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Abstract
In the context of coupling hyperbolic problems, the maximum stable time step of an
explicit numerical scheme may depend on the design of the coupling procedure. If
this is the case, the coupling procedure is sensitive to changes in model parameters
independent of the Courant–Friedrichs–Levy condition. This sensitivity can cause
artificial stiffness that degrades the performance of a numerical scheme. To overcome
this problem, we present a systematic and general procedure for weakly imposing
coupling conditions via penalty terms in a provably non-stiff manner. The procedure
can be used to construct both energy conservative and dissipative couplings, and the
user is given control over the amount of dissipation desired. The resulting formulation
is simple to implement and dual consistent. The penalty coefficients take the form of
projection matrices based on the coupling conditions. Numerical experiments demon-
strate that this procedure results in both optimal spectral radii and superconvergent
linear functionals.
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1 Introduction

Many scientific and engineering problems require numerical methods that couple dif-
ferent wave phenomena. Numerous applications can be found within computational
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electrodynamics, computational geophysics, and computational fluid dynamics. Typ-
ical examples include the Euler equations coupled to the elastic wave equation, and
electromagnetic wave interactions with scattering across material interfaces. A diffi-
culty that can arise when developing numerical methods for these types of coupled
problems is that the resulting discretization may suffer from stiffness. In such a case,
an explicit time stepping procedure may require a significantly smaller time step than
what is expected from each separate subproblem. For example, within fluid-structure
interaction, the impact of the coupling procedure is a well-known problem. The so-
called addedmass instability is an effect of coupling light fluids to thin, dense structures
immersed in fluid. This problem has led to a plethora of different coupling strategies,
e.g., see [2,6,32]. Potential stiffness issues related to large density contrasts also appear
in linear settings when coupling acoustic and elastic wave equations. Stiffness can also
appear in other settings, e.g., for frictional sliding interfaces [17], and narrow cracks
[24].

The imposition of coupling conditions is closely related to the imposition of bound-
ary conditions where stiffness can occur for similar reasons. In this paper, we will for
ease of presentation switch between these two use cases. We focus on weakly imposed
boundary and coupling conditions by including additional source terms in the gov-
erning equations, so-called penalty terms. The role of the penalty terms is to force the
numerical solution on the interface towards satisfying the actual coupling conditions
[4,30]. The penalty term can be interpreted as specific weightings of the coupling
conditions in combination with the equations.

There is some flexibility in choosing penalty weights, and the choice can have a
striking impact on a scheme’s performance. Well-designed penalty terms can be the
difference between having a scheme that works in practice or a suboptimal scheme that
runs orders ofmagnitude slower. Unfortunately, it is quite easy to construct suboptimal
penalty terms that cause these problems, even though they are semi-discretely stable.
Coupling procedures that overcome these problems use either upwind numerical fluxes
based on solving the Riemann problem [34], or a specific characteristic treatment
[17,20,21]. In each of the above cases, the penalty terms introduce some amount of
potentially unwanted additional dissipation.

Adding certain types of artificial dissipation may result in improved accuracy
[16,21]. However, dissipationmay be suboptimal for wave propagation problems since
that may prevent the use of symplectic or staggered time-stepping methods that have
improved accuracy and stability properties [33]. For instance, a benefit of the fourth
order staggered Runge–Kutta time-stepping scheme introduced in [11] is that it has a
factor 16 smaller truncation error and a factor of two larger stability region along the
imaginary axis compared to the classical fourth order Runge–Kutta scheme. Unfor-
tunately, the staggered Runge–Kutta scheme is unstable even for a small amount of
artificial dissipation [11,33]. An energy conservative weak coupling procedure for
coupling acoustic materials across nonconforming grids is presented in [8]. However,
this coupling procedure causes stiffness for problems with large density contrasts.
To the best of our knowledge, there are no known penalty procedures that are both
energy conservative and non-stiff. In this paper, we present a systematic procedure for
constructing both energy conservative and dissipative penalty terms that are provably
non-stiff.
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We argue that numerical schemes should be provably stable and non-stiff. A pow-
erful method for proving semi-discrete stability of a scheme is the energy method
[13]. This method give sufficient conditions for semi-discrete stability, but not nec-
essary ones. However, when the energy method fails, it is usually an indication that
there is an underlying instability present that may be triggered under certain cir-
cumstances. Without a proof of stability, there are no guarantees that the output
produced by a numerical scheme is reliable. A proof of stability also helps to rule
out bugs and can serve as a strict test of the implementation. For instance, one can
randomly initialize all solution fields and model parameters. Afterwards, one numeri-
cally computes the discrete energy rate in the implementation and asserts that it is non-
positive.

Similar arguments can be made for having a provably non-stiff scheme. A proof of
non-stiffness gives a sufficient condition in order to prevent stiffness from occurring
due to sensitivity in model parameters. We will show that if the matrix norm of each
penalty matrix can be bounded by the CFL condition, it is provably non-stiff. Since
this is only a sufficient condition, a lack of proof does not imply that the scheme is stiff.
However, failure to bound the matrix norm could be an indication that the numerical
scheme is sensitive to certain parameter values. A proof of non-stiffness also helps
to rule out bugs in the implementation. For instance, if the simulation of a provably
stable and non-stiff scheme becomes unstable due to a change in a model parameter
independent of the CFL-condition, it must be caused by an incorrect implementation.
In addition, since the proof of non-stiffness constrains the parameters to some degree,
this analysis can limit the potential parameter space that one must probe to select
optimal parameter values.

The key developments in this work are applicable to any numerical scheme in
Summation-By-Parts (SBP) form that weakly imposes boundary or coupling condi-
tions via Simultaneous-Approximation-Terms (SAT). Numerical schemes that are in
SBP-SAT form lead to a proof of stability via the energymethod and apply to finite dif-
ference [5,19,28], finite volume [22], spectral collocation [3], discontinuous Galerkin
[9], and flux reconstruction schemes [26]. See [7,30] for reviews. When developing
SBP-SAT schemes, one can focus on formulating and analyzing the continuous prob-
lem. Once this analysis is complete one can proceed by discretizing the continuous
formulation and obtain a provably stable scheme without much difficulty, as shown
in [20]. This aspect allows us to construct penalty terms in the continuous setting,
leaving out specific implementation details for the variety of numerical schemes that
belong to the SBP-SAT family. Hence, the focus of this paper is on constructing and
analyzing penalty terms in a continuous setting without placing emphasis on particular
discretization or implementation details.

This paper is organized as follows. We begin in Sect. 2 by discussing a motivating
example: the coupling of wave equations. This example demonstrates how naively
selected penalty weights cause stiffness. Section 3 presents the general theory for
constructing non-stiff penalty terms. In particular, it is shown that the penalty terms
are connected to a projection matrix. Section 4 shows that penalty terms constructed
via a projection matrix formula automatically result in a dual consistent formulation.
Section 5 introduces a diagnostic test to flag penalty formulations suffering from stiff-
ness, and shows that certain penalty terms obtained by the projection matrix formula
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Fig. 1 Problem setup for
coupling the wave equation
across an interface Γ

are provably non-stiff. Section 6 revisits the motivating example and applies the gen-
eral theory to construct both non-stiff, energy conservative, and energy dissipative
penalty terms. Section 7 introduces numerical experiments that exemplify our theo-
retical developments. In particular, we present a challenging 2D air-water interface
problem for the wave equation. Finally, we discuss our findings in Sect. 8.

2 Amotivating example

Artificial stiffness can easily emerge in coupled problems [10,17]. In the decoupled
case, each problem has some maximum stable time step Δt (i)max , for i = 1, 2 when
using a specific explicit time integrator. On the other hand, if the two subdomains
are coupled together, one might obtain a different Δtmax that can be much larger
than either Δt (1)max or Δt (2)max . This phenomenon stems from a suboptimal selection of
penalty weights in the coupling procedure. We demonstrate this problem by coupling
two wave equations at an interface Γ (see Fig. 1).

The wave equation for each side of the interface is written as a first order hyperbolic
system of equations in Cartesian coordinates,

∂t q
(i) + A(i)

x ∂x q(i) + A(i)
y ∂yq(i) = f (i), (x, y) ∈ Ω(i), t ≥ 0, (1)

where q(i) = (p(i)/ρi ci , v
(i)
x , v

(i)
y ), i = 1, 2. The vector q(i) collects the pressure p(i)

and the components of the velocity field v(i) = (v
(i)
x , v

(i)
y ), decomposed with respect

to the Cartesian basis. Moreover,

A(i)
x =

⎡
⎣
0 ci 0
ci 0 0
0 0 0

⎤
⎦ , A(i)

y =
⎡
⎣
0 0 ci

0 0 0
ci 0 0

⎤
⎦ .
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Thematerial parameters ρ1 > 0 and ρ2 > 0 are the respective densities on each side of
the interface. Similarly, c1 and c2 are the respective wave speeds. The forcing/penalty
terms f (i) are responsible forweakly imposing coupling conditions in each subdomain.

2.1 Penalty terms

A general formulation of the penalty terms is

f (i) = L(Σ(i)LT u), (2)

where u = (q(1), q(2)). The role of the lifting operator L is to make sure that the
penalty term acts on the boundary only [1,27]. In one dimension, it is analogous to the
Dirac delta function δ(x − x0), where x0 is the boundary point. In higher dimensions,
it is defined by

∫
Ω

vTL(u)dΩ =
∫

∂Ω

vT uds, (3)

for smooth and vector-valued functions u and v, and where ∂Ω is an appropriate
boundary part of the domain Ω . This relationship is similar to the divergence theorem
in that it relates a volume/surface integral (left-hand side) to a surface/line integral
(right-hand side). The matrix LT is the boundary operator, determined by the coupling
conditions, and Σ(i) are penalty matrices. The penalty matrices describe how to form
linear combinations of the coupling conditions for each equation.

2.2 Well-posedness

For the problem to be well-posed, there are three general requirements. See [20] for
further details.

Definition 1 The problem (1) subject to the weak boundary/coupling conditions (2) is
well-posed if:

1. A solution exists,
2. The solution is unique,
3. The solution is bounded.

For existence, there cannot be too many boundary conditions, for uniqueness there
cannot be too few boundary conditions, and for a bound, the boundary condition
must have appropriate form. In this work, we weakly impose the minimum number of
appropriate boundary/coupling conditions that bound the solution.

2.2.1 Coupling conditions

One set of well-posed and physically relevant coupling conditions for the wave equa-
tion are

p(1) − p(2) = 0, v(1) · n − v(2) · n = 0 (x, y) ∈ Γ . (4)
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In (4), n = (nx , ny) is the unit normal on the interface Γ , directed towards Ω(2). The
coupling conditions (4) can be expressed in matrix vector form LT u, as done in (2),
where

LT u =
[

p(1) − p(2)

v
(1)
n − v

(2)
n

]
, LT =

[
ρ1c1 0 0 −ρ2c2 0 0
0 nx ny 0 −nx −ny

]
, (5)

and v
(1)
n = v(1) · n, v(2)

n = v(2) · n.
As previously mentioned, the penalty terms are formed by taking a linear com-

bination of the coupling conditions (4) and distributing them among the equations,
yielding

f (i) = L
(
Σ(i)LT u

)
= L

⎛
⎜⎝

⎡
⎢⎣

σ
(i)
11 (p(1) − p(2)) + σ

(i)
12 (v

(1)
n − v

(2)
n )

σ
(i)
21 (p(1) − p(2)) + σ

(i)
22 (v

(1)
n − v

(2)
n )

σ
(i)
31 (p(1) − p(2)) + σ

(i)
32 (v

(1)
n − v

(2)
n )

⎤
⎥⎦

⎞
⎟⎠ , (6)

where

Σ(i) =
⎡
⎢⎣

σ
(i)
11 σ

(i)
12

σ
(i)
21 σ

(i)
22

σ
(i)
31 σ

(i)
32

⎤
⎥⎦ .

2.3 The energymethod

The weights in the penalty matrices Σ(1) and Σ(2) are determined by bounding the
solution via the energy method [13].

Let ‖u‖ =
√∫

Ω
uT udΩ denote the L2-norm. By differentiating ‖q(i)‖2 with

respect to t and substituting ∂t q(i) using (1) it follows that

d‖q(i)‖2
dt

= −
∫

Ω(i)
2(q(i))T

(
A(i)

x ∂x q(i) + A(i)
y ∂yq(i) − f (i)

)
dΩ. (7)

By applying Gauss’s theorem and the definition of the lifting operator (3), the volume
integral in (7) can be converted into the following surface integral,

d‖q(i)‖2
dt

= −
∫

Γ

(q(i))T Ã(i)q(i) − 2(q(i))T Σ(i)LT uds, (8)

where Ã(1) = A(1)
x nx + A(1)

y ny , Ã(2) = −A(2)
x nx − A(2)

y ny . Equation (8) shows that
the energy ‖q(i)‖ is conserved in the interior, and changes in the energy rate are purely
determined by fluxes across the interface. Note that in (8), the energy rate contribution
from exterior boundaries have been neglected.
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By summing over i = 1, 2 in (8) and scaling each term by the positive parameters
α and β, we get

α
d‖q(1)‖2

dt
+ β

d‖q(2)‖2
dt

= −
∫

Γ

uT Âu − 2uT Σ̂ LT uds, (9)

where

Â = diag
(
α Ã(1), β Ã(2)

)
and Σ̂ =

[
αΣ(1)

βΣ(2)

]
.

Following [8], we can prove.

Proposition 1 The solution of the problem (1) is bounded and the energy (9) is con-
served if the penalty matrices in (6) are chosen as

σ
(i)
11 = σ

(i)
22 = σ

(i)
32 = 0, (10)

σ
(i)
12 = ci ki , σ

(i)
21 = nx

ρi
li , σ

(i)
31 = ny

ρi
li , (11)

where ki and li are real parameters that satisfy the constraints

1 − k1 − l1 = 0, k1 − l2 = 0, l1 − k2 = 0. (12)

Proof A direct calculation yields,

uT Âu = α(q(1))T Ã(1)q(1) + β(q(2))T Ã(2)q(2) = 2

(
α

ρ1
p(1)v(1)

n − β

ρ2
p(2)v(2)

n

)
.

Choosing α = ρ1 and β = ρ2, followed by expanding (9), yields

2∑
i=1

ρi

2

d‖q(i)‖2
dt

= −
∫

Γ

p(1)v(1)
n − p(2)v(2)

n − Rds, (13)

where

R =
(

2∑
i=1

ρi (σ
(i)
11

p(i)

ρi ci
+ σ

(i)
21 v(i)

x + σ
(i)
31 v(i)

y )

)
(p(1) − p(2))

+
(

2∑
i=1

ρi (σ
(i)
12

p(i)

ρi ci
+ σ

(i)
22 v(i)

x + σ
(i)
32 v(i)

y )

)
(v(1)

n − v(2)
n ). (14)

Finally, the right-hand side in (13) vanishes if (10)–(12) holds. ��
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2.4 Stiffness

Proposition 1 states sufficient conditions for obtaining an energy conservative cou-
pling.However, the constraints (12) imply that there is one free parameter. The problem
we deal with in this paper is: how should this parameter be chosen? It might be tempt-
ing to try to make all parameters share the same magnitude. For instance, as was done
in [8], one can choose

k1 = k2 = l1 = l2 = 1

2
. (15)

However, as we will see next, this choice causes stiffness (as do many other choices).
Before we proceed, we need to discuss the spatial discretization of the coupled

wave equation problem. The discretization of (1) in space leads to linear system of
ordinary differential equations:

dq
dt

= Mhq, q =
[
p
v

]
, (16)

where p and v discretize the pressure and velocity fields, and Mh is a sparse matrix
that holds the discretization of the spatial operators and all penalty terms; applied to
each side of the interface (see Sect. 5.2 for more details). Since we are only interested
in understanding how the penalty parameters influence Δtmax , the specific spatial
discretization technique is not important (e.g., finite difference, finite volume, discon-
tinuous Galerkin, etc.).

The maximum stable time step of an explicit time integrator can be estimated as

Δtmax = C F L
h

cmax
. (17)

In (17), h is the grid spacing (taken to be constant and the same in each subdomain), and
cmax = max(c1, c2). To prevent stiffness from occurring, Δtmax must be no smaller
than either Δt (1)max and Δt (2)max , associated with the respective uncoupled cases. The
naive parameter choice (15) violates this condition. For this choice, the spectral radius
of Mh , denoted �(Mh), depends on the density ratio and that causes stiffness (see
Fig. 2). For example, if ρ1/ρ2 ≈ 100 then Δtmax must be reduced by a factor of ≈ 10

compared to min
(
Δt (1)max ,Δt (2)max

)
. Our ambition in this paper is to find a procedure

that removes the kink in Fig. 2 and minimizes the spectral radius.

3 General treatment

As made apparent by the previous example, the design of penalty terms can strongly
influence the efficacy of the numerical scheme. One option is to perform numerical
experiments to find optimal penalty weights, but that can be cumbersome and imprac-
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Fig. 2 The maximum stable time step Δtmax as a function of the density ratio ρ1/ρ2 (on a log-log scale).
This plot was generated by discretizing the wave equation in (18) using c = c1 = c2, fourth order SBP
finite difference operators [28], and 100 grid points in each subdomain

tical. In this section, we present a general approach that can automatically leads to
non-stiff penalty weights.

We again consider the problem (1) but for simplicity focus on one subdomain, and
now with general and symmetric Ax and Ay matrices:

∂t q + Ax∂x q + Ay∂yq = f , (x, y) ∈ Ω, t ≥ 0. (18)

Since we are only considering one subdomain, all superscripts have been dropped.
Our procedure for deriving penalty terms is inspired by the procedure developed in
[17,18]. We start with a modified ansatz of the penalty term,

f = L (Aδq) , A = Ax nx + Ayny . (19)

In this formulation, δq = δq(q) is an unknown penalty vector that depends on q such
that a minimum number of boundary conditions are weakly imposed.

3.1 The energymethod

Next, we introduce the bilinear form

Φ(q, v) =
∮

∂Ω

qT Avds. (20)
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Then, the energy method applied to (18) can now be written as

d

dt
‖q‖2 = −Φ(q, q) + 2Φ(q, δq).

We can reformulate the above by completing the square, yielding

d

dt
‖q‖2 = −Φ(q − δq, q − δq) + Φ(δq, δq). (21)

The solution is bounded if the right-hand side of (21) is non-positive. However, herewe
enforce the stronger requirement that each term on the right-hand side is individually
non-positive (not just their sum):

−Φ(q − δq, q − δq) ≤ 0 and Φ(δq, δq) ≤ 0, (22)

We will see that the two conditions in (22) uniquely determine δq.

3.2 Diagonalization

Since A is symmetric, it is diagonalizable by a complete set of orthogonal eigenvectors,
A = XΛX T , with X−1 = X T . Here, X is a matrix that contains the eigenvectors
arranged as column vectors, and Λ is diagonal matrix containing the corresponding
eigenvalues. The eigenvalue matrix Λ is split into positive Λ+ > 0 and negative parts
Λ− < 0, and X = [X+, X−]. Without loss of generality, we assume that A contains
no zero eigenvalues (if it does, they are ignored).

We also define the transformation w = √|Λ|X T q, leading to

w+ = √
Λ+(X+)T q and w− =

√
|Λ−|(X−)T q. (23)

This way of defining w+ and w− simplifies the upcoming presentation. For the other
variable, δq, we define similar transforms, i.e.,

δw+ = √
Λ+(X+)T δq, and δw− =

√
|Λ−|(X−)T δq. (24)

When the eigendecomposition is applied to the quadratic form Φ(q, q), we find

Φ(q, q) =
∮

∂Ω

qT Aqds =
∮

∂Ω

(w+)T w+ − (w−)T w−ds. (25)

3.3 Boundary conditions

Recall that the goal is to determine the penalty vector δq such that (22) holds subject
to the boundary conditions.
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3.3.1 Strong boundary conditions

For strong boundary conditions, it is natural to impose (see [20])

w− = Rw+, (x, y) ∈ ∂Ω, (26)

where R is a rectangular matrix that imposes a minimum number of boundary condi-
tions. From (25), we get

Φ(q, q) =
∮

∂Ω

(w+)T (w+) − (w−)T (w−)ds =
∮

∂Ω

(w+)T (I + − RT R)w+ds.

For strong boundary conditions, δq = 0, the energy rate (21) becomes

d

dt
‖q‖2 = −Φ(q, q). (27)

It follows that the right-hand side in (27) is non-positive if RT R ≤ I +, where I + is
the identity matrix related to the size of w+. Clearly, this condition is satisfied when
R is sufficiently small.

3.3.2 The weak primal condition

To satisfy Φ(q − δq, q − δq) ≥ 0 in (22), we proceed in the same way and specify

w− − δw− = R(w+ − δw+), (x, y) ∈ ∂Ω. (28)

If RT R ≤ I +, we obtain

Φ(q − δq, q − δq) =
∮

∂Ω

(w+ − δw+)T
(

I + − RT R
)

(w+ − δw+)ds ≥ 0. (29)

3.3.3 The weak dual condition

As seen in (22), we also need Φ(δq, δq) ≤ 0. To obtain that, we specify

δw+ = δRδw−, (x, y) ∈ ∂Ω, (30)

where δR is an another rectangular matrix. If δRT δR ≤ I −, we obtain

Φ(δq, δq) = −
∮

∂Ω

(δw−)T
(

I − − (δR)T (δR)
)

δw−ds ≤ 0. (31)

Interestingly, the condition (δR)T (δR) ≤ I − corresponds to the well-posedness con-
dition for the dual problem in (18). This is further discussed in Appendix 4.
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3.4 Well-posedness

The conditions (28) and (30) determine δq uniquely under the conditions given in the
following Proposition.

Proposition 2 Let R, δR be the matrices in (28), (30) satisfying (29), (31). Then, if
det
(
I − − RδR

) 
= 0,

δq =
(

X+√(Λ+)−1δR + X−√|Λ−|−1
) (

I − − RδR
)−1 (

w− − Rw+) . (32)

Proof The starting point is the eigenvector transformation (24) . Since X T = X−1,
the inverse transformation is

δq = X+√(Λ+)−1δw+ + X−√|Λ−|−1δw−.

Inserting (30) into the above yields

δq =
(

X+√(Λ+)−1δR + X−√|Λ−|−1
)

δw−.

Also, inserting (30) into (28) yields

w− = (I − − RδR)δw− + Rw+.

If det
(
I − − RδR

) 
= 0, then δw− = (I − − RδR)−1
(
w− − Rw+). Inserting this

final expression into δq results in the formula (32). ��
Proposition 2 shows that δq is formulated in terms of the boundary condition w− −
Rw+. Hence, this formulation imposes a minimum number of boundary conditions,
as required for well-posedness, and we have proven the following result.

Proposition 3 The problem (18) subject to the weak boundary conditions (19) is well-
posed if (26), (28) and (30) hold, and

RT R ≤ I + and (δR)T δR ≤ I −. (33)

3.5 Projectionmatrix formula

There is an alternative procedure to determine δq, obtained via δq = Pq, where P
is a projection matrix. By definition, a projection matrix satisfies the idempotency
property P = P P .

Proposition 4 Let

L = X−√|Λ−| − X+√
Λ+ RT , δL = X−√|Λ−|−1 + X+√(Λ+)−1δR. (34)
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Then δq = Pq, where P is the projection matrix

P = δL(LT δL)−1LT . (35)

Proof We start by deriving the formula for P and then show that this matrix is a
projection matrix. Note that δq in (32) can be written as

δq = δL(I − − RδR)−1LT q.

Hence, it remains to show that LT δL = I − − RδR. The result immediately follows
from eigenvector orthogonality: (X+)T X− = 0, (X−)T X+ = 0, (X+)T X+ = I +,
and (X−)T X− = I −.

For P to be a projection matrix it must satisfy P = P P . We have

P P =
(
δL(LT δL)−1LT

) (
δL(LT δL)−1LT

)
= P.

��

By applying Proposition 4, the penalty term (19) can be formulated as

f = L (APq) .

4 The dual problem

We show how the general formulation presented in the previous section is connected
to the dual problem.

4.1 The strong dual problem

Define the functional

J (u, v) =
∫ T

0

∫
Ω

uvdΩdt .

The dual of the primal problem (18) is derived from the condition J (q∗, f ) =
J ( f ∗, q), where f ∗ is the PDE describing the dual problem (to be determined). By
inserting (18) into J (q∗, f ) and applying integration by parts in time and space, we
get

J (q∗, f ) = J (q∗, ∂t q + Ax∂x q + Ay∂yq)

= J ( f ∗, q) +
∫ T

0
Φ(q, q∗)dt +

∫
Ω

Ψ (q, q∗)dΩ, (36)
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where Φ(q, q∗) is defined in (20), Ψ (q, q∗) = [qT q∗]T
0 , and

f ∗ = − (∂t q
∗ + Ax∂x q∗ + Ay∂yq∗) .

The termsΦ andΨ arising from integration by parts must vanish for the dual problem
to be well-defined. The term Ψ vanishes due to the initial condition u(x, 0) = 0 and
end condition u∗(x, T ) = 0.

Next, we derive the dual boundary conditions. Following Sect. 3.2, by diagonalizing
and splitting A into positive and negative parts, we get

Φ(q, q∗) =
∮

∂Ω

(w+)T w+∗ − (w−)T w−∗ds. (37)

wherew+∗ = (X+)T q∗, andw−∗ = (X−)T q∗. The strong primal boundary condition
(26) leads to

Φ(q, q∗) =
∮

∂Ω

(w+)T
(
w+∗ − RT w−∗) ds.

Hence, to make Φ vanish, the dual boundary conditions must be

w+∗ = RT w−∗, (x, y) ∈ ∂Ω. (38)

By introducing the time reversal transformation τ = T − t , the dual problem
becomes

∂τ q∗ − Ax∂x q∗ − Ay∂yq∗ = f ∗, (x, y) ∈ Ω, τ ≥ 0, (39)

subject to the boundary conditions (38).

Proposition 5 The dual problem (38)–(39) is well-posed if and only if the primal
problem (18), (26) is well-posed.

Proof The energy rate for the dual problem (39) with f ∗ = 0 is

d‖q∗‖2
dτ

= Φ(q∗, q∗).

By imposing the strong dual boundary conditions (38), we get

Φ(q∗, q∗) = −
∮

∂Ω

(w−∗)T
(

I − − R RT
)

w−∗ds.

Hence, the dual problem is well-posed if R RT ≤ I −. On the other hand, the primal
problem is well-posed if RT R ≤ I + (see Proposition 3). We can show that the two
conditions are the same using the singular value decomposition (SVD) R = UΣV T ,
where and U and V are real orthogonal matrices, and Σ is a diagonal matrix. By
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applying the SVD to R, we have R RT = UΣ2U T , RT R = V Σ2V T . Thus, both the
primal and dual problems are well-posed if Σ ≤ I . ��

4.2 The weak dual problem

Since the analysis of theweak dual problem is very similar to theweak primal problem,
some details are omitted. To weakly impose the boundary conditions (38), we set the
right-hand side of (39) to

f ∗ = −L (Aδq∗) . (40)

In (40), δq∗ is an unknown penalty vector. This vector is determined in the same
manner as the penalty vector δq of the primal problem. When the dual problem (39)
uses the penalty term (40), the energy method leads to

d

dτ
‖q∗‖2 = Φ(q∗ − δq∗, q∗ − δq∗) − Φ(δq∗, δq∗),

To bound the solution, we require

Φ(q∗ − δq∗, q∗ − δq∗) ≤ 0 and Φ(δq∗, δq∗) ≥ 0. (41)

First, consider Φ(q∗ − δq∗, q∗ − δq∗) and specify

w∗+ − δw∗+ = R∗ (w∗− − δw∗−) , (x, y) ∈ ∂Ω. (42)

By inserting (42) into (37) and requiring R RT ≤ I −, we get

Φ(q∗ − δq∗, q∗ − δq∗) = −
∮

∂Ω

(
w∗− − δw∗−)T (I − − R RT

) (
w∗− − δw∗−) ds

≤ 0.

Next, consider Φ(δq∗, δq∗) and specify

δw∗− = δR∗δw∗+, (x, y) ∈ ∂Ω. (43)

By inserting (43) into (37) and requiring (δR∗)T δR∗ ≤ I +, we get

Φ(δq∗, δq∗) =
∮

∂Ω

(δw∗+)T
(

I + − (δR∗)T δR∗) δw∗+ds ≥ 0.

The results established thus far are summarized in the following proposition.

Proposition 6 The problem (39) subject to the weak boundary conditions (40) is well-
posed if (38), (42)–(43) uniquely hold, and

R RT ≤ I − and (δR∗)T (δR∗) ≤ I +. (44)
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4.3 Dual consistency

To achieve superconvergent linear functionals, it is important that the weak primal and
dual problems are related to each other via an appropriate choice of penalty terms, f
and f ∗ [21]. By substituting f and f ∗ in (36) using the penalty terms (19) and (40),
we get

Φ(q∗, δq) = −Φ(q, δq∗) + Φ(q, q∗). (45)

To arrive at (45), we have neglected the integrals over t and set the initial and end
conditions to zero. As shown in the following proposition, (45) establishes a relation-
ship between the penalty parameters δR and δR∗ that is analogous to the relationship
between the primal (26) and dual (38) boundary conditions.

Proposition 7 The weak primal and dual problems (see Proposition 3 and 6) satisfy
(45) if

δR∗ = (δR)T . (46)

Proof See Appendix A for proof. ��

5 Boundedmatrix norms

For spatial discretizations with all eigenvalues located in the correct half plane, the
maximum stable time step is determined by the stability region of the particular time
stepping scheme. For the spatial discretization to be robust, it must handle any choice
of model parameters without causing unwanted growth of the spectral radius, which
can be costly. To avoid computing the spectral radius, our goal in this section is
to a priori analyze how the matrix norm will scale (up to a constant factor) for
the spatial discretization of a particular model problem. Since this analysis relies
on symbolic computation, it can identify model parameters that cause suboptimal
scaling of the matrix norm. If the scaling is the same as the expected CFL-condition
obtained from the uncoupled problem, we say that discretization is non-stiff. This
definition will be made precise soon. In more detail, we focus on the following
objectives:

1. To develop an easy-to-use diagnostic test that indicates how the penalty parameters
influence the matrix norm of the spatial discretization.

2. To prove that the projection matrix formula (35) results in penalty terms that are
non-stiff, in the sense discussed below.

5.1 Matrix analysis

Before proceeding, we briefly summarize key concepts and results from matrix anal-
ysis. For a matrix A ∈ R

m×m , the 2-norm is defined by the induced vector norm
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‖A‖2 = sup
x∈Rm

x 
=0

‖Ax‖2
‖x‖2 , (47)

where ‖x‖2 = (∑m
i=1 x2i

)1/2
. The Frobenius norm is

‖A‖F =
√
trace(AT A). (48)

The 2-norm and Frobenius norm satisfy the following properties:

�(A) ≤ ‖A‖2 ≤ ‖A‖F . (49)

‖AB‖2 ≤ ‖A‖2‖B‖2, ‖AB‖F ≤ ‖A‖F‖B‖F , (50)

‖A ⊗ B‖2 = ‖A‖2‖B‖2, ‖A ⊗ B‖F = ‖A‖F‖B‖F , (51)

where ⊗ is the Kronecker product, and �(A) is the spectral radius of A. See e.g.,
Golub and Van Loan [12] for further properties and proofs of (49)–(51).

5.2 Model problem

As the model problem, we consider the 1D hyperbolic PDE

ut + Ax ux = L(Σ LT )u (52)

and discretize it in space with SBP operators,

du
dt

= Mhu, Mh = −Ax ⊗ Dx + Lh ⊗ Σ LT . (53)

Here, u = [u0 u1 . . . um]T , ui = [ui0 ui1 . . . ui N ], ui j = ui (x j , t), where x j = jh
and h is the grid spacing for an equidistant grid. The matrix Dx is defined by Dx =
H−1

x Qx , where Hx = H T
x > 0. The matrix Qx satisfies the summation-by-parts

property:

Qx + QT
x = eN eT

N − e0eT
0 .

This property is key for proving energy stability of a SBP-based scheme. The vectors
eN and e0 are typically chosen as e0 = [1 0 . . . 0]T , eN = [0 . . . 0 1]T . Their role is
to extract the boundary values ui0 and ui N from u. For further details about SBP-based
discretizations, see [7,30], and the references therein.

To simplify the forthcoming analysis, we assume that we only need to apply a
penalty term on the left boundary, such that Lh in (53) becomes

Lh = H−1
x e0eT

0 .

Moreover, we assume that Dx is a consistent approximation of the first derivative such
that it differentiates a constant exactly: Dx1 = 0 for 1 = [1 1 . . . 1]T .
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Beforewe can prove that the discretization (53) is non-stiff for appropriately chosen
penalty parameters, we give the following definition of non-stiffness.

Definition 2 The semi-discrete approximation (53) of (52) is non-stiff if there exists
a positive constant γ , independent of the model parameters, such that

h�(Mh) ≤ γ �(Ax ).

5.3 Diagnostic test

Our objective is to decide how h‖Mh‖F (or the 2-norm) scales for a particular choice
of penalty terms without performing any numerical computations. This capability is
useful because it enables one to perform a diagnostic test and assess the robustness
of a particular weak coupling procedure without having to implement it and compute
the spectral radius for a range of model parameters. If the test passes, then the weak
coupling procedure is provably non-stiff. If the test fails, it indicates that the coupling
procedure is sensitive to certain choices of model parameters. Our test consists of the
following four steps.

1. Determine Σ such that the problem is energy stable and the penalty parameters σi j

are parameterized by the model parameters (e.g., ai j in Ax , and li j in L).
2. Compute the spectral radius �(Ax )

3. Compute the norm of the penalty matrix ‖Σ LT ‖F .
4. Check if there exists a constant γ , independent of the model parameters, such that:

‖Σ LT ‖F ≤ γρ(Ax ).
5. If the test fails, repeat it for the 2-norm.
6. If the test still fails, redesign the coupling procedure to be provably non-stiff.

We recommend checking the Frobenius norm first, because it is much easier to
compute than the 2-norm. To compute the 2-norm one must symbolically compute the
singular values of the penalty matrix.

The diagnostic test is motivated by the following assumption and Proposition.

Assumption 1 For finite sized (fixed N ) matrices, Dx and Lh , there exists constants
sd,l , rd,l > 0 such that

rd ≤ h‖Dx‖2 ≤ sd , rl ≤ h‖Lh‖2 ≤ sl . (54)

Proposition 8 The matrix M of the spatial discretization (53) satisfies

rl‖Σ LT ‖2 ≤ h‖Mh‖2 ≤ sdρ(Ax ) + sl‖Σ LT ‖2. (55)

Proof See Appendix B for proof. ��
Remark 1 If there are multiple penalty terms present in Mh , we use the reverse triangle
inequality on each term to obtain a lower bound, i.e.,

‖A + B‖ ≥ |‖A‖ − ‖B‖| .
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Likewise, we use the triangle inequality to obtain an upper bound.

5.3.1 Suboptimal scaling

As an illustration, consider the motivating example presented in Sect. 2.

1. From (6), the penalty matrix on each side of the interface is

Σ(i)LT =
⎡
⎢⎣

0 ci ki nx ci ki ny 0 cki nx ci ki ny
Z1
ρi

li nx 0 0 − Z2
ρi

li nx 0 0
Z1
ρi

li ny 0 0 − Z2
ρi

li ny 0 0

⎤
⎥⎦ .

2. The spectral radius is �(A(i)
x ) = ci , and max �(A(i)

x ) ≤ cmax , where cmax =
max(c1, c2).

3. The Frobenius norm of each penalty matrix is

‖Σ(1)LT ‖F = 1

ρ1

√
c21ρ

2
1

(
2k21 + l21

)+ c22ρ
2
2 l21 ,

‖Σ(2)LT ‖F = 1

ρ2

√
c22ρ

2
2

(
2k22 + l22

)+ c21ρ
2
1 l22 .

4. For the naive choice of parameters (15), we get

‖Σ(1)LT ‖F ≤ cmax

2

√
3 + ρ2

2

ρ2
1

and ‖Σ(2)LT ‖F ≤ cmax

2

√
3 + ρ2

1

ρ2
2

.

The presence of ρ2/ρ1 causes linear growth in h‖M‖F for ρ2/ρ1  1 and ρ2/ρ1
� 1.

5. Since we have failed to bound the penalty matrices in the Frobenius norm, we
proceed to check the 2-norm:

‖Σ(1)LT ‖2 = max

⎛
⎝ c1

2
√
2
,

√
c21ρ

2
1 + c22ρ

2
2

2ρ1

⎞
⎠ and

‖Σ(2)LT ‖2 = max

⎛
⎝ c2

2
√
2
,

√
c21ρ

2
1 + c22ρ

2
2

2ρ2

⎞
⎠ .

The presence of ρ1/ρ2 also causes linear growth in h‖M‖2. Hence, we cannot
rule out that the spectral radius scales suboptimally as a function of the model
parameters. In fact, the numerical experiment presented in Fig. 2 shows unwanted
growth of the spectral radius in ρ1/ρ2.

6. Since we have failed to prove that this coupling is non-stiff, we will redesign it
using the projection matrix formula.
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5.4 Provably non-stiff penalty treatment

As is shown in the following proposition, the projection matrix formula yields a useful
estimate for well-posed linear hyperbolic problems. For certain choices of the penalty
parameters δR, the method is provably non-stiff.

Proposition 9 Let Σ LT = AP, where A is given in (19) and P is computed using the
projection matrix formula (35). Then

‖Σ LT ‖2 ≤ (1 + ‖R‖2)(1 + ‖δR‖2)
‖I − − RδR‖2 ρ(A). (56)

Proof See Appendix C for proof. ��
If the denominator ‖I − − RδR‖2 approaches zero, the norm of h‖M‖2 scales

suboptimally. There are at least two choices of δR that prevent the denominator from
vanishing for all R. For the energy dissipative choice δR = 0, (56) yields

‖Σ LT ‖2 ≤ (1 + ‖R‖2)ρ(A) ≤ 2ρ(A).

For the energy conservative choice δR = −RT , (56) yields

‖Σ LT ‖2 ≤ (1 + ‖R‖2)2
‖I − + R RT ‖2 ρ(A) ≤ 4ρ(A).

In each case, we used ‖R‖2 ≤ 1, which is required by well-posedness.

6 Revisiting themotivating example

To demonstrate how to derive dual consistent and non-stiff penalty terms by example,
we apply it to the motivating example presented in Sect. 2.

We summarize our procedure and carry out each step at a time.

1. (The penalty formulation) Formulate the penalty terms such that the energy rate
can be written similarly to (21). Since we are studying the coupled problem (1),
we need to scale the energy rate as done in (9),

α
d

dt
‖q(1)‖2 + β

d

dt
‖q(2)‖2 = −Φ(u, u) + 2Φ(u, δu), Φ(u, v) =

∮
Γ

uT Avds,

where u = (q(1), q(2)), A = diag(α Ã(1), β Ã(2)), and δu is to be determined.
2. (Diagonalization) Diagonalize A and construct w+ and w− using (23).
3. (Coupling conditions) Rewrite the coupling conditions (4) in the form of w− =

Rw+ subject to the constraint RT R ≤ I + (see Proposition 3).
4. (Penalty parameters) Choose some δR subject to the constraint (δR)T (δR) ≤ I −

(see Proposition 3).
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5. (Projection matrix formula) Determine δu = Pu using the projection matrix for-
mula defined in Proposition 4.

6. (Matrix norms) Following Sect. 5, compute the matrix norms ‖AP/α‖F and
‖AP/β‖F to verify that the formulation is provably non-stiff.

1. We formulate the penalty terms for the respective sides of the interface as

f (1) = L
(
1

α

[
I 0
]

Aδu

)
and f (2) = L

(
1

β

[
0 I
]

Aδu

)
, (57)

This formulation of the penalty terms leads to

∫
Ω(1)

α(q(1))T f (1)dΩ +
∫

Ω(2)
β(q(2))T f (2)dΩ =

∫
Γ

uT Aδuds.

We use α = ρ1 and β = ρ2, as these values are necessary for obtaining an energy
balance when imposing the coupling conditions (4).

2. Next, following Sect. 3.2, we diagonalize A to obtain

∫
Γ

uT Auds =
∫

Γ

(w+)T w+ − (w−)T (w−)ds. (58)

In (58), w+ = (w+(1), w+(2)), w− = (w−(1), w−(2)), where

w±(1) =
√

Z1√
2

(
p(1)

Z1
± v(1)

n

)
, w±(2) =

√
Z2√
2

(
p(2)

Z2
∓ v(2)

n

)
,

Z1 = ρ1c1, and Z2 = ρ2c2.
3. The coupling conditions (4) need to be converted into the form w− = Rw+.

After some algebra, one obtains the solution

R(Z1, Z2) = 1

Z1 + Z2

[
Z2 − Z1 2

√
Z1Z2

2
√

Z1Z2 Z1 − Z2

]
. (59)

We verify that the matrix (59) strictly satisfy (29). A direction calculation yields
RT R = I2, where I2 is the 2 × 2 identity matrix. Hence, R is an orthogonal matrix.

4. Next, we choose δR = −RT . This choice results in energy conservation by (29)
and (31), since RT R = I2 and therefore δR(δR)T = I2.
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5. We use the projection matrix formula in Proposition 4 for δR = −RT , to obtain
the penalty vector

δu = Pu = 1

Z1 + Z2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p(1) − p(2)

Z2nx

(
v

(1)
n − v

(2)
n

)

Z2ny

(
v

(1)
n − v

(2)
n

)

p(2) − p(1)

Z1nx

(
v

(2)
n − v

(1)
n

)

Z1ny

(
v

(2)
n − v

(1)
n

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (60)

After inserting (60) into (57), the final penalty terms become

f (i)
ec = L

(
1

ρi
APu

)
= L

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

ρi (Z1 + Z2)
I (i)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Z1Z2

(
v

(1)
n − v

(2)
n

)

Z1nx
(

p(1) − p(2)
)

Z1ny
(

p(1) − p(2)
)

Z1Z2

(
v

(1)
n − v

(2)
n

)

Z2nx
(

p(1) − p(2)
)

Z2ny
(

p(1) − p(2)
)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (61)

where I (1) = [I 0], I (2) = [0 I ].
6. Following the steps laid out in the diagnostic test in Sect. 5, we arrive at

∥∥∥∥
1

ρ1
AP

∥∥∥∥
F

≤ cmax

2

√
ρ2
1 + 3ρ2

2

(ρ1 + ρ2)2
≤

√
3

2
cmax ,

∥∥∥∥
1

ρ2
AP

∥∥∥∥
F

≤ cmax

2

√
3ρ2

1 + ρ2
2

(ρ1 + ρ2)2
≤

√
3

2
cmax ,

since ρ1 > 0, ρ2 > 0. Hence, this formulation is provably non-stiff in the sense of
Definition 2.

Alternately, if we repeat steps 1-5 for the energy dissipative choice δR = 0, the
penalty terms become

f (i)
ed = L

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

ρi (Z1 + Z2)
I (i)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Z1

(
Z2(v

(1)
n − v

(2)
n ) − (p(1) − p(2)

))

Z1nx

(
−Z2(v

(1)
n − v

(2)
n ) + (p(1) − p(2)

))

Z1ny

(
−Z2(v

(1)
n − v

(2)
n ) + (p(1) − p(2)

))

Z2

(
Z1(v

(2)
n − v

(1)
n ) + (p(2) − p(1)

))

Z2nx

(
Z1(v

(2)
n − v

(1)
n ) + (p(2) − p(1)

))

Z2ny

(
Z1(v

(2)
n − v

(1)
n ) + (p(2) − p(1)

))

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (62)
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6.1 General penalty term formulation

By inspecting (61)–(62) we can formulate the following general penalty terms.

f (i) = L

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

ρi
I (i)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Z1k1
(
v

(1)
n − v

(2)
n

)

nx k2
(

p(1) − p(2)
)

nyk2
(

p(1) − p(2)
)

Z2k2
(
v

(1)
n − v

(2)
n

)

nx k1
(

p(1) − p(2)
)

nyk1
(

p(1) − p(2)
)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ ζ

ρi
I (i)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−k2
(

p(1) − p(2)
)

−nx k1Z1

(
v

(1)
n − v

(2)
n

)

−nyk1Z1

(
v

(1)
n − v

(2)
n

)

k1
(

p(2) − p(1)
)

nx k2Z2

(
v

(2)
n − v

(1)
n

)

nyk2Z2

(
v

(2)
n − v

(1)
n

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

ζ ≥ 0. (63)

In (63), ζ controls the amount of energy dissipation, and k1, k2 are listed in Proposi-
tion 1, and they are here defined as

k1 = Zm
2

Zm
1 + Zm

2
and k2 = Zm

1

Zm
1 + Zm

2
, (64)

where m is a free parameter. This formulation recovers all other formulations.

– The naive choice (15) corresponds to

m = 0 and ζ = 0. (65)

– The energy conservative choice, δR = −RT , corresponds to

m = 1 and ζ = 0. (66)

– The energy dissipative choice, δR = 0, corresponds to

m = 1 and ζ = 1. (67)

To illustrate the results, we revisit the spectral radius investigation presented in
Sect. 2.4. The energy conservative and dissipative choices (66)–(67) each cause the
spectral radius to be independent of the density ratio, as shown in Fig. 3.

7 Numerical experiments

In this section, we conduct several numerical experiments. These experiments demon-
state the importance of having a scheme with bounded matrix norm for robustness,
and show the predictive ability of Propositions 8–9. In addition, we show that linear
functionals are superconverging. Finally, we investigate advantages and disadvantages
of developing a near-energy conservative scheme (in both space and time) of the wave
equation in two spatial dimensions.
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Fig. 3 The normalized spectral radius h�(Mh)/c as a function of the density ratio ρ1/ρ2 (on a log-log
scale)

7.1 Matrix norm behavior

Consider the wave equation in a single domain on the unit interval 0 ≤ x ≤ 1, subject
to the boundary conditions

w−(0, t) = 0, (68)

p(1, t) = αZv(1, t), α > 0. (69)

The left boundary condition (68) is implemented by taking R = 0 and δR = 0 in the
projectionmatrix formula (Proposition 4). By Proposition 3, the problem iswell-posed
and energy dissipative. We consider two different well-posed implementations of the
right boundary condition, described next.

7.1.1 Naive choice

The right boundary condition can be implemented naively by applying the penalty
term

fx=1 = L (Σ(p − αZv)) ,

where
∫

uTL(v)dx = u(1, t)v(1, t). The penalty matrix is chosen asΣ = [0, 1/ρ]T ,
which results in the energy dissipation rate

ρ
‖q‖2

dt
= −αZv2(1, t) ≤ 0.
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Fig. 4 Behavior of ‖Mh‖2 as a function of the boundary parameter α in (69). Lower bounds (LB) and upper
bounds (UB) are given by Proposition 8

(The energy rate contribution from the left boundary has been neglected.) We write
the penalty term as fx=1 = L(Σ LT q), where

Σ LT =
[
0 0
c −αc

]
.

By Proposition 8, this penalty term causes supoptimal scaling, since:

‖Σ LT ‖F = c
√
1 + α2.

Hence, for α � 1 the growth rate of h‖Mh‖ is linear in α. We confirm this prediction
by numerically computing ‖Mh‖2 as well as lower and upper bounds on it by applying
Proposition 8. We discretize in space by applying the fourth order SBP operators [28]
using 100 grid points. The constants in Proposition 8 are numerically computed to be:

sd = h‖Dx‖2 ≈ 2.359 rl = sl = h‖Lh‖2 ≈ 2.824.

Figure 4 show that the norm h‖Mh‖2 grows linearly as predicted when α increases.

7.1.2 Projection matrix formula

The right boundary condition (69) can also be implemented by applying the projection
matrix formula (Proposition 4). In this case, R = (α − 1)/(1 + α), whereas δR is a
free, but bounded parameter. We investigate how δR influences h‖Mh‖2 for a fixed
α = 10 and vary δR within its stability limit −1 ≤ δR ≤ 1. Figure 5 shows that any
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Fig. 5 Behavior of ‖Mh‖2 as a function of the penalty parameter δR. Lower bounds (LB) and upper bounds
(UB) are given by Proposition 8

δR ≤ 0 has negligible impact on h‖Mh‖2. On the other hand, when δR → 1, h‖Mh‖2
grows rapidly. Proposition 9 explains this growth because ‖I − − RδR‖  1 when
δR → 1.

7.2 Superconvergence and dual consistency

SBP-SAT schemes that are dual consistent exhibit superconvergence for linear func-
tionals. As explained in Sect. 4, a necessary condition for dual consistency is that the
weak primal boundary conditions are related to theweak dual boundary conditions in a
certainway. Interestingly, Proposition 7, shows that all penalty terms constructed using
the projection matrix formula satisfy this condition. We numerically verify this result
by constructing both energy conservative and energy dissipative penalty treatments
that result in superconvergent linear functionals.

Consider again the wave equation in a single domain 0 ≤ x ≤ 1.We use themethod
of manufactured solutions to construct the solution

p(x, t) = cos(kt) sin(kx), v(x, t) = − sin(kt) cos(kx). (70)

The manufactured solution (70) satisfies the wave equation subject to the initial and
boundary conditions:

p(x, 0) = sin(kx), v(x, 0) = 0, (71)

p(0, t) = 0, v(1, t) = − sin(kt) cos(k).
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Table 1 Errors and convergence rates when using an energy dissipative penalty parameter value δR = 0

N p v F(p) F(v)

log10 error Rate log10 error Rate log10 error Rate log10 error Rate

20 − 0.05193 – − 0.08724 – − 1.681 – − 1.51 –

39 − 1.138 3.608 − 1.013 3.076 − 2.225 1.806 − 2.103 1.97

77 − 2.305 3.877 − 2.122 3.683 − 3.468 4.131 − 3.305 3.993

153 − 3.413 3.679 − 3.13 3.348 − 4.691 4.064 − 4.515 4.021

305 − 4.448 3.439 − 4.063 3.102 − 5.907 4.039 − 5.723 4.012

609 − 5.431 3.265 − 4.971 3.014 − 7.101 3.966 − 6.932 4.017

Table 2 Errors and convergence rates when using the energy conservative penalty value δR = 1

N p v F(p) F(v)

log10 error Rate log10 error Rate log10 error Rate log10 error Rate

20 − 0.1154 – − 0.07907 – − 3.098 – − 1.426 –

39 − 1.129 3.368 − 0.9517 2.899 − 2.273 − 2.741 − 2.109 2.271

77 − 2.264 3.771 − 1.891 3.12 − 3.489 4.041 − 3.291 3.926

153 − 3.133 2.887 − 2.856 3.206 − 4.645 3.838 − 4.505 4.032

305 − 4.012 2.918 − 3.801 3.138 − 5.916 4.221 − 5.743 4.114

609 − 4.912 2.99 − 4.723 3.063 − 7.054 3.783 − 6.946 3.995

These boundary conditions correspond to R = −1 at both x = 0 and x = 1. The
manufactured solution (70) results for example in the linear functionals

F(p) =
∫ 1

0
pdx = cos(k) − 1

k
cos(kt),

F(v) =
∫ 1

0
vdx = − sin(k)

k
sin(kt). (72)

As before, the boundary conditions are implemented using the projection matrix
formula. We compare the energy dissipative choice δR = 0 against the energy con-
servative choice δR = −1. Besides this parameter choice, all other settings are the
same. In (70), we use k = 8π . We advance in time using a fourth order Runge–Kutta
method until the final time T = 1.2 using the timestep Δt = h/4 (the wave speed c
is set to c = 1 in this case). This experiment uses fourth order SBP operators, and the
expected convergence rate is third order in the variables p, and v according to [29,31].
The linear functionals (72) should superconverge at fourth order rate [14]. Tables 1
and 2 lists the errors and convergence rates for the energy dissipative and energy con-
servative penalty parameter choices, respectively. As expected, both choices result in
superconverging functionals.
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7.3 Energy conservation versus energy dissipation

For energy conservative problems, it may be beneficial to design a numerical scheme
that conserves energy in a semi-discrete sense. Weak boundary conditions that have
dissipation (γ > 0 in (63)) cause the spectrum of the spatial discretization to have
eigenvalues with a real part. The amount of dissipation controls the distance of the
real part of the eigenvalues to the imaginary axis. Since some Runge-Kutta methods
have a stability region that is wider along the imaginary axis compared to the real
axis, the presence of dissipation can have a negative impact on the maximum stable
time step. Staggered time-stepping methods, such as leap-frog and the fourth order
staggered Runge–Kutta method [11] have stability regions that are primarily confined
to the imaginary axis. On the other hand, they have smaller truncation error and larger
stability region along the imaginary axis compared to their non-staggered counter-
parts. For instance, the fourth order staggered Runge–Kutta method has about a factor
of two larger stability region along the imaginary axis, and a factor of 16 smaller
truncation error, compared to the classical fourth order Runge–Kutta scheme. How-
ever, to allow for dissipation may improve the accuracy of a numerical scheme. To
understand how these benefits and drawbacks influence performance, we compare the
computational efficiency of energy conserving discretizations advanced in time with
the fourth order staggered Runge–Kutta (SRK4) scheme against energy dissipating
discretizations advanced in time using the fourth order, 5-4 solution 3, 2N low-storage
Runge–Kutta method (RK4) [15].

To investigate the performance and demonstrate the importance of how the coupling
parameters are chosen, we present a challenging application problem featuring a light-
dense media interface. The interface is located at y = 0 and the light medium rests
on top of the dense medium. The material properties in the light medium are ρ1 = 1,
c1 = 1, and they are ρ2 = 800, c2 = 4 in the dense medium. These parameter
values result in an impedance contrast of Z2/Z1 = 3200, which is representative of a
water-air interface. This large impedance contrast makes the problem computationally
challenging. Figure 6 shows a coarse grid simulation of the pressure field for a fixed
time. An explosive source initiated in the air medium sends out waves that both reflect
against and transmit across the air-water interface (black horizontal line).

The air andwatermedia are each discretized by the fourth order SBP staggered finite
difference operators presented in [23]. Initially, all fields are set to zero. To initiate
the simulation, we use a singular source term with a prescribed source time function.
This source term is written as δ(x − xs)δ(y − ys)g(t) and acts in the right-hand side
of the pressure equation. The source is positioned in close vicinity of the interface, at
(xs, ys) = (0.0, 0.05). The delta functions δ(x − xs) and δ(y − ys) are discretized in
a line by line manner to fourth order accuracy by imposing moment conditions, see
[25] for details. As the source time function, g(t), we use the Ricker wavelet

g(t) =
(
1 − 2π2 f 2p (t − t0)

2
)

e−π2 f 2p (t−t0)2 ,

where f p = 6.4 and t0 = 0.25. These settings result in λmin/h ≈ 6 grid points per
minimum wavelength in the air medium. This estimate defines λmin = cmin/ fmax ,
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Fig. 6 Pressure wave field at t = 0.4, computed on a coarse grid (λmin/h ≈ 6) with the energy dissipative
coupling (67)

where fmax is the frequency at 5% of the peak amplitude of the Ricker wavelet in the
Fourier domain.

Since we are mostly interested in understanding how the coupling treatment influ-
ences accuracy at the interface, wemeasure the error along it. Due to the discontinuous
nature of the weak coupling conditions, the error is defined by the jump in a quantity
that is continuous across the interface. We choose the jump in pressure. To approxi-
mate the solution anywhere along the interface, we use cubic Lagrange interpolation.
In particular, we focus on measuring the error in the middle of the interface, at
(xr , yr ) = (0.0, 0.0).

7.3.1 Accuracy

Before investigating the computational efficiency of each method, we compare the
accuracy of the energy conservative and energy dissipative couplings obtained by
the projection matrix formula (35). When solving the air-water interface problem
on the coarse grid with the energy conservative coupling (66), numerical artifacts
emerge. These artifacts are large-amplitude spurious oscillations that propagate along
the interface. Figure 7a shows the presence of these oscillations at the same time
and on the same grid as shown in Fig. 6. While these spurious oscillations vanish
with grid refinement and appear to be confined to the interface, they prevent one
from performing coarse grid computations that demand a reasonably (less than 10%
error) accurate solution at the interface. Fortunately, we can suppress these spurious
oscillations by selecting a different δR in the projection matrix formula.

To appreciate what causes the spurious oscillations to develop, recall that the inter-
face problem couples a light medium to a dense medium. This problem has a large
impedance contrast Z2/Z1 � 1 across the interface. In this limit, we study the reflec-
tion and transmission of plane wave solutions that are incident normal to the interface.
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Fig. 7 Qualitative accuracy comparison of energy conserving couplings. The energy conservative coupling
(66) causes noticeable spurious oscillations on coarse grids

The following solution solves (1),

p(1) = −Z1eik̃1(y+c1t) + aR Z1eik̃1(−y+c1t),

v(1)
x = 0, v(1)

y = eik̃1(y+c1t) + aReik̃1(−y+c1t)

p(2) = −Z2aT eik̃2(y+c2t), v(2)
x = 0, v(2)

y = aT eik̃2(y+c2t),

where k̃1, k̃2 are wavenumbers that satisfy the dispersion relation ω = k̃1c1 = k̃2c2,
and aR , aT are reflection and transmission coefficients, determined by the coupling
conditions (4). The reflection and transmission coefficients are:

aR = Z1 − Z2

Z1 + Z2
and aT = 2Z1

Z1 + Z2
.

In the limit when Z2/Z1 → ∞, we get aR = −1, aT = 0, and there is no transmission
into the dense medium. An interpretation of this limit is that a wave propagating in
the light medium senses the interface as a rigid wall. On the other hand, a wave
propagating in the dense medium senses the interface as a free surface, and transmits
into the light medium with double the amplitude. If we neglect any transmission, the
problem decouples into two problems with the boundary conditions

v(1)
n = 0 (light), p(2) = 0 (dense), (x, y) ∈ Γ .
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The onlyway to implement these boundary conditions in an energy conservingmanner
is to set

m → ∞ and ζ = 0, (73)

in (63)–(64). The choice (73) results in k1 = 1, k2 = 0, and (63) yields

f (1) = L

⎛
⎜⎝ 1

ρ1

⎡
⎢⎣

Z1

(
v

(1)
n − v

(2)
n

)

0
0

⎤
⎥⎦

⎞
⎟⎠ , f (2) = L

⎛
⎝ 1

ρ2

⎡
⎣

0
nx
(

p(1) − p(2)
)

ny
(

p(1) − p(2)
)

⎤
⎦
⎞
⎠ ,

(74)

where v
(2)
n = p(1) = 0 in the decoupled case.

In the limit when Z2/Z1 → ∞, the energy conservative coupling (66) approaches
the penalty terms of (74) at a linear rate. We speculate that this rate is too slow when
there is no artificial dissipation present to suppress the spurious oscillations. Instead,
we choose δR so that it corresponds to (74) by directly taking the limit (we do not
modify Z2, Z1 in the problem itself)

δR = lim
Z2/Z1→∞ −RT (Z1, Z2) =

[−1 0
0 1

]
. (75)

Obviously, if Z1 > Z2 we would have taken the opposite limit Z2/Z1 → 0 instead.
Note that the choice (75) preserves the energy conservation property because δR is
still an orthogonal matrix. Since we used the projection matrix formula to derive this
coupling, it is also both dual consistent and provably non-stiff.

This simplemodification of the penalty parameter results in a dramatic improvement
in accuracy of the coarse grid simulation (Fig. 7b). However, the dissipative choice
δR = 0 in Fig. 6 is the most accurate option.

Figure 8 shows the error in pressure at the center grid point of the interface as a
function of time for each type of coupling. The modified energy conservative coupling
(73), SRK4-EC2, reduces the maximum amplitude of the error by a factor of 18
more than the coupling (66), SRK4-EC1. While this simple modification resulted in
a dramatic improvement for this particular problem, we have not investigated other
problems with moderate impedance contrasts.

7.3.2 Time step selection

We determine the maximum stable time step Δtmax = CFLh/cmax for each type of
coupling and time stepping method. In each case, we maximize CFL by perform-
ing several coarse grid computations using the bisection method. Table 3 lists CFL
numbers for each method up to three decimal places.

As expected from the 1D investigations, the naive coupling, RK4-NA, results in
more than an order magnitude reduction in ν compared to the other couplings. Inter-
estingly, SRK4-EC1 and SRK4-EC2 result in a factor of four larger CFL compared
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(b)

(a)

Fig. 8 Error in pressure in the middle of the interface. See Table 3 for label descriptions

to RK4-ED. We believe this improvement is due to two reasons: 1. SRK4 has a factor
of ≈ 2 larger stability region along the imaginary axis compared to RK4. 2. The dis-
sipative part of (67) leads to eigenvalues with real parts that are ≈ 2 smaller than the
RK4 stability envelope along the imaginary axis. By decreasing ζ in (63) it should be
possible to increase CFL, but most likely at the expense of decreasing the accuracy in
the solution.
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Table 3 CFL numbers for each type of time stepping method and coupling used in the investigation

Label Time stepping method Coupling Description CFL

RK4-NA Runge–Kutta 4 See Eq. (65) Energy conservative
(m = 0, ζ = 0)

0.068

SRK4-EC1 Staggered Runge–Kutta 4 See Eq. (66) Energy conservative
(m = 1, ζ = 0)

1.548

SRK4-EC2 Staggered Runge–Kutta 4 See Eq. (73) Energy conservative
(m → ∞, ζ = 0)

1.548

RK4-ED Runge–Kutta 4 See Eq. (67) Energy dissipative
(m = 1, ζ = 1)

0.412

7.3.3 Computational efficiency

With each method tuned to run at its time step stability limit, we compare their com-
putational efficiency (error as a function of computational time). The norm of the
error is the maximum amplitude of the error in time in the middle of the interface
(see Fig. 8). Figure 9 shows the computational efficiency of each method. The naive
method,RK4-NA, performs theworst, runningmore than an order ofmagnitude slower
than the other methods. The computational efficiency of SRK4-EC is limited by the
large errors caused by the inaccurate coupling. On coarser grids, SRK4-EC2 performs
significantly faster than RK4, but the trend reverses on sufficiently fine grids. RK4-ED
is the most accurate method on all grids. While not shown, we also tested RK4-EC2
and that resulted in an almost indistinguishable difference in error compared to SRK4-
EC2. To model the speedup of SRK4-EC2 compared to RK4-ED, we apply a cubic
polynomial least square fit to each data series. Using this model, we observe that the
maximum performance increase is about 150 % in favor of SRK4-EC2 for 10% error.
Due to the improved accuracy of the dissipative coupling, this performance increase
rapidly diminishes. At an error level of 0.01% the performance increase is completely
saturated. In conclusion, the energy conservative method outperforms the energy dis-
sipative method on coarse grids due to better stability properties. On the other hand,
the energy dissipative method outperforms the energy conservative method on fine
grids due to better accuracy properties (see Fig. 10).

To determine computational timings, we implemented each method in a similar
manner using C++ and CUDA. The computational timing experiments were measured
on a Nvidia GTX 2080 Ti card. No efforts were made to optimize the performance of
any of the implementations.

8 Conclusions

When weakly coupling hyperbolic partial differential equations, one must select cer-
tain penalty parameters that describe how the coupling conditions areweighted.Within
the SBP community, it is well-established how to constrain these parameters to give a
proof of semi-discrete stability of a numerical schemevia the energymethod.However,
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Fig. 9 Computational efficiency of the SRK4 and RK4 schemes

Fig. 10 Modeled speedup of SRK4-EC2 compared to RK4-ED (speedup > 1 SRK4-EC2 is faster than
RK4-ED)

the energy method alone cannot fully constrain all of the parameters. The remaining
parameters must be carefully selected because they can have a striking impact on
stiffness and accuracy of the numerical scheme.

We showed the importance of this claim by simulating the interaction of waves
across an air-water interface in an energy conserving manner. For one set of param-
eter values, the coupling treatment caused the numerical scheme to be an order of
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magnitude stiffer than expected from the CFL condition from the uncoupled case.
Another set of parameter values prevented stiffness, but instead caused a degradation
in accuracy. This accuracy degradation showed the development of spurious waves
in the vicinity of the interface. In this study, we explained what causes stiffness and
developed a general coupling procedure that is provably non-stiff and accurate.

To overcome stiffness in an automated manner, we presented a general formula-
tion for designing penalty terms. This general formulation results in stable and dual
consistent schemes that are provably non-stiff. In this formulation, the penalty terms
are related to projection matrices that are guaranteed to exist as long as a determi-
nant condition is satisfied. In the limit when the determinant approaches zero, the
matrix norm grows without bounds. We gave two examples for which the determinant
never vanishes; these examples are associated with either an energy conservative or
an energy dissipative coupling.

A potential advantage of the energy conservative coupling compared to the energy
dissipative coupling is that it is compatible with energy conservative time stepping
schemes. For this reason, we compared the computational efficiency of a fourth order
staggered Runge–Kutta with the energy conservative coupling against a fourth order
Runge–Kutta with the energy dissipative coupling. We showed that energy conserv-
ing methods can outperform energy dissipative methods on coarse grids because they
allow larger time steps. However, energy dissipative methods outperform energy con-
servative methods on fine grids because they have better accuracy properties. For
the air-water interface problem, we observed a factor of 2.5 speedup of the energy
conservative method compared to the energy dissipative method on a coarse grid.

There is one important aspect that we did not address: what mechanism of the
penalty parameters controls accuracy? For the energy-conservative penalty parameters
for the air-water interface problem, we saw that a simple change in a parameter value
resulted in an order of magnitude reduction in the error level on the coarsest grid. We
linked this accuracy improvement to what the coupling treatment must become in the
limit that the impedance contrast approaches infinity. Ideally, we would like to have
a simple diagnostic test, analogous to the stiffness test, that can establish if a set of
parameters will cause an accurate interface treatment or not. It would also be useful
to have an automated and general procedure that can select these parameters, thereby
avoiding the cumbersome work of manually deriving and testing parameters on a case
by case basis.
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A Proof of Proposition 7

Proof Recall (45),

Φ(q∗, δq) = −Φ(q, δq∗) + Φ(q, q∗).

By linearity,

Φ(q − δq, q∗ − δq∗) = Φ(q, q∗) − Φ(q, δq∗) − Φ(δq, q∗) + Φ(δq, δq∗),

i.e.,

Φ(q, q∗) = Φ(q − δq, q − δq∗) + Φ(q, δq∗) + Φ(δq, q∗) − Φ(δq, δq∗). (76)

Inserting (76) into (45) yields

Φ(q − δq, q∗ − δq∗) = Φ(δq, δq∗). (77)

We diagonalize each side of (77) individually. By the primal (28) and dual conditions
(42), the left-hand side in (77) yields

Φ(q − δq, q∗ − δq∗) =
∮

∂Ω

(w+ − δw+)T (w∗+ − δw∗+)

−(w− − δw−)T (w∗− − δw∗−)ds

=
∮

∂Ω

(w+ − δw+)T
(

R∗ − RT
)

(w∗− − δw∗−)ds. (78)

Likewise, by the primal (30) and dual conditions (43), the right-hand side in (77)
yields

Φ(δq, δq∗) =
∮

∂Ω

(δw+)T (δw∗+) − (δw−)T (δw∗−)ds

=
∮

∂Ω

(δw−)T
(
(δR)T − δR∗) δw∗+ds. (79)

In general, the only possibility for (78) to be equal to (79) is if (46) holds. ��
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B Proof of Proposition 8

Proof (i) Upper bound: By the triangle inequality and Kronecker product property
(51), we obtain

‖Mh‖2 = ‖ − Ax ⊗ Dx + Lh ⊗ Σ LT ‖2 ≤ ‖Ax ⊗ Dx‖2 + ‖Lh ⊗ Σ LT ‖2
= ‖Ax‖2‖Dx‖2 + ‖Lh‖2‖Σ LT ‖2

Since Ax is symmetric, ‖Ax‖2 = �(Ax ), and from (54), the upper bound in (55)
follows.

(ii) Lower bound: By definition, any vector z 
= 0 yields a lower bound on ‖Mh‖2:

‖Mh‖2 = sup
x∈Rm

x 
=0

‖Mhx‖2
‖x‖2 ≥ ‖Mh z‖2

‖z‖2 .

In particular, if Dx is a consistent approximation of the derivative, the choice z = 1⊗x′
implies that Dx e = 0, and therefore

‖Mh z‖2
‖z‖2 = ‖ (−Ax ⊗ Dx + Lh ⊗ Σ LT

)
(e ⊗ x′)‖2

‖e ⊗ x′‖ = ‖Lh ⊗ Σ LT (e ⊗ x′)‖2
‖e ⊗ x′‖ .

By (51), (54), and since x′ 
= 0 is arbitrary,

‖Lhe ⊗ Σ LT x′‖2
‖e ⊗ x′‖2 ≥ rl

h
sup
x′∈Rm

x′ 
=0

‖Σ LT x′‖2
‖x′‖2 = rl

h
‖Σ LT ‖2.

��

C Proof of Proposition 9

Proof By the projection matrix formula (35) and the submultiplicative norm property
(50), we have

‖Σ LT ‖2 = ‖AP‖2 ≤ ‖(LT δL)‖−1
2︸ ︷︷ ︸

ζ1

‖AδL‖2︸ ︷︷ ︸
ζ2

‖L‖2︸ ︷︷ ︸
ζ3

. (80)

We will bound each of three factors in the right-hand side of (80) individually. By the
definition of P in (35), ζ1 satisfies

ζ1 = ‖(LT δL)‖−1
2 = 1

‖I − − RδR‖2 (81)
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By eigenvector orthogonality and orthonormality, ζ2 satisfies

ζ2 = ‖AδL‖2 =
∥∥∥
(

X+Λ+(X+)T + X−Λ−(X−)T
)

×
(

X−√|Λ−|−1 − X+√(Λ+)−1δR
)∥∥∥

2

= ‖X−√|Λ−| − X+√
Λ+δR‖2 ≤ √�(A) (1 + ‖δR‖2) . (82)

Similarly, ζ3 satisfies

ζ3 = ‖L‖2 ≤ √�(A) (1 + ‖R‖2) . (83)

By inserting (81)–(83) into (80), the bound (56) follows. ��
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