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Abstract

The Boris algorithm, a closely related variational integrator and a newly proposed
filtered variational integrator are studied when they are used to numerically integrate
the equations of motion of a charged particle in a mildly non-uniform strong magnetic
field, taking step sizes that are much larger than the period of the Larmor rotations.
For the Boris algorithm and the standard (unfiltered) variational integrator, satisfactory
behaviour is only obtained when the component of the initial velocity orthogonal to
the magnetic field is filtered out. The particle motion shows varying behaviour over
multiple time scales: fast gyrorotation, guiding centre motion, slow perpendicular
drift, near-conservation of the magnetic moment over very long times and conserva-
tion of energy for all times. Using modulated Fourier expansions of the exact and
numerical solutions, it is analysed to which extent this behaviour is reproduced by
the three numerical integrators used with large step sizes that do not resolve the fast
gyrorotations.
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1 Introduction

The time integration of the equations of motion of charged particles is a basic algo-
rithmic task for particle methods in plasma physics [2]. In this paper we consider
the case of a non-uniform strong magnetic field in the asymptotic scaling known as
maximal ordering [4, 21], with a small parameter ¢ < 1 whose inverse corresponds to
the strength of the magnetic field. The particle motion then shows different behaviour
over multiple time scales:

fast Larmor rotation over the time scale ¢,

guiding centre motion over the time scale °,

— slow drift perpendicular to the magnetic field over the time scale s,
near-conservation of the magnetic moment over time scales ¢~V with arbitrary
N > 1,

and energy conservation for all times.

In this paper we are interested in using numerical integrators with step sizes A that
are much larger than the quasi-period 2 e of the Larmor rotation. We thus have the
two small parameters & and ¢, which we will assume to be related by

0<e<h®<l. (1.1

1 and

We study the behaviour of the numerical integrators over the time scales &°, &~
e Nfor N > 1.

The papers [23, 26] are similarly motivated by the objective to numerically integrate
charged-particle dynamics accurately while stepping over the fast time scale of Larmor
rotation. We are, however, not aware of any rigorous analysis of the error behaviour
of numerical integrators in a large-stepsize regime in the existing literature. With an
emphasis on different aspects, recent papers on numerical methods for charged-particle
dynamics in a strong magnetic field include [5-7, 10-12, 15, 16, 24].

In Section 2 we formulate the equations of motion in the scaling considered here
and illustrate the solution behaviour over various time scales.

In Section 3 we describe the three numerical integrators studied in this paper:
the Boris algorithm [3, 9, 14, 22], a closely related variational integrator [15, 25],
and a newly proposed filtered variational integrator, which only requires a minor
algorithmic modification of the standard variational integrator and can be interpreted
as the standard variational integrator for a Lagrangian with an anisotropically modified
kinetic energy term.

In Section 4 we give modulated Fourier expansions of the exact solution and of the
numerical solutions of the three numerical methods used with step sizes (1.1). The dif-
ferential equations for the dominant modulation functions are the key to understanding
the method behaviour over the times scales ¢ and ¢! for all three methods. For the
Boris algorithm and the standard (unfiltered) variational integrator, the initial velocity
needs to be modified such that its component perpendicular to the magnetic field is
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Charged-particle dynamics over multiple time scales

O (g)-small. The complete modulated Fourier expansion will be used for studying
the long-time near-conservation of the magnetic moment and energy for the filtered
variational integrator.

In Section 5 we obtain O (h?) error bounds uniformly in ¢ for all three (formally
second-order) numerical methods over the time scale £°. This is not an obvious result
for large step sizes (1.1) but here it follows directly from a comparison of the modulated
Fourier expansions of the exact and numerical solutions.

In Section 6 we show that all three methods reproduce the perpendicular drift with an
O (h?) or O(h) error over the time scale ¢! This is again obtained via the modulated
Fourier expansions, which also yield an O (g) approximation to the perpendicular drift
by the solution of a slow differential equation over times O (¢~!).

In Section 7 we consider the long-term energy behaviour. For the standard varia-
tional integrator with the modified starting velocity we prove near-conservation of the
total energy up to time O (¢~ !). For the filtered variational integrator we prove near-
conservation of magnetic moment and energy over times ¢~V with arbitrary N > 1
for non-resonant step sizes, using the Lagrangian structure of the modulation system.
Moreover, we show results of numerical experiments for the energy behaviour of the
three methods over long times.

The conclusion of our investigation is that the new filtered variational integrator
with non-resonant large step sizes (1.1) reproduces the characteristic features well
over all time scales, and this is fully explained by our theory. The Boris algorithm and
the standard (unfiltered) variational integrator also work remarkably well for large
stepsizes (1.1) on the time scales ¢ and ¢! in accordance with our theory, provided
that the initial velocity is modified such that the component perpendicular to the
magnetic field is reduced to size O (g). With this filtering of the starting velocity, the
long-time energy behaviour of the Boris method and the standard variational integrator
appears to be better in our numerical experiments than we can explain by theory.

2 Multiple time scales in the continuous problem

We study the time integration of the equations of motion of a charged particle in a
strong magnetic field, with position x(¢) € R? and velocity v(t) = x(¢) at time ¢,

() = %(1) x B(x(t)) + E(x(t))

. 1 2.1
with B(x) = — By + Bi(x) for 0 < e < 1,
e

where By is a fixed vector in R? of unit norm, | Byg| = 1. The non-constant magnetic
field By (x) is assumed to have a known vector potential A{(x), i.e. Bj(x) = V, X
A1(x). This gives B(x) = Vy x A(x) with the vector potential A(x) = —%x X Bo/e+
A1(x). We always assume that B; : R3 — R3 and E : R} — R? are smooth with
derivatives bounded independently of & on bounded subsets of R3. The above scaling
corresponds to what is known as maximal ordering in the literature; see [4, 21].
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For the initial position and velocity we always assume boundedness independently
of &:

Ix(O)] = Co, [x(0)] = Ci. (2.2
For studying the perpendicular drift, we need further assumptions on By and E that
are specified in Section 6. When it comes to studying the long-time energy behaviour,

we further assume that the force field has a scalar potential, E(x) = —V¢(x). The
total energy is then

H(x,v) = 1[v* + ¢ (x), (2.3)

which is conserved along every trajectory and is bounded independently of ¢ under
condition (2.2). We further consider the magnetic moment (rescaled with ¢),

1 B(x)|?
I(x.v) = 1 lvxBMI- (2.4)
2¢  |B(x)?
We note that, with v denoting the velocity component orthogonal to B (x),
1 [vx By+ O(e)|
[(x,v) =z —————— = Hu P14+ 0(e)) + O(e?), (2.5)

2 1+ 0(e)

for (x, v) in any region that is bounded independently of €. The magnetic moment is
an adiabatic invariant: it is conserved up to O (g) over very long times t < ¢~V with
arbitrary N > 1; see e.g. [1, 15, 19, 20].

In Figure 1 we illustrate the solution behaviour on various time scales. We show the
fast Larmor rotation of angular frequency £ ~! and amplitude O (¢) on the time scale &
and the guiding centre motion on the time scale £° in the first picture, and in addition
the slow drift perpendicular to the magnetic field on the time scale ¢! in the second
picture (here: horizontal drift for the magnetic field in vertical direction). Finally,
the third picture shows the long-time near-conservation of the magnetic moment and
the conservation of energy. Our objective is to understand how the behaviour on the
various time scales can be replicated by numerical methods with large time steps that
do not resolve the fast Larmor rotations.

In Figure 1 we take the electromagnetic fields and the vector and scalar potentials
as

1 (0 x1(x3 — x2) 1 [ *2
Bx)=—=10)+x2(x1—x3)] withA(x)=—= | —x1 | +x1x2x3| 1],
e 2
1 x3(x2 — x1) 0 1

E(x) =—x with¢(x) = %|x|2,
and the initial values x(0) = (0.3,0.2, —1.4)T and x(0) = (—0.7,0.08,0.2)T.
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Fig. 1 Trajectories of the particle for + < 7 /2 (top left) and + < 5/¢ (top right), both with ¢ = 1072,
Energy and magnetic moment for t < &~ (bottom) for & = 10!, The analogous picture for ¢ = 1072
instead of & = 10! would show the magnetic moment as a horizontal straight line

Remark 2.1 The results of this paper pertain to the above situation (2.1) — (2.2) of a
mildly non-uniform strong magnetic field. For a strongly non-uniform magnetic field
B(x) = B(x)/e with B(x) independent of ¢ with non-vanishing gradient, different
numerical phenomena arise, which require a different analysis; cf. [15] for a long-time
analysis of a variational integrator in a small-stepsize regime and [26] for numerical
results for an ingeniously modified Boris method used with large step sizes. The
modification of the force field proposed in [26] is not needed for the mildly non-
uniform situation (2.1) studied in this paper, but it is essential in the case of strongly
non-uniform strong magnetic fields.

3 Three numerical integrators

We now describe the three numerical integrators for (2.1) that are studied in this paper
when applied with large step sizes h > ¢.

3.1 Boris algorithm

The Boris method, introduced in [3], is the standard integrator for particle-in-cell codes
for plasma simulation; see e.g. [2, 8]. Given the position and velocity approximation
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(x", v"~1/2), the algorithm computes (x"*!, v"1/2) as follows, with B” = B(x™)
and E" = E(x"):

L ko
vy T=v 2+ EE
v 2 vi_% = g(vfr% + v:_%) x B"
"y = UT_% + %E"
K= xn +hv”+%, (3.1

where the starting value is chosen as v!/? = v0 + %vo x BY + %EO.
The method has the equivalent two-step formulation

xn+l —2x" —‘,—x"fl xn+1 _ xnfl ; ;
2 = 7 x B" + E", (3.2)
with the velocity approximation
xn+l _ xn—l
V= 33
7 (3.3)

Itis known from [9] that the Boris algorithm is not symplectic unless B is a constant
magnetic field. The energy behaviour over long times, which is not fully satisfactory,
has been studied in [14] for step sizes with 2| B| < 1, which in our case (2.1) would
read h < ¢ in contrast to (1.1).

In the large-stepsize regime (1.1) the starting velocity needs to be modified. Instead
of setting v° equal to the initial data x(0) we choose v? such that its component vj)_
orthogonal to the magnetic field is O (¢)-small. We propose to take v¥ = U‘(l) + vi with

vf = Poi(0), v =e(v] x Bi(x°) + E(")) x By, (34

where Py = By BOT is the orthogonal projection in the direction of By. (This choice of
vi will be explained in Section 4 right after Theorem 4.2.) Without such a modification
of the starting velocity, the Boris algorithm shows highly oscillatory behaviour with a
large amplitude proportional to (h2/ e)|vg|; cf. [23].

Since the Boris method with large step size (1.1) and the proposed filtering of
the initial velocity will give an approximation to the guiding centre rather than to
the oscillatory trajectory, it is reasonable to take the guiding centre approximation
x(0) + €x(0) x By instead of x(0) as the starting position x0.

We note that while the one-step map (x”, v"~/2) = (x"*1, v"+1/2) is volume-
preserving [22], the starting-value map (x(0), x(0)) — (x%, v%) and also the map
%, v > (x!, v!/2) are far from volume-preserving for step sizes (1.1).
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3.2 Standard variational integrator

The variational integrator to be studied here is constructed in the same way as is
done in the interpretation of the Stormer—Verlet method as a variational integrator; see
e.g. [17, Chap. VI, Example 6.2] and [25]. The integral of the Lagrangian L(x, v) =
%|v|2 +A@x) v — ¢ (x) over a time step is approximated in two steps: the path x(¢)
of positions is approximated by the linear interpolant of the endpoint positions, and
the integral is approximated by the trapezoidal rule. This approximation to the action
integral is then extremized. With the derivative matrix A’(x) = (9, Ai(x))?, i=1 and

its transpose A’(x) T, this variational integrator becomes the following:

xn+1 —2x" 4 xnfl
hz

xn+l _xnfl A(x"+l) _ A(xnfl) N

A/ n\ T
*) 2 2

E", (3.5)

or equivalently, written as a perturbation to the Boris algorithm and using that v x
B(x) = A'(x)"Tv— A'(x)v,

x”'H —2x" +xn—l _ xn+1 _xn—l B N -
h? 2h
n+1 _ xn—l A(xn—i-l) _ A(xn—l)

2h 2h

+ AT (3.6)

We note that the correction to the Boris method as given in the second line vanishes
for linear A(x). In the situation of the magnetic field of (2.1), we can therefore replace
A by Aj in (3.6). The variational integrator coincides with the Boris algorithm in the
case of a constant magnetic field (B; = 0).

This method is again complemented with the velocity approximation (3.3). It can
be given a one-step formulation similar to the Boris algorithm, with the correction
term of (3.6) added in the second line of (3.1). It is, however, an implicit method,
because the vector potential A is evaluated at the new position x" 1.

For the case of a strong magnetic field and for step sizes with #|B| < Const., the
variational integrator has been shown to have excellent near-preservation of energy
and magnetic moment over very long times [15].

For large step sizes (1.1), the variational integrator requires the same modification
of the starting velocity as the Boris method in order to suppress high oscillations of
large amplitude in the numerical solution.
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3.3 Filtered variational integrator

As a new method to be studied here, we propose the following modification of the
variational integrator: with the filter functions

tanh(¢/2) 1 e
Y(¢) =tanch((/2) = ———, @) = = = - ,
¢/2 sinch(¢) sinh(¢)
which are even functioni and take the value 1 at { = 0, and with the skew-symmetric
matrix By defined by —Bov = v x By forall v € R3, we define the filter matrices

v = w(—g §o) =1+ <l — tanc(%))gg’
o = (p(—g §o) =1+ (1 - sinc(%)_l>§3’

where the rightmost expressions are obtained from a Rodriguez formula; see [16,
Appendix]. Here, tanc(§) = tan(§)/& and sinc(§) = sin(§)/&. The filter matrices W
and ® are symmetric and act as the identity on vectors in the direction of By.

We put the filter matrix W in front of the right-hand side of (3.5):

xn—H —oxh +xn—1

h2
(xn+1 _ xn—l) A(xn—i-l) _ A(xn—l)
w(aanT _ E"). (37
(") o - +E"). G
This is combined with the velocity approximation
n+l _ ,n—1 I —1
N N +e(l1- sinc(—) E" x By. (3.8)
2h e

This filtered variational integrator coincides with the filtered Boris algorithm of [16]
for the special case of a constant magnetic field B(x) = By/¢. If additionally also E
is constant, then this method yields the exact position and velocity, as was shown for
the filtered Boris algorithm.

For stepsizes h withtan(h/(2¢)) > ¢ > 0, the filter matrix W is positive definite. The
above integrator can then be interpreted as a variational integrator corresponding to a
discrete Lagrangian where the kinetic energy term has the modified mass matrix W !,
Its eigenvalues corresponding to the eigenvectors orthogonal to By are 1/ tanc(h/(2¢))
and are thus proportional to / /¢, which is greater than 4~ ! under condition (1.1). The
discrete Lagrangian reads

Lh(x” xn—i—l) — ﬁ(vn—i-l/Z)T\IJ—lvn—ﬁ—l/Z
' 2

A(xn)T + A(xn+l)T vn+l/2 o ¢(xn) +¢(xn+l)

h
+ 2 2
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where v"+1/2 = (x"*! — x")/h. The standard (unfiltered) variational integrator has
the same discrete Lagrangian except for the identity matrix in place of the matrix W~

The filtered variational integrator for (2.1) can be written and implemented as the
following implicit one-step method:

vi_z = v”fé + glIlE”

I n,%

n+% n—3 1 n+s n
v —v, “=hV¥ E(U_ +vy )X B

A/ nl n+% n—%
+ A (x )E(v_ +vy %)

Ay ("t — Al(xn_l))
B 2h

This can be solved by a fixed-point iteration for x"*!, where a good starting iterate
is obtained from a Boris step. The first velocity is chosen as follows: we set v/ =
U+ S8v with ho = J(x! —x~")and h6v = x! —2x0 + x~!, where in view of (3.8)
forn =0,

V= CID_I( 0_ 8<1 — sinc(§>_l>E" X B())

and §v is implicitly determined (and computed via fixed-point iteration) from (3.7)
with n = 0, i.e. from the equation

Al — A1
2h

Sv = h\I’(ﬁ x B(x®) + A} (x%)7 — + E(x°)>,

where x*! = x0 + ho + %h Sv.
In contrast to the Boris algorithm and the unfiltered variational integrator, we here
take the original initial data v = x(0) and x° = x(0).

4 Modulated Fourier expansions

We give modulated Fourier expansions of the exact solution of (2.1) and the numerical
solutions of the three integrators for large step sizes 4> > ¢ ¢ (in the following we set
the irrelevant positive constant ¢ equal to 1 for simplicity). Analogous expansions for
step sizes h < Ce were previously given in [13, 15, 16]; see also [17, Ch. XIII]. In
particular, we explicitly state the differential equations for the dominant modulation
functions up to O(e?) for the exact solution, and up to O(h?) for the numerical
solutions.
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4.1 Modulated Fourier expansion of the exact motion

We write the solution of (2.1) as

x(t)y~ Y e 4.1
k

with coefficient functions z*(r) for which all time derivatives are bounded indepen-
dently of ¢.

We diagonalize the linear map v +— v x By, which has eigenvalues A1 =1, 1o =0
and A_; = —i (recall the normalization |By| = 1). The normalized eigenvectors are
denoted vy, vo = By, v—1 = V1. Welet P; = v; vj be the orthogonal projections onto
the eigenspaces. We write the coefficient functions of (4.1) in the basis (v;),

=+, Z];(t) = PiZF ().

The following theorem is a variant of Theorems 4.1 in [15, 16], proved by the same
arguments but in a technically simplified way, since here we have the constant fre-
quency 1/e and constant projections P;, as opposed to the state-dependent frequency
and projections in [15, 16].

Theorem 4.1 Let x(t) be a solution of (2.1) with an initial velocity bounded indepen-
dently of ¢ (|x(0)| < Cy), which stays in a compact set K for 0 <t < T (with K
and T independent of €). For an arbitrary truncation index N > 1 we then have an
expansion

x) =Y Foye* + Ry

[k|<N

with the following properties:
(a) The modulation functions z* together with their derivatives (up to order N) are

bounded as z‘} = 0(1) for j € {(—1,0,1}, z} = O(e), 2~} = O(e), and for the
remaining (k, j) with |k| < N,

=0k

They are unique up to 0 (") and are chosen to satisfy z:];. = zlj‘.. Moreover, Zoi]

together with its derivatives is bounded as Z(jtl = O(e).
(b) The remainder term and its derivative are bounded by

Ry(t) = 0(%eN), Ry(t) = O0eN) for 0<t<T.
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(c) The functions zg, Z(:)t » z}, z:i satisfy the differential equations
B . i _
29 = Po(2" x Bi(°) + E(2%) + 2Py Re<g ' x B + 0D,
29, = +ie Py (2% x Bi(2%) + E@") + 0(e?),

= Py (ZE x B (ZO)) + 0(e?).
All other modulation functions z’; are given by algebraic expressions depending
on 2’ 29, 2z}, 271,
(d) Initial values for the differential equations of item (c) are given by

22(0) = x(0) + % (0) x By + O(?),
20(0) = Pox(0) — £ Po((¥(0) x Bo) x Bi(x(0))) + O(&?),
211(0) = Fie P+ #(0) + O(e?).
The constants symbolized by the O -notation are independent of ¢ and t withQ <t < T,

but depend on N, on the velocity bound M, on bounds of derivatives of By and E on
the compact set K, andon T.

4.2 Resonant modulated Fourier expansion of the Boris algorithm and the
standard variational integrator for h>¢

When the Boris method is applied to the linear differential equation ¥ = x x By/e
with |Bg| = 1 (that is, B and E are not present in (2.1)), then diagonalization of B
shows that x" is a linear combination (with coefficients independent of n) of terms 1,
nh and eF"1®  where

how =2 arctan(2h—8>.

If h /e is large, then hw is close to 7. In particular, if h? > ¢, thenhow =7 — y h with
y > 0 bounded independently of / and & with h? > ¢, and so eThe = (—1)reFinhy
where we note that e¥? is a smooth function of ¢ all of whose derivatives are bounded
independently of & and /. In the general case of (2.1), we have the following result.

Theorem 4.2 Let x" be the numerical solution obtained by applying either the Boris
algorithm or the variational integrator to (2.1) with a stepsize h satisfying

h? > e 4.2)

We assume that the starting velocity v° is bounded independently of & and h and that
its component orthogonal to By, i.e. vi = - Po)vo, is small:

Wl < cre. 4.3)
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We further assume that the numerical solution x" stays in a compact set K for 0 <
nh < T (with K and T independent of € and h). For an arbitrary truncation index
N > 2, we then have a decomposition

x"=y@)+ (=D"z(t) + Ry(t), t=nh, (4.4)

with the following properties:

(a) The functions y(t) and z(t) together with their derivatives (up to order N) are
bounded as y = O(1), z = O(hz). They are unique up to O (hN). Moreover, we
have y x By = O(¢) and z - By = O (h*).

(b) The remainder term is bounded by

Rv@) = O@*hYN) for 0<t<T.

(c) The functions y; = Pjy (j = 0, %1) and z+1 = P+1z satisfy the differential
equations
o= Po(3 x Bi(y) + E() + O(h%),
Y1 = Hie Py (5 x Bi(y) + E()) + O(eh?),
L&
Gt = Fhiozza1 + O(eh?).

The function zo = Poz is given by an algebraic expression depending on y, yo and
ESE
(d) Initial values for the differential equations of item (c) are given by

y(0) = x* + 0(h?),
30(0) = Po(x")° + 0(h?),
ih

2
z+1(0) = :FE Pil(vo F ie(Povo x B1(x%) + E(xo))) + o).

The constants symbolized by the O -notation are independent of €, h and n with 0 <
nh < T, but depend on the velocity bound, on bounds of derivatives of By and E on
the compact set K, andon T.

We note that the differential equations for y agree with those for z° of the exact
solution up to O(h?). The differential equations for z+; and for zi} of the exact
solution differ, but we still have

d .
3 |z > =2Rez} 241 = O(elza11?) + O(eh™) = O(eh®),

which is to be compared with

d .
& [P = 2Re 2D ] = 0.
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To obtain an O(h?) approximation to the guiding centre z°(r) over bounded time
intervals, we run the Boris algorithm with the modified initial velocity W = Pyx 0)
instead of x(0), or even better, determine Py1v° such that z1;(0) = O(h*), which
holds true with the proposed choice (3.4).

Proof The bounds of parts (a) and (b) are proved as in previous proofs of modulated
Fourier expansions; see e.g. [15] and [17, Ch. XIII]. Here we just show (c) and (d),
assuming that the bounds of (a) and (b) are already available.

To derive the differential equations of (c), we insert (4.4) into the two-step formu-
lation of the numerical method, expand y (¢ & &) and z(¢ & &) into Taylor series at ¢,
expand the nonlinear functions B and E at y(¢) and separate the terms without and
with the factor (—1)". This gives us the equations

B,
§4 0(h%) =y x ?O 3 x Bi(Y) + E(y) + O(h?)

4 . 2 . Bo . . ’ ’ 2
—ﬁz—z+ Oh”) =—z x ?+Z X Bi(y) +y x Bi(y)z+ E'(y)z + O(h”).
In the equation for z we note that also Z and the last three terms on the right-hand side
are O(h?) as z and its derivatives are O (h?), and the indicated O (h2) terms are then
actually o (h").

Taking the projection Py on both sides of the differential equation for y yields
the stated second-order differential equation for yg on noting that Py(y x Bp) = O.
Moreover, since P+1(y X Bg) = Fiy+, we obtain

i . .
Fobur = —Fu + Pi(y x Bi(y) + E(»)) + O(h?).

Differentiating this equation and multiplying with ie yields y1; = O(g), which is
O (h?) under condition (4.2). So we obtain the stated first-order differential equation
for V+1.

Taking the projection Py in the above equation for z yields —,;izz() = O0(h?), and
hence zo = O (h%). Taking the projections P yields

4 i, 5
—ppiEl = F ot O(h?),
which can be rearranged into the stated differential equation for z4.
In view of (4.4) for n = 0 and z(0) = O(h?), we have y(0) = x + O(k?). Since
we obtain by inserting (4.4) forn = —1, 1
0 xl—x!

_ _ . o 2
V=g = ¥v(0) = z(0) + O (h?),

we obtain the stated expression for yo(0) on taking the projection Py. Taking the
projections Py and using the differential equations for y4 and z11, we arrive at the
stated expression for z41(0). 0O

@ Springer



E. Hairer et al.

4.3 Non-resonant modulated Fourier expansion of the filtered variational
integrator forh?> > ¢

As the filtered integrator is exact for the linear equation X = x x By/¢, it has the same
high frequency 1/e. When this integrator is applied to (2.1), it has a modulated Fourier
equation that is very similar to that of the exact solution given in Theorem 4.1.

Theorem 4.3 Let x" be a solution of the filtered variational integrator applied to (2.1)
with a stepsize h satisfying

h?>¢ 4.5)

and, for some N > 1, the non-resonance conditions

)sin(%)‘ >c>0, )cos(%)‘ >c>0 (k=1,...,N), “e)

)tan(%) —tan(:—g)’ >c>0 (k=2,...,N),

where ¢ is a positive constant. We assume that the initial velocity v° = % (0) is bounded
independently of € and h, as in (2.2). We further assume that the numerical solution
x™ stays in a compact set K for 0 < nh < T (with K and T independent of ¢ and h).
We then have an expansion, att = nh,

=Y Fe + Ry () 4.7)
KI<N

with the following properties:

(a) The bounds of parts (a) of Theorem 4.1 for the modulation functions are valid also
in this case, except z’é = O (he!!y for |k| > 1.
(b) The remainder at t = nh is bounded, for arbitrary M > 1, by

PoRN (1) = O(2hM) + 0 (t2e"), Py iRn(t) = O(t2eh™ 1) + O(2eN).

(c) The functions 28, zil, Z%, z:} satisfy the differential equations

20 = Po(2° x B12") + EE") + 0(h?),
2y, = +ie Py (20 x B1(2") + E")) + O(eh),

. e . rh
E = A sm(;)Pil(zE x B1(z%) + 0(e?).

All other modulation functions z’;

. -1
on 0, 20, 71, 27}

are given by algebraic expressions depending
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(d) Initial values for the differential equations of item (c) are given by

220) =x"+ om?),
29(0) = P’ + 0(h?),
241 (0) = Fie P10 + O(eh).

The constants symbolized by the O -notation are independent of ¢ andt withQ) <t < T,
but depend on M and N, on the velocity bound (2.2), on bounds of derivatives of B}
and E on the compact set K, andon T.

Proof Parts (a) and (b) are again proved as in previous proofs of modulated Fourier
expansions; see e.g. [15] and [17, Ch. XIII]. Here we only show (c) and (d), assuming
that the bounds of (a) and (b) are already available.

To derive the differential equations of (c), we insert (4.7) into the two-step for-
mulation (3.7) (or equivalently (3.6) with an extra factor W on the right-hand side),
expand zX (¢ & h) into a Taylor series at 7, use Lemma 5.1 of [16] to expand the first
and second-order difference quotients for z%(r)e*’/¢ for 0 < |k| < N, and expand B;
and E at z%(r). We then separate the terms multiplying e*’/¢ for |k| < N. Moreover,
we consider the components z'; = P;j Ffor j =0, £l.

For k =0, j = 0 we obtain

2+ 0 = Py + 0 x B + EC) + 0@6?/m)),

where the O (h?) terms result from the Taylor expansions of the second and first order
difference quotients of z0, and the (smaller) O (g2 /h) term results from the Taylor
expansion of By and E at z° and the bound z¥ = O (g/¥!). This yields the first equation
of (c).

For k =0, j = 1 we obtain

) A NG
AN+ 0(eh?) = 78 taﬂ(g) <é(z? +0(h?)

+P1 (4 00D x Bi(@) + E) + O(ez/m)).

We solve this equation for z'(l), which appears in the dominant term with a factor 7!,
and recall that | tan(h/(2¢))| > ¢ > 0 by the non-resonance condition (4.6). Using
that 'z'(l) and its higher derivatives are O (¢) by part (a), this yields

N =iep (20 x B1(z%) + E(zo)> + O(¢eh),

which is the differential equation for z‘l) stated in (c). The case j = —1 is obtained by
taking complex conjugates.
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Fork =1, j = 1 we find for y}(t) = z{(t)ei’/s, using Lemma 5.1 of [16] and the
O (¢) bound for z} and its derivatives of part (a),

yit+h) =29/ )+ vt —h)
h2

= ei’/5< ;2 s1n2<2h )zl(t) —i—% sm( )zl(t) + 0(8))

and

1 N —viae—=n . i h h
i+ )2hy1(t )=e‘f/‘E (h s1n( )Zl(t)+cos< )Z}(t)—l—O(sh))

The latter formula yields

h o~ t+h '¢—h) B
Py tanch( ) yl( +h) = ¢ ) X =
2¢e 2h

€
2h_£ tan(%)éei’/s (;1 s1n(h)Z1(t) + Cos( )Zl(t) + 0(8h)>

= (s (g + )0 + 00)

and similarly

Lep
Py tanch(zhg )(yl (t+h)2hy1(t h) ><B1(Zo(t))>

= ¢ll/¢ 211—8 tan(zhg)Pl(i sm(h)zl(t) x B1(z°(1)) + 0(8))

We insert the modulated Fourier expansion (4.7) into the two-step formulation of the
filtered variational integrator, which we wirte as (3.6) with the extra filter factor ¥
on the right-hand side, and we collect the terms with the factor /. The dominant
terms after projecting with P; are given by the above formulas. The remaining term
on the right-hand side (as in the second line of (3.6) but multiplied with W) is of size
(2e/h) tan(h/2¢e) - O(e + h?) = O(he) for h* > ¢ under condition (4.6). We thus
obtain

_ % sm2(2h—8)z%(t) + 2h s1n< )Z](Z‘) + O0(¢)

— —:—2 smz(;)z}(t) + % tan(zhg) COS( )Zl(l) + O(e)

+ % tan(zhg) PI(Z sm( )Zl(l) x B1(2°(1)) + 0(5))

Here the dominant terms are the first terms on the left-hand and the right-hand sides,
which are the same and thus cancel. The dominant terms then become the terms
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containing the factor (2i/ h)Z} (7). Since a calculation shows that we have, with £ =
h/(2¢) for short,

sin(2€) — tan(&) cos(2€) = (tan(2&) — tan(&)) cos(2§) = tan(§),

the above equation yields the differential equation for z} as stated in part (c) of the
theorem. The result for z:{ is obtained by taking complex conjugates.

The formulae for the initial values are obtained by the same arguments as in the
proof of Theorem 4.2, using here that (x' = x71/(2h) is related to v° by (3.8) for
n=0. O

5 Time scale £°: error bounds for position and parallel velocity

Comparing the modulated Fourier expansions of the numerical solution with that of
the exact solution, we obtain the following error bounds from Theorems 4.1-4.3.

Theorem 5.1 Consider applying the Boris method, the variational integrator and the
filtered variational integrator to (2.1) over a time interval 0 < t < T (with T inde-
pendent of €) using a stepsize h with

hzzs.

Suppose that the conditions of Theorem 4.2 are satisfied in the case of the Boris method
and the variational integrator (in particular, small perpendicular starting velocity:
v?_ = 0(¢e)), and that the conditions of Theorem 4.3 are satisfied in the case of the
filtered variational integrator (in particular, the non-resonance conditions (4.6) and
bounded initial velocity (2.2)). For each of the three methods, the errors in position x
and parallel velocity v = Pyv at time t, = nh < T are then bounded by

X" —x(t)] < CR*, P —vpt)| < CR* (6, < T),

where C is independent of €, h and n with h*> > ¢ and nh < T (but depends on T ).

Proof The result is obtained by representing the exact and numerical solutions by
their modulated Fourier expansions and using the bounds and differential equations
of the modulation functions as given in Theorems 4.1-4.3. Note that the differential
equations of the dominating modulation functions for the three methods and for the
exact solution coincide up to defects of size O (h?), which lead to an O (h?) error in the
positions. Inserting the modulated Fourier expansion of the numerical solution into
the formula for the approximate velocity v” for each method and comparing with the
time-differentiated modulated Fourier expansion of the exact solution then yields the
O (h?) error bound for the parallel velocity. O

Remark 5.2 For h% ~ ¢, the above error bounds are thus O (&). For all three methods,
the error bounds remain in general O (¢) also for smaller stepsizes h ~ ¢. This can be
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Errors of z Errors of Y| 4 Errors of v
I 10%a
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Fig. 2 Global error vs. € (¢ = 1/2-’ , j = 6,---17) with different & for the Boris algorithm with starting
values x(0), v(0) (top row), with modified starting values (3.4) (centre row), and for the filtered variational
integrator with starting values x (0), v(0) (bottom row)

shown by comparing the modulated Fourier expansions for such stepsizes, as given
in [15] for the standard variational integrator. The filtered Boris method of [16], used
with /2 ~ &, has an O (&?) error in the position and the parallel velocity, and an O (¢)
error in the perpendicular velocity.

Numerical experiment. For the example of Section 2, Figure 2 shows the relative
errors in x, vy and vy at time ¢t = /2 versus ¢ for various step sizes h for three
numerical approaches:
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(1) in the top row for the Boris algorithm with the original initial data as starting
values,
(i1) in the centre row for the Boris algorithm with modified starting values (3.4),
(iii) in the bottom row for the filtered variational integrator with the original initial data
as starting values.

For any step size £, the errors in x and v increase roughly proportionally to h?/e
when ¢ — 0 in case (i), whereas in cases (ii) and (iii) the errors tend to a constant
error level proportional to /2.

6 Time scale £~ ': perpendicular drift
6.1 Perpendicular drift of the exact motion

Welet P = Py = BOBJ be the orthogonal projection onto the span of By, and
P, = Py + P_; = I — Py the orthogonal projection onto the plane orthogonal to By.
We decompose x € R> as

x=x3+x with x3=Px, x =Px.
We assume that (with slight abuse of notation for By)
Bi(x) = Bi(x1) +¢eBa(x), E(x)=Ei(x1)+ Ej(x) +ekx(x), (6.1)

with £ - By = 0 and E x By = 0, and where the functions By, B, and E |, E)|, E>
on the right-hand side and all their derivatives are bounded independently of ¢. We
thus only allow a weak dependence of the magnetic field and the perpendicular electric
field on x|. We then have the following result.

Theorem 6.1 Let x(t) be a solution of (2.1) with (6.1), with an initial velocity bounded
independently of & (|x(0)| < M), which stays in a compact set K for0 <t < ce™!
(with K and c independent of ). Then, the solution y| (t) of the initial-value problem
for the slow differential equation

yi() =¢eE (yi(t)) x Bo,  y1(0) =x1(0), (6.2)
remains O (¢g)-close to the perpendicular component of x(t) over times O™ :
lx1(@)—yi()] =Ce 0=1=c/e (6.3)

The constant C is independent of ¢ and t with 0 <t < c/e, but depends on the initial
velocity bound M, on bounds of derivatives of By and E on the compact set K, and
onc.

Remark 6.2 1t is well known in the physical literature (going back to [20, Eq. (13)])
that the perpendicular velocity is largely determined by the E x B term, as is justified
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by averaging techniques; see also, e.g., [10, Eq. (6)] in the numerical literature. An
O (¢) bound over times O(g~!) as in (6.3) was recently proved in [12] in the more
restricted setting of a constant magnetic field (B; = 0) and an electric field with
E|=0.

Proof The proof uses the modulated Fourier expansion of Theorem 4.1, in particular
the differential equations for zoil and Z::E} in part (c), and the familiar argument of
Lady Windermere’s fan [18]. We structure the proof into four parts (a)—(d).

(a) Over the (short) time interval 0 < ¢ < 1, Theorem 4.1 yields that

x1(t) =250 + 2] (0" + 27 [ (e + 0(e?),

where z(j_(t) = z(l)(t) +7° 1 () and zi} () satisfy the differential equations

9 =e(@+ 2D x B + E1@D) x Bo+ 0,
i% =P (z% X B](z(i)) + 0(e?),

and z:} = z}. We note that Zﬁ = ) = X| + O(e), because we have %(z(l)e”/*:) =

(iz(l) /e + 2(1))ei /¢ = O (). Moreover, the implicit differential equation for z(i can be
solved for z'(i to yield

) =e(2) x B + ELD) x Bo+ 0.

(b) On every time interval n <t <n + 1 (withn < c¢/¢) we can do the same and,
denoting by yTJ the function z(j_ on this interval and by z&"] the function z} , we have
x1 (1) = ") + 2Re (e F) 4 06, n<t<n+1,

where yT] and z

"I solve the initial value problems
= e (g x BIOYH + ELOY) x Bo,

yﬂi’l](”) =x1(n) —2Re (Z[ln](n)ein/s)’
and

A = py (M x By (M),

M) = —iePri(n).
We consider these initial value problems on the time interval n < ¢t < c/e. By
the error bound of the modulated Fourier expansion on the interval [n,n + 1] (in

particular at t+ = n + 1) as stated by Theorem 4.1 (b), by the essential uniqueness
of the coefficient functions of the modulated Fourier expansion and their bounds as
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stated by Theorem 4.1 (a), and by the approximation of the modulation functions z'

and z% on the interval [n, n + 1] by the functions yﬂi'] and z[ln] defined above, which
has an O (&2) error because of Theorem 4.1 (¢) and (d), we obtain

o+ 1) = e+ 1) + 0@,
Ma+ 1) =24"Nn+ 1) + 0?).

In view of the factor ¢ in front of the right-hand side of the differential equations for

yTH] and yT], this estimate implies that

WO = =06, nt1=i=zcle

Moreover, taking the inner product of the differential equation for z|"! with z!"! shows
that

d —T
alzﬁ’”ﬁ =2Rez]"! " =0,
and hence

Mo = 1w, n<t<ese

(c) Next we study the difference between yﬂ?] (t) and y, (¢) of (6.2). We have

t
W=y = (0 —y0) +e /0 (EL0P6) = ELGutn) x Bods
t
+ g/ (51(s) x Bi(3!" () x By ds.
0

The difference of the initial values is O (¢), and the last integral term is bounded using
partial integration:

t
8/0 (%1 () x Bi(3"(s))) x Bods
= (310 x BIOY0) = x0) x B0 x Bo

! B .
— /0 (6 x 5060 3w) x Bds.

This is O(e) for 0 < t < c/e, because x| is bounded by assumption and )'15?] (s) =
O(¢). With a Lipschitz bound of E and the Gronwall lemma, this yields that the
difference between yT] (t) and y (¢) of (6.2) is bounded by

Wy —yiey=0@), 0=<t=c/e
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(d) With the above estimates we obtain, forn <t <n+1 <c¢/e,
_ _ I L) PO [n] it/e [n] it/e
x1(1) = yi() = (x0.(1) = y"'(1) — 2Re (2" (1e"/*) ) + 2 Re (2" (1)e"/*)
n—1
+ Y (o - o)+ (Po - 3m)
j=0
= 0(e) + 0(e) + O(ne?) + 0(e) = O(e),

which is the stated result. O

6.2 Perpendicular drift of numerical approximations

For the Boris algorithm with large step size (1.1) and a small perpendicular component
of the starting velocity we obtain the following result from Theorem 4.2.

Theorem 6.3 Under the assumptions of Theorem 4.2 (in particular (4.2)—(4.3)), and
provided that the numerical solution x" of the Boris method stays in a compact set K
for0 <t < ce™! (with K and c independent of € and h), the solution y| (t) of the
initial-value problem for the slow differential equation (6.2) remains O (h*)-close to
the perpendicular component of x™ over times O (s~):

X —yi ()| < Ch*, 0 <t, =nh<c/e. (6.4)

The constant C is independent of € and h and n with 0 < nh < c/e, but depends on
the initial velocity bound, on bounds of derivatives of By and E on the compact set
K, and on c.

Proof The proof uses Theorem 4.2 and Lady Windermere’s fan in the same way as
in the proof of Theorem 6.1, without any additional difficulty. We therefore omit the
details. O

Analogous results hold true also for the standard and filtered variational integra-
tors, for the latter with non-resonant stepsizes (4.6), using the corresponding modulated
Fourier expansions as given in Theorems 4.2 and 4.3 . We note that for the filtered vari-
ational integrator we do not need the smallness assumption (4.3) for the perpendicular
component of the velocity required for the Boris and standard variational integrators,
but the mere boundedness of the initial velocity suffices for the filtered variational
integrator. However, in view of the O (eh) remainder term (instead of O(Ehz)) in the
differential equation for Z(:)I:l in part (c) of Theorem 4.3, the error bound of x| for the
filtered variational integrator is only O (h) instead of 0 (h?).

Numerical experiment. For the example of Section 2 and for the methods (i)—(iii) of
the numerical experiments of Section 5, Figure 3 shows the projection of the computed
particle trajectory onto the plane perpendicular to By = e3 up to time T = 5/,
for the fixed step size & = 1072 and three values of . The exact solution has a
gyroradius of O(g), which is too small to be visible in the figure. It is observed
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05 €= 10*3.5 €= 1071
0.5
g 0 g 0
-0.5
-0.5
-0.5 0 0.5 -0.5 0 0.5 -1 0 1
1 xy 1
0.5 — 0.5 0.5 -
e=10739 e=10"* e=10"4°
& 0 g 0 g 0
-0.5 -0.5 -0.5
-0.5 0 0.5 -0.5 0 0.5 -0.5 0 0.5
x1 x Z1
0.5 — 0.5 0.5 -
e=10"% e=10"1 e=10"%5
g 0 g8 0 & 0
-0.5 -0.5 -0.5
-0.5 0 0.5 -0.5 0 0.5 -0.5 0 0.5
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Fig. 3 Particle trajectory for times ¢t < 5/¢ projected onto the perpendicular plane as computed by the
Boris algorithm with starting values x(0), v(0) (top row), with modified initial values (3.4) (centre row),
and by the filtered variational integrator with starting values x (0), v(0) (bottom row). The step size used is
h = 1072 in all cases

that the Boris algorithm with the original initial velocity as starting velocity shows a
substantially enlarged gyroradius for 2 >> ¢, while after modifying the starting velocity
to (3.4), the Boris algorithm shows correct results. The same behaviour is observed
also for the standard variational integrator (not shown here, since the pictures are
indistinguishable). In contrast, the filtered variational integrator shows correct results
both for the original initial values (as shown) and for the modified starting velocity
(not shown here).

7 Long-term near-conservation of magnetic moment and energy
7.1 Time scale £~1: Standard variational integrator

For the standard (unfiltered) variational integrator with step sizes (1.1) and the modified

starting velocity (3.4) we can show energy conservation up to O (h?) over time e~ !,

@ Springer



E. Hairer et al.

provided that h® < ¢. We do not have, and do not expect, such a result for the Boris
algorithm in a non-uniform magnetic field (2.1).

Theorem 7.1 Under the assumptions of Theorem 4.2 , and provided that the numerical
solution x" of the variational integrator with step size (1.1) and starting velocity
(3.4) stays in a compact set K for 0 < t < ce~! (with K and ¢ independent of ¢
and h), the total energy (2.3) remains O (h%)-close to the initial energy over times
cmin(e~ !, h%):

|H(", 0" — H, 0D < ch?, 0 <nh <cmin(e™", h79%). (7.1)

Moreover, with the modified initial velocity, the magnetic moment (2.4) remains O (%)

small over times c e~

[I(x",v")| <Ce®>, 0<nh<ce L (7.2)

The constants C are independent of € and h and n with 0 < nh < c/e, but depend on
bounds of derivatives of By and E on the compact set K, and on c.

Proof The proof uses Theorem 4.2 and arguments from the proof of Proposition 6.2
in [13]. We first consider the energy behaviour over a short time interval of length
1, over which we can apply Theorem 4.2. With D = d/dr and the shift operator
e"P, with 8(¢) = ¢ — ¢ ' and p(¢) = ¢ — 2+ ¢~!, and with the expansions
8(eM)/(2h) = (1 + aoh? + auh® +...) and p(e")/h? = (1 + Boh® + Bsh* + ...),
we insert the decomposition (4.4) into the two-step formulation (3.2) of the numerical
method and obtain the equation for the function y(¢) in (4.4) as

. . B
$ 4 Boh>y @ 4 Bah*y© 4 = (5 4 aah*y P + aghty® + ) x ?0

8(ehD) s(ehD)
y —

7 o A = Ve + oz +o0m"), (13

+A )T

where the left-hand side contains only even-order derivatives of y, and the right-hand
side contains only odd-order derivatives of y. We multiply both sides of (7.3) with
y T. The multiplied left-hand side is the time derivative of an expression in which the
appearing second and higher derivatives of y can be substituted as functions of (y, y)
via the differential equation for y in part (c) of Theorem 4.2; cf. [14]. On the right-hand
side we have

— 3 e Bo(aah®y® + auh*y® +..)

1 d
+ y‘Tg(AE ) 8"P)y — 8<e’“’>A1<y)) - oM+ 0z + 0Y). (1.4)

The first term is 0({1\2) because y; = y; + y_; and its derivatives are O(g) by

Theorem 4.2. Since By is a skew-symmetric matrix, the first term is again the time
derivative of an expression in which the appearing second and higher derivatives of y
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can be substituted as functions of (y, y); cf. [14]. The same holds true for the second
term, as is shown in the proof of Proposition 6.2 of [13].

We have thus found a function Hj (x, v) with the properties that uniformly for all
x in a bounded domain and all bounded v with v, = O(g) we have

Hy,(x,v) = H(x,v) + O(h?), (7.5)

d
3 Hn @, 3(0) = 0(z») + omM). (7.6)

We now consider the equation for z. With the starting velocity (3.4) we have |z(0)| <
coh* for some constant c; see part (d) of Theorem 4.2. The differential equation for
z1 = 71 + z—1 can be written as

. 4e N
71 = ﬁu X Bop+ O(elz1|) + O(eh™).

Multiplying this equation with 2(z 1) " and noting that 2(z1) "z, = (d/dr)|z.|?, we
obtain

d
Emz < Celz|* + O(eh™),

which shows that |z ()| < ecet |z1(0)] + O (teh™). Moreover, from the proof of
Theorem 4.2 we have |z9(¢)| < C h2|z 1 (¢)]. Patching many short time intervals of
length 1 together as in part (b) of the proof of Theorem 6.1, we find that on each
of these intervals up to time ¢ £~ (but not on longer time intervals e~ with & > 1
because of the e“*’ exponential growth of our bound of z | ), we can apply Theorem 4.2
and the oscillatory component z on the interval remains of size oM. By (7.6) we
thus have

Hy(y(t), (1)) = Hp(y(0), 5(0)) + O (th®).

(Different to Section 6, we now do not put a superscript on y and z to designate the
interval of length 1 in which ¢ lies). Together with

H(",v") = Hy(x", ") + O(h*) = Hp(y(tn), (1)) + O(h?),

this yields the stated result for the energy.

The long-term smallness of the magnetic moment follows from (2.5) and the relation
V= y1(t) — (=D"z210) + O(gh?). This yields vl = O(e) by the differential
equations in part (c) of Theorem 4.2 for y4; and z41, which contain a factor € on the
right-hand side. These functions are again patched together over many short intervals
as is done in the proof of Theorem 6.1. O
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7.2 Time scale £~V for N > 1: Filtered variational integrator

We have the following result on the long-term near-conservation of magnetic moment
and energy by the filtered variational integrator with non-resonant large step sizes (4.5)
with (4.6).

Theorem 7.2 Let M > N be arbitrary positive integers. Under the assumptions of
Theorem 4.3 (in particular (4.5)—(4.6) and an initial velocity bounded independently
of ), and provided that the numerical positions x" of the filtered variational integrator
stay in a compact set K for0 <t < c e~ (with K and c independent of ¢ and h), the
magnetic moment and the total energy along the numerical solution (x", v") remain
almost conserved over such long times:

| 1(x", v") — 1(x°, v | < Ch

-N
).
|H(x",v") — Hx?, 00| < Ch

for 0<t<cminth ™, e

The constant C is independent of € and h and n with 0 < nh < ¢ min(h~M, e=N),
but depends on the initial velocity bound, on bounds of derivatives of By and E on the
compact set K, on c, and on the choice of M and N.

Proof The proof uses arguments that are very similar to the proofs of Theorems 2.2 and
2.3 of [15] on the long-term near-conservation properties of the standard variational
integrator for step sizes h < ce. We therefore only indicate the main steps in the proof,
which are marked as items (i)-(iv) below.

To simplify the expressions for the remainder terms, we assume in the following
the mild stepsize restriction 2" < & for some fixed m > 2 and we choose M > mN.
This is only done for ease of presentation and allows us to cover the time scale ¢ V.
Without this assumption we arrive at the stated time scale min(h~M, e=N).

(1) (Lagrangian structure of the modulation equations; cf. [15, (5.23)]) Over a
time interval of length 1 we consider the modulation functions ZK(7) of Theorem 4.3
multiplied with the corresponding highly oscillatory exponentials:

yi (1) = X (@)e*/¢ for |k| < N and y*(r) = 0 for |k| > N.

We writey = (yk)kez and define the extended potentials

1
Uy = 3y — "0
0<m<N m:

s(a)=0

1
AW = AWhez = Do ATy |

0<m<N
s(@)=k keZ
where the sums are taken over all multi-indices o = (!, ..., &™) with @/ € Z\

{0} with prescribed sum s(o) = a' 4+ ... + o™, and where we use the notation
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P (yO)y® = ¢ (yo)(y‘xl, e y“m) for the m-linear mth derivative of ¢ evaluated
at (y“l, oo y®™), and analogously for A (y0)y®. The terms for m = 0 are to be
interpreted as ¢ (y”) and A(y?).

The system of modulation equations of the filtered variational integrator can then
be written, up to O (g"), as the discrete Euler-Lagrange equations corresponding to
the discrete Lagrangian

=

Eh(yn,yn-H) _ ﬂ+1/2)*(‘p—1 ® I)vn+l/2

NI#N

(A(yn)+A(yn+l))* l’l+l/2 (u(yn)+u(yn+l))

with v*+1/2 = (y"*+! — y")/h, which differs from that of the standard variational
integrator only by the modified kinetic energy term with W ~!. We thus have

—1¢2 k 9A; : j u : N
wleiyt =Y (=@ ) dwy — s Ay — (¥ ) +0EM), 77
, ay dy
JEZ
where 8o, f (1) = (f(t +h) — f(t — h))/(2h) and 8} f (1) = (f(t +h) = 2f(t) +
f(t —h))/h?* denote the first-order and second-order symmetric difference quotients,
respectively.
(1) (Almost-invariant clo;e to the magnetic moment; cf. [15, Theorem 5.2]) With
the group action S(A)y = (€** yX) ez, (for A € R), we have
USH)Y) =U®), ASR)Y) =SM)A(y) forall i

Differentiation with respect to A (at A = 0) yields

Zlk (y)y =0

keZ

Z J—(y)y/ = ik Ak (y) for k€ Z.
JEZ

Multiplying (7.7) with —ik(y*)*, summing over k and using these relations yields that
the function

Inlyl(t) = — i Zkyk(t)*‘l’_lyk(t +h)
k
+ 21_5 Zk: k (Ak()’(f))*yk(t +h) — YR A (y(r + h)))

satisfies
Tulyl(t) — Tulyl(t — h) = O(he" ™) (7.8)
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and is thus an almost-invariant of the modulation system. Using the bounds of the
modulation functions, we find that

Lo = = — ('O e+ =y 0T e+ )
+ 55 (OO a1 % By =y 0 6T e+ 1) x By) + 0G).

Here, a calculation shows that the first term equals (1 + cos(h/e))lz} 1>/e2 4+ O(h),
and the second term equals — cos(h/s)lz} |2/ + O(h). So we obtain

1
Tulyl(t) = 8—2|z}(t)|2 + O(h).

On the other hand, since

n X
V=0 ———— +0()

R n+l _ ,n—1
= (14 (1 = sinc(h/e) ) B) % +0(e)

=220+ - (A" =TT ) + 0t atr =nh
and z0(t) x By = O(e), we find that
1
I(x",v") = 1[v" x Bo|* + O(e) = 8—2|zi(r)|2 + O(h).

So we obtain that the magnetic moment along the numerical solution is O (h)-close to
the almost-invariant:

I1(x",v") = Tylyl(nh) + O(h). (7.9)

(iii) (Almost-invariant close to the total energy; cf. [15, Theorem 5.3]) Multiplying
(7.7) with (y%)* and summing over k gives

g — d . o d
;@") wlayk — ; (aAk(y) Syt — (M 82hAk<y>) + L UG)
= 0(M). (7.10)

The arguments in the proof of Theorem 5.3 in [15] show that each of the three terms
on the left-hand side is a total differential up to O (™). So there exists a function

Halyl(®) = Knlyl(®) + Mplyl(®) + Ulyl (@),
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where the time derivatives of the three terms on the right-hand side equal the three
corresponding terms on the left-hand side of (7.10), and we have

L) = o)
— = 0(").
ar nly
We now determine the dominant part of H[y]. We find

2(21)*\117111

Knlyl = %(20)*\11’120 + (g sin(h/e) — 2sin2(h/28)> + O0(h)

hz
=122 + 2R (h sin(h/e) — 2sin2(h/2s)) + 0(h)
tanc(h/2e)h?
2
= 31202+ =L 12 " (1 + cos(h/e)) + O(h)

2
Mylyl = —cos(h/e)i + O(h)

Ulyl = p(2°) + 0 (h).
Thus we have

|z1( HI?

Hiulyl() = 312° 01 + 55— + ¢ 0)) + O (). (7.11)

On the other hand, from the formula for v" in (ii) we have, at t = nh,

Izl( nJ?

I = 1220 + =5— + o).

The energy along the numerical solution is therefore

|z 1(>|2

HE" ") = 30" P+ o (") = 3O + 55— + 0 0) + O ).

and hence we have
H(x",v") = Hulyl®) + O(h).

(iv) (From short to long time intervals; cf. [15, Section 4.5], [17, Section XIIL.7]).
The stated long-time near-conservation results are now obtained by patching together
the short-time near-conservation results of (ii) and (iii) over many intervals of length
1, via an often-used argument that involves the uniqueness up to O(eV*t!) of the
modulation functions. O

@ Springer



E. Hairer et al.

10 T T T T T T T T T

energy error
o
1

5k .
_10 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
%108
10 T T T T T T T T T
s °f 1
)
> 0 -
=
[)
& 5| J
_10 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
%108
T T T T T T T T T
0.08 i
S 0.06
(0]
2 0.04
£ 0.02
0
_002 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
%108

Fig.4 Energy error H (x,, vy) — H(xq, vg) along the numerical solutions of the Boris algorithm (top), of
the standard variational integrator (centre) and of the filtered variational integrator (bottom), obtained with
e=10"%and h = 1072

Numerical experiment. We illustrate the energy behaviour of the numerical methods
for the magnetic field

| 1 X2 — X3
Bx)y=—| 0 |+ |x1+=x3
€ 0.5 X2 — X1

and the scalar potential ¢ (x) = x13 — xg + %xf + xg + xg‘ . We take the initial values
x(0) = (0,1,0.D) T, v(0) = (0.09,0.05,0.2)".

We apply the three numerical integrators of Section 3 with & = 1074, step size h =
1072, and final time 7' = 10”. Figure 4 shows the energy error H (x,,, v,) — H (xg, vo)
along the numerical solutions of the Boris algorithm, the standard variational integrator
and the filtered variational integrator, taking the initial values x(0), v(0) as starting
values for all three methods.
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%107

energy error

%107
%107

energy error

0 1 2 3 4 5 6
x107
Fig. 5 Energy error H (xy, vy) — H(xg, vg) along the numerical solutions of the Boris algorithm (top)

and of the standard variational integrator (bottom) obtained with modified initial values (3.4) and step size
h = 10_2,f0r8 =107%

The energy errors of the Boris algorithm and the variational integrator (top and
centre picture) appear to behave randomly. Running several trajectories corresponding
to random perturbations of the initial data of magnitude 10~'% showed energy errors
that look like random walks with a deviation of magnitude 10 for r < 10°. For
larger times, some of the trajectories showed blow-up behaviour. A similar random
walk behaviour was observed also for the deviation of the magnetic moment, but the
deviation was less than 10~! for r < 107,

In contrast, the energy error of the filtered variational integrator oscillates with
a small amplitude without drift (bottom picture of Figure 4). The error I (x,, v,) —
1 (xg, vo) of the magnetic moment along the numerical solution of the filtered varia-
tional integrator has a very similar behaviour (not shown here).

If we apply the Boris algorithm and the standard variational integrator with modified
initial values (3.4), then the magnetic moment remains small over very long time,
oscillating between 0 and approximately 2 - 1076 over the whole time interval. In this
case of modified initial velocity, we observe very good near-conservation of energy for
the variational integrator while there is a linear drift for the Boris algorithm. However,
this drift becomes dominant over the small oscillations in the energy only for times
~ 107; see Figure 5.
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