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Abstract

Optimal a priori and a posteriori error estimates are derived for three variants of
Nitsche’s mortar finite elements. The analysis is based on the equivalence of Nitsche’s
method and the stabilised mixed method. Nitsche’s method is defined so thatitis robust
with respect to large jumps in the material and mesh parameters over the interface.
Numerical results demonstrate the robustness of the a posteriori error estimators.

1 Introduction

Nitsche’s method [23] is by now a well-established and successful method, e.g., for
domain decomposition [4,18,25], elastic contact problems [7,8,10-12], and as a ficti-
tious domain method [5,6,14]. However, its mathematical analysis has not, as yet, been
entirely satisfactory. In fact, for an elliptic problem with a variational formulation in
H', the existing a priori estimates require that the solution is in H*, with s > 3/2; cf.
[4,12]. Moreover, the a posteriori analysis has been based on a non-rigorous saturation
assumption; cf. [4,9].

In our paper [24], we made the observation that there is a close connection between
the Nitsche’s method for Dirichlet conditions and a certain stabilised mixed finite
element method, and we advocated the use of the former since it has the advantage
that it directly yields a method with an optimally conditioned, symmetric, and positive-
definite stiffness matrix. The a priori error analysis is also very straightforward but,
as understood from above, not optimal.
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974 T. Gustafsson et al.

The purpose of the present paper is to show that this connection can be used to
improve the error analysis of the domain decomposition problem, i.e. we will derive
optimal error estimates, both a priori and a posteriori. We consider three similar but
distinct Nitsche’s mortar methods. Two of the methods have appeared previously in
the literature [19-21] and the third one is a simpler master—slave formulation where
the stabilisation term is present only on the slave side of the interface. The methods
are designed so that they are robust with respect to large jumps in the material and
mesh parameters over the interface. The robustness is achieved by a proper scaling
of the stabilisation/Nitsche terms; cf. [19,25]. For simplicity we consider the Poisson
problem with two subdomains. The analysis, however, carries over to other problems
such as the transmission problem for which the Nitsche’s method was applied in [18].
In a forthcoming paper [16], we will extend these results, and our previous work on
variational inequalities [17], to elastic contact problems including different material
properties.

The plan of the paper is the following. In the next section, we present the model
transmission problem, rewrite it in a mixed saddle point variational form and prove its
stability in appropriately chosen continuous norms. In Sect. 3, we present three differ-
ent stabilised mixed finite element methods and their respective Nitsche formulations.
In Sect. 4, we prove the stability of the discrete saddle point formulations and derive
optimal a priori error estimates. In Sect. 5, we perform the a posteriori error analysis
and show that the residual estimators are both reliable and efficient. In Sect. 6, we
report the results of our numerical computations.

2 The model problem

Suppose that the polygonal or polyhedral domain @ C R?, d € {2, 3}, is divided
into two non-overlapping parts 2;, i = 1, 2, and denote their common boundary by
I' = 021 N3. We assume that dI" C 92, with 9T being the boundary of the n — 1
dimensional manifold I'.

We consider the problem: find functions u; that satisfy

—V~kivui=f inQi,
uy —ur =0 onTl,
B B 2.1
W B2 o @b
an any
u =0 on 92\,

where k; > 0, i = 1, 2, are material parameters, [ € L2() is a load function and n;
denote the outer normal vectors to the subdomains €2;,i = 1, 2. In what follows we
often write n = n| = —ny. Throughout the paper we assume that k1 > k.

The standard variational formulation of problem (2.1) reads as follows: find u €

Hg () such that

(kVu, Vv)g = (f,v)a Yv e H}(Q), (2.2)
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where k|g, = k; and u|§i = u;. On the interface I', the restriction of the solution

1
u lies in the Lions—Magenes space HOZO(F) (c.f. [22, Theorem 11.7, p. 66] or [26,
Chapter 33]), with its intrinsic norm defined as

lo(x) — v(y)? v(x)?
W2 = vl +/ P v g +/ . 03
5T o.r rJr lx—y/¢ Y r px)

where p(x) is the distance from x to the boundary dI".
The mixed formulation follows from imposing the continuity condition on I in a
weak form by using the normal flux as the Lagrange multiplier, viz.

ad d
A= k]ﬂ = —kzﬂ.
on on

1
The Lagrange multiplier belongs to the dual space Q = (HOZO(I"))/, equipped with the
norm

(v, §)

1§11 = sup ) 24
2T L vl
veHR () 2
where (-, -) : Q' x Q — R stands for the duality pairing.
Let
Vi ={veH'(Q):vlagar =0}, V =VixV, 2.5)

and define the bilinear and linear forms, B: (Vx Q)x(Vx Q) - RandL:V — R
by

2
Bw, & v, 1) = Y (kVw;, Vv, — ([w], ) — ([v], &), (2.6)

i=1

2
L) =) (f,v)e;, @.7)
i=1

where w and v denote the pair of functions w = (wi,wz) € Vi x Vo and v =
(v1, v2) € Vi x V,. Furthermore, [w] [r = (w; — wy)|r denotes the jump in the
value of w over I'. The mixed variational formulation of (2.1) reads as follows: find
(u, X) € V x Q such that

Bu, »;v,u) = L(w) Y(w,pn) eV x Q. 2.8)
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The norm in V' x Q used in the analysis is scaled by the material parameters, viz.
2 1
2 2 2
lw, O = 37 (kI Vwil g, + 1617, ). 2.9)

i=1

Theorem 1 (Continuous stability) For every (w,&) € V x Q there exists (v, u) €
V x Q such that

B(w, & v, ) 2 ll(w, O (2.10)

and

1, il < MMl w, E)I. (2.11)

Proof In both subdomains, we have the inf-sup condition (cf. [2])

(vi, &) .
sup —— > Ciléll_1 » YVE€Q, i=1,2. (2.12)
uie% Vi llo,e; ’ i
Therefore
(I]. &) <1 1)”
>C|—+— 1§11 V& €.
v=reev (i kil Vuillg o)/ ki ok 20
(2.13)
The stability follows now from the Babuska—Brezzi theory [2]. O

Remark 1 Given that k; > k», it holds with some constants C, C; > 0 that

2
1
Cillw. O <D kil Vwi[1§.o, + k—zn(sn’i%F < Cllw, ©)IF.  (2.14)
i=1

This defines a norm that will be used in the following for defining and analysing a
“master—slave” formulation.

3 The finite element methods

We start by defining the stabilised mixed method. The subdomains £2; are divided into
sets of non-overlapping simplices C; ,i = 1, 2, with & referring to the mesh parameter.
The edges/facets of the elements in C,i are divided into two meshes: £ ;l consisting of
those which are located in the interior of 2;, and G ;l of those that lie on I'. Furthermore,
by QZ" we denote the boundary mesh obtained by intersecting the edges/facets of G ,i
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Error analysis of Nitsche’s mortar method 977

and g,f. In particular, each E € g,f) corresponds to a pair (Eq, E3) € g,1 X g,f such
that E = E1 N E3. In the subdomains, we define the finite element subspaces

Vin={vin € Vi:vinlg € Py(K)YK €Ch}, Vi=Vipx Vo,  (3.1)

where p > 1. The finite element space for the dual variable consists of discontinuous
piecewise polynomials, also of degree p, defined at the intersection mesh Q,?:

On = {un € Q: unlg € P(E)VE € G} (3.2)

We will now introduce three slightly different stabilised finite element methods and
the corresponding Nitsche’s formulations for problem (2.1).

3.1 Method |
We define a bilinear form By, : (V) x Q) x (Vi x Qp) — R through
Bp(w, &5 v, n) = B(w, §; v, u) —aSp(w, §; v, 1), (3.3)
where o > 0 is a stabilisation parameter and
Sp(w, £: v, 1) = ZZhEs PR L} (3.4)
h w ,M on ). .
i= lEegh

a stabilising term, with 4 g denoting the diameter of E € g;',. The first stabilised finite
element method is written as: find (u#y, A,) € Vj, x Qp, such that

By (up, Aps v, n) = L) Y(op, pn) € Vi x Qp. (3.5)
Note that testing with (0, uy) € V, x Qp in (3.5) yields the equation
([un] . +aZZhE LYy =0 YupeQn (3.6
wll > ) h an KL . = Uh h- .
i=l Ee gh
Hence, denoting by #; : ' — R, i = 1, 2, a local mesh size function such that
hile=hg VE€G., i=12, (3.7

equation (3.6) can be written as

ou;
([[uh]]+a2 (Ah— ;‘n’h>,uh> =0 Y € On. (3.8)

r
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Now, since each E € Q;‘ is an intersection of a pair (Ey, E») € g,1 X Q,zl and the
polynomial degree is p for all variables, we obtain the following expression for the
discrete Lagrange multiplier

duy,
An = {{k—}} — B [un] . (3.9)
on
where
-1
kik
— u, (3.10)
kohy + ki1hy
and
Jw kohy Jwq kihy dwy
— =k — + —————ky—. (3.11)
on koh1 +kihy = on kohi + kihy ~ 0n

Substituting expression (3.9) into the discrete variational formulation leads to the
Nitsche formulation: find uy € Vj, such that

ap(up, vp) = L(vy) Yv, € Vy, (3.12)

where the bilinear form ay, is defined through
2
an(w, v) =Y (ki Vwi, Vop)g, + by(w, v), (3.13)
i=1
with

o= 5 [t e s J22] [2])

Qo) @gepy

and the jump term and the function y are given by

3 3 9 hih
H wﬂ O, 2 it (3.15)

on on " VT kbt + ki
Note that (3.11) is a convex combination of two fluxes as in the method suggested in
[25]. The formulation (3.12) corresponds to the method introduced in [21], and to the
second method proposed for problem (2.1) in [19, pp. 468—470].
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Error analysis of Nitsche’s mortar method 979

3.2 Method II: Master-slave formulation

Assume that k; > k. The norm equivalence (2.14) suggests using only the term
from the “less rigid” subdomain €2, for stabilisation in (3.4). Calling €2; the master
domain and €2, the slave domain and stabilising from the slave side only, yields a
mixed stabilised finite element as in (3.5) except that

h dwr vy
Suw.gv. =) - (S—kzmyu—kzﬁ) : (3.16)
EeG; g E

Note that the space for the Lagrange multiplier is still defined by (3.2).
The corresponding Nitsche’s formulation reads as in (3.12) with the bilinear form
by, defined simply as

ba(w,v) = Y {(ak—,jz [w]. [{v]])E - (kzi—’:, [[v]])E - ([{w]],kzg—;’)E}.

EeGl)
(3.17)

3.3 Method llI: Stabilisation using a convex combination of fluxes [4,19,20,25]

Let us reformulate (3.5) by considering the stabilising term

o 1| | R

where {k‘;—'}‘;} denotes the convex combination (3.11) and B is defined by (3.10).
To derive the corresponding Nitsche’s method, we proceed as above and obtain an
equivalent expression for the discrete Lagrange multiplier:

Ay = {{k%}} — Blun]- (3.19)

Substituting this back to the stabilised formulation leads to the method (3.12) with by,
given by

S I o8 1 |

This exact method was discussed before in [20]. A similar method with a slightly
different definition for the convex combination of fluxes was considered in [19].

Remark 2 (On the choice of the method) The performance of the different methods is
equal by all practical measures when k1 >> k». The variational formulation of Method
IIT has fewer terms and is therefore simpler to implement than Method I whereas the
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master—slave formulation (Method II) is clearly the simplest of them all, both when it
comes to the implementation and the analysis.

4 A priori error analysis

In this section, we perform a priori error analyses of the stabilised formulations which
then, by construction, carry over to the Nitsche’s formulations. We will perform the
analysis in full detail for Method I and briefly indicate the differences in analysing the
other two methods.

In order to prove the a priori estimate (Theorem 3), we need a stability estimate for
the discrete bilinear form Bj,. The stability estimate is proven using Lemma 1 which
follows from a scaling argument:

Lemma 1 (Discrete trace estimate) There exists C; > 0, independent of h, such that

ov; p 2

" on

2 .
k < killVvinllg.g Yvin € Vip, =12
0,E

c,Z’Z—f

Eegfl

The discrete stability of Method I will be established in the mesh-dependent norm

2
h
Il Cwn. &G = MlCwn. EDIF+ D > k—?nshn%,E. “.1)

i=1 EeGl
Note, however, that trivially we have

Il Cwrs EllR = l(wr, E)I- (4.2)

Theorem 2 (Discrete stability) Suppose that 0 < o < Cj. Then for every (wy,, &) €
Vi, x Qy, there exists (v, up) € Vi, X Qp such that

By (wh, &ns vn, ien) 2 M wn, I (4.3)

and

Ml ns i)l S M Cwhs En)llg- 4.4

Proof Applying the discrete trace estimate leads to stability in the mesh-dependent
part of the norm
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Error analysis of Nitsche’s mortar method 981

By (wn, &n: wi, —&r) = (1 —aCp )Zk 1Vwi 5 o, +a2 > —||sh||0E

i=1 Eegh

Zk VWil o, +Z > —||sh||0E
l

i=1 EEgh
(4.5)

Next, we recall the steps (cf. [15]) for extending the result to the continuous part of
the norm. By the continuous inf-sup condition (2.13), for any &, € Q) there exists
v € V such that

, 1 1)\?
([v], &) 7 =C (k— + k—) IEnll_1 (4.6)
(S klveill o) Lok

Consequently, there exist positive constants Ca, C3, C4, such that for the Clément
interpolant /v € V, of v it holds

11 2 h
([nv] . &) = C (H + E) 1602y = C3 ) > k—fnshnag, (4.7)

i=1 Eegz

2
1
S kil Vuiald g, < Ca (k— )ushuz @.8)

i=1

Using the Cauchy—Schwarz inequality, the arithmetic-geometric mean inequality, and
the discrete trace estimate (Lemma 1), we then see that

2

— Y kiVwi p, VIv) + (1], )
i=1

2
dw; p 0lpv;
— h — ki —
Z Z E<€h ' an an )E

i=l geg!

Zk IV wi 1130, +Z Z ||sh||0E

i=l1 Eegl
C6 gh l

B (wp, &r; —Ipv, 0)

4.9)

I V

N
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Combining estimates (4.5) and (4.9), we finally obtain

By (wp, &ny wy, — 81pv, —&)
> (C1 —5Cs) Zk IVwi 4l15.g, +Z Z ||sh||0E

Eg/1

Zk 1Vwi 4l15.q, +Z > —||sh||0E

i=1 Eegt

YL PP
k1 k2 h _%’F ’

where the last bound follows from choosing 0 < § < C1/Cs.
In order to obtain (4.4), we first use the triangle inequality and (4.8) to get

Il (wp — 81pv, =EIIl < ll(wp, E)I-

The claim follows by adding

M~

hEg
> k—iushué,g

l Eeg)

1

to both sides of the inequality. O

We will need one more lemma before we can establish an optimal a priori estimate.
Let f5 € Vj be an approximation of f and define

osck (f) =hkllf — fullo.x- (4.10)

Moreover, foreach E € G ;,, denoteby K (E) € C ;l the element satisfying d K (E)NE =
E.

Lemma 2 For an arbitrary (v, up) € Vi X Qp it holds

172

av,h 2

mn —k

zz’”

tlEgh

an 0,E

12 4.11)

2
S = v k=l + | D2 D osex e (f)?

i=1 egh

@ Springer



Error analysis of Nitsche’s mortar method 983

Proof Let by € P4(E) N HY(E), E € G, be the edge/facet bubble function with
maximum value one. Define o as the polynomial defined on K (E) through

hebg
k

vy,

O'E|E (Mh_kl ) and GE‘BK(E)\EZO'

We have by the norm equivalence in polynomial spaces

E vy p |2 E vy p |2
o R el Wl N (TR |
IH’W' on 0.E "~ ky E\Hh on 0,E
vy
= (up — by 211 ) .
(Mh 1 an OF E

Leto = Y EcG) OE- Testing the continuous variational problem with (vy, v2, u) =
(0,0,0) gives (k;Vuy, Vo)g, — (o, A) — (f, 0)q, = 0. This leads to

= e -n
ki H ! on lloE

EeQ}l
vy p
S (oo = A) + (ki Vuy, Vo)g, — (f.o)e, — > (ki—=. oz
on E
Eeg}l

= (o, un — A) + (k1Vuy, Vo)o, — (f,0)g,

- Z ((V - kiVvin, 0Bk (E) + (kiVvig, VOE) K(E))

Eeg,f
= (0. pn = A) + KV —v14), Vo)g, + Y (=V-kiVvi s, — f,08)K(E)-
Eeg}l
By inverse estimates

k <k h PRI 4.12

Holla, Sk Y hloel ke < Z T P P!

Eeg} E€G}

Using the Cauchy—Schwarz and the trace inequalities, it then follows that

PR TR
ki K ! on 10,E

Eeg},

Sla— mall_y pllolly p +killV@r —villo.g Voo

+ Y IV-kiVous + fllokmlloeloke
Eeglll
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1
S —kll)» = tall 1 pvkiliole, + vEV@r —viplo.e vhilole
1

1/2 1/2
h3. ) - 2
+ | 2 EIV kVous + fI5 ke ki Y hEloE g ke
EeG} ! EeG}

In view of the standard lower bound for interior residuals [27] and the discrete inequal-
ities (4.12), we conclude that

1/2
O R N

o 175 5 o
EeG)

1
< — —|lxn —
SV vinlog + =k =y r (4.13)
1/2

+ | D osekim ()

Eeg}l

The estimate in €2, is proven similarly. Adding the estimates in €21 and €2, leads to
4.11). O

The proof of the a priori estimate is now straightforward.
Theorem 3 (A priori estimate) The exact solution (u, 1) € V x Q of (2.8) and the
discrete solution (up, Ap) € Vi X Qp of (3.5) satisfy

l(u —up, A — Ap)ll
1/2

2
< inf = A=l 4+ | D0 D osek e (f)?

™ (V) EVAX Q) ‘ .
i=1 Eeg,’l

(4.14)

Proof The discrete stability estimate guarantees the existence of (wy,, &,) € Vj, x Qp,
with [|(wp, &)l = 1, such that for any (vy, up) € Vi, x Qp it holds

Il = vns An — )l < W n — v, 2o — w)lln S Br(un — vns An — pns was &n).
We have

Bp(un — vns An — ins why &) = B — vp, A — wns wa, §n) + «Sp(vn, ns Wiy En)-
The first term above is estimated using the continuity of B in the continuous norm

B —vp, A — pny wa, §n) S M@ —vp, A= i) -l wa, En)II
S MG —vps A= )l
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For the second term, the Cauchy—Schwarz inequality, Lemma 2 and the discrete trace
estimate yield

|Sh(vn, ns wh, En)

s 1/2
S —vn d =l + | DD osex ) (f)? Ml Cwa, €l
i=l Eegl
1/2
2
S = v d =)l + | D2 D osex e (f)?
i=1 gegi

Remark 3 (Method II) The discrete stability can be established in the norm
1/2

2

1 hg
D KilVwilg g, + I8N+ >0 T l6lG e
i=1 2 EeG} 2

and, as seen from its proof, Lemma 2 is valid individually for both stabilising terms.
We thus obtain the a priori estimate

(e — wp, &= An)ll

1/2
(4.15)
S inf = o, A — )l + oscxm (2|,
(vn,pen)EVE X Q) h Heh Zz k(E)(f
EeG;
where
2 ) 12
ll(w, )Nl = (Zk,’IIVwiH%,Qi + k_2”$||2;,r> : (4.16)
i=1

Remark 4 (Method I11) The analysis of the third method is similar, albeit a bit more
cumbersome. The crucial observation is that we can write

T )

kohy kihy
0 =— ap=-—
! kohy + kihy 2 kohi 4+ k1hy

where
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986 T. Gustafsson et al.

Giventhat 0 < o;(x) <1 Vx e I',i = 1, 2, and @1 + o = 1, it can be verified using
the triangle inequality that the a priori estimate of Theorem 3 holds also for Method III.
5 A posteriori estimate

Let us first define local residual estimators corresponding to the finite element solution
(up, ) through

h3 :
Mk = IV kiVuin+ fli o K € (5.1)
1
h ou; 2 ;
2 E i.h i
= — | |lk; , E€é&, 52
e = |[ ' on H 0.E ! 02
h ou; ki ;
2 E h i 2
Ner = o [Mn K a;l . ! [un] I5,6»  E € Gy G-3)

with i = 1, 2. The global error estimator is then denoted by

2

=Y Yk Y nhet+ Y nir|. (5.4)

i=l \ keC} E€E) EeG!

In the following theorem we show that the error estimator 7 is both efficient and
reliable.

Theorem 4 (A posteriori estimate) It holds that

e = s 2= 2N S (5.5)
and
1/2
2
NS M@ —un =2l + D> osex (£ . (5.6)
i=l geCl

Proof The continuous stability estimate of Theorem 1 guarantees the existence of a
pair (v, u) € V x Q, with |||(v, w)|l| = 1, that satisfies

M@ —wup, A =2l S Blu —up, b — Aps v, ). (5.7

Let Iv € V) be the Clément interpolant of v € V. The stabilised method is
consistent, thus

B —up, » — Ap; Iyv, 0) =0.
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Therefore, we can write
B —up, A —Ap; v, 1) = Bu —up, A — Aps v — v, ) + oSy (up, Ap; v, 0).
After integration by parts, the first term yields

B —up, . — rp; v — I, )
=L — Ipv) — Bup, Ap; v — v, 1)

2
ou; p
= Z[ D (V- kiVuip+ fiovi — vk + Y (|[ki 8:1 ﬂ SV — Ihvi>E

i=l KeCil Eeg,‘;
Ui p
+ Y (Ah —kia—;’, vi — Ihvi> } = ([unl . w).
EeG) E
(5.8)
On the other hand, for the Clément interpolant it holds
klIVIvilg g + Y K i = B2 ¢ + > LA
KeCj, Ee&;,
S kil Voill§ o (5.9)
For the first three terms in (5.8), we thus get
ou;
S (Ve kiVuip+ fiovi — ook + Y [k on || Vi Tnvi
KeCfl Eeé',", E
g (5.10)
Ujh
+ Y <)\h — ki —==, vi — Ihvi> S nllkiVuillo.g S n-
. on E
EegG,

The last term in (5.8) is estimated using the following discrete inverse inequality for
the Hy)*(T') norm (cf. [1,13])

2 —1 2
lolls e S Y kg lonllg e You € Vi,
EeG)

viz.

—([un], ) < I [un] 2 rllmll=12,r
12

k:
S| X el e | Veleloer.

i=1 Eeg;'l
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On the other hand, from the Cauchy—Schwarz and the discrete trace inequalities and
from (5.9), it follows that

Snp, Aps v, 0) S 1. (5.11)

The upper bound (5.5) can now be established by joining the above estimates.
The lower bound (5.6) follows from Lemma 2 together with standard lower bounds,
cf. [27]. O

We end this section by reiterating that the purpose of the mixed stabilised formu-
lation is to perform the error analysis. We advocate the use of Nitsche’s formulation
for computations and note that substituting the discrete Lagrange multiplier (3.9) in
the error indicators, we obtain for E € G }l

he | he duy, ?
Ay — k = k— 5.12
ol i or . o + B [un] . (5.12)
and for E € g,f
hEg oun 2 hg 8”11
— [ — k2 = — |l - B [[Mhﬂ (5.13)
ko on 0.E ko

Remark 5 (Method II) The local estimators ng, ng.o and ng r are defined through
(5.1)—(5.3) and the estimates (5.5) and (5.6) hold true in the norm (4.16). After sub-
stituting the discrete Lagrange multiplier

duy p

A=k
h 27,

ko
— _1 —
o« [un]

into the error indicators, we for the corresponding Nitsche’s formulation obtain

h durn||> ke | oun _lk
AE N, gy UL — CE e 5.14
for E € Qﬁ,and
h_E W —k ouy j 2 _a_zk_2”[u ]]”2 (5 15)
o |77 |y, kg WMo ‘

for E € G

Remark 6 (Method I1I) Once again the local estimators for the stabilised method are
defined as in (5.1)—(5.3) and the a posteriori estimates (5.5) and (5.6) hold true. In the
Nitsche’s formulation, the error indicators depending on the Lagrange multiplier are
given by (5.12) and (5.13).
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Fig.1 The sequence of adaptive meshes with k] = k»

6 Numerical results
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We experiment with the proposed method by solving the domain decomposition prob-
lem adaptively with ; = (0, D%, @y = (1,2) x (0, 1), f = 1, = 1072 and linear
elements. After each solution we mark a triangle K € C},i = 1, 2, for refinement if

it satisfies Eg > 6 max grecl 2 Ex’ where 6 =

€L

7 and
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Fig.2 The sequence of adaptive meshes with k; = 10 and k» = 0.1
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The set of marked elements is refined using the red-green-blue strategy, see e.g. Bartels

[3].
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Fig.3 The sequence of adaptive meshes with k1 = 0.1 and k» = 10

Changing the material parameters from (ky, k) = (1, 1) to (k1, k) = (10, 0.1),
and finally to (ky, k2) = (0.1, 10) produces adaptive meshes where the domain with
a smaller material parameter receives more elements, see Figs. 1, 2 and 3. This is
in accordance with results on adaptive methods for linear elastic contact problems,
see e.g. Wohlmuth [28] where it is demonstrated that softer the material, more the
respective domain is refined.

Next we solve the domain decomposition problem in an L-shaped domain with
Q) = (0,2, 2 = (1,2) x (0,2) and k; = k» = 1. The resulting sequence
of meshes is depicted in Fig. 4 and the global error estimator as a function of the
number of degrees-of-freedom N is given in Fig. 5. Note that the exact solution is
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XKD

XL

KKK

XL

PR

Fig.4 The sequence of adaptive meshes on an L-shaped domain with k1 = kp = 1

Fig.5 The global error T
estimator 7 as a function of the
number of degrees-of-freedom
N in the L-shaped domain case

T —T—T—TTTT
—e— Adaptive

—&— Uniform

\ O(N~-0-33) |

o \ SEENNE

[ |
103

10—0-5 |-

N
in H337¢, ¢ > 0, in the neighbourhood of the reentrant corner which limits the
convergence rate of uniform refinements to O (N —1/3y,

We finally remark that Methods IT and III yield very similar numerical results.
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