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Abstract
This paper introduces a constructive method for approximating relative continuum
measurements in two-dimensional electrical impedance tomography based on data
originating from either the point electrode model or the complete electrode model.
The upper bounds for the corresponding approximation errors explicitly depend on
the number (and size) of the employed electrodes as well as on the regularity of the
continuum current that is mimicked. In particular, if the input current and the object
boundary are infinitely smooth, the discrepancy associated with the point electrode
model converges to zero faster than any negative power of the number of electrodes.
The results are first proven for the unit disk via trigonometric interpolation and quadra-
ture rules, and they are subsequently extended to more general domains with the help
of conformal mappings.

Mathematics Subject Classification 35R30 · 35A35 · 42A15 · 42A10

1 Introduction

In electrical impedance tomography (EIT) the goal is to reconstruct an unknown
conductivity distribution inside a physical body. This is based on noninvasive mea-
surements of electric current and voltage at electrodes placed on the boundary of the
object. According to the idealized continuum model (CM) of EIT, such measurements
correspond to knowing the infinite-dimensional Neumann-to-Dirichlet (ND) bound-
ary map for the conductivity equation that models the behavior of the electric potential
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inside the object of interest. Alternatively, if one is able to perform the measurements
of EIT for the same object with two different conductivities, the CM assumes the
available data is the difference of the respective ND maps, i.e. the so-called relative
measurements. This is the case with time-difference imaging or by numerically sim-
ulating the reference measurements for, say, the unit conductivity. Quite often the
relative measurements are supposed to originate from two conductivities that coin-
cide in some interior neighborhood of the object boundary, which is also the setting
considered in this work.

In the framework of the CM, an isotropic conductivity, i.e. the strictly posi-
tive scalar-valued coefficient in the conductivity equation, is uniquely identified by
the corresponding boundary measurements under dimension-dependent regularity
assumptions. In two dimensions, it is enough to assume the conductivity is essentially
bounded [1], whereas the most general uniqueness results in higher dimension require
Lipschitz continuity [6]. There also exist several reconstructionmethods that are based
on the (slightly unrealistic) CM such as the ∂-method [32,33,36], the monotonic-
ity method [5,11,21,22], the factorization method [2,3,15,19,31], and the enclosure
method [27–29]. It is worth noting that all these reconstruction techniques actually
assume the availability of relative CM measurements.

In all real-world settings for EIT, it is only possible to perform measurements
with a finite number of finite-sized electrodes, making it impossible to exactly record
continuum data in practice. In consequence, more accurate electrode models should
arguably be used to treat such realistic measurement setups. The complete electrode
model (CEM) includes the actual shapes and positions of the employed electrodes as
well as the contact impedances at the electrode-object interfaces in the forward model
[7,42]. The limit of the CEM when the contact impedances tend to zero is called the
shunt model [7]; a bit counterintuitively, the shunt model has been shown to exhibit
worse numerical behavior than the CEM [9]. For small or point-like electrodes and
relative measurements, the injected currents can be relatively accurately modeled as
Dirac delta distributions according to the point electrode model (PEM) [17].

Although the aforementioned electrode models accurately predict real-world mea-
surements under appropriate assumptions on the measurement configuration, very
little is actually known about the unique identifiability of conductivities in their frame-
works: among the only such results, the unique identifiability has been proven in [20]
for the CEM assuming the conductivity belongs to a suitable a priori known finite-
dimensional set of piecewise analytic functions. In fact, it is intuitively acceptable to
assume there is no uniqueness for any combination of an infinite-dimensional family
of conductivities and an electrode model producing finite-dimensional data. For the
PEM it is even possible to stably construct conductivity perturbations that really are
invisible to measurements by a given finite set of electrodes [8]. However, since it is
also possible to approximate (absolute) CMmeasurements by those of the CEMwhen
the number of electrodes tends to infinity and the electrodes cover the object boundary
in a controlled manner, one can argue that the unique identifiability results for the CM
transfer to the framework of the CEM in the sense of limits. To be slightly more pre-
cise, it has been shown in [24] that when the number of electrodes is increasing (and
their size appropriately decreasing) the ND map corresponding to a smooth enough
conductivity can be approximated in the space of bounded linear operators on square
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Mimicking relative continuummeasurements by electrode… 581

integrable functions, so that the associated discrepancy tends to zero essentially as the
maximal distance between adjacent electrodes.

As mentioned above, many of the reconstruction methods designed for the CM
assume relative measurements as their input, and so the ability to approximate relative
continuum data by electrode models is important for the practical implementation
of sophisticated mathematical reconstruction algorithms. In fact, electrode measure-
ment variants have previously been introduced for, e.g., the factorization method, the
monotonicity method, and the ∂-method (see, e.g., [13,14,23,30,34]), but the accuracy
of the associated techniques for approximating relative continuum data based on the
available electrode measurements has not always been carefully analyzed. Indeed,
the best result in this direction the authors are aware of is the one in [24], which
does not, in particular, exploit the extra structure carried by relative measurements if
the considered two conductivities coincide in an interior neighborhood of the object
boundary. See also [4] for a recent Bayesian approach for moving between electrode
and continuum measurements in EIT.

In this paper, we tackle mimicking relative continuum data by electrode measure-
ments in two-dimensional EIT as a problem of (hardware) algorithm design: our aim
is to choose (optimal) positions for the employed electrodes based on the shape of the
imaged domain and the net electrode currents as functions of the continuum current
pattern one would like to drive through the object boundary. We assume the examined
bounded simply connected two-dimensional domain has a smooth enough boundary
and the target continuum current patterns exhibit L2-based Sobolev regularity of order
s > 1

2 . Our algorithm leads to estimates of orderO(M−s) in the number of electrodes
M for the discrepancy between the relative measurements of the CM and suitably
postprocessed PEM or CEM data (provided the width of the electrodes decay appro-
priately in M for the CEM). This result is first proven for the PEM in the unit disk
with equiangular electrodes, and subsequently it is extended to more general domains
with the help of conformal mappings. Finally, the required estimates for the CEM are
obtained by resorting to the material in [17], where an approximative link between
the CEM and the PEM is considered. In addition to the Riemann mapping theorem,
the main ingredients for obtaining our estimates are sufficiently accurate interpolation
and quadrature rules on the boundary of the unit disk for the relevant Sobolev spaces;
in fact, the order of the obtained estimates is directly dictated by the accuracy of these
rules.

This paper is organized as follows. In Sect. 2, we introduce the CM, PEM, and CEM
as well as their respective relative measurement maps. Section 3 briefly recalls the
connection between Sobolev spaces and Fourier series, while Sect. 4 reviews trigono-
metric interpolation and introduces estimates related to pointwise current injection in
the PEM. Section 5 provides the desired estimates for the PEM in the unit disk as The-
orem 5.1. Finally, Sect. 6 introduces our algorithm with general domains for both the
PEM and the CEM, with Theorem 6.1 and Corollary 6.2 serving as our main results.
The paper is concluded by two numerical examples in Sect. 7, verifying some of the
proven convergence rates in simple geometries. Finally, an appendix clarifies how the
constants appearing in the estimates of [17] depend on the number of electrodes.
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1.1 Some notational remarks

LetL (X ,Y ) denote the space of bounded linear operators between Banach spaces X
and Y , withL (X) := L (X , X).

For the sake of brevity, we use the following notation for finite summations with
M ∈ N:

∑

|n|≤M

an :=
M∑

n=−M

an,
∑

0<|n|≤M

an :=
−1∑

n=−M

an +
M∑

n=1

an .

An analogous notation is also used for sets that are indexed by integers. For M ∈ N,
we systematically index the components of vectors inC2M+1 from−M to M , i.e. a =
[a−M , . . . , aM ]T ∈ C

2M+1, and denote the mean free subspace of C2M+1 by C2M+1� .
We often use generic positive constants that may change from one estimate to the

next. As an example, writing C(a, b, c) indicates that such a constant only depends
on the parameters a, b, and c.

2 On forwardmodels of EIT

In this section we review three forward models for (two-dimensional) EIT. All of them
correspond to the same underlying elliptic partial differential equation

∇ · (σ∇u) = 0 in �, (2.1)

where � ⊂ C is a bounded simply connected domain with a C∞-boundary. The
coefficient σ ∈ L∞(�) is a complex-valued isotropic conductivity satisfying

supp(σ − 1) ⊂⊂ � and ς− ≤ Re(σ ) ≤ ς+ (2.2)

almost everywhere in � for some ς−, ς+ ∈ R+.

Remark 2.1 The forward problems of CM and CEM would still be well defined if
∂� were Lipschitz and only the second condition of (2.2) were satisfied (assuming
the boundary current densities for the CM are regular enough). On the other hand,
the PEM requires the first condition of (2.2) and also some regularity from ∂�, but
piecewise C1,α-smooth boundary would actually be enough [41]. Moreover, all three
models could be introduced in three dimensions and for anisotropic conductivities as
well. The reason for assuming two-dimensionality and extra regularity from σ and ∂�

is that they are required by our main results in their optimal form. On the other hand,
anisotropic conductivities are excluded solely for the sake of notational convenience.

2.1 Continuummodel

The CM assumes that one can drive any mean free normal current density through
∂� and measure the resulting boundary potential everywhere. In mathematical terms,
(2.1) is accompanied by the Neumann boundary condition
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Mimicking relative continuummeasurements by electrode… 583

∂u

∂ν
= f on ∂�, (2.3)

where ν is the exterior unit normal of ∂� and f ∈ Hs�(∂�), with Hs�(∂�) denoting
the mean free subspace of the Sobolev space Hs(∂�). To be more precise,

Hs�(∂�) := {v ∈ Hs�(∂�) | 〈1, v〉∂� = 0}, s ∈ R,

where 〈·, ·〉∂� : H−s(∂�) × Hs(∂�) → C denotes the sesquilinear dual evaluation
between the associated Sobolev spaces.

According to the standard theory on elliptic boundary value problems [37], the
combination of (2.1) and (2.3) has a unique solution u ∈ Hmin{1,s+3/2}(�)/C. More-
over, as u satisfies the Laplace equation in an interior neighborhood of ∂�, its Dirichlet
trace is well-defined in Hs+1(∂�)/C [35]. By choosing the ground level of potential
appropriately, one can thus introduce the ND map

�(σ) :
{
f �→ u|∂�,

Hs�(∂�) → Hs+1� (∂�),

whose boundedness for any s is considered, e.g., in [18, Theorem A.3].
The relative ND map

ϒ(σ) := �(σ) − �(1) (2.4)

exhibits considerably more regularity than �(σ) itself. More precisely,

‖ϒ(σ)‖L (Ht�(∂�),Hs�(∂�)) ≤ C(s, t, σ,�) (2.5)

for all t, s ∈ R. This well known result is presented in [18, Theorem A.3] for the unit
disk, but the corresponding proof applies as such to any smooth and bounded domain
� since the essential ingredient is the first condition in (2.2), not the shape of the
domain.

According to the CM, relative EITmeasurements for a conductivity satisfying (2.2)
produce the boundary operator ϒ(σ) as the data. However, it is obvious that ϒ(σ)

cannot be precisely retrieved based on practical EIT measurement that employ a finite
set of contact electrodes. This observation motivates the introduction of more realistic
electrode models for EIT.

Remark 2.2 The estimate (2.5) remains valid if the unit background conductivity in
(2.2) and (2.4) is replaced by a smooth conductivity σ0 ∈ C∞(�), whose real part is
positive and bounded away from zero, and the left-hand side of (2.3) is weighted by
σ0 to properly model the corresponding boundary current density. As the smoothening
property (2.5) is a main ingredient of our analysis, it is straightforward to check that
all results presented below still hold within such a slightly more general framework
(if the unit conductivity is replaced by σ0 at every occurrence, including all Neumann
boundary conditions).
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584 H. Garde, N. Hyvönen

2.2 Point electrodemodel

In our framework, the PEM assumes that 2M + 1 point-like electrodes are attached
to ∂� at the distinct locations y−M , . . . , yM ∈ ∂� for some M ∈ N. The net currents
I−M , . . . , IM ∈ C, with a zero-mean condition imposed, are driven through the elec-
trodes and the relative potentials are measured at these same positions. In other words,
the employed current patterns are of the form

f I :=
∑

|m|≤M

Imδym , I ∈ C
2M+1� , (2.6)

where δym ∈ Hs(∂�), s < − 1
2 , is the Dirac delta distribution supported at ym on

the one-dimensional boundary ∂�. Observe that f I ∈ Hs�(∂�), s < − 1
2 , for any

I ∈ C
2M+1� .

Recalling the relative ND map from (2.4), the measurements of PEM can be mod-
eled by the pointwise current-to-voltage map

ϒPEM(σ ) : C2M+1�  I �→
⎡

⎢⎣
ϒ(σ) f I (y−M )

...

ϒ(σ ) f I (yM )

⎤

⎥⎦ + c1 ∈ C
2M+1� , (2.7)

where 1 = [1, . . . , 1]T ∈ C
2M+1 and the ground level of potential c ∈ C is chosen

so that the relative potentials at the electrodes have zero mean. Due to (2.5) and the
Sobolev embedding theorem, the definition (2.7) is unambiguous.

According to the PEM, relative EIT measurements for a conductivity satisfying
(2.2) produce (a noisy version of) the finite-dimensional linear map ϒPEM(σ ) as the
data. Although the point-like electrodes of the PEM cannot completely accurately
model the finite-sized ones used in practical EIT measurements, it has been shown
that the discrepancy between relativemeasurementsmodeled by theCEMand thePEM
behave asymptotically asO(d2) in the maximal diameter d > 0 of the electrodes [17].

2.3 Complete electrodemodel

The CEM is arguably the most accurate model for EIT [7,42]. In our two-dimensional
setting, 2M + 1 mutually disjoint electrodes E−M , . . . , EM ⊂ ∂� are attached to the
object boundary. They are identified with the nonempty open and connected subsets
of ∂� that they cover, and their midpoints with respect to the arclength of ∂� are
y−M , . . . , yM ∈ ∂�, respectively. The contact impedances at the electrode-object
interfaces are modeled by the complex numbers z−M , . . . , zM ∈ C with positive real
parts.
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In the forward problem of the CEM, the conductivity equation (2.1) is combined
with the boundary conditions

∂u

∂ν
= 0 on ∂�\

⋃

|m|≤M

Em,

u + zm
∂u

∂ν
= Um on Em, |m| ≤ M, (2.8)

∫

Em

∂u

∂ν
ds = Im, |m| ≤ M,

where I ∈ C
2M+1� models the net currents through the electrodes, u ∈ H1(�) is

the electric potential within �, and U ∈ C
2M+1� carries the constant potentials at the

electrodes. The combination of (2.1) and (2.8) uniquely defines the interior-electrode
potential pair (u,U ) ∈ H1(�) ⊕ C

2M+1� [42]. Take note that forcing the electrode
potential vector to belong to C2M+1� corresponds to a particular choice for the ground
level of potential.

The absolute measurements of the CEM are modeled by the electrode current-to-
voltage map

R(σ ) : C2M+1�  I �→ U ∈ C
2M+1� ,

and the corresponding relative measurement map is

ϒCEM(σ ) := R(σ ) − R(1). (2.9)

According to the CEM, relative EIT measurements for a conductivity satisfying (2.2)
produce (a noisy version of) the finite-dimensional linear map ϒCEM(σ ) as the data.

3 On periodic distributions, periodic Sobolev spaces, and Fourier
series

This section reviews some basic facts on periodic distributions and Sobolev spaces
based on [39, Sections 5.2 and 5.3]. We present the theory in terms of 2π -periodic
functions and distributions rather than 1-periodic ones as in [39], mainly because we
will initially focus on the unit disk when considering EIT.

Wedenote byD(R) := C∞
c (R) the space of smooth functionswith compact support

and by D′(R) its dual space, i.e. the space of distributions on R. The dual pairing
between these spaces is denoted as 〈·, ·〉R.
Definition 3.1 A distribution g ∈ D′(R) is called 2π -periodic if

〈g, τkφ〉R = 〈g, φ〉R, ∀φ ∈ D(R), k ∈ Z,

where τkφ(θ) := φ(θ +2πk) for θ ∈ R. Moreover, the spaces of 2π -periodic smooth
functions and distributions are defined as

Dper := {φ ∈ C∞(R) | φ is 2π -periodic},
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D′
per := {g ∈ D′(R) | g is 2π -periodic},

respectively.

As hinted by the notation, D′
per can be identified with the dual space of Dper:

Following [39, Section 5.2], we may introduce ψ ∈ D(R) such that its 2π -translates
form a partition of unity, i.e.

∑

k∈Z
ψ(θ + 2πk) ≡ 1, θ ∈ R. (3.1)

The dual pairing between D′
per and Dper is then defined by

〈g, φ〉 := 〈g, ψφ〉R, g ∈ D′
per, φ ∈ Dper. (3.2)

A short computation reveals that the definition in (3.2) is independent of the choice of
ψ with the property (3.1). We refer to [39, Section 5.2] for a more careful analysis of
the duality between D′

per and Dper.
The definition (3.2) enables introducing Fourier coefficients for periodic distri-

butions. To streamline the notation, we denote the trigonometric monomials by
fn := ein(·) ∈ Dper, n ∈ Z.

Definition 3.2 The Fourier coefficients of g ∈ D′
per are defined as

ĝ(n) := 1

2π
〈g, f−n〉, n ∈ Z. (3.3)

Remark 3.3 (Related to Definition 3.2)

(i) By identifying L1
loc(R) as a subspace of D′(R) in the usual manner, it is easy

to see that (3.3) provides a generalization for the standard Fourier coefficients
defined for 2π -periodic L1

loc(R)-functions.
(ii) We identify the standard Dirac delta distribution δθ0 , θ0 ∈ (−π, π ], with its

2π -periodic counterpart ∑

k∈Z
δθ0+2πk .

It follows immediately from (3.3) that

δ̂θ0(n) = 1

2π
e−inθ0 , n ∈ Z. (3.4)

Let us then define the periodic Sobolev spaces.

Definition 3.4 The 2π -periodic Sobolev space with a smoothness index s ∈ R is
defined as

Hs := {g ∈ D′
per | ‖g‖s < ∞},
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where

‖g‖s :=
(
2π

∑

n∈Z
n2s |ĝ(n)|2

)1/2

(3.5)

and n := max{1, |n|}. The mean free subspace of Hs is

Hs� := {g ∈ Hs | ĝ(0) = 0}.

It is obvious that Hs (as well as its closed subspace Hs�) is a Hilbert space when
equipped with the inner product

〈 f , g〉s := 2π
∑

n∈Z
n2s f̂ (n)ĝ(n), f , g ∈ Hs . (3.6)

We write L2 := H0 and L2� := H0� , which is motivated by Parseval’s theorem guaran-
teeing that 〈 f , g〉0 = 〈 f , g〉L2 for all f , g ∈ L2(−π, π), that is, H0 � L2(−π, π).

The bracket 〈·, ·〉−s,s : H−s × Hs → C denotes the sesquilinear dual pairing,
acting as an extension of the inner product 〈·, ·〉L2 on L2(−π, π). By mimicking the
construction in [12, Section 1.1], one can use this same pairing for realizing the duality
between H−s� and Hs� as well.

Remark 3.5 We may identify Hs with the standard Sobolev space Hs(∂D) on the
boundary of the unit disk D. Indeed, via the identification θ ↔ eiθ the topologies of
the two spaces coincide, and hence we may use their properties interchangeably. For
more information, see [35, Remark 7.6] that characterizes Hs(∂�) for any smooth
bounded domain�with the help of an eigensystem for the Laplace–Beltrami operator
on ∂�; observe also that fn , n ∈ Z, can be identified on ∂D with an eigenfunction
for the Laplace–Beltrami operator, which is essentially the second angular derivative,
with the corresponding eigenvalue being −n2. In particular, the elements of Hs can
be identified with continuous 2π -periodic functions for s > 1

2 due to the Sobolev
embedding theorem, and the (2π -periodic) Dirac delta distribution belongs to Hs for
any s < − 1

2 . The latter could also be easily deduced by combining (3.4) and (3.5).

Let us complete this section by briefly considering the convergence of Fourier series
in different spaces. The partial sums of a Fourier series are defined by

SN g :=
∑

|n|≤N

ĝ(n) fn, N ∈ N0.

According to [39, Theorem 5.2.1 and Section 5.3], SN g → g in X as N → ∞ for
any of the choices X ∈ {Dper, Hs,D′

per}, s ∈ R. Moreover,

〈 fn, fm〉s = 2π n2sδn,m, n,m ∈ Z, (3.7)
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meaning that the trigonometric monomials form an orthogonal basis of Hs for any
s ∈ R. It now follows immediately from (3.6) that

P�g :=
∑

|n|≥1

ĝ(n) fn, g ∈ Hs, (3.8)

defines the orthogonal projection of Hs onto Hs� for any s ∈ R.

4 Approximations based on equidistant interpolation points

This section considers two techniques for approximating a periodic function based on
its pointwise values on a uniform grid over a single period: trigonometric interpola-
tion and forming a weighted linear combination of Dirac delta distributions placed at
the quadrature points. The latter is needed when continuum current patterns are trans-
formed into pointwise currents for the point electrodemodel, whereas the former gives
a natural technique for extending (relative) point electrode measurements to smooth
functions over the whole object boundary.

4.1 Interpolation by trigonometric polynomials

We follow [39, Section 8.1–8.3], always choosing an odd number of interpolation
points to avoid certain asymmetry when it comes to the degrees of the employed
trigonometric polynomials and Fourier coefficients.

Let T M ⊂ Dper be the complex vector space of trigonometric polynomials of
degree at most M and let T M� be its mean free subspace, that is,

T M := span{ fn}|n|≤M , T M� := span{ fn}0<|n|≤M .

Due to the definition of the inner product of Hs in (3.6), the formula

PMg :=
∑

|n|≤M

ĝ(n) fn, g ∈ Hs, (4.1)

defines the orthogonal projection of Hs onto T M for any s ∈ R. Moreover, PM |Hs�
is obviously the orthogonal projection of Hs� onto T M� , and a comparison with (3.8)
easily leads to the conclusion that P�PM = PM P� is the orthogonal projection of Hs

onto T M� . According to [39, Theorem 8.2.1 and Exercise 8.2.1],

‖id−PM‖L (Hs ,Ht ) = (1 + M)t−s (4.2)

for any s, t ∈ R such that s ≥ t .
As a side note, which is not directly connected to electrodemodels, we immediately

obtain estimates for the discrepancy introduced when ϒ(σ) is replaced by its natural
finite-dimensional approximations with respect to a trigonometric basis of T M� . Take
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note that, up to the numerical errors introduced by the employed forward solver,
ϒ(σ)PM is a finite-dimensional operator one would naturally use in optimization-
based reconstruction algorithms with finite amount of data in the framework of the
CM. On the other hand, PMϒ(σ)PM is a matrix approximation forϒ(σ)with respect
to a trigonometric basis of T M� , more suitable for direct reconstruction methods.

Proposition 4.1 For M ∈ N and s, t ∈ R with s ≥ t ,

‖ϒ(σ) − ϒ(σ)PM‖L (Hs� ,Ht�) ≤ (1 + M)t−s‖ϒ(σ)‖L (Ht�),

‖ϒ(σ) − PMϒ(σ)PM‖L (Hs� ,Ht�) ≤ (1 + M)t−s
(
‖ϒ(σ)‖L (Ht�) + ‖ϒ(σ)‖L (Hs�)

)
.

Proof The assertion is a direct consequence of (4.2):

‖ϒ(σ) − PMϒ(σ)PM‖L (Hs� ,Ht�) ≤ ‖ϒ(σ)(id−PM )‖L (Hs� ,Ht�)

+ ‖(id−PM )ϒ(σ)PM‖L (Hs� ,Ht�)

≤ (1 + M)t−s
(
‖ϒ(σ)‖L (Ht�) + ‖ϒ(σ)‖L (Hs�)

)
,

where we also used the fact ‖PM‖L (Hs�) = 1 as the projection is orthogonal. ��
Let us then consider trigonometric interpolation of 2π -periodic functions based

on their values at 2M + 1 equidistant points over a single period. We denote the
interpolation points by

θm := m
2π

2M + 1
, |m| ≤ M .

The trigonometric interpolation basis {φm}|m|≤M ⊂ T M is then defined via

φm(θ) := 1

2M + 1

∑

|n|≤M

fn(θ − θm) = 1

2M + 1

∑

|n|≤M

e−inθm fn(θ), |m| ≤ M .

We are particularly interested in the following special properties of these functions:

φm(θ j ) = 2M + 1

2π
〈φm, φ j 〉L2 = δ j,m, | j |, |m| ≤ M, (4.3)

which are straightforward consequences of the following identity that holds for any
k ∈ Z,

∑

|n|≤M

eink
2π

2M+1 =
{
0, k �≡ 0 (mod 2M + 1),

2M + 1, k ≡ 0 (mod 2M + 1).
(4.4)

The second line of (4.4) is immediately evident, while the first one follows from the
formula for a truncated geometric series. In particular, (4.3) guarantees that {φm}|m|≤M

are linearly independent, and thus form a basis for T M .
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Remark 4.2 If one interprets {θm}|m|≤M as angular coordinates, then

xm := eiθm , |m| ≤ M, (4.5)

are the corresponding interpolation points (i.e. point electrodes), on the boundary of
the unit disk D. In particular, ∂D\{xm}|m|≤M consists of 2M + 1 arcs of equal length.

We are now ready to introduce the trigonometric interpolation operator QM :
Hs → TM , s > 1

2 , defined in the natural manner

QMg :=
∑

|m|≤M

g(θm)φm . (4.6)

As its name suggests QMg(θ j ) = g(θ j ), | j | ≤ M , due to (4.3). Take note that the
definition (4.6) is unambiguous since any g ∈ Hs , s > 1

2 , is continuous by the Sobolev
embedding theorem; see Remark 3.5. As {φm}|m|≤M is a basis for T M , it must hold
that

QMg =
∑

|m|≤M

g(θm)φm = g, g ∈ T M , (4.7)

because this is the only way to give g as a linear combination of {φm}|m|≤M at the inter-
polation points by virtue of (4.3). In other words, QM is a non-orthogonal projection
of Hs onto T M .

Based on (4.3) and (4.7), the periodic trapezoidal quadrature rule, with the quadra-
ture points chosen to be the interpolation points {θm}|m|≤M , can be applied to exactly
evaluate L2-inner products of functions in T M :

〈 f , g〉L2 = 2π

2M + 1

∑

|m|≤M

f (θm)g(θm), f , g ∈ T M . (4.8)

Moreover, by choosing f = φ j and g ≡ 1 in (4.8) and employing (4.3) for one more
time, we obtain ∫ π

−π

φ j (θ) dθ = 2π

2M + 1
, | j | ≤ M .

Hence,

∑

|m|≤M

g(θm) = 0 if and only if
∫ π

−π

QMg(θ) dθ = 2π

2M + 1

∑

|m|≤M

g(θm) = 0.

(4.9)

In particular, the latter condition obviously holds for all g in the mean free subspace
T M� , and hence the former also holds for such g, as could have been directly verified
using (4.4) as well.

To complete this subsection, we recall the following estimate from [39, Theo-
rem 8.3.1]:

‖id−QM‖L (Hs ,Ht ) ≤ Cs
( 1
2 + M

)t−s
, s >

1

2
, 0 ≤ t ≤ s, (4.10)
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where

Cs :=
(∑

n≥0

n−2s
)1/2

. (4.11)

Comparing this to (4.2), one sees that QM provides asymptotically in M , and up
to a multiplicative constant, as good an approximation for the (embedding) identity
operator as the orthogonal projection PM , if the conditions in (4.10) are satisfied.

Remark 4.3 According to (4.9), the interpolant QMg of a continuous g has vanishing
mean if and only if [g(θm)]|m|≤M ∈ C

2M+1� . In particular, [g(θm)]|m|≤M ∈ C
2M+1� for

g ∈ T M� by virtue of (4.7). Since the PEM for the unit disk D with 2M + 1 electrodes
placed at the equiangular points {xm}|m|≤M ⊂ ∂D employs currents in C

2M+1� , we
may thus identify electrode current patterns with trigonometric polynomials in T M� .
Indeed, the mapping

Q̂M : I �→
∑

|m|≤M

Imφm (4.12)

defines a bijection between C
2M+1� and T M� . This gives a natural method for going

back and forth between admissible electrode current patterns inC2M+1� and admissible
continuum current patterns in T M� ⊂ Hs� � Hs�(∂D). Take note that Q̂M I = QMg if
and only if I = [g(θm)]|m|≤M for a continuous function g. Moreover,

∥∥Q̂M I
∥∥2
L2 = 2π

2M + 1

∑

|m|≤M

|Im |2, I ∈ C
2M+1,

by virtue of (4.3), and thus

‖Q̂M‖L (C2M+1,L2) =
√

2π

2M + 1
(4.13)

if C2M+1 is equipped with the Euclidean norm.

4.2 Pointwise approximation of smooth enough functions

In this subsection, we review how 2π -periodic continuous functions can be approxi-
mated in weak Sobolev topologies by linear combinations of Dirac delta distributions
supported at {θm}|m|≤M . To this end, we define a point evaluation operator FM :
Hs → Ht for s > 1

2 and t < − 1
2 (cf. Remark 3.5):

FMg := 2π

2M + 1

∑

|m|≤M

g(θm)δθm ,

where, as always, δθm is identifiedwith its periodic extension. It is worth noting that the
multiplier 2π

2M+1 is themesh parameter corresponding to the employed grid {θm}|m|≤M .
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Lemma 4.4 For M ∈ N and s > 1
2 ,

‖id−FM‖L (Hs ,H−s ) ≤ (
2Cs + C2

s

)( 1
2 + M

)−s
,

where the constant Cs from (4.11) is independent of M.

Proof Let f , g ∈ Hs , s > 1
2 , and recall from Sect. 3 that 〈·, ·〉−s,s : H−s × Hs → C

denotes the sesquilinear dual bracket. By using the definition of FM and applying (4.8)
to the interpolated functions QM f and QMg, we deduce

〈(id−FM ) f , g〉−s,s = 〈 f , g〉L2

− 2π

2M + 1

∑

|m|≤M

f (θm)g(θm)

= 〈 f , g〉L2 − 〈QM f , QMg〉L2

= 〈 f , (id−QM )g〉L2 + 〈(id−QM ) f , g〉L2

− 〈(id−QM ) f , (id−QM )g〉L2 .

Employing (4.10) and the continuity of the embedding Hs ↪→ L2 now yields

|〈(id−FM ) f , g〉−s,s | ≤ (
2 ‖id−QM‖L (Hs ,L2) + ‖id−QM‖2L (Hs ,L2)

)‖ f ‖s‖g‖s
≤ (

2Cs + C2
s

)( 1
2 + M

)−s‖ f ‖s‖g‖s .

Finally, taking the supremum over f , g ∈ Hs with ‖ f ‖s = ‖g‖s = 1 gives the sought
for bound. ��

When considering the point electrode model of EIT in the next section, it is manda-
tory that any linear combination ofDirac deltas defining a current pattern has vanishing
mean, that is, the coefficients defining the linear combination must sum to zero. It is
easy to check that FMg has zero mean if and only if

∑
|m|≤M g(θm) = 0. In particular,

we thus have FM |T M� : T M� → Ht�, t < − 1
2 , based on the remark after (4.9). To

ensure the zero mean condition holds more generally, we need to combine FM with
GM : Hs → Hs , s > 1

2 , defined by

GMg := g − 1

2M + 1

∑

|m|≤M

g(θm). (4.14)

It is straightforward to check that FMGM : Hs → Ht� for any s > 1
2 and t < − 1

2 .
Moreover, GM is the identity operator when restricted to T M� , and thus FMGM = FM

on T M� ; see again the comment succeeding (4.9).
The following lemma considers the approximation of identity by FMGM on Hs� ,

s > 1
2 , i.e., on a space of admissible continuous current patterns for the continuum

model of EIT.
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Lemma 4.5 For M ∈ N and s > 1
2 ,

‖id−FMGM‖L (Hs� ,H−s� ) ≤ (
1 + √

2Cs
)(
2Cs + C2

s

)( 1
2 + M

)−s
,

where the constant Cs from (4.11) is independent of M.

Proof We first demonstrate that proving the assertion boils down to writing a uniform
estimate with respect to M for the norm of GM : Hs → Hs , s > 1

2 . Indeed,

‖id−FMGM‖L (Hs� ,H−s� ) = sup
f ,g∈Hs�\{0}

1

‖ f ‖s‖g‖s |〈(id−FMGM ) f , g〉−s,s |

= sup
f ,g∈Hs�\{0}

1

‖ f ‖s‖g‖s |〈(id−FM )GM f , g〉−s,s |

≤ ‖(id−FM )GM‖L (Hs ,H−s )

≤ ‖id−FM‖L (Hs ,H−s )‖GM‖L (Hs ), (4.15)

where the second step follows from the mean free function g ∈ Hs� not seeing the
constant (id−GM ) f , cf. (4.14). Since the first term on the right-hand side of (4.15)
can be handled by Lemma 4.4, we only need to worry about the second one.

A direct calculation gives for g ∈ Hs with s > 1
2 :

‖GMg‖s ≤ ‖g‖s + 1

2M + 1

∑

|m|≤M

‖g(θm)‖s

= ‖g‖s +
√
2π

2M + 1

∑

|m|≤M

|g(θm)|

≤ ‖g‖s + √
2π sup

θ∈(−π,π ]
|g(θ)|

≤ (
1 + √

2Cs
)‖g‖s, (4.16)

where the last step follows from the Sobolev embedding theorem; see [39,
Lemma 5.3.2] for the case of one-periodic functions. Combining (4.15) and (4.16)
with Lemma 4.4 completes the proof. ��

5 Equiangular point electrodes for the unit disk

Let us return to the setting of Sect. 2 with� = D ⊂ C being the unit disk; the case of a
more general two-dimensional smooth and simply connected domain will be analyzed
in Sect. 6 below, including considerations related to the CEM. In particular, we assume
σ ∈ L∞(D) satisfies the conditions in (2.2) with � replaced by D. In what follows,
we make the identification θ ↔ eiθ , which means we can use Hs and Hs(∂D), s ∈ R,
interchangeably; see Remark 3.5.

123



594 H. Garde, N. Hyvönen

Assume one would like to apply the continuum current pattern f ∈ Hs�(∂D),
s > 1

2 , and measure the corresponding relative potential on the whole boundary ∂D,
but due to practical restrictions the measurements need to be carried out with 2M + 1
infinitesimal electrodes at the (interpolation) points {θm}|m|≤M � {xm}|m|≤M ⊂ ∂D
defined in (4.5). Our method for approximating the smooth output ϒ(σ) f of the CM
is as follows:

(i) Introduce

I = 2π

2M + 1

⎛

⎜⎝

⎡

⎢⎣
f (θ−M )

...

f (θM )

⎤

⎥⎦ − 1

2M + 1

∑

|m|≤M

f (θm) 1

⎞

⎟⎠ ∈ C
2M+1� (5.1)

as the electrode current pattern for the PEM.
(ii) Perform the measurements of the PEM to retrieve U = ϒPEM(σ )I ∈ C

2M+1� .
(iii) Build an approximation g for the continuum boundary potential ϒ(σ) f via

trigonometric interpolation, that is, g = Q̂MU ∈ T M� , where the bijection Q̂M

is defined by (4.12).

Although it is not necessarily completely evident, another way of writing the above
approximation procedure is

g = P�QMϒ(σ)FMGM f . (5.2)

Let us clarify this claim. First of all, it is easy to check that

FMGM f = f I ∈ H−s�

for I from (5.1) and the corresponding f I defined as in (2.6) with� replaced by D and
{ym}|m|≤M by {xm}|m|≤M . Thus U ∈ C

2M+1� equals the vector obtained by evaluating
ϒ(σ) f I at the point electrodes up to the addition of amultiple of 1 ∈ C

2M+1 (cf. (2.7)).
It is easy to check that this component in the direction of 1 only affects the component
of the trigonometric polynomial Q̂MU ∈ T M in the direction of the constant function,
meaning in particular that

QMϒ(σ)FMGM f = QMϒ(σ) f I = Q̂MU + c = g + c

for some constant c ∈ C. Taking the orthogonal projection P� onto the mean free
trigonometric polynomials thus proves (5.2).

To summarize, considering the accuracy of the above introduced procedure for
mimicking CM measurements for the unit disk, with a finite number of elec-
trodes {xm}|m|≤M modeled by the PEM, is equivalent to proving estimates for the
discrepancy between the CM measurement map ϒ(σ) and its modified version
P�QMϒ(σ)FMGM .

123



Mimicking relative continuummeasurements by electrode… 595

Theorem 5.1 For M ∈ N and s > 1
2 ,

‖ϒ(σ) − P�QMϒ(σ)FMGM‖L (Hs� ,L2�) ≤ C
( 1
2 + M

)−s
, (5.3)

where the positive constant C = C(s, σ ) is independent of M.

Proof Let us consider an arbitrary s > 1
2 and f ∈ Hs� . Since ϒ(σ) ∈ L (H−s� , Hs�)

due to (2.5) and (id−FMGM ) ∈ L (Hs�, H−s� ) byLemma4.5, the Sobolev embedding
theorem gives

sup
θ∈(−π,π ]

|ϒ(σ)(id−FMGM ) f (θ)| ≤ C(s, σ )
( 1
2 + M

)−s‖ f ‖s . (5.4)

Combining (4.8) and (5.4), we thus get

‖QMϒ(σ)(id−FMGM ) f ‖L2 =
(

2π

2M + 1

∑

|m|≤M

|ϒ(σ)(id−FMGM ) f (θm)|2
)1/2

≤ C(s, σ )
( 1
2 + M

)−s‖ f ‖s . (5.5)

As P�ϒ(σ) f = ϒ(σ) f ∈ Hs� and ‖P�‖L (L2) = 1 due to P� being an orthogonal
projection, we have

‖ϒ(σ) f − P�QMϒ(σ)FMGM f ‖L2 ≤ ‖P�(id−QM )ϒ(σ) f ‖L2

+ ‖P�QMϒ(σ)(id−FMGM ) f ‖L2

≤ Cs
( 1
2 + M

)−s‖ϒ(σ) f ‖s
+ C(s, σ )

( 1
2 + M

)−s‖ f ‖s
≤ C(s, σ )

( 1
2 + M

)−s‖ f ‖s, (5.6)

where in the second step we also used (4.10) and (5.5), and the final inequality is a
consequence of (2.5). This completes the proof. ��

Remark 5.2 Theorem 5.1 remains valid if QM is replaced by the orthogonal projec-
tion PM . Indeed, this claim can be proved by simply substituting PM for QM in the
proof of Theorem 5.1 accompanied by three simple modifications: replacing (5.4) by
a (weaker) bound for the L2 norm of ϒ(σ)(id−FMGM ) f , resorting to the bounded-
ness of PM : L2 → L2 in (5.5), and using (4.2) instead of (4.10) in (5.6). Be that as
it may, one can only approximately apply PM in connection to PEM measurements
by employing {θm}|m|≤M as quadrature nodes for the (periodic) trapezoidal rule when
estimating the needed Fourier coefficients (cf. (4.1)), which corresponds to computing
a discrete Fourier transformation. It is straightforward to check that such an approxima-
tive approach to applying PM is actually analogous to using the interpolation operator
QM to begin with.
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If one restricts the attention to a finite family of preselected trigonometric current
patterns, Theorem 5.1 leads to convergence of arbitrarily high order with respect to
M in L2.

Corollary 5.3 For M ∈ N, n ∈ Z\{0}, and s > 1
2 ,

‖(ϒ(σ) − P�QMϒ(σ)FMGM ) fn‖L2 ≤ C

(
|n|

1
2 + M

)s

,

where the positive constant C = C(s, σ ) is independent of n and M.

Proof The result is a direct consequence of the identity ‖ fn‖s = √
2π |n|s (cf. (3.7))

and Theorem 5.1. ��

Moreover, the approximating operator P�QMϒ(σ)FMGM inherits certain symme-
try and monotonicity properties from ϒ(σ), if one once again restricts the attention
to trigonometric polynomials.

Proposition 5.4 If v,w ∈ T M� and s > 1
2 ,

〈v, P�QMϒ(σ)FMGMw〉L2 = 〈FMv,ϒ(σ)FMw〉−s,s .

Proof Since v,w ∈ T M� , it holds thatGMw = w andwemay also remove P� from the
inner product on the left-hand side of the assertion. By denoting w̃ = ϒ(σ)FMw ∈
Hs , what remains is

〈v, QM w̃〉L2 = 2π

2M + 1

∑

|m|≤M

v(θm)w̃(θm) = 〈FMv, w̃〉−s,s,

where we used the definitions of QM and FM combined with (4.8). ��

6 Conformally mapped electrodes for a simply connected domain

In this section, the first aim is to generalize Theorem 5.1 to the case of a general smooth
bounded simply connected domain, which is achieved with the help of the Riemann
mapping theorem. Subsequently, we transfer the obtained result to the framework of
the CEM by resorting to the material in [17].

As in Sect. 2, let� be a smooth, bounded, and simply connected domain and assume
σ ∈ L∞(�) satisfies the conditions in (2.2). According to the Riemann mapping
theorem, there exists a bijective conformal mapping � : � → D, whose restriction
to ∂� defines a C∞-diffeomorphism between ∂� and ∂D [38]. The inverse of � is
denoted by � := �−1, and its complex derivative is � ′. We introduce 2M + 1 point
electrodes (or electrode midpoints) on ∂� via ym := �(xm), |m| ≤ M , with the
interpolation points {xm}|m|≤M ⊂ ∂D defined by (4.5).
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6.1 PEM and a general domain

Analogously to the case of D in the previous section, the aim is to drive a continuum
current pattern f ∈ Hs�(∂�), s > 1

2 , through ∂� and measure the corresponding
relative boundary potential everywhere on ∂�. However, due to practical restrictions,
the measurements are performed with 2M +1 infinitesimal electrodes at the positions
{ym}|m|≤M ⊂ ∂�. Our method for approximating the smooth output ϒ(σ) f of the
CM is as follows:

(i) Introduce

I = 2π

2M + 1

⎛

⎜⎝

⎡

⎢⎣
|� ′(x−M )| f (y−M )

.

.

.

|� ′(xM )| f (yM )

⎤

⎥⎦ − 1

2M + 1

∑

|m|≤M

|� ′(xm)| f (ym) 1

⎞

⎟⎠ ∈ C
2M+1�

(6.1)
as the electrode current pattern for the PEM.

(ii) Perform the measurements of the PEM to retrieve U = ϒPEM(σ )I ∈ C
2M+1� .

(iii) Build the trigonometric interpolant

g̃ = Q̂MU ∈ T M� (6.2)

on ∂D with respect to the equidistant interpolation points {xm}|m|≤M .
(iv) Form an approximation for the continuum boundary potential as g = g̃ ◦ � + c,

where c ∈ C is chosen so that the smooth function g has vanishing mean.

The above construction obviously defines a bounded linear operator

ϒM (σ ) :
{
f �→ g,

Hs�(∂�) → Ht�(∂�),

for any s > 1
2 and t ∈ R. According to the following theorem, this newly introduced

operator gives an approximation for the measurement map of the CM.

Theorem 6.1 For M ∈ N and s > 1
2 ,

‖ϒ(σ) − ϒM (σ )‖L (Hs�(∂�),L2�(∂�)) ≤ C
( 1
2 + M

)−s
,

where the positive constant C = C(s, σ,�) is independent of M.

Proof Let s > 1
2 and f ∈ Hs�(∂�) be arbitrary but fixed, and let I ∈ C

2M+1� be
defined by (6.1). Moreover, let uσ ∈ H1(�)/C be the solution to (2.1) with the
Neumann boundary condition (2.3). Then ũσ̃ := uσ ◦ � ∈ H1(D)/C is the unique
solution of

∇ · (σ̃∇ũ) = 0 in D,
∂ ũ

∂ν
= f̃ on ∂D, (6.3)

where f̃ := |� ′|( f ◦ �) and σ̃ = σ ◦ �; see, e.g., [26, Lemma 4.1 and Remark 4.1].
On the other hand, if wσ ∈ Hr (�)/C, r < 1, is the solution to the PEM forward
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problem

∇ · (σ∇w) = 0 in �,
∂w

∂ν
=

∑

|m|≤M

Imδym on ∂�, (6.4)

then w̃σ̃ := wσ ◦ � ∈ Hr (D)/C, r < 1, is the unique solution to

∇ · (σ̃∇w̃) = 0 in D,
∂w̃

∂ν
=

∑

|m|≤M

Imδxm on ∂D, (6.5)

because Neumann boundary values involving Dirac delta distributions transform nat-
urally under conformal maps; see the proof of [16, Theorem 3.2]. The potentials u1,
ũ1, w1 and w̃1 corresponding to the unit conductivity are defined by setting σ ≡ 1 in
the preceding formulas.

Let ϒ̃(σ̃ ) : H−t� (∂D) → Ht�(∂D), t ∈ R, be the relative CM boundary map
corresponding to D and σ̃ (cf. (2.4)). Obviously,

ϒ̃(σ̃ ) f̃ = (ũσ̃ − ũ1)|∂D + c1

and
ϒ̃(σ̃ )FMGM f̃ = (w̃σ̃ − w̃1)|∂D + c2,

where c1, c2 ∈ C are chosen so that ϒ̃(σ̃ ) f̃ and ϒ̃(σ̃ )FMGM f̃ have vanishingmeans.
Comparing (6.1) and (6.5) with the construction in Sect. 5, it easily follows that g̃ from
(6.2) satisfies

g̃ = P�QM ϒ̃(σ̃ )FMGM f̃ .

In consequence, Theorem 5.1 yields

‖(ũσ̃ − ũ1) − g̃‖L2(∂D)/C = ‖(ϒ̃(σ̃ ) − P�QM ϒ̃(σ̃ )FMGM ) f̃ ‖L2(∂D)/C

≤ C(s, σ̃ )
( 1
2 + M

)−s‖ f̃ ‖Hs (∂D)

≤ C(s, σ,�)
( 1
2 + M

)−s‖ f ‖Hs (∂�), (6.6)

where the final step directly follows for integer s from the smoothness of �|∂D :
∂D → ∂� and the definitions of the norms ‖·‖Hs (∂D) and ‖·‖Hs (∂�). For non-integer
s, it can be deduced, e.g., via interpolation of Sobolev spaces [35].

Since uσ = ũσ̃ ◦ � and u1 = ũ1 ◦ � modulo additive constants, we may write

‖(ϒ(σ) − ϒM (σ )) f ‖L2(∂�)/C = ‖(uσ − u1) − g‖L2(∂�)/C

= ∥∥(
(ũσ̃ − ũ1) − g̃

) ◦ �
∥∥
L2(∂�)/C

≤ C(�)‖(ũσ̃ − ũ1) − g̃‖L2(∂D)/C

≤ C(s, σ,�)
( 1
2 + M

)−s‖ f ‖Hs (∂�),

where the last step is simply (6.6). Since themean free representative of an equivalence
class in L2(∂�)/C realizes the corresponding quotient norm and (ϒ(σ)−ϒM (σ )) f ∈
L2�(∂�) by the definitions of ϒ(σ) and ϒM (σ ), we in fact have
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‖(ϒ(σ) − ϒM (σ )) f ‖L2(∂�) ≤ C(s, σ,�)
( 1
2 + M

)−s‖ f ‖Hs (∂�).

As f ∈ Hs�(∂�) was chosen arbitrarily, this completes the proof. ��

6.2 CEM and a general domain

To complete this section, let us consider the discrepancy between theCMand theCEM.
We choose the midpoints of the finite-sized electrodes {Em}|m|≤M for the CEM to be
the conformal images {ym}|m|≤M of the equidistant interpolation points {xm}|m|≤M on
∂D. Moreover, the lengths of the electrode patches along ∂� are assumed to satisfy

cEd ≤ |Em | ≤ CEd, |m| ≤ M, (6.7)

where cE,CE > 0 are positive constants independent of M , d ∈ (0, d0) is a parameter
controlling the widths of the electrodes, and d0 = d0(M,�,�) > 0 is chosen such
that the electrodes cannot overlap. We define the mapping

ϒ̂M (σ ) :
{
f �→ g,

Hs�(∂�) → Ht�(∂�), s > 1
2 , t ∈ R,

(6.8)

by replacing ϒPEM(σ ) with ϒCEM(σ ) defined by (2.9) in the construction of ϒM (σ ).
In other words, the relative measurements of the realistic CEM are used when forming
an approximation for ϒ(σ) instead of those of the less practical PEM.

In particular, by choosing d = O(( 12 + M)−s/2), i.e. suitably shrinking the elec-
trodes when more electrodes are introduced, we obtain the same estimate for the CEM
as for the PEM in Theorem 6.1. This is an immediate consequence of the following
result.

Corollary 6.2 For M ∈ N and s > 1
2 ,

‖ϒ(σ) − ϒ̂M (σ )‖L (Hs�(∂�),L2�(∂�)) ≤ C
(( 1

2 + M
)−s + d2

)
,

where the positive constant C = C(s, σ, z,�,�) is independent of M and d ∈ (0, d0).

Proof To begin with, we write

‖ϒ(σ) − ϒ̂M (σ )‖L (Hs�(∂�),L2�(∂�)) ≤ ‖ϒ(σ) − ϒM (σ )‖L (Hs�(∂�),L2�(∂�))

+ ‖ϒM (σ ) − ϒ̂M (σ )‖L (Hs�(∂�),L2�(∂�))

≤ C(s, σ,�)
( 1
2 + M

)−s

+ ‖ϒM (σ ) − ϒ̂M (σ )‖L (Hs�(∂�),L2�(∂�))

(6.9)
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due to Theorem 6.1. By virtue of (4.13) and Theorem A.1 (cf. [17, Corollary 2.1]),

‖(ϒM (σ ) − ϒ̂M (σ )) f ‖L2�(∂�) = ‖Q̂M (ϒPEM(σ ) − ϒCEM(σ ))I ◦ �‖L2(∂�)/C

≤ C(σ, z,�,�)M1/2d2|I |, (6.10)

where I is defined by (5.1) and |I | denotes its Euclidean norm. Applying the Sobolev
embedding theorem to (5.1), it straightforwardly follows that

|I |2 ≤ C(s,�)

2M + 1
‖ f ‖2Hs (∂�).

Combining this with (6.9) and (6.10) completes the proof. ��
Remark 6.3 An advantage of using the estimate for the PEM from Theorem 6.1 to
obtain the result in Corollary 6.2 for the CEM is that we only use the conformal
mapping to determine the midpoints of the electrodes on ∂�. If one were to confor-
mally map CEM electrodes from ∂D to ∂�, there would be unwanted shrinking and
stretching of the corresponding electrodes on ∂�.

7 Numerical examples

This section presents two numerical examples that verify the convergence rates in
Corollaries 6.2 and 5.3, respectively, for simple conductivities in the unit disk.

Example 7.1 Let our domain of interest be the unit disk, i.e. � = D, and assume that
the conductivity inside D is of the form

ς :=
{
1 in D\D0,R,

κ in D0,R
(7.1)

where κ ∈ R+ is a positive constant and D0,R is the origin-centered open disk of
radius 0 < R < 1. It is obvious that ς satisfies the conditions (2.2).

Let � : D → D be the identity map, which means that the midpoints of the
electrodes ym = �(xm) = xm , |m| ≤ M , are the interpolation points defined by (4.5).
We introduce two sequences of CEM-based approximating operators ϒ̂M (ς) defined
by (6.8); they correspond to different choices for the dependence of the commonwidth
dM := |E−M | = · · · = |EM | of the employed electrodes on their number:

dM = π

2M + 1
= O(M−1), M ∈ N, (7.2)

and
dM = π

M(2M + 1)
= O(M−2), M ∈ N. (7.3)

In the first case, the 2M+1 electrodes always cover fifty percent of the object boundary,
whereas the area covered by the electrodes is inversely proportional to M in the
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Fig. 1 The relative L2(∂D) discrepancy errn(M) in (7.5) as a function of M for R = 0.9, κ = 0.5, and
z−M = · · · = zM = 1. Circles and solid blue line: n = 1. Diamonds and dashed red line: n = 2. Boxes
and dash-dotted yellow line: n = 4. Crosses and dotted magenta line: n = 8. Left: electrode widths given
by (7.2). Right: electrode widths given by (7.3) (color figure online)

latter construction. According to Corollary 6.2, these choices lead to the asymptotic
convergence rate

‖ϒ(ς) − ϒ̂M (ς)‖L (Hs�(∂D),L2�(∂D)) = O(M−s), (7.4)

with s = 2 for (7.2) and s = 4 for (7.3).
Figure 1 validates (7.4) numerically for a few Fourier basis functions fn , R = 0.9,

κ = 0.5, and the contact resistances set to z = 1 on all electrodes; observe that we
once again identify points on ∂D with their polar angles. To be more precise, instead
of exactly mimicking the left-hand side of (7.4), i.e. including ‖ fn‖Hs (∂D) in the
denominator as in the definition of the operator norm, we plot the relative L2(∂D)

errors

errn(M) := ‖(ϒ(ς) − ϒ̂M (ς)
)
fn‖L2(∂D)

‖ϒ(ς) fn‖L2(∂D)

, n = 1, 2, 4, 8, (7.5)

as functions of M for both choices (7.2) and (7.3). For a fixed n, errn obviously
satisfies a same type of an estimate as (7.4). Moreover, errn is the inverse of the ratio
between the desired output signal and the approximation error resulting from not being
able to apply and measure continuum currents and potentials on ∂D, and thus it can
be interpreted as a certain kind of a noise-to-signal ratio. According to Fig. 1, the
asymptotic convergence rates are as predicted by (7.4) for both (7.2) and (7.3); take
note that infinitely small electrodes would actually result in errn converging faster than
any negative power of M , that is, for a fixed spatial Fourier frequency the discrepancy
between the CEM and the PEM can be considered to be the main source of asymptotic
error in Fig. 1 (cf. Example 7.2). One needs about 80 electrodes in the case of (7.2)
and about 33 electrodes in the case of (7.3) to reach noise-to-signal ratios that are less
than one percent for all four considered current patterns and our particular choice of
the conductivity profile. As it is expected that the constant appearing in (7.4) is larger
when R is close to one, the chosen example illustrates a situation that is presumably
difficult to resolve using electrode models.
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Fig. 2 Left: the nonconcentric inclusion Dc,ρ inside the unit disk with 2M + 1 equidistant point electrodes
on ∂D for c = −0.4 + 0.2 i, ρ = 0.4 and M = 16. Right: a corresponding concentric geometry obtained
as an image of the nonconcentric one under a suitable Möbius transformation

Observe that it is easy to simulate ϒ(ς) fn for any n ∈ Z\{0} because { fn}n∈Z\{0}
are precisely the eigenfunctions of ϒ(ς) with the corresponding eigenvalues

λn = 2

|n|
1−κ
1+κ

R2|n|

1 − 1−κ
1+κ

R2|n| , n ∈ Z\{0}. (7.6)

The approximating CEM-based outputs ϒ̂M (ς) fn , n = 1, 2, 4, 8, can be numerically
computed by resorting to a variant of the Fourier-based numerical forward solver used
in [24]; see [42] for the original ideas behind this approach. To be slightlymore precise,
the absolute CEM measurements corresponding to the homogeneous unit disk can be
approximated exactly as in [24],while those corresponding to the embedded concentric
inhomogeneity require the modifications listed in [25, Remark 6.1] to the solver of
[24], but with ρ2| j | replaced by 1−κ

1+κ
R2| j | at every occurrence in [25, Remark 6.1].

Example 7.2 We continue to assume the examined domain is the unit disk, but this
time around the conductivity inside D is characterized by a nonconcentric discoidal
inclusion:

ς :=
{
1 in D\Dc,ρ,

κ in Dc,ρ
(7.7)

where κ ∈ R+ and Dc,ρ is the open disk of radius 0 < ρ < 1− |c| centered at c ∈ D.
We choose κ = 0.5, c = −0.4 + 0.2 i and ρ = 0.4 in (7.7), assume point electrodes
are attached to ∂D at the equiangular positions xm , |m| ≤ M , given by (4.5), and aim
to verify the convergence rate in Corollary 5.3. The left-hand image of Fig. 2 shows
the considered inclusion Dc,ρ inside the unit disk as well as 2M + 1 equidistant point
electrodes on ∂D for M = 16.

The top left image of Fig. 3 shows two mean free current patterns g j ∈ L2�(∂D),
j = 1, 2, as functions of the polar angle. The top right and bottom left images present
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Fig. 3 The considered conductivity is ς from (7.7) with κ = 0.5, c = −0.4 + 0.2 i and ρ = 0.4. Top
left: two mean free current densities g j , j = 1, 2, as functions of the polar angle. Top right ( j = 1) and
bottom left ( j = 2): the relative continuummeasurementϒ(ς)g j (solid) and the corresponding PEM-based

approximation ϒM (ς)g j for M = 4 (dashed) and M = 8 (dash-dotted). Bottom right: the relative L2(∂D)

discrepancy errn(M) from (7.5), with ϒ̂M (ς) replaced by ϒM (ς), as a function of M . Circles and solid
blue line: n = 1. Diamonds and dashed red line: n = 2. Boxes and dash-dotted yellow line: n = 4. Crosses
and dotted magenta line: n = 8 (color figure online)

the resulting relative continuum measurements ϒ(ς)g j , j = 1, 2, as well as the
corresponding PEM-based approximations ϒM (ς)g j , j = 1, 2, for M = 4 and M =
8. The relative (mean free) potentials at the employed point electrodes are depicted
along the respective curves obtained through trigonometric interpolation. Notice that
the employed approximative boundary operator can be written directly as ϒM (ς) =
P�QMϒ(ς)FMGM , as in Corollary 5.3, since we are dealing with the unit disk and
equiangular point electrodes. For the less regular current density g1, the approximation
given byϒ4(ς)g1 is still quite bad and it exhibits oscillations typical for trigonometric
interpolation, while ϒ8(ς)g1 and ϒ(ς)g1 are already in a fairly good, yet not perfect
agreement. On the other hand, although the approximation ϒ4(ς)g2 ≈ ϒ(ς)g2 for
the shifted low Fourier mode g2 still leaves a lot to hope for, the 17 point electrodes
corresponding to M = 8 seem to already provide a sufficient approximation since
differentiating between ϒ8(ς)g2 and ϒ(ς)g2 by a naked eye is almost impossible.

Let us then numerically investigate the actual convergence rate in Corollary 5.3.
To this end, we redefine the relative L2(∂D) error errn(M), originally introduced in
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(7.5), by replacing ϒ̂M (ς) with ϒM (ς) and using the conductivity ς from (7.7), as
we consider approximations based on the PEM, not the CEM, and a nonconcentric
geometry in this example. The bottom right image of Fig. 3 shows errn(M) as a
function of M for n = 1, 2, 4, 8. The concave shape of the convergence plots on a
log-log scale is in line with the prediction of Corollary 5.3 that the convergence rate
in L2(∂�) is faster than any negative power of M for a fixed Fourier frequency. Note
that the maximum number of electrodes in the bottom right image of Fig. 3 is 129
corresponding to M = 64, which is only about one quarter of the number of electrodes
used in Fig. 1 for the finite-sized electrode of CEM. This is due to the extremely fast
convergence of the relative L2(∂D) error errn(M) for the PEM: at M = 64 the relative
error is already less than 10−13 for all four considered Fourier frequencies.

We conclude this example by briefly explaining how (relative) CM and PEM
measurements were simulated with high accuracy in this setting by combining the Rie-
mann mapping theorem for doubly-connected domains with the eigendecomposition
of the relative continuum ND map characterized by (7.6) in a concentric geome-
try: There exist a conformal mapping, or more precisely a Möbius transformation
� : D → D that sends D onto itself and Dc,ρ onto a concentric open disk D0,R ,
with 0 < R = R(|c|, ρ) < 1 uniquely determined by |c| and ρ; see, e.g., [40]. This
Möbius transformation extends conformally to an open neighborhood of D and it is
unique up to rotations of its image. Let us denote the inverse of� by�. If u ∈ H1(D)

satisfies the conductivity equation for the conductivity (7.7) with the Neumann trace
f ∈ L2�(∂D), then ũ := u ◦ � ∈ H1(D) also satisfies the conductivity equation but
for the current density |�′|( f ◦ �)|∂D ∈ L2�(∂D) and the radially symmetric conduc-
tivity (7.1) with the above introduced R = R(|c|, ρ); see (6.3) and [26, Lemma 4.1
and Remark 4.1]. If D is characterized by the unit conductivity instead of (7.7), these
conclusions remain valid with the exception that the conductivity does not alter when
mapped conformally. As a consequence, one can numerically simulate the relative
CM measurement for a given current density f ∈ L2�(∂D) and the conductivity (7.7)
by first presenting |�′|( f ◦�)|∂D as a Fourier series, then utilizing (7.6) to obtain the
corresponding relative measurement in the concentric geometry, and finally mapping
the relative potential back to the original nonconcentric geometry by composing it
with �|∂D .

The simulation of relative PEM data can be performed following the same basic
idea, but bearing in mind that Neumann conditions involving Dirac delta distribu-
tions transfer naturally under conformal mappings. That is, one need not involve the
multiplier |�′| in the boundary current density when transferring it to the concentric
geometry but only to move the point electrodes as dictated by the boundary restric-
tion of the conformal mapping; see (6.4), (6.5) and [16, Theorem 3.2]. Because the
Fourier coefficients for a linear combination of Dirac delta distributions are obtained
via (3.4), one can readily apply (7.6) to obtain the corresponding relative potential
for the concentric conductivity (7.1) on ∂D. Evaluating this potential at the images
of the original point electrodes under �|∂D finally produces the sought-for PEM data.
The claimed accuracy of such a numerical approach to simulating relative PEM data
is explained by the geometric convergence of the eigenvalues in (7.6). The right-hand
image of Fig. 2 shows a concentric geometry corresponding to the nonconcentric one
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in the left-hand image, obtained with the help of a certain Möbius transformation �

carrying the above listed properties.

8 Concluding remarks

In three dimensions, one cannot straightforwardly first introduce the above theory
for a reference domain, such as the unit disk in two dimensions, and then transfer the
obtained estimates tomore general domainswith the help of suitable diffeomorphisms.
However, given a smooth and bounded three-dimensional domain and an interpolation
strategy on its boundary, the above line of reasoning can be repeated as such to obtain
estimates of the same order as is the accuracy of the employed interpolation opera-
tor (and the related quadrature rule). Choosing optimal electrode positions in three
dimensions thus boils down to introducing accurate quadrature and interpolation rules
for a given two-dimensional surface. As an example, one could use interpolation by
spherical harmonics with respect to some suitable set of point electrodes on the unit
sphere; see, e.g., [10]. We leave further analysis of the three-dimensional setting for
future studies.

Observe that the results on the discrepancy between ϒ(σ) and ϒM (σ ) or ϒ̂M (σ )

presented in this work can be interpreted as estimates on the (numerical approxi-
mation) noise introduced when relative CM measurements of EIT are approximated
by practical electrode measurements. Hence, replacing ϒ(σ) by ϒM (σ ) or ϒ̂M (σ )

in a reconstruction algorithm designed for relative CM measurements of EIT can
be expected to have an approximately similar effect on the reconstruction quality as
adding an equivalent amount of artificial measurement noise to simulated relative CM
measurements. One can thus combine the above results with analysis on the noise
sensitivity of reconstruction algorithms designed for relative CM measurements pre-
sented in previous works to approximately deduce how many (optimally positioned)
electrodes need to be introduce on the object boundary to make the approximation
noise level low enough to allow such algorithms to function satisfactorily.

Acknowledgements This work was supported by the Academy of Finland (decision 312124) and the Aalto
Science Institute (AScI).

Funding Open Access funding provided by Aalto University.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

123

http://creativecommons.org/licenses/by/4.0/


606 H. Garde, N. Hyvönen

Appendix A: On the discrepancy between the CEM and the PEM

The purpose of this appendix is to show that the constant appearing on the right-hand
side of the estimate in [17, Corollary 2.1] depends on the number of electrodes as
O(M) when M tends to infinity. This result is used for the proof of Corollary 6.2.
We achieve this by carefully analyzing the relevant intermediate steps in [17]. The
following theorem is simply a two-dimensional version of [17, Corollary 2.1] with
our notation and the dependence on M given explicitly; to be quite precise, in [17] the
number of electrodes is M , not 2M + 1 as in our case, but this obviously has no effect
on the asymptotic form of the actual estimate.

Theorem A.1 Let the assumptions of Sect. 6 hold. In particular, the finite-sized elec-
trodes of CEM are assumed to satisfy (6.7) with d0 = d0(M,�) > 0 that guarantees
the electrodes do not overlap. Then,

‖ϒCEM(σ ) − ϒPEM(σ )‖L (C2M+1� )
≤ CMd2,

where C
2M+1 is equipped with the Euclidean norm and C = C(�, σ, z) > 0 is

independent of M ∈ N and d ∈ (0, d0).

Proof Let us re-emphasize that the assertion is precisely the two-dimensional version
of [17, Corollary 2.1] using our current notation and with the dependence of the right-
hand side on the number of electrodes written out explicitly. In the rest of this proof,
we will follow the notation of [17] to which we also refer for more information; in
particular, the number of electrodes isM ∈ N\{1}, the parameter controlling the width
of the electrodes is h instead of d, and n = 2 or 3 is the spatial dimension. The idea is
to simply go through the relevant estimates in [17] and deduce the dependence of the
appearing constants on M .

Let us start with [17, Lemma 2.1]. It is easy to check that the right-most constant in
[17, (2.9)] depends on M as O(M1/2) due to the relationship between 1 and 2-norms
in the M-dimensional vector space CM ; observe that the vector norm ‖ · ‖CM used for
C

M in [17] is Euclidean, although this choice plays no role in the analysis of [17] since
the limit M → ∞ is not considered there, and thus all vector norms are ‘uniformly
equivalent’ in [17]. The aforementioned dependence on M carries over to the estimate
of [17, Lemma 2.1], which now reads

‖w‖Hr (∂�)/C ≤ CM1/2‖I‖CM , (A.1)

with the constant C = C(�, σ, r) > 0 being independent of M .
Because the constant in [17, Lemma 3.1] is completely independent of the elec-

trode configuration, the next result we need to check is [17, Lemma 3.2]. We start by
analyzing the two terms on the right-hand side of [17, (3.2)], starting with the first
one:

M∑

m=1

∥∥∥ f h − Im
|ehm |

∥∥∥
L2(ehm)

‖ϕ − ϕ(xm)‖L2(ehm )
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≤ Ch(n+3)/2‖ϕ‖C1(∂�)

M∑

m=1

‖ f h‖H1(ehm)

≤ CM1/2h(n+3)/2‖ϕ‖C1(∂�)‖ f h‖H1(∪ehm),

where we first used [17, (3.4)] together with the first inequality in [17, (3.3)], and
then introduced M1/2 to bound a certain 1-norm by the corresponding 2-norm. In
consequence,

M∑

m=1

∥∥∥ f h − Im
|ehm |

∥∥∥
L2(ehm)

‖ϕ − ϕ(xm)‖L2(ehm) ≤ CM1/2h2‖ϕ‖C1(∂�)‖I‖CM (A.2)

due to [17, Lemma 3.1] and the assumed dependence of |ehm | on the parameter h
controlling the size of the electrodes (cf. [17, (2.15)] and (6.7)). On the other hand,
the second term on the right-hand side of [17, (3.2)] can be estimated as

M∑

m=1

|IM |
|ehm |

∣∣∣
∫

ehm

(ϕ − ϕ(xm)) dS
∣∣∣

≤ Chn+1‖ϕ‖C2(∂�)

M∑

m=1

|Im |
|ehm | ≤ CM1/2h2‖ϕ‖C2(∂�)‖I‖CM , (A.3)

where thefirst stepdirectly follows from[17, (3.6)] and the secondone is a consequence
of the assumed dependence of |ehm | on h as well as the relationship between 1 and 2-
norms. By plugging (A.2) and (A.3) in [17, (3.2)] and utilizing the resulting estimate
in part (5) of the proof of [17, Lemma 3.2], one finally sees that the M-dependent
version of the estimate in [17, Lemma 3.2] reads

‖ν · σ∇(uh − u)‖H−(n+3)/2−ε(∂�) ≤ CεM
1/2h2‖I‖CM , (A.4)

where the assumptions and definitions are as in [17, Lemma 3.2].
Next we need to consider [17, Corollary 3.1]. The M-dependent estimate of [17,

Lemma 3.2], i.e. (A.4), immediately leads to the constant on the right-hand side of
[17, (3.7)] depending on M asO(M1/2). This carries directly over to the first estimate
of [17, Corollary 3.1] that now reads

‖uh − u‖H1(�0)/C
≤ CM1/2h2‖I‖CM . (A.5)

Similarly, the second estimate of [17, Corollary 3.1] takes the form

‖uh‖H1(�0)/C
+ ‖u‖H1(�0)/C

≤ CM1/2‖I‖CM , (A.6)

when the corresponding argument in the proof of [17, Corollary 3.1] is repeated with
the M-dependent version of [17, (2.9)] that includes the term M1/2 on its right-hand
side as mentioned above.
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The proof for theM-dependent version of [17, Corollary 2.1] can now be completed
by using (A.5) and (A.6) for the final estimate in the proof of [17, Theorem2.1], leading
to the dependence O(M1/2) · O(M1/2) = O(M) on the right-hand side. To be quite
precise, this proves an M-dependent version of [17, Theorem 2.1], that is,

‖(Uh −Uh
0 ) − W‖CM/C ≤ CMh2‖I‖CM ,

where C = C(�, σ, z) > 0 is independent of M and h ∈ (0, h0) for some h0 > 0.
However, [17, Corollary 2.1] is just a restatement of [17, Theorem 2.1] using the
appropriate operator norm. Finally, translating the M-dependent [17, Corollary 2.1]
into the notation of this paper completes the proof. ��
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