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Abstract

This paper is concerned with monotone (time-explicit) finite difference scheme asso-
ciated with first order Hamilton—Jacobi equations posed on a junction. It extends the
scheme introduced by Costeseque et al. (Numer Math 129(3):405-447, 2015) to gen-
eral junction conditions. On the one hand, we prove the convergence of the numerical
solution towards the viscosity solution of the Hamilton—Jacobi equation as the mesh
size tends to zero for general junction conditions. On the other hand, we derive some
optimal error estimates of in L}, for junction conditions of optimal-control type.

Mathematics Subject Classification 65M06 - 65M12 - 491.25

1 Introduction

This paper is concerned with numerical approximation of first order Hamilton—Jacobi
equations posed on a junction, that is to say a network made of one node and a finite
number of edges.

The theory of viscosity solutions for such equations on such domains has reached
maturity by now [1,25,26,30,31]. In particular, it is now understood that general junc-
tion conditions reduce to special ones of optimal-control type [25]. Roughly speaking,
it is proved in [25] that imposing a junction condition ensuring the existence of a con-
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tinuous viscosity solution and a comparison principle is equivalent to imposing a
junction condition obtained by “limiting the flux” at the junction point.

For the “minimal” flux-limited junction conditions, Costeseque, Lebacque and
Monneau [16] introduced a monotone numerical scheme and proved its convergence.
Their scheme can be naturally extended to general junction conditions and our first
contribution is to introduce it and to prove its convergence.

Our second and main result is an error estimate in the style of Crandall-Lions [17] in
the case of flux-limited junction conditions. It is explained in [17] that the proof of the
comparison principle between sub- and super-solutions of the continuous Hamilton—
Jacobi equation can be adapted in order to derive error estimates between the numerical
solution associated with monotone (stable and consistent) schemes and the continuous
solution. In the case of a continuous equation, the comparison principle is proved
thanks to the technique of doubling variables; it relies on the classical penalisation
term ¢~ !|x — y|?. Such a penalisation procedure is known to fail in general if the
equation is posed on a junction, because the equation is discontinuous in the space
variable; it is explained in [25] that it has to be replaced with a vertex test function.
But the vertex test function used in [25] is not regular enough (the derivatives are
not locally Lipschitz) to get the error estimates. So here we replace it by the reduced
minimal action introduced in [26] for the “minimal” flux-limited junction conditions,
i.e. the flux is not limited since A < Aq the smallest limiting parameter defined in
(1.7). We study and use it in the case where the flux is “strictly limited”, i.e. A > Ayp.

In order to derive error estimates as in [17], it is important to study the regularity
of the test function. More precisely, we prove (Proposition 5.9) that its gradient is
locally Lipschitz continuous, at least if the flux is “strictly limited” and far away from
a special curve. But we also see that the reduced minimal action is not of class C' on
this curve. However we can get “weaker” viscosity inequalities thanks to a result in
[25] (see Proposition 2.4). Such a regularity result is of independent interest.

1.1 Hamilton-Jacobi equations posed on junctions

A junction is a network made of one node and a finite number of infinite edges. It can
be viewed as the set of N distinct copies (N > 1) of the half-line which are glued at
the origin. Let us consider different unit vectors e, € R2fora =1, ..., N. We define
the branches

Jo =1[0,00).eq, JEF=J\0}, a=1,...N,

J U Ju with JynJg=1{0} for a#p
a=l,...,.N

where the origin O is called the junction point.
Let T > 0 be fixed and finite. For points x, y € J, d(x, y) denotes the geodesic
distance on J defined as

d(x.y) = |x — | if x, y belong to the same branch,
)= |x| + |y| if x, y belong to different branches.
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With such a notation in hand, we consider the following Hamilton—Jacobi equation
posed on the junction J,

ur+ Hy(uy) =0 in0,T)xJ;, a=1,....,N .
w+ F (25, 2) =0 in(0,7) x (0} (1)

with the initial condition
u(0, x) =ug(x), forxelJ (1.2)

where u is globally Lipschitz in J. The second equation in (1.1) is referred to as the
Junction condition.

Hypotheses on the Hamiltonians We consider two cases of quasi-convex Hamilto-
nians H,. The first case is used for the theorem of convergence (Theorem 1.22) and
here the Hamiltonians H,, satisfy the following conditions

H, € C'(R)
There exists p; € R such that § +H/(p) > 0for £ (p — p§) =0 (1.3)
limy |-+ 0o He (p) = + 00.

The second case is used for the error estimates (Theorem 1.2) and here the Hamilto-
nians H, satisfy the following conditions

Hy € C2(R) and H](pg) > 0
There exists p; € R such that { =H(p) > 0for & (p — p§) > 0 (1.4)
lim| |+ 00 Ho(p) = + 00.

In particular H, is non-increasing in (—oo, pg] and non-decreasing in [pg, + 00),
and we set

Hy(p)  for p < py
Hy(pg) for p > py

Hy(py) for p < p§,

H_ =
« (P) : Hy(p)  for p > p§

and  Hg (p) = :

where H,, is non-increasing and H, is non-decreasing.

Junction conditions We next introduce a one-parameter family of junction condi-
tions: given a flux limiter A € R U {—oc}, the A-limited flux junction function is
defined for p = (p1, ..., pn) as,

F4(p) = max (A, _nllaxNHa_(pa)> (1.5)

for some given A € R|J{—oo} where H, is the non-increasing part of Hy.
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We now consider the following important special case of (1.1),

Uy + Hy(uy) =0 in (0,T) x Jj,
Up + Fy (2 a—“)—0' 0, T) x {0 (1.6)
' Alag oy ) = in (0, T) x {0}.

We point out that all the junction functions F4 associated with A € [—00, Ag] coincide
if one chooses
Ap= max min Hy = max Hy(pd). 1.7
OZ SN R YT gl «(Po) (L.7)
As far as general junction conditions are concerned, we assume that the junction
function F : R" — R satisfies

F is continuous and piecewise C UUDY
Va,Vp:(pl,...,pN)GRN,%(p) <0, (1.8)

F(pi1,...,pN) > +00as min p; - —oQ.
ie{l,...,N}

Hypothesis in the following of the paper: pj = 0 Without loss of generality (see
[25, Lemma 3.1]), we consider in this paper that pg‘ =0fora=1,...,N,ie.,

min H, = H,(0). (1.9)
R

Indeed, u solves (1.6) if and only if i(, x) := u(t, x) — pyx for x € Jy solves the
same equation in which H, is replaced by Hy( p) = Hy(p + p{j). We have the same
result for u” the solution of the scheme (1.16).

The optimal control framework It is well known that the Legendre-Fenchel conju-
gate is crucial in establishing a link between the general Cauchy problem (1.6)—(1.2)
and a control problem [28]. Through this link, we obtain the representation formula for
the exact solution. While deriving the error estimate, regarding to Lemma 6.2, treating
the case where the Hamiltonians H,, satisfy (1.4), reduce to the case of Hamiltonians
satisfying the hypotheses of [26] i.e.,

(Regularity) H, is of class C2
(Coercivity) lim|py| oo Hy(p) = +00
(Convexity) H, is convex and is the Legendre Fenchel transform of L,
where L, is of class C2 and satisfies (BO).
(1.10)
We recall that
Hy(p) = Ly(p) = Suﬂ(m] — Lo(q))- (1.11)
qe

We consider the following hypothesis for L,

(B0) There exists a constant y > 0 such that forallae = 1,..., N, the C%(R)
functions Lysatisfy L], >y > 0.
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An optimal control interpretation of the Hamilton—Jacobi equation (1.6) is given in
[4,7,27,28]. Let (eq)q=1..... v be the family of unit vectors for each J,. We define the
set of admissible controls at a point x € J by

| Reg, ifx € Jj,.
Ut = {uazl,,_Nﬂvea if x = 0.

For (s, y), (t,x) € [0, T] x J with s < t, we define the set of admissible trajectories
from (s, y) to (¢, x) by

X(t)elJ forall t € (s, 1)
A, yit,x) =X e Wh([s, 1], R?) : | X(x) eU(X(1)) foraet € (s,1)
X(s)=y and X(t) = x
(1.12)

For P = pe; € U(x) with p € R, we define the Lagrangian on the junction

Lo(p) ifx € J2,

La(p) ifx =0, (L.13)

L(x, P)= {
with
La(p) = min ( — A, r{linNLa(p))

The Hopf-Lax representation formula provides a solution of (1.6)—(1.2) only assum-
ing (1.10). This formula is given in [2,26] by

Upe(t, x) = ilelg{uo(y) + D0, y; t, x)} (1.14)
y
with

t
D(s,y;t,x)= inf {/L(X(r),X(r))dt}.

XeA(s,y;t,x)
Remark 1 More details about this function are explained in Sect. 5 where the relevant

trajectories of the optimal control problem are given. Also this function plays a crucial
role in getting the error estimates with the doubling variable method.

1.2 Presentation of the scheme
The domain (0, + o0) x J is discretized with respect to time and space with a constant

time step and space step. The space step is denoted by Ax and the time step by Atz. If
h denotes (At, Ax), the mesh (or grid) G, is chosen as

Gn = {nAfr :n e N} x JAF (1.15)
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where

JAx — U JAY with  Jy D JM >~ (iAx i € N}-e,.
a=1,....N

It is convenient to write x{* for i Ax € Jy.

A numerical approximation u” of the solution u of the Hamilton—Jacobi equation
(1.1) is defined in Gy; the quantity u” (n At, x%) is simply denoted by U;"". We want it
to be an approximation of u(nAt, xlf") forn € N, i € N, where « stands for the index
of the branch.

We consider the following time-explicit scheme: for n > 0,

an+l_pan

U 0 o max(H () Hy (PP} =0, izl a=1,....N

Uy =0y, i=0,B=1..,N (L16)
U(i)l+1

-Uj 1,n N.ny
TO'FF(PO,_,_“”,P()A.) =0,

where pf‘i are the discrete (space) gradients defined by

pq,n - Uioii’-ri B Uia’n pq,n . Uiayn - U;Y_J{ (1.17)
b8 Ax ' B= Ax ’
with the initial condition
U =up(x®), i>=0, a=1,...,N. (1.18)

l

One can notice that p;”" = p*" | but the notation is useful to do the analogy
between the viscosity inequalities in the discrete (see Lemma 4.3) and continuous
case (see Proposition 2.4).

The following Courant—Friedrichs—Lewy (CFL) condition ensures that the explicit
scheme is monotone (proof provided in Lemma 4.1),

Tooauny, 1.n N,n
—zmax{ max |Ha(pi,+)|’0§mn?f”{(_V'F)(p0,+""’p0,+)}} (1.19)

where the integer n7 is the integer part of Alt foragiven T > 0.

1.3 Main results

As previously noticed in [16] in the special case ' = Fj,, it is not clear that the time
step At and space step Ax can be chosen in such a way that the CFL condition (1.19)
holds true since the discrete gradients pfxf depend itself on At and Ax (through the
numerical scheme). We thus impose a more stringent CFL condition,
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Ax

/ . _ .
A zmaX{a:rE%N‘lHa(p)l, gnax {( v F)(m,...,pzv)” (1.20)

Bafpfﬁa ngpafﬁa

for some P, Pa 22 € R to be fixed (only depending on ug, H, and F'). We can argue

as in [16] and prove that P, Pu> 22 € R can be chosen in such a way that the CFL
condition (1.20) implies (1.19) and, in turn, the scheme is monotone (Lemma 4.1 in
Sect. 4). We will also see that it is stable (Lemma 4.4) and consistent (Lemma 4.5). It
is thus known that it converges [6,17]. Notice that taking F' = F4, gives the following

CFL condition
=l \H.(p)| (1.21)
_— max . .
At ~a=l,..N, ¢ P

Eafpfﬁa

Theorem 1.1 (Convergence for general junction conditions) Let T > 0 and ug be
Lipschitz continuous. Let the Hamiltonians H,, satisfy (1.3) and the junction function
F satisfies (1.8). Then there existga, DPas 22 eR, a=1,...,N, depending only on
the initial data, H, and F such that, if h satisfies the CFL condition (1.20), then the
numerical solution u" defined by (1.16)—(1.18) converges locally uniformly as h goes
to zero to the unique relaxed viscosity solution u of (1.1)—(1.2), on any compact set

KcCl0,T)xJ,ie.

limsup  sup |uh(t,x) —u(t,x)| =0, (1.22)
|h|—=0 (¢t,x)eKNG

where h = (At, Ax).

Remark2 We know from [25] that the equation (1.1)—(1.2) may have no viscosity
solution but always a unique relaxed viscosity solution (in the sense of Definition 2).
Notice that the scheme has a junction condition which is not relaxed. However the
solution of the scheme converges to the unique relaxed solution of the associated
Hamilton—Jacobi equation.

The main result of this paper lies in getting error estimates in the case of flux-limited
junction conditions.

Theorem 1.2 (Error estimates for flux-limited junction conditions) Let T > 0 and
ug be Lipschitz continuous. Let the Hamiltonians Hy satisfy (1.4), ul be the solution
of the associated numerical scheme (1.16)—(1.18) and u be the viscosity solution of
(1.6)—(1.2) for some A € R. If the CFL condition (1.21) is satisfied, then there exists
C > 0 (independent of h) such that

C(AX)'?2 ifA > Ay,
sup [, x) —u(t, ) < | OV A=A

; (1.23)
[0.7)x NG, C(AX)?P if A= Ay.

@ Springer



532 J. Guerand, M. Koumaiha

1.4 Related results

Numerical schemes for Hamilton-Jacobi equations on networks The discretization
of viscosity solutions of Hamilton—Jacobi equations posed on networks has been stud-
ied in a few papers only. Apart from [16] mentioned above, we are only aware of two
other works. A convergent semi-Lagrangian scheme is introduced in [9] for equations
of eikonal type and in [13] for Hamilton—Jacobi equations with application to traf-
fic flow models. In [23], an adapted Lax-Friedrichs scheme is used to solve a traffic
model; it is worth mentioning that this discretization implies to pass from the scalar
conservation law to the associated Hamilton—Jacobi equation at each time step.

Numerical schemes for Hamilton-Jacobi equations for optimal control problems For
optimal control problems, the numerical approximation of Hamilton—Jacobi equations
has already been studied using schemes based on the discrete dynamic programming
principle. Essentially, these schemes are built by replacing the continuous optimal
control problem by its discrete time version. We refer to Capuzzo Dolcetta [11],
Capuzzo Dolcetta-Ishii [12] for the results concerning the convergence of uj, to u and
the a priori estimates (of order Ax) , in the L° norm, giving the order of convergence
of the discrete-time approximation. For papers related to Lax-Hopf formulas and
programming principle with a traffic application, we refer to [8]. We refer to Falcone
[20] for the results related to the order of convergence of the fully discrete (i.e. in
space and time) approximation and for the construction of the algorithm, we mention
that under a semiconcavity assumption the rate of convergence is of order 1. We
cite also [21] and references therein for discrete time high order schemes for Hamilton
Jacobi Bellman equations. Also semi-Lagrangian schemes [9] can be seen as a discrete
version of the Hopf-Lax formula and are related to optimal control problems.

Link with monotone schemes for scalar conservation laws  We first follow [16] by
emphasizing that the convergence result, Theorem 1.1, implies the convergence of a
monotone scheme for scalar conservation laws (in the sense of distributions).

In order to introduce the scheme, it is useful to introduce a notation for the numerical
Hamiltonian H,,

Ho(pt, p7) = max{H, (p*), H (p7)}.

The discrete solution (V") of the scalar conservation law v; + (Hy (v)), = 0 with
v = u, far from the junction is defined as follows,

U.Ot.)l_U.O(.)l
i+1 i F g
ver Ay, el
i+1 % —U(’)’ e
2 —Ax ifi =0.
In view of (1.16), it satisfies foralla =1, ..., N,
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Voz.n+l _Vat,n

i*% i*% -1 a,n an ) a,n a,n _ .
I va— + (Ax) (HQ(VH-%’VI'+£> Ho{<Vi+;,Vi_%))—0, i>1,

V(]Y.H+I_V(]Dt,n
L+ (A <Ha (v;"*”, vf‘*”) —F (v}’", . v{"»”)) =0,
2 2 2 7

submitted to the initial condition

« uo(x;") —uo(0)
veo - —io -

, i>0, a=1,...,N.
i+5 Ax

In view of Theorem 1.1, we thus can conclude that the discrete solution v” constructed

from (V™) converges towards u, in the sense of distributions, at least far from the
junction point.

Error estimates for numerical schemes We would like next to explain why our
result can be seen as the Hamilton—Jacobi counterpart of the error estimates obtained
by Ohlberger and Vovelle [29] for scalar conservation laws submitted to Dirichlet
boundary conditions.

On the one hand, itis known since 1979 and Bardos et al. [5] that Dirichlet boundary
conditions imposed to scalar conservation laws should be understood in a generalized
sense. This can be seen by studying the parabolic regularization of the problem. A
boundary layer analysis can be performed for systems if the solution of the conservation
law is smooth; see for instance [22,24]. Depending on the fact that the boundary is
characteristic or not, the error is h% or h. In the scalar case, it is proved in [19] that
the error between the solution of the regularized equation with a vanishing viscosity
coefficient equal to 4 and the entropy solution of the conservation law (which is merely
of bounded variation in space) is of order h'73 (in L L)lc norm). In [29], the authors
derive error estimates for finite volume schemes associated with such boundary value
problems and prove that it is of order (Ax)Y® (in Lt1 L }C norm). More recently, scalar
conservation laws with flux constraints were studied [14,15] and some finite volume
schemes were built [3]. In [10], assuming that the flux is bell-shaped, that is to say the
opposite is quasi-convex, it is proved that the error between the finite volume scheme
and the entropy solution is of order (Ax)% and that it can be improved to (Ax)% under
an additional condition on the traces of the BV entropy solution. It is not known if the
estimates from [10] are optimal or not.

On the other hand, the derivative of a viscosity solution of a Hamilton—Jacobi
equation posed on the real line is known to coincide with the entropy solution of the
corresponding scalar conservation law. It is therefore reasonable to expect that the error
between the viscosity solution of the Hamilton—Jacobi equation and its approximation
is as good as the one obtained between the entropy solution of the scalar conservation
law and its approximation.

Moreover, it is explained in [26] that the junction conditions of optimal-control type
are related to the Bardos, Le Roux and Nédélec (BLN) condition mentioned above. Itis
therefore interesting to get an error estimate of order (Ax)!/? for the Hamilton—Jacobi
problem.
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1.5 Open problems

Let us first mention that it is not known if the error estimate between the (entropy)
solution of the scalar conservation law with Dirichlet boundary condition and the
solution of the parabolic approximation [19] or with the numerical scheme [29] is
optimal or not. Here, we prove an optimal error estimate for A > Ag but we do not
know if our error estimate is optimal or not for A = Ag. But the test performed seems
to suggest that the estimate is not optimal for A = Ay.

Deriving error estimates for general junction conditions seems difficult to us. The
main difficulty is the singular geometry of the domain. The test function, used in
deducing the error estimates with flux limited solutions, is designed to compare flux
limited solutions. Consequently, when applying the reasoning of Sect. 6, the discrete
viscosity inequality cannot be combined with the continuous one.

1.6 Organization of the article

The remaining of the paper is organized as follows. In Sect. 2, we recall definitions and
results from [25] about viscosity solutions for (1.1)—(1.2). Section 3 is dedicated to
the derivation of discrete gradient estimates for the numerical scheme. In Sect. 4, the
convergence result, Theorem 1.1 is proved. In Sect. 5, we study the reduced minimal
action for a “strictly” limited flux and prove that the gradient is locally Lipschitz
continuous (at least if the flux is strictly limited). The final section, Sect. 6, is dedicated
to the proof of the error estimates.

2 Preliminaries
2.1 Viscosity solutions
We introduce the main definitions related to viscosity solutions for Hamilton—Jacobi
equations that are used in the remaining. For a more general introduction to viscosity
solutions, the reader could refer to Barles [7] and to Crandall et al. [18].
Space of test functions  For a smooth real valued function « defined on J, we denote
by u® the restriction of u to (0, T') x Jy. Let Jr = (0, T) x J.
Then we define the natural space of functions on the junction:
C'Ur)={ueCUr):Ya=1,...,N,u* € C'((0,T) x Jo)}.

Viscosity solutions In order to define classical viscosity solutions, we recall the defi-
nition of upper and lower semi-continuous envelopes u* and u, of a (locally bounded)
function u defined on [0, T) x J:

u*(t,x) = limsup u(s,y) u (t,x)= liminf u(s,y).

(s,y)—>(t,x) (s,)—>(t,x)
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Definition 1 (Viscosity solution) Assume that the Hamiltonians satisfy (1.4) and that
F satisfies (1.8) and letu: (0,T) x J — R.

(1) We say that u is a sub-solution (resp. super-solution) of (1.1) in (0, T') x J if for
all test function ¢ € C! (J7) such that

u* < ¢ (resp.u, > ¢) inaneighborhood of (19, xg) € Jr
with equality at (79, xo) for some 75 > 0, we have

0 + Hy(py) <0 (resp. > 0) at (10, x0) € (0, T) x J2
@ + Fa (g’—w;’—i) <0 (resp. =0) at (9. x0) € (0, T) x {O}.

(i) We say that u is a sub-solution (resp. super-solution) of (1.1)-(1.2) on [0, T') x J
if additionally

u*(0, x) <up(x) (resp. u.(0,x) > ug(x)) forall x € J.

(iii)) We say that u is a (viscosity) solution if u is both a sub-solution and a super-
solution.

As explained in [25], it is difficult to construct viscosity solutions in the sense of
Definition 1 because of the junction condition. It is possible in the case of the flux-
limited junction conditions F4. For general junction conditions, the Perron process
generates a viscosity solution from the following relaxed sense [25].

Definition 2 (Relaxed viscosity solution) Assume that the Hamiltonians satisfy (1.4)
and that F satisfies (1.8) and letu: (0,7) x J — R.

(i) We say that u is a relaxed sub-solution (resp. relaxed super-solution) of (1.1) in
(0, T) x J if for all test function ¢ € C(J7) such that

u* < ¢ (resp.u, > ¢) inaneighborhood of (g, x0) € Jr
with equality at (79, xo) for some 7y > 0, we have if xog # 0

¢+ Hy(py) <0 (resp. >0) at (o, x0) € (0,T) x JJ,

if xo =0,
either ¢; + F (% A {ﬁc—‘f\/) <0 (resp. >0) at(t,x0) = (t0,0)
or ¢+ H, (;%) <0 (resp. >0) at (tg, xo) = (t9, 0) for some «.

(ii)) We say that u is a relaxed (viscosity) solution of (1.1) if u is both a relaxed
sub-solution and a super-solution.

Let us recall some theorems in [25].
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Theorem 2.1 (Comparison principle on a junction) Let A € R U {—o00}. Assume that
the Hamiltonians satisfy (1.3) and the initial datum ug is uniformly continuous. Then
for all sub-solution u and super-solution v of (1.6)—(1.2) satisfying for some T > 0
and Ct > 0

M(t7x) S CT(I +d(07x))’ v(t7x) Z _CT(l +d(05 x))a
forall (t,x)€[0,T)xJ,

we have
u<v in [0,T)x J.

Theorem 2.2 (General junction conditions reduce to flux-limited ones) Assume that
the Hamiltonians satisfy (1.3) and that F satisfies (1.8). Then there exists Ar € R

such that any relaxed viscosity (sub-/super-)solution of (1.1) is in fact a viscosity
(sub-/super-)solution of (1.6) with A = AF.

Theorem 2.3 (Existence and uniqueness on a junction) Assume that the Hamiltonians
satisfy (1.3) and that F satisfies (1.8) and that the initial datum uq is Lipschitz con-

tinuous. Then there exists a unique relaxed viscosity solution u of (1.1)—(1.2), such
that

lu(t,x) —uo(x)| < Ct forall (t,x)el[0,T)xJ

for some constant C only depending on H and ug. Moreover, it is Lipschitz continuous
with respect to time and space, in particular,

[Vulloo = C.
The following proposition is a main tool in the proof of error estimates. Indeed, we
use a test function which is not C! with respect to the gradient variable at one point

and this proposition allows us to get a “weak viscosity inequality”. We don’t give the
proof since it is the same as the proof of [25, Proposition 2.16].

Proposition 2.4 (Non C' test function at one point [25]) that H satisfies (1.3) and let
u be a solution of

ur+ Hy(uy) =0 in(0,T) x J}.
For all xo € J}, and all test function ¢ € C! (0, T) x Jo\{O, xo})
u* < g (resp.u, > ¢) inaneighborhood of (t9,x9) € (0,T) x J,
with equality at (ty, xo), we have

@y (to, x0) + max { H,f (¢x (t0, x5). Hy (¢x(t0,x5)} <0 (resp. > 0).
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3 Discrete gradient estimates

This section is devoted to the proofs of the discrete (time and space) gradient estimates.
These estimates ensure the monotonicity of the scheme and, in turn, its convergence.
The discrete time derivative is defined as

a,n+1 a,n
wrt = —Ui — Ui .
! At

Theorem 3.1 (Discrete gradient estimates) If u" = (U") is the numerical solution
of (1.16)—(1.18) and if the CFL condition (1.20) is satisfied and if

m® = inf WP (3.1)
B=1,...N,

is finite, then the following two properties hold true for any n > 0.

(i) (Gradient estimate) There exist P, ( only depending on Hy, ug and F ) such
that

<p¥t<p* i>1,a=1,...,N,
{p Pra =P 1= 32)

i) —a s _
Ea_po)Jr_p i=0,a=1,...,N.
(ii) (Time derivative estimate) The discrete time derivative Wl.a’" satisfies

0

m- <m"

< mn+l < Mn+l < Ml’l < MO
where

m" =inf W*",  M" :=sup W""
o,i

a,i

In the proofs of discrete gradient estimates, “generalized” inverse functions of H: are
needed; they are defined as follows:

Ty ()

T, (a) :

sup{p : Hy (p) = max(a, Ay)}
inf{p : H, (p) = max(a, Ay)}

(3.3)

with the additional convention that (Hf)*] (4 00) = £o00, where

Ay := min H,.
R

In order to define a “generalized” inverse function of F, we remark that (1.8) implies
that

forall K € R, there exists p(K) = (p1(K), ..., pn(K)) € RN
such that F(py, ..., pN) 5 = Du zga(K).
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Remark that the functions p,, can be chosen non-increasing.

] —a 0
Remark 3 The quantities PP, p, are defined as follows

. n;(—mo) if—m® > A,

L n;(—mg 1) if—mg = Ay
+
— | m S (=m”) if —m” > A,
Pa =\t (=m® + 1) if — m© = A, 34
0 0

20 = ga(—mo) %fp (—mo) < Pa
= | p,(=m”+1) if p (=m") =D,

where mY is defined in (3.1).

In order to establish Theorem 3.1, we first prove two auxiliary results. In order to state
them, some notations should be introduced.

3.1 Discrete time derivative estimates

In order to state the first one, Proposition 3.2 below, we introduce some notation. For
o € {+, —}, we set
a,n . an _a,n+l o,n a,n+1
I,',g = [mlﬂ(Pi,a ' Pi o ), maX(Pi,U » Pio )]

with p{” defined in (1.17) and

D! :=sup{ sup |H,(pa)l, sup {—(V-Fxpl,...,pm}}. (3.5)

w,n a,n
paeli’+ PaEI()y_,_

The following proposition asserts that if the discrete space gradients enjoy suitable
estimates, then the discrete time derivative is controlled.

Proposition 3.2 (Discrete time derivative estimate) Let n > 0 be fixed and Ax, At >
0. Let us consider (U,-a;,n)a,i satisfying for some constant C"* > 0:

|p?f’¢|§C" for i >0, a=1,...,N.
We also consider (Uf""“)a,i and (UI-O""H)O,,,- computed using the scheme (1.16). If
A
fo’ffA—): for i>0,a=1,...,N, (3.6)

then

=

m" < mn+1 < Ml'l+1 < M}’L
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Proof For 0 = + (resp. 0 = —), —o denotes — (resp. +). We introduce for n > 0,
aefl,...,N},ie{l,...,N},o € {+, -},

o f (H Y (Pt 4 e = pfath)dr =0, (3)

CO " /0 ({ B.n+1 + t(pg,’ Pg _T_l)}ﬁ)d‘c > 0.

Notice that fori > 1, C; o"" is defined as the integral of (H, ) over a convex com-
bination of p € I Slmllarly for Cy°' which is defined as the integral of F" on a
convex comblnatlon of p €l “ n. Hence in view of (3.6), we have for any n > 0,

a:],...,Nandforanycre{—i—,—}orfori=Oanda=+,wecancheckthat
con < B ifi >1,0¢€{-,
{’fé—%fn o EhoEm @8
2p=1Co 1 = 5t

We can also underline that for any n > 0, « = 1,..., N and for any i > 1,
o € {+,—}orfori = 0and o = +, we have the following relationship

o,n a,n+1 o,n o,n
pi,a pz o - Wi+a - Wi ) (3.9)
At Ax

Let n > 0 be fixed and consider (U;/"")y,; with Ax, At > 0 given. We compute
(U“’"H)ai and (U“’"+2)ai using the scheme (1.16).

Step 1: (m"), is non-decreasing We want to show that W; > m" fori > 0 and
=1, , N.Leti > 0 be fixed and let us distinguish two cases.

Case 1: i > 1 Let a branch « be fixed and let o (i, @, n + 1) = 0 € {4, —} be such
that

a,n+1

maX{H+(p“”+1) H; ( “"“)} = H,  (pi"0th. (3.10)
We have
M= : (maX{HWP "). Hy (pi" )}
At At L= i+

—max{H+(p““) Hy (p“"“)})
1 -0/ on —o, a,n+l
_At H, (Pi’a)_Ha (pi’(f )
! +1 e [(Pia — P?:H
— / o,n o,n o,n 5
/O(Hw”) R i ] e e L

t
a,n a,n
— %" Wi—i—o - Wi
- i,o A)C

v

@ Springer



540 J. Guerand, M. Koumaiha

where we used (3.7) and (3.9) in the last line. Using (3.8), we thus get

1,0 Ax i+o

At
wertl > <1 -G
! X

)Wiot,n + Cq,nﬁwq,n

> m".

Case 2: i = 0 We recall that in this case, we have U)"" := U}l and W)" := W)} =

urtl—yn .
0 A 0 forany 8 =1, ..., N. We compute in this case:

wott—wp 1 e+l
—Ar  Ar <—F({P8[’i Jo) + F({Pg,i}a))

01 a,n+1 )
_ —_ ’ + d
At ﬁ} Pﬁa 5 ({P0,+ Tpa}ot T

. s n+1
with p = ({pgy — pi’ e

1 N NG n
oF a,n+1 ) Wl _ WO
- — ’ T dt| ——
,/O ﬂg; app ({p0)+ + Tpata Ax
N B.n
~y b Wi~ - Wy
0,+ Ax :

Using (3.8), we argue like in Case 1 and get

W6'+] >m".

Step 2: (M"),, is non-increasing We want to show that Wl."""Jrl < M" fori > 0 and
a=1,..., N. We argue as in Step 1 by distinguishing two cases.

Case 1: i > 1 We simply choose 0 = o (i, «, n) (see (3.10)) and argue as in Step 1.
Case 2: i = 0 Using (3.6), we can argue exactly as in Step 1. The proof is now
complete. O

3.2 Gradient estimates

The second result needed in the proof of Theorem 3.1 is the following one. It asserts
that if the discrete time derivative is controlled from below, then a discrete gradient
estimate holds true.

Proposition 3.3 (Discrete gradient estimate) Let n > 0 be fixed, consider that
(Ui is given and compute (Uia’”H)a,i using the scheme (1.16)—(1.17). If there

exists a constant K € R such that foranyi > 0anda =1,..., N,
1 o,n
U'OlJ’H‘ _ U s
an . i i
K <Ww>":= S vE—
t
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then

{n(—K)Spjf g (—K), a=1,...,N, i>1,
) -1
p,(=K) < pgt < (HH'(=K),a=1,....N

IAIA

where p?i is defined in (1.17) and nojf and p are the “generalized” inverse functions
of Hy and F, respectively.

Proof Letn > 0 be fixed and consider (U;""),; with Ax, At > 0 given. We compute

(Ui“’nH)a,i using the scheme (1.16). Let us consideranyi > Oanda =1, ..., N.
If i > 1, the result follows from

K <w""=— max HS (pi" ).
o=+,—

i,—o
If i = 0, the results follows from
K<W = —F<{p8‘,’i}a>.
This achieves the proof of Proposition 3.3 O

3.3 Proof of gradient estimates

Proof of Theorem 3.1 The idea of the proof is to introduce new Hamiltonians H, and
anew junction function F for which it is easier to derive gradient estimates but whose
corresponding numerical scheme in fact coincide with the original one.

Step 1: Modification of the Hamiltonians and the junction function Let the new
Hamiltonians H, foralla = 1, ..., N be defined as

) Ho(p)+ Hy(p)p—p) ifp=p,
Hy(p) =  Ha(p) if p €lp, Pal 3.11)
Hy(Pg) + Hy(Pe)(p — Do) if p =Py

where p, and p, are defined in (3.4) respectively. These new Hamiltonians are now

globally Lipschitz continuous: their derivatives are bounded. More precisely, the H,
satisfy (1.4) and

H, = H, in [Ba,ﬁa]
and 3
VpeR, |Hy(p)< sup |Hy, (po)l- (3.12)

Pa€lp,, Pyl
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Let the new F satisfy (1.8), be such that

N
F=FinQo:=[]lp). 7]

a=1
and (see “Appendix A.2”)

vpeRY, (=V.F)(p) <sup(—V-F). (3.13)

Qo

In the remaining of the proof, when notation contains a tilde, it is associated with
the new Hamiltonians H,, and the new non- linearity F. We then consider the new
numerical scheme

Ulatn+1 Uu,n n ~an .
T—i—max{H (pl_)H (pl+)}—0 i>l,a=1,...,N
Uy =0y, i=0,8=1,....,N
U('JZH—[}O ~l,n ~2.n ~N,n

+F( ()+ap()+s~--ap()+) _0
with the same initial condition, namely,

U =ug(iAx), i=0, a=1,...,N.

1

In view of (3.12) and (3.13), the CFL condition (1.20) gives that for any i > 0,
n>0,ande=1,...,N

pen < H. (p)l: v.ml < 2% 3.14
“U<supl sup Hy(plisup(-V - F) b < (3.14)
P,=P=Dq g

where D 1s given by (3.5) after replacing H, and F with H, and F.
Step 2: First gradientbounds Let n > 0 be fixed. If m" and M" are finite, we have
rﬁ"lea" for any i >0, a=1,...,N.

Proposition 3.3 implies that

In particular, we get that
|pl+| <C" for i>0, a=1,...,N
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with
C" = max (max (175 (=", 175 (~i")], B, (<" ) )
In view of (3.14), Proposition 3.2 implies that
m"t < m"th < Mt < M* for any n > 0. (3.15)

In particular, M1 s also finite. Since 7° = m® and M= MO are finite, we conclude
that m" and M" are finite for all » > 0 and for all n > O,

m® <m" < M" < M°. (3.16)

Step 3: Time derivative and gradient estimates. Now we can repeat the same rea-
soning but applying Proposition 3.3 with K = m? and get

<~(.1’n<_,i>1, a=1,...,N,
{Bg S g S Pt 0 o 3.17)

Py =Pyt SPariz0, a=1...,N.
This implies that Ul.“’” =U""foralli >0,n>0,a=1,..., N.Inview of (3.15),
(3.16) and (3.17), the proof is now complete. O

4 Convergence for general junction conditions

This section is devoted to the convergence of the scheme defined by (1.16)—(1.17).

4.1 Monotonicity of the scheme
In order to prove the convergence of the numerical solution as the mesh size tends to
zero, we need first to prove a monotonicity result. It is common to write the scheme
defined by (1.16)—(1.17) under the compact form

u'(t + At x) = S (0)](0)

where the operator S” is defined on the set of functions defined in J”. The scheme is
monotone if

u<v = S"Mul< S".

In our cases, if t = nAt and x = iAx € J* and U(z, x) = U"" for x € J¥, then
S"[U] is defined as follows,

UP"™ = So[USY, U U] fori =1, a=1,...,N,

i—1° i

Uit = sotug, (UM por. Nl

@ Springer



544 J. Guerand, M. Koumaiha

where

SUS™, U U%"] = U™ — At H+ U —utt - Ul -ui"
alVip Y s Y= max 3 f, Ax » Hy Ax )

SolUg, (U™ pot....v1 = U — AtF(py"t, .. py)
4.1
Checking the monotonicity of the scheme reduces to checking that S, and Sy are
non-decreasing in all their variables.

Lemma 4.1 (Monotonicity of the numerical scheme) Let (U") := (U/"")q,i the
numerical solution of (1.16)—(1.18). Under the CFL condition (1.19) the scheme is
monotone.

Proof We distinguish two cases.

Case1 i > 1.Itis straightforward to check that, forany @ = 1, ..., N, the function
Sa is non-decreasing with respect to U~} and U;|. Moreover,

080 _ [ 1= REHD (") i max(H(p™), Hy (P} = Hef (5"
dUF" | 1+ KL (H) (pih if max{HS(p""), Hy (pi)} = Hy (p{})
which is non-negative if the CFL condition (1.19) is satisfied.

Case2 i = 0. Similarly it is straightforward to check that Sy is non-decreasing with

respect to U{S’" for B =1,..., N. Moreover,
N
Y At oF N
=1+ =) —{(pyg=1}
Uy Ax o aps 4+
which is non-negative due to the CFL condition. The proof is now complete. O

A direct consequence of the previous lemma is the following elementary but useful
discrete comparison principle.

Lemma 4.2 (Discrete Comparison Principle) Let (U") = (U"")q,; and (V") :=
(V*™")q.i be such that

vn>1, U <s"U"l and v > shvr.

If the CFL condition (1.19) is satisfied and if U? < VO, then U" < V" foralln € N.

Remark 4 The discrete function (U") (resp. (V")) can be seen as a sub-scheme (resp.
super-scheme).

We finally recall how to derive discrete viscosity inequalities for monotone schemes.
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Lemma 4.3 (Discrete viscosity inequalities) Let u be a solution of (1.16)—(1.18) with
F = Fy defined in (1.5). Then u" is a discrete sub-solution (resp. super-solution) in
the following sense. If u" — ¢ has a global maximum (resp. global minimum) on Gj,
defined in (1.15) at (f + At,X), then

Sip(t, %) + H(x, Dyo(t,X), D_¢(t,X)) <0. (resp. >0)

where

Hx ) = max{Hy (p-), Hy (p)} if X #0
P P = max{A, max, H; (p})} ifx=0

and

1 - _ - _ o
- — _{W(tv-x—i—Ax)_(p(t’x)} l‘fx#o
D , — ) Ax - b
w0 {(A%C{w“(t, Ax) —¢¥(@,0))), fx=0
_ 1 _ _
X

_ 1 _ _ - _
Sip(t,x) = E{(p(l + AL, %) — o, %)}
We say that u" is a discrete subsolution (resp. supersolution).

4.2 Stability and consistency of the scheme

We first derive a local L® bound for the solution of the scheme.
Lemma 4.4 (Stability of the numerical scheme) Assume that the CFL condition (1.20)
is satisfied and let u be the solution of the numerical scheme (1.16)—(1.18). There
exists a constant Cy > 0, such that for all (¢, x) € Gy,

|u" (2, x) = up(x)| < Cot. 4.2)
In particular, the scheme is (locally) stable.

Proof 1f Cy large enough so that

co+max{HJ(p;’g,°>,Ho:<p§f£)} >0, i=l,a=1,....N
1,0 2, N,0
Co+ F(py 4Py 1o---2Po ) =0,

and

—Co + max{Hyf (p"), Hy (')} <0, i=1l,a=1,....N
1,0 20 N,0
_CO + F(P(),_,_, Po’_p cee p0’+) = 09
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then U*" = Uf"0 + ConAt is a super-scheme and U™" = U;"’O — ConAt is a sub-

1
scheme (see Remark 4). The discrete comparison principle, Lemma 4.2, then implies

U — U*°) < ConAt

1
which is the desired inequality. This achieves the proof. O

Another condition to satisfy convergence of the numerical scheme (1.16) towards the
continuous solution of (1.6) is the consistency of the scheme (which is obvious in our
case).

Lemma 4.5 (Consistency of the numerical scheme) Under the assumptions on the
Hamiltonians (1.4), the finite difference scheme is consistent with the continuous prob-
lem (1.6), that is to say for any smooth function ¢(t, x), we have locally uniformly

S"@l(s, ¥) — ¢(s, y)
At

— Hy(px(t,x)) as Gy > (s,y) = (t,x)

ifx € J}, and

SMel(s, y) — ¢(s, y) (8<p
— F| —

e
., —(1,0 , t,0).
N P BxN( )) as Gp3(s,y) — (£,0)

4.3 Convergence of the numerical scheme
In this subsection, we present a sketch of the proof of Theorem 1.1.

Sketch of the proof of Theorem 1.1 Let T > 0 and h := (At, Ax) satisfying the CFL
condition (1.20). We recall that

uh(O,x) =u(0,x) for x €@,
We consider u and u respectively defined as

w(t,y)= limsup u"(t',y), u( y)= liminf 4", Y).
h—0 IhAO
Gra('.y)—(.y) Gna(t',yN—(t,y)

By construction, we have u < u. Since the scheme is monotone (Lemma 4.1), stable
(Lemma 4.4) and consistent (Lemma 4.5), we can follow [6,16] we can show that u
(resp. u) is arelaxed viscosity super-solution (resp. viscosity sub-solution) of equation
(1.1)—(1.2), see for example the proof of [16, Theorem 1.8]. Using Theorem 2.2, we
know that u (resp. u) is a viscosity super-solution (resp. sub-solution) of (1.6)—(1.2).
Moreover, (4.2) implies that

u(0,x) < up(x) <u(0,x).
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The comparison principle (see Theorem 2.1) then implies that
U<u=<u

which achieves the proof. O

5 Study of the reduced minimal action

In this section, we consider that the Hamiltonians H, satisfy (1.10). We study the
u 2 .
reduced minimal action Dy which replaces the classical term % in the dou-

bling variable method. This function allows us to prove that the error estimate is
1
of order (Ax)2.

5.1 Reduction of the study

We start this section by the following remark, the analysis can be reduced to the case
(s, ) = (0, 1). Precisely, using the fact that the Hamiltonian does not depend on time
and is homogeneous with respect to the state, the reader can check that a change of
variables in time yields the following Lemma.

Lemma5.1 Forall y,x € J and s < t, we have

D(s, y; t,x):(t—s)D(O,L;l, ol )

t—=s t—s

where

t
D(s,y;t,x) =  inf {/L(X(r),X(r))dr}.

XeA(s,y;t,x)

This is the reason why we consider the reduced minimal action Dy : J> — R defined
by
Do(y,x) =D(0, y; 1, x). (5.1

We also need the following lower bound on D.

Lemma 5.2 Assume (BO). Then

4

2 _ _
s = A=)

D(s,y;t,x) >

where y is defined in (BO).
Moreover,

D(s,x:t,x) < La(p)(t — ).
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Proof We only prove the first inequality since the other inequality is elementary. As
L, (0) =0,and Ly(0) > La(p) = —A, we have

Y Y
Lo(p) > Epz + LL,(0)p + Lo (0) > 5,,2 — A.

Thus, we can write for X(.) € A(s, y; t, x),

t t
/ L(X(x), X(0)dt > —A(t — ) +§/ (X (0))2dr.
s s
Then Jensen’s inequality allows us to conclude. O

5.2 Piecewise linear trajectories

We are going to see that the infimum defining the minimal action can be computed
among piecewise linear trajectories. In order to provide a precise statement, we first
observe that optimal curves in (1.14) are of two types depending on the position of
y and x on the same branch or not: if they are, then the trajectories are of two types:
either they reach the junction point, or they stay in a branch and are straight lines. For
y € Jg, x € Jy with B # «, the trajectories can spend some time at the junction
point.

Lemma 5.3 The infimum defining the reduced minimal action Dy can be computed
among piecewise linear trajectories; more precisely forall y, x € J,

_ ) Diunction(y, x) if a# P,
Doty 1) = {mjin(za(x =) Djunction(ya X)) if a=p, 62

where for x € Jy,y € Jg

, —y i x
Djunction(y, X) = Ost}ngl {tlLﬁ<T> + (@ —1)La(p)+ 1 - fz)La<1 — tz) }
(5.3)

Proof We write Dy = inf xe 4y(y,x) A(X), where A(X) = ]01 L(X(7), X(7))dt. In
order to prove the lemma, it is enough to consider a curve X € A(0, y; 1, x) and prove
that

A(X) = min(Loc(x - y), Djunction(yv )C))

For o # B, the trajectories can spend some time at the junction point, hence we can
write

t t 1
Do(y,x) = inf {/ 1 L,g(X(r))dr+/2L(X(r),5((r))dr+/ La(X(t))dr}
x0)=y [ Jo 1

4]
X(1)=x
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0<n=<n=<1l | X(O)=y Jo 11)=

151 . 15} .
> inf { inf / Lg(X(r)dt + X(in)f 0/ L(X(7), X(1))drt
X(t1)=0 X()=0""

1
+ inf /La()‘((r))dr}
X(12)=0Jz,

X(D)=x

then using that L > L 4 for the second term and Jensen’s inequality for all terms, we
conclude that

Do(y, x) = Djunction()’a Xx).

Now for @ = B, we can deduce from the preceding that

1
Dy(y, x) > min Djunction()’» x), inf / Ly(X())dT
i
=x

Then, by Jensen’s inequality once again, we can deduce (5.2). This ends the proof. O

In view of (5.2), we see that the study of Dy can now be reduced to the study of

Djuncliun .
5.3 Study of Djunction

We introduce a simpler notation of Dj,pcrion defined in (5.3),

7—)jum:tion (y,x) = inf G(11,1,y,x), 5.4

0<ti<n <l

where

Gt 12,3, %) = ’1Lﬁ<_t—ly> + (2~ m)La(p)+ (1 — tz)La(l ftz).

Asin [26], for (y, x) € JE x Jj the function (¢1, ) — G (1, t2, y, x) is stricly convex
on (0, 1) x (0, 1). Indeed, for #, 1> € (0, 1), we compute

L (= m_x_
2 B\ n T a\l-n) r
D°G(t1, 1, y,x) = TVy Vy—‘l_thVx Ve >0,

where Vy = ( ,0,1,0)and V, = (0 0, 1) and in particular, we have

’lt’

a2 -
S Gty x) = y—3 é(—y) >0,
81‘1 1
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and

—2 G(t,t ) = ’ L a 0
. » 12, ), X > 0.
l22 1,02,Y a t2)3 @\ f

So we deduce that for (y, x) € Jl:; x Jy, if the function (11, ) — G(t1, 12, y, x)
admits a critical point, then it reaches its infimum at this point, else it reaches its
infimum at the boundary.

Lemma5.4 Let (y,x) € J, and Djunciion(y, x) as in (5.3). We have the following
equivalences for the infimum,

x=0&1n=1,
y=0&1=0.

Proof 1t is a direct consequence of the expression (5.3). O

Definition 3 (Numbers &, &) We define &, & thanks to the following function
(forl e {1,...N}) 3
Ko(x) = La(x) — xLg(x) — La(p). (5.5

We define (K, y—1 (resp. (K(;lIr )~1) as the inverse of the function K, restricted to
(—o00, 0] (resp. [0, 4+ 00)), in fact one can write

K. (x) = —xL!(x) <0on (0, +00) (resp. > 0on (—00,0)).
More precisely, we define E(;t = (Kmi)_l 0).

Lemma 5.5 (Explicit expression of Djyucrion(y, X)) It exists a unique function t :
J x J — (0,1) of class C! such that for (y, x) € Jg X Jy, we have

Djunction (v, x)

0L (7555) + (= 0L (157 ) 000 € U X T\Apar

T(y,x) _
_ | L) +xLi&h + Lap) if (7. %) € Apa,
Lo (x) ify=0andx>$&"',
Lg(—y) ifx:Oandy>—$/;,

(5.6)

where

Apy = {(y,x) €U X Sy —— < 1}.
&g

We have a different expression of Djyucrion On €ach subset of the previous Lemma
(see Fig. 1).

@ Springer



Error estimates for a finite difference scheme associated... 551

Fig. 1 Subsets of Djynction for Ay < Js
oa#p

0 §a

Proof Writing the optimal conditions of G associated with the infimum in (5.4), we
have

}L;S<7> LA(p)—O-L/g( )—0
5.7

2L, (1xz2) La(p)+ Ly (1 tz):O,

where ] and 1 are the quantities realizing the minimum. Hence from (5.7), we deduce

y X
Kg o =0=K, = .
1 5]

But Kg is a bijection on (—00,0), and so is Ky on (0, 4 00). Therefore, setting
(K/;)*I(O) =&, and (K)71(0) := &, we deduce for (y, x) € Agy\{xy = 0},

D'uncion s L + L - + __+_ Z
junction (Y, X) = Sﬂ p(Eg) i (&) ( o é/3) A(p)

= —yLj(E5) +xLLED + La(p).

Now, forx =0and y < —5,3_ , using the first condition of (5.7), we deduce that

Djunciion (¥, 0) = —yLig(55) + La(p).

Forx =0and y > —“g‘f; , we deduce from Lemma 5.4, that r, = 1. Using the first
optimal condition in (5.7), we have Kg ( ) =0sot = ;—,y > 1. We deduce that

the optimal condition must be satisfied at the boundary of the set {0 < 7; < 1}. Here
using (5.3), we have t; = 1, so

Djunclion(ya 0) = Lﬂ(_)’)~
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Similarly, for y = 0 and x < &,

Djunction (¥, x) = x Lo, (657) + La(p).
For y = 0 and x > &, we deduce that
Diunction(0, x) = Lg(x).
In all other cases, that is to say for (y, x) € (JE x J\Apy, the infimum of G is

attained at the boundary of {0 < #; < t» < 1}, here forsome t; =, =t € (0, 1).
Hence we have

. — X
Diunction(y, X) = nglf;] {TLﬁ (Ty) + 1 =1)Lq (1 _ ‘C) }

Once again, writing the optimal conditions for G(z, 7, y, x), we deduce that

K (%) =Ka<1ir.>. (5.8)

We define

Deriving

aé =Y Y l X X * *
a_-L—:Kﬁ <T>ﬁ—Ka 11—+ m>0 fOI'(y,)C)G(JﬁXJa)\AIBQ,

by implicit function theorem, we deduce that there exists a unique 7 € C 10,1
satisfying G(7, y, x) = 0. The proof is thus complete. O

Lemma 5.6 (Continuity of Djyncrion) The function Djynction is continuous in J 2

Proof From (5.6), we already know that Djyncrion € C((JE X JI\Apy) UC(Agy U

{x = 0} U {y = 0}). Therefore in order to prove that Dj,ncrion € C(Jg X Jg), it is

sufficient to prove that for any given sequence (y*, x%) e (J E x JH)\Apq such that

Ok, k) = (3, x), where (y,x) € A := (G- =DUlkzghuly=-§&)
o B

we have

Djunction (yk , xk) g Djunctlon (v, x).

Since the sequence {r(yk, xk)} is bounded, we can deduce that there exists a sub-
sequence such that 7(y*, x¥) — 0. We distinguish the following cases.
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Case1 t° € (0, 1). By continuity of K, we have

Ke (1 _xro> = Ky C—Oy) . (5.9)

If x =0, we have as K,(0) > 0 and (K/;)_1 is increasing

% = —(K5) ' (Ka)(0) < —(K5)'(0) = &5,

hence deduce that (y, 0) ¢ A, so this case is not possible.
Similarly, if y = 0, we have

1 - -5 =KD KO < (KNT'O) =&,

hence deduce that (0, x) ¢ A, so this case is not possible.
Now if (v, x) € (JE x Jy) N A, then siJr - Sl’ = 1 and passing to the limit, we
o B
have (5.9). We know that K (§;7) = Kp(E5) = 0,50 if we set T = X =1-2x

& &

Kg (%y)=0=1<a(lff>. (5.10)

By uniqueness of 7 satisfying (5.8), we deduce that 7 = 7. So we have

so 1 — 7 = %, we have
o

Djunction(y*, ¥*) = =yLig(&5) + ¥ L, (6 + La(p) = Djunciion(y, %).

Case 2: ¥ = 0. In this case using Lemma 5.4, y* — y =0, sox > &, and with
(5.8) we deduce that

k k

2 =(K;)—1(Ka<x—>>»(K,;)‘%Ka(x)). (5.11)

T(yk, xk) 1 —t(yk, x5)

Therefore Djunction (yk > xk) — Lo(x) = Djunclion 0, x).

Case3 7% = 1. In this case, x¥* - x = 0. Arguing as in Case 2, we deduce that
y = &g, and
x! —kH (K ¥ — (KD (kg (=y).  (5.12)
=Gk Ak~ e PATGR 5 «) ARV

Therefore, Djuncrion Ok, xb) — Lg(—=y) = Djunciion(y, x).
The proof is thus complete. O
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Fig.2 Subsets of D fora = B Ayed,

-

0 o

Lemma 5.7 The function Djyuciion 1S ClinJ? and for (y, x) € Jg x Jy, we have

Ly (%) i (r.2) € (T X I\ Apa.
L' (eF if (v, x) € Agg,
axDjunction(y, x) = L(/Y Ei‘; ) Z:;y=x()) and §a> g)_—+
o o’
L,o(KH) ' oKg(~y) ifx=0andy > —&5,
(5.13)
and
—Ly(2) if (7. x) € (T X T\ Apa,
—Li(Eg) if (v, x) € Ag
o _ 58 - o
Oy Djuncrion (¥ ) ~Lyo(K7) ™ o Ko(x) ify=0andx > &},
—L:g(—y) ifx:Oandy>—§‘;.
(5.14)

Proof We compute the partial derivatives in domains where the function is naturally
of class C! using that the function 7 is continuously differentiable in (0, 1)* and
using (5.8). We prove the continuity of the partial derivatives using the same proof as
Lemma 5.6. O

5.4 Compatibility condition

In this subsection, we prove a compatibility result, which will be used in deriving error
estimates. Let us recall the following shorthand notation

_ | Ha(p) ifxelJ}
H(x’p)_{FA(p) ifx = 0.

Remark 5 In J, x Jq, we give a description of {Djuncrion(y, X) = Lo(x — )} N Aga
using [26], see Fig. 2. We have

{ Djuncrion (0, &) = &5 Lo, (6 + La(p) = La(E),
Djunction(_ga_a 0) = EO,_L,/X (ga_) + La(p) = Lot(éa_)-
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This means that the functions Dj,pcrion and (y, x) — Lq(x — y) coincide at the same
points X, = (0, &) and Yy = (—&;, 0). Therefore we have

Ly (x —¥) < Djuncrion(y, x) on the open line segment | X, Yy [
because Djyncrion s linear and Ly, is strictly convex as a function of y — x.

The function (y,x) + Lg(x — ¥) — Djuncrion(y, x) being convex because
Dijunction(y, x) is linear, we can consider the convex set

K ={(y,x) € Ju X Ju, Lg(x —y) < Djunctt’on()’a x)}.

Then the set
I ={(y,x) € Aaas  Djunciion(y, x) = Lo (x — y)}
is contained in the boundary of the convex set K*. More precisely, we have
I = (0K N Agy) C Jg X Jy

which shows that I'“ is a curve which contains the points X, and Y.
Theorem 5.8 Assume the Hamiltonians are convex, with Legendre Fenchel transform

satisfying (BO). Then forall (x,y) € J xJ\ |J T, (ie., everywhere except on
ae{l,...,N}

the curves where Dy is not C 1 ), we have
H(y, —09yDo(y, x)) = H(x, 3 Do(y, x)).

Proof of Theorem 5.8 First, notice that in the interior of K¢ (i.e., in the regions where
Do(y, x) = Ly(x — ¥)), we have the result as

H()’, _ayDO(ﬁ -x)) = H(X(L(/x(-x - )’)) = H(-xv 8XD0(y’ -x))
Now we prove the result in the regions where Dy = Djyncrion. We distinguish

different regions of Jg x Jy, defined in the expressions of dx Djuncrion and 9y Djunction
in (5.13)—(5.14). Let us first point out that we have the following assertion

Ho(p) + La(q) = pq < q € dHu(p), (5.15)
where d Hy (p) is the convex subdifferential of Hy (p).

We distinguish several cases.
Casel (y,x) € (JE X JF)\Apq. From (5.15), on one hand, and from (5.14) we have

w(6(2)-70(2)o(7)
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From (5.5), we have then Hg <L;3 (—Ty)) =—Kg () - La(p).

On the other hand, and from (5.13)

H"‘<L;(1ir>)= 1eré’<1fz)_L°’(1ir>’

similarly, from (5.5), we deduce that H, (L& (l"j)) =—K, (L)—I:A(p).Hence,

-7

from (5.8), the compatibility condition.
Case?2 (y,x) € (JE x JZ) N Apgy. We argue as in Case 1, one can deduce that

Hp(Lig(65)) = —Kp(65) — La(p) = A
Hy(L,(§)) = —Kao() —La(p) = A
From the definition of &, and & p » one can deduce the compatibility condition.

Remark 6 We deduce that the functions rrj , nﬂ_ defined in [25] satisfy
+ et — I g=
7y (A)=L,(,;) and g (A) = Lﬂ(gﬂ ).
Case3 y = 0 and x > &;. Let us check the following equality

—1
max <A, Jmax | H; (L;9 <<K/;) ° Ka(x)>>> = Hy (L,(x)) .

On one hand, from the definition of K ﬂ_, we deduce that

Hy (L;g ((Kﬁ_)l 0 Ka(x))) — Hp (L}} ((Kﬂ_)l 0 Ko,(x))> :

and arguing as previously, we deduce that
-1 -1 ~

Hj <L;, ((Kﬁ) 0 mm)) —Ky ((Kﬂ) 0 Ka(x)> — La(p)

= —Ka(x) = La(p).

On the other hand from (5.15), we have Hy (L), (x)) = —Kq(x) — I:A(p).

And for x > &, we have Hy (L), (x)) > Hy(L,(§))) = Hu(m, (A)) = A. So
one can deduce the compatibility condition.
Case4x =0and y > —§ s Letus check the following equality

max | A, . Ilrfax ,N H, (L& ((K,;}')_1 o Kﬂ(—)’))> Hy (L;g(—)’))
o #p

= Hg (L};(—y)) .
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Similarly, as in the previous case, one can deduce that

max  H (ij ((Ko'f)‘1 ° K,g(—y))) = Ag < A.
a=1,...,N

o #p

And for y > E'B_, we have Hﬂ_(L;g(—y)) > Hﬂ_(nﬂ_(A)) =A.
Case5y =0and 0 < x <&, Let us check the following equality

.....

On one hand, from (5.15) Hy (L, (§)) = =Ko () — La(p) = —La(p) = A.
On the other hand, maxg—i,. .~ Hy (Ly(§5)) = maxp=i.. v Hy (Lp(E5))

= maxg=1,..N Hﬂ_(nﬂ_(A)) = A.
Case 6 x =0and 0 < y < —§, Let us check the following equality

max(A, max Hy (Ly(55) = Hp(Lj(E5)).

,,,,,

Similarly, as in Case 5, one can deduce the compatibility condition.
Case 7 x = 0 and y = 0 Let us check the following equality

..........

In fact, it follows directly from Cases 5 and 6.
The proof is thus complete. O

5.5 C":1 estimates for the reduced minimal action

In this section, we study the Lipschitz regularity of the gradient of the reduced minimal
action Dy. It turns out that its gradient is indeed Lipschitz if the flux limiter A is not
equal to Ag, the minimal flux limiter. Such a technical result will be used when deriving
error estimates. It is also of independent interest.

Proposition 5.9 (C!-! estimates for the reduced minimal action) Let p > 0 and assume
that the Hamiltonians satisfy (1.10) and (1.9). The function Dy associated with the
Sflux limiter Ag + p can be chosen C]’l(]lz()for any K > 0 where J2 = {(x,y) €
J?2:d0,x) < K and d(0, y) < K}. Moreover, there exist Cx and C}< such that

Ck

Oxx Diuncti <
” XX junctwn”LOO(JIZ() =
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and )
”HO/[ (axDjunction)axxDjunction”LOO(JIZ() = m (517)
the constants Cg and C }{ depend only on K and (1.10).
Moreover, in the case where for all @ € {1, ..., N}, min Hy, = Ag, we have
||3xxDjunction”L00(J[2() < Ckg. (5.18)

Proof In the following A denotes Ao + p. Using (5.13), we see that 8, Djuncrion = 0
on Agy forall (B,a) € {1,..., N}2 and 9xx Djunciion(y, X) = L;(x) on {0} x {x €
Jo | x > &5}, So it is sufficient to prove (5.16) and (5.17) on T := JE x Jy\Agy for
all (B, ) € {1,...,N}2. By (5.13), we deduce thaton T,

Bx Djuncion )—( 1t e ))LN<;)
xx Ejunction(y, X) = l—t(y,x)  (I—1(y,x)20x Yo X “Nl—t(y,x) /)~

Let us compute also g—; using (5.8),

1 / X
1-7(y,x) KO! ( l—r(y,x))

-y _ X / X ’
r(w)) o2 Ka (1—r<y,x>)

y /
T(y,x)? Kﬁ

9
é(y,x) = (

And as K/’S (—Ty) = %L” (—Ty) > 0 and K/ (%) ==L, (1xTr> < 0 we deduce
that

aT —X 2L// (l )E ))
T—2(y, a \T=7(y,
AR p— e n (5.19)
0x y L”( -y )+ x2 L”( x )
T(y,x)3 7B \t(y.x) (I—7(y,x))3 o \ I-1(y.x)
So we haveon T
2 _
; sLa (1 f)(Cy X)> Lg (T(yyx))
(I=t(y,x)T(y,x) —7(y, ,
dxx Djuncrion (v, x) = — 22 >0. (5.20)

)72 " —y x2 17 X
7(y,x)3 Lﬁ (T(y,x)) + (1—-7(y,x))3 Ly (1—T(y,x)>

As the denominator is a sum of two positive functions, dxx Djuncrion from above by the
same numerator over only one term of the denominator. We deduce in these two cases
that,

- 1

2L7 —I—T)(Cy,x)> ifr(y,x) <3
Oxx Diuncti ,x) < 8 — . 5.21
xx ]uncnon(y ) y ng (T(y??x)) if 7(y, x) > % ( )

(=50
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Moreover, we have on T,

/ / / X X
Ha (axDjunction()’» x)) = Ha La -0 = 1—<(y x),

and
X 0,.D (y X) - 4)(;2[// (#(y,x)) if t(y’x) < %
T (v o SxxEjunction ) < 82 =0 | l
1 T(ya-x) ml‘ﬂ <‘[(y,x)) lff(y,_x) > 5.

In the case 7(y,x) < 5,as 0 < =55 < 2x, we get the inequality (5.16) and
(5.17). Let us prove the followmg lower gound for (y,x) eT,

Y st 522
o 26 (5.22)

which helps us for the second case. For y € Jg, we see that x — m has a
non-negative derivative using (5.19), so it is a non-decreasing function. Therefore to
prove (5.22), it is sufficient to show it on 97'. Let (y, x) be in 7. We distinguish three
cases.

In the case where y = 0, necessarily x > So‘f and as 7(y, x) € [0, 1], we deduce

(5.22).

In the case where y €]0, —Eﬂ_[, we have (y, x) € {(y,x) € Jg x Jq, SiJr — EL’ =
o B
l}. So by (5.10) we deduce that —5— = &

In the case where y > —Eﬁ_ , we have x = 0. It is enough to prove that

x/
liminf ——— > ¢+, 5.23
l;p—]:(} 1—1(y,x") =2 ( )

We have for (y,x’) € T,

(=) = %o (i) = e (0
Ko | 77— ) =Kp = Kg ,
1—1(y,x) (y,x) 7(y, x’)

as Kz is non-decreasing on | — oo, 0]. We deduce that

/

x 7
TG - ) ek (f(»x/))’
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as (K} Yy is non-increasing. As l/imo 7(y,x’) = 1, taking the limit inferior in the
X' —>

preceding inequality gives (5.23). So we deduce (5.22) and

8y? —y . 1
axxDjunction(Yv x) < Ly ( if r(y,x) > 57

&H? P\t
X 8)’2 " -y . 1
maxxpjunction(yvx) = ?Lﬂ ) if r(y,x) > 5

If SO'}' > 1, we deduce (5.16). If 5;’ < 1, let us prove that it exists a constant C > 0
only depending on (1.10) such that

(€ = Cp. (5.24)
As A = Ag + p we have
Ko(§) = La(§) —§Ly(§) + Ao+ p,
and
Ko (&) = —ELg(®).
The function Lg is bounded on [0, 1], it exists M > 0 such that
y <Ll <M.
So we have K/, (§) > —M&. We integrate from 0 to & > 0 and get

2
Ka(6) — Ka(0) > —M%. (5.25)

Taking & = &7, as Ko (£;5) = 0 and as Ly (0) + Ag > 0, we deduce that

2o 2 2
&) = M(La(o)-i-Ao-i-p)z "

So we get (5.24) and we deduce (5.16) and (5.17).

In the case where for all @ € {1, ..., N}, min H, = A, we only have to consider
the case t(y, x) > % in (5.21) since the case 7(y, x) < % gives already the bound
8y2 _ 8y2

(=) (KD ok ()

(5.21). In order to get a bound for the term

5, let us

prove that for all £ € [-2K, 2K ], we have

52
(K1 o Kp(—£))’

< Cak, (5.26)

@ Springer



Error estimates for a finite difference scheme associated... 561

where Cox > Oisaconstant whichdependson K. Let Mk be suchthaton[-2K, 2K ]
we have forall ¢ € {1, ..., N},

y <Ly < Mog.

Replacing & by (K(;“)_I(E) in (5.25), we deduce that

(KH~®)°

M
2K 5

> —£ 4 Kq(0).
So we have

(KD o Kp(=8))

M
2K 5

> —Kp(=§) + K (0).

As for (5.25), we have the following inequality

52
Kp(0) — Kg(—=§) > Y5

So as K (0) = Kg(0) = p we deduce that

2
(K)o Kp(—§) 2 2
M2K( = 5 ! ) 2V%+Ka(0)—1(,3(0)2)/%~
That gives (5.26) and we deduce (5.18). O

6 Error estimates
6.1 Proof of the error estimates

To prove Theorem 1.2, we will need the following result whose classical proofis given
in “Appendix” for the reader’s convenience.

Lemma 6.1 (A priori control) Let T > 0 and let ul be a discrete sub-solution of the
numerical scheme (1.16)—(1.18) and u a super-solution of (1.1)—(1.2) satisfying for
some Ct > 0,

u(t,x)>—-Cr(1+d@O,x)) for te(0,7T).

Then there exists a constant C = C(T) > 0 such that for all (t,x) € Gy, t < T, and
(s,y) €[0,T) x J, we have

uh(t,x) <u(s,y)+C(+dx,y)). 6.1)
We also need the following result [25, Lemma 4.4] where the proof is given in [25].
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Lemma 6.2 (From quasi-convex to convex Hamiltonians) Let K € (0, 4+ 00). Given
Hamiltonians H,, : [—K, K] — R satisfying (1.4), there exists a function x : R — R
such that the functions x o H, satisfy (1.10) for« = 1,..., N. Moreover, we can
choose x such that x € C2(R) and x' > 1.

Remark 7 In [25, Lemma 4.4], the functions x o H, satisfy in fact the following
assumptions
H, € C*(R) with H/ > 0O on R,

H), < 0on (—00,0)and H, > 0 on (0, 4+ 00), (6.2)
lim -+ —Hﬁy(‘p) = +00.

which implies (1.10). Indeed, in the next proof on error estimates, we only need to
consider Hamiltonians on a compact set which only depends on u( and the Hamilto-
nians Hy, thanks to the fact that the solution is Lipschitz continuous, see Theorem 2.3
and (3.2). So on [—K, K], the functions (x o Hy)" are bounded by some constant
C > 0. We deduce that the functions L, are of class C2 and satisfy Ll >y = é
Indeed, from the relation Hy (p) + Lo (q) = pq with ¢ = H},(p), one can deduce that
Ly (Hy(q)) =g, so

Ly(q) = Z v

Ho(H) '(q

We now turn to the proof of the error estimates in the case of flux-limited junction
conditions.

Proof of Theorem 1.2 We assume that the Hamiltonians H,, satisfy (1.4). Let u be the
solution of (1.6) and u” the solution of the corresponding scheme (1.16) with F' = F4.
In order to get (1.23), we only prove that

Cr(Ax)'2 if A > Ao,

n[0,7)xJN
Cr(Ax)?5 if A = A 0. 7) G

ul(t,x) —u(t, x) < {

since the proof of the other inequality is very similar. We are going to prove that

ul (1, x) —u(t, x)

O (53 + 0 (5) + O(e) + O) ifA > A,
S 108 +0(25) +0 (L% + 0(0) + O@) + OW) if 4= Ag.
(6.3)

which yields the desired inequality by minimizing the right hand side with respect to ¢
and v in the case A > Aq and with respect to p, € and v in the case A = Ag. Let x be
the function defined in Lemma 6.2 such that the functions x o Hy satisfy (1.10). In the
following, we consider that the function Dy is associated to the Hamiltonians x o H,
and to the flux limiter y (A) which satisfies x (A) > x(Ap) in the case A > Ay.

The remaining of the proof proceeds in several steps.
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Step 1: Penalization procedure  Using the expression of Dy in (5.2) and Djuucrion in
(5.6), we deduce that it exists C > 0, such that Vx € J

Dy(0,0) = La(p) = —A < Dy(x, x) < C.
Let Dy = Dy + A, we have that
0 < Dy(x, x) < C + A.

For 7, 8, €, v positive constants, let us define

y f)_ (t —s5)?

~ 8

Mes=  sup {u”(z,x>—u<s,y>—eDo(—, — S (y.0) — ”}
(t.x)eG), e ¢ 2v 2 T —s5
(s,)€l0,T)xJ

(6.4)
where the test function Dy is given in (5.2). In this step, we assume that M, s > 0.
Thanks to Lemma 6.1 and the superlinearity of Dy (see Lemma 5.2), we deduce that

£,8

o . M
for (x, y) such that the quantity in the supremum is larger than ==, we have

Me,S
2

Y ooy x\ (=% 8§ , n
<C(+d@y,x) —ecd?(2,2) - —2 — 24%(y,0) — ——
< (1 +d(y.x) — &7 (8 5) o 0 -

0<
which implies in particular
v 2
2.4 0n %) = € +d(y, x)),
and

)
Edz(y, 0) < C(1+d(y, x)).

Notice that in the following, we use the notation Dy instead of 750. Indeed we deal
only with partial derivatives of Dy which are equal to partial derivatives of Dy and
differences between two values of Dy at two points which are equal to differences
between two values of Dy at these two points.

We deduce from the two last inequalities that d(y, x) is bounded and d(y, 0) is
bounded, so the supremum is reached at some point (¢, x, s, y) where y € Jg and
x € Jy. This estimate together with the fact that —ByDo(g, ;—C) — 8d(y, 0) lies in the
viscosity subdifferential of u(¢, -) at x and the fact that d(y, 0) is bounded, implies
that there exists K > 0 only depending on ||Vu|» (see Theorem 2.3) such that the

point (¢, x, s, y) realizing the maximum satisfies
‘ayDO (Z, f)’ <K. (6.5)
e ¢
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If o« = B, for % or %‘ large, then (6.5) implies

y  x
G- lx
“Ne /1~

As L, is superlinear, it implies that d (%, %) < C, for C > 0 which is sufficient for
the use in step 2 of the C!! estimates as Dy only depends ond (2, ) for £ or £ large.
If « # B, assume by contradiction that % or % are not bounded when ¢ — 0. Then
using (5.8) and (5.14) we get a contradiction with (6.5). So % and ’;‘ are bounded by
a constant which only depends on ||Vu |~ and the Hamiltonians H,,.

We want to prove that for n > n* (to be determined) the supremum in (6.4) is
attained for + = 0 or s = 0. We assume that t+ > 0 and s > 0 and we prove that

n=n
Step 2: Viscosity inequalities Sincer > 0 and s > 0, we can use Lemma 4.3 and get

the following viscosity inequalities.
If x # 0, then

t—s At _( ¢ y x4+ Ax y X
- — H, | — Do | = —Do (=, —

v 2v+max{ “« (Ax{ 0(8’ P ) O(s’s)})’
£ y X y x —Ax

H — Do =, =) = Dol =, <0.

If x = 0, then
t— At A
S + max <A,max{Hl5 (L{Do <X, _x) — Dy <X,O) })}) <0
v v X e ¢
If y # 0, then
n r—s X
—m + . + Hy <_8VD0 (_, Z) - (Sd(y,O)) >0
If y =0, then
n t—s X
—Got o, T (—ayDO (0, g)) > 0.

We now distinguish the case A > Ag and A = Ay.

Case A > Ap Thanks to the C1-! regularity of the function Dy, see Proposition 5.9,
and the fact that the functions Hai, H, are locally Lipschitz
we obtain, for x € Jy and y € Jg with o # B (i.e. for Do = Djunciion)

if x £ 0, t;s - % 4 H, (BxDo (% z)) +o (%) <0 (66)
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ifx =0, ’;S - % +Fy <8xD0 (fo)) +o0 (%) <0 (67

ify £ 0, t;S + Hp (—ayDO (—,g))+0(¢5)32—;2 (6.8)
ify=0, t;s +Fy (—ayDO (0, g)) > 2’7? (6.9)

Now for (y, x) € Jy X Jy, from (5.2) and (5.6), one can deduce that Dy is in fact
C? far away from the curve I'* defined in Remark 5, hence the viscosity inequalities
(6.6)—(6.9) remain true.

Now we treat the case where (%, f) is near the curve I'%, but not on it.

First if (£, ) is such that (£, £) € K*\I'* and (2, %) ¢ K%, we have

e e
DO(X,X_AX)SLQCC_Ax_y).
e £ £
So as Hlj is non-decreasing, we deduce that

& X —y xX—Ax—y
H—1{L —Ly| —
e () ()

f ¢ y X y x—Ax
<H;{ —1Do| =, =) —Do| =, .

Ax e ¢ e e

Hence the viscosity inequalities (6.6)—(6.9) remain true. If (%, %) is such that (%, f) ¢
K and (£, ’%Ax) € K¥\I'”, we have

y x4+ Ax y x4+ Ax
Dy <_7 e > = Djunction <;, ) .

& &

So as H,, is non-increasing, we deduce that

[ € x4+ Ax X
Ha (E {Djunction<§s e > - ,Djunction(gy g) })
_( € y x+ Ax y X
<H [—1Do( 2, — Do, =) ).
= (5 - ()

Hence the viscosity inequalities (6.6)—(6.9) remain true.
Now for (%, ) on the curve I'*, we get the following viscosity inequalities, using

Proposition 2.4.
If x # 0, then

i (e (222) - (52))
v 2v Ax & &
HJ(i{L;(s;)f - LL,(&J)(X - A")})} <o.

Ax & &
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If x =0, then

t;s__%§+HMX<AJ%R{H;(i?{La(Aiiy)_lw(—§>}>}>SO.

If y # 0, then

n t—s
_—+_
(T — )2 v

o, (x—=y ol
+max{Ha <La< . )—Sd(y,0)>,Ha (La(fa)—Sd(y,O)>}30_

If y = 0, then

n t—s o, (x
_m+ > + max A’m<§1XH“ L, = > 0.

We now simplify the above inequalities,

— A
ifx£0, —5_2f
v 2v
— A
+ max {Ha_ (L; (%)) , H;(L;(s;))} +0 (Tx) <0 (6.10)
ifx—o 5 _A
v 2v
., y Ax
+ max A’mo?XH“ L, —= +0l— ) <0 (6.11)
e e
ify £0, —°
v

+ max {Ha_ (L; (x - y)) : H;(L;(g;))} +0WE = - (6.12)
e 2T

t—s

ify=0,
v

+ max (A,mo?x H, (L;(E))) > % (6.13)

Combining these viscosity inequalities and using Theorem 5.8 with the Hamiltoni-
ans x o H,, we deduce the same equalities for the Hamiltonians H,, as x is a bijection.
We use also the fact that H;f (L, (7)) = A and H}F (L, (£;,)) = Ao, we get in all
cases

n< O(%)—FO (%) + O(V8) =: n*.

Case A = A In this case the function Djyucrion is not Of class cll see Proposition
5.9. So we consider the function Dy associated with A = A + p where p is a small

@ Springer



Error estimates for a finite difference scheme associated... 567

parameter. The main difference with the case A > Agisinthecasex € Jyandy € Jg
with & # B. We only treat the case x € J; and y € Jg with @ # f§ since in the other
cases the arguments are the same as in the proof of the case A > Ag. Since Do(ﬁ, )
is nondecreasing and H, (p) = Ag for p > 0, and H;‘(p) = Hy(p) for p > 0, we

have
t — At — A
(Gl ) e
v 2v Ax g ¢ e

By using the Taylor expansion of the function DO(%, .) of class C', there exists 6] €
[0, 1] such that

(ot a2
o) (2 02))

Using now a Taylor expansion of the function H, of class C?, there exists 6 € [0, 1]
such that

H( P20 (2 =)}
Ax e ¢ £ e
(00 (2 2)) - S0 (228 s (a0 (2.2))
A (Y ()

6,1 —6A
_BAx, b, (X,x hrax x)) (6.15)
& &

Using Taylor expansion for d,Dy(., %) and H/, of class C ! there exists 63, 64 €
[0, 1] such that

, Y OX\\ y x —01Ax y x —03Ax
Hy (020 (3 5)) = Ha (Wo (*’ 7) +0 00Dy ( T
—01A
Gl )

Ax —03A —01A
+9178xx,D0 <y %) Ho/t/ (3XD0 (%, u)

+947xaxxz>0 (f w)) . (6.16)

&

Notice that the terms in H;; are bounded since 7, & and are bounded indepen-

2
5.

dentely of Ax < 1 as we take ¢ = p = Ax
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So combining (6.15) and (6.16), thanks to the C!! regularity of the function Dy,
see Proposition 5.9 we deduce that

R
- famo(2.5)) +o(25) vo((2)).

So combining the viscosity inequality and using the fact that |4 — F4,| < p we have

2
n<0O <£) + 0 (ﬂ) + O ((£> ) OWS) + p = n*. (6.17)
v e/p ep

Step 3: Estimate of the supremum We proved in the previous step that, if n > n*,
then either M, 5 < 0 or M, s is reached either fort = 0 or s = 0.
If t = 0, then using Theorem 2.3, we have

2

‘}/ S
Mes < ug(x) — uo(y) — —d*(y,x) + Crs — —.
2¢e 2v

Using the fact that uq is Lo-Lipschitz, one can deduce

2
YV 2 r

sup(Lor — —r°) +sup| Cr — —
r=0 2 r>0 2v

O(e) + O(v).

Ms,8

IA

IA

If s = 0, then we can argue similarly (by using the stability of the numerical scheme
Lemma 4.4 and get

M5 < 0(e) + O(v).

Step 4: Conclusion We proved that for n > n*, M, s < O(e) + O(v). This implies
that for all (¢, x) € Gy, t < T /2, we have

< ) 2
W' (1,5) = u(t,x) < 6Dy (2, 2) + Sd2x, 00+ 2+ 0(e) + 0(v)
£ € 2 T

Replacing 1 by 2n* and recalling that Do(x,x) < C + A forall x € J, we deduce
that for (¢, x) € G, and ¢t < T /2 (after letting § — 0),

h At Ax
u'(t,x) —u(,x) <0 (T) + O (T) + O(e) + O(v).

Using the CFL condition (1.20) and optimizing with respect to ¢ and v yields the
desired result on [0, %). Doing the whole proof with u the solution of (1.6) and ul
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Error for A0=0 of order «=0.55941 and for A=0.1 of order a=0.55446

T

linear line of slope 0.5
O exacterror for A0

linear regression line of the error for Ay

*  exact error for A
— — linear regression line of the error for A

10—5 1
1078

Fig.3 Error estimates for A = Ag =0and A = 0.1 > Ag
Table 1 Error estimates for A = Ag =0
Ax (T, ) — u (T, oo Order of convergence
0.00250 1.192 x 1074 0.559
0.00100 0.753 x 1074
0.00075 0.644 x 1074
0.00050 0.503 x 1074
0.00025 0.329 x 1074

the solution of the corresponding scheme (1.16) with F = F4 on [0, 2T) yields the
desired result on [0, T). O

Remark 8 1If for all « € {1,..., N}, min H, = Ay, then in the case where A = Ay,
thanks to the C!! regularity of the function Dy, see Proposition 5.9, we can conclude

. . 1
as the case A > A that the error estimate is of order Ax?2.

6.2 Numerical simulations

In this subsection, we give a numerical example which illustrates the convergence rate
we obtained in the previous subsection.
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Table 2 Error estimates for A = 0.1 > Ag

Ax [u(T,.) — uh (T, )loo Order of convergence
0.00250 1.266 x 1074 0.554
0.00100 0.719 x 1074
0.00075 0.616 x 10~4
0.00050 0.511 x 1074
0.00025 0.350 x 10~4
Some numerical solutions for A=0.1 Some numerical solutions for A;=0
0.1 T T T T T T T T T 0.1 T T T T T
0.08 | - 0.08 - N
0.06 | - 0.06 N
0.04 |- i 0.04 | 4
0.02 | 0.02
0+ - 0+ 4
B O
-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1 -0.1 -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

Fig.4 Some numerical solutions at different steps

Here we consider a junction with two branches J; = J> = [0, X]. We have the two
following Hamiltonians,

Hi(p) = p?,
Hy(p) = p* — 1,

and the initial data

Ho(x) = 0.2x ifx € Jy,

0= x if x € Jp.
In the simulation we take X = 0.1 and we give the error ||u(T,.) — (T, )|l at
time 7 = 0.01. We compute the error in both case Ag = 0 and A = 0.1 > A with
At = % we get the following result, see Fig. 3 ploted in logarithmic scale and the
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%1073 Some numerical solutions for A=0.1 %1074 Some numerical solutions for A,=0

T T T T T T T

T
fal conaition

3k
- Ax=0.0005
— — numerical soluion for Ax =0.0001 — — numerical solution

— for Ax=1e-06 — for

25 -

-1 0 1 2 3 4 5 6 -1.5 -1 -0.5 0 0.5 1 15 2 25 3
%1073 %10

Fig.5 Zoom of some numerical solutions at different steps

error values in Tables 1 and 2. We give also in Figs. 4 and 5 a plot of the numerical
solution for different space steps.

Remark 9 Since we don’t have any boundary condition, we initialize the scheme with
a larger space domain J{ = J; = [O, X ’] with X’ = 0.2 so that we allow us to loose
a space step at each iteration in time, i.e. for the iteration k, we compute the solution
on [0, X;] with X; = 0.2 — kAx. The number of time iteration is well chosen so that
we get the numerical solution at time 7 in the space domain X = 0.1. To compute the
exact solution, we compute we approximate one with much smaller time and space
step than the “real” approximate ones. For the exact solution we take Ax = 107% and
At =107",

Comments Table 2 and Fig. 3 allow us to deduce that in the case A > A, we get an
error estimate of order Ax2. Since we prove in Theorem 1.2 that the error should be
at least of order Ax? , we can conclude that this estimate is optimal. While in the case
A = Ag, from Table 1 and Fig. 3 we get also an error estimate of order Ax? when in

2 . . L .
the proof we have Ax5. So we wonder if the error estimate obtained in the proof is
optimal for the case A = Ay.
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A Proofs of some technical results
A.1 Proof of a priori control

In order to prove Lemma 6.1, we need the following one.

Lemma A.1 (A priori control at the same time) Assume that u is Lipschitz continuous.
Let T > 0 and let u" be a discrete sub-solution of (1.16)~(1.18) and u be a super-
solution of (1.1)—(1.2). Then there exists a constant C = Ct > 0 such that for all
(t,x) €eGpt <T,yeJ, wehave

Wl (t,x) <u(t, y) + Cr(l +d(x, y)). (A1)

We first derive Lemma 6.1 from Lemma A.1.

Proofof Lemma 6.1 Let us fix some 4 and let us consider the discrete sub-solution 1~
of (1.16) and the super-solution u™ of of (1.1) defined as :

ut(t, x) = up(x) + Cot
u- (nAt,iAx) = ug(iAx) — ConAt

where

Co=maX{|A|, max max |Hy(pe)|; max F(pl,...,pzv)}
a=1,...,.N ‘Pa‘SLO ‘Pa‘SLO

and L denotes the Lispchitz constant of uy. We have for all (¢, x) € G, withr < T,
(s,y) €10, T)x J

u (t,x) —ut(s,y) <2CoT + Lod(x, y).

We first apply Lemma A.1 to control u”(r, x) — u™ (¢, x) and then apply Lemma 6.1
to control u™* (s, y) — u(s, y). Finally we get the control on ul (t,x) —u(s,y). O

We can now prove Lemma A.1.

Proof of Lemma A.1 We define ¢ in J? as

QO()C, Y) =4 1 +d2(x7 y)

Since,

d2(x y)z (X—y)z if (X, y)EJa X JO(
’ (x+y)? if (x,y) € Jo x Jg witha # B
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we see that d° (and consequently @) is in C!! in J2. Moreover ¢ satisfies
lox e, W ey (x, )| < 1. (A.2)
Recalling that there exists C > 0 such that
" (1, %) —uo(0)| < Ct - and  ut, y) — uo(y)| < Ct

(see Theorem 2.3 and (4.2)) and using that ug is Lo-Lipschitz continuous we deduce
that for all (¢,x) € Gy, t < T,y € J,

u"(t, ) = u(t, y) < 2Ct + Log(x, y),
which yields the desired result. O

A.2 Construction of F

LemmaA.2 There exists F, such that

1. F satisfies (1.8);
2. F=FinQy; i
3. Forp e RN, (=V - F)(p) < supy, (V- F).

Proof Let I, denote [ EZ ; Pl sothat Qg = ]_[a I,. We then define

N
F() = F(Pi(p1), ... PN(pn) = Y Calpa — Palpa)),
a=1
where
C . BF( )
= min — g ey N
o pe00 3P P1 PN
and
0 0
r, ifr < p?,
Po(r) =1r ifr €1,
Do ifr>Tp,

Remark that in view of the assumptions made on F, we have C,, > 0 which will
ensure that (1.8) holds true. It is now easy to check that (1.8) and Item 3 are satisfied.
This ends the proof of the Lemma. O
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