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Abstract
We study the time-sliced thawed Gaussian propagation method, which was recently
proposed for solving the time-dependent Schrödinger equation. We introduce a triplet
of quadrature-based analysis, synthesis and re-initialization operators to give a rig-
orous mathematical formulation of the method. Further, we derive combined error
bounds for the discretization of the wave packet transform and the time-propagation
of the thawed Gaussian basis functions. Numerical experiments in 1D illustrate the
theoretical results.

Mathematics Subject Classification 42A38 · 65D32 · 65P10 · 65Z05 · 81Q20

1 Introduction

Algorithms for simulations of quantum dynamics play a central role in the field of
numerical analysis since these methods nowadays are the computational keystone in
many research areas such as quantum chemistry. In this paper we consider the time-
dependent Schrödinger equation

iε∂tψ(x, t) = −ε2

2
�xψ(x, t) + V (x)ψ(x, t), 0 < ε � 1, (1.1)

where the function V : R
d → R is a smooth potential of sub-quadratic growth and

the complex-valued wave function ψ : R
d × R → C depends on x ∈ R

d and t ∈ R.
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The right-hand side of (1.1) is given by the action of the semiclassical operator

H = H ε := −ε2

2
�x + V ,

as it results for example from the time-dependent Born–Oppenheimer approximation,
where the small positive parameter ε2 represents a mass ratio of nuclei and electrons,
see e.g. [31, Chapter II.2]. Since we assume that the potential is of sub-quadratic
growth, H is a self-adjoint linear operator on L2(Rd) and therefore the spectral theorem
provides the unitary propagator

U (t) := e−i Ht/ε for all t ∈ R,

which guarantees existence and uniqueness of the solutionψ(t) = U (t)ψ0 for a given
initial wave function ψ0 ∈ L2(Rd).

Motivated by questions in physics and chemistry, various numerical algorithms for
simulations of quantum dynamics have been developed during the last decades. For
example, reducedmodels via variational approximations havebeen investigated,which
include the multi-configuration methods such as MCTDH, see [34], the variational
multi-configuration Gaussian wave packet (vMCG) method [39], or the variational
Gaussian wave packets [4, 21]. Semiclassical approaches such as Hagedorn wave
packets [8, 15], Gaussian beams [29, 30, 40] or the Herman–Kluk propagator [23,
28] have been developed to include quantum effects especially for high-dimensional
systems, for which standard grid-based numerical methods are infeasible.

Recently, Kong et al. have proposed the time-sliced thawed Gaussian (TSTG)
propagation method, see [25], in which Gaussian wave packets are decomposed into
linear combinations of Gaussian basis functions without the need of multidimensional
numerical integration. The resulting approximations of wave packets can be obtained
by discretizing the inversion formula for the so-called FBI (Fourier–Bros–Iagolnitzer)
transform, which is used in microlocal analysis to analyze the distribution of wave
packets in position and momentum space simultaneously, see e.g. [32]. According
to the FBI inversion formula, see e.g. [27, Proposition 5.1], any square-integrable
function ψ ∈ L2(Rd) can be decomposed as

ψ = (2πε)−d
∫
R2d

〈gz | ψ〉 gz dz, (1.2)

where the inner product in L2(Rd) is taken antilinear in its first and linear in its second
argument and the semiclassically scaled wave packet gz ∈ S(Rd) is defined for a
given Schwartz function g : R

d → C of unit norm, that could be but needn’t be a
Gaussian, and a phase space center z = (q, p) ∈ R

2d by

gz(x) := ε−d/4g

(
x − q√

ε

)
eip·(x−q)/ε, x ∈ R

d . (1.3)
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Wave packets of this form are typically used for numerical computations in quantum
molecular dynamics and have been extensively studied in the literature, sometimes
with different conventions for the phase factor, e.g. eip·(x−q/2)/ε in [5, Chapter 1.1.2].

Adirect discretizationof the integral in (1.2) using amultivariate quadrature formula
in phase space yields an approximation of the form

ψ ≈
∑
k∈K

ck(ψ) gk, (1.4)

where K ⊂ N
2d is a given finite multi-index set, e.g. a cube {k ∈ N

2d : k j ≤ K }
or a simplex {k ∈ N

2d : ∑2d
j=1 k j ≤ K }, the representation coefficients ck(ψ) ∈ C

are complex numbers, depending on ψ and the underlying discretization scheme, and
the functions gk := gzk are wave packets centered at the grid points zk ∈ R

2d . In
particular, if both the represented function ψ and the basis functions gk are Gaussian
wave packets, then the coefficients ck(ψ), which for this case essentially sample
inner products 〈gk | ψ〉 of two Gaussians, can be calculated using a formula for
multidimensional Gaussian integrals, see Lemma 1. The choice of Gaussian functions
is particularly attractive for time propagation, since the time-dependent Schrödinger
equation with quadratic potential leaves the class of Gaussian wave packets invariant.
This fact can be used to approximate the time-evolution of Gaussian wave packets
in anharmonic potentials, a distinction being made as to whether the width matrix is
chosen to be constant in time (frozen) or time-dependent (thawed) and we note that
the wave packet transform (1.2) has been used for different approximation schemes
such as the Herman–Kluk propagator (frozen) or Gaussian beams (thawed).

The discretization in (1.4) with Gaussian basis functions and uniform Riemann
sums was used by Kong et al. and can be viewed as one of the main ingredients for
the design of the TSTG method, which we investigate in the present paper.

Remark 1 In the following we work with time-evolved basis functions and to empha-
size that we distinguish between “original” and time-evolved basis functions, we write
gk,0 for the original and gk(t) for the time-evolved basis functions.

Starting from the representation of the initial wave function according to (1.4), the
solution to the Schrödinger Eq. (1.1) is approximated in the TSTGmethod after a short
propagation time τ > 0 by the linear combination of time-evolved basis functions as

ψ(τ) = U (τ )ψ0 ≈
∑
k∈K

ck(ψ0)U (τ )gk,0 =
∑
k∈K

ck(ψ0) gk(τ ),

where we introduced the abbreviations ψ(τ) and gk(τ ) for ψ(•, τ ) and gk(•, τ ).
Using thawed Gaussians to approximate the time-evolution of each basis function, the
discretization of the wave packet transform (1.4) is brought into play again to represent
the individual thawed Gaussian approximants uτ

k ≈ gk(τ ) as

uτ
k ≈

∑
k′∈K

ck′(uτ
k) gk′,0,
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which enables to approximate the solution ψ(τ) directly in the original basis in terms
of updated coefficients c1,τk as

ψ(τ) ≈ ψ1,τ :=
∑
k∈K

c1,τk gk,0, where c1,τk :=
∑
k′∈K

ck′(ψ0)ck(u
τ
k′).

The concatenation of TSTG propagation steps then result in approximations for larger
times 2τ, 3τ, . . ., which are obtained (without additional time-integration) by comput-
ing update coefficients c2,τk , c3,τk , . . . of higher order. Since all these coefficients have
analytic representations, multidimensional numerical quadrature can be completely
avoided, which means that the total error of the method is generated by three sources:
(1) the discretization of the wave packet transform, (2) the thawed Gaussian approx-
imations and (3) the numerical integration of the thawed equations of motion. The
precise analysis of these errors is the subject of this paper.

As expected, our analysis confirms that also for the TSGT method the conven-
tional grid-based approach results in an unacceptably large number of basis functions
since the total number of grid points increases exponentially with the dimension d
for achieving a given accuracy. One way to bypass the curse of dimensionality for
the resulting tensors of basis functions and coefficients is to use low-rank approx-
imation techniques. In our future research, we will explore the combination of the
TSTG method with tensor-train (TT) approximations as introduced by Oseledets and
Tyrtyshnikov, see [35, 36].

1.1 Main results and outline

The paper is organized as follows. In Sect. 2 we review the TSTGmethod and provide
a detailed mathematical formulation of all subroutines. This includes the definition
of quadrature-based analysis, synthesis and re-initialization operators, which are used
later to investigate the discretization of the wave packet transform and allow for direct
comparison with other methods that can also be used to solve the time-dependent
Schrödinger equation. To the best of our knowledge, this is the first time that a rig-
orous mathematical formulation of the TSTG method is presented. Afterwards, we
investigate the errors produced by the individual subroutines and their concatenation.
In Sect. 3 we analyze the error for the discretization of the wave packet transform,
whereas Sect. 4 deals with thawed Gaussian approximations followed by an analysis
of time discretization for both variationally and non-variationally evolving basis func-
tions. Our main new result Theorem 1, the first rigorous error bound for the TSTG
method, is presented in Sect. 5. Finally, the one-dimensional numerical experiments
in Sect. 6 support our theoretical results and illustrate the applicability of the TSTG
method for simulations of quantum dynamics, including tunneling dynamics in a
double-well potential.
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2 The TSTG propagationmethod

In this section we present a detailed description of the TSTG method, which is
accomplished by deriving a rigorous mathematical formulation of all subroutines.
We introduce the analysis, synthesis and re-initialization operators and compare the
method with other existing approaches.

Recall the definition of the wave packet gz in (1.3). For a complex symmetric
matrix C ∈ C

d×d with positive definite imaginary part (the set of all matrices with
this property is known as the Siegel upper half-space, see [37], and is denoted by
S+(d) in this paper) and all x ∈ R

d , we set

g(x)= gC (x) := π−d/4 det(ImC)1/4 exp

(
i

2
xTCx

)
,

from which we obtain

gz(x) = gC,ε
z (x) = (πε)−d/4 det(ImC)1/4 · · ·
exp

[
i

ε

(
1

2
(x − q)TC(x − q) + pT (x − q)

)]
. (2.1)

The dependency on C and ε is always assumed implicitly in the short-hand notation.
Based on the time-independent linear approximation space

VK = span
{
gk,0 ∈ L2(Rd) : k ∈ K} ⊂ L2(Rd),

the TSTG method approximates the solution ψ to the Schrödinger Eq. (1.1) with
time-dependent coefficients as follows:

ψ(t) ≈ ψK(t) :=
∑
k∈K

ck(t) gk,0. (2.2)

The time-dependent representation coefficients result from the concatenation of
thawed Gaussian propagation steps for the basis functions with the re-initialization
of the evolved basis in the time-independent approximation space VK. To give the
equations of motion for the coefficients, we introduce the quadrature-based pair of
operators

AK : L2(Rd) → C
K, ψ �→ (ck(ψ)),

SK : C
K → VK, (ck) �→ ψK :=

∑
k∈K

ck gk,0,

where for a given quadrature formula the analysis operator AK maps a function ψ ∈
L2(Rd) to the coefficient tensor (ck(ψ)) according to the discretization of the wave
packet transform (1.4) and the synthesis operator SK maps a given coefficient tensor
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(ck) to the Gaussian superposition

∑
k∈K

ck gk,0 ∈ VK.

Furthermore, for a tensor C ∈ C
K×K we introduce the so-called re-initialization

operator

RK(C) : C
K → C

K, (ck) �→
∑
k′∈K

Ck,k′ck′ ,

which can be viewed as a multidimensional version of the matrix–vector product.
With these operators at hand we can formulate the TSTG method, which starts to run
through the following three subroutines once:

(s1) Representation coefficients of the initial wave function:
The first subroutine computes the coefficients

(ck(ψ0)) = AKψ0,

which can be used to build the following approximation of a given initial wave
function ψ0 in VK:

ψ0 ≈ SKAKψ0 =
∑
k∈K

ck(ψ0) gk,0.

(s2) Thawed Gaussian propagation of the basis functions:
In the second subroutine, each basis function gk,0 is propagated for a short propa-
gation period τ > 0. More precisely, each individual time-evolved basis function
gk(τ ) is approximated by an element uk(τ ) in the manifold of complex Gaussian
functions

M =
{
u ∈ L2(Rd)

∣∣∣ u(x) = gC,ε
z (x)ei S/ε, z ∈ R

2d , C ∈ S+(d), S ∈ R

}
,

evolving according to the thawed Gaussian propagation method, see [20]. It is
known that uk(τ ) is an accurate approximation only if the potential can be approx-
imated as harmonic throughout the “support” of uk(τ ), i.e., as long as its width is
not too wide, see Lemma 5 for a precise estimate. Based on a numerical integra-
tor for the corresponding equations of motion, let us introduce the approximate
propagator

U τ
k : M → M, gk,0 �→ uτ

k, (2.3)

where we use the notation with the superscript to indicate that uτ
k ∈ M is the

numerical approximation to uk(τ ) obtained by solving a system of ordinary dif-
ferential equations (see also Sect. 4). Then, for all k ∈ K, the second subroutine
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produces the numerical approximants

uτ
k = U τ

k gk,0 ≈ gk(τ ).

(s3) Computation of coefficients for the reinitialization:
The approximants uτ

k obtained in (s2) are now re-expanded in VK as follows. For
all k ∈ K, we apply the analysis operator AK to the wave packet uτ

k, which gives
us the tensors

AKuτ
k = (ck′(uτ

k)) ∈ C
K.

The result of the third subroutine is then a tensor Cτ ∈ C
K×K that contains the

coefficients Cτ
k′,k := ck′(uτ

k) for all k,k′ ∈ K. In particular, this tensor is obtained
without numerical integration, because all coefficients sample inner products of
two Gaussians.

Remark 2 Note that the corresponding re-expansion uτ
k,K of uτ

k in VK is given by the
action of the synthesis operator:

uτ
k,K := SKAKuτ

k =
∑
k′∈K

ck′(uτ
k) gk′,0.

Running through the above subroutines once,we are equippedwith the tensor (ck(ψ0))

for the approximation of the initial datum and the tensor Cτ ∈ C
K×K containing the

coefficients ck′(uτ
k). To now obtain an approximation of the solution at time τ , we use

the re-initialization operator Rτ
K := RK(Cτ ) to get

ψ(τ)
(s1)≈ U (τ )SKAKψ0

(s2)≈
∑
k∈K

ck(ψ0)U τ
k gk,0 =

∑
k∈K

ck(ψ0) u
τ
k

(s3)≈
∑
k∈K

ck(ψ0)SKAKuτ
k =

∑
k∈K

ck(ψ0)u
τ
k,K

=
∑
k∈K

( ∑
k′∈K

Cτ
k,k′ck′(ψ0)

)
gk,0 = SKRτ

KAKψ0 =: ψ
1,τ
K ,

where we have changed the names of the indices k and k′ to get to the third line.
Furthermore, using that the unitary propagator can be decomposed for n > 1 as

U (nτ) = U (τ ) ◦ · · · ◦U (τ ),

single TSTG propagation steps can be concatenated to approximate the solution at
times 2τ, 3τ, . . ., where for the (n + 1)-th iteration we use the approximant ψ

n,τ
K

of the n-th iteration as new initial datum and therefore we arrive at the following
approximation at time tn = nτ ,

ψ(tn) ≈ SK
(Rτ

K
)n AKψ0 =: ψ

n,τ
K ,
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where we replaced the operator AKSK in the intermediate steps with the identity,
which reflects the fact that the representation coefficients from a previous step can
be kept in memory. In particular, the re-initialization yields that the corresponding
coefficients of ψ

n,τ
K are given for all k ∈ K by the recursion formula

cn,τ
k := (Rτ

K
)n AKψ0 = Rτ

K
(
(Rτ

K)n−1AKψ0

)

=
∑
k′∈K

cn−1,τ
k′ ck(u

τ
k′), c0,τk := ck(ψ0). (2.4)

Finally, let us emphasize that the coefficients (and thus also the approximants) are
updated recursively on the discrete time grid 2τ, 3τ, . . . and therefore (2.2) should be
rewritten for a fixed propagation time τ as

ψ(tn) ≈ ψ
n,τ
K =

∑
k∈K

cn,τ
k gk,0.

Remark 3 The TSTG method as originally introduced by Kong et al. does not use
a direct discretization of the wave packet transform. Instead, the authors present an
equivalent approach using a basis of closely overlapping Gaussians to construct a par-
tition of unity based on a summation curve that can be approximated by a constant
in the support of all basis functions. We examined this approach in [1] and the dis-
cretization of the wave packet transform presented here gives a new perspective that
enables a straightforward representation of the discretization error.

2.1 Comparison with other methods

Looking at the chosen ansatz in (2.2), one way to determine the corresponding time-
dependent coefficient tensor c = (ck) would be the standard Galerkin method, which
yields a linear system of ordinary differential equations and is derived from the con-
dition that

∂tψK(t) ∈ VK is such that〈
ϕ | −iε∂tψK(t) + HψK(t)

〉 = 0 for all ϕ ∈ VK. (2.5)

With the orthogonal projection PK : L2(Rd) → VK onto the approximation space,
the Galerkin condition (2.5) can also be written as

iε∂tψK = PKHψK.

Let us therefore take a closer look at VK. The approximation space is spanned by the
non-orthogonal Gaussian basis functions gk,0. To achieve a given accuracy for the
discretization of the wave packet transform, the grid points zk must be chosen suffi-
ciently close, which means that the basis functions have a large overlap and therefore
the Gram matrix of the Galerkin method becomes ill-conditioned. This problem has
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been extensively studied in the literature, see e.g. [12, Section 3], and several stabi-
lization algorithms have been proposed, see e.g. [13, 26]. Furthermore, it is worth
noting that the Gram matrix becomes the identity if the Gaussians are replaced by an
orthonormal basis and a comparison must be made with the Galerkin method in [31,
Chapter III.1.1], where the time-independent approximation space is spanned by the
first K ≥ 1 Hermite functions

ϕk(x) := 1√
2kk!√π

dk

dxk
e−x2 , k = 0, 1, . . . , K − 1, x ∈ R,

which are known to form an L2-orthonormal set. Although this choice enables a
convincingly simple representation of the orthogonal projection, namely

PK =
K−1∑
k=0

〈ϕk | •〉ϕk,

which is used in [31, Chapter III.1.1, Theorem 1.2] to derive the approximation error
of the Galerkin method, in practical applications the dimension of VK must typically
be chosen large in order to compute the evolution of the wave function with sufficient
accuracy. For instance, for simulations of tunneling in double-well potentials (quartic
potentials with two local minima separated by energy barriers) as presented later in
§6.3, the Hermite basis is expensive since the Hermite functions are localized by a
Gaussian envelope and therefore the degree of the polynomial prefactors must be large
to capture both minima.

Furthermore, we note that time-varying approximation spaces have also been stud-
ied in the past. Linear combinations of time-evolved frozen Gaussian functions have
been proposed by Heller, see [22], and can be improved by taking a linear combi-
nation of Dirac–Frenkel time-dependent coefficients, which are determined by the
time-dependent variational principle, see [31, Chapter II.5.3]. We would also like to
mention the Galerkin approximation for Hagedorn functions, a generalization of the
Hermite functions based on a Gaussian amplitude with arbitrary width matrix in the
Siegel half space, see e.g. [27, Section 4.3] and [2, 15].

2.2 Summary

While the standard Galerkin condition yields a linear system of ordinary differential
equations for the coefficients, which contains the ill-conditioned Gram matrix due to
the closely overlapping basis functions, the TSTGmethod combines thawedGaussians
for the propagation of the basis with the operators AK,SK andRτ

K, which are based
on the discretization of the wave packet transform and are obtained without numerical
integration.
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3 Discretizing the wave packet transform

In this section we discuss the discretization of the phase space integral

(2πε)−d
∫
R2d

〈gz | ψ〉 gz dz ≈
∑
k∈K

ck(ψ) gk (3.1)

for the case of Gaussian basis functions and uniform Riemann sums. We present an
analytical formula for the coefficients ck(ψ), proving that they are Gaussian wave
packets in phase space. Moreover, we discuss the discretization error for (3.1).

Recall the inversion formula of the FBI transform in (1.2). The first attempt to obtain
an approximation of the phase space integral might use a multivariate integration
formula based on weighted point evaluations of the integrand and for this case the
analysis operator takes the form

(AKψ)k = ck(ψ) = wk〈gk | ψ〉, k ∈ K,

where the numbers wk ≥ 0 are non-negative weights. In particular, in “Appendix A”
we prove that AK and SK are formally adjoint and therefore from now on we write
SK = A∗

K. Since on the manifold M ⊂ L2(Rd) of complex Gaussian functions the
analysis operator has an analytic representation, let us start to take a closer look at the
inner products of Gaussians.

Remark 4 The inversion formula of the FBI transform is known in the literature under
different names, for instance as the inversion formula for the short-time Fourier trans-
form in time–frequency analysis (the semiclassical parameter ε is not considered in
this context), see e.g. [16, Corollary 3.2.3], or, in presence of a Gaussian amplitude,
as the inversion formula for the Gabor transform, see e.g. [10, Eq. 3.2.5]. Correspond-
ingly, its discrete counterpart as considered here is related to Gabor frames. However,
the coefficients as they result from a direct discretization of the phase space integral are
not the exact Gabor coefficients and are obtained without computing the dual window
of g. For a broader perspective on this theory we refer to [16, Chapter 5].

3.1 Inner products of Gaussians

The inner product of Gaussian wave packets has an explicit analytic expression and
the next lemma shows that it can be written as a Gaussian in phase space.

Lemma 1 For C1,C2 ∈ S+(d) in the Siegel space and z1, z2 ∈ R
2d we have

〈gC1,ε
z1 | gC2,ε

z2 〉 = β exp

(
i

2ε
(z2 − z1)

T M(z2 − z1)

)
, (3.2)
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where the matrix

M :=
((

C−1
2 − C̄−1

1

)−1
0

0 −(C2 − C̄1)
−1

)
∈ C

2d×2d (3.3)

is an element of the Siegel space S+(2d) of 2d × 2d matrices and for B = C2 − C̄1
the complex constant β ∈ C is given by

β := 2d/2 det(ImC1ImC2)
1/4

√
det(−i B)

exp

(
i

2ε
(p1 + p2)

T (q1 − q2)

)
· · ·

exp

(
i

2ε
(p2 − p1)

T B−1(C2 + C̄1)(q2 − q1)

)
.

Moreover, if the eigenvalues of the positive definite matrices Im(Ck) and Im(−C−1
k ),

k = 1, 2, are bounded from below by a constant θ > 0, then the absolute value of the
inner product is bounded by

∣∣∣〈gC1,ε
z1 | gC2,ε

z2 〉
∣∣∣2 ≤ ζ exp

(
− θ

4ε
‖z2 − z1‖22

)
, (3.4)

where the constant ζ > 0 depends on θ and an upper bound on the eigenvalues of
Im(Ck) and Im(−C−1

k ), but is independent of ε.

We present the proof in “Appendix B” and note that the bound in (3.4) can easily
be improved if the lower bound on the eigenvalues of Im(Ck) and Im(−C−1

k ) is not
chosen uniformly. We also refer to the proof for the dependence of ζ on the spectral
parameters.

From Lemma 1 we learn that the inner product 〈gk | gC0,ε
z0 〉, as it appears in (3.1)

for the choice z = zk and ψ = gC0,ε
z0 , is a Gaussian in phase space:

Lemma 2 For a Gaussian wave packet ψ , the coefficients ck(ψ) that result from a
discretizationof thewavepacket transformbasedonamultivariate quadrature formula
are weighted Gaussian wave packets in phase space.

Due to the rapid decay of Gaussians, the (improper) phase space integral (3.1) can
be approximated by a truncated integral, which itself can be approximated via dif-
ferent multivariate quadrature rules afterwards. In the next step we investigate these
approximations.

3.2 Truncation andmultivariate quadrature

We continue to investigate the truncation error for the wave packet transform.
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Lemma 3 (Truncation error) For a given phase space center z0 ∈ R
2d and a positive

parameter b > 0 consider the phase space box

B =
2d∏
j=1

[z0, j − b, z0, j + b] ⊂ R
2d . (3.5)

Moreover, for C,C0 ∈ S+(d) let gz = gC,ε
z and ψ0 = gC0,ε

z0 and assume that the
eigenvalues of Im(C), Im(C0) and Im(−C−1), Im(−C−1

0 ) are bounded from below
by θ > 0 and from above by � > 0. Then, there exists a positive constant c > 0,
which is independent of ε but depends on the spectral parameters, such that

∥∥∥∥ψ0 − (2πε)−d
∫
B
〈gz | ψ0〉 gz dz

∥∥∥∥
L2(Bq )

≤ c exp

(
−dθ

4ε
b2

)
, (3.6)

where Bq ⊂ R
d denotes the projection of B onto the position space.

Proof Recall the definition of the Gaussian wave wave packet gz = gC,ε
z in (2.1). A

short calculation shows that in terms of the rescaled phase space box

Bε :=
2d∏
j=1

[zε0, j − bε, zε0, j + bε], zε0 := z0/
√

ε, bε := b/
√

ε,

the difference

f := ψ0 − (2πε)−d
∫
B
〈gz | ψ0〉 gz dz = (2πε)−d

∫
R2d\B

〈gz | gz0〉 gz dz

satisfies the following equation for all x ∈ R
d :

εd/4 f (
√

εx) = (2π)−d
∫
R2d\Bε

〈
gC,1
z′ | gC,1

zε0

〉
gC,1
z′ (x) dz′,

which depends on ε only through the semiclassically scaled truncation box Bε.
Since the scaling f �→ εd/4 f (

√
ε•) is unitary and the Gaussian envelope

|gC,1
z′ | = |gC (• − q ′)| has unit L2-norm, it further follows that
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‖ f ‖2L2(Bq )
=

∫
Bε
q

∣∣∣εd/4 f (
√

εx)
∣∣∣2 dx

=
∫
Bε
q

∣∣∣∣(2π)−d
∫
R2d\Bε

〈
gC,1
z′ | gC,1

zε0

〉
gC,1
z′ (x) dz′

∣∣∣∣
2

dx

≤ (2π)−2d
∫
Bε
q

sup
z′∈R2d\Bε

∣∣∣gC,1
z′ (x)

∣∣∣2
(∫

R2d\Bε

∣∣∣
〈
gC,1
z′ | gC,1

zε0

〉∣∣∣ dz′
)2

dx

≤ (2π)−2d sup
q ′∈Rd\Bε

q

∫
Rd

∣∣∣gC (x − q ′)
∣∣∣2 dx

(∫
R2d\Bε

∣∣∣
〈
gC,1
z′ | gC,1

zε0

〉∣∣∣ dz′
)2

≤ (2π)−2d
(∫

R2d\Bε

∣∣∣
〈
gC,1
z′ | gC,1

zε0

〉∣∣∣ dz′
)2

dx

and therefore the bound for the inner product of Gaussians in (3.4) yields

∫
Bε
q

∣∣∣εd/4 f (
√

εx)
∣∣∣2 dx ≤ (2π)−2d

(
�

θ

)d (∫
R2d\Bε

exp

(
−θ

8
‖z′ − zε0‖22

)
dz′

)2

.

Furthermore, the symmetry of the integral and Fubini’s theorem yields that

∫
R2d\Bε

exp

(
−θ

8
‖z′ − zε0‖22

)
dz′ =

(
2

∫ ∞

b/
√

ε

exp

(
−θ

8
y2

)
dy

)2d

.

Using the exponential-type bound erfc(z) ≤ e−z2 , z > 0, for the complementary error
function, see e.g. [3, Eq. (5)], we conclude that

∫ ∞

b/
√

ε

exp

(
−θ

8
y2

)
dy =

√
2π√
θ
erfc

(
b
√

θ/8ε
)

≤
√
2π√
θ

exp

(
− θ

8ε
b2

)
,

and therefore we finally get

‖ f ‖L2(Bq ) ≤ (2π)−d
(

�

θ

)d/2 ∫
R2d\Bε

exp

(
−θ

8
‖z′ − zε0‖22

)
dz′

≤
(

�

θ

)d/2 (
2√
θ
exp

(
− θ

8ε
b2

))2d

= 4d�d/2θ−3d/2 exp

(
−dθ

4ε
b2

)
.

In particular, this shows that the constant c can be chosen as

c = 4d�d/2θ−3d/2.

��
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We note that Lemma 3 can be easily improved if separate boxes Bq ⊂ R
d and Bp ⊂

R
d are used in position and momentum space, which can also be aligned with the

eigenvectors of the width matrix of the integrand, see e.g. [1, Lemma 3.4].
The truncated phase space integral in (3.6) can now easily be approximated by a

multidimensionalRiemann sumover sufficiently dense lattices in position andmomen-
tum space. This approach was used by Kong et al., who worked with uniform grids of
size �q j > 0 and �p j > 0 in each coordinate direction j = 1, . . . , d, corresponding
to constant weights

wk = (2πε)−d
d∏
j=1

�q j�p j .

For a given phase space box B such as (3.5), the discretization error then depends
not only on the number of grid points that are used to subdivide B, but also on the
dimension of the phase space:

Lemma 4 Let f ∈ C∞(R2d) and K = k2d for some k ≥ 1. Then, there exists a
positive constant c f > 0, depending on the function f , such that

∣∣∣∣∣
∫

[0,1]2d
f (z) dz − 1

K

∑
k∈K

f

(
k1
k

, . . . ,
k2d
k

)∣∣∣∣∣ ≤ c f · d · k−1,

where K = {1, 2, . . . , k}2d . In particular, c f can be chosen as the total variation of
the function f (in the sense of Hardy and Krause).

We formulated Lemma 4 as a special variant of a more general result that can be
found in [6, Chapter 5.5.5]. Moreover, we note that the estimate in Lemma 4 can be
improved to a bound of order O(k−2) if the composite midpoint rule is used instead
of the composite rectangle rule.

The total error for the discretization of thewave packet transform is nowobtained by
combining the estimates in Lemmas 3 and 4. For a Gaussian wave packet ψ0 = gC0,ε

z0
and a given phase space box B centered in z0, let Bq ⊂ R

d denote the projection of
B onto the position space. Moreover, let us introduce the following notation for the
spatial discretization error:

Ewp(ψ0) = Ewp(ψ0, B,K) :=
{
0, if ψ0 ∈ VK
‖ψ0 − A∗

KAKψ0‖L2(Bq ), else.
(3.7)

Note that this definition reflects the assumption that on VK the operator A∗
KAK is

replaced by the identity, since representation coefficients can be kept in memory. We
then arrive at the following error estimate:
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Proposition 1 (Discretization error for uniform Riemann sums) Let C0 ∈ S+(d) and
z0 ∈ R

2d . For the discretization of the phase space integral

(2πε)−d
∫
R2d

〈
gz | gC0,ε

z0

〉
gz dz

using the phase space box B in (3.5) and uniform Riemann sums with k ≥ 1 grid
points in each coordinate direction, there exist constants c(T), c(RS) > 0 such that

Ewp ≤ c(T) + c(RS)k−1.

We learn from the previous discussions that the discretization of the phase space
integral with conventional grid-based approaches such as Riemann sums in every
coordinate direction results in an unacceptably large number of basis functions, since
the total number of grid points increases exponentially with the dimension. Sparse
grid methods can overcome this curse of dimensionality to a certain extent, and we
refer to [14] for a comprehensive presentation of several methods based on Smolyak’s
sparse grid construction and further developments. As already mentioned, we plan to
use tensor-train approximations to extend the dimensionality of dynamics simulable
with the TSTG approach.

Remark 5 In [1] we study the discretization of the wave packet transform via different
quadrature rules. Based on Gauss–Hermite quadrature, we introduce a representation
of Gaussian wave packets in which the number of basis functions is significantly
reduced and therefore offers an alternative to the approximation with Riemann sums
according to Proposition 1.

4 Methods for propagating Gaussian wave packets

This section deals with the propagation of the basis functions. The main result is the
error bound for a single TSTG step in Proposition 3, which combines an estimate for
thawed Gaussian approximations with an estimate for the numerical integration of the
underlying equations of motion.

Recall that in subroutine (s2) of the method the individual basis functions are
propagated according to the (non-variational) thawed Gaussian equations, see [25,
Eq. (17)]. The equations for the parameters z ∈ R

2d , C ∈ S+(d) and S ∈ C in the
definition of the manifold M combine the Hamiltonian system

ż(t) = J∇h(z), h(z) = 1

2
|p|2 + V (q), J =

(
0 Idd

−Idd 0

)
∈ R

2d×2d (4.1)

for the motion of the center z(t) with equations for C(t) and S(t) ensuring that in
the presence of a quadratic potential we obtain exact solutions. In addition to the
work done by Kong et al., other propagation methods are also possible as long as the
approximants uk(τ ) lie in the Gaussian manifold M to ensure that the coefficients
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for the re-expansion can be calculated analytically. For instance, variationally evolv-
ing Gaussians offer an alternative which, like the non-variational Gaussians, provide
approximations with order O(

√
ε) accuracy. The approximate solution is then deter-

mined by the Dirac–Frenkel time-dependent variational approximation principle, see
e.g. [27, Section 3], and the equations of motion for the parameters were first derived
by Coalson and Karplus, see [4]. Using Hagedorn’s parametrization C = PQ−1,
where the matrices P, Q ∈ C

n×n are invertible and satisfy the relations

QT P − PT Q = 0 and Q∗P − P∗Q = 2iId, (4.2)

these equations read

q̇ = p and ṗ = −〈∇x V 〉u,
Q̇ = P and Ṗ = −〈∇2

x V 〉uQ,

S(t) =
∫ t

0

(
1

2
|p(s)|2 − 〈V 〉u(s) + ε

4
tr
(
Q(s)∗〈∇2

x V 〉u(s)Q(s)
))

ds, (4.3)

where we denote by 〈W 〉u = 〈u | Wu〉, W ∈ {V ,∇x V ,∇2
x V }, the expectation values.

In particular, for the propagation of the basis functions in the TSTG method the initial
conditions are given by

zk(0) = zk, Qk(0) = Im(C0)
−1/2, Pk(0) = C0Qk(0) and Sk(0) = 0,

where Im(C0)
1/2 is the unique positive definite square root of Im(C0).

Remark 6 To get the equations of motion for the non-variational Gaussians as used by
Kong et al., we replace the equations in (4.3) for (q(t), p(t), Q(t), P(t)) by the point
evaluations

q̇ = p and ṗ = −V (q),

Q̇ = P and Ṗ = −∇2
x V (q)Q,

S(t) =
∫ t

0

(
1

2
|p(s)|2 − V

(
q(s)

))
ds, (4.4)

which are computationally less demanding than the variational equations of motion.
This implies that Z(t) = (Q(t), P(t)) is a solution to the linearization of the classical
equations of motion,

Ż(t) = J∇2h(z(t))Z(t),

where the function h and the symplectic matrix J are defined according to (4.1).
Moreover, we note that in the presence of a quadratic potential the above equations
coincide with those in (4.3). The parametrization in terms of Z = (Q, P) goes back
to the work of Hagedorn, see [17, 18] and the matrix conditions in (4.2) ensure the
correct normalization of the approximant u ∈ M.
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The next lemma presents the accuracy of the thawed Gaussian methods and extends
the results for the L2-error for variational Gaussians in [27, Theorem 3.5] to non-
variational Gaussians. We note that the first L2-error for non-variational Gaussians
was proved by Hagedorn, see [18, Theorem 2.9].

Lemma 5 Assume that

– the eigenvalues of the positive definite width matrix Im(C(t)) are bounded from
below by a constant ρ > 0, for all t ∈ [0, τ ].

– the potential function V is three times continuously differentiable with a polyno-
mially bounded third derivative.

Moreover, assume that u(t) ∈ M is an approximation to the Schrödinger equation
that results from the thawed Gaussian method (variational or non-variational). Then,
there exists a positive constant c(1) > 0 such that the error between the approximant
u(t) and the solution ψ(t) is bounded in the L2-norm by

‖u(t) − ψ(t)‖ ≤ c(1) t
√

ε, 0 ≤ t ≤ τ, (4.5)

where c(1) is independent of ε and t but depends on ρ.

The crucial ingredient for the proof is the fact that both the variational and the non-
variational approximation are exact, provided that the potential is quadratic, see [27,
Proposition 3.2], and therefore the estimate in (4.5) follows from a bound on the defect
for the cubic part of the potential.

Proof Let Uq : R
d → R denote the second-order Taylor polynomial of V at q and let

Wq : R
d → R be the corresponding remainder, i.e.,

V = Uq + Wq .

Since the approximant u(t) ∈ M is the exact solution to

iε∂t u(t) = −ε2

2
�xu(t) +Uq(t)u(t), u(0) = ψ(0) = ψ0,

we obtain

∂t (u − ψ) = 1

iε
H(u − ψ) − 1

iε
Wqu,

where

‖Wqu‖ = (πε)−d/4 det(ImC)1/4 · · ·(∫
Rd

|Wq(x)|2 exp
(

−1

ε
(x − q)T ImC(x − q)

)
dx

)1/2

.
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Moreover, using that Wq(x) is the non-quadratic remainder at q, an estimate for
moments of Gaussian functions (see [27, Lemma 3.8]) yields the existence of a con-
stant c(1) > 0, depending on ρ, such that

‖Wqu‖ ≤ c(1) ε3/2.

Consequently, since u − ψ satisfies the Schrödinger equation up to the defect

d(t) = − i

ε
Wq(t)u(t),

we finally conclude that

‖u(t) − ψ(t)‖ ≤
∫ t

0
‖d(s)‖ ds = 1

ε

∫ t

0
‖Wq(s)u(s)‖ ds ≤ c(1)t

√
ε.

��
Remark 7 We note that the equations of motion are different for the variational and
the non-variational thawed Gaussian method and therefore we get individual lower
bounds on the eigenvalues of the width matrix, so that, although we have omitted
this dependency in our notation of Lemma 5, individual constants result for the two
methods. In particular, the estimate of Lasser and Lubich for Gaussian moments show
that c(1) depends on the third derivative of V and is of order ρ−3/2 with respect to the
spectral parameter ρ. We also mention that, in contrast to the computation of the full
wave function, the error in the expectation value of observables improves to an order
O(ε) accuracy, see [27, Theorem 3.5b].

The estimate in (4.5) shows that the thawed Gaussian approximations produce errors
that increase linearly in t , where a small semiclassical parameter yields an improve-
ment by a factor

√
ε for the corresponding constant. Since we want to use the thawed

Gaussians for the TSTG method to approximate the time-evolution of the basis func-
tions gk,0, we see that the propagation time τ must be chosen such that we get accurate
approximations for all k ∈ K. A good choice of τ therefore enables the control of the
error for the propagation of the basis, but small values result in more concatenation
steps in order to approximate the solution for a fixed final time (we present numerical
experiments for the dependency on τ in §6.2). With this in mind, let us note that frozen
Gaussian approximations would also be possible, see [22]. On the one hand, this leads
to simpler equations of motion since these approximations do not need information
about the second derivative of the potential, but on the other hand, with an eye on the
parameter ε, the frozen Gaussian method reduce the order to O(1).

We now turn to the numerical integration for the equations of motion.

4.1 Time discretization

For the integration of the equations of motion we need a suitable numerical integrator.
In (2.3)we therefore introduced the approximate propagatorU τ

k : M → M, which has
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not yet been defined in detail except that it maps a Gaussian basis function gk,0 to some
numerical approximation uτ

k ≈ gk(τ ). The development of such integrators essentially
uses exponential operator splitting methods such as the first-order Lie splitting or the
second-order Strang splitting, where we say that the integrator is of order s ≥ 1,
if there exists a constant c(2) > 0 such that the error between the approximant uτ

k,
obtained after m ≥ 1 steps of size hτ = τ/m, and the true solution uk(τ ) is bounded
in the L2-norm by

‖uτ
k − uk(τ )‖L2(Rd ) ≤ c(2)τ

hsτ
ε

. (4.6)

For example, the L2-error of Strang splitting is O(h2τ /ε), which implies that the step
size hτ must be sufficiently smaller than

√
ε, and we refer to [7] for rigorous error

bounds in the semiclassical scaling ε � 1.
Equipped with a numerical integrator, we get the following error:

Proposition 2 For τ > 0 and a uniform time grid of step size hτ > 0 let

Eτ
k = Eτ

k(hτ ) := ‖uτ
k − gk(τ )‖L2(R), k ∈ K. (4.7)

Moreover, assume that U τ
k : M → M is a numerical integrator of order s ≥ 1. Then,

under the hypotheses of Lemma 5, for all k ∈ K there exists a positive constant ck > 0
such that

Eτ
k ≤ ckτ

(
hsτ
ε

+ √
ε

)
. (4.8)

Proof Let τ > 0 and m ≥ 1. For all k ∈ K, we combine the estimate in (4.5) with the
estimate in (4.6) to obtain

Eτ
k ≤ ‖uτ

k − uk(τ )‖L2(R) + ‖uk(τ ) − gk(τ )‖L2(R) ≤ c(2)
k τ

hsτ
ε

+ c(1)
k τ

√
ε.

Consequently, the bound in (4.8) follows for the constant

ck = max
k∈K

(
c(1)
k , c(2)

k

)
.

��
A practical second-order algorithm of the variational splitting was proposed and
studied by Faou and Lubich, see [9]. In particular, it conserves the norm and the
symplecticity relations of the matrices Q and P in (4.2). Moreover, we note that there
are various higher-order splittings for the unitary propagator that can also be used and
refer the interested reader to [33] and [19, Chapter III].

We are now equippedwith an error estimate for the discretization of thewave packet
transform, for the thawedGaussian approximations and for the numerical integration of
the thawed equations of motion. We are therefore ready to analyze the error generated
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by a single TSTG step. Afterwards, in Theorem 1 we lift this error estimate to a global
one.

4.2 Error after a single TSTG step

Recall that a single TSTG step consists of the following approximations:

1. The approximation of the initial wave function ψ0 in the approximation space VK
according to subroutine (s1)

2. The propagation of the basis according to (s2)
3. The re-expansion of the time-evolved basis in VK according to (s3)

For a tensor (ck) ∈ C
K let us introduce the following notation for its 1-norm:

‖ck‖1 :=
∑
k∈K

|ck|.

We then obtain the following result:

Proposition 3 (Error after a single TSTG step) For a given box B ⊂ R
2d in phase

space and a finite index set K ⊂ N
2d recall the definition of the spatial discretization

error Ewp in (3.7). Moreover, for k ∈ K, τ > 0 and hτ > 0 recall the definition of
the time discretization error Eτ

k in (4.7) produced by a numerical propagator of order
s ≥ 1 for the thawed equations of motion. Then, there exists a positive constant C > 0
such that

‖ψ(τ) −
∑
k∈K

c1,τk gk,0‖L2(Bq ) ≤ Cτ

(
hsτ
ε

+ √
ε

)
+ E1,τ , (4.9)

where E1,τ > 0 denotes the following bound for the total spatial discretization error:

E1,τ = Ewp(ψ0) + Cτ

(
1 + hsτ

ε

)
.

Proof In the following let ‖ • ‖ denote the L2-norm on the box Bq in position space.
Using that the evolution operator U (τ ) = e−i Hτ/ε is unitary, we have

∥∥∥∥∥ψ(τ) −
∑
k∈K

c1,τk gk,0

∥∥∥∥∥ =
∥∥∥∥∥U (τ )ψ0 −

∑
k∈K

c1,τk gk,0

∥∥∥∥∥

≤
∥∥∥∥∥U (τ )

(
ψ0 − A∗

KAKψ0
) + A∗

KAKU (τ )ψ0 −
∑
k∈K

c1,τk gk,0

∥∥∥∥∥

≤ Ewp(ψ0) +
∥∥∥∥∥
∑
k∈K

ck(ψ0) gk(τ ) −
∑
k∈K

c1,τk gk,0

∥∥∥∥∥ .
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For the second summand, the definition of the coefficients c1,τk in (2.4) yields

∥∥∥∥∥
∑
k∈K

ck(ψ0) gk(τ ) −
∑
k∈K

c1,τk gk,0

∥∥∥∥∥

≤
∑
k∈K

|ck(ψ0)|
(∥∥ gk(τ ) − uτ

k

∥∥ +
∥∥∥∥∥uτ

k −
∑
k′∈K

ck′(uτ
k) gk′,0

∥∥∥∥∥
)

≤
∑
k∈K

|ck(ψ0)|
(
Eτ
k + Ewp(u

τ
k)

)
. (4.10)

In particular, as proved in “Appendix D”, for all k ∈ K there exists a positive constant
c̃k > 0 such that

Ewp(u
τ
k) ≤ c̃k

(
1 + hsτ

ε

)
τ.

Consequently, using the bound for Eτ
k in (4.8) with the constant ck > 0, the estimate

in (4.9) follows for the choice

C = ‖ck(ψ0)‖1 · max

(
max
k∈K

c̃k, max
k∈K

ck

)
.

��
We note that (4.9) combines the 1-norm with the max-norm to bound the last sum
in (4.10). Since the spatial errors Ewp(uτ

k) will increase at the boundary of the grid
{zk}k∈K, but at the same time the coefficients ck(ψ0) decrease exponentially with
the distance ‖zk − z0‖2, other Hölder conjugate exponents, which reflect this grid-
dependent interplay more accurately, could also be chosen.

In the next section we investigate the error that is produced by the concatenation
of single TSTG steps.

5 Error estimates for the concatenation

Asdiscussed in §2, approximations for larger times 2τ, 3τ, . . . are based on the updated
coefficients c2,τk , c3,τk , . . .which are given by the recursion formula in (2.4). We there-
fore start to investigate the magnitude of these coefficients.

Recall that the time-evolved Gaussian approximants uτ
k ∈ M are re-expanded in

the original basis of Gaussians gk,0, which gives us the updated coefficients

c1,τk = Rτ
KAKψ0 =

∑
k′∈K

ck′(ψ0)ck(u
τ
k′).

Since both factors ck′(ψ0) and ck(uτ
k′) are Gaussian wave packets in phase space,

the coefficients can be bounded by a Gaussian envelope (as a sum of Gaussians) and
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therefore, by induction on n, Gaussian bounds can be derived for all higher-order
coefficients cn,τ

k , n > 1:

Proposition 4 For z0 ∈ R
2d and C0 ∈ S+(d) let ψ0 = gC0,ε

z0 and {zk}k∈K be an
arbitrary grid in phase space. Then, for all n ≥ 0 and τ > 0, there exist positive
constants ζ

ε,τ
n , θτ

n > 0 such that for all k ∈ K we have

|cn,τ
k | ≤ ζ ε,τ

n exp

(
−θτ

n

8ε
‖zk − z0‖22

)
. (5.1)

For the proof of Proposition 4 we first derive an auxiliary result that allows us to bound
the representation coefficients ck(uτ

k′) of the time-evolved Gaussian approximant uτ
k′ ,

which according to Lemma 2 is a Gaussian in phase space centered at zk′(τ ), by a
Gaussian envelope centered at zk′ = zk′(0).

Lemma 6 Under the assumptions of Proposition 4, for all k′ ∈ K, there exist positive
constants ζ τ

k′ > 0 and θτ
k′ > 0 such that for all k ∈ K we have

|ck(uτ
k′)| ≤ ζ τ

k′ exp

(
−θτ

k′
8ε

‖zk − zk′ ‖2
)

. (5.2)

Proof Let k′ ∈ K and τ > 0. The definition of the coefficients AKuτ
k′ implies

|ck(uτ
k′)| = |(AKuτ

k′)k| = wk|〈gk, uτ
k′ 〉| for all k ∈ K,

where the non-negative weightswk ≥ 0 depend on the underlying quadrature rule and
therefore, using Lemma 1, we find constants βτ

k′ , θτ
k′ > 0 such that

|ck(uτ
k′)| ≤ βτ

k′ exp

(
−θτ

k′
8ε

‖zk − zk′(τ )‖22
)

,

where zk′(τ ) ∈ R
2d is the center of the evolved basis function uτ

k′ ∈ M. To bound this
Gaussian envelope by a re-shifted envelope centered at the original point zk′ instead
of the evolved center zk′(τ ), we write the time-evolved grid in terms of the original
grid as

zk′(τ ) = zk′ + δk′(τ )

and introduce the maximal phase space shift

δ(τ ) := max
k′∈K

‖δk′(τ )‖2.
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Using the Cauchy–Schwarz inequality in R
d , it then follows that

exp

(
−θτ

k′
8ε

‖zk − zk′(τ )‖22
)

= exp

(
−θτ

k′
8ε

‖zk − zk′ − δk′(τ )‖22
)

= exp

(
−θτ

k′
8ε

‖zk − zk′ ‖22
)
exp

(
θτ
k′
4ε

δk′(τ )T (zk − zk′)

)
exp

(
−θτ

k′
8ε

‖δk′(τ )‖22
)

≤ exp

(
−θτ

k′
8ε

‖zk − zk′ ‖22
)
exp

(
θτ
k′
4ε

δ(τ )‖zk − zk′ ‖2
)

.

Hence, if we denote by Dmax > 0 the maximal distance ‖zk − zk′ ‖2 between two grid
points in phase space and

βτ := max
k′∈K

exp

(
θτ
k′
4ε

δ(τ )Dmax

)
,

the bound in (5.2) follows for ζ τ
k′ = βτ

k′βτ . ��
Proof of Proposition 4 We present a proof by induction on n ≥ 0. For n = 0, the bound
in (5.1) follows from Lemma 6 if we replace uτ

k′ by ψ0. In particular, for this special
case, the constants ζ

ε,τ
0 and θτ

0 do not depend on either ε or τ and thus we could also
write ζ0 and θ0. Now, let n > 1 and assume that the bound in (5.1) holds for n − 1.
The recursion formula (2.4) yields

|cn,τ
k | ≤

∑
k′∈K

|cn−1,τ
k′ ||ck(uτ

k′)| for all k ∈ K,

where the factor |cn−1,τ
k′ | can be estimated according to the induction hypothesis and

the second factor |ck(uτ
k′)| according to Lemma 6. This means that we find constants

ζ
ε,τ
n−1, θ

τ
n−1 > 0 and ζ τ

k′ , θτ
k′ > 0 such that

|cn−1,τ
k′ | ≤ ζ

ε,τ
n−1 exp

(
−θτ

n−1

8ε
‖zk′ − z0‖22

)
and

|ck(uτ
k′)| ≤ ζ τ

k′ exp

(
−θτ

k′
8ε

‖zk − zk′ ‖2
)

,

and therefore we conclude that

∑
k′∈K

|cn−1,τ
k′ ||ck(uτ

k′)| ≤ ζ
ε,τ
n−1ζ

τ
∑
k′∈K

exp

(
−θτ

n−1

8ε
‖z̃k′ ‖22

)
exp

(
−θτ

8ε
‖z̃k − z̃k′ ‖22

)
,

where we introduced

ζ τ := max
k′∈K

ζ τ
k′ > 0 and θτ := min

k′∈K
θτ
k′ > 0,
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as well as the shifted grid points z̃k := zk − z0. In “Appendix C” we show that there
exists a positive constant c > 0, depending on θτ

n−1, θ
τ , ε and the phase space grid,

such that for all one-dimensional components j = 1, . . . , 2d we have

∑
k′
j∈K j

exp

(
−θτ

n−1

8ε

(
z( j)k

)2)
exp

(
−θτ

8ε

(
z̃( j)k − z̃( j)k′

)2)

≤ c exp

(
− 1

8ε

θτ
n−1θ

τ

θτ
n−1 + θτ

(
z̃( j)k

)2)
.

Consequently, using the definition of the shifted grid z̃k = zk − z0, we finally get

∑
k′∈K

exp

(
−θτ

n−1

8ε
‖z̃k′ ‖22

)
exp

(
−θτ

8ε
‖z̃k − z̃k′ ‖22

)

≤ c2d exp

(
− 1

8ε

θτ
n−1θ

τ

θτ
n−1 + θτ

‖zk − z0‖22
)

,

which proves the bound in (5.1) for

ζ ε,τ
n = ζ

ε,τ
n−1ζ

τ c2d and θτ
n = θτ

n−1θ
τ

θτ
n−1 + θτ

.

��
The last proposition provides a bound for the magnitude of the coefficients |cn,τ

k |.
Together with the error bound for a single TSTG step in Proposition 3, we are now
ready to present the error bound for the concatenation.

5.1 Global error estimate for the concatenation

From Proposition 3 we learn that the total error of a single TSTG propagation step
can be decomposed into a time and a spatial component. In particular, the error with
respect to time consists of the error for the thawed Gaussian approximation of order
O(

√
ε) and the error for the numerical integration of order O(hsτ /ε), whereas the

spatial error consists of the error for the approximation of the initial datum ψ0 in VK
and the error for re-expansion of the time-evolved approximant uτ

k in VK. Our finial
result generalizes this result for the concatenation of n > 1 TSTG steps:

Theorem 1 Under the hypotheses of Proposition 3, there exists a positive constant
C > 0 such that the global error of the TSTG propagation method with n ≥ 1
concatenated steps at time tn = nτ is given by

‖ψ(tn) −
∑
k∈K

cn,τ
k gk,0‖L2(Bq ) ≤ Ctn

(
hsτ
ε

+ √
ε

)
+ En,τ , (5.3)
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where En,τ > 0 denotes the following bound for the total spatial discretization error:

En,τ = Ewp(ψ0) + Ctn

(
1 + hsτ

ε

)
.

Remark 8 Recall that hτ is the step size of the numerical integrator for the underlying
system of ODEs in Sect. 4, while τ is the TSTG step size. In particular, one typically
chooses hτ = τ/m for a positive integer m ≥ 1. Moreover, we note that, in order to
balance the error in

hsτ
ε

+ √
ε,

one obtains the condition hτ = O(ε3/2s), where s ≥ 1 is the order of the integrator. In
particular, we get hτ = O(ε3/2) for s = 1 and hτ = O(ε3/4) for s = 2, which does not
seem to be as efficient as the Gaussian beammethod at hτ = O(

√
ε). However, for the

TSTG method, numerical integration only needs to be performed for the time interval
[0, τ ] since the numerical solution at time tn = nτ is obtained by concatenating n > 1
TSTG steps, without additional numerical integration but only via the computation of
the update coefficients cn,τ

k . Therefore, the total number NGB = O(tn/
√

ε) of time
steps for the Gaussian beam method must be compared with NTSTG = O(τ/ε−3/2s).

Proof Again, let ‖ • ‖ denote the L2-norm on Bq . For n ≥ 1 we define

en,τ := ‖ψ(nτ) − A∗
K

(Rτ
K

)n AKψ0‖ = ‖ψ(nτ) − ψn,τ‖.

Using that U (τ ) is unitary, we obtain the recursion

en+1,τ = ‖U (τ )ψ(nτ) − ψn+1,τ‖ = ‖U (τ )
(
ψ(nτ) − ψn,τ + ψn,τ

) − ψn+1,τ‖
≤ ‖ψ(nτ) − ψn,τ‖ + ‖U (τ )ψn,τ − ψn+1,τ‖ = en,τ + ‖U (τ )ψn,τ − ψn+1,τ‖,

where the second summand is the local error of the n-th step. Hence, the global error
en,τ after n steps can be expressed in terms of the local errors as

en,τ = e1,τ +
n−1∑
l=1

‖U (τ )ψ l,τ − ψ l+1,τ‖.
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We note that e1,τ is the error after a single propagation step in Proposition 3. Further-
more, for 1 ≤ l ≤ n − 1 the definition of the coefficients cl,τk in (2.4) yields

‖U (τ )ψ l,τ − ψ l+1,τ‖ =
∥∥∥∥∥
∑
k∈K

cl,τk gk(τ ) − ψ l+1,τ

∥∥∥∥∥
≤

∑
k∈K

|cl,τk |
(
‖ gk(τ ) − uτ

k‖ + ‖uτ
k −

∑
k′∈K

ck′(uτ
k) gk′,0‖

)

≤
∑
k∈K

|cl,τk |
(
Eτ
k + Ewp(u

τ
k)

)
.

Consequently, using once more the bounds for Eτ
k in (4.8) and for Ewp(uτ

k) in
“Appendix D” with corresponding constants ck and c̃k, respectively, the bound in
(5.3) follows for the constant

C = cmax max
l=0,...,n−1

‖cl,τk ‖1, where cmax := max

(
max
k∈K

c̃k, max
k∈K

ck

)
.

��
The previous theoremproves that the error for the TSTGpropagation increases linearly
with the number n of propagation steps, where the corresponding constant depends on
the errors introduced by the discretization of the wave packet transform, the thawed
Gaussian approximation and the integration of the equations of motion. For the numer-
ical experiments presented in the next section, we examine an error bound based on a
direct computation of

errl,τK :=
∑
k∈K

|cl,τk |
(
Eτ
k + Ewp(u

τ
k)

)
(5.4)

for all l = 1, 2, . . . , n − 1, using the split-step Fourier method for the propagation
of the basis functions. Future research will address the derivation of a practical a
posteriori error bound to be used in (5.4) for implementing the TSTG method with
adaptive step sizes or adaptive mesh refinements.

6 Numerical results

Wedemonstrate the capabilities of theTSTGmethodwith a series of examples.Wefirst
examine the discretization of the wave packet transform that is used to decompose the
initial wave function and for the re-expansion of the time-evolved basis as described
in Sect. 3. Afterwards, we test the method by computing the full wave function of the
one-dimensional harmonic oscillator for different propagation times τ and step sizes
hτ . Moreover, we reproduce the numerical results of Kong et al. for a one-dimensional
double-well potential. In addition to Kong et al., who used non-variationally evolving
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Gaussians for the propagationof the basis functions,we also usedvariationalGaussians
to compare both methods.

Remark 9 The following numerical examples support the main result presented in
Theorem 1 and show that the estimate in (5.3) is indeed a workable error bound. Our
experiments show how the errors depend on the underlyingmethod for propagating the
basis functions (variationally vs. non-variationally evolving thawed Gaussians). Since
the capabilities of the TSTGmethod itself have already been presented by Kong et al.,
we concentrate on one-dimensional numerical experiments for the error analysis. For
multidimensional numerical experiments on the TSTG method and comparison with
other methods, we refer to [25, Results].

6.1 Approximation of the initial wave function

We present numerical experiments for the approximation of a Gaussian wave function
with uniform Riemann sums according to Proposition 1 for

ψ0(x) = (πε)−1/4 exp

(
− 1

2ε
(x + √

2η)2
)

, η = 1.3544, (6.1)

which is later used in §6.3 as initial wave function for the double-well potential.
Figure 1 shows the reconstruction errors in the supremum norm as a function of grid
points for different truncation boxes B = [−bq , bq ] × [−bp, bp], where we used
the same number of grid points for both intervals. For each column of Fig. 1 (the
width C of the basis functions is fixed here) we compare the two choices ε = 1 (top)
and ε = 0.1 (bottom). All panels show that larger phase space boxes yield a worse
decay of the error, which is in accordance with Lemma 3. In particular, the upper two
plots show that for the smallest box (solid lines) the truncation error is reached after
approximately 64 grid points (plateaus) and we see that the number of grid points
needed to achieve a given tolerance increases with decreasing ε, since the small value
of ε corresponds to a narrow Gaussian.

6.2 One-dimensional harmonic oscillator

In this example we consider the quantum harmonic oscillator, which corresponds to
the quadratic potential V (x) = x2/2. For the initial datum we chose the Gaussian
wave packet ψ0 = gC0

z0 with z0 = (1, 0)T ,C0 = 1i and ε ∈ {0.1, 1}. In particular, the
analytic solution is known to be, see [18, Theorem 2.5],

ψre f (t) = (πε)−1/4 exp

(
− 1

2ε

(
x − q(t)

)2 + i

ε
p(t)

(
x − q(t)

) + i

ε
S(t) − i

2
t

)
,
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Fig. 1 The initial wave function is approximated using the discretization of the wave packet transform. The
four panels show the approximation errors for different combinations of C (width of the basis functions)
and ε. The number of sampling points that are used to achieve a given accuracy depends on ε and the phase
space box B

where q(t), p(t) and S(t) are given by

q(t) = q0 cos(t) + p0 sin(t), p(t) = p0 cos(t) − q0 sin(t),

S(t) = −1

2
sin(t)

((
q20 − p20

)
cos(t) + 2q0 p0 sin(t)

)
.

The discretization of the wave packet transform was based on the phase space box
B = [−8, 8] × [−8π, 8π ], where we used 64 grid points in position space, 32 grid
points inmomentum space and thewidth parameterC = 4i for the basis functions. The
propagation of the basis functions was implemented with the second-order variational
splitting integrator in [27, Section 7.5]. Figure 2 shows the L2-error between the TSTG
method and the analytic solution on the spatial interval Bq = [−8, 8] for ε = 1 and two
choices of τ = 0.1 (red) and τ = 0.01 (black). The step size for the time integration
was hτ = 1 ·10−3. The dashed lines indicate the error bound of Theorem 1 based on a
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Fig. 2 Evolution of the L2-error between the TSTGmethod and the analytic solutionψre f for the harmonic
oscillator (ε = 1). The errors increase linearly with the number of concatenated steps. The time range covers
approximately 15 oscillations

direct evaluation of the error bounds errl,τK in (5.4), where we used again the analytic
solution to compute the errors Eτ

k . We added the linear functions t �→ 2 ·10−6t (dotted
red) and t �→ 2 · 10−7t (dotted black) to verify that the error increases linearly with
the number of TSTG steps. We note that for τ = 0.01 we need 10 times the number
of concatenations compared to τ = 0.1 and therefore the slopes of the red and black
lines differ by a factor of 10. To keep the number of TSTG steps and thus the total
error small, we recognize that the propagation time τ should be chosen as large as
possible.

Figure 3 shows the L2-error for ε = 0.1. Computations were based on 128 grid
points in position and momentum space and τ = 0.01 for two step sizes hτ = 1 ·10−3

and hτ = 1·10−4. For the larger choice of hτ (red curve) we see that the error increases
faster, which is in accordance with our theoretical result in Proposition 2. For the black
curve we can see a periodic pattern (due to the oscillations of the solution) and the
linear increase of the error is imperceptible over the time range.We note that the errors
in Fig. 3 also show periodic-like oscillations and the linear increase becomes visible
because of the long time range (with respect to ε).

6.3 One-dimensional double-well potential

In our last numerical experiment we follow the presentation in [25, Results] by using
the one-dimensional double-well potential

123



540 P. Bergold, C. Lasser

Fig. 3 Evolution of the L2-error between the TSTG method and the analytic solution for the harmonic
oscillator (ε = 0.1) for different step sizes hτ . The error increases faster for the coarser time grid (red
curve)

V (x) = x4

16η
− x2

2

together with the initial wave function in (6.1) for ε = 1, which is a model for
quantum tunneling. As for the harmonic oscillator potential, we used again the phase
space box B = [−8, 8] × [−8π, 8π ] with 64 points in position and momentum space
and C = 4i for the basis functions. In addition to the variational Gaussians, we
implemented the non-variational Gaussians based on the Störmer–Verlet method, see
e.g. [19, Chapter I.1.4], which have also been used by Kong et al.. For the reference
solution we implemented the split-step Fourier method, using 256 points in the range
Bq = [−8, 8] with time increment τ = 0.01. The step size hτ = 0.001 was used for
both the variational and the non-variational Gaussian propagation.

The upper panels of Fig. 4 show the L2-error between the TSTG method and the
reference solution for the variational Gaussians (left) and the non-variational Gaus-
sians (right) together with the error bounds of Theorem 1 (dashed lines). The lower
panels compare the TSTGmethodwith the reference solution for the so-called survival
amplitude (overlap between the ψ(x, t) and the mirror image of the initial state on the
opposite side of the double-well), which is defined by

G(t) :=
∫
R

ψ0(−x)ψ(x, t) dx

and is a measure for the tunneling amplitude.
The results in Fig. 4 show that the TSTG method accurately reproduced the full

wave function and the survival amplitude. The experiments also show that the L2-error
increases linearly (approx. as t �→ 10−6t for the variational Gaussians), whereas for
the non-variational Gaussians the rate is larger (approx. t �→ 5 · 10−4t). Furthermore,
in Fig. 5 we compare the TSTG method with the reference solution for the energy
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Fig. 4 Comparison between variational Gaussians (left) and non-variational Gaussians (right) for the
double-well potential. Both propagation methods show good agreement compared to benchmark com-
putations. Top: Error for the full wave function; Bottom: Survival amplitude;

expectation values (top) and the relative errors (bottom). For better illustration we
only plotted the time range of the last 4000 of a total of 16,000 TSTG propagation
steps. We can see that the expectation values of the reference solution are very well
approximated even after very long running times. In particular, the slopes of the blue
lines in the lower panel show that the error for the non-variational Gaussians (upper
curves) increases faster.

7 Conclusion and outlook

In the previous sections we derived a workable error bound for the time-sliced thawed
Gaussian propagation method. The method combines the discretization of the wave
packet transformwith thawedGaussian approximations for the propagation of the basis
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Fig. 5 Evolution of energy expectation values (top) and the relative error to the reference solution (bot-
tom) for the variational Gaussians and the non-variational Gaussians between 12,000 and 16,000 TSTG
propagation steps

functions. To provide amathematical formulation of the TSTGmethod, we introduced
the quadrature-based analysis, synthesis and re-initialization operators AK,SK and
Rτ

K, which allow to write the approximate solution at time tn = nτ as

ψ(tn) ≈ ψ
n,τ
K = SK

(Rτ
K

)n AKψ0.

The algorithm has been implemented in MATLAB to underline our theoretical results
and to show that the global error of the method increases linearly with the number n of
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time steps, regardless of the thawed Gaussian method (variational or non-variational)
and the order of the time integrator used. In the multidimensional setup the method
could be improved to a certain extent by using different quadrature rules for the
discretization of the wave packet transform. Tomake the method applicable especially
to high-dimensional systems, the curse of dimensionality must be overcome and the
detailed mathematical formulation presented in this paper provides the theoretical
fundamentals for combining themethodwith TT-techniques, which we plan to explore
in our future research.

Acknowledgements Fruitful discussions with Victor S. Batista and Micheline B. Soley are gratefully
acknowledged.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix A: Analysis and synthesis operator

Lemma 7 For x, y ∈ C
K and a positive weight w ∈ R

K, wk > 0 for all k ∈ K, we
define the weighted inner product

〈x, y〉w :=
∑
k∈K

xk yk w−1
k .

Moreover, for a given phase space grid {zk}k∈K let AK be the operator that maps a
square-integrable function ψ ∈ L2(Rd) to the coefficient tensor (ck(ψ)), as well as
SK the corresponding synthesis operator. Then,

〈SKc | ψ〉L2(Rd ) = 〈c,AKψ〉w for all ψ ∈ L2(Rd) and c ∈ C
K.

Proof Let c ∈ C
K and ψ ∈ L2(Rd). By definition of the synthesis operator we have

〈SKc | ψ〉L2(Rd ) =
∫
Rd

∑
k∈K

ck gk,0(x)ψ(x) dx

=
∑
k∈K

ck w−1
k wk〈gk,0 | ψ〉L2(Rd ) = 〈c,AKψ〉w.

��
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Appendix B: Inner products of Gaussians

Proof of Lemma 1 The product of the functions gC1,ε
z1 and gC2,ε

z2 is aGaussian. To obtain
an explicit representation, we rewrite the sum of the exponents

− i

ε

(
1

2
(x − q1)

T C̄1(x − q1) + pT1 (x − q1)

)

+ i

ε

(
1

2
(x − q2)

TC2(x − q2) + pT2 (x − q2)

)

as a quadratic function

i

ε

(
1

2
(x − q2)

T B(x − q2) + (x − q2)
T b + c

)
,

where a short calculation shows that B ∈ C
d×d , b ∈ C

d and c ∈ C are given by

B := C2 − C̄1, b := (p2 − p1) − C̄1(q2 − q1) and

c := −1

2
(q2 − q1)

T C̄1(q2 − q1) − pT1 (q2 − q1). (B.1)

In particular, since Im(−C̄1) = Im(C1) is positive definite and the sum of two real
positive definite matrices is again positive definite, we conclude that B is an element
of the Siegel space S+(d). This yields the following representation for all x ∈ R

d :

gC1,ε
z1 (x)gC2,ε

z2 (x) = α exp

[
i

ε

(
1

2
(x − q2)

T B(x − q2) + (x − q2)
T b + c

)]
,

where the positive constant α > 0 is given by

α := (πε)−d/2 det(ImC1ImC2)
1/4.

Therefore, we conclude that

〈gC1,ε
z1 , gC2,ε

z2 〉L2(Rd ) =
∫
Rd

α exp

[
i

ε

(
1

2
(x − q2)

T B(x − q2) + (x − q2)
T b + c

)]
dx

= α

∫
Rd

exp

[
i

ε

(
1

2
yT By + yT b + c

)]
dy,

where a formula of multivariate Gaussian integrals (see e.g. [11, “Appendix A”, The-
orem 1]) yields

∫
Rd

exp

[
i

ε

(
1

2
yT By + yT b + c

)]
dy = (2πε)d/2

√
det(−i B)

exp

(
− i

2ε
bT B−1b + i

ε
c

)
.
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We note that the branch of the square root is determined by the requirement

det(−i B)−1/2 > 0

if −i B is real and positive definite. Moreover, using the formulas in Eq. (B.1), we
obtain the following representation:

α
(2πε)d/2

√
det(−i B)

exp

(
− i

2ε
bT B−1b + i

ε
c

)

= 2d/2 det(ImC1ImC2)
1/4

√
det(−i B)

exp

(
i

2ε
(p1 + p2)

T (q1 − q2)

)
· · ·

exp

(
i

2ε
(p2 − p1)

T (C2 − C̄1)
−1(C2 + C̄1)(q2 − q1)

)
· · ·

exp

(
i

2ε
(p2 − p1)

T (−B−1)(p2 − p1)

)

exp

(
i

2ε
(q2 − q1)

T (−C̄1 − C̄1B
−1C̄1)(q2 − q1)

)
.

In the last line we have two Gaussians: One with respect to the difference p2 − p1
with width matrix −B−1 and one for q2 − q1 with width matrix −C̄1 − C̄1B−1C̄1. In
particular, the Woodbury matrix identity, see e.g. [24, Page 258], yields

−C̄1 − C̄1B
−1C̄1 =

(
C−1
2 − C̄−1

1

)−1
.

Hence, since Z ∈ S+(d) implies −Z−1 ∈ S+(d) (see e.g. [11, Theorem 4.64]), we
conclude that both width matrices

−B−1 and
(
C−1
2 − C̄−1

1

)−1

are in S+(d) and therefore we conclude that the block diagonal matrix M in (3.3) is
an element of S+(2d). Putting together the above calculations we arrive at (3.2).

To prove the bound in (3.4), we follow the idea of [38, 11.4 Lemma] and assume
that the eigenvalues of Im(Ck) and Im(−C−1

k ) are bounded from below by θ > 0 and
from above by� > 0. Furthermore, let us introduce the real-valued Gaussian function

gθ
k (x) = (πε)−d/4θd/4 exp

(
− θ

2ε
‖x − qk‖22

)
, k = 1, 2, x ∈ R

d .

Then, for all x ∈ R
d , the spectral bounds imply that

|gCk ,ε
zk (x)| ≤ det(ImCk)

1/4θ−d/4gθ
k (x) ≤ �d/4θ−d/4gθ

k (x),
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and therefore we obtain the following bound:

∣∣∣〈gC1,ε
z1 , gC2,ε

z2 〉L2(Rd )

∣∣∣ ≤ θ−d/2�d/2〈gθ
1 , g

θ
2 〉L2(Rd )

= θ−d/2�d/2 exp

(
− θ

4ε
‖q2 − q1‖22

)
, (B.2)

where the last equality follows by the formula in (3.2). Furthermore, combining
Plancherel’s theorem for the ε-rescaled Fourier transform Fε : L2(Rd) → L2(Rd),
defined for all p ∈ R

d by

Fεψ(p) := (2πε)−d/2
∫
Rd

ψ(x)e−i p·x/ε dx,

with a formula for the Fourier transform Fεg
Ck ,ε
zk , implies

∣∣∣〈gC1,ε
z1 , gC2,ε

z2 〉L2(Rd )

∣∣∣ =
∣∣∣〈Fεg

C1,ε
z1 ,Fεg

C2,ε
z2 〉L2(Rd )

∣∣∣
≤ θ−d/2�d/2 exp

(
− θ

4ε
‖p2 − p1‖22

)
. (B.3)

Consequently, combining the bounds in (B.2) and (B.3) proves (3.4) for

ζ =
(

�

θ

)d

.

��

Appendix C: Discrete Gaussian convolution

Lemma 8 For σ > 0 consider the one-dimensional Gaussian function

fσ (t) := exp

(
− 1

2σ
t2

)
for all t ∈ R.

For arbitrary grid points t1 < t2 < · · · < tN let

hi := ti+1 − ti , i = 1, . . . , N − 1 and h := min
i=1,...,N−1

hi . (C.1)

Then, for all σ1, σ2 > 0, there exists a constant c > 0 such that for all s ∈ R we have

N∑
k=1

fσ1(tk) fσ2(s − tk) ≤ c fσ1+σ2(s), (C.2)

where c depends on σ1, σ2 and h, but not on N.
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Proof Let s ∈ R. A short calculation shows that

fσ1(tk) fσ2(s − tk) = fσ1+σ2(s) fσ3
(
s′ − tk

)
,

where we introduced the parameters

σ3 = σ1σ2

σ1 + σ2
and s′ = σ1s

σ1 + σ2
.

Consequently, the sum in (C.2) can be written as

N∑
k=1

fσ1(tk) fσ2(s − tk) = fσ1+σ2(s)
N∑

k=1

fσ3
(
s′ − tk

)
,

where the sum at the right hand-side can be bounded independently of s′ as

N∑
k=1

fσ3
(
s′ − tk

) ≤
∑
k∈Z

fσ3 (hk) ,

where the minimal distance h between consecutive grid points is defined in (C.1). In
particular, since the last sum can be viewed as a Riemann sum approximation to the
integral

1

h

∫
R

fσ3 (t) dt =
√
2πσ3

h
,

we conclude that there exists a positive constant c > 0, depending on σ3 and h, such
that

∑
k∈Z

fσ3
(
s′ − tk

) ≤ c,

which makes the proof complete. ��

Appendix D: Reconstruction error

In the following, we prove that for all k ∈ K there exists a positive constant c̃k > 0
such that

Ewp(u
τ
k) ≤ c̃k

(
1 + hsτ

ε

)
τ. (D.1)

Therefore, let us fix k ∈ K and decompose the Gaussian uτ
k, which is the numerical

approximation to the time-evolved Gaussian basis function gk(τ ) after a short TSTG
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propagation time τ > 0, as follows:

uτ
k = gk,0 +

(
uτ
k − uk(τ )

)
+

(
uk(τ ) − gk,0

)
=: gk,0 + R1

k(τ ) + R2
k(τ ),

where gk,0 is the initial basis function and uk(τ ) ∈ M the approximation in the
manifold of complex Gaussians. Using that gk,0 is an element of VK, the definition of
the discretization error in (3.7) yields that Ewp(gk,0) = 0 and therefore

Ewp(u
τ
k) ≤ Ewp(R

1
k(τ )) + Ewp(R

2
k(τ )).

Hence, it suffices to show that Ewp(R
j
k(τ )) = O(τ ). Firstly, we see that

Ewp(R
1
k(τ )) ≤ ‖uτ

k − uk(τ )‖ (
1 + ‖A∗

KAK‖) , (D.2)

where ‖A∗
KAK‖ denotes the operator normof the linear operatorA∗

KAK. In particular,
a short calculation shows that

‖A∗
KAK‖ ≤

∑
k∈K

wk := WK,

where wk ≥ 0 are the weights of the underlying quadrature rule. Hence, combining
(D.2) with the bound for ‖uτ

k − uk(τ )‖ in (4.6), we conclude that

Ewp(R
1
k(τ )) ≤ c(2)

k τ
hsτ
ε

(1 + WK) .

Finally, using that uk(t) ∈ M is the exact solution to

iε∂t uk(t) = −ε2

2
�xuk(t) +Uqk(t)uk(t), uk(0) = gk,0,

where Uqk denotes the second-order Taylor polynomial of V at qk, we conclude that
‖uk(τ ) − gk,0‖ can be estimated in terms of the time-dependent Hamiltonian

Hk(t) := −ε2

2
�x +Uqk(t).

We have

uk(τ ) − gk,0 =
∫ τ

0
u̇k(s) ds = 1

iε

∫ τ

0
Hk(s)uk(s) ds
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and a short calculation shows that

−ε2

2
�xuk(s) =

(
1

2
(x − qk(s))

TCk(s)
2(x − qk(s)) + pk(s)

TCk(s)(x − qk(s)) . . .

+ 1

2
|pk(s)|2 − iε

2
trCk(s)

)
uk(s).

Hence, using an estimate for moments of Gaussians, see e.g. [27, Lemma 3.8], we
obtain

∥∥∥∥−ε2

2
�xuk(s)

∥∥∥∥ = 1

2
|pk(s)|2 + O(

√
ε),

and similarly

∥∥Uqk(s)uk(s)
∥∥ = |V (qk(s))| + O(

√
ε).

Altogether,

‖uk(τ ) − gk,0‖ ≤ τ

ε

(
sup

s∈[0,τ ]

(
1

2
|pk(s)|2 + |V (qk(s))|

)
+ ρk(τ )

)
=: τ

ε
Ck,

with ρk(τ ) = O(
√

ε) uniformly in τ . This shows that

Ewp(R
2
k(τ )) ≤ τ

ε
Ck (1 + WK)

and therefore the bound in (D.1) follows for

c̃k = max
(
c(2)
k ,Ck

)(
1 +

∑
k∈K

wk

)
.
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