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Abstract

We analyze the local accuracy of the virtual element method. More precisely, we prove
an error bound similar to the one holding for the finite element method, namely, that
the local H' error in a interior subdomain is bounded by a term behaving like the
best approximation allowed by the local smoothness of the solution in a larger interior
subdomain plus the global error measured in a negative norm.

Mathematics Subject Classification 65N12 - 65N22 - 65N30

1 Introduction

Besides its ability to handle complex geometries, one of the features that contributed
to the success of the finite element method as a tool for solving second order elliptic
equations is their local behavior. Considering, to fix the ideas, the Poisson equation

—Au=f, inQ u=0, ona<2,

the standard, well known, error estimate provides, for the order k finite element method,
an error bound of the form

ue HVH(Q), 0<s<k = lu —upli.Q < Ch¥luls+1.q
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(u and uy, denoting, respectively, the exact and approximate solutions, and / the mesh
size). When measured in a global norm, the error can be negatively affected by the
presence of even a few isolated singularities. However, since the early days in the
history of such a method it is well known that, if a solution with low overall regularity
is locally smoother, say in a subdomain €21 CC €2, an asymptotically higher order of
convergence can be expected in any domain 29 CC €21. More precisely, there exists
an ho (depending on Q¢ and €21) such that, for & < ho, the H 1(€0) norm of the error
can be bounded ( [37], see also [39, 40]) as

k
—uplli,0 S k1,9 —upll1—k,Q, .
lu — upll S A ull + llu — upl| (1.1

which, combined with an Aubin—Nitsche argument to bound the negative norm on the
right hand side, yields, if €2 is sufficiently smooth, an O(hk) bound for the error in
the H'(Q0) norm, provided u € H**1(Q1), even when u ¢ H*t1(Q). This feature
is particularly appealing, as it allows to take advantage of the local regularity of the
solution, thus enabling the method to perform effectively. One can, for instance, avoid
the need of refining the mesh, whenever possible singularities are localized far from
a region of interest.

It is therefore clearly desirable that new methods, aimed at generalizing finite
elements, retain this property. We focus here on the virtual element method, a
discretization approach that generalizes finite elements to general polygonal space tes-
sellations. Analogously to the finite element method, the virtual element discretization
space is continuously assembled from local spaces, constructed element by element
in such a way that polynomials up to order k are included in the local space. Con-
trary to the finite element case, however, the functions in the space are not known
in closed form but are themselves solution to a partial differential equation, which is,
however, never solved in the implementation. In order to handle the discrete functions,
these are instead split as the sum of an exactly computable polynomial part, and of
a non polynomial part. Exact handling of the polynomial part alone turns out to be
sufficient to guarantee good approximation properties: to this end, the bricks needed
for the solution of the problem at hand by a Galerkin approach (e.g. local contribu-
tion to the bilinear form and right hand side) are computed as a function of a set of
unisolvent degrees of freedom, in a way that is locally exact for polynomials. The
non polynomial part is instead handled by means of a stabilization term, which only
needs to be spectrally equivalent to the bilinear form considered, resulting in a non
conforming approximation. Since its introduction in the early 2010s (see [7, 26]), the
virtual element method has gained the interest of the scientific community and has
seen a rapid development, with numerous contributions aimed at the theoretical anal-
ysis of the method (see e.g. [14, 24-26] ), its efficient implementation (see, e.g., [21,
23, 27, 31, 32]), its extensions in different directions (see, e.g., [10-13, 17, 22, 29]),
and applications in different fields, such as fluid dynamics [2, 15, 16, 19], continuum
mechanics [6, 8, 9, 30, 34, 42, 43], electromagnetism [18] and others ( [3, 4, 38]).

In this paper, we aim at proving that the approximation by the virtual element
method has good localization properties, similar to the ones displayed by the finite
element method. More precisely, under suitable assumptions on the tessellation, we
will prove that an estimate of the form (1.1) also holds for the virtual element solution
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(see Theorem 6.1). Under suitable assumptions on the domain €2 (the same needed
for the analogous result in the finite element method), this will imply that, provided
u e Hk+1(§21), we have that [lu — up|l1,, = O(hk), independently of the overall
smoothness of the solution.

The paper is organized as follows. After presenting some notation and recalling
how some inequalities do (or do not) depend on the shape and size of the elements
(see Sect.2), in Sect. 3 we present the virtual element formulation we will be focusing
on, and we will study the equation satisfied by the error. In Sect.4 we will study how
different linear and bilinear operators commute with the multiplication by a smooth
weighting function. In Sects.5.1, 5.2 and 5.3 we will provide bounds for the error
in, global and local negative norms. In Sect. 6 we will prove the main result, namely
Theorem 6.1, and leverage it to obtain local error bounds (see Corollaries 6.4 and
6.5). In Sect.6.1 we briefly sketch an extension of the local error bounds to the so
called enhanced version of virtual element method [1], which is often the one that can
be found in actual implementations. Finally, in Sect.7, we present some numerical
results.

Throughout the paper, we will write A < B to indicate that A < c¢B, with ¢
independent of the mesh size parameters, and depending on the shape of the elements
only through the constants yp and y; in the shape regularity Assumption 2.1. The
notation A >~ B will stand for A < B < A.

2 Notation and preliminary bounds

In the following we will use the standard notation for Sobolev spaces of both positive
and negative index, and for the respective norms (see [36]). Letting @ C R? denote
a bounded polygonal domain, we will consider a family F = {7} of polygonal
tessellations of €2, depending on a mesh size parameter 7. We make the following
assumption on the tessellations.

Assumption 2.1 There exist constants yp, y; > 0 such that, letting ~Ax denote the
diameter of the polygon K, for all tessellation 7;, € F:

(a) Allpolygons K € 7j, are star shaped with respect to all points of a ball with center
xx and radius px with px > yohk;
(b) for all K € 7, the distance between any two vertices of K is greater than yhg.

Moreover, for the sake of notational simplicity, we assume that all tessellations are
quasi-uniform, that is for all K € 7, we have that hg >~ h.

The following trace and Poincaré inequalities hold, with constants only depending
on the two constants yp and y; (see, e.g., [14, 24]).

Trace inequalities
Under Assumption 2.1(a) for all v € H'(K), we have

101§ 0k < Ivllo.x (gt vllo,x + 1V vllo.x), 2.1)
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ek S vk, (2.2)
inf Jv+wli gk SIvhijzok- (2.3)
weHd (K)

Poincaré inequality

Under Assumption
2.1(a), forall u € HY(K), we have

inf [lu —qllo.x < hgllVullo.x- (2.4)
geR

We have the following proposition, where the norm || - || x is defined as

F, . . _
(F,v) (-, -) denoting the duality product of H 1(K )andHO1 (K).

|Fll-1,x = sup ,
verl k) IVILK
v#0

Proposition 2.2 Under Assumption 2.1(a), for allu € H'(K), we have
ik S lvlij2.ek + 1Av[-1.k-

Proof We split v as v + 1% with Av¥ = 0and v € H(} (K). The splitting is stable
with respect to the H! semi norm, that is we have

/ |Vv|2=/ |VvH+VvO|2=f |VvH|2+/ [Vol|2. (2.5)
K K K K

H

Now, for w € HO1 (K) arbitrary, since v = v on 9K, integrating by parts twice we

can write
|UH|%K :/ vl . ng = (v+w)VvH- ng
’ 9K K
=/ V+w) Vo' <o+ wl x|k,
K

where ng denotes the outer unit normal to 0 K. Thanks to the arbitrariness of w,
dividing both sides by [v! [1,x and using (2.3) we obtain

Wik < inf 4wk < lvlijzak- (2.6)
weHJ (K)

On the other hand, as Av® = Av, we can write

0.2 0.2 0 A0 0 0
Fe =/ IVVT|~ = —/ veAv =—/ v AV < [vT g lAv] -1,k
K K K
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which, dividing both sides by [v°]; &, yields
10k < A1 k. 2.7

By collecting (2.6) and (2.7) into (2.5) we obtain the desired bound. O

For D being a polygonal element K or an edge e of 7, we let P¢(D) denote the
restriction to D of the space of bivariate polynomials of order up to £.

Under Assumption 2.1, we have the following polynomial approximation bounds
[33]: forallv e HI(K),0<s <t <{+1

inf flv—gqlls x <Ak, 2.8
o lv—qlls.x < hg"Ivlek (2.8)

and, letting h, denote the length of the edge e, forallv € H'(e),0 <s <t <{+1

inf [[v—qlls,e S AL vl (2.9)
q€P(e)

Moreover, the following inverse inequalities for polynomial functions hold: for all
qg €Py(K)and g € Py(e),andall0 <s <t

lalix Shelgllsk,  Nglhie Sh gl (2.10)

3 The virtual element method

In order to introduce the notation, let us review the definition of the simple form of
the virtual element method that we are going to consider. Letting  C R?, we focus
on the following model problem:

—Au=f, inQ, u=0 onoS, 3.1

which, in weak form, rewrites as: find u € HO1 (€2) such that

a(u,v):/fv, Yve Hj(Q),  with a(u,v):/Vu~Vv. (3.2)
Q Q

Let 7, € F denote a tessellation of €2 in the family F. For reasons that will be clear in
the following, we consider a form of the Virtual Element discretization where we allow
different approximation orders on the boundary and in the interior of the elements [5].
As usual, for all K € 7, we let

Br(K) = {v e C°(0K) : v|, € Pr(e) forall edges e of K}.
The local element space Vﬁ (K) is defined (see [5]) as

VEK) = {ve HY(K) : vlsk € Br(0K), and Av € P, (K))}.
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We assume that max{0, k — 2} < m < k. The case m = k — 2 corresponds to the
simplest form of the virtual element method, as introduced in [26].
The following inverse inequality holds for all v, € V,fl(K ) (see [28])

lAvillo.x S hg' IVunllo.k- (3.3)

Remark 3.1 For the sake of simplicity, we do not explicitly include in our analysis the
simplest lowest order VEM space

VI (K) = {v, € HY(K) : vplak € B1(dK) and Avy, = 0},
which can be tackled by the same kind of argument but which would require a separate

treatment, in particular when dealing with the terms involving the approximation of
the right hand side.

The global discretization space V), is defined as
Vih={v e HOI(SZ) D V|g € Vﬁ(K) forall K € 7}. 3.4)
Letting
HY (7)) ={ue L*(Q) :u|lx € H(K) forall K € T}

denote the space of discontinuous piecewise H ! functions on the tessellation 7;,, which
we endow with the seminorm and norm

2 2
g =Y Wik Ivlig = lvlee + vlg.
KeT,

we also introduce the discontinuous global discretization space
Vi ={veLXTp) : vlx € VE(K) forall K € T}

As usual, we introduce the local projector HZ - HY(K) — Pi(K) defined as
/ V([Tjv —v)-Vg =0, VYqePr(K), / (Myv —v) = 0.
K K

As HZ preserves polynomials of order up to k, the following proposition is not
difficult to prove, the bound on | - |1 x being a direct consequence of (2.8) and the
bound on | - |0, x being proved by an Aubin-Nitsche duality argument.

Proposition 3.2 Let v € H'*$(K), 0 < s < k. Then we have

v v 1
v —TYvllox + hxlv — vl g S hi S vligs k-
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Letting
Py (Th) = {q € L*(Q) : q|k € Px(K), forall K € T}

denote the space of discontinuous piecewise polynomials of order up to k defined on
the tessellation 7y, we let [TV : H'(7;,) — Pi(75) be defined as

Vvl := My (v]g).

The discrete bilinear form ay, : V), x Vj, — R is defined as

an(wy, vp) :/ VITY wy, - VITY gy 4 s, (L= TV Ywy, (T— TV )vp),
T

where I is the identity of H 1(7;,) and where, for shortness, here and in the following
we use the conventional notation

/Thx::Z/KX.

KeT,

The stabilization bilinear form sy, : Vh X ‘7/1 is defined as the sum of local contributions

sn(wp, vn) = Y sk ik, valk),
I3

where we assume, as usual, that, for all K € 7y, the local stabilization bilinear form
SK - anj(K) X anj(K) — R satisfies

sk (Wi, vp) < lwpliklonli g You, wy € VE(K), (3.5)
sk(wn, wp) 2 lwalf g Yws € Vi (K) Nker ITy. (3.6)

In particular, for all v, € V,’,‘,(K), (3.5) and (3.6) yield
luw — TRl x = sk (vn — T v, va — T wp). (3.7)

We let
ak (wy, vp) =/ VI wy - VI v + 55 (0 = T wn, (=TT )op)
K

denote the local counterpart of the bilinear form a;,. We recall that, thanks to (3.5) and
(3.6), for all v € Vj, we have that

aK(vh, vp) = / Vo, - Vo, =~ a,{((vh, vp). (3.8)
K
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We next let 1'181 L) > ]IND,,, (73) denote the L2(2) orthogonal projection onto
the space P, (7j,) of discontinuous piecewise polynomials of order at most m, and we
let

frn=10%¢

so that for all v, € V),

/thhZ/ Hglfth/ fl'[glvh. 3.9)
Q Q Q

The virtual element solution to Problem (3.1) is obtained by solving the following
discrete problem: find u;, € V}, such that for all v, € Vj,

ap(up, vp) Z/thvh- (3.10)

3.1 Extension of the discrete operators to H' (73,
To carry out the forthcoming analysis, it will be convenient to extend some of the above
operators, which are defined on the discrete space Vj,, to the whole H 1 (73). To this

aim, we introduce projectors ﬁz : HY(K) — VX(K)and Q) : HY(K) — VA(K)
defined as

/ VII{v—v) - Vw, =0, Y, € VF(K), / (MYv —v) =0,(3.11)
K K

QYv=Tyv—Myv. (3.12)
Observethatwehavef[,v(ol'llv( = Hzoﬁz = HZ and ﬁXoQV = onﬁz = Qz.
Also the projectors HZ and QZ can be assembled, element by element, to global

projectors into the space V, of discontinuous virtual element functions. More precisely
we define 11V : H'(7,) — Vj, and QV : HY(7;) — Vj, as

Vvl =Y (wlk), 0Vvlx = Q) (vlk).

With this notation, we can extend the bilinear form a;, : V, x V;, — R to a bilinear
form ay, : H'(T,) x H'(7,) — R, defined as

ap(u, v) = f V(1Y) - V(1Y) + 5,(QVu, V).
Th
We remark that, thanks to (3.8), we have

a(u,u):/ VI — Tu)P? + ap(MVu, V), Vue H(Q). @3.13)
h
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As QZq = 0 for all ¢ € Px(K), we easily have the following proposition, where
the H'(K) seminorm bound stems from the best polynomial approximation and the
L?(K) bound is obtained by a Poincaré inequality, as, by definition, QZ f is average
free.

Proposition 3.3 Ler f € H'*5(K), 0 < s < k. Then
10X fllo.x +hklO% flix Shi™ | fliss k.

3.2 Error equations

Letting u € HO1 (2) and uy, € Vj, respectively denote the solutions of Problem (3.1)
and (3.10), we can now write two error equations, satisfied by u — uy. Indeed, for
v € H'(Q) arbitrary we have

an(u, v) = f VITVu - VIIVv + 5,0V u, 0Vv)
T

=f Vu-Vv—/ VQVu.VQVv—f vad-TVu-va - 1Yy
Q T T

h

+51(QVu, 0Vv),

whence

a(u,v) —ap(u, v) = Ap(u, v) +/ VI-T0Vu -va-TY, (@3.14)

T

where Ay, : HY(T,) x HY(7;) — R is defined as
Ap(w, v) = ZAK(M, v) (3.15)
K
with
AK(w,v)=/ VOYw-VOYv —sp(QYw, QFv).
K

Then, letting § = f — fy, the error u — uy, satifies, for all v, € Vj,

ap(u — up, vp) = a(u, vy) +ap(u, vy) — au, vy) — ap(up, vy)

=/ fun +ah(u»vh)_a(u»vh)_/ fnvn,
Q Q

finally yielding the following error equation
an(u — uy, vy) =/ Srvp — Ap(u, vp), Yv, € Vj,. (3.16)
Q
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Combining (3.16) and (3.14) we also have

a( —up, vp) = Ap(u — up, vp) +/ Srvp — Ap(u,vp), Yoy € Vo (3.17)
Q

Using Proposition 3.3, we easily see that the following proposition holds.

Proposition 3.4 Let w € H*t1(K), v € H'M(K) witht > 0, s < k. Then we have
1A  w, v)| S M wlsrk vlk (3.18)

Moreover, the following proposition provides an a priori bound for the operator § 5
appearing at the right hand side of the error equation.

Proposition3.5 Let f € H'(K), v € H’“(K) with)O <r<m+10<t <m.
Then we have

/ Spv S h Ak vl k- (3.19)
K
Proof We have

/K(f ~ v = /K(f S0 ) — 110 0) < I — 10 Fllok 11— TT9)wlo &
S Il flr kB 0l ks (3.20)
which is the desired result. O

Remark that using the above bounds, in combination with the error equation and
an approximation estimate (see e.g. (4.1)), allows to retrieve the following (essentially
well known, see [5, 26]) bound on the error u — uy: if the solution u and the source
term f of Problem (3.2) satisty, respectively, u € H’H(Q), r>0and f € HP(Q),
p > 0 then it holds that

lu —uple S ARl g, o + pem UL g o, (3.21)

Remark that, as f = —Au, we have that p > r — 1. Moreover, by constructionm > k—
2. Then the second term on the right hand side, deriving from the approximation of the
source term, is asymptotically dominated by the first term, namely A™™"K} ||| 1, o.

4 Commutator properties for the VEM space

The local bounds we aim at proving will involve multiplying different quantities by
smooth weights. A key role will be played by the error resulting from commutating
the action of such weights with different operators appearing in the definition and
analysis of the VEM method. To analyze such errors, we start by introducing a local
quasi-interpolation operator similar to the one proposed in [17] and defined as follows.
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Givenv € H'(K) withv|yx € C°(3K)and Av € L*>(K), weletTxv = v, € VX (K)
be defined by

vplax = Ixv, Avp =H&Av,

where Iy : CO(0K) — By (dK) denotes the edge by edge interpolation operator
with, as interpolation nodes, the nodes of the k + 1 points Gauss-Lobatto quadrature
formula, and where, by abuse of notation, we let 1'[9,, : L2(K) = P,,(K) denotes the
L? orthogonal projection. As Jg : H*(K) — Vn’j (K) ¢ H'(K) is bounded and it
preserves the polynomials of degree k, we can see that, forv e H't5(K), 1 <s <k
we have

~ ~ s+1
lv—TJkvllo,x +hklv—Txvlix S A vls41k- 4.1

Letnoww € C °°(S_2) be a smooth weight function. Observe that, for K € 7, we
can split w|g as

- K K . - K K
wlg =a" +p%, with ®" €R, [p" locox S hklloli,coqs

K
107 12,00,k S llwll2,00,2: 4.2)

(we can for instance take ®* = w(xX), xX being the barycenter of K).
We have the following lemma, which we prove by an approach similar to the one
in [20].

Lemma4.1 Forall K € Ty, forallv € H*'(K), 1 < s <k, for all vy, € VE(K), it
holds

lo( +vp) = Tk (@@ + vk S hglvlst,x +hgllv+ollig,  (4.3)
the implicit constant in the inequality depending on |®||2,00.Q-
Proof Let v, € V,,’;(K). As Jgvp = vy, and as Ji is a linear operator, we have
wvp, — Tx (vp) = p o = Tk (0% vp),
with pX given by (4.2). Then, using Proposition 2.2 we can write

lwv, — Tk (wop)l,x S love — Ix (@up)liy2,0k + 1A (@Uy — T (@up)) -1,k

= 1p%vy — Tk X v 120k HIA K v — Tk (K v))ll-1 k-
“4.4)

We separately bound the two terms on the right hand side of (4.4), starting from
the first one. We remark that, on e edge of K we have that pXv, — Jx (pXv,) €
Hé (e) C Holo/z(e), where, we recall, H()l({z(e) can be defined as the space of those
functions v € L?(e) such that setting ¥ = vin e and ¥ = 0 in 9K \ e it holds that
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T e H'/2(9K). We endow Hy’(e) with the norm [[v]| 12, = []1/2,9x. We recall
Hyy™(e) ’

that HOIO/ 2 (e) is the interpolation space of exponent 1/2 with respect to the interpolation
couple (L%(e), Hg (e)). Then, using a standard interpolation bound (see [41]) and (4.1),
we can write

K, _~ (K < K, = K
o on =Tk oo < 30 oK on =Tk vl 2,
edges ecdk
~ 1/2 ~ 1/2
<O %o =Tk X o g1 vn = Tk (0K o)1}
edges ecok
1/2 ~
< Y rPIoKon = Tk (K un)l1e 4.5)
edges ecak

Now, using (2.9) and (2.10), we can write

K K K K K
o v — Tk (P™ vp)lt,e ,S help™ vpla,e 5 he(llo ||0,oo,e|vh|2,e + e ||2,oo,e||vh||l,e)
172
S he(he|vh|2,e + ”Uh”l,e) 5 he”Uh”l,e S he/ ||Uh||l/2,e7

which yields (we recall that, by Assumption 2.1(b), h, =~ h)

05 on =Tk X olipax S Y. helloaljze S hxllvalhy2ox
edges ecak

S hillvrl k. (4.6)
As far as the second term at the right hand side in (4.4) is concerned, we have
A(p%vp) = vpAp" +2Vp" - Vo + % Avy,
as well as
ATk (% vun)) = T (A0 vp)) = T, (0w APX) + 2110, (VX - Vup) + 19, (0% Awp),
and then, by triangle inequality,

1A on = Tk (X v)ll-1.x < lowAp™ =TI aAP5) -1k
Ve - Vo, — T, (VX - Vo) -1k + 10" Avy — T, (0% Avp) | -1 k-
We can bound the three terms by using a standard duality argument, which allows to
bound the H ' (K) norm of any average free function with s g times its L? norm, and

we obtain

lop Ap® — 110 (v AP =1k < ko Ap® — T (va APF) 10,k

K K
S hllvnAp™ llo.x S hrllp™ 12,00,k lvrllo.x
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as well as

VX -V, — O, (VX - Vo) l—1 x S ki IVEX - Vo, — T (VX - Vup)llo x

K K
ShellVe"™ - Vuullox Shrllp® 1,00,k IVurllo k.

and, using (4.2) as well as the inverse inequality (3.3),

o Avy — T, (0% Avp)ll—1,x < Bk lp® Avy — T (0% Avi)llo.x S Bk llp® Avillo.x

~

< hll oM llo.co.x 1 Avallo.x S Iyl Avillo.x S hk IVonllo.x,
finally yielding
1A vn =Tk X o)ll-1.x S hlonll - @7
Using (4.6) and (4.7) in (4.4) yields
lwvp — Tk (@vp)l1.k S hillvallik- (4.8)
Let now v € H*t!(K). Adding and subtracting H,V(v, using (4.1) and (4.8), then

adding and subtracting v and using the polynomial approximation bound (2.8), we
have

o+ vp) — Tk (@ + vp)),x
< lw@ —T}v) = Ig (@@ — o) | + lo (v + vy) — g (@I + vp))l1.k
Shglo@ =TV k +hellTgv +vpllig S hgllv — TRl x +hg ITTEv +vallnk
Shglv—TRvla g +hgITgv — vl x + hg v+ valli g
S hxlvls41,x +hrllv+ vl k, (4.9)

which concludes the proof. O

As for all w € H!(K) it holds that

~y _
lw—Mgwl g= inf |w—wylik,
wheVk(K)

we immediately have the following corollary.

Corollary 4.2 Forall K € Ty, forallv € H*Y\(K), 1 <s <k, forall v, € Vn];(K),
it holds

o +vp) — T @+ vk S hxvlss1.x +hglv+vnlig,  (4.10)
the implicit constant in the inequality depending on ||w||2,00,0-
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Remark 4.3 The bound (4.8), valid for all v, € V,f,(K ), is the so called discrete
commutator property of the Virtual Element space. It implies that Jg : an’;(K ) —>
V,,]; (K) is bounded in H!(K). In particular, we have

1Tk (@un)li .k <lonlik,  VYun € VEK). 4.11)

Another commutativity bound that will play a role later on, is the following lemma.

Lemma 4.4 Forall K € Ty it holds, for all v € HI(K),
|0% (@v) —wQY¥ vk S hklvlik

the implicit constant in the inequality depending on ||w||2,00,0-

Proof Once again we use the splitting (4.2), and, by the linearity of QZ, we have
Ox (wv) —wQxv = Qg (p*v) — p* Okv.
For ¢, q' € Px(K) arbitrary, as QY.¢' = 0, we can write

0¥ (Xl x =10% (X —q)+05q — )ik
S1eKw—hix + 105 — ¢l k.

We now choose g = HZ vandq' = HZ (pq). With this choice, using Proposition 3.2,
we can write

X =Dk S 150,00 k10 — TRk + 1105 11,00,k v — TR v]l0,5
< hglv—Tgvl g + llv — Txvllox S hglvlk,
as well as
105Xqg —q'lix =105 =T XDk ShrleXqlhk

K K
S hklle® llo.coklgl2.x +hklle™ l2.00.x 111,
S hklghx +hilglhk Shelglh g S hkllvlk,

where we also used (2.10). O

The third commutativity property that we will need in the forthcoming analysis is
stated in the lemma below.

Lemma 4.5 Let w € C®() be a fixed weight function. Then, for all K € Ty, for all
w, v € HY(K) it holds that

|AK (w, wv) — AKX (0w, v)| < kvl g llwlh k. (4.12)

the implicit constant in the inequality depending on ||w||2,00,0-
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Proof Using once more the splitting (4.2), we have

AR (w, wv) — AKX (0w, v)| = [AK (w, p%v) — AK (pFw, V)]

S10¥wl k1Q¥ (X1 k +10F (0% w)l1 k1QF v k-

Now, using Proposition 3.3 and Lemma 4.4, we have

0% (pXw)l1x < 10X OV wh k +10% (X w) — pX QFwli x
S 1% N0l Q¥ wli x + 105 1100k 1QFwlo.x + Ak llwli k
Shrllwli k.

The above bound also applies to v, finally yielding (4.12). O

5 Negative norm error estimates

The interior error estimate we aim at proving relies on the validity of different bounds
on the error measured in negative norms, both at the global and at the local level. We
devote this section to study such bounds.

5.1 Error bounds in the HP(Q) norm

We start by considering the error e = u — uj; measured in the H~7(2) norm. We
assume that u € H’“(Q), 0 <r <kandlet p, withO < p < m + 1, be such that
f=—Au € H(Q).

As usual, resorting to a duality argument, in order to bound |le||—p o, p > 0, we
write

e Ve - Vu®
lell-po = sup Jact _ sup Jg Ve Vv¥, (.1)
¢€Hé)(Q) ||¢||[7,Q ¢EH0p(Q) ||¢||p,§2
where v? € HOl (€2) is the solution of
—M?=¢, nQ, v?=0ondQ. (5.2)

Adding and subtracting v;, € Vj, arbitrary, using (3.14) and (3.16), and adding and
subtracting v¥ we have that

/V6~Vv¢:/Ve~V(v¢—vh)+fVe~Vvh
Q Q Q

=f Ve'V(v¢—vh)+/ Srvp — Ap(u, vp) + Ap(e, vp)
Q Q

=/ Ve-V(v¢—vh)+/Sf'(vh—vd))—i—/éfv‘p
Q Q Q
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—An(u, v —v?) + Aple, v — v?) — Ap(u, v?) + Aple, v?).
(5.3)

Estimates of the right hand side of (5.3) will, as usual, rely on the smoothness lifting
properties of the Dirichlet problem (5.2). In the optimal case (e.g. when €2 is a square
or a smooth domain) we will have v € HP+2(Q) (for the lifting property on squared
domains see [37, eqn. 7.16]). However, this will not always be the case here, as, on
polygonal domains, depending on the interior angles, the smoothness of ¢ implies the
smoothness of v? only up to a certain limit. In general (see [35]), we will have that

¢ € HY(Q) implies [[v”]i15.0 < [¢lp.q. forsomes=s(p, Q) > 1/2.
(5.4)

We then take vy, = Jpv? (as s > 1/2, H'(Q) < %) so that J,v? is well
defined). Using (4.1), (3.18) and (3.19) to bound the right hand side of (5.3) we obtain

/ Ve - VP < (leli,q + 1 lulrs1,2) A™M R 0?4y g  RPFMREMEL £ 010?41 0.
Q

(5.5)

Using (5.5) and (5.4) in (5.1), and bounding |e|; ¢ thanks to (3.21), we then obtain
the following bound

. . 1
lell—p,o S A™™ S8 (Bl 41,0 + lel,@) + A™EMHAH £ o

< hmin{s,k}+r|u|r+1,Q +hmin{5~,m}+/’+1||f||p’9, (5.6)

where we used the fact that m < k.

It then remains to see which is the value of s (p, €2), thatis, what is the regularity that,
depending on the characteristics of the domain §2, we can expect for v? if ¢ € Hé" (£2).
As already recalled, if €2 is smooth or a square, we will have that vP e HP +2(Q), that
iss(p, 2) = p+ 1. If, instead, 2 is a polygon ( [35]), we know that if ¢ € H°1(Q)
then v¥ € H°+1(Q) and

W lo+1.2 S I9llo-1.0:
provided 0 < 0 < op = g—o, where 6p = max; 6;, 6;,i = 1,---, L denoting the
interior angles at the L vertices of 2. Observe that we have that 7/3 < 6y < 2w,

whence 1/2 < o9 < 3. For € > 0 arbitrarily small but fixed, we can then take
s =s(p, Q) =min{p + 1,00 — ¢} in (5.5). Setting

y =min{p + 1, k} and T =min{p + 1, m}
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we then have

lell—p.g < MMV )Ly o 4 pptIHmino0—ely oo (5.7)

5.2 Negative norm error estimates on smooth domains
Before going on, let us consider what happens instead in the case in which €2 is smooth.
In such a case, for the solution of (5.2), we have that for all p > 0, ¢ € HP(Q)
implies v¥ € HP*%(Q). We can take advantage of such a fact, provided that, for
the discretization, we use a tessellation allowing curvilinear edges at the boundary
of 2, and resort, for boundary adjacent elements, to the VEM with curved edges as
introduced in [17], following which, we modify the definition of the space By (0K),
which, for K with [0 K N 02| > 0 becomes
Br(0K) ={v e CO(BK) : vl € Pr(e) for all edgeeofKinteriortoS2, v|sxnaq = 0}.
We also modify the interpolator J;, by requiring, for boundary adjacent elements,
that J,u = 0 on d K N 9. Using arguments similar to the ones used in Sect.4 we can

see that, also for boundary adjacent elements, forall u € Hé (Q) withu|g € H'1(K),
t > 1 it holds that

lu — Tpulix S h'ulige k.

Then, letting, also for elements with a curved boundary edge, ﬁz and QZ be defined
by (3.11) and (3.12), we have, for u € Hj} (Q) with u|x € H'™(K),

~v _
lu—Mgulix < |lu—Tpulix S uliqk.
Moreover (see [17]), under the same assumptions on u, we have that
v
lu — Mgulix S h'luliek. (5.8)

Both Proposition 3.3 and Proposition 3.4 also hold. Indeed, if u € H I+s (K),1<s <
k, withu =0 on 0K N 02 we have

=V =V
lu —Mgullix <|lu—Tgulix S lulik,

=V =V 3
lu —Mgullyx <lu—TMgulyx S h'|ulits k.
where we used a Poincaré inequality. By interpolation we have that
lu — TYullix <h'luliisx. Vs with0 <s <k.

Proposition 3.3 follows by a triangle inequality. As its proof essentially relies on
Proposition 3.3, Proposition 3.4 also follows.
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Then, we can bound the right hand side of (5.3) as follows. As for  smooth
f e L2() implies u € H2(), we can always assume thatr > 1l andthatp = r — 1.
Moreover we can take s = p + 1, so that we have

”e”_p o< (hmin{p+1,k}+r + hmin{p+1,m}+r) pmin{p+1,m

w1 g
5.9

lulry1,0 S

Remark 5.1 We recall that if Q2 is a square, the same smoothness result holds for the
solution v? of problem (5.2), as in the case of smooth domains, namely, if ¢ € H(f (2)
it holds that v? € HP*2(Q) and [v?]| p12.2 < ll$ll p.- Then, also in such a case we
have that (5.9) holds.

5.3 Local negative norm error estimates

For 2 being either a polygonal domain, or a smooth domain discretized by elements
where, exclusively for elements adjacent to the boundary, curved edges are allowed,
we now prove some bounds on the local error, measured in negative norms. We start
by proving the following lemma.

Lemma 5.2 Let 2y CC 21 CC 2 be fixed smooth interior subdomains of €2, and let
the solution u to Problem (3.1) satisfy u € H' TN Q), with1 <t < k. Letuy, € Vj
denote the solution to Problem (3.10). Then, there exists an ho such that, if h < ho we
have, for p > 0 integer,

lu —unll—p.oo S ' lu—uplio + llu —upll—p—1,0, + K" |ulis1.0,.

withy = min{p + 1, k}, and t = min{p + 1, m}.

Proof Let Q' with Qo CC Q' CC i, be a fixed intermediate subdomain between
Qo and 21, and let w € C(‘)’O(Q/) with @ = 1 in . We let hg be such that for all
h < ho, all elements K € 7;, with K N Q' # @ satisfy K C 1, and we let & < hy.
Letting e = u — uy, we have

Jq, we¢ Ja, Voe - Vo?
lell—p.ay < loell—po, = sup T = sup =L
perl@p 10lp.2r genray  19lp.e

where v? is the solution to

—Av?=¢, inQ;, =0, oniQ.

Observe that, as we assumed that Q is smooth, ¢ € H” () implies v? € HP2(Qy),
with

10 2.2, S 19l .- (5.10)
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Using the error equation (3.17) for v, € Vj, with supp v, € Q arbitrary, we can write
/ V(we) - Vv? :/ Ve-V(wv¢)+/ e[V - Vv + V. 1 Vw)]
Q Q) 2
=/ Ve-V(a)v"’—vh)—l—/ Ve-Vvh+/ e[Vo - Vv? + V- 0¥ V)]
Q4 Q) Q1

= / Ve - V(wv¢ —vp) + Aple, vp) —l—/ Srvp — Ap(u, vp) +/ e[Vw - Vu?
Q2 Q2 Q)

+V - (Vo))
=I+II+IIT+1IV+V. (5.11)
We now let v, = J,(wv?) and we remark that, as supp(a)v"’) c @ cc Q. if

h < hg, then supp(vy) C Q. We bound the five terms on the right hand side of (5.11)
separately. Using (4.1) we can write, with y = min{p + 1, k}

= / Ve V(@v® — T (@) < lela lov? — Tn(@v?)]1.,
Q1
< lelig h 1ov? | pa.0, S lelia, i 1101 12,0, S hY lelia 9l p.0,- (5.12)
Adding and subtracting wv? and using (4.1) and (3.18) we have

1T = Ap(e, I (wv?) = Ap(e, Tn(@v?) — wv?) + Ap (e, wv?)
< leli,e, 1Tn(@v?) — 0v?|1 g, + hilel1o, l0v?] pi2.q

S Y leli g l0v? | pia.0r S hY lelo 102l p2.00 S R lelio I19ll.0,-

Moreover, using the fact that f — 1'[21 f is orthogonal to ﬁ’m (7p) > 1'[9,, (T (wv?)),
we can write, with @, C Q) denoting the union of elements K € 7, such with
TIn(@v?) #0in K,

11 = [ @) = [ (7 =1 @@) - 3,00
QI Qh
Sf =10 flo.g, <||<I — 12 T (@0v?) — wv?)lo 0,
+lwv? — n&(wv¢’)||o,gl>

S =11 flog, (198@%) = @ log, + lov? = I, @), )
(5.13)

where we added and subtracted wv? — 1'121 (wv?). Using (2.8) and (4.1) gives

T SH 7 fliong, (B135(00?) — 00?10, + A Jov? ] p42.0,)
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S A flmng (B 0 sz + B 0v? pr2.0,) S H T fl-1.0 1910,
(5.14)

(we recall that f = — Au so, under our assumptions, we have that f € H' “L@.
By once again adding and subtracting wv? and using (4.5) and (3.18) we have

IV = = Ap(u, vp) SE Y (ulsn 0 100 a0, S H T Juligr,, 100 p.o) -

Finally, we bound V as in [37] as

V= / e[Vo - Vv + V- V)l < llell—p-1.0, Vo - Voo + V- Vo)l p+1.0,
Q)
S llell—p-1,, IIv"’Ilp+2,91 Slell—p—1,2, ¢ p.2,-

The thesis follows from the observation that T < y and || fll;—1.@, < lulli+1.9,- O

Remark 5.3 We observe that, as f € L?(S2), we have that ulg, € H?($2) for all
Q) CC Q. Then the assumptions of Lemma 5.2 are always satisfied for some ¢ > 1.

Remark 5.4 In the special case in which the right hand side of (3.2) is computable for
all vy, € V, with suppv € Q (this happens if f |@, 18 a polynomial of degree at most
m) then the term /71 in the sum at the right hand side of (5.11) vanishes. In such a
case, we have a better estimate, namely

lu —unll—pao S hlu—uplio + llu —upll—p—1.0, + A ulis1,0,.

A recursive application of Lemma 5.2 yields the following lemma.

Lemma 5.5 Under the assumption of Lemma 5.2, for p > 0 arbitrary integer, there
exists hg > 0 such that, provided h < ho we have

llello,g < lel,e, + A luli1,0, + llell-p.o-

Proof Let 52;5, € =0,---, p be an increasing sequence of intermediate subdomains
with Qo = Qo CC Q) CC --- CC Q) = Q. ByLemma5.2,for£ =0,---, p—1,
there exists &¢ ¢ such that, provided & < ho ¢, it holds that

t
lu —unll_¢ g, SH Mu—unlly g, + e —unll gy g, +0" "l 8
Qe 2041 2041 2041

where yy = min{{¢ + 1, k}, 7o = min{¢ 4 1, m}. Then, if 1 < hg = ming ko, we can
write

~ ~ ~ +t ~
||“_”h||ogz 5 ||“_”h||_1gz +hy0||”—uh||19 + h™ |M|[+1Q
Q0 Q2 .82 .21
< llu—unll_y g, + B + R — uplly g, + B R+ Al g,
p—1

S Slu—will_,g, +Q WOlu—unl g,
=0
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p—1
t T ~
+h (;oh a1, (5.15)

We conclude by remarking that, since y, = min{¢ 4+ 1,k} > 1 and t; = min{¢ +
1, m} > 0, it holds that

p—1 p—1
Swsh Yts
=0 =0
the implicit constant in the inequality depending on p. O

6 Interior error estimate

We can now prove the main result of this paper, stating that the local error in H' (),
Qo CC 21is bounded by a term of the maximum order allowed by the smoothness of
u in 1, with Qo CC Q1 CC £, plus the global error measured in a weaker negative
norm.

Theorem 6.1 Let Qp CC Q CC Q and let u and uy, denote the solution to (3.2)

and (3.10), respectively. Assume that u|g, € H1+’(§21), 1 <t <k Then, forp >0
arbitrary, there exists ho such that, provided h < hy, it holds that

el S A (luliv1.0, + lullie + 2l fllo.Q) + llell-p o (6.1)
In order to prove Theorem 6.1, we start by proving the following lemma.

Lemma 6.2 Let Qo CC Q2 CC Qand let e = u — uy, with u and uy, solution to (3.2)
and (3.10), respectively. Assume that u|q, € H1+I(Ql), 1 <t < k. Then, there exists
ho such that, provided h < hg

lelli,oo S hllell,o, +h' luliyo, + llello.g; -
Proof Let ', with Q¢ CC Q' CC 1, be an intermediate subdomain between £
and ;. Again, we let ho_ be such that for all & < ho, all elements K € 7}, with
K N Q' # @satisfy K C Q.
Let now

Vi(S21) = {vp € Vi, s supp oy C Q1},

and, letting w € C§°(R), with w = 11in Qo, we let ¢ = we and ¢), € Vi, (21) denote
the solution to

an @, vn) = an @, vy), Vo € Viu(Q1).
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It holds that
lell,o < el < Il€—"enll1,o, + lenll.o-

Observing that, as h < hg, J,(¢) € \o/h (£21), using (3.13) we can write
12 —2nlltq S /7 VI —T1Y)@ —e)I* + an(@ —er. & —en)
h

_ / VA=Y@ =2 - V(I T8 + a1 @ — 21,7 = 31 @)
h

SIA=TYE@ =g, 10— T8l 7, + 18— enli.0 1€ — T @10,

S (10=T8 17, +f = 3@l ) - 2la,
yielding
12—l S1A=T )7 + €= 3@l < hllelie, + 7' uliine.

where, for the last bound, we used Lemma 4.1 and Corollary 4.2 with v = u and

v, = —uy,. Let us now bound e,. It holds that
12hl}.q, < an@h.en) = an(@. en) = aple, wen) + Ku(e, eh) (6.2)
with

Ko(w, v) = ap(ww, v) — ap(w, wv).
Since we have that
A-TVe, =0, A-T1V)e=(1-T1")u,

we can write

Kole.3) = / VIV (we) - VIV + 50" (we). 0721

T

- / vilVe - VTV (wep) — si(QVe, 0V (wen))
Th

=f V(we)~V?h—/ voY(we) - VOVe,

Q T

—/ Ve-V(w?h)+/ voVe-voY(wer)
Q 7

+/ V(I =TTV - VI = 1Y) (wep)
7

+51(QY (we), 0Ven) — su(QVe, QY (wen))
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= / V(we) - Ve, — / Ve - V(wep) — Ap(we,ep) + Ap(e, wep)
Q Q

+/ V(I = TTV)u) - VA = 1Y) (wep).
T
We recall (see [37]) that we have (the implicit constant depending on w)

/ V(we) - Vej, — / Ve - V(wep) = / e[Vw-Ve, +V e, Vo)
Q Q Q

S llello,g Vo - Ve, + V-, Vollo.o, S llello.o lenl,e -

As w is supported in €', using Lemma 4.5 we also have

An(e, wep) — Ap(we, o) = ) (AK(e,w?h)—AK(we,?h)>
KeT:KC
< > hklelhkl@nlhg < hlellg I@alh.g;-
KE%IKCQ]

Moreover, also since w is supported in €', we can write

/7 V(A — %) - V(I - TV @i < Ju— TVl g la@ilr o,
h
S hulire llenln e,
finally yielding
Ko(e.en) S (llello + kllell, + k' lulie,) lenle; - (6.3)

We observe that, under the conditions that we assume to hold for 7, k and m, we
have that min{r — 1, m+1} = 7 — 1. Adding and subtracting J;, (we},) and using (3.16),
(4.3), (3.19) and (4.11), as u € H't'(Q) implies that f = —Au € H'~1(Q), we
bound

ap(e, wey) = ap(e, wey, — Ip(wey)) + Ap(u, Ip(wey)) — /Q3f3h(w?h)

< llelli,o, llwen — Tn(wen) i, + An(u, jh(w?h))—/ 8 fIn(wep)
Q

S hllellollenllne, + 2 lulig1,0 [€nl,e, - (6.4)
Plugging (6.3) and (6.4) in (6.2) we obtain
II?hII%,Q] < (hllelli,e, + A ulisi,, + llello.g) Irle;.
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from which, dividing by |[ej |1, we obtain

-~ t
lenlli,o Shllellh,e, + 1 luliv1,9, + llello,o;

whence, by triangle inequality

t
lellioy S hllell, + A luli+1,0, + llello,o,-

O

We can now combine Lemma 6.2 with Lemma 5.5, and we obtain the following
corollary, where hog = min{h, hg}, h;, given by Lemma 6.2 on 2 CC €] and h
given by Lemma 5.5 on Q7 CC Qf, where Qo = Q(,, Q| = Qf, and where Q| =
denote an intermediate subdomain.

Corollary 6.3 Under the assumptions of Lemma 6.2, for p > 0 arbitrary, there exists
ho such that, provided h < hg

t
lelli,oo < Allell,e, + A luli1,0, + lell—p.a;-

We can now prove Theorem 6.1.

Proof of Theorem 6.1 Let g, p be arbitrary positive integers and let once again Q=
0, ---, g be intermediate subdomains with Q¢ = Q9 CC 2 CC --- CC Q4 = Q.
By Corollary 6.3, for £ =0, - - - , g, there exists f¢_¢ such that, provided i < hg¢, the
bound

. . t . .
||e||1,Qe S h”eHI,QH] +h |u|1+t,§2z+1 + ”e”—p,Qu—]
holds. Then, if & < hg = ming{ho ¢} we can write

—~ t —~ —~
ey S hllellyg, + 1 1l g, + llel_pa,

Shlelly g, + T+l g, + T +Mlel_,a, S

q—1 q-1
Shlllelg, + | D0 | Plulipg, + | DR | llell_, g, 65
=0 =0
As Y170 ht < 1, this yields
lelliao S hllelle, +h'luliy1.e + llell—p.a; - (6.6)

Choosing g > ¢, and using (3.21) for r = p = 0 yields

lelloo <A lellie + lul1,2) + llell-po S A (ulie + hll fllo. + lul+1,9,)
+llell-p.a-
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In order to obtain an explicit a priori estimate on the local error we finally combine
(6.1) with the global negative norm error estimates of Sects. 5.1 and 5.2. We distinguish
two cases: 2 polygon and Q2 smooth. If 2 is a polygon, we can use the bound (5.7),
and, in (6.1), choose p = k — 1. We immediately obtain the following corollary, where
o9 is the domain dependent parameter defined in Sect. 5.1, related to the interior angles
of Q.

Corollary 6.4 Let Qyp CC Q) CC 2, with Q polygonal domain, and let u and uy,
denote, respectively, the solution to (3.2) and (3.10). Assume that f € H”(2) and
u e Hl'”(Q)forsome pandr withO <r <k and max{0,r — 1} < p <m+ 1.
Assume also that u|g, € H1+’(Ql), with max{l,r} <t < k. Then

lu —unlliQo SH, withke =min{t,m+p+ 1,00 — & +r}.

For r = p = 0 we obtain the following bound, valid under the minimal global
regularity assumptions on u, namely u € H'(Q), f = —Au € L*(Q):

o . .
lu — upllige S ™07 (uly g, o) + llullig) + A™PTmo0=E T £)0 o.

If, on the other hand, 2 is smooth (or if 2 is a square) using once again (6.1) with
p = k — 1 yields the following bound:

lellnay < A'luliveay + (B + ) ullier o + (B + ") £, 0.

This time, we have the following corollary.

Corollary 6.5 Let Qp CC Q) CC 2, with Q smooth domain, and let u and uy
denote, respectively, the solution to (3.2), and the solution to (3.10) obtained with
the discretization considered in Sect.5.2. Assume that u € H1 (Q) for some r with
1 <r < kand that u|g, € H1+’(§21), withr <t < k. Then we have

lu —uplli 0o S A,  withk = min{t,m +r}.

Under the minimal global regularity assumption on f, namely f = —Au € L*(),
this time we have that

lu = unlltgo S h'(ulisee, + llulli,@) + ™M £l q.
Observe that we do not have optimality unless m > k — 1.
Remark 6.6 While, for the sake of simplicity, we focused our analysis on homogeneous
Dirichlet boundary conditions, the result presented in Sect.6 extends also to other
boundary conditions, such as non homogeneous Dirichlet, or mixed. In such cases,

depending on the smoothness of the boundary data, the solution # might lack overall
regularity also for very smooth right hand side f.
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6.1 Extension to the enhanced virtual element method

Let us briefly sketch how the interior estimate (6.1) can be extended to a particu-
larly relevant version of the virtual element method, namely the enhanced VEM [1],
characterized by a local discretization space defined as

VE(K) ={ve H'(K) : vlsx € Br(3K), Av € Pr(K),
and (v — Tgv) L (Pe(K) NPra(K))},

where the orthogonality is intended with respect to the L?(K) scalar product, and
where P, (K) N Px_>(K)* denotes the space of those polynomials of degree at most
k that are orthogonal, in L>(K), to all polynomials of degree at most k — 2. Letting
Vit C H(} (2) denote the corresponding global virtual element space, we consider
the problem: find u;, € V" such that for all v, € V"

an(up, vy) = /Q I fup, (6.7)

where ay, is defined as before. The space V;™ does not fall into the framework which

we considered up to now, since for no value of m we have that Ve/;(K ) = mG (K).
As a consequence, the proof of Lemma 4.1 is not valid for such a space. However
we know (see [1]) that the functions in Ve’;(K ) and in ka_z(K ) have the same set of

degrees of freedom, and that, letting vy, wy, € Ve’;(K ) and vy, Wy, € ka_z(K ) denote
two couples of functions satisfying

Vp =vp, Wy =wj, ondk, /ﬁhq=/ Vg, /ﬁhq=/ whq,
K K K K

Vg € Pr2(K), (6.8)

(which is equivalent to saying that the value of all the degrees of freedom of vy, wy,
coincide, respectively, with those of 7, and wy,) we have

Y v, = T} 0p, and  ap(vp, wy) = ap(Op, Wh). (6.9)

It is then not difficult to check that u;, € V™ is the solution of (6.7) if and only if the
corresponding function u;, € Vj (Vj, being the “plain” VEM space defined in (3.4)
with m = k — 2) is solution of the modified problem: find %), € V}, such that for all
eV,

ap (tp, Vn) =/ 10,00, (6.10)
Q
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Fig. 1 Examples meshes of the unit square

where the enhanced projection Hgn . HY(T;) — Pi(Ty) is defined, element by
element, as 12,9, |k € Px(K) such that

/ (2.0, —0n)g =0, Ygq € Pr_2(K) and
K

f (20, — T Tn)g =0, Vg € Pr(K) NPr_o(K)*.
K

Apart from the definition of the right hand side, equation (6.10) falls in the framework
studied in the previous sections. It is not difficult to check that for f € H"(K),
ve HH(K),0<r <k—1,0 <t <k we have

/ 50 =f Flo—T%0) = / (F =T, P =% v) < A kol k.
K K K

Thanks to this inequality, used for those bounds affected by the altered right hand side,
particularly Proposition 3.5 and Lemma 5.2, our analysis carries over, with minor mod-
ifications, to Problem (6.10). Moreover, thanks to the higher approximation order of
1Y, with respect to TT{_, (T1%, satisfies an error bound similar to the one in Proposi-
tion 3.2, [1]) Lemma 5.2 now holds with t = min{p + 1, k}. Then Theorem 6.1, as
well as its corollaries, hold, and provide optimal local error bounds for u — uy,. More
precisely, letting Q' cC Q) CC £, for & small enough, under the minimal global
regularity assumptions on « and f, we have that u € H'*1(Q), with ¢ < k, implies

R min{t, og — &} if Q polygon,
e — Tl S K uliiro + 1 flog). k=Moo eh ifSxpolye
if & is smooth.

6.11)

Let now Q¢ CC Q' and assume that 4 is sufficiently small so that Q(')" C @/, where
Q(')F = UK6Z+K with ’Z?' ={K €7, : KNy # ¥} being the set of all elements that
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Fig. 3 Squared domain, hexagonal meshes. On the x axis the meshsize /, on the y axis the global (blue

squares) and local (yellow/orange diamond) H 1 errors e%z, eéz_ and e ;2 .- The slopes of the two reference

0 0
lines are 1/2 and k

have non empty intersection with €2¢. To bound u — uj, in €2y we start by observing
that, by triangle inequality and (5.8) we have

v v t
lu —unlh,Qp < llu =T ully,Qp + 1T u —uplli,Qp S h Ll 1 o
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L in - I mesh-k=1 L shaped in - mesh-k=2
10° 10°

104 - 10 -

L in - | mesh-k=3 L in - mesh-k=4

10° T 3 10°

] 10° /\/
10 L 108 Y
10° 10?2 107 10° 10? 107

Fig. 4 L—shaped domain, hexagonal meshes. On the x axis the meshsize &, on the y axis the global (blue

squares) and local (yellow/orange diamond) H 1 errors eg], eéz_ and e ;2 .- The slopes of the two reference
0 0
lines are 1/2 and min{4/3, k}

v
|1 u —uh||1’93—.

To bound the second term on the right hand side, we add and subtract, element by ele-
ment, the boundary average, apply a triangle inequality and use a Poincaré inequality
to bound the L? norm of the boundary-average free terms with their H'! seminorm,
which, in turn, is bound using (3.8), thus obtaining

2
||Hvu — uh”iﬂh < Z (‘ (]'[vu — I/th)‘ + af(l’[vu — up, nVu — u;,))
K

KeTt
v~ keqv, o~ v, o~
= Z ‘/ (1 M_Mh)‘ +ay (MY w —up, T u — up)
Ker+ \ JOK
Vo~ 2 L) ~ 2
ST u —uplly o S lu— M ully o + llu —unlly o, (6.12)

where we could replace uj, with i), thanks to (6.8) and (6.9) and where we used (3.8)
once again.
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Squared domain - Voronoi mesh - k=1 Squared domain - Voronoi mesh - k = 2

Squared d in - imesh-k=4

10%
‘m
) /\/
| ‘ jore b l
10° 102 107" 10 ‘M |

Fig. 5 Squared domain, Voronoi meshes. On the x axis the meshsize &, on the y axis the global (blue

squares) and local (yellow/orange diamond) H ! errors esl-l, eéz, and e;) .. The slopes of the two reference
0

0
lines are 1/2 and k

Combining (6.12) with (5.8) and (6.11) finally yields the optimal error bound

min{t, og — &} if Q polygon,

lu —unllQo S A (ulir,0, + 1 fllo,@), k= o
o AR Fllo. if @ is smooth.

6.13)

7 Numerical tests

In order to confirm the validity of the theoretical estimates we consider equation (3.1)
with the right hand side and Dirichlet data chosen in such a way that

u(x,y) = (> 4+ sin26/3), @ =tan"'(y/x),
is the solution. We consider two different domains, namely
(Test1) Q= (0,12, (Test2) Q= (—1,1)%\ (0, 1)?
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in - Voronoi mesh - k =2

L in - Voronoi mesh - k =1 L

10 - - - 107 -
10° 10?2 10° 10?

Fig. 6 L—shaped domain, Voronoi meshes.On the x axis the meshsize &, on the y axis the global (blue

squares) and local (yellow/orange diamond) H 1 errors eg], eéz_ and e ;2 .- The slopes of the two reference

0 0
lines are 1/2 and min{4/3, k}

The domain 29 CC 2 on which we evaluate the error is chosen as

Qo= {(x,y) e R?: (x —0.5)%> 4+ (y — 0.5)> < 0.25%} for Test 1
and

Qo = {(x,y) € R?: (x +0.5)% + (y + 0.5)> < 0.25%} for Test 2.

The solution u has a singularity in (0, 0), and, for both test cases, it verifiesu € H*(2),
foralls < 3/2,butu ¢ H3?(R2). Consequently, we expect the global H' () error not
to converge faster than /'/2. On the other hand the solution is smooth in a neighborhood
of €. According to Corollaries 6.5 and 6.4 we can then expect, for Test 1 and Test 2
respectively, a convergence rate of order k and min{k, 4/3 — ¢} (¢ arbitrarily small).
We solve the problem by the enhanced virtual element method (see Sect. 6.1) with
k =1, ...,4. For both test cases we consider both a sequence of progressively fines
structured hexagonal meshes and a sequence of progressively finer regular Voronoi
meshes. Examples of the meshes used for the numerical tests are displayed in Figs. 1
and 2. For all discretizations the stabilization is chosen to be the simple so called
dofi—dofi stabilization, that, under our mesh regularity assumptions, is optimal.
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In Figs.3, 4, 5 and 6 we plot, in logarithmic scale, the convergence history for the
two test cases and the two sequences of meshes. For k = 1 through 4 we plot the
global error (square markers) as well as the local error (diamond markers). In order to
avoid the need of evaluating integrals over a curved domain, rather than displaying the
actual value of the local error, we display upper and lower approximations obtained
by evaluating the errors in subdomains 2, C 0 C Q(J)r defined as

- _ > + _ >
0 _UKG'Z;:K’ Q —UK€7;1+K

with
T ={KeTp:K<Q) and 7," ={K € T;: KNQ # 9}
We then set
e = (|lu — Munll§.q + ||Vu — TI_, Vun|I5) '/, (7.1)
ege = (Ilu = TRunl[g o+ |IVu = T Vanllg )2, (7.2)
e = (lu = Tunl[g o + 11Vu = T Yy |Ig, )12, (73)

In all figures, we display, for reference purpose, dotted straight lines with a slope
corresponding to the expected convergence rate for global and local error, namely
1/2 for the global error and, respectively, k and min{4/3, k} for the local error in the
squared and in the L—shaped domain.

Figures 3, 4, 5 and 6 clearly confirm the validity of the a priori estimate. In particular
the local error behaves as expected both in the squared domain case and in the L—shaped
domain case.
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