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Abstract

In this paper, we consider a drift-diffusion system with cross-coupling through the
chemical potentials comprising a model for the motion of finite size ions in liquid
electrolytes. The drift term is due to the self-consistent electric field maintained by
the ions and described by a Poisson equation. We design two finite volume schemes
based on different formulations of the fluxes. We also provide a stability analysis
of these schemes and an existence result for the corresponding discrete solutions. A
convergence proof is proposed for non-degenerate solutions. Numerical experiments
show the behavior of these schemes.
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1 Introduction

Proper modeling of the motion of ions in electrolytes—mixtures of a solvent and N
ionic species which can be described by their concentrations ¢;—and associated simu-
lations are crucial for the development of efficient batteries, fuel cells, and many other
applications commonly considered as key technologies for the twenty first century as
well as for the understanding of ion channels and other features of biological systems.
The classical Nernst—Planck equation is a linear system which for given electrostatic
potential @, charge number z; and diffusion coefficient D; describes the evolution of
the ion concentration ¢; via

orc; —div(D;N;)) =0, N; =V¢; +zi¢;V® =¢;V (log(c;) + z; D) .

The self-consistent electrostatic potential is described by the Poisson equation

N
—V AV =)z
i=1

This model assumes that ions are infinitely small and that the ions of a given species
i interact neither with the solvent nor with other ionic species. However, in reality,
ion sizes are finite, and ion motion is only possible with a simultaneous displacement
of solvent molecules. Moreover, the effective size of ions is increased by the fact that
in a polar solvent like water, they are surrounded by a solvation shell consisting of a
certain number of solvent molecules. The inclusion of these effects into the model is
particularly important for concentrated electrolytes and in electrode boundary layers
with high ion concentrations.
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Finite volumes for Nernst—Planck—Poisson with ion... 101

Historically, there have been many, often independent attempts to fix this situation,
see e.g. the review in [3], the discussion in [30] or [40]. A comprehensive model
of ideal mixtures of solvated ions has been derived in [21, 22]. In [30, 31], a two
point flux finite volume discretization approach for these problems has been derived.
Various variants of ionic flux approximations have been investigated for the unipolar
case, where only one ionic species is considered, in [9], with the result that the flux
approximation approach introduced in [30] has several more accurate alternatives. For
two of them, we have been able to find appropriate generalizations to the case of several
ionic species. One of these generalizations has been independently introduced in [41].
They are analyzed in the present paper using a similar analysis framework. Focus will
be set on the cross-diffusion effects arising in the multi-species case, relying on [9]
for the coupling with the potential and partial treatment the non-linearity.

In the sequel of Sect. 1, the continuous problem is formulated, and several key
properties of the continuous system are discussed. Among these is the decay of an
entropy functional for positive solutions.

1.1 The Nernst-Planck-Poisson system with finite ionic volumes

Consider a bounded connected polytopal domain € C R?, and finite simulation
horizon T > 0. We model the evolution of the concentration cg of a solvent and N
dissolved species: ¢;, i € [[1, N]. The mixture satisfies a volume filling constraint

N
Z V¢ = 1,
i=0

where v; are the molar volumes of the species. We will use this constraint using ratios

of molar volumes k; = 3—8

N 1
> kici = —. (1.1)
i=0 vo

The coefficients (kq, ..., ky) are parameters of the problem and k¢ is by definition

equal to 1. As the molar volumes are not the same, the total concentration

Cc = Zci (1.2)

is not uniform. The set of positive concentrations ¢;, i € [[1, N]| such that ¢ is positive
is denoted by

N
1
A= 1(ci,....cn) € (0, +00)|co := . Zkici >0}.
0 !
i=1
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102 B. Gaudeul, J. Fuhrmann

We also introduce the topological adherence of .A:
_ [
A=1{(ct,...,cn) €0, +OO)N|C() = U_ — Zkici > 0} .
(.
i=1

For the sake of clarity, we will let C = (c1, ..., cny) € A and often consider ¢y and ¢
as functions of C thanks to (1.1) and (1.2) without clearly expressing the dependency.
The dissolved species follow a conservation equation:

dci —divDiN; =0,  Ni = ¢V (hi(C) + 5®) Vi e[[1,N]. (1.3)

where Z; = z; — k; zo the reduced charge number and D; > 0 the diffusion coefficient
are parameters of the problem, while /; (C) the chemical potential depends on all the
concentrations through:

hi(C) =Tlog & —kilog L Vi e[l, NT. (1.4)
C C

This system is supplemented with Poisson equation for the potential:

N
—A e ="y e, (1.5)
i=0

where cd°P : Q — Ris a constant in time doping profile. To simplify the computations,
we let 4P = i—g 4¢P, Using zp = 0, we have:

N N
cdop + ZZ[C,‘ = ¢gdop + ZZQ.
i=0 i=1

To avoid unnecessary complications of the notations, we will drop the tildas for the
reduced molar charges as the real molar charges do not appear anymore. Moreover, to
simplify the proofs, we will assume that the solvent carries no charge, hence zop = 0
and ¢9°P = (). Treatment of nonzero ¢4°P can be found in [9].

As in [9], we consider a Dirichlet boundary condition for the potential on a non-
negligible part of the boundary I'p C 0€2 and homogeneous Neumann boundary
condition on I'y = 9Q2 \ I'p:

o=o" on 0,T) xI'p, V&-n=0 on (0,7)x1IN, (1.6)
where ®P is assumed to be constant in time and in H!(2) N L®(RQ).
The system is supplemented with the following no flux boundary conditions for the
concentrations:

ciVhi(C)4+z;®)-n=0 on (0,7)xdR, forall ie[l, NI, 1.7)
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and with an initial condition C? satisfying:

e L™, A) and / A(x)dx >0  Vie[0,N]. (1.8
Q

1.2 Key properties of the continuous system

In this section, we attempt to exhibit the properties of a smooth enough solution
(C, D) to the system (1.3)—(1.8) so that calculations are justified. The first property is
the conservation of mass. In other words, thanks to (1.3) and (1.7), C satisfies for any

tel0,T],i e[l,N]:
/ci(O, x)dx:/ ci(t, x)dx.
Q Q

Moreover, we need the concentrations to be positive for (1.4) to have a sense. In the
discrete setting, we will show that the concentrations belong to 4. In the continuous
setting, it will be assumed. We hint that it might be possible to do it using the entropy
method [38], the flux formulation proposed in [30] and [35, Annex A]. Indeed, another
key property of the system is the dissipation of a free energy. In this case, the chemical
free energy density H (C) is defined as follows:

N N
H(C) := Zci log (CC:’) = Zci logc; —cloge.

i=0 i=0

This function is convex, however, the addition of the term —c log ¢ makes the proof
quite intricate. This point is detailed in “Appendix A” along with the proof of the
following equations:

0, H(cy, ...,en) = hi (O), Vi e[[1,N], C=(cy,....,cy) € A, (1.9
—log(N + 1)

: <H({C)=<0 VCeA (1.10)
vo min k;

The total free energy is formed by the integral of the chemical free energy density
and electrical terms:

2 IVOP? 2
E(C,®) = | HCO +22—"Ldx —22 | @pVad - ndy.
Q 2 o

Proposition 1.1 Let (C, ®) be smooth solutions of (1.3)—(1.8) such that C(t, x) € A.
For such solutions, E is a convex Lyapunov functional. Moreover, we have:

n
8,E+/ > Dici|Vhi(C) + z;®|dx = 0. (1.11)
21
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104 B. Gaudeul, J. Fuhrmann

Proof We have using chain rules and (1.9):

N
atf H(cl,...,cN)dx=/ Zhi(C)atcidx. (1.12)
@ iz

We also have using chain rules and integrating by part:

Vo
0y dx = ®9; (VO -n)dy — ®9; 1 ddx.
Q 2 9Q Q

Notice that we have V& -n = 0 on 'y and @ = ©p on I'p. Using Eq. (1.5), we have:

N
5 V|2 B
EWS ——dx— | ®pVd-ndy )= | @) zidcidx.
Q 2 ™ Q I

Using this equation and (1.12), we have:

N
WE = Z/ (hi(C) + zi P)d;cidx.
i=1%

Using now Eq. (1.3) and integration by parts, we have the desired Eq. (1.11). Due to
the non-negativity of D;c;, E is a Lyapunov functional. Its convexity follows from the
assumption C € A (see Lemma A.1). O

Finally, we introduce a notion of weak solution that relies on a reformulation of the
fluxes:
N; = Ve —kic;Viogey + (ki — 1)c;Vloge + zic; VO,

and the space of H! functions satisfying the Dirichlet boundary conditions for the
potential:

Hrp ={f € H'(Q), fi,, =0} and  Qr=(0,7T) x Q.

More precisely:

Definition 1 A couple (C, ®) is a weak solution of (1.3)—(1.8) if

e C e L®(Qr, A) with log(cp) € L*((0, T), H'(Q)),
e @ such that ® — ®P € Lio((O, T), Hrp);
e forallp € CX([0,T) x Q)N,i e[, N]

// ci3t<pidxdt+/ %0, (0, x)dx
or Q

—D; // (Vei + ¢iV(—kilogco + (ki — 1) logT + z;®@)) - Vepidxdt = 0;
or

(1.13)
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Finite volumes for Nernst—Planck—Poisson with ion... 105

e for all € Hr, and almost all # € (0, T'),
N
A2/ Vo(t, x) Vir(x)dx :f w(x)Zzic,-(t,x)dx. (1.14)
= @ i=l1

1.3 Positioning and outline

The structure of cross-diffusion systems challenges the maximum principle-based
methods. In this paper we aim to discretize the system (1.3)—(1.8). For N = 1 this
system is a nonlinear drift-diffusion problem and several discretizations have been
proposed in [9]. We focus on the extension of these schemes to the more general
setting with N > 1 while adapting the proofs to tackle the challenges introduced by
cross-diffusion.

More precisely, in Sect. 2, the two point flux based finite volume discretization
with two variants of the flux approximation is introduced. The main theorems about
the existence of discrete solutions and the convergence of approximate solutions are
stated. Existence, free energy decay, and positivity of concentrations are proven in
Sect. 3, whereas the convergence is proven in Sect. 4. Several 1D and 2D numerical
examples showcasing the proven properties of the discretization scheme are discussed
in Sect. 5.

2 Discretization and main theorems

In this section, we propose two discretizations of (1.3)—(1.8) and discrete counterparts
of the continuous properties. First, in Sect. 2.1, we state the requirements on the mesh
and fix some notations. Then in Sect. 2.2, we describe the common setting for the
two schemes to be studied in this paper. These schemes, presented in Sect. 2.3, rely
on so-called two-point flux approximations of different formulations of A;. Then in
Sect. 2.4, we state our two main results. The first one, namely Theorem 2.1, focuses on
the existence of a solution to the nonlinear system corresponding to the schemes for a
given mesh, and the dissipation of the energy at the discrete level. More precisely, one
establishes that all the studied schemes satisfy a discrete counterpart to Proposition 1.1.
Our second main result, namely Theorem 2.2, is devoted to the convergence of the
schemes as the time step and the mesh size tend to 0.

2.1 Discretization of (0, 7) x Q

In this paper, we perform a parallel study of two numerical schemes based on two-
point flux approximation (TPFA) finite volume schemes. As explained in [23, 28],
this approach appears to be very efficient for isotropic continuous problems when
one has the freedom to choose a suitable mesh fulfilling the so-called orthogonality
condition [29, 37]. We recall here the definition of such a mesh, which is illustrated
in Fig. 1.
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Fig. 1

admissible mesh as in
Definition 2

Tllustration of an

Definition 2 An admissible mesh of  is a triplet (7, €, (xg)ge7) such that the
following conditions are fulfilled.

®

(i)

(iii)
(iv)

The set 7 is finite and each control volume (or cell) K € 7 is non-empty, open,
polyhedral, and convex. We assume that

KNL=¢ ifK,LeTwithK #L, while |JK=2.
KeT

Each face ¢ € & is closed and is contained in a hyperplane of R?, with
positive (d — 1)-dimensional Hausdorff (or Lebesgue) measure denoted by
my = H? (o) > 0. We assume that HY~1(c N¢’) = 0 for o, o’ € £ unless
o' = o.Forall K € 7, we assume that there exists a subset Ex of £ such that
K = U, cg, 0 Moreover, we suppose that g 7 Ex = €. Given two distinct

control volumes K, L € 7, the intersection K N L either reduces to a single face
o € & denoted by K|L, or its (d — 1)-dimensional Hausdorff measure is 0.
The cell centers (xg)g <7 belong to their cell: xx € K, and are such that, if
K, L € T share a face K|L, then the vector x; — xg is orthogonal to K|L.
For the boundary faces o C 92, we assume that either o C Tporo C I'y. For
o C 0Q witho € Ek for some K € 7, we assume additionally that there exists
Xo € o such that x, — xg is orthogonal to o.

We denote by m g the d-dimensional Lebesgue measure of the control volume K.
The set of the faces is partitioned into two subsets: the set & of the interior faces
defined by &y = {0 € £ | 0 = K|L forsome K, L € T}, and the set Ex¢ of the
exterior faces defined by Ex = {0 € £ | 0 C 9}, which can also be partitioned
into EP = {0 c Tp} and EN = {0 c Tn}.

Notice that for any o € &gy, the edge center x, satisfying (2) is unique. Given
o €&, welet

lxg —xi| if o =K|L € &y, Mg
dy = . and 1, = —.
lxgk — x5| ifo € Eext. dy
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Thanks to (2) and (2), we have d, > 0, thus 7, is well defined. We finally introduce
the size h7 and the regularity {7 (which is assumed to be positive) of a discretization
(T, &, (xg)keT) Of Q by setting

. . . dxg, o
h7 = max diam(K), {7 = min min L
KeT KeT o€k dy

Concerning the time discretization of (0, T'), we consider an increasing finite family
of imes 0 = #) < t1 < ..., < ty;, = T. We denote by Az, = 1, — t, for
1 <n < Nr,by At = (Atp)1<y<n;»> and by hay = maxj<p<n; At,. We will use
boldface notations for vectors whose number of components is dependent on the mesh
while keeping the uppercase notation C when we also consider different species.

2.2 A common setting for the Finite Volume schemes

The initial dat_a CY which belongs to L*°(2, ./_l) thanks to (1.8) is discretized into
(C¥) ket € AT by setting

1
&= —/ A(ydx VK eT,iell,N]. (2.1
T IKT Jk
Notice that previous equation also holds for i = 0 and that this discretization satisfies:

> mick, =/ A(x)dx >0, Vie[0,N] and C% e A VKeT.
Q

KeT
2.2)

Assume that C"~1 = (c’}{i]) is given for some n > 0, then we have
" JKeT,ie[0,N]

to define how to compute (C", ®") = (C'I’(, @’}() ke First, we introduce some
notations. For all K € 7 and all o € £k, we define the mirror values C . and &’
of C% and % respectively across o by setting

7 if o = K|L € &,
P, = 1% ifo €&V,

o [cg ifo =KI|L € E,
Ko —
) = 07 [, @Pdy ifo eEP.

Cl ifo € Euxs

(2.3)
Given u = (ug)geT € R7, we define the oriented and absolute jumps of u across
any edge by

DKguzqu—uK, Dau=|DKgu|, VKGT, VUGgK.

We may now use these operators to describe our scheme. The potential is approximated
using the classic TPFA scheme for the Poisson equation:
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108 B. Gaudeul, J. Fuhrmann

N
—2 ) 1 Dgo®" =mg Yy zick,;. VKeT. (2.4a)

oelk i=1
The conservation equation is approximated using a backward-Euler scheme in time:
my ’i + 3 Fp,;=0. VKeT.ie[l NI, (2.4b)
UEEK

i 1,
where Fy ; should be a conservative and consistent approximation of — t’ o fa
n

Ni -nke (n ko denotes the normal to o outward K). Finally, the concentration of the
solvent is computed using a discrete version of the volume filling constraint:

cho=—— kick;,  VKeT. (2.4¢)

It remains to define the numerical fluxes Fy .. Two possible choices are given in
the next section.

2.3 Numerical fluxes for the conservation equations

To close the system (2.4), we have to define the numerical fluxes Fy .. As we intend
to use two point flux approximations, they should be of the form:

FW o 0 ifo e Ekm (25)
Kol ™ V¢, DiFi(Ck, Cp, @k, ®1) ifo = K|L € Eng '

For the sake of readability, we have chosen to define the flux functions F; for unitary
D;. Thus this constant should rarely appear in the functional inequalities of the follow-

ing sections. To preserve the conservation of mass, all the flux functions F; defined
afterward satisfy an anti-symmetry property:

Fi(Ck,CpL, Pk, ®r) = —Fi(CL,Cg, P, Px) VCk,Cp e A @k, 0 R, (2.6)
so that the fluxes are locally conservative, i.e.:
Fxko+FrLs=0 Vo=K|LeCE&y.
2.3.1 The centered flux

The first numerical flux we consider is based on the original expression of the flux
(1.3):

Ni = DieiV (hi@) + 2 ®).
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The gradient and edge concentration are independently discretized:

ck,i+tcLi

Fi(Ck,CpL, Pk, Q) = (hi(Ckx) — hi(CL)) +zi(Px — Pr)). (C)

This flux is a straightforward generalization of the eponymous flux presented in [9].
As such it is also similar to the fluxes introduced in [7, 11, 12, 15, 16].

2.3.2 The “Sedan” flux

The other flux under study is also a generalization of the Sedan flux presented in [9].
It originates from and is named after the SEDAN III semiconductor device simulation
code [47] and is used to handle the case of degenerated semiconductors in semiconduc-
tor device simulators, see [45, 46]. In [41], this approach was applied to ion transport
in electrolytes, resulting in a scheme almost identical with the one presented here. The
scheme relies on the introduction of the excess chemical potential

b (C) = hi (C) — log(ci) = — log(&) — ki log 2.
C

This excess potential characterizes the non-ideality of the electrolyte leading to the
following equivalent continuous flux formulation:

M =D; |:Vci +¢iV(zid+ U,(C))]

The Scharfetter-Gummel-inspired discretization [44] of this expression of the flux
leads to the so-called Sedan flux:

Fi(Ck.Cp, @k, ®r) = B(zi®r 4+ vi(CL) — 2Pk — vi(Ck))ck.i (S)
— B(zi®k +vi(Ck) — zi®r — vi(CpL))crL.i,

where B(x) = ﬁ for all x # 0 is the Bernoulli function. Notice that B can be
extended by B(0) = 1 and is in C*°(R).

Remark 1In [9] we studied two other schemes. One was based on the diffusion enhance-
ment and discretization ideas originating from [4]. The extension of this so-called
Bessemoulin—Chatard scheme to the multi-species case appears to be not feasible due
to the intrinsic use of one-dimensional chain rules. The other scheme based on activ-
ity variables and the averaging of the inverse activity coefficient was introduced for
the multi-species case in [30]. Numerical analysis of such a scheme is more intricate
and would likely not be satisfactory as we were not able to prove convergence in [9].
Moreover, unless more sophisticated inverse activity coefficient averaging strategies
are available, this scheme is considerably less accurate compared to all the others
discussed in [9].
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2.4 Main theorems

We have proposed two schemes (2.4), (2.5) supplemented with either (C) or (S).
Both schemes are nonlinear systems. Solutions to this nonlinear system should satisfy
discrete equivalents of the properties listed in Sect. 1.2, namely conservation of mass
and energy-dissipation. For the latter, we introduce the discrete energy functional E7
as a discrete counterpart of the continuous energy functional E. It is defined by:

2
E7(C", ®") =) mKH(C;’()+% Yt (De@") 22 Y Y 0P Dk, "
KeT oef KeT gePnEg
2.7
The first theorem proven in this paper focuses on the existence of discrete solutions
for a given mesh, and the preservation of the physical bounds: positive concentrations,
and the properties of Sect. 1.2.

Theorem 2.1 Let (7, &, (xg)xer) be an admissible mesh and let C° be defined
by (2.1). Then, for all 1 < n < N7, the nonlinear system of equations (2.4), (2.5)
supplemented with either (C) or (S) has a solution

", ") e AT xRZ.

Moreover, the solution to the scheme satisfies, for all 1 <n < Nr,

N
E7(C", @) —E7(C"™", ") < Aty Y "> " FR, Do (hi(C")+z;@"), (2.8)
i=1 oe&
and
> ckimk =/ A(x)dx Vi €0, NT. (2.9)
Q

KeT
The proof of this theorem is the purpose of Sect. 3. Knowing a discrete solution to
the scheme, (C", ®")1<,<n, we can define an approximate solution (C7 a¢, 7 ar)-
It is the piecewise constant function defined almost everywhere by

CT a(t,x) =Ck, DT a(t,x) =% if (1, x) € (th—1,1,] X K.

This definition will be developed in Sect. 4 and supplemented by other reconstruction
operators.

Using this existence result, we let (Tm, Em, (xK)KeTm)m>1’ (cn,, @) € AT x
RT, be a sequence of admissible meshes in the sense of Definition 2 and associated

approximate solution. We assume that iz, , has,, —> 0 while the mesh regularity
m— 00

remains bounded, i.e., {7, > ¢* for some {* > 0 not depending on m. A natural
question is the convergence of (C7, As,,» 7, At,) towards a weak solution to the
continuous problem. The convergence result is stated in Theorem 2.2 which will be

proved in Sect. 4.
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Theorem 2.2 For the two schemes under study, a sequence of approximate solutions
(C, At T, At,,)m>1 satisfies, up to a subsequence:

Cr,at, — C in LX)Vt o1 A, — @ in L*(Q7). (2.10)

Moreover if inf  esnm € g o > 0, (C, ®) is a weak solution of (1.3)—(1.8) in the
nell,Nr .1 0
KeT,
sense of Definition 1.

3 Fixed Mesh analysis

In this section, we intend to prove Theorem 2.1. To this end, we will use a topological
degree argument in Sect. 3.3. This topological degree relies on properties of the fluxes
and a priori estimates detailed respectively in the following section and in Sect. 3.2.
The methodology of this proof is very similar to the one done in [9]. The key changes
and improvements are concentrated in Proposition 3.2, Lemmas 3.2 and 3.5.

3.1 Analysis of numerical flux based functions

In this section, we introduce several functions derived from F;. As in [9], the first
functions of interest models the free energy dissipation for each species i € [[1, N]:

Di(Ck,CpL, Pk, ®L) := Fi(Ck,CL, Pk, PL) (hi(Ck) + 2Pk — hi(CL) — z;PL) .

We also introduce the local free energy dissipation D := ZlNzl D;. In addition to this
function, we can define a reconstruction of the concentration at the interfaces. This is
the purpose of the following lemma:

Lemma 3.1 For a flux F; defined either by (C) or (S), the corresponding face concen-
tration functions defined by

Fi(Ck,CL, Pk, 1) .
Ci(Cg,CpL, Pk, Py) = Vi e [1,NT (3.1)
' hi(Ck) +zi Pk — hi(CL) — 2Py

ifhi (Cx)+zi Qg —h;(Cr)—z; ®1 # 0canbe extended by continuity on Ax AxRxR.
Moreover, for all (Ckx,Cp, Pk, 1) € A x Ax R xR, and foralli € [[1, N]:

min(ck i, cr.,i) < Ci(Ck,Cr, g, Pr) < max(cg;,cr.i)- (3.2)

Proof The proof of the extension by continuity and the average property (3.2) is
highly similar to [9, Lemma 3.1]. For the centered scheme defined by (C), we have by
definition:

Ck,itcCL.i

Ci(Cg,Cp, Pk, P1) = > ,
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hence the extension by continuity and Eq. (3.2).
For the Sedan scheme, defined by (S), we introduce x; = log(ck ;/cr,i) and y; =
;P +v;(Cr) — z;Px — v;(Ck) and notice that:

hi(Cg) +zi®Px — hi(CL) —ziPL = xi — i,
Fi(Ck,CpL, Pk, ®L) = B(yi)ck,i — B(—yi)cr,i- (3.3)

Using the following property of the Bernoulli function:
B(log(a) — log(b))a — B(log(h) — log(a))b =0,  V(a,b) € (0, +00)?,
we have:

Fi(Ck,CpL, @k, D) = (B(yi) — B(xi))ck,i — (B(=yi) — B(—x;))cri. (3.4)

Finally using (3.3) and the differentiability of B, we have the desired extension on
A x A xR x R. We also have Eq. (3.2) thanks to the monotony of B and the relation
B(x) — B(—x) = —x forall x € R. O

Thanks to this lemma, D; rewrites:

2

Di(Cx. Cr, @i, ®1) = Ci(Cr, Cry Pk, D) (i (Cr)+ 2 bk —hi(CL) =2 Pr)

(3.5)

This new formulation along with (3.2) grants the non-negativity of D; and D. The
following coercivity lemma gives more detailed information on the behavior of D:

Lemma3.2 LetforS,e, M,c > 0,i € [[1, N]-

Ws e m,i(c) i= inf Di(Ck.Cr, Pk, Pr),
(Ck.CL)EA?, (Pk,DL)e[-M, M]?
CK,0,CL,0>€, CK,iZmin(Bv%)v cpi<c

Ys,m(c) == inf D(Ck,CL, Pk, Pr).
(Ck.CL)eA?, (Pk,dp)e[-M M]?
CK,ozmin(S,%), cro<c

(3.6)

We have, for all §,¢, M > 0:

lim Y5 pm(c) =400 and lim Wscpmi(c) =400 Viell,NI.
c—>0t c—0t
As the proof of this lemma is purely technical it has been relegated to Appendix B.

3.2 A priori estimates
In this section, we intend to establish uniform a priori estimates on the concentration

and the potential, in order to prove the existence of solutions that satisfies the properties
of Theorem 2.1.
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We assume that we dispose of (C", ®"),¢[0,N,,,] solution of (2.1), (2.4), (2.5)

. . . =T — .
supplemented with either (C) or (S)in A~ x R7 . Where A, the adherence of A is the
set of non-negative concentrations co, ...cy satisfying the volume filling constraint.
The first a priori estimate is the conservation of mass (2.9):

Lemma3.3 Forallnin [0, Nyaxll, i in [0, N] we have:

Z mgCl =f c?(x)dx.
Q

KeT

The proof is straightforward and classical thanks to the local conservativity of the
fluxes, the no flux boundary conditions, and the discretization choice for Co.

We can also build a discrete equivalent to Theorem 1.1 using E7 defined in (2.7)
and the dissipation function D;. This is the purpose of the following proposition:

Proposition 3.1 For all n in [0, Nyaxll, we have

Er(C", ®" E7(C" ", ®" ") <—At, Y "Di Y w,Di(Ck, C}, Py, )).
i o=K|Le&y
(3.7)

Remark 3.1 Thanks to (2.5) and the definition of D;, (3.7) and (2.8) are equivalents.

Proof The proofis fairly classical once noticed that thanks to Lemma A.1, H is convex
(thus E7 too). The inequality f(a) — f(b) < f'(a)(a — b) yields:

E7(C",@") — Ex(C"™, ") < Y~ Y “mx(ck,; — i Hhi(CR)
KeT i=1
+22 Z Ty, Dko ®" Do (®" — " 1) — 22 Z Z T, ®P Dk, (@7 — @71,
oe KETGGfDﬂgK

(3.8)

Notice that the left-hand side is the term of interest, we will then focus on the refor-
mulation of the right-hand side. We multiply Eq. (2.4b) by h; (Ck) + zi Pk and we
sum over the cells and species in order to get the following three-terms formula:

, cn_.l

5 S R 4 3 o 3 e
KeT i=I KeT i=1 In

Tchem T

N

+ Z( > F;éa,,)(hi(cm +2®x) = 0. (3.9)
KeT i=1 ‘oe&g
Taiss
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The term concerning the chemical energy, At Tchem, appears directly in (3.8), thus
we focus on Tg). Using Eq. (2.4a), we have:

Aty Ta =32 ) 1o Dgo® Dio (@' = @) =22 3" 3" 7,®) Dgo(@" — "),
ok KeT oeEPnEY

(3.10)
which is the second line of Eq. (3.8). For Ty, a discrete integration by parts (sum-
mation by parts) yields:

N
Thiss = — Z Z FioiDko(hi(C) + z; ®).

i=l oe&

Using this equation and equations (3.10), (3.9) in (3.8), we have (2.8):

N
E7(C", @") — Ep(C" ", ®" ") < At, Y " Y Fi, Dio (hi(C") + 2 ®"),
i=loef
which concludes the proof thanks to the preliminary remark. O

In the following lemma, we will show several bounds on the potential ® and then
take advantage of them to get a bound on the free energy dissipation:

Lemma 3.4 There exist Mo depending only on A, ol O i, ki, ..., kn), (21, ...,

9 UO
zn), and another constant M. depending also on {1 such that:

[®"lc <Mp, V1 =<n < Npya, (3.11)
Y Do ®" P < My, V1 <1 < Nypgr, (3.12)
oe€

Yo > w®PDko®"| <M., Y1 <1< Ny, (3.13)
KeT oeEPNEk
Nmax N

DY ALY Di ) 1w%Di(Ck.Cl, P, D)) < M, (3.14)
n=1 i=l  o=K|LcEp

Proof The proof of (3.11) is a straightforward application of [9, Proposition A.1]. As
the proof of (3.12) is detailed in [9, Lemma 3.6], we focus on the proof of (3.13),
assuming (3.12).

Multiplying Eq. (2.4a) by ®% and summing over K € 7 yields, using (2.3):

N
Y (De®") = Y ®PDko®" = Y Dhmk Y uck,.
1

oef oecED KeT i=
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Using Eq. (3.12), (3.11), and C" € 747, we have the desired result. The last result is
based on (3.7). Summing that equation, we have:

dex
Z Aty ZD Y. wDi(Ck. Cp @, }) < ET(CY, @) — Ex(CNmx, @Mnan)
i=1 o=K|LeEy

(3.15)
We have thanks to Egs. (1.10), (3.12), and (3.13):
log(N + 1 3
Er(CMo, oty > o8V ED 2y g B, 00) < 232w,
vo min k; 2
so that (3.15) becomes:
Nma 5 log(N + 1)
i 2,2
Z Aty Z D Y —t,Di(Ck.Cl. ¥y Y < MM+ 19 ok
= o=K|Le&y
Hence the desired result, up to the choice of a bigger constant M. O

Finally, we use the free energy dissipation result (3.14), and the estimates on the
T . . . —T
free energy dissipation functional to improve the assumption C" € A" .

Lemma 3.5 There exist €, €1, ..., €y positive, depending on, among other things, C°
and decreasing with min At and min, cg 1, such that:

C'I’Q >¢ VK eT,nell, Npaul,i €0, N1

Proof The proof follows the idea of [14, Lemma 3.10] (see also [15, Lemma 3.7],
[9, Lemma 3.7]). We start with the proof for i = 0 and a fixed time step n using
Ys,Mq» then treat the case of i € [1, N]| using Ws ¢, m,,; and finally notice that no
assumptions were made on 7.

Thanks to assumption (1.8) on the initial concentrations, and Lemma 3.3, we dispose
of K € 7 such that:

> dx=:50>0
k.0 |sz|/

We let §; = Ta_o M®(m1n AT mm,qu N] Drmin 5 i ) where M, is as in Lemma 3.4. It is
well defined thanks to the monotony of Y and Lemma 3.2. Moreover, we have for
every cell L sharing an edge with K:

C’Z’O > 8 >0,
thanks to the positivity of D; and Eq. (3.14). Similarly we recursively define:

M,
min Af min;eqy, vy Di ming g 75

8141 =15 1o ( ) Vi € N*, (3.16)
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and notice that thanks to the connectivity of €2 there exist [ < card(7") such that, for
allL € 7:

Hence a possible choice for €. As explained above, the proof is exactly the same for
i € [[1, N, with the use of W5 ¢, m,; instead of Y5, in Eq. (3.16) and again does
not depend on the time step n > 1. O

3.3 Existence of solutions

Using the estimates of the previous section we can establish the existence of a solution
to our numerical scheme. Thanks to Proposition 3.1 and Lemmas 3.3 and 3.5, this will
conclude the proof of Theorem 2.1.

Proposition 3.2 Let C° be defined by (2.1). Then, for all 1 < n < N7, the nonlinear
system of equations (2.4), (2.5) supplemented with either (C) or (S) has a solution
", @) e AT xR7,

Proof As in [9, Proposition 3.8], we use induction and a topological degree argument
to transform continuously the non-linear system (2.4), (2.5) to a linear one. However,
the path presented in [9] is no longer valid as we do not have a monotony property
on h;. The homotopy follows 3 steps. The first one is sketched in “Appendix C”, the
second one changes the discretization while maintaining k;, D; to 1 and the potential
to zero. The last step corresponds to the activation of the potential and the remaining
nonlinearities.
Following these ideas, we follow the zeros of a homotopy H* for @ € [0, 3]:

AT xRT - ®RM)T xRT
e, ®) — HYC, D),

o

which is a standard finite volume scheme for the heat equation for « = 0, and our
scheme for « = 3. Thanks to (2.4c), for every «, ¢o is eliminated, and proving
¢o...cy > 0allows to conclude that uniformly in &, ¢; < % O
Step 1: implementation of the solvent effects using an ad hocscheme. For « € [0, 1],
H* = 0 means that forall K € 7,i € [[1, N]:

n—1
CK,i —Cg; CK.i —CL.i
LT D Y S e LS (log(CL,i/c‘K,i)+a(10g(CK,o/CL.o)))=0,
Aty o—K|L&Em log(ck,i/cL,i)

—22 Z 7, Dgo® =0,

(765[(

where dDD? is set to zero. As expressed in Lemma C.1 we dispose of €; such that the
zeros of H* have a concentration that is bounded away from zero by €.
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Step 2: change of scheme without potential and for identical species. We change the
discretization of ¢; V log(c;/co). For a € [1, 2], H* = 0 writes:

n—1
CK,,' — CK .

A7 LTmg + Q2 —a) Z
n o=K|LeEK int

(log(er.) ~ log(ex ) + (log(ex o) — log(eL.0)))

Ha—1) Y. 1Fi(Ck,CL,0,0) =0,
U=K|L€gl(,im

—22 Z Ty, Dgo® = 0

O'GE:K

CK,i —CL,i
Og(cK l/CLl)

where k;  is set to 1 and CDO? is again set to zero. Here again we dispose of € such
that the zeros of H* have a concentration that is bounded away from zero by e>.
Step 3: activation of the potential and the difference between the species. Fora € [2, 3],
‘H® = 0 means:

CK.i— C’;’(_il
“mg + (3 —a+ (@ —2)D;)
Aty

Y wFi(Ck, CL, (@ = 2)®k, (@ —2)L) =0

o=K|LeEK int
N

—a? Z Te Do ® = mg Z(Ot = 2)zici,

oelk i=1

where <I>£ issetto (@ —2)®p and k; o to 3 — o + (o — 2)k;. Thanks to Lemma 3.5,
we dispose of €3 such that the zeros of H* have a concentration that is bounded away
from zero by e3.

Conclusion. Using a topological degree argument [20, 39], we can derive the existence
of a solution for H* = 0 for « = 3. A detailed development of this argument applied
to a finite volume scheme for a scalar nonlinear convection-diffusion problem can
be found in [26], proof of Lemma 4.1. It is straightforward to state the existence of
a solution for H® = O—the classical finite volume scheme for the heat equation.
This leads to a nonzero toplogical degree of 7. We have shown uniform bounds on
the concentrations from below by min(eq, €3, €3) and above by — and the potential:

+M¢. Continuity of H* and the homotopy invariance of the topolog1cal degree yield
a nonzero topologial degree of 7> and thus the existence of a solution for > = 0.

Remark 3.2 Concerning uniqueness of solutions, we think that, given the correspond-
ing results for semiconductors found e.g. in [34, 36], it is worth to investigate
uniqueness for the thermodynamic equilibrium, and for small times/applied voltages
around thermodynamic equilibrium.
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4 Convergence

In this section we prove Theorem 2.2, which states the convergence of our schemes
towards a weak solution. We consider a sequence (Tm, Em, (xK) KeT, )m>l of admis-
sible meshes with iz, , has,, tending to O as m tends to +-oo, while the regularity ¢7.,
remains uniformly bounded from below by a positive constant ¢*.

Thanks to Theorem 2.1, we have a family of discrete solutions (C,,, ®,,),,. We will
first propose different reconstructions of approximate solutions in Sect. 4.1, then we
show several compactness properties in Sect. 4.2 in order to obtain the convergence of a
subsequence of approximated solutions. Section 4.3 is then devoted to the identification
of the limit as a weak solution.

To enlighten the notations, we will remove the subscript m as soon as it is not
necessary for understanding.

4.1 Reconstruction operators

In order to carry out the analysis of convergence, we introduce some reconstruction
operators following the methodology proposed in [25].

The operators 77 : R7 — L>®(Q) and T At : RZXNt 5 [0, T) x Q) are
defined respectively by

mru(x) =ug ifx ek, Yu = (Ug)ker »
and

nr At x) = ug if (t,%) € (o1 ta] X Ko Yu= () e orioyon, -
These operators allow passing from the discrete solution (C", ®");-, -y, to the
approximate solution since

Orar =77 A (®), T Ar =TT A(Ci), Vie[l, NI

To carry out the analysis, we further need to introduce an approximate gradient
reconstruction. Since the boundary conditions play a crucial role in the definition of
the gradient, we need to enrich the discrete solution by face values (cg)a cEonl<n<N
and (cbg)oegem,lsnsN defined by C; = Ck_ and @} = &% foro € L N Ek.
With a slight abuse of notations, we still denote by C" = ((C%)Ke% (Cg)aegm)
and ®" = ((P%)gxer, (P1)yes,,) the elements of A7YEex and R7Yex containing
both the cell values and the exterior faces values of the concentration and the potential
respectively.

For 0 = K|L € &y, we denote by A, the diamond cell corresponding to o, that
is the interior of the convex hull of o U {xg, x..}. For o € Eex, the diamond cell A,
is defined as the interior of the convex hull of o U {xg}. The approximate gradient
Vo : R7Yexn 5 [2(Q) is piecewise constant on the diamond cells A, and it is
defined as follows:
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Dgosu

Vzu(x) =d ng, ifx e Ay, Vu € R7 Vet

(e

We also define V7 4y : R(ZUex)xNT _y LZ(QT)d by setting

_ no e (T UEext) X N
Vrau(t,)=Vru" ift € (tyi, 1],  Yu=(u )1SnSNT e R\ Yeext) XNt
This reconstruction is merely weakly consistent (unless d = 1) and takes its source
in [17, 27]. More consistent reconstruction operators will be introduced in Sect. 4.3.

Let us recall now some key properties to be used in the analysis. First, for all u, v €
RTU‘gext’

1
Z To DgottDgov = E/ V7u - Vrodx.

oef Q@

This implies in particular that

1
3t IDoul® = 5/ \Vruldx, Vu e RTUEx 4.1)
Q

oe€

With slight abuse of notations, we extend the reconstructions operator presented
above to the vectors of concentrations in AT, AT <Nt , etc.

4.2 Compactness

In this section we intend to prove a discrete H' estimate on the concentrations using
the bound on the free-energy dissipation (3.14). To that extend we will introduce a
chemical dissipation Dcpem as a discrete equivalent to Y ¢;|Vh; (¢) |2 and compare it
both with the usual distance and the total dissipation D.

As the identification of the limit is only possible for

inf ¢ go>€>0,
mesh m T
n€ll,Nt ]
KeT,

the results of this section are proved under this assumption and complemented with
remarks indicating whether the hypothesis is necessary or not. In order to apply chain
rules for the convergence, we need to change the face concentration C from the one
defined by the numerical scheme through Lemma 3.1 to the logarithmic average:

CK,i —CL,i

Ci(Ck.Cp) =
’ log(ck ;) — log(cr.;)

Vi € [0, N]. (4.2)

This choice of edge concentration will also be used in the definition of Dcpepy to
avoid a dependency on the potential. The following lemma provides an estimate the
numerical-flux based averages using this logarithmic average.
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Lemma 4.1 Forall € > O there exists o > 0 depending only on €, Mg such that, for
all(Ck,Cp, Pk, Pr) € AXAX[—Mg, Mg x[—Mg, Mo, andforalli € [1, NJ:

ck0,cL0>€ = acCi(Ck.Cp) < Ci(Ck, Cr, Pk, Dp). 4.3)
Proof For the centered scheme, this inequality is known with o = 1 without assump-
tion on ¢ [42]. For the Sedan scheme the proof is more intricate and uses the hypothesis

on cg. Equation (4.3) is equivalent to the boundedness of

Ci(Ck.CpL)
Ci(Cg,Cr, ®k, ®p)’

Ri(Ck,CpL, Pk, Py) =

forcx 0, cL.0 > €.

Introduce x; = log ,and y; = ;@1 +v;(CL) —zi P —vi (Ck) as in the proof
of lemma 3.1. By symmetry, one can assume x; > 0 and thanks to our assumption on
the solvent and the potential, y; is bounded by some K. Moreover, we notice that by
definition of x;, (3.4) yields:

Fi(Ck.CL, Pk, @) = cri(B(yi)e™ — B(—y)),

so that we have:

et —1 Xi — Vi
xi  B(ype' — B(=yj)

Ri(Ck,CpL, Pk, P) =

The right-hand side can be seen as a continuous function of x;, y;. It is bounded on
the boundary of its definition domain [0, +00) x [—K, K] and admits a finite limit
B(u) for x; — o0, y; — i, thus R; is bounded. O

Remark This result does not hold for € = 0. In that case, we have to introduce:

Ci(Ck,Cr) = inf Ci(Ck,Cr, Pk, o1),
(Pk,Pr)E[-Mo, Mo ]?

for which this lemma is trivially true with @ = 1. That third edge reconstruction should
be used in the following definition.

Then we try to take advantage of Proposition 3.1. As Lemma 3.4 already provides
satisfying estimates on ®, we introduce

A2 — R

Dehemi(Ck- €LY 001y s G(Cky CL)(hi(Ci) = hi(CL))

and

N
Dchem = Z Dchem,i~
i=1
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A first interesting result is that D¢pen is @ semimetric on A. The non-negativity and
symmetry properties are trivially satisfied, the last property is the subject of the fol-
lowing lemma.

Lemma 4.2 We have Dchem(Ck, Cr) = 0ifand only if Cx = Cp,

Proof If Cx = Cp, we obviously have Dcpe (Ck, Cr) = 0, we will then focus on the
other implication. Assume that we dispose of Cg, C, in A such that Depen (Cx, Cr) =
0. We let fori € [[0, N]:

CL,i

ag,i = log CEK—K’Z ar,; = log E, “4.4)

such that ; (Cg) = ag.i — kiaK’(). We have 8; (Ck,CpL) = min(cK,i, CL,i) > 0, thus
Dechem 1s the sum of non-negative terms. As we have Depem (Cx, Cr) = 0, we have:

ag,i—kiago=ar; —kiaro Vi €[1,N].

Assume that ag o = aro, then Ax = A, where A = (ap, ..., ay). Using
ZzN=0 kiet = %E’ Ag = Ar implies Cx = Cp.

The other case is absurd: using the symmetry of Dcpem, One can freely assume that
ag.0 > aro. Using k; > 0, we have ax ; > ar ;Vi € [[1, N] hence:

N N
1= Ze“’“ > ZeaU =1
i=0 i=0

]

. . —2 . .
The function D¢hem cannot be extended by continuity onto .4~. Some information for
near zero concentrations can be inferred from lemma 3.2. The following sequential
result means that the semi-metric property is preserved near the boundary 9.4

Lemma4.3 Let (Cl , Ci) be a sequence ofAz. IfDChem(C[ , Cé) — 0 then CIK —
ClL — 0.

Proof For the sake of simplicity, as this result will only be used with a lower bound on
co, we keep the proof'to this simpler case and assume that inf (clK’O, clL’O) > (. Toprove
the limit, we will show that from any sub-sequence, we can extract a sub-sub-sequence
such that C% - ClL — 0. Considering any sub-sequence, thanks to the boundedness
of A we can extract a sub-sub-sequence such that C 5( and C lL converge. If we dispose
of i € [[1, N]| such that clKi — ¢* > 0 while clL’i — 0 (or the symmetric situation),
then we have:

c*

Ci(Ch,Cly ~

— % and (h‘(C’)—h-(C’)>2 ~ log(c) )
{—o0 —IOg(ClLi) K L [—o00 L

4.5)
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so that Dchem,i(Cﬁ(, Ci) ~lsoo —CF log(clL’l.) — 00, which is absurd. Necessary, we
have clL’l. — 0 if and only of clK,i — 0. If {i| infl(clL’l.) > 0} is empty we have the
desired result. Else, we use Dchem,i(Cﬂ(, CIL) — 0, to get:

ay ; — ki o =a} ; —kiaj o +o(1) Vi e[l NI, irllf(clL,i) >0,

where ag ;, ar ; are defined by (4.4). As both clK’l. and clL’ ; are bounded away from

Zero, a'. . and @’ . are convergent up to a subsequence. Using our assumption on 0,
K,i L,i

we have the convergence of alK o and ai o up to yet another subsequence. Then we
conclude using the proof of previous lemma. O

Remark_The main simplification brought by the restriction to the setting co > € is the

use of C; in (4.5). The end of the proof can be adapted by considering the behaviour
l l

of ag o —ay o

This semi-metric is however not commonly used and the following lemma intends to

compare it with the usual distance.

Proposition 4.1 Foralli € [0, N, there exist M such that:

2
(ck.i—cL.i) 2
— " <M, VCg,CLeA. (4.6)
Denem(Cx, C) ot

Proof We will prove the result for i € [1, N]| using reductio ad absurdum and case
exhaustion.

1 n 2

Let (C7, C") e (A2)N be such th ki) eleter = or e

e ,C}) e e such that 5= & oo . Welete" :=C} %

and use the boundedness of A to extract a convergent sub-sequence of (C%, €") and

denote (C*, €*) its limit. As ¢; is bounded, we have Dchem (CYy, C}) — 0. Thanks to

Lemma 4.3, we have €* = 0 so that we will consider first order development in €”.
We notice that the blow-up of the ratio implies that:

Dehem j(C, C) = o(l€"*)  Vj e, NT. (4.7)

For the sake of readability, we will drop from now on the superscript ”. We have to

consider three cases:

(D) cjf = 0 implies €; = o(|€]);

(2) we dispose of species such that €; # o(|¢]) and c;f = 0, but for all of them
log % remains bounded;

(3) we dispose of a specie such that €; # o(|€]), c}f = 0, and up to a subsection,

¢

log

+L‘j
< blows-up.

O

Preliminary remark about the solvent We consider j € [1, N]| such that cj > 0 and

lete; = Z;\I:o €;. If such a j cannot be found, then ¢y — % and the conclusion (4.8)
holds. Else we have, thanks to (4.7):
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e L9 — 0geh and  log L Z 0(le))  and
Cj Cj
hj(Cg)—hj(CL) = O(le)),
so that:
co + €0
log = O([e)),
co
thus: . cote .
O _0@eh  and  log 2T — 04 hqe). (4.8)
0 Cco Cco

Conclusion of the proof in case 4.2 The proof of this first case is by far the most

intricate of the three. It is done in two step: first we use our hypothesis on Dchems €,

and € to obtain a estimate where the species are coupled through an ersatz of € and c.

Then we show an improved version of the Cauchy-Schwarz inequality to improve the

estimate into decoupled estimates which are incompatible with our hypothesis 4.2.
First order development of /1 gives:

hj(Ck) —h;(CL) = C—— '—+(k —1) +o(e),
J

Vjell, N]],cj > 0.

Thanks to (4.7) we have the estimation:

C— —k, +(k - 1)— = o(le]),
J
Vje [[1,N]],cj > 0. (4.9)

To correct the effect of the species with negligible concentrations, we let:

—ijq g=€~0+26]‘ and ¢C= ch

C;‘>O c;f >0 c}’f >0
j#0 j#0

By construction, we have ¢ = ¢ + o(1). Using the hypothesis (4.2) we have € =
€ + o(Je]) and €y = €g + o(J€]). These three results and Eq. (4.9) yield:

€; €0 3
Lk 4 k- Dz =o(e),  Yjell NI, > 0.
Cj CQ C

Welet; = E—j - %for Jj #0and & = % - % Previous equation yields:
& =kjko+o(el).  Vjell NI.ci>0.
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Considering ZC7>0 c;j&;j, we have:

~ ~ 1
0=¢—2=) cj& =) cikifo+o(le) =& (v—o +o(1>> +o(le),

* *
cj>0 cj>0
so that:

§o = o(le]).
We conclude the first part of the proof with the following estimate that follows from

4.7):
> cjEr =o(el). (4.10)

C;T>OU{0}

For the sake of readability, we will drop the ~ over ¢y in the second part of the
proof, introduce § = {j € [[1, N]]|c}‘f > 0}U{0}, and assume by symmetry that € > 0.

We have: s

€ 2
chgfzzc_{—?. (4.11)
J

jes jes
Letx; = /cj,yj = 5—27 X = (xj)jesand Y = (y;) jes. We have:
€2
€= xyj=X. ¥, IXP=E pyP=3 -
jes es €I
so that (4.10) becomes:
XPIY? = (X, 7)? = o(le[?).

The Cauchy-Schwarz inequality yields
6_12.

e2<7

o
<

0

*
c*
J

\

We intend to use ideas presented in [2] to improve the estimation of €. More precisely,
the stability version of the Cauchy—Schwarz presented in [1] gives:

We intend to show that ‘% — %

we let:
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RS x RS — R

X Y
€. ~|&-%

K :

and consider a minimizing sequence of K under the conditions

Cj>0, E()Z—ijGj.
jes
J#0
As K is invariant by scaling, we can assume that we have a convergent minimizing
sequence Cmf, inp Of limit C; ., € - and of norm equal to 1. Note that we do not assume
C € A, nor C} . > 0 thus we consider broader options than necessary for use in (4.11)
to ensure existence of the minimum. Finally, we notice that K is non-negative, thus
its infimum is either zero or positive We will prove the positiVity by contradiction.

Assume that the limit of K (C! ) is zero, we show that |Y. | is convergent up

inf? 1nf inf

‘l
in

. . i
to a subsequence. We consider j such that, up to a subsequence, is bounded

| inf

# 0, |innf ;! is bounded thus |Y; ! ofl 18 too, and up to another
— Oand X! |

away from zero. If ¢f j

subsequence, the latter is convergent. If ¢* . . = 0 we notice that x!

inf, j inf, j

|}mfj

is bounded away from zero, so that — 0, which is absurd. We let ¢ be the limit

of |Y! 2.
As we have assumed the infimum to be zero, we have:

mf‘

X % .
Einf,j = Cinf,j ~, V] e S.

inf

This would imply that € is non-negative, however, we have €t ) = — jes\(0)
kj emf j and e;’;f is of norm 1. This is absurd, hence the infimum cannot be zero. Thus
we dispose of 0 < o depending only on &, ... ky and S such that:

e<IXNIYI(1—a).

As we have assumed (using symmetry) € > 0, we also have o < 1. So that we
have:

j2 EQ AQ 2 2 6% 2
ZS__? |72 —W>|Y| (1—(1—a))=jezsc—j(l—(1—a) ).

Thanks to Egs. (4.10) and (4.11), we have:

> 4 = o(le),

jes €j

thus, thanks to (4.2), €; = o(|¢|) for all j € [[1, N]|, which is absurd.
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Conclusion of the proof in case 4.2 We dispose of j suchthatc; — Oand €; # o(|€]),
thus have up to a sub-sequence:

cjtej

Cj

2
lel = O(e;) and  Depemj = C; (log + O(le I))

The assumed boundedness of log <

1mphes that €; = O(c;) thus, c; # o(|€]).
Moreover, we also dispose of o = m1n(1 inf,, S + -1y > 0 such that:

~

C; > ac;

Ccite€;
Necessary, we have log % — 0 thus:
J

& €
Dchem,j > af + 0(_"),
€j €j

which is bigger than |e |2 and thus contradicts (4.7).
COnclusion of the proof in case 4.2 Let j be such that €; # o(le|), ¢j = 0, and

log & * blows- -up.
€j

We have:
+
hj(C+e)—h;(C) = log o +0(1)
J
and:
~ Ej
Ci(C+eC) = T
logc—j
so that:
€ t+cj
Dchem,j ~€j 10g ! J,
Cj

which contradicts (4.7) since €; # o(|¢€]).
Global conclusion

As each of the cases lead to a contradiction, we have the desired inequality for i €
[[1, N]. For the solvent, we see that:

N

ck0—cLo=—y kilcki—cLi),
i=1

thus the announced result up to the choice of a bigger constant M. O
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Remark Even though this lemma is proved without the assumption on co, its adaptation
to C is the most difficult. The shortest sketch of proof we obtained relied on the splitting
of case (4.2) in more than 15 sub-cases.

Using these tools, we may now prove the following necessary compactness inequality:

Proposition 4.2 For all € > 0, there exist M such that:

. 2 .
inf ¢y go>€ = |V7, ancili2p,) =M. Vi€l NI, Vm.
mesh m B T
nell,Nr 1
KeTy,

Proof We will show the result for i € [[1, N] and use the definition of A to extend

it the solvent. For improved readability, we will drop the subscript m, and for o =
K|L € &n,i €[1, Nl letCy; = Ci(Ck, CL, Pk, ). By definition, we have:

Nt
2
|VT,Atci |L2(QT) = Z Aty Z TO'(DU'C?)Z'
n=1 oe€int
Thanks to Proposition 4.1 and Lemma 4.1, we have:

N
M
Y Do)’ <M Y TDanem(Ci, CH=— D Y 7Ch (Dohj (€)%,

0€Ein 0=K|LeEk int € o€l j=1

It is sufficient to bound leq\zl At Zaeam rGCg’j(DUhj (C™)2, forall j € [1, N
to get the desired result. We have:

(Dshj(C™)* < 2(Dg(hj(C") — 2;9")* + 2(zj Dy ®")*.
Thanks to Eq. (3.14) of Lemma 3.4, we dispose of M such that:

Nr
D AL, Y 1,Cl i (Dg(hi(C") —z;8M)* < M.
n=1

UEgim
Moreover, degim ‘L'UCZ’ j(z Do ®")2 is also bounded thanks to (3.12) and the L™
bound on C; and z;. Thus we have:
Nt
D AL Y wCl(Deh(CM)? < M, (4.12)
n=1 oe€in

which in turn yields the desired result.
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For the solvent we notice that:

N
vfnaAtch = Zkiv/];n;Atmci’
i=1

so that the bound on all V-

ms

At,, Ci transfers into a bound on V-7 a4, Co. O

Using this discrete L?(H ) estimate, we use a discrete Aubin—Lions lemma to get the
compactness of the sequence of solutions, as stated in following proposition:

Proposition 4.3 Let (C,,, ®,,) be the family of discrete solutions defined either by the
centered scheme or by the Sedan scheme. In both cases, there exists P € L>®(Q7;R)N
L2((0, T); H'(R)), C € L*®(Q7; A) such that, up to a subsequence,

T, Aty Cm m::oC strongly in L2(QT)N+1, 4.13)
V1,.8t,Cn —> VC weaklyin L*(Qr), (4.14)
T Aty ®m m::OCD inthe L®(Qr) weak-x sense, 4.15)

VI, AL, ®n —> VO inthe L([0, T1, L*(Q)%) weak-+ sense. (4.16)

Proof For improved readability we drop again the subscripts m. The proof of the
first two result relies on a discrete Aubin—-Lions lemma [33, Lemma 3.4]. We intend
to use it in the setting described in [10, Lemma 9]. Proposition 4.2 provides a first
property, but we still have to prove that there exist C independent of the mesh such
that )~ [lc}! — c7_1||7,_1 < C, where || - ||7,—1 is defined by duality:

lellz -1 = sup ( fg mrenredy, |mreli, + 1Vreli, = 1).
@
Letg € R7 . Tanks to (2.4b), we have:

/ w7 (c! — c?_l)nq*(pdx = —At, Z VK Z Figi
Q

KeT oely

Using the definition of Fg o.; along with the definition of C; respectively Egs. (2.5)
and (3.1), we have:

/Qﬂf(c;‘ - c;“l)nﬂodx

=At, Y Dit,Ci(Ck.C}, @, ®])Dgo (hi(C") +2;®") Do 0.
0=K|LeEK int
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Thanks to the Cauchy-Schwarz inequality, we have:

/9717(0? — c;’_l)nT(odx

Bl—

<AnDi| Y wCi(Ch.ChL @, @) (Dkohi(C") + 20"
o=K|Le&nt
%

Y wCi(Ck. CL, . @) (Dkoo)’
o=K|LeEint

Using C; < —, the definition of D; and ||VT(0||2 < 1, we have:

=

At, D;

-1 ntJi

=T o1 < P E 7D (Ck, C}, P, )
Y0\ gk |Legi

Y

Using the Cauchy-Schwarz inequality and the Eq. (3.14) of Lemma 3.4, we have:

o=

_ At
D lief —¢f 1|T,ls<2 k2”2> (Zmn > raD,-(c;z,cz,df;(,@'z)) <cC.
n

n n 0=K|L€EEK int
This concludes the proof of Eqgs. (4.13) and (4.14).
We may now focus on the convergence of the potential. The existence of ® satis-

fying (4.15) is a straightforward consequence of (3.11). Similarly, (3.12) implies the
existence of a vector field u such that V7. A, ®, —> wuinthe L*°([0, T], LZ(Q)d)
m— o0

weak-x sense.
We have to identify u with V®. We let w € C°(Qr, R%) and define:

1
—/w(tn,x)dx Vo € E,nel, Nrll,
ol Js

w, =
and the associated diamond-cell reconstruction:
weat,x) =wl  ifx € Ayandr € (1,1, ty].

Thanks to the smoothness of w, we have convergence of wg A, toward w and:

// we At - V7, ar Pdxdt — f/ w - udxdt.
or Oor
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Using the geometric relation d,m, = dma_, and the definition of w’., we have:

Z (I)VI‘(/ div(w(tn,x))dx.

KeT K

Nt
// we ar - V7, ac®dxdr = =Y Aty
Or i=1

Thanks to the smoothness of w and the convergence of ®, we have:

// we Ar - VT A Pdxdt — — // @ div(w)dxdr = // V& - wdxdr
Oor Oor Oor

This concludes the identification of u and the proof of (4.16). O

These convergence topologies are sub-optimal and will be improved in Lemma 4.4.
First, we notice that for the concentrations, we also dispose of edge averages C and
C defined in Egs. (3.1) and (4.2). Using these edge values, we introduce two other
reconstructions. For i in [[1, N|, we let:

c;(ch ,CZ, q)';(, q)'i) ifx € Agjp and t € (t,-1, t,],
ck ifxeAy,o0€€EgNEXandt € (t,—1, t,].

CS‘At,i(x, t) - {

Similarly, we introduce Cg a; ;. As we expect, these reconstructions are convergent
and share their limit with w7 a¢c;. This is the main purpose of the following lemma.

Lemma 4.4 Let C be as in Proposition 4.3. We have:

T, At, Cm,i = Ci strongly in L, p € [1, 00) Vi € [0, NV, 4.17)
T, At, ® = @ strongly in L?, p € [1, 00), (4.18)
CE, Aty.i = Ci strongly in L?, p € [1, 00) Vi € [1, N1, 4.19)
Ce, Aty.i = Ci strongly in L, p € [1, 00) Vi € [0, N]. (4.20)

Proof Equation (4.17)is a straightforward consequence of (4.13) and the boundedness
of A. The proof of (4.19) and (4.20) rely on the Lemma D.2. Thanks to Proposition 4.2,
the hypothesis is satisfied with p, p = 2, using (4.17), we have the L' convergence of
the diamond reconstructions. Thanks to the L% bound on the edge concentrations, this
result translate in the desired equations. The enhanced convergence of the potential
relies on the same ideas as the ones given in the previous proof ([33, Lemma 3.4]
and [10, Lemma 9]) to get strong L? convergence. This is done following the lines of
[9, Proposition 4.5]. O

Finally, we show a weak-convergence property on the gradients of the logarithms:

Lemma 4.5 Let C be as in Proposition 4.3. We have:
V1T, A1, 10g(@©) — Viog(@y,) weakly in L*(Q1) . 4.21)
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Moreover, assuming inf  onm " > 0, we have:
m,K,0
n€ll,N7 n]
KeTn

VT, At, 10g(€n0) — Viog(co)  weakly in L*(Qr)". (4.22)

Proof Let us start with the proof on Eq. (4.22). By definition (4.2), we have:

1
V7. At, 108(€n0) = =V, At,,Cm.,0
CE, ALy, 0

so that, using (4.20), (4.14), and the assumed bound on ¢y we have:

1
VT,.At, log(em,0) — QVC().

We notice that the limit ¢p is also bounded away from 0 and conclude using the
continuous chain-rule.

For (4.21), we proceed similarly. Notice that since ¢ > m > 0 the bound

does not need to be assumed. We only need the strong L> convergence of the recon-
struction using the logarithmic average on the diamond cells. This is an application of
Lemma D.2, as in the proof of Lemma 4.4. O

4.3 Identification

In this section we will identify the limits obtained in Proposition 4.3 as weak solutions
in the sense of Definition 1. First we improve the convergence topology on the potential
and identify it as a weak solution of the Poisson equation.

Proposition 4.4 The function ® € L*((0,T), H (Q)) defined in Proposition 4.3
satisfies: ® — P e L0, 1), Hr,,) and for all y € Hr, and almostallt € (0, T)
Eq. (1.14) holds:

N
Az/ V@(t,x)-Vg[f(x)dx:/ w(x)Zzici(t,x)dx.
Q Q izl

Proof Let € C°([0, T] x {QUTN}), then define ¥ = ¥ (xg,t,) and ¥ =
Y(xg,ty) forl < n < Ny, K € T and 0 € Ee. As for [9, Proposition 4.5], we
introduce an other reconstruction of the gradient following [24] (see [ 18] for a practical
example). Let /757 ‘R7 = L®(Q)? be strongly consistent i.e.

Vry" =, V¥ (. tn) uniformly in Q, Vnel{l,..., Nr}, (4.23)

7—)0
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thanks to the smoothness of 1. The operator V is also such that

f Vru - ’V\Tvdx = Z T DgottDgyv, Yu,v e R7.
Q

oef

The scheme (2.4a) then reduces to

,\2/ Vr®" . Vrydx
Q
N

:/ ;mp"} umreldx, Vne{l,...,Nr}, V¢ € RTVExNr,
Q )
i=1

Integrating with respect to time over (0, 7') and passing to the limit A7, hay — 0
thanks to Proposition 4.3 Egs. (4.13) and (4.16) and Eq. (4.23) we have:

N
22 /f Vo - Vydxdr = f/ v Zzicidxdt, Vi € C([0, TT x QUIN).
or or

i=1

By density of C2°([0, T] x QUTN) in L*([0, T'], Hrp) and continuity of the linear
application, we have:

N
A2 f/ Vo - Vydxdt = // v Zzicidxdt, Vi € L*([0, T1, Hrp).
or or

i=1

In particular, (1.14) holds for almost every ¢ € (0, T').
Concerning the boundary conditions for ®, the fact that ® = ®P on 0,T) xI'p
can be proved for instance following the lines of [6, Section 4]. O

The following theorem focuses on the identification of C as a weak solution satis-
fying (1.13). As announced in Theorem 2.2 this can only be done with an assumption
on the solvent. Remark 1.1 is a first clue of the validity of this assumption. For positive
initial condition, this assumption is valid in all the numerical test. In the 1D setting
and under a CFL condition, it might be possible to prove it through improvements of
Lemmas 3.2 and 3.5. This could be the topic of further research.

Theorem 4.1 Let C and ® be as in Propositions 4.3. Ifone hasinf  yespm € g oC0 >
nel1,N7 e
KG'TZ,
0, they are weak solutions of (1.3)—(1.8) in the sense of Definition 1.
Proof Leti € [[1,N], ¢ € C°([0,T) x Q), then define 0 = ¢(xg, ty) for all
n €{0,..., N7} and K € 7. Multiplying (2.4b) by At,,go’;{l, then summing over
KeTandne{l,..., Nr}leads to

T\ + DT>+ D;iziT; =0, (4.24)
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where we have set
Nt

-1 -1
Ti=) Y mx(c;—ck ek

n=1KeT

Nt
Ty=) Aty ) 1Ch;Dkohi(c¢)Dkoo"™",
n=1

oef
Nt
Ty=) Aty Y 7%Ch Dko®" Dkoo",
n=1 oef

where (p"K_Ul = 0 foro € &y and C,; is defined by Lemma 3.1. The treatment of terms
T and T3 follows the lines of [9, Proposition 4.7].
More precisely, for 71 we use the discrete integration by part

Nt Nr—1
Z(Cn _ Cn_l)wn_l — _CO¢O + Z cn((pn—l _ (pn) +CNT(pNT_l,
n=1

n=1

and notice that ™7 = 0 to pass the time derivative on ¢. Thanks to the smoothness
of ¢ and the convergence of w7 A,c; and nTc?, we have:

m—0oQ

T, — — / f i pdxdr — f (0, dx. (4.25)
or Q

For T3, we extend in time the reconstruction introduced in the proof of Proposi-
tion 4.4 and notice that:

15 = /fQ cg At i VT At P - VT aArdxdr,
T

so that

m—00

T3 — // ¢ciV® - Vodxds. (4.26)
or

The treatment of the term 7> is more intricate. First we let fg be the same term with
a different edge concentration:

N
T, = Z Aty Z Tacg’iDKahi(cn)DKo‘pn_l’
n=1 oef

where 5; ;= @; (C%. Ck,) is the logarithmic mean introduced in (4.2). We will first
prove the convergence of T, then identify its limit. To this end, we set:
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T2 1= Z Aty Z ‘L’gC ,iDKcr 10g(6','-')D1<<r(0"_1,

oe€

T2 2 =—k; Z Aty Z tUC”,iDK(7 log(cg)DKU(p”_l,

oe€

T3 =(ki — 1) Zmn Y 7Cl Dio log(@) Do "~

oe€

For term fz,l we use the chain rule év(’;_l.DK(I log(c}) = Dgoc)! and get:

N
= Z Aty Z IGDKOC?DKU(o”_l = // VT, At cIVTm At, @dxdr.

n=1 oe€ or

Thanks to the weak convergence of V7, A, c; and the strong convergence of
V7. At,, @, we have:

f2’1 — // Ve¢; - Vedxdt.
or

For the other terms, we need the enhanced convergence of gradients provided by
Lemma 4.5. So that the terms T2 > and T2 3 have the following limits:

Tho= —ki // Ce At VT, Aty 102(c0) VT, Ar,, @dxdt
Oor
— —k; // ¢; Vlog(co)Vedxdt,
or
T2,3 =0k —1) // Cg, At i VT, At log(5)§7;n,mmdxdt(p
or

— (ki — 1) // ¢;Vlog(c)Vedxdt.
Or

Let us now establish that 7> and fz share the same limit.
Thanks to the triangle and Cauchy—Schwarz inequalities, one has

N
| T, — le < Z At, Z T, |Cz);,i _ @ZI‘ ‘Do'hi(cn)| }Da(p"fl‘
n=1 oce&
2 @". — n )2 1/2
(Z Aty Z taC”’i|Dgh(cn)|2) (Z Aty Z Z mcn \Da(a"*' |2>
oe& n=1 oce€
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The first term in the right-hand side is uniformly bounded thanks to (4.12). Thus our
problem amounts to show that

o al (Cg,i _5g,i)2 n—1,2
Ri=) Aty Y To Do — 0. (4.27)
n=1

oe€ o,

Let us reformulate R as

N
R = Z Aty Z T |Ch; —C;
n=1

oef

~
n
0,i

L n—1 |2
7 .
Co,i

1—

|Do

on
o,i

C
Thanks to Lemma 4.1, the quantity ‘1 — o

is uniformly bounded, whereas the

regularity of ¢ implies that D, ¢! < || V¢ || sod, . Putting this in the above expression
of R, we obtain that

0<R=ClJc ; — C, il — 0
= < Cllcg,, Aty.i Em Aty il ©O1r) 55

thanks to Lemma 4.4. Thus 7> and Tz share the same limit, which gives the announced
result. O

Remark 4.1 As the proof is based on compactness we cannot extract convergence rates
for our solutions. The numerous non-linearities involved would render a proof of a
convergence rate difficult. The best rate one could hope for given the reconstruction
introduced is 1.

To get the second order "super convergence" shown in Fig. 6, we have used a
P reconstruction. To use this technique we need to use Voronoi meshes with cell
centers on the boundary of our domain so that the dual Delaunay mesh covers the
whole domain. Due to the specific treatment of boundary conditions in such meshes
(formally, 7, = +400) they are not covered by our analysis.

In meshes simply satisfying Definition 2, the key idea is to project the reference
solution to the space of constant by cells function, i.e. to consider only the discretization
errors. The projection to this Py space could be done either using L? projections (as for
the discretiation of the initial condition) or by taking the value at the cell-centers (to
acknowledge the degree of freedom in their choice for orthogonal meshes or simplify
the code).

5 Numerical examples

The numerical examples have been implemented in the Julia language [5] based on
the package VoronoiFVM. j1 [32] which realizes the implicit Euler Voronoi finite
volume method for nonlinear systems of diffusion-convection-reaction equations on
simplicial grids. The two two schemes (2.4), (2.5) supplemented with either (C) or
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Fig. 2 Evolution of electrostatic potential ®, solvent concentration c(, anion concentration ¢~ and cation
concentration ¢t for a symmetric binary electrolyte with equal sizes of solvent molecules, anions and
cations

(S) require the solution of a nonlinear system of equations for each time step. For
this purpose we use Newton’s method with analytical Jacobians with optional homo-
topy embedding. An advantage of the implementation in Julia is the availability of
ForwardDiff . jl [43], aforward mode automatic differentiation package based on
dual number arithmetic. This package allows the assembly of the analytical Jacobians
based on the implementation of functions calculating two point fluxes and charges,
without the need to write source code for derivatives. For the one- and two dimensional
examples in this paper, the resulting linear systems are solved using UMFPACK [19]
as Julia’s built-in sparse direct solver.

5.1 Species redistribution in a one-dimensional cell filled with binary electrolyte

Let Q = (0, L) with L = 20. As an initial state, assume a binary electrolyte with
two ionic species with opposite charges and a solvent. At moment ¢ = 0, we assume
a spatially constant, electroneutral distribution of the ions. We apply a potential dif-
ference via Dirichlet boundary conditions ®|,—9 = —10 and ®,—; = 10 and solve
the Poisson equation with these data as initial value. We set homogeneous Neumann
boundary conditions for both ionic species. With starting time step size Ar = 1073
we start the evolution until the species distribution reaches its equilibrium under the
applied potential difference. As discussed in [8], the time step sizes are controlled
such that the energy dissipation per time step is limited: E(t;) — E(fi41) < 107",
Figure 2 shows the evolution in the case v9 = v; = v» = 1,z90 = 0,21 =
1, zp = —1. At the end of the time evolution, most of the ions are accumulated in their
respective polarization boundary layers, almost completely displacing the solvent. As
predicted, the ion concentration is bounded by 1. The computation used the flux (S).
Figure 3 shows the evolution in the case v = v{ = v = land z90 = 0,z =
2, z2 = —1. Once again, at the end of the evolution, anions and cations pile up in the
corresponding boundary layers. Ion concentrations are bounded by 1, but due to the
larger charge of the cation, the corresponding boundary layer becomes smaller.
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Fig. 3 Evolution of electrostatic potential ®, solvent concentration c(, anion concentration ¢~ and cation
concentration ¢t for an asymmetric binary electrolyte with equal sizes of solvent molecules, cations and
anions
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Fig.4 Evolution of electrostatic potential ®, solvent concentration c(, anion concentration ¢~ and cation
concentration ¢ T for a symmetric binary electrolyte with equal sizes of solvent molecules and anions, but
larger cations

Figure 4 shows the evolution in the case v9 = v = 1, v; =2and z9 = 0,71 =
1, z = —1. Once again, at the end of the evolution, anions and cations pile up in the
corresponding boundary layers but now, the cation concentration is bounded by %
The corresponding evolution of the relative free energy E(t) — Eo is shown in Fig. 5.
We observe an exponential decay and almost equal behavior for both variants of the
flux approximation (S) and (C). Moreover, the time step control algorithm keeps the
dissipation per timestep below the intended limit. On the grid of 100 nodes the whole
computation took 700ms on an Intel(R) Core(TM) 17-9850H CPU with 2.60GHz. The
Newton method used 14 iterations for the first timestep, and at most 4 iterations for
the remaining time steps.

5.2 1D stationary convergence test
In the same domain as above, we setvg = 1,v; =2, v, = l,andz; = 1,20 = —1.

This time, we look for the stationary solution with homogeneous Dirichlet boundary
conditions for @, and Dirichlet boundary conditions for the concentrations. These
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Fig.5 Evolution of relative free energy and energy dissipation per time step for symmetric binary electrolyte

with equal sizes of solvent molecules and anions, but larger cations
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Fig. 6 Left: stationary solution of Dirichlet problem. Center and right: results of numerical convergence
test

boundary conditions are for x = 0, cjv; = 1.0 — 3¢, covo =€ andforx = L, cjv; =
€, covy = 1 =3¢, wheree = 1072, Implicitely, this sets co = 2¢ at both boundaries. As
shown in Fig 6, the result of the numerical convergence tests (comparison to fine grid
solution with 40960 grid points) for both types of fluxes suggest O (h?) convergence
in the L% norm and O (h) convergence in the H' seminorm.

5.3 An electrolytic diode

The second example regards a domain Q2 = (0, W) x (0, L) with W =2 and L = 10.
We assume z9g = 0,z = 1,20 = —landvg = 1,v; = 4,vp = 4. Aty = 0 and
y = L we fix concentrations to a value ¢; = ¢ = 0.01 We set ®|,—¢p = 0 and
apply a changing value ®;,s at y = L. At x = 0 we apply symmetry (homogeneous
Neumann) boundary conditions for &, ¢y, c2. Homogeneous Neumann boundary con-
ditions are also applied for ¢y, ¢ at x = W. We set Neumann boundary conditions
AVD -n =gq(y) atx = W, where

o, ye@lL,3L)
q(y)=1{-0, ye(tL, L)
0, else
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Fig.7 Electrostatic potential ®, solvent concentration c(, anion concentration ¢~ and cation concentration
¢ in an electrolytic diode filled with a symmetric binary electrolyte with equal sizes of solvent molecules
at reverse bias ®p;,5 = —10 (top), zero bias ®p;,5 = 0 (center) and forward bias ®p;,5 = 10 (bottom)

witho = 5.

Figure 7 shows three different states of the electrolytic diode. Figure 8 (left) shows
the corresponding current-voltage curve. We see a well developed rectification effect:
At reverse bias, ion concentrations under the charged surface are rather low, resulting
in low conductance and low ionic current. Whereas at forward bias, larger ion con-
centrations lead to a larger ionic current. On the 2D grid with 1681 nodes, the whole
computation for the IV curve took 19 seconds on the aforementioned system.
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Fig. 8 Left: Current-voltage curve for electrolytic diode, calculated using the scheme (S). Right: Conver-
gence of calculated IV curve

Figure 8 (right) shows the estimated error of the IV curve in dependence of the grid
refinement. Reference was a calculation on a grid with the quarter of the stepsize of
the finest grid result shown. From this experiment, we postulate a convergence rate
for the ionic current calculation of O (h?).
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Appendix A: Chemical free energy density and chemical potentials

In this “Appendix”, we aim to prove (1.9), (1.10), and some convexity of:

N
H(cy, ...cx) = —¢log(@®) + Y _ ¢;log(ci),
i=0
where cq and ¢ are functions of ¢y, ..., cy. This is summarized in the following lemma:

Lemma A.1 The N-variables function H is convex, moreover we have:

o, H(ct,....cn) =hi(C), Vie[l,N], C=(ci,...cN) € A, (1.9)
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—log(N + 1)

; <HC)=<0 VCeA. (1.10)
vo min k;

Elementary computation shows that:
8, H(C) = log = — kilog = Vi e [[1, N1.
c c

Hence the announced relation (1.9).
We now focus on the proof of the convexity of H over A. Let C, C* € A, we have:

al ci ct
(Vv H(C) — Vry H(CH)|C — C*) = Z <log — —log _—’*> (c;i — c;‘). (A.1)
= c c

To prove the convexity of H, itis sufficient to show that this quantity is non-negative.
To that extend, we introduce Ay, the natural extension of A in RN+ and consider
the right-hand side of (A.1) as afunctionof Cn 1 = (co(cy, ...CN), Cl..., CN) € AN+1
parameterized by C*:

N *
Ci ¢’
Gex(co, ..., cN) = E (log gt — log E_l*) (ci —¢f),
i=0

and show that mincy e 4y, (Gc+(C)) = 0. To do so we compute the derivatives
of G¢+ as a function of RV*! and use the Lagrange multiplier theorem. After some
simplifications, we have for all i € [0, N]:

=k

, cF ; c¥
B, Ge (0, on) = — (%‘ - —) + <1ogcé ~ log —)
1 c C c

¢ \ C

Notice that both terms have the sign of & — i The Lagrange multiplier theorem

c c*
states that any extremum satisfies:
Ja € R,Vi € [[0, N]], 0, Gor = ak;

Hence, all the partial derivatives of G ¢+ should have the same sign. Moreover, we
notice that the sum of ‘?_’ — % is zero. This is only possible the sign of the derivatives is
constantly zero, i.e. : %’ = z_—’* At such a point, we have G¢+ = 0. As the coercitivity

and continuity of G ¢+ grants the existence of a minimum, we have the desired result:
0 < (Vv H(C) — Vrn H(CH)|C — C¥),
which yields the convexity of H.
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We still have to establish the bounds (1.10). To that end, we notice that:
H(C) _CZ—I g— VC € A.

Ascis positive and 0 < %’ < 1, we have H(C) < 0. For the lower bound, we notice
that — Z —0 2 log <L can be interpreted as the entropy of a random varlable over a set

of N 4 1 elements. It is common knowledge that it is maximal for < =% + 7 thus:

—clog(N +1) < H(C)

Finally, notice that vomaxk; <c< m mlin Z yields
—log(N +1
M < H(C),
vo min k;

which is the desired bound.

Appendix B: Proof of Lemma 3.2

This “Appendix” is devoted to the proof of Lemma 3.2 stating the blow-up of the
diffusion for extreme concentrations. More precisely, we recall:

LemmaB.1 Letford,e, M,c > 0,i € [1, N]:

Ws e m,i(c) == inf Di(Ck,CL, Pk, L),
(Ck.CL)eA?, (Ok, ®L)El- M.MY
CK,0,CL,0>€, Ck ;j=min(d, ¢ UO) cri<c
Ys,m(c) :i= inf D(Ck,Cyp, Pk, DL).

(Ck.CL)eA?, (Pk,O1)e[-M, M
CK.oZmin(&%—g), cr.0<c

We have, for all 5§, ¢, M > 0:

lim s p(c) = +00 lim Ws.e () = +oo Vi e[, NT.
c—0t c—07t

We will prove the result for Ws ¢ »s ; first, then use this property to show the bound
on the solvent.

Limitof W5 o m,i
In this section we intend to prove the limit:

lim Wy pr.i(c) =+00 Vi € [LNI. 8.e.M > 0.
c—

c>0
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The proof for the centered scheme relies on expression (3.5):
Di(Cxk,Cr, Pk, P1)=C;(Ck, CL, Pk, ) (hi(Cx)+zi Pk — hi(CL)—ziPL)*.
We notice that h;(Ck) + z;®g — h;i(CL) — z; ©, blows up and that C; > %, hence

the blow-up of the limit.
For the Sedan scheme, it is more intricate and try to bound F; (Cg, Cr, @k, Pr)

away from zero to take advantage of the blow-up of (hi (Cg)+z;Px — hi(CL) — z;

D L). The positivity of the product, ensures that the limit will have the right sign. Let
8,¢,M > 0,i € [1, N]. We denote by O, the set:

Oc={(Cx.CL)y e A, @k, 1) € (=M, MPP | cx0.¢00 > € cxi €18, 1), eri <cf.

We notice that the hypothesis ¢y > € yields a bound on v;. Moreover, this bound
is uniform in c. We intend to use this bound to prove that the flux function defined by
(S) is bounded away from zero. We let:

M = sup sup zi®r +v(Cpri) — ziPx —v(Ck i) | < oo.
ceR;  \(Ck.CrL, Pk, Pr)€0,

We have, for all (Cg, Cr, Pk, 1) € O,:
Fi(Ck,Cr, @k, ®r) = B(M")§ — B(—M')c,
hence F; is bounded away from zero for ¢ small enough and the desired result.
Limitof Y5
In this section, we prove the remaining limit:

lim Y5, (c) = +00 V8. M >0
c—

To reuse the ideas of previous section, we would like to dispose of a specie i such
that ¢y ; > €. We start by building one artificially. Let §, M > 0, and:

0(0) = {(Ck. Co) € A, (®x, ®1) € [-M, M | exo €[5, 1), co <cf.

Notice that for all (Cg, Cr, g, Pr) € O, we dispose of i € [[1, N] such that
cLi > }{,{"3; Notice also that Y 3 is increasing, it is then sufficient to prove the
. . 4 . .

limit for a given sequence. Let ¢ be sequence that steadily decreases to zero such

that for all n € N, ¢" < 51 and there exist i € [1, NI, (C}, C}, @k, ®}) € O
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satisfying:

1 1
D(Ck. Cf. @ O < Mm@+ and e} 2 s
l

1
vo max k j

1
vo mink; ’

sc=

: n no.n 1 n
We have, using cpo=c"cg,; = Ty Cko= 8, the bounds

n 1 .
on &, and cri = INETG

n

hi(CL) + 2; @ — h; (CT) — 7; D" . ¢ L ij )
i\Lg Pk 1(CL) Z,CDL < kilog s + |ki 1|log L +10g(2N) + 2M|z;|.

ma
mink;

As all the terms are bounded except log(c") which goes to —oco, we have blow-up of
hi(Cyg) + zi @ — hi(C}) — z; P} .

For the centered scheme, we use C; (C, C}, &%, ®7) > , and we have:

L
4NU,‘

1

1 » 1
= m(hz(C?() +z; P — hi(C}) — Zi‘brli) -

hence the desired result.
For the Sedan scheme, we will also only consider D;, but we need a more precise
approach: as in previous section, we bound the flux away from zero. We let:

M' = sup ( sup 7z;®L + (ki — D) logep — z; Pk — U(CK,i)) .

CG(O,ﬁJ (CI(qCLqCDKsq)L)eo(.O«ﬂL,iZWl,)i

We have:

1
Fi(Ck., CL @, 1) < B (~kiloge" — M) = — B (kiloge" + M') 5

As the right-hand side tends to —oo, the left-hand side is bounded away from zero.
Using the previously detailed arguments, we have the desired limit.

Appendix C: Study of a numerical scheme for h; = log(c;) — alog(co)
To prove the existence of solutions to the Sedan and centered scheme, we introduce
this simplified cross diffusion system where the coupling occurs only through the
solvent using the chemical potential defined above. This system is discretized using
the ideas of the centered scheme and [13]. In detail, we use equations (2.4b), (2.4¢c)

with k;, D; = 1, z; = 0, and:

Fi(Ck,Cp, @k, ®r) = C;(Ck, Cr) (hi(Cx) — hi(CL)),
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CK.i—CL,
log(ck,i) — log(cr,i)

C;(Ck,Cr) =

where h; (C) is: log(c;) — o log(cp). We want to bound the concentrations away from
zero uniformly in «. This is the meaning of the following lemma, which is highly
inspired by Lemma 3.5.

Lemma C.1 There exist € = min(eg, €1,...,€x) > 0 depending on, among other
things, C° and decreasing with has and mingcg T, such that for all C"~' AT
satisfying Lemma 3.3, a € [0, 1], we have:

C’Il(’i > € VK, i

The proof follows the same reasoning as for the full system and is only sketched
here. Using (2.4c) we have:

Crll(o_crll(_(i
o mk== ), % (ko= ¢Lo)
" o=K|LeEim
—a Y R(Ck.C}) (log(ck o) —log(c} ) (C.1)
o=K|LeEy

where we have set:

CK,i —CL,i
R(Ck,CL) = - - .
(o €= 2 gt ~Toater)

=

Remark 1.1 Noticing that R(Ck, C1) > 0 yields a maximum principle on c”. As we
did not assume that c8 is uniformly positive, we have to compute further.

Multiplying (C.1) by log(c () and summing over K € 7 yields:

n

n—1
At —c
K.0 K.0
E TmK log(c’l’(’o) + Z e Dxrcg Dk logcg
KeT n o=K|Le&g

+a Z 7 R(Ck,CL) (DKL log 08)2 =0
o=K|LeEk

using the convexity of u log u, we have:

my, _ _
Z ?(CYIL{,O log(c’}ao) — cr;(()] log(cr;(’(})) < - Z 1o Dg ey Dk logey
KeT =" o=K|LeEk
2
—a Y R(Ck.Cp)(Dkrloge)”.
o=K|LeEk
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We may now use the decay of this entropy to prove the desired result for i = 0. To that
extent we proceed as in Lemma 3.5 and see that Dk ;¢ Dk 1. log cfj is clearly coercive
in the sense of lemma 3.2 while the part in « has the right sign. This yields the uniform
bound for ¢.

The bound for ¢; relies on the entropy H = Z?’:l cjlog(c;j) + acolog(cp). As
for Lemma A.1, this entropy restricted to A is convex and its derivatives as a function
of RV are the chemical potentials, Thus multiplying the conservation equation by &
yields:

N
> mi (A — HCEh) = Y 38 (Dohs€m)’
KeT oe&iy j=1

This new dissipation is also coercive in the sense of Lemma 3.2, thus we can proceed
as in Lemma 3.5 to get the announced bounds.

Appendix D: A simple convergence lemma

In this section, we express the results of [9] lemma 4.2 and [13, lemma 4.2] in a
more generic fashion. We let 7, be a sequence of admissible meshes of €2 such that

hz, — 0,u, € RZ", and u,, € R‘Sri:t such that forallo = K|L € 5},?:
min(ug,ur) < g, < max(ug,ur).
LemmaD.1 If we dispose of p € [1, 00) such that
ho IV, umllLr — 0

The L' convergence of the natural and diamond reconstructions are equivalent, more-
over if one of them is convergent, they share the same limit.

Proof This result is equivalent to:

w7, wm — im,é',,, “Ll(Q) — 0.

For the sake of simplicity, we drop the subscript m for the rest of the proof. We let Ak
be the half diamond cell A, N K, and notice that m(Agy,) = %mgd(xK, o) < thm" .
Elementary calculations yield:

~ ht
lrru —uglpi ) < i Z Z Melug — gl
KeT oelg

Thanks to our average assumption, we have |ug — u,| < Dy u thus:

~ 2hT
lr7u —u5||L1(Q) =< e Z meDou.

oegint
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Let p be as in the lemma and ¢ its Holder conjugate. We have:

1 1

P q

Dyu\? 1
Z mgDeu < Z Meds ( dd > Z Medsy <dm(Q) ”VTu”LP(Q)’
o

oefint oefint oefint

hence: .
lr7u —Uellp1q) < 2m(Q)1hr||V7ulLr@ — 0. (D.1)

This concludes the proof of the lemma. O

. . . ~ int
For reconstructions in € x [0, T], we consider u,, € RZn*Atn 3~ c REN XAln

satisfying the same average property, and we have the same result.

LemmaD.2 [f we dispose of p € [1, 00), p € [1, 00) such that
hz, ||V’Tm,Atmum||L17([0,T],LP(Q)) -0

The LY (2 x [0, T]) convergence of the natural and diamond reconstructions are
equivalent, moreover if one of them is convergent, they share the same limit.

Proof This result is equivalent to:

||7T’Z;,1,Atmum - ﬁm,Sm,Atm ||L1(Q><[0,T]) — 0.

We make use of the computations for the previous lemma, namely (D.1) yields for all
n €1, Nt nl:

1
17T, Aty W — Uy £ Ar, IL1 (@) < 2m(QTh, IV, 0" L ().

Thus:
NT.m
~ 1 n
17, Aty m — T,y Aty | L1 x10,77) < 2m(QT T, Y Aty Vg, u"||Lr)-
n=1

Holder’s inequality yields:

11
|77, At Um — Wm &,y Aty ||L1(Qx[0,T]) <2m(Q)iT7ht, ||V7Z,,,Atm”||LF([0,T],L/7(Q)),

where ¢ is the Holder conjugate of p. Using the assumed estimation of the gradient,
we have the announced result. O
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