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for any face F € Fg, ﬁ@ and ﬁw are a linear combination of terms of the form

@ (S, W(S) or &(SEYD (SR, W(SHHW(SR), with C(S'), C(SL), C(SR) < n. Hence,
by induction hypothesis, W (S) = @(S). Assume now that S is not based at infinity. Let
(S)e=0 be given as in Lemma 22. Then, for any € > 0, S¢ € Sk, is based at infinity
and W (S5€) = @(S5°). The points 3 and 4 yield that ¥(S) = @(S). O

7.3. Generalized Kazakov basis. We consider a skein S based at infinity!? and set
G = Gg. We shall give here bases adapted to the decomposition Im (m) & span{ﬁ :
F € Fo.1} and their dual, which leads to an explicit formula for the matrix /C appearing
in (44). We call them Kazakov bases, following the works [31,35], where they were
introduced in the case #S5 = 1.

For any [/ € S, let[ and ¢; € E be the non-based loop associated to / and the edge
dual to (Fso, F7), where Foo | = {Fj,1 € S} U {Fuo}. For any pair [,!” € S of distinct
intersecting loops, let us fix a vertex p; » € V¢ at the intersection of /, / ' and set V) the
collection of these points. We denote by < an arbitrary order on S. A Kazakov basis is
described thanks to families of loops in L(G). For any v € V\V(, we define a loop [,
based at v as follows:

(i) If v € Vy, [, is the restriction of [ between two visits of v that does not use ¢;.
(ii) If v € V#\Vy is at the intersection of /, I’ e Swithl < I', 1, is the concatenation of

the restrictions of / or /! between the hitting time of v and p; ;/, with the restriction
of I’ between the hitting time of p; ; and v, that does not use the edges ¢; and e;'.
Consider the graph Gg with vertices indexed by S, such that two loops are connected
in Gg if and only if they intersect each other. For any v € V, let e(v) be the left-outgoing
edge at v. The winding number of a non-backtracking loop / € L(G) jumps by 1 along
any dual edge of G that crosses / from right to left. Hence, for any loop ! € L, (G), using
exactly two edges around v, bounding the same face,

€(l) = m(Bew)) (m) € {—1, 1},

whereas forany [ € S,

d
= -1, 1}.
€ dIF] (ny) € { }
Lemma 23. If Gs is a tree,
d d d
= 0, , WVplu{l— — —: F e U{———
B = {m(de()), e € V\Vp} {d|F| dFo] € Feo,1} {d|Foo|}

is a basis of RHF with dual
a={elly)n;, :veV\Vo}lU{en; : 1 € S}U{lF}.

Proof. For any loop [ in L(G) and ¢ € E*, such that [ uses exactly ¢ and 27 e)
among the four edges adjacent to e, m(9d,)(n;) = 0. Besides for any loop / belonging
to the families (i) or (ii), and any a,b € S, ﬁ(n;) = 0, as [ does not use e,

for any v € V\Vo, m(Se)) (n1) = €,(1)dy 1, ﬁnb = €404.b, ﬁ(m) = 0 and

12 Recall Definition 3 of the last section.
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Fig. 7. A Kazakov basis for three circles with counterclockwise orientation. The set V() is given by vertices
of the inner triangle and V(%) is drawn with black disks. There are no type (i) loops and type (ii) and (iii)
loops are drawn respectively with plain and dashed lines

ﬁ(hg) = 1, for any face F € F. It follows that the two families « and 8 are free and
dual to each other, with rank #V — #V + #S + 1. Any vertex of G has degree 4, hence
by Euler’s relation, #V = #IF' — 2. Besides, there are as many points in Vy as there are
couples of distinct intersecting loops, therefore V) is the number of edges of Gs. If Gs
isatree, #Vg = #S — 1 and the rank of ¢ is #F. O

If Gs is not a tree the latter family is not a basis anymore and can be modified as
follows. Let ¥ and Eg be a spanning tree of Gs and an arbitrary orientation of Gg and

denote by V(X), the set of vertices at the intersection of a pair of loops (Z, ') that is an
edge of T.

(i) and (ii) For v € V; U (V N V(%)), the definition of /, is not changed.

(i) Let v € V £\ V(%) be an intersection point of two loops /, /', such that (/,1') € Eg
is not an edge of ¥. Let us consider the path ly, Iy, ..., [, in T, withly = [ and [, = ',
and set pg = v = pyy1 and py = py,_ . forl <k <m.Forany0 <k <m, fixa

path y from pj to p41, restriction of fk or f,: ], that is not using ¢;, . We define a loop
based at v setting [, = yp¥1 - .. ¥m. See Fig. 7 for an example.

Lemma 24. The family

d d d
B = {m(Be(w)). v € V\(Vo N V(T)} U {ﬁ - m cF eFp1} U {m}

is a basis of (R®Y with dual
o = feyng, :v e V\(VoNV(E)}Ufen; : 1 € S}U{1F}.

Proof. If a and b are two distinct loops of the families (i), (ii) or (iii), whether b uses
the outgoing edge e € Out(a) and A~ !(¢) and no other edge around v, or it does go
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through v, in both cases, m(9,(4)) (np) = 0. As b does not use any edge in {¢;, / € S}, for
any F € Fy 1, ﬁ(nb) = 0. It follows that o’ and B’ are free and dual to each other.

Besides, #Vy N V(X) is the number of edges of T, that is, #S — 1. Therefore, o', 8’ have
rank #V —# Vo NVE) +#S+1 =#V+2 =#F. O

We have now an explicit expression for K in (44). For any regular skein S based at
infinity and any bounded face F € Fg,

d

d
GRS 2 el (Pm@) + Y em(F) g

d|F| VeV\(VoNV (D)) 1eS

Acknowledgements. The author wishes to thank his Ph.D. advisor Thierry Lévy, as well as Franck Gabriel
and Guillaume Cébron, for fruitful discussions about Yang—Mills measure and the planar master field. Many
thanks are due to the anonymous referee for useful comments. This research work has been partly funded by
the RTG 1845 and the EPSRC Grant New Frontiers in Random Geometry.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.

References

1. Anshelevich, M., Sengupta, A.N.: Quantum free Yang—Mills on the plane. J. Geom. Phys. 62(2), 330—
343 (2012)

2. Banchoff, T.F.,, Pohl, W.E.: A generalization of the isoperimetric inequality. J. Differ. Geom. 6, 175-192
(1971/72)

3. Benaych-Georges, F.: Central limit theorems for the Brownian motion on large unitary groups. Bull. Soc.
Math. Fr. 139(4), 593-610 (2011)

4. Bernadi, O., Morales, A.H.: Counting trees using symmetries. J. Combin. Theory Ser. A 123(1), 104-
122 (2014)

5. Biane, P.: Free Brownian Motion, Free Stochastic Calculus and Random Matrices. In: Free Probability
Theory (Waterloo, ON, 1995), Vol. 12 of Fields Inst. Commun., pp. 1-19. Amer. Math. Soc., Providence,
RI(1997)

6. Biane, P.: Segal-Bargmann transform, functional calculus on matrix spaces and the theory of semi-circular
and circular systems. J. Funct. Anal. 144(1), 232-286 (1997)

7. Borot, G., Guionnet, A.: Asymptotic expansion of 8 matrix models in the one-cut regime. Commun. Math.
Phys. 317(2), 447-483 (2013)

8. Brézin, E., Itzykson, C., Parisi, G., Zuber, J.B.: Planar diagrams. Commun. Math. Phys. 59(1), 35—
51 (1978)

9. Cébron, G., Kemp, T.: Fluctuations of Brownian Motions on G L y (2014). arXiv:1409.5624

10. Cébron, G., Dahlqvist, A., Gabriel, F.: The Generalized Master Fields (2016). arXiv:1601.00214

11. Collins, B.: Moments and cumulants of polynomial random variables on unitary groups, the Itzykson—
Zuber integral, and free probability. Int. Math. Res. Not. 17, 953-982 (2003)

12. Collins, B., Dahlqvist, A., Kemp, T.: Strong Convergence of Unitary Brownian Motion (2015).
arXiv:1502.06186

13. Collins, B., Guionnet, A., Maurel-Segala, E.: Asymptotics of unitary and orthogonal matrix integrals. Adv.
Math. 222(1), 172-215 (2009)

14. Collins, B., Mingo, J.A., §niady, P., Speicher, R.: Second order freeness and fluctuations of random
matrices. III. Higher order freeness and free cumulants. Doc. Math. 12, 1-70 (2007)

15. Collins, B., Sniady, P.: Representations of Lie groups and random matrices. Trans. Am. Math. Soc. 361(6),
3269-3287 (2009)

16. Dahlqvist, A.: Integration formula for Brownian motion on classical compact lie groups. To appear in
Annales de I’Institut Henri Poincaré (B) Probabilités et Statistiques (2016)

17. Diaconis, P., Evans, S.N.: Linear functionals of eigenvalues of random matrices. Trans. Am. Math.
Soc. 353(7), 2615-2633 (2001)

18. Diaconis, P., Shahshahani, M.: On the eigenvalues of random matrices. J. Appl. Prob. 31(3), 49-62 (1994)


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1409.5624
http://arxiv.org/abs/1601.00214
http://arxiv.org/abs/1502.06186

444 A. Dahlqvist

19. Driver, B.K.: YMj: continuum expectations, lattice convergence, and lassos. Commun. Math.
Phys. 123(4), 575-616 (1989)

20. Driver, B.K., Hall, B.C., Kemp, T.: Three Proofs of the Makeenko—Migdal Equation for Yang—Mills
Theory on the Plane (2016). arXiv:1601.06283

21. Diriver, B.K., Gabriel, F., Hall, B.C., Kemp, T.: The Makeenko—Migdal Equation for Yang—Mills Theory
on Compact Surfaces (2016). arXiv:1602.03905

22. Féray, V., Méliot, P-L., Nikeghbali, A.: Mod-phi Convergence and Precise Deviations (2013).
arXiv:1304.2934v4

23. Gabriel, F.: Planar Markovian Holonomy Fields (2015). arXiv:1501.05077

24. Goulden, I.P.,, Guay-Paquet, M., Novak, J.: Monotone Hurwitz numbers and the HCIZ integral. Ann.
Math. Blaise Pascal 21(1), 71-89 (2014)

25. Goulden, LP.,, Guay-Paquet, M., Novak, J.: Monotone Hurwitz numbers in genus zero. Can. J.
Math. 65(5), 1020-1042 (2013)

26. Gross, D.J., Matytsin, A.: Some properties of large-N two-dimensional Yang—Mills theory. Nucl. Phys.
B 437(3), 541-584 (1995)

27. Guionnet, A., Novak, J.: Asymptotics of unitary multimatrix models: the Schwinger—Dyson lattice and
topological recursion (English summary). J. Funct. Anal. 268(10), 2851-2905 (2015)

28. Harish-Chandra: Differential operators on a semisimple Lie algebra. Am. J. Math. 79, 87-120 (1957)

29. G. 't Hooft: A planar diagram theory for strong interactions. Nucl. Phys. B 72, 461473 (1974)

30. Humphries, S.P.: On weakly distinguished bases and free generating sets of free groups. Q. J.
Math. 36(2), 215-219 (1985)

31. Kazakov, V.A.: Wilson loop average for an arbitrary contour in two-dimensional u(n) gauge theory. Nucl.
Phys. B 179(2), 283-292 (1981)

32. Kazakov, V.A., Kostov, I.LK.: Computation of the wilson loop functional in two-dimensional u(oco) lattice
gauge theory. Phys. Lett. B 105(6), 453—456 (1981)

33. Leonov, V.P, Shiryaev, A.N.: On a method of semi-invariants. Theor. Probab. Appl. 4, 319-329 (1959)

34. Lévy, T.: Schur—Weyl duality and the heat kernel measure on the unitary group. Adv. Math. 218(2), 537—
575 (2008)

35. Lévy, T.: The Master Field on the Plane (2011). arXiv:1112.2452

36. Lévy, T., Maida, M.: Central limit theorem for the heat kernel measure on the unitary group. J. Funct.
Anal. 259(12), 3163-3204 (2010)

37. Lévy. T.: Two-Dimensional Markovian Holonomy Fields. Société Mathématique de France, Vol. 329.
Astérisque (2010)

38. Makeenko, Y.M., Migdal, A.A.: Exact equation for the loop average in multicolor qcd. Phys. Lett.
B 88, 135-137 (1979)

39. Méliot, P.-L.: The cut-off phenomenon for Brownian motions on symmetric spaces of compact type. Poten-
tial Anal. 40(4), 427-509 (2014)

40. Rains, E.M.: Combinatorial properties of Brownian motion on the compact classical groups. J. Theor.
Probab. 10(3), 659-679 (1997)

41. Rota, G.C.: On the foundations of combinatorial theory. I. Theory of Mébius functions. Z. Wahrschein-
lichkeitstheorie Und Verw. Gebiete 2, 340-368 (1964)

42. Sengupta, A.N.: Gauge theory on compact surfaces. Mem. Am. Math. Soc. 126(600), viii+85 (1997)

43. Singer, LM.: In: Simon, G., James, L., Robert, L. W. (eds.) Functional Analysis on the Eve of the 21st
Century. Vol. I, vol. 131 of Progress in Mathematics, p. 263. Birkhduser Boston Inc., Boston, MA, 1995.
In honor of the eightieth birthday of I. M. Gel’fand, Papers from the conference held at Rutgers University,
New Brunswick, New Jersey, October 24-27 (1993)

44. lkeda, N., Watanabe S.: Stochastic Differential Equations and Diffusion Processes, Vol. 24, North-Holland
Mathematical Library. North-Holland Publishing Co., Amsterdam; Kodansha, Ltd., Tokyo (1981)

45. Xu, F: A random matrix model from two-dimensional Yang-Mills theory. Commun. Math.
Phys. 190(2), 287-307 (1997)

46. Zinn-Justin, P., Zuber, J.-B.: On some integrals over the U(N) unitary group and their large N limit. J.
Phys. A 36(12), 3173-3193 (2003)

47. Zvonkin, A.: Matrix integrals and map enumeration: an accessible introduction. Math. Comput.
Model. 26(8-10), 281-304 (1997)

Communicated by S. Zelditch


http://arxiv.org/abs/1601.06283
http://arxiv.org/abs/1602.03905
http://arxiv.org/abs/1304.2934v4
http://arxiv.org/abs/1501.05077
http://arxiv.org/abs/1112.2452

	Free Energies and Fluctuations for the Unitary Brownian Motion
	Abstract:
	1 Introduction
	2 Unitary Brownian Motion and its Large Lg Limit 
	3 Free Energy, Words in Unitary Brownian Motions
	4 Two Estimates on the Cumulants
	5 Applications
	6 Planar Yang--Mills Measure
	7 Makeenko--Migdal Equations
	Acknowledgements.
	References




