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Abstract

In this paper we derive a variety of functional inequalities for general homogeneous
invariant hypoelliptic differential operators on nilpotent Lie groups. The obtained inequal-
ities include Hardy, Sobolev, Rellich, Hardy-Littllewood—Sobolev, Gagliardo—Nirenberg,
Caffarelli-Kohn—Nirenberg and Heisenberg—Pauli—Weyl type uncertainty inequalities. Some
of these estimates have been known in the case of the sub-Laplacians, however, for more
general hypoelliptic operators almost all of them appear to be new as no approaches for
obtaining such estimates have been available. The approach developed in this paper relies on
establishing integral versions of Hardy inequalities on homogeneous Lie groups, for which
we also find necessary and sufficient conditions for the weights for such inequalities to be true.
Consequently, we link such integral Hardy inequalities to different hypoelliptic inequalities
by using the Riesz and Bessel kernels associated to the described hypoelliptic operators.
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1 Introduction

In this paper we are interested in developing approaches that allow one to derive a variety of
functional inequalities for general homogeneous invariant hypoelliptic differential operators
on nilpotent Lie groups. Inequalities of such type are important by themselves but also play
an important role in wider analysis, in particular in view of the seminal results of Rothschild
and Stein [36] linking the analysis of hypoelliptic differential operators on nilpotent (Lie)
groups to differential operators on manifolds.

To give an idea of the obtained results and to put them in perspective we start by describing
a collection of some of the obtained inequalities in the setting of sub-Laplacians on stratified
(Lie) groups (homogeneous Carnot groups).

1.1 Hardy-Sobolev-Rellich inequalities on stratified Lie groups

Hardy inequalities on stratified groups are extremely well investigated topic, with different
versions of such inequalities known, also with best constants. While we can not possibly
give a comprehensive bibliography for it here, we can refer to the recent book [37] for the
literature reviews of the subject for the horizontal norm and for norms given in terms of the
fundamental solutions of the sub-Laplacian, respectively.

However, the starting point for the investigation of this paper is the following version
of the Hardy inequality recently obtained by Ciatti et al. [6]. Let G be a stratified group of

homogeneous dimension Q and let £ be a sub-Laplacian on G. Let | - | be homogeneous
norm on G. We refer to Sect. 2 for more details of this classical setting.
Letl < p <ocoandletT, f := |-7Y£7Y/? f with0 < y < Q/p. Then, as it was shown

in [6, Theorem A], the Hardy inequality for the fractional order operator £?/? can take the
following form: the operator T, extends uniquely to a bounded operator on L?(G), and we
have

1Ty lLr@)—1r@e) S1+Cy + o). (L.1)

We also refer to [6] for the history of (1.1).
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Among other things, in this paper we extend the boundedness in (1.1) to the setting of
general homogeneous invariant hypoelliptic differential operators taking place of the operator
L. Moreover, we extend such estimates to the range of L” — L7 estimates as well as give
their critical versions in the case of y = Q/p.

Let us list some of such results still in the simplified setting of the sub-Laplacians. First
we observe that by combining (1.1) with Sobolev inequalities for the sub-Laplacian, we have
the following extended version of (1.1):

e (Hardy-Sobolev-Rellich inequalities on stratified groups) Let | < p < g < oo and
0<a<Q/p.Let0 <b < Q and 5 = % - é + q%. Then there exists a positive
constant C such that

f

b
x| 4

< CI=L)? flLre) (1.2)
L1(G)

holds for all f € LE(G).

Here the space L (G) is the homogeneous Sobolev space over L? of order a, based on
the sub-Laplacian £. The theory of such spaces has been extensively developed by Folland
[19]. Consequently, more general results of this paper yield the following new version of the
critical case of (1.2) fora = Q/p:

e (Critical Hardy inequality for « = Q/p on stratified groups) Let | < p <r < o0
and p < g < (r — 1)p’, where 1/p + 1/p’ = 1. Then there exists a positive constant
C =C(p,q,r, Q) such that

f
L 0
1L\ ..~
(1og (e+ )" w17 |, o,

holds for all f € Lj, /(6.

Thus, (1.3) gives the critical case of the Hardy type inequalities in [6, Theorem A].

Actually, in Sect. 3 we obtain all of the above inequalities for more general hypoelliptic
operators on more general nilpotent groups, namely, on graded (Lie) groups. As far as we are
aware there are no other Hardy type inequalities known on graded groups in the literature.

Note that the explicit best constants and explicit extremal functions to these inequalities
are still an open problem, although some constants in their non-explicit form for these and
other inequalities in this paper can be described in terms of the ground states of certain
nonlinear PDEs and extremals of variational problems, see [42] and [44].

< CUfllre + 1=0% flre) — (13)

1.2 Hardy-Sobolev-Rellich inequalities on graded Lie groups

The setting of graded groups as developed by Folland and Stein [24] allows one to work
efficiently with higher order hypoelliptic operators, contrary to only sub-Laplacians appearing
on stratified groups.

We assume now that G is a nilpotent Lie group with a compatible dilation structure, i.e. a
homogeneous (Lie) group. We refer to Sect. 2 for a precise (well-known) definition. Let Q
be the homogeneous dimension of G and let | - | be a homogeneous quasi-norm on G. Let
R be a positive left-invariant homogeneous hypoelliptic invariant differential operator on G
of homogeneous degree v. Such operators are called Rockland operators. For instance, for
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the Heisenberg group, the sub-Laplacian and its powers are Rockland operators. If G is a
stratified group with a basis X1, ..., X, of the first stratum g1, then the operators

n
R=(=D"Y a;X3", a;>0,
j=1

are positive Rockland operators for any m € N, yielding the sub-Laplacian for m = 1.
More generally, for any graded group G ~ R”" with dilation weights vy, ..., v, and a basis
X1, ..., X, of the corresponding Lie algebra g satisfying

D/ Xj=r"X;, j=1,...,n,r>0,

the operator

0

Vy
v

n v 2.0
R=Y (-D"a;jX;”, a;>0, (1.4)
j=1

is a Rockland operator of homogeneous degree 2vy, where v is any common multiple of
V1, ..., V,. There are other examples of Rockland operators that can be adapted to special
selections of vector fields generating the Lie algebra in a suitable way, such as for example
the vector fields from the first stratum on the stratified groups. We can refer to [20, Section
4.1.2] for many other examples and a detailed discussion of Rockland operators.

In particular, the existence of such an operator is equivalent to the condition that the group
is graded, and such operators can be characterised in terms of the representation theory of
the group by the celebrated result of Helffer and Nourrigat [28]. We note that examples of
graded groups include R”, the Heisenberg group, and general stratified groups. Again, for
brevity, we refer to Sect. 2 for precise definitions.

Therefore, results for Rockland operators on graded groups can be viewed as the most
general differential results in the setting on nilpotent Lie groups. As far as we know, none of
the inequalities we now describe are known in such settings.

From now on we let R be a positive Rockland operator, that is, a positive left-invariant
homogeneous hypoelliptic invariant differential operator on G of homogeneous degree v. Its
powers R are understood through the functional calculus on the whole of G, extensively
analysed in [20, 21].

We start with the following analogue of (1.2), which we also call the Hardy—Sobolev—
Rellich inequalities since it contains the classical Hardy, Rellich and Sobolev inequalities:

¢ (Hardy-Sobolev—Rellich inequalities on graded groups) Let | < p < g < o0 and
0<a<Q/p.Let0 <b < Q and % = % - é + q%. Then there exists a positive
constant C such that

f

b
| x| 4

< CIRY fllrr) (1.5)
L1(G)

holds for all f € LE(G).

In particular, for ¢ = p we obtain the general hypoelliptic family of the Hardy inequalities:

f

W < CIRY fllLr@), 1<p<oo, 0<a<Q/p. (1.6)

LP(G)

In particular, for a = 1 and a = 2 we obtain the hypoelliptic versions of Hardy and Rellich
inequalities, respectively, which in this form are new already on the stratified groups since
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the operator R does not have to be a sub-Laplacian and can be of any order. At the same
time, for b = 0, (1.5) gives an alternative proof of the Sobolev inequality obtained in [21]:

Ifllze@ < CIRY flir@). 1<p<q<oo a=Q (é - é) . 1.7
The homogeneous and inhomogeneous Sobolev spaces L,f (G) and L? (G) based on the
positive left-invariant hypoelliptic differential Rockland operator R have been extensively
investigated in [21] and [20, Section 4.4] to which we refer for the details of their properties.
In these works, the authors generalised to graded groups the Sobolev spaces based on the
sub-Laplacian on stratified groups analysed by Folland in [19].
As a consequence of (1.5), we also get the following Heisenberg—Pauli-Weyl type
uncertainty principle for general homogeneous invariant hypoelliptic differential operators:
e (Uncertainty type principle on graded groups). Let ] < p < g <ococand0 < a <
QO/p-Let0 <b < Q and 5 = % — é + q%. Then there exists a positive constant C
such that

a b
IRY fllLe@llxle fll o () = C/GIf(X)Izdx (1.8)

holds for all f € LP(G), where 1/g+1/q =1.

As in the stratified case, we have the following critical case of Hardy—Sobolev—Rellich
inequalities:

e (Critical Hardy inequality for ¢ = Q/p on graded groups). Let 1 < p <r < o0
and p < g < (r — 1)p’, where 1/p + 1/p’ = 1. Then there exists a positive constant
C =C(p,q,r, Q) such that

f

| 1\\4 1, %
(tog (e +44))" 17 [, o,

holds for all f € Ly, 1p(G).

Similarly to (1.9) was investigated in the Euclidean setting in [32].

1.
= C”f”L”Q/p(G) (1.9)

1.3 Caffarelli-Kohn-Nirenberg and Gagliardo-Nirenberg inequalities on graded Lie
groups
First, let us recall the classical Caffarelli-Kohn—Nirenberg inequality [9]:

Theorem 1.1 Letn € Nandlet p, q,r,a, b, d, § € Rsuchthat p,g > 1,r >0,0<4 <1,
and

1 1 b1
—+2 242 24550 (1.10)
p n g nr n
where ¢ = 8d + (1 — 8)b. Then there exists a positive constant C such that
11 fllzr ey < CHXINY £ oy 1121 £ o Oy (1.11)
holds for all f € C3°(R"), if and only if the following conditions hold:
1 ¢ 1 a-1 1 b
-+-=46—-—+ +A-=-8)1-+-], (1.12)
ron p n q n
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a—d>0 if §>0, (1.13)
. 1 c 1 a—1
a—d<1i §>0 and -+ -=—+ .
r n p n
The techniques developed in this paper also allow us to derive general hypoelliptic versions
of Caffarelli-Kohn—Nirenberg and weighted Gagliardo—Nirenberg inequalities.

(1.14)

e (Caffarelli-Kohn—Nirenberg inequalities on graded groups). Let | < p,g < oo,
8€(0,1]and0 < r < cowithr < {5 ford # 1.Let0 <a < Q/pand B,y € R with

Sr(Q —ap—Bp) < p(Q+ry —rpB)and B(1 —8) —da <y < B(1 —4§). Assume that
r(5Q+P(ﬁ(1§5)—V—a5)) + (1—3)f —
P

1. Then there exists a positive constant C such that

Ixl” fller@) = € |RE f] (1.15)

N (L P

holds for all f € LE(G).

In the Euclidean case G = (R", 4+) with Q = n, if the conditions (1.10) are not satisfied,
then the inequality (1.15) is not covered by Theorem 1.1. So, this actually also gives an
extension of Theorem 1.1 with respect to the range of parameters. Let us give an example:

Example1.2 If l < p=g=r <n,a=1,R=—Aand y = (1 —§) — 4, then (1.15)
takes the form

(1.16)

Iel? Pl < € [t

J [ Py

Here, we cantakee.g. 8 < —n/pory < —n/p so that the conditions (1.10) are not satisfied,
then the inequality (1.16) is not covered by Theorem 1.1.

We refer to [38] for the related analysis on stratified groups, [40] and [39] on homogeneous
groups, namely, for Caffarelli-Kohn—Nirenberg type inequalities in terms of parameters but
with radial derivative operator or horizontal gradient instead of Rockland operators.

We note that for 8 = y = 0, inequality (1.15) also recovers the Garliardo—Nirenberg
inequality (5.9) (see Remark 5.8), that is

e <c|RE] 17k, (1.17)

LP(G)
forall f € L7 (G)N L4(G), previously established in [41] with an application to the global-
in-time well-posedness of nonlinear damped wave equations related to Rockland operators
on graded groups (see also [45] for nonlinear heat equations), wherea > 0,1 < p < Q/a,
l<q<r=pQ/(Q—ap)ands=(1/q—1/r)@a/Q+1/q—1/p)~".

We also refer to [4] for another type of Garliardo—Nirenberg inequality involving Besov
norms on graded groups.

In [42] and [44] the best constant in the Gagliardo—Nirenberg inequality (1.17) withg = p
and its critical version (¢ = Q/p) and the Sobolev inequality with inhomogeneous norm
are expressed in the variational form as well as in terms of the ground state solutions of the
nonlinear Schrodinger equation.

1.4 Integral Hardy inequalities on homogeneous Lie groups

The described hypoelliptic Hardy—Sobolev—Rellich inequalities and their critical versions
on graded groups follow from the following integral versions of Hardy inequalities that we
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can establish in the setting of general homogeneous groups. For example, we can obtain the
Hardy—-Sobolev—Rellich inequalities (1.18) by taking Ta(l) in the following result to be the
Riesz kernel of a positive Rockland operator. Similarly, we obtain its critical versions by
taking Ta(2) in (1.20) to be a combination of Riesz and Bessel kernels.

Thus, let now G be a homogeneous group of homogeneous dimension Q, equipped with
any fixed homogeneous quasi-norm | - |. Then we have the following results:

o (Integral Hardy inequality on homogeneous groups) Let | < p < ¢ < oo and
0O<a<Q/p.Let0O<b < Qand% = %—i—l—q%.AssumethatITa(l)(x)l < Cy|x|e—¢
for some positive C; = C1(a, Q). Then there exists a positive constant C = C(p, ¢, a, b)

such that

<Clflcr@) (1.13)
L4(G)

b

|x|4

holds for all f € LP(G).

e (Critical integral Hardy inequality on homogeneous groups) Let 1| < p <r < o0
and p <q < (r—1)p/,where 1/p+1/p’ = 1. Assume that fora = Q/p and for every
N > Q we have

a=0  for x € G\{0}
T <o AP 5 ’ 1.19
TN =C2 N forx € G with [x] > 1, (1.19)
for some positive C» = C(a, Q). Then there exists a positive constant C =
C(p,q,r, Q) such that
)
[T
err. <Clflre (1.20)

L 0
1))« 7
(tog (e+ 7)) 117 |,
holds for all f € LP(G).

In the proof of (1.18) and (1.20) the following characterisation of weighted integral Hardy type
inequalities plays an important role. In fact, the following results provide the characterisation
of pairs of weights for the integral versions of Hardy inequalities to hold. For brevity, we only
indicate the type of the obtained results referring to the corresponding theorems for precise
characterising conditions.

o (Integral Hardy inequality for p < gon homogeneous groups) Let {¢i}12=1 and {1//,~}i2:1
be positive functions on G, and 1 < p < g < oco. Then we have

TUNRY )
(/ (/ f(z)dz) #1 (X)dX> =G (/ (f(X))”Wl(X)dX> 1.21)
G B(0,]x[) G

1
q q P
</ (/ f(Z)dZ) ¢2(x)dx> <C4 (/ (f(X))plﬁz(X)dx) (1.22)
G \JG\B(0,]x]) G

hold for all f > 0 a.e. on G if and only if A;(¢;, Vi) < oo, i = 1,2, where {A,~}i2:1 are
given in (3.3)-(3.4).

and
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(Integral Hardy inequality for p > ¢ on homogeneous groups) Let {¢; }4 5 and
{1//,}1 _5 be positive functionson G, and 1 < g < p < oo with 1/§ = 1/g — 1/p. Then
we have

SRS :
( / ( f f(Z)dZ> ¢3(x)dx> < Cs ( f (f(x))”ws(x)dx) (123)
G \JB,x)) G

q é P
< / ( / f(z)dz) ¢4(x>dx> < Cs ( f (f(x))”w4(x)dx) (124)
¢ \Je\B(,1x) G

hold for all f > 0 if and only if A;(¢;, Vi) < 0o, i = 3,4, where {A,-};‘:3 are given in
(3.22)-(3.23).

o (Weighted Hardy-Sobolev type inequality on homogeneous groups) Let ¢s, 5 be
positive weight functions on G and let | < p < ¢ < oo. Then there exists a positive
constant C such that

1/q 1/p
(/G¢5(x)|f(x)|”dX) §C</Gllfs(x)|7€|x|f(x)l"dx> (1.25)

holds for radial functions f with f(0) = 0 if and only if As(¢s, ¥5) < 0o, where As is
given in (3.69) and R|y| := ﬁ is the radial derivative.

and

We note that Hardy, Rellich and other related inequalities with respect to the radial derivative
Rix| have been investigated in [37] and [43].

1.5 Weighted Hardy-Littlewood-Sobolev inequalities

Let us give another illustration of the method of applying inequalities on homogeneous
groups to obtain the corresponding hypoelliptic inequalities. First, in this paper we show that
the integral Hardy inequalities (1.18) and (1.20) imply the following weighted versions of
Hardy-Littlewood—Sobolev inequalities, still on general homogeneous groups:

¢ (Weighted Hardy-Littlewood—Sobolev, or Stein—Weiss inequalities on homogeneous
groups) Let0 <A < Qand1 < p,g <oobesuchthat1/p+1/g+ (¢ +1)/Q =2
with0 <o < Q/p’anda+ 1 < Q, where 1/p+1/p’ = 1. Then there exists a positive
constant C = C(Q, A, p, a) such that

// f(gk) dxd
eyt Y

holds for all f € LP(G) and g € LY(G).

e (Critical Hardy-Littlewood—Sobolev inequalities on homogeneous groups) Let 1 <
p<oo,l<g=<p <@r—-1qadqg <r < oo, where 1/p+1/p’ = 1 and
/g +1/q¢" = 1. Let Tg/)p(x) be as in (1.19). Then there exists a positive constant
C =C(p,q,r, Q) such that

= Clifller@ lgliLe@) (1.26)

FOeWNTS) (y*‘ )
// G~ dxdy| < Cll fllLr gl (1.27)
log e+‘x|)) |x |p

holds for all f € LP(G) and g € LY(G).
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Consequently, similar to the outline of Sect. 1.4, by working with Riesz kernels of positive
Rockland operators, we subsequently obtain the following hypoelliptic differential versions
of Hardy-Littlewood—Sobolev inequalities:

o (Weighted Hardy-Littlewood—Sobolev inequalities on graded groups). Let 1 <
p,g<00,0<a<Q/pand0<b < Q/q.Let0 <A < Q,0<a <a+ Q/p' and
0 < B =< bbesuchthat (Q —ap)/(pQ) +(Q —q(b—)/qQ)+(@+21)/0 =2
and @ + A < Q, where 1/p + 1/p’ = 1. Then there exists a positive constant
C =C(Q, A, p,«a, B,a, b) such that

f(0gk)
G [y~ Tx*[y|f

dxdy| < Cllflljp gl s (1.28)

holds for all f € L;(G) and g € L] (G).

e (Critical Hardy-Littlewood—Sobolev inequalities on graded groups). Let 1 < p, ¢ <
0,0=<a<Q/p0<p=<b<0Q/qQU/p+1/g—D+B—-a—-b=0,
max{ Oq p4@tb=F+20)-0(p+a)y _ 1 ~ oo, Then there exists a positive constant

~bg+Bq’ pq(0+a)—Qq
C=C(p,q,a,b, B, r, Q) such that

F)g()Bog(y~'x)
/ / Porely dxdy| < CIlf 2z Il s c
+/
(log(c+)) ™ w7

(1.29)
holds for all f € L?(G) and gE Lg (G), where By, is the Bessel kernel from (2.7).

Certainly, the Hardy-Littlewood—Sobolev inequalities is a very classical subject going back
to Hardy-Littlewood [26], [27] and Sobolev [49]. In the setting of homogeneous groups, it
was established by Folland and Stein [23] on the Heisenberg group, and its sharp constants
were also investigated in [29] and [18] in the Euclidean and in the Heisenberg group settings.
As for the logarithmic Hardy-Littlewood-Sobolev inequalities we can refer to e.g. [10], [30],
[5] and the recent paper [15] as well as the references therein. In the appendix in Sect. 6
we note a simple equality between best constants in certain Hardy—Littlewood—Sobolev and
Sobolev inequalities.

The organisation of the paper is as follows. In Sect. 2 we briefly recall the necessary
concepts of homogeneous Lie groups and fix the notation. In Sect. 3 we introduce the weighted
integral Hardy inequalities and in Sect. 4 we apply them to obtain the Hardy—Littlewood—
Sobolev inequalities on homogeneous groups. The Hardy—Sobolev—Rellich and Caffarelli—
Kohn—-Nirenberg inequalities on graded groups are established in Sect. 5. In the appendix
in Sect. 6 we breifly discuss the best constants in certain Hardy—Littlewood—Sobolev and
Sobolev inequalities.

The authors would like to thank Fulvio Ricci for a valuable discussion.

2 Preliminaries
Following Folland and Stein [24, Chapter 1] and the recent exposition in [20, Chapter 3] let

us recall that a family of dilations of a Lie algebra g is a family of linear mappings of the
following form
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oo
1 k
D, =Exp(Aln)) =) 2 A,
k=0
where A is a diagonalisable linear operator on g with positive eigenvalues. We also recall
that D; is a morphism of g if it is a linear mapping from g to itself satisfying the property

VX,Y €g, A>0, [DyX, D, Y] = D,[X, Y],

where [X, Y] := XY — Y X is the Lie bracket. Then, a homogeneous group G is a connected
simply connected Lie group whose Lie algebra is equipped with a morphism family of
dilations. It induces the dilation structure on G which we denote by D, x or just by Ax.

We call G a graded Lie group if its Lie algebra g admits a gradation

o0
g= EBQ;',
i=1

where the g1, g, ..., are vector subspaces of the Lie algebra g, all but finitely many equal to
{0}, and satisfying

[gi, 9] Cgiv; Vi,j€eN.

Every graded Lie group is also a homogeneous group with the dilation structure induced
by the commutator relations.
The triple G = (R", o, D,) is called a stratified group if it satisfies the conditions:

e For some natural numbers N = Ny, Np,..., N, with N + N, + ...+ N, = n, the
following decomposition R” = RV x ... x R is valid, and for each A > 0 the dilation
D, : R" — R" defined by

D, (x) = Di(x', x@, ..., xD) = x, A2 @, x D)

is an automorphism of the stratified group G. Here x’ = x(' € RN and x® e R for
k=2,...,r.

e Let N beasinabove andlet X Loeevs X y be the left invariant vector fields on the stratified
group G such that X;(0) = ﬁb fork =1,..., N.Then

rank(Lie{X1, ..., Xn}) =n,

for each x € R”, that is, the iterated commutators of X1, ..., Xy span the Lie algebra
of the stratified group G.

Note that the left invariant vector fields X1, ..., X are called the (Jacobian) generators
of the stratified group G and r is called a step of this stratified group G. For the expressions
for left invariant vector fields on G in terms of the usual (Euclidean) derivatives and further
properties see e.g. [20, Section 3.1.5].

As usual we always assume that G is connected and simply connected. If we fix a basis
{X1,.... X,} of g adapted to the gradation, then by the exponential mapping expg : g = G
we obtain points x € G:

x =expg(x1 X1 + ... +x,Xp).

Let A be a diagonalisable linear operator on the Lie algebra g with positive eigenvalues.
Then, a family of linear mappings of the form

¢}

D, = Exp(Alnr) = Z %(IH(V)A)](
k=0 "
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is a family of dilations of the Lie algebra g. Each D, is a morphism of g, thatis, D, is a linear
mapping from the Lie algebra g to itself with the following property

VX,Yeg, r>0, [D:X,D,Y]=D,[X,Y],

where [X, Y] := XY — Y X is the Lie bracket. We can always extend these dilations through
the exponential mapping to the group G by

Dy(x)=rx :=(0"x1,...,r"xy), x=(x1,...,x) €G, r>0, 2.1
where vy, ..., v, are weights of the dilations. The sum of these weights
Q=TrA=vi+ -4+,

is called the homogeneous dimension of G. Recall the fact that the standard Lebesgue measure
dx on R" is the Haar measure for G (see, e.g. [20, Proposition 1.6.6]). The continuous
non-negative function

G > x> |x| €0, 00)
satisfying the following properties:

e |x7!| = |x|forany x € G,
e |Ax| = Alx|forany x € Gand A > O,
e |x| =0ifand only if x = 0,

is called a homogeneous quasi-norm on G.
In the sequel we will need the following well-known facts, see e.g. [20, Proposition 3.1.38
and Theorem 3.1.39]:

Proposition 2.1 Let G be a homogeneous Lie group and let | - | be an arbitrary homogeneous
quasi-norm on G. Then there exists a constant C such that

lxyl = Co(lx] + |yD 22)

holds for all x, y € G. At the same time, there always exists a homogeneous quasi-norm | - |
on G which satisfies the triangle inequality

xyl < Ixl + Iyl 2.3)
forallx,y € G.
The quasi-ball centred at x € G with radius R > 0 can be defined by
B(x,R):={yeG: |x_1y| < R}.
There exists a (unique) positive Borel measure o on the sphere
G:={xeG: |x| =1}, 2.4)
such that for all f € L'(G) there holds

o0
/ fx)dx = / / Fayrl=do (yydr. 2.5)
G 0 S
We denote by G the unitary dual of G and by H2° the space of smooth vectors for a rep-

resentation 77 € G. If the left-invariant differential operator R on G, which is homogeneous
of positive degree, satisfies the following condition:
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(Rockland condition) for every representation 7 € G, except for the trivial representa-
tion, the operator 7 (R) is injective on H;°, that is,

YuveHyY, n(R)v=0=v =0,

then the left-invariant differential operator R is called a Rockland operator. Here, 7 (R) :=
dm (R) is the infinitesimal representation of the Rockland operator R as of an element of the
universal enveloping algebra of G.

Different characterisations of the Rockland operators have been obtained by Rockland
[34] and Beals [3]. We refer to [21] and [20, Chapter 4] for an extensive presentation about
Rockland operators and for the theory of Sobolev spaces on graded groups, and refer to [12]
for the Besov spaces on graded Lie groups.

By Helffer and Nourrigat [28], we know that one can also define Rockland operators as
left-invariant homogeneous hypoelliptic differential operators on G, since this is equivalent
to the Rockland condition.

Since we will deal with the Riesz and Bessel potentials, let us recall them on graded groups,
and prove some useful estimates. Let R be a positive Rockland operator of homogeneous
degree v. Then, the operators R~%/" for {a € R,0 < a < Q} and (I + R)~*/" fora € Ry
are called Riesz and Bessel potentials, respectively. If we denote their kernels by Z, and B,,
then we have

1 o0 a l
Ta = — tv " h dt 2.6
(x) NE) /0 1(x) (2.6)
for0 <a < Q witha € R, and
1 © 4
By(x) i= —— / tv e hy(x)dt (2.7)
r(g) Jo

for a > 0, where I" denotes the Gamma function, and 4, is the heat kernel associated to the
positive Rockland operator R. We refer for more details to [20, Section 4.3.4].
Before using Z,(x) and B, (x), we recall the following results:

Theorem 2.2 [20, Theorem 4.2.7] Let R be a positive Rockland operator on a graded Lie
group G. Let | - | be a fixed homogeneous quasi-norm. Let h; be a heat kernel associated with
the Rockland operator. Then each h; is Schwartz and we have

Vs, t >0 hyxhg = hyqy, (2.8)
Vx €G,r,t >0 ho(rx) =r Chi(x), (2.9)
Vx € G hi(x) = h;(x~ 1), (2.10)
/ hi(x)dx = 1. (2.11)
G
Moreover, we have
3C = Cyne >0 Vt € (0,1] sup |8fX"‘ht(x)| < Ca,NtN (2.12)
|x|=1

forany N € Ny, @ € Njj and £ € N.

Lemma 2.3 [20, Lemma 4.3.8] Let R be a positive Rockland operator on graded Lie group
G and let h; be its heat kernel as in Theorem 2.2. Let | - | be a homogeneous quasi-norm and
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a € Njj be a multi-index. Then for any real number a with0 < a < (Q + [a])/v there exists
a positive constant C such that

o0
/ 17Xy (0)|dt < Clx|~CTlebve, 2.13)
0
Replacing a by a/v and putting @ = 0 in Lemma 2.3, and using the representation (2.6) for
Z.(x), we obtain

Lemma 2.4 Let |- | be a homogeneous quasi-norm. Let 0 < a < Q and a € R. Then there
exists a positive constant C = C(Q, a) such that

|Za(x)] < Clx|~ @79, (2.14)

Now let us prove the following useful lemma for 3,, which may be not optimal (for example,
the exponential decay is known on R”, see [1]), but sufficient for our purposes.

Lemma 2.5 Let | - | be a homogeneous quasi-norm. Let 0 < a < Q and a € R. Then there
exists a positive constant C = C(Q, a) such that
lx|=(@=9), for x € G\{0},

2.15
x|V,  forx eG with|x|>1 2.15)

|Ba(x)| = C {

for every N.

Proof of Lemma 2.5 We split the integral in (2.15) as follows

1

r(s)
! /Wz”le’h( )dt+—1 /wﬁ*‘e”h( )dt

= — v X v X
r(g)Jo t r(§) Jiy t

=: Ji(x) + J2(x). (2.16)

o0
Ba(x) = /O tv e h, (x)dt

To estimate J using the property of homogeneity of /4, in (2.9), we calculate

1 /xl" aq <x )
— v e x| Chyy, [ — ) dt
() Jo AR

v

1 0 |x] a_|
< [ sup Iy ()] / - 1dr
F(g) [y|=1,0<t1 <1 " 0

v

=— "2 sup )
al"(%) lyl=1,0<r<1 !

Clx|4 2, (2.17)

10| =

A

where we have used that sup |y (¥)] is finite by (2.12).
[yl=1, 0= <1
Now we estimate J,. A direct calculation gives that

1o,
L) = F()/ 14le=th, (x)dt
v) JIxl”
e,
< r(a)/ 5= Y x)|dr
v) JIxlY
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1 *® a0
7a||hl||L°°(G)/‘ tv 1TV dt
v |x]”

r(s)

Clx|*~ 2, (2.18)

A

where we have used that |21 || > (g) is finite since /1 is Schwartz. Combining (2.16), (2.17)
and (2.18), we obtain (2.15).
On the other hand, when |x| > 1, using that & is Schwartz, one has for every N that

K" g | i
171 (o)l 5/ 152, (z—u) dt
0
|X‘V a—Q+N
§|x|‘N/ v leTldr
0

o0
a—Q+N
§|x|’N/ v e dr
0

< v, (2.19)

and, again using the first line in (2.19), and that & is Schwartz, we get

0o © Lo
|10 5/H zTQ—le—’dtgfll + gy, (2.20)
x|V x|V

showing that B, (x) is rapidly decreasing at co. Combining (2.16), (2.19) and (2.20), we
obtain (2.15) for |x| > 1. m]

3 Weighted integral Hardy inequalities on homogeneous Lie groups

In this section we introduce various types of weighted L” — L4 inequalities for the Hardy
operator on homogeneous groups for different ranges of indices 1 < p, ¢ < co. We obtain
necessary and sufficient condition on weights for such inequalities to be true. Subsequently,
we apply them (Theorem 3.1) to obtain an integral Hardy inequality on general homogeneous
groups which will be crucial for the further investigation of this paper. For a version of this
result on more general metric measure spaces with polar decomposition see also [46].

Theorem 3.1 Let G be a homogeneous Lie group of homogeneous dimension Q. Let {¢; }i2=1
and {wi}iz:l be positive functions on G, and let 1 < p < g < oo. Then the inequalities

q g %
</ (/ f(Z)dZ> ®1 (x)dx) <GC; (/ (f(x))pl/fl(x)dx) (3.1
c \JB©,1x) G

q P
(/ (/ f(z)dz> ¢2(X)dX>q <Cy </ (f(X))Plﬁz(X)dX) (3.2)
G \JG\B(0,]x]) G

hold for all f > 0 a.e. on G if and only if, respectively, we have

1
Ay := sup (/ ¢1(x)dx)q (/ (Y1 (x))*(l”*l)dx> " <00 (3.3)
R>0 \J{|x|>R} {lx|<R}
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and

Aj := sup </ (/)2(x)dx>g </ (1//2(x))_(1”—1)dx>? < 00. (3.4)
R>0 \J{|x|<R} {Ix|=R}

Moreover, if {C; }?:3 are the smallest constants for which (3.1) and (3.2) hold, then
11
A <Ci < (P prA;, =34 (3.5

Remark 3.2 In the abelian case G = (R",+) and Q = n, if we take ¢ = p > 1 and
é1(x) = |B(O, |x])|~? and 1 (x) = 1 in (3.1), then we have A; = (p — 1)~V/? and
1

(/ "4 )'1’< P (/ 1 olPd )'1’ (3.6)
_ X — x)|Pdx | , .
re | 1BO, 1xDI JB,x) T p—1\Ugrn

where |B(0, |x])| is the volume of the ball B(0, |x|). The inequality (3.6) was obtained in
[8].

f(2)dz

Proof of Theorem 3.1 We prove (3.1)<>(3.3), the case (3.2)<(3.4) can be proved similarly.
First, we show (3.3)=-(3.1). Then, using polar coordinates on G and denoting r = |x]|,

we write
q
/ o1(x) [/ f(z)dz] dx
G B(,r)

=/OO/ r@ i (ry) U/ SQ_lf(sy)da(y)ds:rda(y)dr. (3.7)
0 S 0 Jo

} 1/(pp)

Setting

g(r) = { /6 /0 S (Y (sy)) P dsdo (3) , (3.8)

and using Holder’s inequality, we calculate

/"/ SQilf(sy)da(y)ds = / /r s(Qfl)/pf(sy)(ljfl (sy))l/pg(s)s(gfl)/p/
0 S S Jo
x (W1 sy)V/7g() ™ dsdo(y)

' 1/p
= ( /6 fo s [f(SY)(%(SY))]/Pg(s)]pdsda(y))

r , 1/p
x(/@ /0 S [ sy 75 ()] " dsda(y)) .

3.9
If we define U, V and W; by
U(s) = /6 s (F @ sy P g(s)) do(y), (3.10)
V(r) = /0 r /G 2 (s P g(9) " do(y)ds, (3.11)
Wi(r) = /6 r@7 g1 (ry)do (), (3.12)
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for s, r > 0, respectively, then plugging (3.9) into (3.7) we obtain

q 00 r q/p
/¢1(x) (/ f(Z)dZ> dx S/ W (r) (/ U(S)dS> V)P ar.
G B(0.r) 0 0

(3.13)

Now we need to use the following continuous version of Minkowski’s inequality (see e.g.
[14, Formula 2.1]): Let & > 1. Then for all fj(x), f>2(x) > 0 on (0, 0c0), we have

) X 0 %) 00 1/6 4
/(; fi(x) </0 f2(z)dz> dx < (/(; f2(2) </ fl(x)dx) dz) . (3.14)

Using this with & = ¢/p > 1 on the right-hand side of (3.13), we get

q
/ ¢1<x><f f(z)dz> dx
G B(0.r)
00 ) prlq alp
5(/ U(s)</ wl(r)(V(r))q/f”dr> ds) . (3.15)
0 K

In order to simplify the right-hand side of above, denoting
1) = [ s97 ) o)
S

and using (3.8), (3.11), the integration by parts, (3.3) and (3.12) we compute
r , s , -1/p
vr= [ [ s@ e ( [ [ nunt= do(w)dz) dsdo ()
S JO 0 J6&

r K -1/p
:/ T (s) </ T(t)dt) ds
0 0
rd K l/P/
p’/ —(/ T(z)dt) ds
0o ds \Jo
r 1/17/
=p (/ T(s)ds)
0
r , 1/p
=y < f / sQ—l(m(sy))l—Pda(y)ds)
0o J&
) —1/q
< p'A < / 50! / ¢1(sw)do<w>ds)
r S

00 —1/q
=p'A; (/ Wl(s)ds> .

Similarly, applying the integration by parts and (3.3), we have from above

/ S W) dr

00 00 =1/p'
< (AP f Wl(r)</ W1(S)ds) dr

00 1/p
= (p' AN p ( / Wi (r)dr)
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, 00 1/p
=(p/A1>q/Pp< / f@ rQ*1¢1(ry)do<y)dr)

/ / s 1 1 , 7‘1/(F/P)
< (AP pAi”’( f ré- /6 (W1 (ry)) *"da(y)dr)
0

= A1) p(g(s) 7, (3.16)

where we have used (3.8) in the last line. Putting (3.16) in (3.15) and recalling (3.10), we
obtain

q o0 q/p
/ d1(x) ( f f(z)dz> dx < ( f U(s)A{’<p’>"—‘p"”(g(s»—f’ds)
G B(0,r) 0

, 00 q/p
=Al(pH!P p ( /0 U(s)(g(s))‘f'ds)

, ) q/p
=Al(pH!P p ( A /6 sQ‘l(ﬂsy))”wl(sy)da(y)ds)

, q/p
= A{(pH"'"'p (f@ 1/fl(x)(f(X))"dX) , (3.17)
yielding (3.1) with C3 = A, (p))/? pl/4.

Now it remains to show (3.1)=-(3.3). For that, we take f(x) = (wl(x))l_p/X(O,R)(|x|)
with R > 0 to get

1/p , =1/p
( /G vu(xxf(x))"dx) < /| | R(I/n(x))H’ dx)

, 1/p , =1/p
= < / (W1 (' dx) ( f C2TE) i dx) =1 (318
[x|<R [x|<R

Consequently, by (3.1) we have

1/p , =1/p
c=C </@ Y1 (x)(f(X))”dX> (/I R(tﬂl (xn't=r dx)
q g , =1/p
z </ ¢1(x) (/ f(z)dz> dX> </ (W1 (' dx)
G lz|<|x] [x|<R
q 1/q ) —1/p
= < f ¢1(x) ( f f(Z)dz> dx) ( / W1 =P dx)
[x|>R lz|<|x] [x|<R
1/q , 1/p
= </ ¢1(x)dx> (/ W1 @) dz) . (3.19)
Ix|>R lzI<R

Combining (3.18) and (3.19), we obtain (3.3) with C > A;. ]

Now we show the case ¢ < p of Theorem 3.1. For a (later) version of this result on metric
measure spaces see also [47].

Theorem 3.3 Let G be a homogeneous Lie group of homogeneous dimension Q. Let {¢; }?:3
and {‘/fi}?=3 be positive functions on G, and let 1 < q < p <oowith1/8§ =1/q — 1/p.
Then the inequalities

N ;
(/ (/ f(z)dz> ¢3(X)dX> =GCs </ (f(X))”Wz(X)dX) (3.20)
G B(0,]x[) G
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and

TNRY )
(/ (/ f(z)dz) ¢4(X)dX> = Cs (/ (f(X))”W(X)dX) (3.21)
G G\B(0,|x]) G

hold for all f > 0 if and only if, respectively, we have

5/q , 5/q’ ,
Az = / ( / ¢3(z)dz> ( / (Y37 dz) W3 ()P dx < 00
G G\B(0,|x]) B(0,|x[)

(3.22)
and
8/q RN ,
Ay = / (/ ¢4<z)dz> (/ (W(Z))“"dz) (Ya(x)' 7P dx < oo.
G B(0,]x]) G\B(0,|x])
(3.23)

Proof of Theorem 3.3 We show (3.20)<(3.22), the case (3.21)<>(3.23) can be proved
similarly.
First, we prove (3.22)=>(3.20). Denote

Wa(r) = fe r g (ry)do () (3.24)
and
G(s) = /6 s h(sy) (W (sy) P do (y) (3.25)

for & > 0 on G. Then using polar coordinates on G, we calculate

, q
/ $3(x) ( / h(z)(Y3(2)' P dz) dx
G B(0,|x|)
[e%) r q
= / / r¢ g3 (rw)do (w) ( / f sQ*‘h(sy)ws(sy))l*f”do(y)ds) dr
0 S 0 S
[e%s) r q
=/ Wa(r) (/ G(s)ds) dr
0 0
00 s gq—1 00
:q/ G(s) (/ G(r)dr) </ Wz(r)dr>ds
0 0 s

00 s q—1
=q f f sC h(sy) (s (sy) = (/ f rQ—‘h(rw)(ws(rw»‘—"’da(w)dr)
S Jo 0 S

X (/00 Wz(r)dr> dsdo (y)

* o0-1 (=P (G+ 5+
=a) | s h(sy)(¥3(sy)) P

(fcs Jo VQ_lh(Vw)(lﬁs(l’w))l_p/a’rdo(w))ql
X

Js Jo @ W (rw)! =P drdo (w)

s q—1 oo
x<(/ / erl(%(rw))l*P'drdo(w)) (/ Wz(r)dr>>dsda(y).
S Jo s
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g—1

Here, using Holder’s inequality (with three factors) for % + + p’%q =1 we get

, q
f $3(0) ( / hE@ W) dz> dx < gK\K2Ks, (3.26)
G B(0,]x])

where

- / 1/p
K (/G/(; s€7 sy Wa(sy)' 7 dxda(y)>

, 1/p
( [G ()P (P37 dx) 3.27)

g-1

0 | 1-p/ 4 »
_ 0-1 1 [ Je Jo r® RGw) (W3 (rw)! TP drdo (w) dsd
" (/6/0 e ( Jo o O aGun 7 drdow) ) “7Y

(3.28)

and

(q=Dp

K3=(/ /oosQ*‘(wz(sy))“P’(/ /‘Yer1(%(rw))‘*"’drdo(w))W
S JO S JO
P—q

00 = »
X </ Wz(r)dr) dsdo(y)) . (3.29)

‘We have for K, that

q—1

(Y3 (x)' =7 (/ o )p -
Ky = N 2 p h . d d '
2 </G Sp.xp W3 @) Pd2)P B<o,|x\>(%(2)) (@)dz | dx

To apply (3.1) for K> withg = p, f(x) = (W3(x))l_1”h(x) and

(Y3
(fB(o,|X|)(W3 )=Pdz)P’

$1(x) = U1 (x) = (Y3 (x))1=PIA=P),

we need to check the condition that

—p 1/p
AI(R) = ( / (P3P ( / (W3 ()P dz) dx)
[x|>R B(0,|x[)

, 1/p
x (/ W3 (x)' =P dx) < o0 (3.30)
Ix|<R

holds uniformly for all R > 0. Indeed, once (3.30) has been established, the inequality (3.1)
implies that

gq—1

Ky<C ( / (wa(x))“*””“*f’”)(h(x))de)7
G
%

=C (/ (h(x))”(llfs(x))“”/dx> . (3.31)
G
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To check (3.30), denoting S(s) = [ 527! (3 (sw))!~?'do (w) and using the integration by
parts we compute

00 r -p 1/p R 1/p'
AﬂR)::(LLL rQ—%wxrw»“W/(A S@ﬁh) mdaaw) (A suym)
0 r 4 1/p R 1/p
= (/ <f S(s)ds) S(r)dr) (/ S(s)ds)
R 0 0
1 R 1-p\ /P R 1/p
5((/ ﬂnm) ) <[ ﬂmm) =(p-D""" <.
p—1\Jo 0

Next, for K3, taking into account % =

L _ L — P=9 and using (3.22), we have
9P~ pq

00 00 8/q , 8/q
Ky = ( / f ( / wwm) ( / PO (3 (rw))! 7 drdo(w))
0 S s S

P—q
xs@ 35y 7 do()ds ) 7
8/q Lo\ , a
= ( f ( / ¢3(Z)dz> ( (w3<z)>‘—sz> (1//3(x))1_pdx>
G G\B(0,|x]) B(0,]x])
=é?<w. (3.32)

Now, plugging (3.27), (3.31) and (3.32) into (3.26), we obtain

, q P—q ,
/ $3(x) ( / h(z)(Y3(2)' 7 dz) dx < CA;’ ( / (h(x)P (Y3 (x))' P dx)
G B(O,Ix)) G

'—1

q—1
+ P

<=

which implies (3.20) after the setting h := /3
To show (3.20)=>(3.22), as in the Euclidean case [14, Theorem 2.2] we put the functions

8/(pq) , 8/(pq")
felx) = (/H | ¢3(Z)dz> (/ » l(%(z))]_”dZ)
z|>x ap <|zZ|=<|x

X W3 ™ xwpo (XD, k=1,2, ...,

instead of f(x) in (3.20) to get (3.22), where 0 < o < B with ax N\ 0 and B " oo for
k — o0. O

Now we introduce another integral Hardy inequality.

Theorem 3.4 Let G be a homogeneous Lie group of homogeneous dimension Q. Let | - |
be an arbitrary homogeneom quasi -norm. Let 1 < p <qg <ocoand0 < a < Q/p. Let
0<b< Qand ” =1_1 + Assume that |Ta(l)(x)| < C1|x|“_Qfor some positive
C1 =Ci(a, Q). Then tﬁere exlsts a posmve constant C = C(p, q, a, b) such that

£
b
|x[4

< Clfllcr@) (3.33)
L1(G)

holds for all f € LP(G).
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Proof of Theorem 3.4 We split the integral into three parts:

My(eyja 9% _ 2g
Gl(f*Ta )(x)| P < 31(M + My + M3), (3.34)
where
9 dx
M= [ ( / |T;‘>(y—1x>f(y>|dy) Lo
G \J@lyl<lx)} |x|
_ 7 dx
My = / ( f O lx)f(y)|dy) 4
G \J{lx|=<2ly|<4x]} | x|
and

1 d
M = / ( / ITj“(y"x)f(y)ldy> =
G \J{lyl>2lx)) |x]

First, let us estimate M. We can assume that | - | is a norm without loss of generality because
of the existence of a homogeneous norm (Proposition 2.1) and since replacing the seminorm
by an equivalent one only changes the appearing constants. Although we could give a proof
without this hypothesis, it simplifies the arguments below. Then, by the reverse triangle
inequality and 2|y| < |x| we have
1 x|l I«
x| > x| — > x| — — = —, 3.35

ol z xl =1yl > 1x = 3 2 (3.35)
which is |x| < 2| y_1x|. Taking into account this and that Ta(l)(x) is bounded by a radial
function which is non-increasing with respect to | x|, we calculate

q q
M dx
M < [f()Idy sup |1, () —5
& \Jpyl<ixpy {lxI<2lzl} |x|
q x| (a—Q)q dx
<cf (/ If(y)ldy> (—) .
G \J@lyl<lx)} 2 |x|

In order to apply (3.1) for M, let us check the condition (3.3), that is, that

(3.36)

1

1
(a—Q)q d q -
/ (M) = </ dx)p <A (3.37)
©2R<lxl} \ 2 |x] (Ix|<R}

holds for all R > 0. Indeed, taking into account 5 =1_ é + q%, hence (a— Q)q—b+Q =

P
—% # 0, we have
1
|.X| (a—Q)q dx q #
sy al o,
2 |x] (Ix|<R}
1
<CR% f <|x|>(ll—Q)4dx q
- eR<x) \ 2 |x[b
1
(/ |x|(a—Q)q—bdx)"
{2R<|x}
R

(a=0)g=b+0Q
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<C, (3.38)

since (a — Q)q—b—l—Q:—% #0.
Thus, we have checked (3.37), then we can apply (3.1) for M; to obtain
b bt
My < (p)7 pr Al fllLe ). (3.39)
Now let us estimate M3. Without loss of generality, we may assume again | - | is the norm.

Then, similarly to (3.35) we note that 2|x| < |y| implies |y| < 2|y~ 'x|. Taking into account
this we obtain for M3 that

(a—Q) q d
M3§/ f (M> Foldy) 2
¢ \Jiyis2ip \ 2 |x|

To apply (3.2) for M3, we check the following condition:

dx ql |X| (a*Q)P’ ﬁ
(f 7]?) / <7> dx| <A, (3.40)
(Ix1<R) 1% 2R<[x]} \ 2

Taking into account Q # ap, one gets

1

|X| (G—Q)P/ 4 , I afg
/ (7> dx|] <cC ([ |x|@=Qp dx> <CR*" 7, 341
{2R<|x|} {2R<|x|}

that is,

1 @op \7 .
() ([ (37 cexesot e
{Ix|<R} 1x] 2R<xl} \ 2

sinceb < Qanda — £ + 22 _Oduetofz%_q .
Thus, we have checked (3.40), then we can apply (3.2) for M3 to get

1 11
My < (P p1AsllfliLr ). (3.42)

Finally, we estimate M>. We write

7 dx
My = / ( / IT(“(y"x)f(y)Idy> ey
2 2k <fxj<2k+1y \Jyxj<2pyl<aixy |x[?

keZ

Since |x| < 2|y| < 4|x| and 2% < |x| < 2Kt we have 2~ ! < |y| < 2Kt2. As in (3.35),
assuming | - | is the norm and using the triangle inequality, we have

3lx| = [x|+2lx| > |x| + Iyl > Iy~ 'xl, (3.43)

which implies 0 < |y_1x| < 3|x| < 3 - 2K If we denote i;(x) = C1lx|*~2, then
|Ta(1) (x)| < I,(x). Taking into account these, applying Young’s inequality (well-known, see
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e.g. [20, Proposition 1.5.2]) for 1 + é = % + % with r € [1, oo] we estimate M» by

M, < Zz—“’/(( f e X <pj<akiny ] # L) (1)) dx

keZ
= ZZ_ka[f . X{2k7|§|~|<2k+2}] k Ia”%q(@)
keZ
kb
<> 2 X<t <32 15 @ 1 - Xt < <202 10 )
kel
q
=C Y 2% </ |x|<“*Q>’dx> If - Xt <<ty 15
é x| <3.2k+1 SR © 5 g
_ (an)M_‘_Q r4+p—q
<C Zz kb(3 . 2k+1)(pq+p—q ) " f - X{Zk_1§|x\<2k+2}||ZP(G)
keZ
=CY 273 2NN e ooy 1)
keZ
<C Z If - Xkt <<y 150 )
keZ
=< C”f”L[]‘p(G)a
since U=2ra | 0= >0and g > p.
rq+r—q pq+ﬁ q
Thus, (3.39), (3.42) and (3.44) complete the proof of Theorem 3.4. ]

Remark 3.5 Let us now very briefly discuss an alternative proof of Theorem 3.4 by using
Schur’s test [22].

In the case ¢ = p, we have b = ap from % = ; — = —|— qQ Let S, f = |x|7P/P(f «

|x[4=92), then S¥g := (|x|™%/Pg) * |x|*~2, where (f, S;g) (Saf, g). Since the integral
kernel of S, is positive, by Schur’s test we see that instead of proving the estimate

1
1Sa fllLre) < AYE BYPN fllire)

forall f € L?(G), it is enough to exhibit a positive function / and constants A, , and B, ,
such that

Sa(h?)(x) < Ag,p(h(x))?" and SE(hP)(x) < By, p(h(x))?

for almost all x € G.
Let us take A (x) := |x |C‘Q with ¢ > 0 and consider the convolution integrals

Y 5 1x"C and (|x|7P/PhP) % |x|*~C,

which arise in the computation of S, (h? /) and S} (h%). We see that the homogeneity orders of
h? and |x|7%/Ph? are (c — Q)p' and (c — Q) p — b/ p, respectively. Then, the homogeneity
of h *|x|9~ and (x| /P hl)*|x|9~C area— Q+(c— Q)p'anda— Q+(c— Q)p—b/p,
respectively. Therefore, these convolution integrals converge absolutely in G\ {0} if and only
if0<(c—Q)p+0<Q—aand0<(c—Q)p—b/p+ Q0 < Q — a, that is,

a a
max(g,—+g><c<Q——/
p p P p
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since b = ap. This condition is true if 0 < a < Q/p.
Thus, we have obtained

_ _ 1/p 51
x| =22 (f s 1x 19 Dllre) < A8'D Ba'Pll fllr ),

where0) <a < Q/p,1 < p <oo, feLP(G)and b = ap.
Taking into account this and |Ta(1) (x)] < C|x|*~2, we obtain

(€8] (1)
xT * | T,
‘f : _ |V |Qa |
lx[? llLr G |x|» LP(G)
< ClxI7P(f1 % 1x1"Dlr@) < Clflee).  (3.45)

In the case ¢ > p, the operator in (3.33) is dominated pointwise by

w8 (115K, s) 5 Ke ).

where K, (x) = |x|~219, and the above is the composition of g — g * K,_», which maps
q

b
LP? into LY, followed by & > |x| ¢ (h * Kg) which falls in the ¢ = p case.
q

Now we also show the critical case a = Q/p of Theorem 3.4.

Theorem 3.6 Let G be a homogeneous Lie group of homogeneous dimension Q. Let | - | be
an arbitrary homogeneous quasi-normandlet1 < p <r <oocand p < q < (r — 1)p/,
where 1/p + 1/p’ = 1. Assume that for a = Q/p we have

[x|“=2, for x € G\{0},

3.46
lx|™N, forx € G with |x| > 1, (3.46)

172 (x)] < Ca !

for some positive Cy = Ca(a, Q) and for every N > Q. Then there exists a positive constant
C =C(p,q.,r, Q) such that

2)
fxT
Q/r < Clfllr ) (3.47)

(10 (e + i))é x|
g x| L4(G)

holds for all f € LP(G).

Proof of Theorem 3.6 Let us split the integral into three parts

dx

RS AE <N ANt N, (349
1
G ‘log (e + W) |x]@
where
a dx
M= [ ( / ITg/),,(y"X)f(y)ldy) —
& \Jei<i) ’10g (c+ ﬁ)’ lx|2

B 4 dx
Ny = / < / 75,0 ‘x)f(y)ldy> 7
G \J{jx|=2ly|<dixl) ‘log(e+ﬁ)‘ |x|2
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and

4 dx
N3 = / ( / ITS},,(y’lx)f(y)Idy> —
& \J(iyl>21x)} ‘log(e-i-plcj)’ |x|2

First, let us estimate Nj. Similar to (3.35) from 2|y| < |x| we get

ly x> [x] = [yl > |x| - b |i| (3.49)
- 2 2
which is |x| < 2|y~ !x|. Denote

|x|9=2, for x € G\{0},

3.50
|x|7N, forx € G with |x| > 1, (3-50)

172 (x)| < Ba(x) := C2 {

for every N > Q. Since Tg/)P (x) is bounded by EQ /p(x) which is non-increasing with
respect to | x|, then using (3.49) we get

dx

q q
s | ( / If(y)ldy> sup (TS (2) '
6 \Ji2pyi<ix) {lel<2lz) llog(e+i)‘ Ix|2

x]

dx

1~ q
: /G (/{2y|<|x} lf(y)ldy> (BQ/P (%» ‘1og (e + ﬁ)‘r x| @51)

To apply (3.1) for N1, we need to check the condition (3.3), that is, that

q
~ xX\\4 dx 171’
/ (BQ/p (5)) 7 / dx) <A (352
(2R<Ix]) ‘log <e+ ‘}c—l)’ x|@ (I¥1<R)

holds for all R > 0. In order to check this, let us consider two cases: R > 1 and 0 < R < 1.
Then, for R > 1 using the second equality in (3.50) and N > Q, one calculates

1
4 1

/‘ <§ <x>)q dx /' d I
— X

2R<|x o/ 2 1 " (9] x|<R

{ [x[} log(e+ i [x| {lx|<R}

ot ([ (Ran(2) L)
- erepy \ 2P\2)) xj@
1
. '
— CRV (/ IxI’Nq*de>q
(2R<Ix])

[9)
<CR NRY
<cC. (3.53)

Now let us check (3.52) for 0 < R < 1. We write

- X\\¢ dx
/{2R<\x|} <BQ/p (5)) )log (e + ﬁ)‘r 1
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Lo o O

l r
log (e—l— m)‘ |x|2

i /{\x|z2} (EQ/” (%))q & (3.54)

L\ '
‘log (e+ W)‘ |x|€

We note that the second integral on the right-hand side of (3.54) is integrable by the second
equality in (3.50). Then, using the first equality in (3.50) we get for the first integral that

~ X\ |4 dx
’BQ“’ (5)’ 1|
{2R<|x|<2} ‘10g <e+ 7)‘ |x|2

x|

T
~ JRr<x)<2) el 21 xie

< C/ |x|*Qq/P’*de
{2R<|x|<2}

< CR™ /P,

It implies with (3.54) that

1

q

oo ) ()
o/p\5 X
(2R<lx]) 271 Jiog (e + IjTl)‘r Ix|2 (IxI<R)

< C(R—Q/P’ + 1)RQ/P’ <C

~|—

for any 0 < R < 1. Thus, we have checked (3.52), then applying (3.1) for Ny one gets

1

ES 1 1
N/ = (P pr Al fllLr@)- (3.55)

Now we estimate N3. Without loss of generality, we may assume again that | - | is the norm.
Similarly to (3.49) we obtain |y| < 2|y~ x| from 2|x| < |y|. Then, we have for N3 that

B q d
N = /G </{|y|>zx|} (BQ/P (%)) lf(y)|dy> llog <e+ Eq)‘r 10

In order to apply (3.2) for N3, we need to check the following condition:

1

q
dx ~ X\\ 7'
/ - (/ (B (5)) dx) < Ay (356)
{I¥1<R) ‘10g<e+m)’ x|2 (2R <Ix)

To check this, let us consider the cases: R > 1 and 0 < R < 1. Then, for R > 1 by the
second equality in (3.50), we get

|

L
7

~ 4 , _N
(/ (BQ/p (f)) dx) 5c</ |x|—Nde>” <CR™ 7. (357
[2R<Ix]} 2 {2R<Ix])

Moreover, we have

<=
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/ dx _/ dx
r - r
{Ix[<R} ‘log <e+ﬁ>} |x|2 tixl<3} ‘log (e—l—ﬁ)‘ |x|2
dx

/7 x|<R ’
%f‘ [< lOg e+ 1 |X|Q
{

x|

and we note that the first summand on the right-hand side of above is integrable since r > 1.
For the second term, we get

dx

/[;<|x|<R] ’log (c+ ﬁ)‘ x|2 =

Combining (3.57) and (3.58), we have for R > 1 that

d
/ o C+10gR).  (358)
{%§|X\<R} x|

1

dx ~ x\ P rd

f Y (/ B (3)] dx)
(lxI<R) ‘log (e—l——)‘ Ix|© (2R<x)

x|

N 1
<CR 7(l+logR)7 <C.

Now let us check the condition (3.56) for 0 < R < 1. We split the integral

Jo Born G)) = [ (Bon (3)) | (Bonn (3))"

(3.59)

We note that the second integral on the right-hand side of above is integrable by the second
equality in (3.50). Then, using the first equality in (3.50) we get for the first integral that

~ X\\ P 0 1
(BQ/p (5)) dx <C |x|"¥dx < Clog =)
{2R<|x|<2} {2R<|x|<2}

which implies with (3.59) that

/{ZMM (EQ/p (%))p dx < C (1 +log (%)) . (3.60)

d 1\\ b
e R T o
< oo ) i

and (3.60), and taking into account r > 1 and ¢ < (r — 1) p’ we obtain that

Since

q

Lo 7)) U Gor G5’
co(m(ern)) " (14 (me())

<cC. (3.61)
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Thus, we have checked (3.56), then applying (3.2) for N3 we obtain

1 1 1
N{ < ()7 p7 Azl fliLr)- (3.62)
Now let us estimate N,. We write
g d
2) , x
Ny=)" f ( / TG, (v 1x>f(y>|dy) —
(2% <|x|<2k+1y NS {|x|<2|y|<4|x]} ‘log (e + Ix\)‘ |x|€

keZ

,
Since the function (log (IX\ )) |x|€ is non-decreasing with respect to |x| near the origin,

there exists an integer ko € Z with k9 < —3 such that this function is non-decreasing in
|x| € (0, 2k0+1) We decompose N, with kg as follows

Ny = Npi + Noo, (3.63)
where
@) 1 ! dx
Npp = Z ITQ/p(y x) f()ldy 3
— Jk<ixi<20+1) \J x| <21yl <dix)) ‘log <e+|7‘|)‘ x|@

and

sz—Z/

kg1 ¥ 12° =l

_ 4 dx
( / T o lx)f(y)ldy> —
<2k+1 {Ix]<2|y|<4|x|} ‘log (e+ ﬁ)‘ |x|Q

Let us first estimate Npp. Since |x| < 2|y| < 4|x| and 2% < |x| < 2%+! we have 28! <
ly| < 2k+2. Before starting to estimate N»o, using (3.46), N > Q and ¢ > p, let us show
that

/ ITg), (0 dx = /| 3 ITg), (0 dx + /‘ TS}, () dx
x|< x|>

_ Qq(p—1) __Npg
< (/ |x| patr=adx +/ |x| patr—a dx) < 00, (3.64)
Jx[<1 |x|>1

+
g

where 7 € [1, 00) is such that 1 + % = %
[20, Proposition 1.5.2]) for 1 + 7 + % with

?
Then, (3.64) and Young’s inequality (e.
7 € [1, 0o) imply that

e q
2 _
Np<C ) / (/ 5, (v ‘x)f(y)|dy> dx
ko1 ¢ 28 <lxl <21y Nl <2]y|<dlx])
<C Z ILf - Xt <p<amiz)]) % T3 10 g
k=ko+1
x
2
< CITG e D I Xpr<paaylilng,
k=ko+1

q

o
P
=C Y (/ |f(x)|1’dx>
k=ko+1 {2k <|x|<2k+1}
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q

=¢ (Z /2k<|x|<2k+' |f(x)|”dx>

= CIf1E) - (3.65)

To complete the proof it is left to estimate N»;. As in (3.49), assuming | - | is the norm and
using the triangle inequality, we have

3lx| = |x| +2lx| = x|+ [y] = [y~'xl, (3.66)

,
where we have used |y| < 2|x|. Since (log (Iﬂ)) |x|€ is non-decreasing in |x| € (0, 2ko+1y

and 3|x| > |y~ !x|, we have

g 1
log |x|Q > |log | ——
0 =5

Then, these and (3.46) yield

-1,19

dx

0 q
c / (/ |y—1x|‘7’|f<y)|dy> —
Z k<|x\<2k+l {lx|=<2|y|<4|x|} (log (ﬁ)) |x|Q

q

,Q
Iy~tx|” 7 | £ ()]
¢ Z /k<|x\<2*+‘ /{\x|s2|y\s4\xl} ((1 (| ‘)) |x|Q) o

_9
»

-1
X
/ y~ x| 7 If )] dy | ax.
2k<lx| <26+t | HHixl<2lyl<dix)

(1o (i) 107 007312)

Since |x| < 2|y| < 4|x| and 2% < |x| < 2K with k < ko, we get 25~! < |y| < 22 and
ly~ x| < 3|x| < 3- 2ko+l < 3/4 by (3.66) and ky < —3. Taking into account these and
setting

Noy

IA

-

IA

CZ/

Q=

we have for N»; that

q
oy < ¢ Z/ [ /o) i | s
2k<px|<2t+1) | J{ixl=2lyi<4ix)) 249
220140 (10g (2)) 1yl 4
ko
=<C Z ||[f'X{2k715\4\<2k+2}]*g”iq((@)-
k=—o00
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Since p < g < (r — 1) p/, we use Young’s inequality for 1 + é =14

H with 7 € [1, 00) to
get

1

p
ko

N < Cliglfs g, 2 1S - x@r1<pi<2) I T0) < CIF N0 (3.67)

k=—00

provided that g € L™(G). Since (% + %) r= 0, % = p’,’j_/q and ¢ < (r — 1)p/, then
changing variables, we obtain

” ”; dx C © dt 0o
8l = 7 = —— < oo
BOIA) (log (1))75 |x]2 og(1) ;75
Thus, (3.55), (3.62), (3.63), (3.65), (3.67) and (3.48) complete the proof of Theorem 3.6. O

As an application of Theorem 3.1, we can also obtain the following weighted L? — L4
differential Hardy—Sobolev type inequality with the radial derivative:

Theorem 3.7 Let G be a homogeneous Lie group of homogeneous dimension Q. Let ¢s, Vs
be positive weight functions on G and let 1 < p < q < oo. Then there exists a positive
constant C such that

1/q 1/p
(/Gqﬁs(x)lf(x)l"dx) §C<LW5(X)IR|x|f(x)|”dX> (3.68)

holds for all radial functions f with f(0) = 0 if and only if

1/p'

1/q R 1-p'
As := sup (/ ¢5(x)dx) (/ (/ rQ*Hps(ry)dG(y)) dr) < 00,
R>0 \J|x|>R 0 &

(3.69)
where R x| := ﬁ is the radial derivative.
In the abelian case G = (R", +) and Q = n, (3.68) was obtained in [14] and in [48].
Proof of Theorem 3.7 If we denote f (r) = f(x) forr = |x| and

d(r) = /6 @ es(ry)ydo(y),  W(r) = f@ r9 s (ry)do (y),

then using f (0) = 0 we have

1/q 00 N 1/q
(/ ¢>s<x>|f<x>|‘fdx) =<// rQ*1¢5<ry)|f(r>|"drda<y>)
G S JO
o0 ~ 1/q
=(/0 d>(r)|f(r)|qdr>
%) r - q 1/q
(/ O (r) / Ry f(r)dr dr)
0 0
C

oo - p 1/p
(/ () ‘R,f(r)’ dr)
0

1/p
_c ( /«; l/fs(X)IRmf(X)l”dX)

if and only if the condition (3.69) holds by Theorem 3.1, namely by (3.1) and (3.3). ]
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4 Hardy-Littlewood-Sobolev inequalities on homogeneous Lie groups

In this section we apply the integral Hardy inequalities from the previous section to obtain
the Hardy-Littlewood—Sobolev and logarithmic Hardy—Littlewood—Sobolev type inequali-
ties on homogeneous Lie groups. We also discuss the reversed Hardy—Littlewood—Sobolev
inequalities on general homogeneous Lie groups.

Now we start with the Hardy—Littlewood—Sobolev inequality (see [26, 27] and [49]).
We also refer to [23] for the case of the Heisenberg group and to [29] and [18] for sharp
constants of the Hardy-Littlewood—Sobolev inequality. Here, we investigate the weighted
Hardy-Littlewood—Sobolev inequalities on general homogeneous groups.

Theorem 4.1 Let G be a homogeneous Lie group of homogeneous dimension Q and let | - |
be an arbitrary homogeneous quasi-norm. Let 0 < * < Q and 1 < p,q < oo be such that
I/p+1/g+(@+1)/Q=2with0 <a < Q/p' anda + 1 < Q, where 1/p+1/p = 1.
Then there exists a positive constant C = C(Q, A, p, o) such that

f/ f(0g») dxd
eyt Y

holds for all f € LP(G) and g € L1(G).

< Clfller@liglLe@) 4.1)

Proof of Theorem 4.1 Let Ta(3)(x) = |x|*"2 with0 < a < Q/r forsome 1 < r < oo. Then,
using Holder’s inequality we calculate

F®)g() B 7<g*T“A><x)
//«;lealy ) = [ T )
18, ‘
= Ifllzr@ e .
LP'(G)

Note that the conditions « +A < Qand 1/p + 1/q + (¢ + 1)/Q = 2 imply ¢ < p’, while
O<Ai<Q,a<Q/pand1l/p+1/qg+ (a+1)/Q =2 give
1 1 1 1 0
0<Q0-1=0-0(2-~—-)+a<0-0(2-~—-)+==0/4
P 9 P q p

Sincewehave l < g < p' <00,0<ap’' < 0,0< Q-1 < Q/qgand (Q —1)/0 =
1/qg —1/p’ + a/Q, using Theorem 3.4 in (4.2) we obtain (4.1). O

Let us now introduce the critical case @ = Q/ p’ of the Hardy-Littlewood—Sobolev inequality
4.1):

Theorem 4.2 Let G be a homogeneous Lie group of homogeneous dimension Q and let | - |
be an arbitrary homogeneous quasi-norm. Let 1 < p < 00,1 <q < p' < (r — 1)q' and
q<r<oo,wherel/p+1/p =1land1/q+1/q" = 1. Let Téz/)p(x) be as in Theorem 3.6.
Then there exists a positive constant C = C(p, q,r, Q) such that

FEMTS), (v
/ / O dxdy| < Cllfllr@ gl “.3)

(log (e + 1)) I

holds for all f € LP(G) and g € L1(G).
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Proof of Theorem 4.2 By Holder’s inequality we have

/ / f(x)g(y)Té}q ol /m) (g T5))(x)
log e+|x‘ )” |x |11 log e+|x‘))f" |x|%
4.4
8+ Tgy

<l fllcr@ o .
(toe (e + )" wi¥ |,

Since we have 1 < ¢ <r <oocandg < p’ < (r — 1)q’, then by applying Theorem 3.6 we
derive (4.3) from (4.4). ]

Remark 4.3 Let us make some remarks concerning the reversed Hardy-Littlewood—Sobolev
inequality on homogeneous groups (see [16, 31] and [13] for the recent Euclidean analysis
of such inequalities). Namely, let us look at the validity of the inequality

/ f FOOl ™ xf()dxdy = CoapllF 10 1 12705, 4.5)

forany 0 < f € L' N LP(G) with f # 0and 0 < p < 1, where 4 > 0 and 0 :=
Q2O0—pRO+21)/(Q(1—p)).WhenG = (R", +),hence Q = n,thecase p = 2n/(2n+21)
is investigated in [16] and [31], and the case p > n/(n + A) is studied in [13].

We show that in the case 0 < p < Q/(Q + 1) the inequality (4.5) is not valid, namely we
show that (4.5) fails for any Cg 3., > 0. This is showed in the Euclidean case in [7] when
p <n/(n+X)andin[13] when p <n/(n + A).

We consider

fo(x) == f(x) + Ae~Ch(x/e),

for a non-negative function f with compact support and for a non-negative smooth fuction
h with the property [ h(x)dx = 1, and for some A > 0. Suppose (4.5) holds for some
Co,,p > 0. Putting this f; in the inequality (4.5), we obtain

Jo Jg fe @y~ x* fo(y)dxdy
176l ) 1 e N o)
Jo Jo FOIy ™ x* f(n)dxdy + 2A [ 1x|* f(x)dx
—
(Jo f@)dx + AP ([ (f (x))Pdx)2=0)/p

as ¢ — 04, where we have used [ f;(x)dx = [ f(x)dx + A, and when ¢ — 0 the
following facts

Conp =

(4.6)

/(fa(x))”dx—>/(f(x))1’dx
G G

and

/ [ Loy x| fo (y)dxdy
GJG

= f / FOly ™ x* f(y)dxdy +2A /«; /@ FOIE Y X P h(y)dxdy

+A% 72Q// dxdy
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- / / Fy~'x* F()dxdy +24 / el f()dx,
GJG G

since fG h(x)dx = 1. Note that we can take the limit as A — +o00 in (4.6), since it is valid
forall A > 0. Then, when8 > 1,ie., p < Q/(Q +A), taking A — 400 in (4.6) we see that
Cp,».,p = 0.Inthe case § = 1, thatis, p = Q/(Q + 1), taking again the limit as A — +o0
in (4.6) we get

A
Coup < (sz I ferdx (4.7)

Je(fG))Pdx)t/r

Now we show that the right-hand side of (4.7) goes to zero when R — oo if we put there the
function

x| ~(@+M, for 1 < |x| < R,
x) = 4.8
fr() iO, otherwise, (4.8)
for any R > 1. Indeed, taking into account p = Q/(Q + A) we obtain from (4.7) that
2 x|* fr(x)d
Jo xI" fr@)dx = 2(I6|log R) ™2 — 0 4.9)

C
Qhr = (R Pdx) /P

as R — oo, where |G| is a Q — 1 dimensional surface measure of the unit quasi-sphere in
G.

Thus, we have proved that the reversed Hardy—Littlewood—Sobolev inequality (4.5) is not
valid with any positive constant Cg ), , for0 < p < 0/(Q + A).

5 Hypoelliptic Hardy, Sobolev, Rellich, Caffarelli-Kohn-Nirenberg and
Hardy-Littlewood-Sobolev inequalities

In this section we obtain Hardy—Sobolev—Rellich inequality on graded groups, which implies
Hardy, Sobolev and Rellich inequalities on graded groups. Moreover, we establish Caffarelli—
Kohn-Nirenberg and Hardy-Littlewood—Sobolev inequalities, and uncertainty type principle
on graded Lie groups.

Since we have (2.14) for the Riesz kernel Z, from (2.6), taking Ta(l)(x) = Z,(x) in
Theorem 3.4 and noting that R~V f = f %I, by [20, Corollary 4.3.11], we obtain the
following Hardy—Sobolev—Rellich inequality:

Theorem 5.1 Let G be a graded Lie group of homogeneous dimension Q and let R be a
positive Rockland operator of homogeneous degree v. Let | - | be an arbitrary homogeneous
quasi-norm. Let1 < p < g <oocand0) <a < Q/p.Let0 <b < Qand% = %—é—i-q%.
Then there exists a positive constant C such that

f

b
x| 4

< CIR" fllr ) (5.1)
L1(G)

holds for all f € Lg((G).

Remark 5.2 In the case b = 0, the inequality (5.1) implies the Sobolev inequality on graded
groups [20, Proposition 4.4.13, 5)]: Let 1| < p < g < oo and 0 < a < Q/p with
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é. Then there exists a positive constant C such that

1fllLe@ < CIRY fllLr (5.2)
holds for all f € LY (G).

Remark 5.3 In particular, for ¢ = p from (5.1) we derive the general hypoelliptic family of
the Hardy inequalities:

f

oE < CIR fllr@), 1<p<oo, 0<a<Q/p, (5-3)

LP(G)

forall f € LE(G).

Remark 5.4 In the case ¢ = p, the inequality (5.1) gives on graded groups the Hardy
inequality

f

1 .
] <CIR" fllr@), 1<p<Q, feLi©), (54

A

LP(G)
when a = 1, and the Rellich inequality

f

2 0 .
e <CIRY fllLr@), 1<p< bR feLiG), (5.5

LP(G)

when a = 2.

Similarly, putting Tu(z) (x) = B, (x) in Theorem 3.6 and using (2.15) with the Bessel kernel
B, from (2.7), by noting (I + R)™v f = f * B, by [20, Corollary 4.3.11], we obtain the
critical case a = Q/p of Theorem 5.1:

Theorem 5.5 Let G be a graded Lie group of homogeneous dimension Q and let R be a
positive Rockland operator of homogeneous degree v. Let | - | be an arbitrary homogeneous
quasi-normandletl < p <r <oocand p <q < (r —1)p’, where 1/p +1/p’ = 1. Then
there exists a positive constant C = C(p, q,r, Q) such that

f

1\)7
(log (e + |x|)) Il L1(G)
P
holds for all f € Loy (G).
The Hardy-Sobolev—Rellich inequality (5.1) implies the following Heisenberg—Pauli—
Weyl type uncertainty principle for general homogeneous invariant hypoelliptic differential
operators:

< 5.6
= C”fHLg/ﬁ(G) ( )

=

Corollary 5.6 Let G be a graded Lie group of homogeneous dimension Q and let R be a
positive Rockland operator of homogeneous degree v. Let | - | be an arbitrary homogeneous
quasi-norm. Let 1 < p <q <ooand0 <a < Q/p.Let0 <b < Qand% =1

: = »~atio
Then there exists a positive constant C such that

a b
IR flle@llx1e fll gy = C fG |f () Pdx 5.7)

holds for all f € LE(G), where /g +1/q =1
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Proof of Theorem 5.6 Using Holder’s inequality and (5.1), we have

a b f b
IRY flleey X194 fll o) = € Hmb/q 1219 fll o gy = C[glf(x)lzdx,

L1(G)
which is (5.7). O

As another consequence of Theorem 5.1, we also obtain a family of extended Caffarelli—
Kohn-Nirenberg inequalities on graded groups.

Theorem 5.7 Let G be a graded Lie group of homogeneous dimension Q and let R be a

positive Rockland operator of homogeneous degree v. Let | - | be an arbitrary homogeneous

quasi-norm. Let 1 < p,qg < 00,8 € (0,1]1and 0 < r < co withr < L for § # 1.
1-6

Let 0 < a < Q/pand B, y € R with §r(Q —ap — Bp) < p(Q +ry —rp) and

B(1—8)—8a <y < B(1—3). Assume that ’“Q*l’(ﬁ(;j)‘y‘“a” + “‘q‘”’ = 1. Then there

exists a positive constant C such that

el e < € [RE 7| (58)

S [T oy
holds for all f € LE(G).

Remark 5.8 We note that the conditions 8 = y = 0,a > 0,1 < p < Q/a,1 < g <
r < pQ/(Q—ap)and 8 = (1/q — 1/r)(a/Q + 1/q — 1/p)~" satisfy all the conditions
of Theorem 5.7. Indeed, 8 = (1/qg — 1/r)(a/Q + 1/q —1/p)~",r = gand Q —ap > 0
imply r < L5, while r < pQ/(Q — ap) gives 6r(Q —ap — Bp) < p(Q +ry — rﬁ)
since f =y = 0and 8 < 1. In this case, § = (1/qg — 1/r)(a/Q + 1/qg — 1/p)~" an

B(l —38) —8a <y < B(1 — &) are equivalent to r(BQ”(ﬁ(lQ‘S) y=ad) 4 (=9r _ 1 apq
aé > 0, respectively. Thus, (5.8) recovers also the Gagliardo-Nirenberg inequality previously

obtained in [41] and [42] on graded groups

IAl@ < |Ré s

1oy 1 Mkl (5.9)

forall f € LE(G) N LY(G).

We also note that when G = (R", +), Q = nand R = —A, inthe specialcase p = g = 2
and a = 1, the inequality (5.9) essentially gives the classical Gagliardo—Nirenberg inequality
[25] and [33].

Note that another type of Garliardo—Nirenberg inequality involving Besov norms on graded
groups was obtained in [4].

Proof of Theorem 5.7 Case § = 1. Notice thatin this case,

r6Q+pPU—D—y=ad) 4 (=br _
PO + =1

gives % > 6 which implies that the condition §r(Q —ap — Bp) < p(Q +ry —rp)
is equivalent to the trivial estimate pQ < p Q. The condition ﬂ(l —8)—da <y <pl-9)
gives —a < y < 0, which implies r > p with 6 =1l_1_x Taklng into account these
we see that (5.8) is equivalent to (5.1).

Case § € (0, 1). We write

1 1
r |f 1 HOERRY
4 r = 14 r = .
Hx1” fllr @) (/@ |71 f () dx) ( o xFB0=9=1) " [x|-Br(-9) x| -
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Notethat§ > 0,Q > apand B(1—8)—y > 0imply r(6 Q+ p(B(1—8)—y —ad)) > 0, while
8r(Q —ap — Bp) < p(Q +ry —rp), 8 < land r < L5 give rmahde o > 1

and ﬁ > 1, respectively. Then by using Holder’s inequality for réo+pp (;ES)*V*“‘”) +
(1—(]& = 1, we obtain
3Q+p(B(1=8)—y—ad)
| f ()| SRS re FoE T
el fllr) < T ( o dx)
|x | SO+ BU—3)—y—ad) c Ixl
1-8
7f i (5.10)
BADzy | sp0 |x|—A ) :
|x] L30FPBI-5)-7=) (G) L1(G)

.. 8 .
We also note that the conditions W—%)—y—aé) > 4§r > 0and f(1 —68) —y > 0imply

spQ BA=d -y 5.11)
8Q+ p(B(1 —8) —y —ad) $ - '
while Q > ap and § > 0 give
$pQ BA=8—y _ 0 (5.12)
80+ p(B(1 —8) —y —ad) ) ' :
Then, (5.11), (5.12) and
1 _ l_ l + /3(1756)77/
Q p w0 [9)

3Q+p(B(1-8)—y—ad)

with y > B(1 — §) — Sa imply m > p, so that we can use Theorem 5.1 in
(5.10) to obtain (5.8). ]

Now we show the weighted improved Hardy-Littlewood—Sobolev/Stein—Weiss inequality
on graded groups. Note that in this version we can put derivatives on the right-hand side.

Theorem 5.9 Let G be a graded Lie group of homogeneous dimension Q and let | - | be an
arbitrary homogeneous quasi-norm. Let 1 < p,q < 00,0 <a < Q/pand0 <b < Q/q.
Let0 <A< Q,0<a<a+ Q/p and0 < B < b be such that (Q —ap)/(pQ) + (Q —
qb—PB)/(q0) +(@+1)/0 =2anda+ A < Q, where 1/p + 1/p" = 1. Then there
exists a positive constant C = C(Q, A, p, a, B, a, b) such that

T
ey Ly

= C”f”L”(([;,)”g”L‘/(G) (5.13)

holds for all f € L2(©) and g € LZ (G).

Proof of Theorem 5.9 We first prove it for a # 0 and b # 0. We want to use Theorem 4.1 on
the left-hand side of (5.13) to get

f(0)gk)

dxdy
Lxlely=Tx[*[y|E

, (5.14)
L9 (G)

8
<Clfllr ) P
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where p; := and ¢q; = #%_ﬂ). For this, let us check conditions of Theorem 4.1.

1Y
Q—a
NotethatO < a <pQ/ptogetherwithl < p < ooimplies1 < p; < oo,while0 < b < Q/q
and0 < B <bgivel < g <oco. Wealsonotethat0 <o <a+ Q/p' =0=<a < Q/p]
with py = p1/(p1 =D and2 = (Q —ap)/(pQ) +(Q —q(b—$)/(qQ) + (@ +1)/Q =
1/p1+1/q1 + (¢ + 1)/ Q. Thus, since we alsohave 0 < A < Q and @ + 1 < Q, we obtain
(5.14).
Wehave |l < p < p;1 <00,0 <a < Q/pand%:%—%sinceplz —
applying the Sobolev inequality (5.2) on graded groups (or [20, Proposition 4.4.13, (5)]) we

get

1 fllr @) < ClLANlip - (5.15)

Since @ —g(b—pB) > 0and Q —gb > O we have 0 < % < Q, thatis,0 < Bgq; < Q

since g1 = #%_ﬂ). We also have b/Q = 1/q — 1/q1 + B/ Q since q1 = #%_ﬁ) and
1 < g <¢q1 < oo. Then we can use (5.1), i.e.

8
— = Cliglisg- (5.16)
H lylf L1 (G) L (®
Finally, putting (5.15) and (5.16) in (5.14), we obtain (5.13).
In the case a = 0, the inequalities (5.16) and (5.14) give (5.13).
When b = 0, we have 8 = 0 since 0 < B < b, then (5.14) with (5.15) implies (5.13). O

Let us now discuss the critical case « = a + Q/p’ of the Hardy-Littlewood-Sobolev
inequality (5.13) on graded Lie groups.

Theorem 5.10 Let G be a graded Lie group of homogeneous dimension Q and let | - | be an
arbitrary homogeneous quasi-norm. Let 1 < p, q < 00,0<a<Q/p,0<B<b<Q/gq.
0/p+1/g—1+p—a—b=0 max{y pqlath— ﬁHQ) Q(p“’)} <r < oo.

ﬁg pq(0+a)—0q
Then there exists a positive constant C = C( p q a,b, B,r, Q) such that

gy 4| = Ol i leliye 617
(10g (e + 14)) X7 1y18

holds for all f € LY(G) and g€ LZ (G), where Bg,p is the Bessel kernel from (2.7).

/ F)gMBog(y~x)
GJG

Proof of Theorem 5.10 As in the previous case, let us first show it fora # 0 and b # 0. If we
use Theorem 4.2 on the left-hand side of (5.17), then we obtain

F@)g(Bo/g(y~'x) g
/ / r([JQQ/Qq+up) dxdy| < CliflLn@) |75 (5.18)
0 atd 8 Y1 |l L1 (©)
+ 1 )) lx|™ 7yl
where py 1= and g := #&m. For this, we need to check conditions of Theorem

4.2.0bservethz&0 <a<@Q/pandl < p <oogivel < p; < oo,while0 < b < Q/q and
0<B<bimplyl < g1 < oo.Wealsonotethat Q(1/p+1/g—1)+B—a—b > 0,0 > bg,

: ’ : Qg pqla+b—B+20)—0(p+q)
p,q > 1,a > 0and B > Oyield gq; < p|, while max{Q_bq+ﬂq, »7(01a)—0q

r < oogives p| < (r—1)gjandq; < r < cosince Q—bg+pBq > Oand Qg(p—1)+apg >
0. Thus, we obtain (5.18).

} <
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Since wehave | < p < p; < 00,0 <a < Q/p and % = % - ﬁ,then we can use the
Sobolev inequality (5.2) on graded groups (or [20, Proposition 4.4.13, (5)]) to get

1 fllr @ < ClLA Nl iz g)- (5.19)

7Q_f]‘g§_ﬂ) < Qdueto Q —g(b—pB) > 0and Q —gb > 0, that is,
0 < Bq1 < Qsinceq) = #%_ﬂ).Moreover, wehaveb/Q = 1/q —1/q1+p/Q in virtue

Note that 0 <

of g1 = WQb_ﬂ) and 1 < g < g1 < oo. Then, the Hardy—Sobolev—Rellich inequality (5.1)
yields

8
— < Cligllis - (5.20)
” Iy Lo (©) Ly @
Finally, using (5.19) and (5.20) in (5.18) implies (5.17).
When a = 0 we obtain (5.17) from (5.20) and (5.18).
In the case b = 0, we have § = O since 0 < B8 < b, then (5.18) with (5.19) concludes
(5.17). o

6 Appendix: On best constants in HLS and Sobolev inequalities

In this section we discuss the relation between the best constants of Sobolev and Hardy—
Littlewood—Sobolev inequalities on graded groups for certain families of parameters.

Since the homogeneous order of g3 (y ~'x) (where 1, is the Riesz potential for a positive
Rockland operator R, see (2.6)) and |y~'x|™ is —A, then putting p = ¢, f = g and
A= Q0 —2afor0 <a < Q/2in (4.1) with « = 0 we obtain the following version of the
Hardy-Littlewood—Sobolev inequality on graded groups

‘ [G /@, by O F@ £ dxdy| < CIAP 20 6.1)

[ O+2a ©G)

forall f € L%(G).

Let Cyrs be the best constant in (6.1). We show the relation between this constant and
the best constant Cg in the Sobolev inequality (5.2) with p =20/(0Q +2a),0 <a < Q/2,
and ¢ = 2, that is, Cy is the best constant in the inequality

Iz =CIFI 20
L'aQ+2u ©)

(6.2)

forall f e L29/(CT2 ().

We note here that the Riesz potential 7, as well as homogeneous Sobolev spaces norm in
(6.2) above correspond to the particular fixed positive Rockland operator R of homogeneous
degree v, and is defined by ”f”L'{j(G) = ||R%f”Lp((G,). While it is known [20, 21] that these
Sobolev spaces are independent of the choice of a positive Rockland operator R, the best
constants clearly depend on the precise expressions of the norms.

Theorem 6.1 Let G be a graded Lie group of homogeneous dimension Q, and let 0 < a <
Q/2. Then the Hardy-Littlewood—Sobolev (6.1) and Sobolev (6.2) inequalities are dual.
Moreover, we have the equality between their best constants,

Cs = CHis. (6.3)
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Remark 6.2 In the Euclidean case, we refer to [5, 17, 29] for the best constant in Hardy—
Littlewood—Sobolev inequality, and refer to [2, 35, 50] and [29] for the best constant in
Sobolev inequality. We also note that according to our knowledge the best constant in the
Hardy-Littlewood—Sobolev inequality is not known yet on general stratified groups (beyond
the Heisenberg group). Indeed, in [18], Frank and Lieb found the value of the best constant in
the Hardy—Littlewood—Sobolev inequality on the Heisenberg group, however, using |y~ x|~
instead of the Riesz potential in (6.1). Although the homogeneous functions |-|~* and 1 0-1()
are equivalent, the best constant in the Hardy-Littlewood—Sobolev inequality does depend
on the choice of this weight. In our case, it is the use of the Riesz potential that implies the
validity of Theorem 6.1.

Remark 6.3 In [11, 51] and [42] the best constant in the Sobolev inequality with inhomo-
geneous norm for the parameters different than those in (6.2) is expressed in the variational
form as well as in terms of the ground state solutions of the nonlinear Schrédinger equation
when G is (R", +), the Heisenberg group, and a general graded Lie group, respectively.

Proof of Theorem 6.1 Taking into account that RV f = f %I, (see [20, Corollary 4.3.11]),
we rewrite the left-hand side of (6.1) as

= |(R™¥ 1. f)l

f / Iza(y_IX)mf(y)dxdy' = V FRY fdx
G JG G

=IRVLRINI =R flllag (64

Putting (6.4) in (6.1), we arrive at

1f 2@ < CrislfIl 2 6.5)
LgQ+2a (©)

Since Cy is best constant in (6.2), that is, C is the best constant in (6.5), we have Cg < Cyrs.
On the other hand, similarly, one can obtain (6.1) with the constant Cs from (6.2) using (6.4),
which means that also Cyrs < Cs.

Data availability No new data was generated during this research.
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