Mathematische Zeitschrift (2024) 307:8

https://doi.org/10.1007/500209-024-03473-0 Mathematische Zeitschrift
()

Check for
updates

Asymptotic strictly pseudoconvex CR structure for
asymptotically locally complex hyperbolic manifolds

Alan Pinoy’

Received: 13 January 2023 / Accepted: 28 February 2024
© The Author(s) 2024

Abstract

In this paper, we build a compactification by a strictly pseudoconvex CR structure for a
complete and non-compact Kihler manifold whose curvature tensor is asymptotic to that of
the complex hyperbolic space. To do so, we study in depth the evolution of various geometric
objects that are defined on the leaves of some foliation of the complement of a suitable convex
subset, called an essential subset, whose leaves are the equidistant hypersurfaces above this
latter subset. With a suitable renormalization which is closely related to the anisotropic nature
of the ambient geometry, the above mentioned geometric objects converge near infinity,
inducing the claimed structure on the boundary at infinity.
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1 Introduction

The study of the asymptotic geometry of complete non-compact Riemannian manifolds
have proven to be fruitful in the understanding of the geometry of complex domains, driven
by the following remark. By endowing the interior of a bounded domain with a complete
metric, which then sends its boundary to infinity, one can read much information on the
geometry of the boundary in the asymptotic development of the metric, see [14, 15, 21]. The
induced geometric structure on the boundary leads to geometric invariants of the domain.
The Bergman metric and the Kéhler-Einstein metric are examples of such metrics, and have
been at the centre of complex geometry for decades. On the unit ball of C", these two latter
metrics are equal up to a multiplicative constant. This example is particularly interesting,
and is called the complex hyperbolic space: it is the unique simply connected and complete
Kihler manifold with constant holomorphic sectional curvature equal to —1. In that sense, it
is the complex counterpart of the real hyperbolic space. In polar coordinates in an exponential
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chart, the complex hyperbolic metric is given by the following expression
2 P2 : r
dr® + 4sinh“(r)0 ® 6 + 4 sinh (5) v,

where 6 is the standard contact form of the unit sphere of C”, and y = df(.,i-) is the
Levi form induced on the contact distribution ker 6. This form of the metric reveals the
geometric structure of the odd dimensional sphere, which is a strictly pseudoconvex Cauchy—
Riemann (CR) manifold. We say that the CR sphere is the sphere at infinity of the complex
hyperbolic sphere. This example is a particular case of the more general non-compact rank
one symmetric spaces, namely the real hyperbolic spaces, the complex hyperbolic spaces,
the quaternionic hyperbolic spaces and the octonionic hyperbolic plane. They all admit a
sphere at infinity, which is endowed with a particular geometric structure closely related to
the Riemannian metric of these spaces; they are called conformal infinities. Asymptotically
hyperbolic Einstein metrics with prescribed conformal infinity have been built by Graham
and Lee [19, 23]. The general case of asymptotically symmetric metrics have been covered
by Biquard [6]. Similar results, yet unpublished, have been obtained simultaneously by Roth
in his Ph.D thesis for the complex hyperbolic case [25].

In a series of papers [2—4, 18], Bahuaud et al. have studied a converse problem in the real
hyperbolic setting. They give therein intrinsic geometric conditions under which a complete
non-compact Riemannian manifold whose sectional curvature decays sufficiently fast to —1
near infinity have a conformal boundary at infinity, modelled on that of the hyperbolic space.
This generalizes a work of Anderson and Schoen [1]. These geometric conditions are the
existence of a convex core, called essential subset, and the convergence near infinity of the
sectional curvature to — 1, and of some covariant derivatives of the curvature tensor to 0, with
exponential decays.

By trying to determine which complete Kédhler manifolds arise as bounded submanifolds
of some Hermitian space C", Bland has studied an analogous problem in the Kihler case,
and has built a compactification by a CR structure for some complete non-compact mani-
folds whose curvature tensor is asymptotic to that of the complex hyperbolic space in some
particular coordinates [9, 10]. Nonetheless, his assumptions appear to be rather restrictive,
and not completely geometric: roughly, it is asked that the curvature tensor, with a suitable
renormalization, extends up to the boundary in some already compactified coordinates, with
high regularity. They imply, in particular, the a posteriori estimates R = R® + O(e~>") and
VR = O(e™*"), where R is the constant — 1 holomorphic sectional curvature tensor, and r is
the distance function to some compact subset. However, Biquard and Herzlich have shown in
[7] that, in real dimension 4, the curvature tensor R of an asymptotically complex hyperbolic
Einstein metric has the following asymptotic development

R=RC+Ce™¥ +0(™?),

where C turns out to be a (non-zero) multiple of the Cartan tensor of the CR structure at
infinity. Since the Cartan tensor of a CR structure vanishes exactly when the CR structure is
spherical (that is, if it is locally CR diffeomorphic to the unit sphere), it seems that Bland’s
results only hold for a few examples of asymptotically complex hyperbolic metrics, at least
in real dimension 4 and in the Einstein setting.

More recently, it has been shown by Bracci et al. that a convex domain in C* with boundary
of class at least C>* (« > 0) is strictly pseudoconvex if and only if one can endow this
domain with a complete Kihler metric whose holomorphic sectional curvature has range
in [-1 — &, —1 + ¢] near the boundary [11, 28]. Here, the constant ¢ only depends on
the dimension and the regularity of the boundary. In this case, the holomorphic sectional
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curvature has the form —1 4+ O(e~%") for some a > 0, where r is the distance function from
a compact subset. Let us mention that this result has been proven to be false if the regularity
of the boundary is only C> [16].

Inspired by the work of Bahuaud et al., we give in this paper a geometric characterization
of complete non-compact Kéhler manifolds admitting a compactification by a strictly pseu-
doconvex CR structure. The study is more intricate in the complex hyperbolic setting than
in the real hyperbolic one, due to the anisotropic nature of complex hyperbolic geometry.
In contrast with Bland’s results, our study only relies on purely geometric assumptions, and
requires a control of the curvature and its first covariant derivative to an order strictly less
than O(e~2"). We consider a complete non-compact Kihler manifold (M, g, J) whose Rie-
mann curvature tensor R is asymptotic to R?, the curvature tensor of constant holomorphic
sectional curvature —1. We first prove that if R is exponentially close to R° near infinity,
then the metric tensor has an asymptotic development at infinity that is similar to that of the
complex hyperbolic space.

Theorem A Let (M, g, J) be a complete non-compact Kdhler manifold with an essential
subset K. Assume that the sectional curvature of M \ K is negative and that there exists
a > 1 such that |R — Rollg = O(e™"). Then 9K is endowed with a nowhere vanishing
continuous differential 1-form n and a continuous field of symmetric positive semi-definite
bilinear forms yy, positive definite on the distribution H = ker n, such that the metric reads
in an exponential chart

dr? 4+ ¥ n @ n + ¢ yu + lower order terms.

See Sect. 4.7 for a precise statement. In view of the computations, and due to the charac-
terization of strictly pseudoconvex domains by Bracci et al., the decay rate of the curvature
is a reasonable assumption. Such a Kihler manifold will be referred to as an asymptotically
locally complex hyperbolic manifold. The local condition on the curvature tensor is thus a
sufficient condition to recover a development of the metric similar to that of the model space.
The differential form 7 is called the canonical 1-form at infinity, and the field of symmet-
ric bilinear forms yg is called the Carnot—Carathéodory metric at infinity. Under the extra
condition that the metric is asymptotically locally symmetric, we can moreover prove the
following.

Theorem B Let (M, g, J) be a complete non-compact Kihler manifold satisfying the assump-
tions of Theorem A. Assume furthermore that there exists b > 1 suchthat ||[VR| g = O(ebr).
Then the canonical 1-form at infinity 1 is a contact form of class C'.

Under higher exponential decays, the Carnot—Carathéodory metric also gains one order
of regularity.

Theorem C Let (M, g, J) be a complete non-compact Kiihler manifold satisfying the assump-
tions of Theorem B. Assume furthermore that min{a, b} > % Then the Carnot—Carathéodory

metric at infinity yy is of class C'.

We then show that under the assumptions of Theorem C, the contact distribution H is
endowed with a canonical integrable almost complex structure Jg having the same properties
as that of the model space.

TheoremD Let (M, g, J) be a complete non-compact Kdihler manifold satisfying the
assumptions of Theorem C. Then the contact distribution at infinity H = Ker n is endowed
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with an integrable almost complex structure Jy at infinity of class C' such that the Carnot—
Carathéodory metric at infinity is given by yg = dn(-, Jg-). In particular, (0K, H, Jg) is a
strictly pseudoconvex CR manifold of class C'.

Structure of the paper

In Sect. 2, we detail the notations and the setting. In Sect. 3, we define the asymptotically
locally complex hyperbolic (ALCH) and asymptotically locally symmetric (ALS) conditions
and give a lower bound on the volume growth. In Sect. 4, we study the asymptotic behaviour
of normal Jacobi fields, and then prove Theorem A. Section5 is devoted to the proof of
Theorems B and C. Section6 is finally dedicated to the definition of the almost complex
structure at infinity and to the proof of Theorem D. Useful curvature computations can be
found in the Appendix A.

2 Preliminaries
2.1 Notations

Let (M n+2 g, J) be a complete, non-compact Kéhler manifold of real dimension 2n + 2,
n > 1. We denote by V its Levi-Civita connection. We recall that (M, g, J) is Kahler if the
almost complex structure J is parallel and satisfies g(J X, JY) = g(X,Y) for all tangent
vectors X and Y. The Riemann curvature tensor R is defined by

R(X.Y)Z =Vixy1Z — (Vx(VyZ) — Vy(Vx 2)). (2.1.1)

By abuse of notation, its four times covariant version is still denoted by R, that is
R(X,Y,Z,T)=g(R(X,Y)Z, T). Please note that our convention is that of [5, 17], which
is opposite to that of [13, 24]. In our case, the sectional curvature of a linear plane P with
orthonormal basis {X, Y} is sec(P) = sec(X,Y) = R(X, Y, X, Y) and the holomorphic
sectional curvature is given by R(X, J X, X, JX).

Let K C M be a compact codimension 0 submanifold with hypersurface boundary 0K
oriented by a unit normal v. The associated outward normal exponential map E: R} x 0K —
M is defined by E(r, p) = yp(r), where y), is the unit speed geodesic with initial data
yp(0) = 0 and y[; (0) = v(p). Following [4], the submanifold K is called an essential subset
if 0K is convex with respect to v, meaning that its shape operator is non-negative, and if
E: Ry x 0K — M\K is a diffeomorphism. If K is totally convex and if the sectional
curvature outside of K is negative, then K is an essential subset (see [4, Theorem 3.1]).
Moreover, the visual boundary of (M, g) is homeomorphic to the boundary of K.

Assume that K C M is an essential subset. The radial vector field 9, is the vector field
on M \ K defined by 0, (y,(r)) = E(r, p)*£ = y}’,(r). A tensor defined on M \ K is said
to be radially parallel if its covariant derivative in the 9, direction vanishes. Since (yp) peak
are geodesics, 0, is radially parallel. The shape operator S and the Jacobi operator Rj, are
the fields of symmetric endomorphisms defined by SX = Vxd, and Ry, X = R(9,, X)0,.
They are related by the Riccati equation

L5, 8 =V;8=—5 —R;. (2.1.2)
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They both vanish on d, and take values in {9,}+. From the Riccati equation we derive the
following: if dK is convex and the sectional curvature of M \ K is non-positive, then the
level hypersurfaces above 0K are convex.

If v € T,0K is a tangent vector, the associated normal Jacobi field along y), is defined
as Yy(r) = E(r, p)sv. If v is a (local) vector field on 0K, we write Yy (yp(r)) = Yy(p)(r),
which is still called a normal Jacobi field.

Lemma 2.1 Ifv is a (local) vector field on K, then:

1. The vector fields Y, and 9, commute.

2. V. Y, =8Y,.

3. Yy is everywhere orthogonal to 0.

4. The restriction of Y, along any radial geodesic y,, is a Jacobi field.

Proof 1. Since E is a diffeomorphism onto its image, the naturality of the Lie bracket yields
[0, Y] = El[ &, vl = E.0=0.

2. The Levi-Civita connection is torsion-free, hence SY, — V, Y, = [0,, Yy]. The result
follows by the first point.

3. The equation of geodesics V. 3, = 0 together with the second point give 9, (g(Yy, 9,)) =
g(SY,, d,). This last expression identically vanishes since S has range in {9, }. Hence,
the function g(Y,, d,) is constant along radial geodesics, and the result follows from the
initial condition g(v, v) = 0.

4. From the second point, it holds that V3 Y, = SY,. One thus obtains the equality
Vo, (V, Yy) = Vy, (SYy) = (Vy, S)Y, + SV, Yy, and the result follows from the Riccati
equation.

O

Recall that (M, g, J) is assumed to be Kéhler. We define the constant —1 holomorphic
sectional curvature tensor R° by

1
+e(X,JTg(Y,JZ)—g(X,JZ)g(Y,JT)
+28(X,JY)g(T, J2)).

It is a parallel tensor having the symmetries of a curvature tensor. In case (M, g, J) is
the complex hyperbolic space, then R = R°. Note that this definition differs from that
of [22, IX.7] by its sign: the reason is that we require for R” to have —1 holomorphic
sectional curvature. For any orthonormal pair of vectors fields {X, Y}, RO(X Y, X, Y) =
— % (1+3g(JX, Y)?), from which is deduced the fundamental pinching

1
-1 <R'X,Y,X,Y) < -7
If P = span{X, Y}, the lower bound is achieved exactly when P = J P (we say that P is a

complex line) while the upper bound is achieved exactly when P L J P (we say that P is a
totally real plane).

2.2 Contact and CR manifolds

A contact form on an (2n + 1)-dimensional manifold M is a differential form of degree one
« such that @ A da” # 0 everywhere. The associated contact structure is H = ker ov. We say
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that (M, H) is a contact manifold, and that « calibrates H. Note that for H fixed, « is not
unique. The Reeb vector field of « is the unique vector field X, such that «(X,) = 1 and
do(Xy, ) =0.

An almost complex structure J on (M, H) is a section of the bundle End(H) such that
J? = —1dy. The complexified bundle H ® C splitsas H ® C = H'? @ H%! into the
eigenspaces of the complex linear extension of J, where H''0 = {X —iJX | X € H} and
H%' = {X +iJX | X € H)}. The almost complex structure J is said to be integrable if
the sections of !0 form a linear subalgebra of the sections of TM ® C, thatisif [X, Y] €
I'(H'9) whenever X, Y € ['(H"9).

A CR manifold (M, H, J) is a contact manifold (M, H) endowed with an integrable
almost complex structure on H. When H = ker« and da(-, J-) is positive definite on
H, (M,a,J) is called a strictly pseudoconvex CR manifold. CR geometry is the natural
geometry of real hypersurfaces in complex manifolds. The toy model is S, the unit sphere of
C", with contact distribution H = T'S N (iTS) and with almost complex structure J given
by the multiplication by i in the fibres. Endowed with its natural contact form, it is a strictly
pseudoconvex CR manifold.

2.3 Some analysis results

Throughout the paper, we will use the following two theorems from real analysis several
times.

Theorem (Gronwall’s inequality) Let I = [ty, T) C R be an interval with T € (ty, +00]
and let ¢, o and B: I — R be respectively continuous, non-decreasing, and non-negative
continuous functions. Assume that

t
Viel, i) <a) +/ B()p(s)ds. 2.3.1)
0]
Then it holds that

t
Viel, @) <at)exp (/ B(s) ds) .
10

An inequality of the form (2.3.1) will be referred to as a “Gronwall-like inequality".

Theorem (Rademacher’s Theorem) Let ¢: I — R be a locally Lipschitz function defined
on an interval I, and let ty € I be fixed. Then ¢ is almost everywhere differentiable, and it
holds that

t

viel, w(t)zw(to)+f @' (s) ds,

fo

where the latter integral is the Lebesgue integral of the almost everywhere defined function
/

¢
Rademacher’s Theorem will be applied to the restriction of the norm of tensors restricted
along radial geodesics y).

The following Lemma will be useful in order to estimate the growth of normal Jacobi
fields.
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Lemma2.2 Let f: Ry — RbeaC? function. Assume that there exist three positive constants
o, B and y such that

V>0, |f'()+af 1) <ye P

Then f has a limit fx, € R when t — +o00 and it holds that

(17 O1+75) e ifp<a
Vz0 SOl (/O +yr) e ip=a
(17 O+ 55) e ifp>a

(15 O1+ 725) 5 ifp <a.

Vi>0, |f(t)— fool < We*al if B =«,
—at

(17O1+55) % ifp >

Proof Write e*’ (f (1) +a f'(t)) = (e‘”f/(t))/. Integrating on [0, ¢] and using the assump-
tion yields

t
Vi =0, |f' ()] <e f(0)] 4 ye ™ / P dx. (2.3.2)
0

There are three cases to consider dependingon 8 < «, B = o or 8 > «. In any case, equation
(2.3.2) shows that f’ is integrable and hence that f converges. The result follows from a
straightforward integration. O

We finally give a Lemma that will be applied to give a uniform bound on the norm of the
shape operator.

Lemma 23 Leto: Ry — Rbealocally Lipschitz function. Let C and a be positive constants
such that the following inequality holds almost everywhere

o' < —02+1+Ce ™,

Then there exists a constant C' > 0 depending only on C and a such that

e~ if0<a <2,
Vi >0, o) <14+ ©@0O0)+CH @+ De 2 ifa=2,
e ifa > 2.

Proof Let ¢ = o — 1. Then ¢ is locally Lipschitz and almost everywhere differentiable, and
it follows from the assumption on o and from the fact that §2 > (0, that

() < —2¢+Ce ™™ aq.e.
Thus, it holds that
(c()e?) < Ce®D" gee.

Integrating this last inequality yields

—at _e—2t

=2 if0<a <2,
V=0, ¢(t) <ge ¥ +C e  ifa=2,
e )
The result now follows from comparing the exponents. O
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3 Asymptotically locally complex hyperbolic manifolds
3.1 The ALCH and ALS conditions

We define the two following asymptotic conditions.

Definition 3.1 ((ALCH) and (ALS) manifolds) Let (M, g, J) be a complete non-compact
Kihler manifold, K C M be a compact subset and r = d, (-, K) be the distance function to
K.

1. (M, g, J) is said to be asymptotically locally complex hyperbolic, (ALCH) in short, of
order a > 0, if there exists a constant Cy > 0 such that

IR — Rl < Coe™™.

2. (M, g) is said to be asymptotically locally symmetric, (ALS) in short, of order b > 0, if
there exists a constant C; > 0 such that

IVRIg < Cre™™".
Remark 3.2 These two definitions do not depend on the choice of the compact subset K C M.

In practice, K will refer to an essential subset. The complex hyperbolic space is of course
(ALCH) and (ALS) of any order since in that case, R = R%and VR = 0.

3.2 First consequences

We fix (M, g, J) an (ALCH) manifold of order a > 0. The following Lemmas are direct
consequences of the definition of RY.

Lemma 3.3 The norm of the Riemann curvature tensor of an (ALCH) manifold of order a > 0
is uniformly bounded.

Lemma3.4 Let p € M and P C T, M be a tangent plane. Then
—ar(p) 1 ~ar(p)
—1—Cpe <sec(P) < 1 + Coe .
We now assume that K C M is an essential subset and that the sectional curvature of

M \ K is non-positive. In that case, the shape operator S is positive semi-definite on M \ K,
and its operator norm at a point y,(r) € M \ K is given by its largest eigenvalue.

Proposition 3.5 There exists a constant C > 0 independent of (r, p) such that

e if0<a<?2,
”Sy,,(r)”g <14+C{@r+ l)e_zr ifa=2,
e ifa > 2.

In particular, ||S||¢ is uniformly bounded on M\K, and ||S|¢ — 1 is bounded above by an
integrable function on M \ K.

Proof Let p € 0K and 0: R — R be defined by o(r) = 1Sy, llg. Since S is pos-
itive semi-definite, o (r) is the largest eigenvalue of Sy (). Identify all tangent spaces
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along y, using parallel transport, and let (S,),>0 and (R;),>o be the associated endo-
morphisms of 7,0K obtained from S and Rj,. Therefore, o is given by the expression
o(r) = supxer,ak.|x|,=1 &(S-X, X). In this identification, the Riccati equation reads

NS —Sr2 — R,.Let X € T,0K be a unit vector, r > 0 and & > 0. Then
8841 X. X) = g((S; + hS. + o(h) X, X)
= g((Sr = hSHX, X) + h(=g(R, X, X) + o(1)).
For small enough 2 > 0, S, — hS,2 is positive semi-definite and its largest eigenvalue is given
by o(r) — ho (r)2. In addition, g(R, X, X) is the sectional curvature of the tangent plane

spanned by 0, and the parallel transport of X along y,, evaluated at y,,(r), which is bounded
below by —1 — Cpe™%" (Lemma 3.4). It then follows that

g(Sr4n X, X) <0 (r) —ho(r)* +h (14 Coe™ +o(1)).
Taking the supremum over all unit vectors X of this last inequality yields
o(r+h) <o(r)—ho(r)* +h(1+ Coe ™™ +o()),
from which is deduced the inequality

h _
lim sup w < o241+ Coe . (3.2.1)
h—0

Since S is smooth and || - || is Lipschitz, o is locally Lipschitz, and by Rademacher’s Theorem,
o is almost everywhere differentiable. It then follows from Eq. (3.2.1) that

o' <=2+ 14 Coe™™ ae.

According to Lemma 2.3, there exists C’ > 0 depending only on Cy and a such that

e if0<a <2,
I1Sy,mllg <1+ ISpllg +C) { (r + De™ ifa =2,
e ifa > 2.

The result now follows by defining C = C’ + sup peak [1Spllg which is finite by compactness
of oK. O

3.3 A volume growth lower bound

The (ALCH) assumption implies two bounds on the sectional curvature. The lower bound
sec > —1+O(e™%") forces the largest eigenvalue of the shape operator, and thus its operator
norm, to be uniformly bounded. We shall now show that the upper bound sec < — % +0(e™%)
forces the trace of the shape operator to be bounded from below. We then derive a lower bound
on the volume density function using Eq. (3.3.5). Our study is inspired by [12, 20].

We first show the following general Lemma from geometric comparison analysis. It is
very similar to different results stated in [20]. The author could not find a precise proof of the
exact formulation given below and therefore decided to give one, relying on classical Jacobi
field techniques.

Lemma3.6 Let (M1, g) be a complete Riemannian manifold, N C M be a hypersurface
co-oriented by a unit normal v, p € 0K, and k > 0 such that
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1. N is convex with respect to v,

2. there exists R > 0 such that the normal exponential map E is a diffeomorphism from
[0, R) x N onto its image,

. the sectional curvature on this image is non-positive,

4. there exists ro € [0, R) such for all r € [ro, R), the sectional curvature of any linear

plane tangent at y,(r) is bounded above by —K2.

Then it holds that

W

Vr € [ro. R), trace(Sy, () = m tanh (i (r — ro)).

Proof The proof is quite long and goes in two steps. We first bound from below the trace of
S by an integral related to the norm of some Jacobi fields. Then, we compare the situation
with its counterpart in the hyperbolic space of dimension 7 + 1 and sectional curvature —«2,
where N is replaced by an isometrically embedded m dimensional hyperbolic space of the
same sectional curvature.

Let {0, E1, ..., E;y} be an orthonormal frame along y, obtained using the parallel
transport of an orthonormal basis {v, ey, ..., ey} of T,M. Let r € [ro, R) be fixed. For
Jj € {L,...,m}, let Y; be the unique Jacobi field along y, such that Y;(r) = E;(r) and
Va, Yi(r) = Syp(,)E j(r). It is shown similarly to the proof of Lemma 2.1 that the equality
Vi, Y; = SY; holds all along y,,. By assumptions 2. and 3. and by the convexity of N, S is a
positive definite operator and it follows that, for j € {1, ..., m}

"d
—g(8Y;,Y)).

g(8Y;j(r), Y;j(r)) = g(SY;(r), Y;(r)) — g(SY;(ro), Y;(r0)) :/ @

o

The Jacobi field equation yields the equality
o (s¥5, %)) = 19, Y51 — sec@r, Y51
dtg s Xj) = 1Va Ljllg rs i) jllg-

Since trace (Syp(r)) = 27':1 g(SE;(r), E;j(r)), the initial conditions for the Jacobi fields
Y; and the assumption 4. now gives

m r
trace (Sy,n) = Y [ IV, Y;ll3 + €1Y; 3. (3.3.1)
j=177

We now compare the right-hand side of (3.3.1) with a similar situation in the space form of
curvature —«2. Let (M, g) = RH™! (—k?2) be that space form, V its Levi-Civita connection,
N = RH"(—«?%) < M beisometrically embedded, for instance as the equatorial hyperplane
in the ball model, with a unit normal ¥, and shape operator S. Let {9,, E1, ..., E,} be an
orthonormal frame along a radial geodesic Y obtained using the parallel transport of an
orthonormal basis {V, €1, ..., ey} of TsM. For j € {1, ..., m}, let Y; be the unique Jacobi
field along 7 such that V3-Y; = SY; and Y;(r — rg) = E;(r — ro). Finally, let X; be
defined by

Vi e[0,r —rol, X;(0) =g (¥;(ro+1), Ex(ro + 1)) Ex(t),
k=1

so that the following equalities hold
Vi e[0,r —rol, IX;0lg=1Y;(ro+Dllg,

B (332)
IV3X il = IVa, Y (ro + Dllg.

@ Springer



Asymptotic strictly pseudoconvex CR structure... Page 11 of 44 8

Expanding the inequality ||V3-(Y; — X‘,-)||§ + &%|Y; — X;jllg > 0, and integrating the
developed expression on [0, r — ro] yields

r—=ro r—ro . _
/ ||Vng||§+x2||xj||%zzf (V5 Y, Vi X)) + 8V}, X))
0 0 (33.3)

r=ro
- fo V57512 + €217 2.
Since Yj is a Jacobi field, the integrands of the right-hand side satisfy
s(Vg Y, VX)) +k7g(Y). X)) = %gﬁ;?j, X;), and
IVEYj 1% + 6217113 =

Recall that Vg?j = SY;. Since N is isometrically embedded, it holds that S5 = 0. Also,
recall that at r — ro, ?j(r —ro) = X;(r —ro). Hence, (3.3.3) yields

r—ro o - .
/0 V5 X3+ <> 1X,lz = 8SE;(r —ro), Ej(r —ro)). (3.34)

It now follows from equations (3.3.1), (3.3.2) and (3.3.4) that we have the inequality
trace (Sy, () > trace 6717(,_,0)). Note that 5 ) = « tanh(k?) IdWW)}i satisfies the
Riccati equation

— > —
Vo ¥ =-%"— Ry,

with initial data ¥ = 0, so that S = X. This concludes the proof. O

We now return to the setting of this paper and consider a Kéhler manifold (M, g, J) with
an essential subset K. It is canonically oriented, and so is the co-oriented hypersurface 0K .
Let vg and vy, be the Riemannian volume forms induced by the metrics g and g|ak . Since
E is a diffeomorphism, E*v, and dr A vg|,, are two volume forms on R x 9K, and they are
proportional. The volume density function X is the unique positive function A: Ry x 0K — R
such that E*v, = Adr A vy, . Itis clear that A|(0)xsx = 1. The volume density function
and the shape operator are related by the following differential equation

dA(r, p)
ar
We shall now derive from Lemma 3.6 a lower bound on the volume density function.

= A(r, p) trace(Sy,(r))- (3.3.5)

Proposition 3.7 Let (M?"%2, g, J) be an (ALCH) manifold of order a > 0 with an essential
subset K, such that the sectional curvature of M \ K is negative. Let ¢ € (0, n+ %) be fixed.
Then there existro = ro(¢) > 0and A_ = A_(e) > 0 such that the volume density function
A satisfies

Y(r, p) € [ro, +00) x K, A(r, p) > A_eti—er

1.2
1 1K

Proof Letk = 5 — 554 > 0 and ro = max {5111( ) 1} > 0. By definition of ro,

1
Vr > ro, ~1 + Coe™ < —k? < 0.
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According to Lemma 3.4, the sectional curvature of linear planes based at points y,(r),
with r > rg, have sectional curvature bounded above by —k2. Hence, Lemma 3.6 yields the
inequality

V(r, p) € [ro, +00) x 9K, trace (Sy, () = (2n + D« tanh(k (r — ro)).
The differential equation (3.3.5) satisfied by A and S now yields

oA(r, p)
Y(r, p) € [rg, +00) x 0K, — = > (2n + 1)k tanh(x (r — rp)).
A(r, p)

Integrating this last inequality yields

Y(r, p) € [ro, +00) x 3K, A(r, p) = A(ro, p) cosh® ™ (k (r — r0)).

e—(ZrH»l)KrO

The result now follows by setting A_ = “—yzr— minpeok A(ro, p), which exists and is
positive since dK is compact and X positive and continuous, and by noticing that 2n + 1)k =
n+ % —&. ]

4 Normal Jacobi fields estimates

In this section, we consider (M 212, g, J) afixed (ALCH) manifold of order @ > 0 with an
essential subset K, and we study the asymptotic behaviour of its normal Jacobi fields. The
geometric structure we wish to highlight being of contact nature, we choose not to work in
coordinates. Instead, we define some natural moving frames, which we call radially parallel
orthonormal frames, in which the computations are convenient.

4.1 Radially parallel orthonormal frame

To the radial vector field 9, is naturally associated the vector field Jo,. Since the metric is
Kihler, Jo, is radially parallel. It can be obtained using the parallel transport of Jv along the
radial geodesics (yp) peok -

Definition 4.1 (Radially parallel orthonormal frame) Let {Jv, e1, ..., €2,} be an orthonor-
mal frame defined on an open subset U C oK. For j € {1,...,2n}, let E; be vector
fields obtained by the parallel transport of e; along radial geodesics. The orthonormal frame
{0, JO,, E1, ..., E2,}onthecylinder E (R4 x U) is called the radially parallel orthonormal
frame associated to {Jv, ey, ..., exn}.

A radially parallel orthonormal frame is composed of radially parallel vector fields. It is
worth noting that {9,, J9,} spans a complex line while {d,, E;} spans a totally real plane
if j € {1,...,2n}. Moreover, {E1, ..., E2,} is an orthonormal frame of the J-invariant
subbundle {3, J3,}*+ of TM.

Lemma4.2 Let {0, JO,, E1, ..., E2n} be a radially parallel orthonormal frame. Then the
Sollowing holds

| sec(dy, JOy) + 1| < Coe™ ",
Ry, JOr, 0r, Ej)| < Coe™ ", Vje{l,...,2n},
|sec(dr, Ej) + 5| < Coe™, ¥je{l,...,2n},
|R(,, E;, 0,, Ej)| < Coe™%", Vi, je{l,...,2n},i # j.
J
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Proof Let X and Y be unit vector fields. The (ALCH) condition gives
|[R(0y, X, 0,,Y) — RO(B,, X,0,,Y)| < Cpe ™.

The result follows from a direct computation of RY,, X, 8,, Y) for the different values of
X and Y in {J0,, E} and their orthogonal properties. O

4.2 The Jacobi system

Since K is an essential subset, for r > 0, E(r, -) is a diffeomorphism between dK and the
level hypersurface at distance r above 0K .

Definition 4.3 (Local 1-forms) Let {d,, Jo,, E|, ..., Ea,} be aradially parallel orthonormal
frame on the cylinder E(Ry x U). We define on U the family of 1-forms {7, n} e n%”}
by

V=0, n =B (80,0010 ),

Vie(l,....,2n},Vr >0, 5l =e 2EQF,)* (g(~, Ej)w).

In other words, 1, (v) = e~ " g(Yy, Jo,) and nf v) = e_%g(Yv, E ). Note that 7, is defined
on all of 9K and does not depend on the choice of a radially parallel orthonormal frame. With
these notations, a normal Jacobi field ¥, = E,v along a radial geodesic y,, reads

2n
Yy =n,(0)e" Jor + Y nl (v)e2E;. 4.2.1)
j=1

yaees

by

sec(9,, Jo,) + 1 ifi=k=0,
e IRy, J3,, 3y, Ex) ifi=0,kel{l,..., 2n}
uh = —1e1R(®,,E;. 9, J0,) ifie{l,....2n} k=0, (4.2.2)
R(9,, E;, 8y, Ex) ifi,ke{l,...,2n},i #k,
sec(d, Ei) + 1 ifi =kef{l,...,2n).

For the rest of this subsection, we shall fix the vector v and henceforth drop out the variable

v: we will write 7, and n; instead of 5, (v) and 5 (v). In addition, when a summation is
involved, we set n? = n, for the sake of compactness.

Lemma 4.4 The functions {nﬁ ()}ieto
tial system

2n) are solutions of the linear second order differen-

.....

2n

8r277r + 20, = Zugﬂf,
k=0
2n

Pnl 4 0l =) uinf. Vjefl,... 2n).
k=0

(4.2.3)
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Proof Since the vectors of the radially parallel orthonormal frame are radially parallel, it
follows that

2n 1 .
Va, (Va, Yy) = (970, + 20,1, + n,)e" Jo, +Z(a2 +8,n) + — m) 2E;.

4
j=l1
Since Y, is a Jacobi field along y,, it holds that
2n )
Y, (Va, Yo) = —nr€" R(3y, J8,)d: — ) ni/e> R(@r. E)o.
j=1

The result then follows from an identification of the coefficients in the orthonormal frame
{8r,]8r,El»--~»E2n}- ]

We now give a reformulation of the Jacobi system (4.2.3) with integrals.

Lemma 4.5 The functions {ﬂi}ie{o 2n) are solutions of the integral system

.....

—2(r s)

Mo + f Zuk(yp(S))m — s,

Nr

(4.2.4)

nl o= nl+ami—e)+ f Zui(yp(s»né(l—e—“—”)ds,
0 =

Vje(l, ..., 2n).

Proof We give details for the first equation, the other ones being proven similarly. The
differential equation satisfied by 7, (v) (see equation (4.2.3)) reads

2n
2
e ar77r Ze ruknrv

which integrates as
r 2n
e = dmoe” > + / Y v )nke 207 ds.
0
k=0

A second integration now gives

2n

r =770+3r770 —I—Z/ / ud (yp()nke 09 ds dr.

The function (s, 1) € [0, r]* — ug(y,, (s))nfe’z(”‘y)l{sg} is measurable and bounded on
a compact domain, and hence integrable. It now follows from Fubini’s Theorem that for
k € {0, ..., 2n}, it holds that
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r t
/ / ud (yp()nke 1= ds dr = / ud (yp (ke 1"y ds dr
o Jo [0,r]?

:/0 2ug(yp(s))n/;e_z(t_s)l{sst}dtds
[0,r]

= /r ud (v ())mke </r e dt) ds
0 s

r 0 kl _ e—2(r—s)
= u (vp(s))nyg — ds.
0

The proof is now complete. O

.....

Lemma 4.6 The following upper bound holds
2n

Vr >0, Zlnil < ((2n + DIISpll +n + l)||v|| exp ((211 + 1)/ u(s)ds).
0

i=0
<t

Proof First, note that for 0 < r < s, it holds that
1 — e 2r —2(r—s)
max ‘7

2

l1—e

A=, r=et

2

The triangle inequality applied to the integral system (4.2.4) thus yields

r 2n
il = ol 100l + [ ) 3 nk s
0 5
i=0

. . . r 2n .
Ind| fln{)|+|3rnél+/0 u) Y Iilds, Vjiell,....2n)
(=0

Summing all these inequalities now yields the Gronwall-like inequality

2n ) 2n ) ) r 2n )
> il < (Zlnf)l + |arn6|> +/ Q@n+ Du(s) Y il ds.
i=0 i=0 0 i=0

Applying Gronwall’s inequality to Zizio [n%| thus shows that

2n 2n r
Dokl < (Z|n6|+|arn6|>exp ((2n+1)/0 u(s)ds>.
i=0

i=0
Recall that Jo,|sx = Jv, and that Ex(0) = e for k € {1, ..., 2n}. Hence, no = g(v, Jv),
30 = g(Spv—v, Jv), nf = g(v. ex), and 3,1k = g(Sv — Jv, e) fork € {1, ..., 2n}, and
the result directly follows from Cauchy-Schwarz inequality. O
We shall now show that if M is (ALCH) of order a > %, then the components
{0/ (v)}jeo,....2n) converge as r — +oo with a well understood decay.
Proposition 4.7 Ler (M?"12, g, J) be an (ALCH) manifold of order a > % with an essential

subset K. Let {0y, JO,, E1, ..., Ex,} be a radially parallel orthonormal frame on a cylinder
ERy xU), pe Uandv € TyoK. Let Y, = E,v be the normal Jacobi field along y,
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.....

(4.2.1), then there exists a constant C > 0 depending only on Co and a, and constants 1oo
and {nlo}jer....2n) such that

—ar o1 3
e if; <a<s,
_3, .
max{[0, 1|, [ — Nool} < Cllvllg § (r + De 2" ifa =3,
3
e 2" ifa > %,

e—(a—%)r lf% <a< %7 4.2.5)

max{[8, 17|, |n} = ndl} < Clvllg { r + De™ ifa = 3,

3
2

Vje(l,..., 2n).

—r

e ifa >

.....

Eq. (4.2.2)) yields 0 < u(r) < Coe’(“’%)’ for all » > 0. Therefore, u is integrable on
R4 and one has f]R€+ u < L‘)l Since 0K is compact, suppear ISpllg < +oo. It follows

2 —
from Lemma 4.6 that ‘

2n

Vr= 0. Y Il < clull, (4.2.6)
i=0

with ¢ = ((Zn + 1) SUpP peak ISpllg +n+ 1) exp (%), which only depends on a and
Cy. Putting this upper bound in the Jacobi system (4.2.3) yields

2n

1020, + 20,1, < cllvllg Y lufl,

k=0
2n

1020 + oDl < cllvllg Y luyl, Vjef{l,....2n).
k=0

gives T
1020, + 20, < [vllge™, 427
) : ] 2.
1020] + 9| < llvllge™ 727, Vje(l,....2n),

with ¢/ = (2n 4 1)Cyc, which only depends on Cy and a. The result now follows from
applying Lemma 2.2 to each inequality of the decoupled system (4.2.7), and recalling that
we have upper bounds on the initial data |n6| and |9, nf)l that are linear in ||v||. Notice that a
uniform constant C > 0 in (4.2.5) can be obtained by taking the maximum of the (2n + 1)
constants given by Lemma 2.2, which depends only on a and Cy. O

Proposition 4.7 yields a pointwise convergence of the coefficients of normal Jacobi fields

with a sharp estimate on their asymptotic behaviour. The following subsection focuses on
their dependence with respect to the vector v.
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4.3 The local 1-forms

.....

The limits given by Proposition 4.7 are simply denoted by 5(v) and 5/ (v). In these terms,
Proposition 4.7 becomes the following.

Proposition 4.8 Let (M>"+2 g, J) be an (ALCH) manifold of order a > %, with an essential
subset K. Then there exists a continuous 1-form n on 0K and a constant C > 0 depending
only on Co and a such that Vr € Ry, VY(p,v) € ToK

e lf% <a< %,
3
max {9, 7, ()] . [, () = NI} < Cllvllg § (r + De™ 2" ifa = 3, (4.3.1)
e ifa > %
Moreover, if {0y, JOr, E1, ..., E2,} is a radially parallel orthonormalframg on the cylinder
ERy x U), forall j € {1,...,2n}, there exists a continuous 1-form n/ on U such that

Vr e Ry, Y(p,v) e TU

~a=3r gl 3
e 2 if; <a<s,

max {[a,0 @[, 1l @ = I} < ol { e+ e iFa=3. T @32
e’ ifa > %

Proof Let 1(v) = 1o and 1/ (v) = n, for j € {1, ..., 2n} be defined pointwise, where 700
and {néo}je{l ,,,,, 2n) are given by Proposition 4.7. The claimed estimates (4.3.1) and (4.3.2)
are obtained as a straightforward translation of Proposition 4.7.

In addition, (4.3.1) shows that (1,),>0 uniformly converges to 7 on any compact subset
of ToK as r — 4-o00. Therefore, 1 is continuous. It is furthermore linear in the fibres as
a pointwise limit of 1-forms. It follows that n is a continuous 1-form on dK. The exact

same proof shows thatif j € {1, ..., 2n}, then (nf)rzo uniformly converges to nj on every
compact subset of TU as r — +o00. Therefore, 1/ is a continuous 1-form on U. The proof
is now complete. O

Corollary 4.9 Under the assumptions of Proposition 4.8, there exists ¢ > 0 depending only
on a and Cq such that

V(p,v) €e TK, [n)| =<clvlg,
and

Vjiell,....,2a},V(p,v) € TU, |0’ ()| < cllvl.

Proof Equation (4.2.6) gives the existence of ¢ depending only on a and Cy such that

2n

Vr=0,¥(p,v) € TU, [n,)+ Y Inl ()] < cllvll,.
j=1

The result follows by taking the limit as » — +o00. Note that ¢ does not depend on p or U,
so that the upper bound is true on all of K for 7. O
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4.4 Normal Jacobi estimates

Regarding Proposition 4.8, we henceforth assume a > % Consider a radially parallel
orthonormal frame {9,, Jo,, E1, ..., E2,} onacylinder E(R4+ x U), and let n, nl, R 1;2”
be the continuous 1-forms given by Proposition 4.8.

Definition 4.10 (Asymptotic vector fields) For (r, p) € Ry x U, v € T,0K, define the
vectors Z,(yp(r), Z,(yp(r)) € Ty, M by

2n
Zy(yp(r) = n()e" Jo, + Y 1l (v)e? E},
=1
2n .
Z;(Vp(r)) = n(v)e" Jo, + 5 Z n’ (v)e? E;.
=1

If v is a vector field on U, we refer to Z,, and Z, as the asymptotic vector fields related to the
vector fields Y, and SY,,.

Proposition 4.11 Assume that a > % Let {0,, JOr, E1, ..., E2,} be a radially parallel
orthonormal frame on a cylinder E(Ry x U). Then there exists C > 0 depending only
on a and Cy such that for any vector field v on U,

—(a—Dr

1 3
e zf§<a<§,

max{[|Yy = Zyllg, 1Yy — Zyllg} < Cllvllg §  + De™? ifa =3,
e 2 ifa > %
Proof By their very definition, it holds that
2n ) )
Yy = Zy = (1 () = n()e" o, + Y _(nf (v) — 0/ (v))e? E;.
j=1

Since SY, =V, Y,, it also holds that

2n
. 1 . v
SYy = Zy = @0, () + 0,(0) = n()e" S, + > (3rn! ) + E(nl () =’ (v))e? E;.
j=1

The result follows from the triangle inequality and from Proposition 4.8. O

We conclude this section by stating an important upper bound on the growth of normal
Jacobi fields.

Lemma 4.12 There exists a constant ¢ > 0 depending only on a and Cy such that for any
local vector fields v on 0K, it holds that

Vr=0,¥p, max {[|Yo(yp(r)lg. 1SYu(yp(r)llg} < clvllge”.
If moreover, n|,(v) = 0, then
Vr >0, max{||Yy(yp () lg, ISYs(rp(r)lle} < cllvllge?.
Proof By the triangle inequality, || Yy ||, < [IZyllg + Yy — Zy ||, and the result follows from

Corollary 4.9 and Proposition 4.11. The same proof applies for SY,. O
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4.5 A volume growth upper bound

In this section, we compute a pointwise upper bound on the volume density function A
defined in Sect. 3.3 using the normal Jacobi fields estimates derived earlier. The proof relies
on an adapted choice for a basis of the tangent space 7,0K and on Hadamard’s inequality
on determinants.

Proposition 4.13 Let (M, g, J) be an (ALCH) manifold of order a > % with an essential
subset K. Let {n,n', ..., n*"} be the local continuous I-forms associated to a radially
parallel orthonormal frame {0,, Jo,, E1, ..., E2,} on a cylinder EQRy x U). Let p € U
and k), be the rank of the family {n|, n! lp---s n2”|p} as linear forms on T, 0K .

o Ifnlp =0, then there exists a constant Ay = A (p) > 0 independent of r such that

lf% <a< %
Vr >0, A(r,p) <AL @+ 1)2"+1—kpe(kp—”—%)’ ifa =3,

2
(kp=n—3)r ; 3
e'r 2 ifa > 3.

e F—@=DCnt1—kp))r

(4.5.1)

o Ifnlp # 0, then there exists a constant A = A (p) > O independent of r such that

if% <a< %
Vr =0, Alr,p) < Ay + D2 ke ekommr g = 3,

(kp—n)r . 3
e'r ifa > 3.

(B —(@a—D@nt1-kp)r

Proof We first show the case where 1|, = 0. Without loss of generality, one can assume
that {771|1,, e, nkl’ [p) generates the family {nlp, n1|p, e nz"lp}. Let {v, ..., v2y41} bea
basis of T,,0K such that n'|,(v;) = 8;. for (i, j) € {1, ..., kp}z, and Vg, 41, - . V2ntl €

ﬂfi | ker ntl p- The volume density function is given by the relation
V(r,p) € Ry x 0K, A(r, p) = |detdE(r, p)|,
where the determinant is taken in any orthonormal bases. It follows that

| det(@y, Yy, ..., Yony1)|

Vr >0, X(r, = R
- ( p) |det(l), Ulyevns U2n+1)|

where Y; = Y, (y,(r)), and all determinants are taken in orthonormal bases. Hadamard’s
inequality on determinants now yields

2n+1

Vrz0. A p) < 1 [T
r =0, r,p)= i .
[det(v, vr, . vgD)] 1S

According to Proposition 4.11, there exists C > 0 such that
e~(a=br if% <a< %,
Vielky +1.... 2041} [Yillg < Clluillgy -+ De % ifa = 3,
e 2 ifa > %,
while Lemma 4.12 provides the existence of ¢ > 0 such that

. r
Viefl,....kp}, |Yillg = cllvillge?.
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The claimed upper bound (4.5.1) now holds with A, = C2"*+1=%»ckp %

In case 5|, # 0, the proof is similar. Without loss of generality, one can assume that
{nlp, nt Prees nfr=1| p) generates the whole family. In that case, the first vector of the
considered basis will have growth of order at most ", hence the extra 7 term in the exponent

of the upper bound. O

4.6 The local coframe

We shall now compare the two bounds on the volume growth given by Propositions 3.7 and
4.13. Note that these two bounds have been derived from considerations on the curvature of
different nature.

Proposition 4.14 Let (M>"+2, g, J) be an (ALCH) manifold of order a > 1, with an essen-
tial subset K C M, such that the sectional curvature of M \ K is non-positive. Then the
continuous 1-form n is non-vanishing. Furthermore, if {9,, Jo,, E1, ..., E2,} is a radially
parallel orthonormal frame on a cylinder E(Ry. x U), then {n, n', ..., n*"} is a continuous
coframe on U.

Proof Let p € 9K and let {0,, Jo,, E1, ..., Ez,} be a radially parallel orthonormal frame
on a cylinder E(Ry x U), with p € U C 9dK. Let {n, nl, R nz"} be the continuous
local 1-forms on U given by Proposition 4.8, and k, be the rank of this family as linear
forms on 7),0K . Let ¢ € (0, min{a — 1, %}). Propositions 3.7 and 4.13 yield the existence of
ro =ro(e,a,Co) >0, A_ =A_(¢g,a,Cp) >0and A; = A4 (a, Cop, p) > 0 such that

e If n|, =0, then for r > ro, we get

B —@=D@n+1-ky)r itfl<a<3,

A_pti—or <A, p) <A+ 1)2n+1—k,,e(k,,—n—%)r ifa= %’ (4.6.1)
ekp=n—1)r ifa > %
e If n|, # 0, then for r > ry, we get
B @@tk i < g < 3,
AT <M, p) < A Y (DM kel g =3, (462)
etkp—n)r ifa > %

By contradiction, assume that k, < 2n + 1. Then if n|, = 0, a straightforward asymptotic
comparison of the lower and upper bounds of (4.6.1) yields

1

ppl_ o fn-@=1 ?f1<c§<g,
n—y ifa> 3,

whereas if 1|, # 0, the same study in (4.6.2) yields

1 : 3
n—}—l—ef n+5—(@—1) Tf1<c;<§,
2 n ifa > 5.

Since ¢ € (0, min{a — 1, %}), all cases lead to a contradiction. It follows that k;, = 2n + 1.

Thus, {n],, n' [pse-es n2”|,,} is a linearly independent family. This being true for all p € U,
{n,n', ..., n*} is a coframe, and in particular, n does not vanish on U. The result follows.
O
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Remark 4.15 Notice that our technique would not have allowed us to draw a conclusion in
the limit case a = 1 when n|, # 0.

Corollary 4.16 Under the assumptions of Proposition 4.14, there exists a constant ¢ > 0 such
that

V(p.v) € TOK.Vr =0, [Yullg = cllv]ge?.
Proof For r > 0, we define a field of quadratic forms Q, on dK by the relation
0, () = e ¥ g(Yy, J0,)* + eIV,

where Y1 denotes the orthogonal projection of ¥, onto {9, J3,}*. In a radially parallel
v g proj yp

n

orthonormal frame, Q, reads Q, = 1),2 + Z?:] (n )2. It follows from Proposition 4.8 that
0, locally uniformly converges on 0K , to a field of quadratic forms Q . Since dK is compact,
the convergence is uniform. The limit locally reads O = n ® n + Zf"zl nd ® n/, which is
then positive definite by Proposition 4.14. Let UK C T 0K be the unit sphere bundle. Then
(r,u) € [0, +00] x UK +— Q,(u) is continuous on the compact set [0, +-00] x UdK and
achieves its minimum at a point (Fmin, %min). Since Q. is positive definite, this minimum
is positive. It follows by homogeneity that for any tangent vector v on 9K, it holds

2 2
1Yollg = € Qr(v) = €"[[vlly Qriyip (Umin)-

The result then follows. O

In particular, if (g,),>0 denotes the family of Riemannian metrics induced by the normal
exponential charton oK andif (M, g, J) is (ALCH) of ordera > 1, then there existsc, C > 0
such that ce” go < g, < Ce* go.

4.7 Asymptotic development of the metric

We are now able to state again our first Theorem.

Theorem A Let (M3"+2, g, J) be an (ALCH) manifold of order a > 1 with an essential subset
K, such that the sectional curvature of M \ K is negative. Then there exist a continuous non-
vanishing 1-form n and a continuous Carnot-Carathéodory metric yg on 0K, such that

E*g=dr’ +e¥n@n+eyu +hy,

where (h,)r>0 is a smooth family of symmetric bilinear forms on 0K such that there exists
C > 0 with

eZar ifl <a< %,
Vr=0,Yu,v, b, 0)| < Clulglvllg §  + De? ifa=3,
e? ifa > %

Moreover, yy is a continuous positive-definite metric on H = ker 1.

Proof Let us first notice that Gauss Lemma yields the existence of a smooth family of metrics
(gr)r=0 on 9K such that in the normal exponential chart, the metric reads E*g = dr? + gr-
Letus fix p € 0K.Let U C 9K be an open neighbourhood of p on which is defined the local
coframe {1, n', ..., n*"} given by Proposition 4.14. Let u and v be two tangent vectors at p.
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First, notice that g, (u, v) = g(Yy, Yy), where Y, and Y, are defined in Sect. 2.1. Second,
notice that

2n

8(Zu, Zy) = € () +¢" Y nl ! (),
j=1

where Z,, and Z, are defined in Definition 4.10. Define %, by the relation
hr(u,v) = 8Zy, Yo —2)+gYy—2y,2y)) +gYy —Zy, Yy, — Zy),

It follows from the triangle inequality, Cauchy-Schwarz inequality, Proposition 4.11 and
Lemma 4.12, that there exists a constant C > 0 independent of r, p, u and v such that

e2-ar ifl <a < %,
[y (u, v)] < Cllullglivllg (r—l—l)e% ifa:%, “4.7.1)
e’ ifa > %

Let yy be defined by the relation yg = lim,_, ;o ™" (g, —e¥nQ® n). Notice that

2n
gr=en@n+e Y nl @ +h,
j=1

so that it follows from (4.7.1) that yy locally reads yg = Z?"zl n/ @ n/, and yy is hence

continuous and positive semi-definite. Since {n, )71, R nZ”} is a local coframe, yy is thus
non-degenerate on H = ker 5. This concludes the proof. O

Corollary 4.17 Under the assumptions of Theorem A, there exists a unique continuous vector
field & on 0K such that

1. n@) =1,
2. yu(§,-) =0.

Proof Let us locally define the vector field & as the first vector of the dual basis of the local
coframe {n, n', ..., n*"}. Then & is uniquely characterized by 1. and 2., so that £ does not
depend on the choice of the radially parallel orthonormal frame defining the coframe, and is
defined on all of dK . Since the local coframe is continuous, so is &. This concludes the proof.

]

Definition 4.18 (Canonical elements at infinity) Under the assumptions of Theorem A, we
call n the canonical 1-form at infinity, H = ker n the canonical distribution at infinity, yy the
canonical Carnot-Carathéodory metric at infinity and & the canonical vector field at infinity.

We call these elements canonical because they are global and do not depend on the choice
of any radially parallel orthonormal frame. The analogy with the model case is obvious: 1
corresponds to the contact form 6, yg corresponds to the Levi form y and & corresponds
to the Reeb vector field of 6. Notice that no assumption on VR has been made yet. In the
following section, we shall pursue the study of this analogy, and show that under stronger
assumptions on R and VR, the canonical elements at infinity have C! regularity, and that 7
is indeed a contact form.
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5 The contact structure

Let (M, g, J) be an (ALCH) manifold of order ¢ > 1, with an essential subset K, such that
the sectional curvature of M\ K is non-positive. We aim to show that the canonical 1-form n
is a contact form of class C'. To do so, we show that the family of 1-forms {1, },>0 defined
in Definition 4.3 converges to 7 in C! topology.

Let us first show the following Lemma.

Lemma 5.1 Ifu and v are vector fields on 0K, then
Vr =0, (Lun)() = e " (g(Vy,Yu, J3,) + g(Yy, Vv, J3,)).
Proof By basic properties of the Lie derivative, it holds that

(Lun) () = u -1y ) — 0 ([u, v]).
Hence, the equalities Y, = E,u and Y,, = E,v together with the naturality of the Lie bracket
yield
(LunH(v) =Y, - €_rg(Yv, Jo,) — erg([Yua Yy, Joy).

Recall that Y, and 9, are orthogonal. Since 9, is the gradient of the distance function r, it
follows that Y, -e" g(Yy, Jo,) = €'Y, -g(Yy, JO,). The torsion-free property of the Levi-Civita
connection concludes the proof. O

Computations show that in order to estimate the asymptotic behaviour of the Lie derivative
(Lyn,)(v), an upper-bound on the norm of Vy, Y, is needed. This upper bound in itself is
obtained by controlling the norm of (Vy, S)Y,,. The following subsection takes on the tedious
task of providing such upper bounds.

5.1 Order one estimates

In this subsection, u# and v are fixed vector fields on oK .

Lemma 5.2 The following holds

1
Ear ”(VY,,S)YM||§ = R(ar» Yv’ SYLu S(VYUS)YM) - R(ar» SYv» Yuv (VYUS)Yu)
- R(Sva Yu’ ar, (VYUS)Yu) - R(ara Yua Ssz (VYUS)YM)
= (Vy,R)(0r, Yu, 0r, (Vy,S)Yu) — g(S(Vy,$)Yu, (Vy,S)Yy).

Proof The extension of the covariant derivative to the whole tensor algebra gives the equality
(Vy,8$)Y, = Vy,(SY,) — SVy, Y,. It then follows that

Vi, (Vr,9)Y) =V, (Vy, (SY)) — (Vo, ) Vy, Yy — SV, (Vy, Ya). (5.1.1)
From Lemma 2.1, [9,, Y,] =0, V;, Y, = SY, and V;, (SY,) = —R;, Y. It follows from our

convention on the Riemann curvature tensor (see (2.1.1)) that
vi’, (VYU (SYu)) = _R(ar, Yv)SYu + VYU(_RB, Yu)
= —R(9y, YU)SYM - (VYUR)(B,,, Y,)o,
- R(SYm Yu)ar - R(ar; VY,,Yu)ar
- R(ar» Yu)Sva

(5.1.2)
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as well as
SV, (Vy,Yy) = —=SR(9y, Yy) Yy + SVy,(SYy)
= —SR(@3,, Y,)Y, + S*Vy, Y, + S(Vy,$)Y.). 619
The Riccati equation (2.1.2) for S yields
(Vs,S)Vy, Yy = —S*Vy, ¥y — R(3;, Vy, )0, (5.1.4)
Inserting (5.1.2), (5.1.3) and (5.1.4) into (5.1.1) now gives

Va, ((VY‘,S)YM)) = SR(ah Yv)Yu - R(arv Yv)SYu
- R(Sva Yu)ar - R(ar, YM)SYU
- (VYUR)(ar, Yu)ar - S(VY,,S)YM-

The result now follows from the symmetry of S and the equality

1
50 1(Vy, ) Yullz = g(Va, (Vy, )Yu)), (Vy, $)Y).
o

Proposition 5.3 [fin addition (M, g, J) has (ALS) property of order b > 0, then there exists
¢ > 0 such that

1(Vy, ) Yullg < cllullgllvllge .

Proof Let p € 9K . Define F(r) = [|((Vy,$)Y,)(y¥p(r))ll¢. Since the norm is Lipschitz and
the entries are smooth, F is locally Lipschitz. It follows from Rademacher’s Theorem that F
is almost everywhere differentiable, and Lemma 5.2 yields the almost everywhere equality

F/F = R(ar» Yv, SYLu S(VYUS)YM) - R(ar» SYU? Yuv (VYUS)YM)
- R(SYva Yua Bra (VY,,S)YM) - R(ara Yu» SYv» (VYUS)Yu)
— (Vy,R)(©0;, Yy, 0y, (Vy,$)Y) — g(S(Vy, Yy, (Vy,$)Y,).

Since S is positive, g(S(Vy, $)Yy, (Vy,S)Y,) > 0. Therefore, it follows that
F'F < +@[R[glISllg + IVRIDIYullgNYullg F ae.

Recall that ||R||; (Lemma 3.3), [[VR]l; ((ALS) assumption) and ||S||, (Lemma 3.5) are
uniformly bounded. In addition, recall that there exists a constant ¢; > 0 such that || Y, || <
cillullge” and || Yyllg < cillvllge” (Lemma 4.12). Hence, there exists a constant ¢ > 0 such
that

F'F < clulglvllge® F ae,
and therefore,
2
F' < clulglvlge® ae,

which is true even at points where F' vanishes since at those points, it achieves a minimum
and its derivative thus vanishes. The result now follows from a straightforward integration.
]
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Remark 5.4 This bound is sharp, since g((Vy,S)Y,, 9,) = —g(SYy, SY,) is equivalent to
—n(u)n (v)le . It is however worth noticing that it can be proven that the normal component
(Vy, S)Yul = (Vy, Y, — g((Vy,8)Y,, 9;)9, can be bounded, if min{a, b} > %, as follows

1 ~ 3
I(Vy, )Y llg <Cllullgliviige".

The proof is more intricate, and relies on the study of the curvature terms. For example, the
terms in R%(9,, Yy, SY,, S(Vy,S)Y,) are products of the form g(X, Jo,)g(Y, JZ) with X,
Y, Z normal to 9,, which kills the 0, direction.

We shall now give a bound on the growth of Vy, ¥,,. The proof is slightly different from
that of Proposition 5.3 as it requires the use of Gronwall’s inequality.

Proposition 5.5 Assume that a > % and b > 0. Then there exists a constant ¢ > 0 such that

1(Vy, Y) (p ()llg < c(1(Vy, Y (P)llg + llullglvllg)e™ .
Proof First, notice that V, (Vy,Y,) = —R(9,, Y)Y, + Vy,(SY,) and moreover that
Vy, (8Y,) = (Vy,$)Y, + SVy, Y,. Hence

1
Ear”VYUYu ”z: = _R(ar’ Yy, Yy, VYqu) + g((VYUS)Yu, VY,,Yu) (515)

+8(SVy, Yy, Vy, Yy).

Let p € 0K be fixed and let G(r) = [[(Vy,Yu)(yp(r))llg- Then G is almost everywhere
differentiable and the triangle inequality together with Cauchy-Schwarz inequality applied
to (5.1.5) yields the almost everywhere inequality

G'G < |IRlgYullgllYollgG + (Vy,)Yull,G + IS],G* a.e.
from which is deduced the following almost everywhere inequality
G" < IRlYullgNYullg + 11 (Vy, )Yullg + IS G  ae,

which is true even at points where G vanishes since at those points, it achieves a minimum and
its derivative thus vanishes. Estimates on the growth of normal Jacobi fields (Lemma 4.12),
a uniform bound on || R||; (Lemma 3.3) together with Proposition 5.3 give the existence of
a constant C > 0 such that

G' =G < Clulglvlige” + (ISlg — DG ae.
Multiplying both sides by e and integrating gives the Gronwall-like inequality
r
Vr=0, G(re" =G0)+Cllullgllvlge” — 1) +/ (ISllg = D(G(s)e™) ds.
0
Finally, recall from Proposition 3.5 that

e if%<a<2,

ISl — 1 < €(r)=C"{(r+ e ? ifa=2,

e~ ifa > 2,

for some constant C’ independent of (r, p, u, v). Hence, Gronwall’s inequality yields

Vr >0, G@r)e " <(GO)+ Clulgllvlige”) exp (/r €q(s) ds) .
0
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It follows that there exists ¢ > 0 such that

1Yy, Y p )l < eIV, Y (P)llg + lullgllvlig)e™ .

[m}

Remark5.6 e This bound is sharp since g(Vy,Y,,d,) = —g(SY,,Y,) is equivalent to
—n(u)n(v)e? . Similarly to Proposition 5.3, it is possible to give a sharper bound on the
normal component, of order e%r .

e Since Vy, Y, is not tensorial in u, one cannot hope to find a constant ¢ > 0 independent of
u such that || Vy, Yy llg < cllullgl v||g62’. However, when u and v are fixed vector fields,
the constant in front of the exponential term is continuous with respect to p, and hence
uniformly bounded on all compact subsets on which it is defined.

5.2 The contact form

From now on, we assume that (M, g, J) is (ALCH) and (ALS) of orders ¢ > 1 and b > 0,
and also that the sectional curvature of M \ K is negative. In this section, we prove that
the canonical 1-form at infinity is of class C! and is contact. We first show the following
computational Proposition.

Proposition 5.7 Assume that min{a, b} > 1. Let u and v be local tangent vector fields on
0K . Define

f@r,p) =gy Yy, Jo,) + g(Vy,Jo,, Yy).

Then there exists a constant ¢ > 0 independent of (r, p, u, v) and a continuous function
a(p) such that

e@—min{a.bhr £ 1 < min{a, b} < 3,
|f(r,p) —e"a(p)] < cllullgllvllg + IVy,Yullg) { (r + De™  if min{a, b} = 3,
e " if min{a, b} > 3.

Proof Our convention on the curvature yields Vy, (Vy, Y,) = —R(9,, Y)Yy + Vy, (SY,) and
Vs, (Vy, JO,) = —R(9,, Y,) Jo,. Therefore,

3 f = =R, Yo, Yu, J,) + g(Vy, (SY.), J3,)
— R, Yy, JO,, Yy) + g(Vy, Jo,, SY,),
which turns out, by the Bianchi identity, to be equal to the following
orf = R0y, Jor, Yy, V) + g(Vy, (SY,), Jo,) + g(Vy, Jo,, SY,). (5.2.1)
Notice that

Vi, (Vy, (8Y)) = —R(9;, Yy)SYy + Vy, (V5. (SYy))
= —R(0,, Yy)SY, + Vy,(—=R3, Y,,)
= —R(9;, Yy)SY, — (Vy,R)(0r, Y)0r — R(SYy, ¥,)0,
— R(3,, Vy,Y)d, — R(0y, Y,)SY,.
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It then follows that

30 f = (Va, RY@y, Jop, Yy, Yu) + R(Dy, Jo,, Sy, Yyy)
+ Ry, J3,, Yo, SYu) — R(3,, Yo, SYu, J3)
— (Vy,R) @y, Yy, 0y, J3,) — R(SY,, Yy, 3, JO,) (5.2.2)
— R(3, Vy, Yy, 0, J3,) — R(3,. Yy, SYy, J3,)
— R, Yy, J3,, SYy) — R(3y. Yy, 0y, Vy, J3y).

Note that R(9,, Jo,, SYy,Y,) — R(SYy, Yy, 9y, JO,) = 0 because of the symmetry of R.
Similarly, notice that —R(9,, Yy, SYy, Jo,) — R(9,, Yy, Jo,, SY,) = 0. Hence, equation
(5.2.2) becomes

09y f = (V3 R)(9y, JO, Yy, Yy) — (Vy, R)(9y, Yy, Oy, JOr)
+ R(dy, Joy, Yy, SY,) — R(Dy, Yy, SYy, JO,)
— R(3,, Vy, Yy, 0y, J8,) — R(3,, Yy, 8,, Vy, JO,).
Let k° be defined as
K’ = R%,, J9,, Yy, SY,) — R, Yy, SYy, J,)
— R%®,, Vy, Yy, 8y, Jd,) — R°(8,. Yy, 0,, Vy, J,).

From Lemma A.1 in the Appendix, it holds that
1 1 1
K = —588Yu, JYy) = 7 8(8¥u, JYo) + g(Vy, Yu, J0r) + 7 8(Yo, V, JOr)

3 1
= _Zg(SYuv JYy) + Zg(va VYL,Jar) + g(VYU Yy, Jo,).

Note that g(SY,, JY,) = g(Vy,0,, JYy) = —g(JVy,0,, Yy) = —g(Vy, JO,, Yy). It surpris-
ingly turns out that

K’ = g(Vy,Yy. J0,) + g(Vy, Jo,. Jo,) = f.
Hence, f ais solution to the second order linear differential equation
8rarf - f = h»
where 4 is given by
h = (VB,-R)(arv Joy, Yy, Yu) - (VY,)R)(BH Yy, 0y, Jor)

+ (R = R")(3. oy Yy, SYu) — (R — R*) (3., Yo, Sy, J0y) (5.23)

= (R = R%) (3. Vy,Yu. 0. J3;) — (R = RO)(d,. Yy, 0. Vy, Jo,.).
By classical ODE theory, f reads

—r

f=5(O+0, 70+ /0 e~ h(s)ds) + - (£(0) = 8-£(0) - /0 ¢ h(s) ds).

Since Vy, Jo, = JSY,, it holds that [|JSY, |l = [ISYullg < [ISll¢llYullg, and Eq. (5.2.3)
yields the following upper bound on &

Bl < BIR = ROlglISllg + 21 VRI I YullgIYullg + 1R = ROl Vy, Yul-
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From the normal Jacobi estimates, the uniform bound on || S||¢, the (ALCH) and (ALS) con-
ditions and Proposition 5.5, it finally holds that there exists ¢ > 0 such that

Ih] < c(llullgllvllg + 11(Vy, V) (p)ll e minta-bbr, (5.24)

Let o (p) be defined as a(p) = %(f(O, p)+0- (0, p)+ f0+oo e Sh(s, p) ds), which is well
defined by (5.2.4), and is continuous by the dominated convergence theorem applied on all
compact subset where u and v are defined. Hence,

r —+00
1f(r, p) — a(p)e’| < %/ ¢~ s, p)l ds

+ e; (1.£(0, p)| + 19- £ (O, IJ)IJr/0 e'lh(s, p)|ds).

Finally, notice that | (0, p)| = [g((Vy,Y)(p), J3,)| < [(Vy,Y.)(p)llg- It now follows
from (5.2.1) that
18- £ (0, p)I = |R((p), Jv(p), v, u) + g(((Vy,S)p)u, Jor)
+g(S(Vy, Yu)(p), Jo;) + g(J Su, Sv)|
= [Rllglvliglully + (VS pllgllullglivig
F IS (Vy, Y (P llg + ISl lluliglvllg-

The quantities ||R]g, [|Sllg, and [|VS]|; are uniformly bounded on the compact set oK.
Moreover, (5.2.4) yields

+o0 ‘ e(1—min{a,bhr
/ e *|h(s, p)lds < c(llullgllvllg + 1Vr Y (Pllg) —
P

inf{a, b} — 1’
and
r 6(37min(a,b))r_l . .
&———— if min{a, b} # 3,
/ e'lh(s, p)lds < c(lullglivlly + 1(Vy, Y) (P)llg) { 3-min{a,b} )
0 r otherwise.
The result then follows. ]

We shall now prove our second Theorem, which we restate for the reader’s convenience.

TheoremB Let (M, g, J) be an (ALCH) and (ALS) manifold of order a and b, with an
essential subset K, such that the sectional curvature of M \ K is negative. If min{a, b} > 1,
then the canonical 1-form at infinity n is a contact form of class C', with Reeb vector field &.

Proof To show that 7 is of class C!, it suffices to fix a chart U C 9K and to show that 7 is of
classClonU.Letm = 2n+ 1 = dim 9K, {x', ..., x™} be coordinates on U C 9K, and let
{01, ..., 0m} and {dxl, ..., dx™} be the associated tangent frame and coframe. For r > 0,
the 1-form 7, and its partial derivatives locally read

m m
=3 ();ded and 3(m) = 3(n,);da

j=1 i=1

with 9; () ; = (La;nr)(0)). Write ¥; = Yy, and Y = Yy,. Lemma 5.1 then states that

Vi,je{l,....m}, 8i(n);=e"(g(Vy,Yi. Jor) + g(Vy, Jo,. Y))).
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Proposition 5.7 now yields the existence of continuous functions o;; : U — R and a constant
¢ > Osuchthatifi, j € {1,...,m}, then
eI—minta.bhr - if 1 < min{a, b} < 3,
19; () j — aijl < c(ld;llghdjllg + 1Va, dillg) § (- + De™ if minfa, b} =3,
e if min{a, b} > 3.
The family (9; (n,) j)r>0 then locally uniformly converges to the continuous function e;; on
U, and it follows that the canonical 1-form 7 is of class C ' on U, and hence on 9K .

We shall now show that 7 is a contact 1-form. Since (3,),>0 locally converges to 7 in C!
topology, it holds that

Vp e dK,Yu,v € T,0K, dnl|,u,v)= liI—P dnylp(u, v).
r——+0o0

Letr > 0, p € 0K and u, v € T,0K. Consider smooth local extensions of u and v that are
still denoted the same way. Then
dnr(u, v) = u-n,) —v-n,@) —n([u, v])
=e¢ " (Yu gy, JOy) — Yy - g(Yy, JOp) — g([Yu, Y1, JOy))
=e "g(Vy, Yy — Vv, Yy — [Yu. Y1, JO;) (5.2.5)
+e " (g(Yy, Vy, Joy) — g(Yu, Vy, JO,))
=e " (g(Yy, JSYy) — g(Yu, JSYy)).
Let{Jo,, oy, E1, ..., Ez,} be aradially parallel orthonormal frame on a cylinder E(Ry x U)
with p € U. Since e ™" g(Yy, JSYi) —> %Z?,’;zl n' ()n’ (u)g(E;, JE;), it follows that

2n

1 : . , .
diu, v) = 2 D 0 @)’ @) =o' @n’ W) (Ei, JE)).
i,j=1

Setting w;; = g(E;, JE;) = g(e;, Jej), which are constants, the latter expression reads

2n
1 , .
dyp = —3 Z wijn' Anl. (5.2.6)
i,j=1
Assume furthermore that the local orthonormal frame {v, ey, ..., e3,} on U is chosen such
that we have Jexr—1 = e for k € {1, ..., n}. In that case, the constants w;; are given by

—1 ifi =2k—1,j =2k,
wij =11 ifi=2k, j=2k—1,
0  otherwise.

Equation (5.2.6) then yields the equality
n
dn =Y T At (5.2.7)
k=1

From this last expression we derive the equality (dn)" = (n!) n' A -+ A, and hence
the equality n A (dn)" = (@) n An' A --- An?". Since {n, n', ..., n*"} is a local coframe,
n A (dn)" is a volume form on U. It follows that 5 is a contact form. Since d7 is a linear
combination of wedge products of the local 1-forms (), it follows by the very definition of
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& that n(§) = 1 and dn(&, -) = 0, hence £ is the Reeb vector field of 5. The proof is now
complete. O

5.3 Regularity of the Carnot-Carathéodory metric

We shall now study the regularity of the Carnot—Carathéodory metric yg. To do so, we show
that the local differential forms nl, o, nz”, defined using a radially parallel orthonormal
frame, have such regularity. The condition min{a, b} > 1 is too weak to ensure that it is of
class C!, since the renormalization of 7/ is of order e~ 7 while that of n is of order e™". We
shall now show that the condition min{a, b} > % is sufficient. The proof is very similar to
that of Theorem B. We first give a bound on the growth of Vy, E ;.

Lemma5.8 Let (M, g, J) be an (ALCH) manifold of order a > % with an essential subset
K. Let X be aradially parallel vector field on M \ K, that is such that Vy. X = 0 and assume
that | X ||g = 1. Then there exists a constant ¢ > 0 such that

IVy, Xllg < cllullge”.

Proof Let L = ||Vy, X||4, which is locally Lipschitz and hence almost everywhere differen-
tiable. Since Vy X = 0, it holds that V; (Vy,X) = —R(9,, ¥,,) X, and therefore, applying
dy to %Lz gives the almost everywhere inequality

L'L=—R(, Y, X,Vy,X) ae.

Recall that ||R]|¢ is uniformly bounded (Lemma 3.3), and that since a > %, there exists
c1 > Osuch that ||Yylg < c1llullge” (Lemma 4.12). Hence, there exists ¢ > 0 such that

L'L <cllullge" |1 XL a.e.
Since L is non-positive and || X ||, = 1, it follows that
L' <cllullqe” ae,

which is true even at points where L vanishes since at those points, it achieves a minimum
and its derivative thus vanishes. The result follows from a straightforward integration. O

In particular, this Lemma applies to the vectors of a radially parallel orthonormal frame.

Proposition 5.9 Let (M, g, J) be an (ALCH) and (ALS) manifold of order a and b, with
min{a, b} > % with an essential subset K. Let {0,, Jo,, E1, ..., Ez,} be a radially parallel
orthonormal frame on a cylinder E(R4 x U). Let u and v be local vector fields on oK. For
all j € {1,...,2n}, define

i, p) = 8(Vy,Yu, Ej) + g(Vy, Ej, V).

Then there exists a constant ¢ > 0 independent of (r, p, u, v) and a continuous function
o’ (p) on U such that

e@-min{a.b)r e minfq, b} <
|f/(r, p) — e2ad (p)| < c(lullgllvllg + 1V, Yullg) § " + De™2  if min{a, b} =
o5 if min{a, b} >

SIS LSS S
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Proof The proof is a strict adaptation of that of Proposition 5.7. The exact same computations
show that
3,0, f = (V. R)@, Ej, Yy, Yu) + R(3y, Ej, SYy, Y,)
+ R0, E}, Yy, SY,) — R, Yy, SY,, Ej)
- (VYUR)(B,«, Yy, o, Ej) — R(SYy, Yy, 0, E])
— R(0r, Vy, Yy, 0r, Ej) — R(3,, Yy, SYy, E})
— R(0r, Yu, Eja SYy) — R(0, Yy, Or, Vquj)a

and the exact same cancellations due to the symmetries of the Riemann tensor yield

39 f/ = (Vo, BBy, Ej, Yy, Yu) — (Vy, R)(@r, Yu, 0y, E})
+ R, Ej, Yy, SYy) — R(3, Yy, SYy, E;) (5.3.1)
- R(ar» V)’U Yu, 0rs E/) - R(ah Yy, Or, VYqu)-

Define k/ as

k/ = R, Ej, Yy, SY,) — R°(3;, Yo, S, E))
— R, Vy, Y, 0, Ej) — R*(3,, Yy, 0y, Vi, E)),

so that Eq. (5.3.1) becomes

0,0, f1 =K = (Va, R)@,, Ej, Yy, Vi) — (Vy,R) (@, Yu, 0y, Ej)
+ (R = R% (8, Ej, Yy, SY,) — (R — R)(3,, Yy, SYu, E;)
— (R = R%) (3, Vy,Yu, 0y, E)
— (R —R%(3,, Yy, 0, Vy, E).

(5.3.2)

From the computations of Lemma A.2 in the Appendix, it turns out that

1 1
k/ = Zg(SYu: Jor)g(Yy, JEj) - Zg(SYua JEj)g(Yva Jor)
1 1
- Zg(SYu, Jar)g(YUy JE]) - Eg(SYu’ JEj)g(Ym Jar)
1
+ Zg(vaYu, Ej)
1 3
+ Zg(sz qu Ej) + Zg(SYuv JEj)g(va Jo,)

1 1
= Zg(VYUYu, E;) + Zg(YU’ Vy, Ej)

1 .
= - ].
el

Thus, f J is a solution to the second order linear ODE
, 1 . )
ararfj - ij = hj,
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with 47 being equal to the right-hand side of (5.3.2). From classical second order linear ODE
considerations, f/ is given by

. 1. ) rooL
f/(r,p)=e2 <§f’(0, p)+9,f7(0, p) +/ e_fh’(s,P)dS>
0
r (1 . o,
+e 2 <§f’(0, p) — 8- f7(0, p)—/ efh’(s,p)dS>.
0
The following upper bound is straightforward
1] < 2(1R = ROllglISllg + IVRIDIYullglYollg + IR — ROl Vy, Yull g
+ IR = ROlIYullg I Vy, Ejllg-

Lemma 5.8 yields the existence of ¢ > 0 such that ||Vy, E;[l; < cllullge”. It now follows
from the (ALCH) and (ALS) conditions together with Lemmas 4.12 and 5.5 that there exists
a constant C > 0 such that

17| < C(lullgllvllg + 1(Vy, Yu) ()]l g)et>minta-tDr,
and therefore, we have the following upper bounds
s 3
le™2hI (5, )| < Clllullglvllg + 1(Vy, Yu)(p) )2 ~miniabr,
s s
le2hi (s, p)| < Cllullgllvllg + [(Vy, Yu)(p)lg)e 2 minta-bDr,

Let o/ (p) = %fj 0, p) + 8- (0, p) + f0+°° e’%h(s, p) ds, which is continuous by the
dominated convergence Theorem. The result follows from a strictly similar study than that
of the proof of Proposition 5.7. O

We are now able to prove our third main result, which we restate for the reader’s conve-
nience.

Theorem C Let (M, g,J) be an (ALCH) and (ALS) manifold of order a and b, with
min{a, b} > %, with an essential subset K such that the sectional curvature of M \ K is
negative. Then the canonical Carnot-Carathéodory metric yy has C' regularity.

Proof Let {n, n', ..., n%"} be the local coframe associated to a radially parallel orthonor-
mal frame {0,, Jo,, E1, ..., E2,} on acylinder E(R; x U). Letk € {1,...,2n} be fixed
and (7%),>0 be the local family of 1-forms that locally uniformly converges to n* in C°

topology. Let {x!,..., x?"*1} be local coordinates on an open subset of U, and write
U,If = Z?’:{l (nf )j dx/. The partial derivatives of n’,‘ in these coordinates are given by

%) @)) = e (g(Vy, Yi. Ex) + g(Vy, Ex. Y))),

and it follows from Proposition 5.9 that they locally uniformly converges. Hence, n* is of
class C1.

The local coframe {5, n', ..., n*"} has then been shownlto be of class C!. Since the
Carnot-Carathéodory metric is locally given by yy = lei 11" ®n' it follows that it has C 1
regularity. This concludes the proof. O

Remark 5.10 It is worth noting that in that case, although 7 is not of class C2, its exterior dif-
ferential dn is of class ¢!, sinceitis locally expressed as a combination of {n' An/}; je(1,....2n)-
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6 The almost complex structure
6.1 Notations

Throughout this section, the Kéhler manifold (M, g, J) is assumed to satisfy the (ALCH) and
(ALS) conditions of orders a,b > %, with an essential subset K such that the sectional
curvature of M \ K is negative. From Theorem C, 0K is endowed with a contact form 7, of
class C' with contact structure H = ker 5, and with a C' Carnot-Carathéodory metric yy
which is positive definite on H. Let go = g|ax be the induced metric on dK, and recall that if
gr = E(r, )*gljy,)1, Corollary 4.16 yields the existence of ¢ > 0 such that go < coe™"g;-

Forr > 0, we set S, = E(r, -)*S the pull-back of the shape operator thought as a field of
endomorphisms of {3,)+. To any radially parallel orthonormal frame {0,, Jo,, E1, ..., Ex,}
is associated a local coframe {n,,n}, ..., nf”} which locally converges in C! topology to
the local coframe {1, n', ..., n*'}. Moreover, there exists a constant ¢ > 0 independent
of the radially parallel orthonormal frame and from r, such that the differential forms
{nr, 17,1, cee n,Z”} and {n, n', ..., n?"} all have gg-norm less than c. By Proposition 4.8,
it holds that

L 1 1 L 2, 2, —L
max{e” |7, — nllgg, eZln, =0 llgg -+ 2" — 0 llgy} < ce™ 2. (6.1.1)

If v is a vector field tangent to dK and if Z, and Z, are the vector fields asymptotic to Y, and
SYy, then Proposition 4.11 states that there exists C > 0 such that

max{[|¥y — Zullg. ISYy = Z, ¢} < Cllvllge™?. (6.1.2)

The dual frames of the local coframes {n,, n}, o r;%”} and {n, nl, el r]z”} are denoted
by {§7,&",...,&;,} and {£,&1, ..., &} Remark that §&" = E(r,-)* (¢" J3,) and z}; =

E(r,)* (e%Ej). Since {n,,n},...,n%’l} locally converges in c! topology, so does

{&7,&7,...,&,} Tt follows that {¢, &, ..., &;} is of class cl.

Let us define a field of endomorphisms on dK related to the ambient almost complex
structure J. Since J does not preserve {,}, it is not possible to pull it back on 3K by
E(r, -). However, the tensor

C=J—-g(, 0)®Jo +g(, Jor) ® 9,

stabilizes the distribution {9, }L.
Definition 6.1 For r > 0, let ¢, be defined by ¢, = E(r, -)* .

Since @ satisfies the two equalities d?=—-1d +g(-, 0,)®0-+g(-, JO,)® JO, and 3= -,
we have the immediate Lemma.

Lemma 6.2 Forallr >0, ¢r2 =—Id+n ®&", and ¢,3 = —¢y.

Remark 6.3 Lemma 6.2 states that (0K, ¢,, 1, €") is an almost contact manifold in the sense
of [8, 26, 27]. The following estimates are worth noting.

Lemma 6.4 There exists c1, ca > 0 such that for all r > 0, it holds

Loll¢rllg = 1,
2. Npréllgy = cre™,

3. llno ¢r||g0 < cre .
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Proof 1. Since ® = 7' o J o wt, where 7 is the orthogonal projection on 9,+ and J is
an isometry, ® has an operator norm less than or equal to 1. The result follows.
2. Since ¢,&" = 0, it holds that

Iprllgo = Ibr(E = EMllgo
< lrllglE — &"llg,
< coe || Ve — ¢ b, |l gp
< coClEllge "

the inequalities being derived from the first point and from Eq. (6.1.2). To conclude,
define ¢; = coC supyg I§]lg < +00.
3. Since 1, o ¢, = 0, it holds that

_3
In °¢r||go = [l(mn —nr) °¢r||go <ln- 77r||go||¢r||go <ce 2,

the latter inequality being derived from Eq. (6.1.1) and from the first point. The result is
then true with ¢c» = c.
[}

6.2 Shape operator estimates

We shall now give estimates on the asymptotic behaviour of (S,),>0. We first prove that S,
is asymptotic to the tensor %(Id +n®E&).

Lemma 6.5 There exists a constant ¢’ > 0 such that
vr>0, |S,— %(ld+n ®&)|gy <c'e™".
Proof Fix v € T9K. From Corollary 4.16, there exists cop > 0 such that
ISrv — %(v + 18 llg < coe™ 2|ISY, — %(Yv + (W) Ye)llgp- (6.2.1)

The local expressions of Z, and Z/ in a radially parallel orthonormal frame show that
%n(v)e" Jo, =27, — %ZU. Therefore, it holds that

1 1 1
§Yy = S (v + n()e" Jo,) = SYy — Z;, — 5 Yo = Zy) + En(v)(erlar —Xe).
By definition, n(§) = 1, and thus " Jo, = Z¢. It follows from the triangle inequality that

1 1
15¥y = 5y + nW)e" Jd)llg < I1SYy — Zyllg + SV = Zull

1
+ EIT)(U)|||Y§ — Zeg|lg-

It now follows from the uniform bound on [|n||¢, and from Eq. (6.1.2) that there exists C > 0
such that

1 r
1SYy — E(YU +n)e" Jo) g < Cllvllg(1+ [1&llg)e 2.

Finally, Eq. (6.2.1) yields

1
150 =@+ n@WEHlg = coC + € llgo)lIvllge™
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The result follows by setting ¢’ = coC (1 + supyx 11§ Il ,), Which is finite since & is a global
vector field and dK is compact. O

Remark 6.6 In the model setting, the shape operator of concentric spheres is of the form
S = cothr Idg s, +3 coth(5) Idyy gy e

We shall now show that S, and ¢, asymptotically commute.
Lemma 6.7 There exists ¢ > 0 such that
Vr >0, [I5¢r— ¢rSr||g0 <.

Proof First, write

1 1 1

1 1 1
&Sy = ¢ (S, - E(Id +n ®c§)> + 5¢r +t31® (¢r8).

It now follows from the triangle inequality that

1
1Srér = Srérllgo = 2ldrllgolISr — 5 Ad+n @ E)llgy + 11 0 SrllgollE g0 + 1Mllgo 1 ErE lg0-

The result follows from Lemmas 6.4 and 6.5. ]

6.3 Convergence

We now show that (¢,),>0 converges in C ! topology to some tensor ¢, and that the restriction
of this tensor to H is an almost complex structure.

Proposition 6.8 The family (¢,),>0 converges in C! topology to a C' tensor ¢ satisfying
¢ =—1d4n Q& ¢> = —p, nod = 0and ng = 0. In particular, ¢ preserves H = kern
and (¢|p)* = —Idp.

Proof Let {9,, Jo,, E1, ..., Ez,} be a radially parallel orthonormal frame on a cylinder
ER4+ x U). By the very definition of &, it holds that

2n
®=Y ¢(.E))®JE;.
j=1

Assume that the radially parallel orthonormal frame is a J-frame, that is for any k €
{1, ..., n},itholds that JE»;_1 = JE2k. Then ® has the nice expression

n
¢ = Zg(', Ej—1) ® Eor — g(-, E2) ® Eni—1,

k=1

from which we deduce the following expression for ¢,

n
Vrz0, ¢, =) 0 @& -0 @&
k=1
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From the convergence of the local coframe {7, 77,1, ceey n,Z”} to {n,n', ..., n*"} and of the
local frame {§", &1, ..., &5, } to{§,&1,..., &y} in ¢! topology, it follows that on U, (@r)r=0
converges in C! topology to

n
p=> '@t - @&xu1.
k=1

Notice that this does not depend on the chosen radially parallel J-orthonormal frame, and
#» — ¢ inC! topology on 9K . Taking the limit as » — o0 in Lemmas 6.2 and 6.4 concludes
the proof. O

Definition 6.9 The almost complex structure Jy on H is defined as the restriction of ¢ to H.

6.4 Integrability

Since Jp is an almost complex structure, the complexified bundle H ® C splitsas H @ C =
H'"0 @ H%! where H'0 = ker{Jy —ild} = {X +iJyX | X € H} and HO! =
ker{Jy + i Id}. Since H and Jy are both of class C!, the Lie bracket of sections of H!0
makes sense. It is then possible to ask whether Jy is integrable, that is, if H 1.0 js stable
under the Lie bracket. However, Jy is defined as the restriction of the limit of a family of
tensors (¢, ), which does not preserve H, and it is not clear what condition on ¢; |xer ;,, would
ensure that Jp is integrable. Considering the whole tensor ¢ is thus more convenient, as the
following study shows.

Recall that ¢ satisfies ¢> = —¢. The complexified tangent bundle 79K ® C then splits
into the direct sum of the eigenspaces of ¢ as

ToK ® C =ker¢ @ ker{¢p — i 1d} @ ker{¢ +i1d} = Ct ® H'"* @ HO!.

We still denote by ¢ and 1 the complex-linear extensions of ¢ and n. Any complex vector field
V e I(T3K)®Creads V = n(V)E4+ V04V withgV !0 = jv10andg V0! = —jvO.1,
Since ¢p& = 0, it follows that V + iV = n(V)& + 2V%!. Hence, a complex vector field
V on K is a section of H-Y if and only if V 4+ i¢V = 0. Finally, it follows that HLO0 is
integrable if and only if

Yu,ve '(H), [u—i¢u,v—i¢v]l+ioplu—iou,v—ipv]=0.
The Nijenhuis tensor N4 of a field of endomorphisms A is defined by
VX,Y, Nao(X,Y)=—A’[X,Y]—[AX, AY]+ A[AX, Y]+ A[X, AY].
The integrability of Jy is related to the Nijenhuis tensor of ¢ by the following Lemma.

Lemma 6.10 For any vector fields u and v on 0K, setting V = [u — i¢u, v — i¢v], it holds
that

V +i¢V = Ng(u,v) +n(lu, vD§ +ipNg(u, v) —i(n([pu, v]) + n(lu, pv]))§.
Proof Extending the Lie bracket C-linearly, it holds that
V+i¢V =[u,v] - [pu, pv] —i[¢pu, vl —i[u, ¢pv]
+ig(lu, vl — [pu, pv] — ilpu, v] — ilu, $v])
= [u, v] — [¢u, pv] + dlou, v] + ¢[u, pv]
+i(¢plu, vl — plou, vl — [pu, v] — [u, pv]).
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The equalities > = —Id +1 ® & and ¢> = —¢ now yield
V+igV = (—¢* + 1@ &)lu, v] — [pu, pv] + plou, v] + ¢lu, pv]
+i(— ¢ u, vl — plou, vl + (¢* — 1 ® )[pu, v]
+ (@ — n®E)[u, pvl)
= —¢?[u, v] — [pu, $pv] + plpu, vl + Plu, vl + n([u, vE
+ig(— ¢*u, v — [pu, vl + plou, vl + Plu, v])
—i(n(lpu, v]) + n([u, pv])E.

The result follows from the definition of the Nijenhuis tensor N. O

Proposition 6.11 The almost complex structure Jy is integrable if and only if the two fol-
lowing conditions are satisfied:

I. Nypluxn =dnluxy ®§,
2. dnlaxuUa ) = —dnlaxu G, Ju-).

Proof Let u and v be tangent to the distribution H and V = [u — i¢pu, v — i¢pv]. Then, V is
tangent to H - if and only if V +i¢V = 0. Identifying the real and imaginary parts, Lemma
6.10 then states that V is tangent to H ' if and only if

0 = Ng(u,v) +n([u, vDE,
0 = @Ngu,v) — (n(gu, v]) + nlu, pv)))é.

Since ¢p& = 0, this latter system is equivalent to

Ny(u,v) = —n(lu, v)E,
n(lpu, vl) = —n(u, pv)).

By definition of u# and v, n(u) = n(v) = 0. Moreover, since n o ¢ = 0, it follows that
n(¢u) = n(¢v) = 0. Therefore, it holds that

dn(fu, v]) = u-n(@) —v-n) — n([u, v] = —n([u, v)),
dn([pu, v]) = (Pu) - n(v) — v - n(Pu) — n([Pu, v]) = —n([¢u, v)),
dn([u, pv]) = u - n(pv) — (pv) - n(u) — n([u, pv]) = —n([u, $pv)).

Finally, V is tangent to H'0 if and only if Ny(u,v) = dn(u,v)§ and dn(ou,v) =
—dn(u, ¢v). m]

Lemma 6.12 There exists ¢ > O such that forallr > 0, p € 9K and u,v € T,0K, we have
|dny (gru, v) + dn (u, ¢rv)| < Tlullg vl ge™ 2.

Proof Recall that Eq. (5.2.5) gives, for all » > 0 and u, v tangent to 9K
dny (u, v) = e (g(Yy, JSY,) — g(Yy, JSY,)).

Since J is skew-symmetric, it holds that
dn, (u, v) = €' (g(SYu, JY,) — g(SY,, TY,).

Notice that since Y, and Y, are normal to 9,, this latter expression reads

dn, (u, v) = " (g(SYy, Yy) — g(SYy, BY,)).
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It thus holds that

dne (ru, v) = e (g(SPY,, DY) — g(SY,, D2Y,)),
dn,(u, ¢, v) = e_r(g(SYLu QzYv) — g(SPY,, cDYu))~

The symmetry of S now yields
dn, (Bru, v) + dn,(u, grv) = 7" (2(SY,, DY,) — g(SYy, P°Yy)).
Since ®%Y, = —Y, + g(Yy, Jo,) ® Jo,, and similarly for Y,, it follows that

dn, (¢ru, v) + dny (u, ¢rv) = " (g(SYy, J3,)g(Yy, J3,)
— 8(SYy, J3,)g(Yy, J,)).

Using the symmetry of S and writing SJo, = (SJo, — Jo,) + Jo, now shows that
dny (¢ru, v) + dny(u, ¢rv) = n,w)g Yy, SJ3, — J3,) — nr(V)g(Yy, SJO, — JO,).

Recall that there exist constants ¢y, c3 > 0 such that ||, |l¢ < cj and [|[Yyllg < c2llwllge”
for any w. Thus

| dn (@ru, v) +dn,(u, $rv)| < cllullgllvllgllSe” Jo, — e" Joy 4.

To conclude, it suffices to control [|Se” Jd, — e Jo,||,. Recall that e" Jo, = Zg = Zé. It
now follows from the triangle inequality, the fact that S is uniformly bounded, and equation
(6.1.2) that there exists ¢3 > 0 such that

I1Se" J, — &" I3, llg = IS(Zg — Ye) + SYe — ZL |
< ISllglYe — Zellg + 1SYe — Zi
< c3lEllge2.

The proof follows by setting ¢ = cjcac3 supyg |lE[lg < +o00 since £ is a continuous vector
field on 0K compact. o

Proposition 6.13 Let u and v be vector fields on oK. Then it holds that dn(¢u,v) =
—dn(u, ¢v). In particular, dn|pxa(Ju+, ) = —dnlaxa (-, JH*).

Proof Recall that (¢,),>0 and (dn,),>0 locally uniformly converge to ¢ and dz. The result
follows by taking the limit in Lemma 6.12 as r — +o0. O

Proposition 6.13 shows that the condition 2. of Proposition 6.11 is satisfied. Let us show
that the condition 1. is also satisfied.

Lemma6.14 Forallr >0, p € 0K and u,v € T,0K, we have

Ny, (u,v) = e" () () Sru — Spdpru) — " 0 (V)(PrSpv — Sphrv)
+dny (u, V)ET).
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Proof For X and Y vector fields on M \ K, it holds that
—®’[X, Y] = —D>VyY + &?Vy X,
—[®X, ®Y] = —Vox (PY) + Voy (PX)
= —(Vox®)Y — ®VoxY + (Vor®)X + ®PVor X,
P[DPX, Y] = DPVgeyxY — PVy(PX)
= PVpxY — (Vyd)X — d>VyY, and
O[X, Y] = dVy (DY) — dVey X
= d(VxD)Y 4+ ®’VyY — OVpyX.
Recall that No (X, Y) = —®2[X, Y] — [®X, PY] + P[P X, Y] + ®[X, ®Y]. Therefore,
No(X,Y)=d(VxD)Y — (VoxP)Y + (VoyP)X — d(Vyd)X.
Recall that Vg =0, VJ =0, Vo, = S and VJo, = JS. Hence, by the very definition of &,
it holds that
(Vx®)Y = —g(Y, SX)Jo, — g(Y,8,)JSX
+g(Y,JSX)o, + g(¥, J9,)SX.
Since ®0, = ®J9, = 0, it holds that
P(VxP)Y = —g(Y,9,)PJSX + g(Y, Jo,)DPSX.
Similarly, the following equality holds
(Vox®)Y = —g(¥, S®X)Jo, — g(Y, 8,)JSDPX
+gY,JSPX)o, + g(Y, JO,)SPX.
It follows by the anti-symmetry in X and Y that
No(X,Y) = g(Y, J3,)(®SX — S®X) — g(X, J3,)(DPSY — SOY)
+ (g(Y,SPX) — g(X, SPY))Jo,
+ (g(Y,JSPX) — g(X, JSDPY))o,
—g(Y,08,)JS®X + g(X, 0,)JSDY.

Notice that g(X, JS®Y) = —g(JX, S®Y). Assume from now that X is orthogonal to 9,.
Then J X is orthogonal to Jo,. Since S®Y is orthogonal to 9,, it follows that g(J X, S®Y) =
g(®X, SOY). In particular, if X and Y are both orthogonal to 9, the terms in the third and
fourth lines of Eq. (6.4.1) vanish. Hence, if # and v are vector fields on 0K, it holds that

No(Yy, Yy) = g(Yy, JO,)(PSY, — SOY,) — g(Yy, JO,)(DSY,y — SPY,)
+ (g(va SCDYM) - g(Yua S(DYU))Jar

(6.4.1)

Recall from Eq. (5.2.5) that dn, (u, v) = e " (g(Yy, JSYy) — g(¥y, JSY,)). In addition,
notice that

§Yy, J§Yy) = —g(JYy, SY,) = —g(SJYy, ¥y) = —g(SPY,, Y).

Hence, g(Yy, S®Y,)—g Yy, S®Y,) = €" dn, (u, v). The result now follows from the equality
E(r,-)*e"J3, = &(r), the definition of 7, and the properties of the pull-back. O

Proposition 6.15 The restriction Ny|p x5 is equal to the tensor dn ® &.
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Proof By the convergence in C 1 topology of ¢, to ¢, it follows that for all u, v, tangent to
H, Ny (u,v) = Ng(u,v) as r — +00. Since H = ker n, it follows from Eq. (6.1.1) that
there exists ¢ > 0 such that |e"n, (u)| < c||u||ge_% and |1, (v)| < c||v||ge_5. It then follows
from Lemma 6.7 that there exists ¢ > 0 such that

¥
Vr > 0,Vu,v € T(H), [Ny, (u,v) —dn,u, v)&" |l < cllullgllvige .

The result follows by taking the limit as r — 4-00. O

We shall now highlight the link between the canonical form 7, the Carnot—Carathéodory
metric Yy, and the almost-complex structure Jg .

Proposition 6.16 The Carnot—Carathéodory metric yy, the exterior differential of the canon-
ical 1-form at infinity n and the tensor ¢ are related by the equality yy = dn(-, ¢-). In
particular, the restriction of yy to H x H is given by dn|gxu (-, Ju, *)-

Proof Fix a radially parallel J-orthonormal frame {d,, Jo,, E1, ..., E2,}. From equation
(5.2.7), it holds that dn locally reads

dn = X”: e N Xn:ﬂzk_l @ nk — n?k @ n?k1,
k=1 k=1
while yp is locally expressed by
2n
YH = Z n @l
j=1

Since the radially parallel orthonormal frame is chosen to be a J-orthonormal frame, it holds
that for all » > 0, and for all k € {1, ..., n},

oo, =—n,
ntodr =l
Taking the limit as r — +o0 shows that for all k € {1,...,n}, n** 1 o ¢ = —n? and

n** o ¢ = =1 It follows that

n
dn. ¢ =Y n* e+ @n? =yu.
k=1

which concludes the proof. O

We are now able to prove the last of our main Theorems (we restate the hypotheses for
the reader’s convenience).

Theorem D Let (M, g, J) be a complete non-compact Kcihler manifold with an essential sub-
set K, such that the sectional curvature of M \ K is negative. Assume that M is (ALCH) and
(ALS) of order a and b with min{a, b} > % Then (0K, H, Jg) is a strictly pseudoconvex CR
manifold of class C.

Proof Letn be the canonical form, yy be the Carnot—Carathéodory metric and ¢ be defined as
in Definition 6.9. From Proposition 6.8, ¢ induces a C! almost complex structure Ji = ¢|y
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on the distribution H = ker , which is contact (Theorem B). It follows from propositions
6.13 and 6.15 that ¢ satisfies

Ng(u,v) =dn(u,v)§, and
dn(gu,v) = —dn(u, pv).

It then follows from Proposition 6.11 that Jg is integrable, and (0K, H, Jg ) is a CR manifold
of class C'. From Proposition 6.16, it holds that dn|gx g (-, Ju-) = ym, and since yg is
positive definite on H, it follows that (0K, H, Jg) is strictly pseudoconvex. This concludes
the proof. O

Yu,v e I'(H),

Remark 6.17 If M has real dimension 4, then the contact structure on the boundary of M is
of rank 2. Since almost complex structures (when they are at least of class C!) are always
integrable in dimension 2, the proof of Theorem D is thus considerably reduced in that specific
case.

Acknowledgements This research was conducted while the author was pursuing his Ph.D. thesis at the Institut
Montpelliérain Alexander Grothendieck, Université de Montpellier, France. The author would like to thank
Marc Herzlich and Philippe Castillon for suggesting this problem to him and for their careful guidance. May
Guillaume Ferriére be thanked as well for his early analytical remarks. This article greatly benefited from the
relevant comments of Gilles Carron and Jack Lee, and the author would like to express his gratitude to them.
Finally, the author would like to thank the anonymous referee for their valuable comments that improved the
quality and the clarity of the paper.

Funding Open access funding provided by Royal Institute of Technology.

Data availability Data sharing not applicable to this article as no datasets were generated or analysed during
the current study.

Declarations

Conflict of interest The author states that there are no conflict of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory

regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix A: Curvature computations
Lemma A.1 In the context of Proposition 5.7:
1
RO (0, Jor, Yo, SYu) = =2 &(S¥u, TY),

1
R°(,, Yy, SY,, J3,) = 28Yu, Vo),
R%(3,, Vy, Yu, 8, J3,) = —g(Vy,Yu, J3,), and

1
RO(0r, Yo, 8, Vy, Jr) = =8 (Yo, Vi, Jop).

@ Springer


http://creativecommons.org/licenses/by/4.0/

8 Page42of44 A. Pinoy

Proof Since 9, 1. SY,, 0, L Yy, Jo, L JSY, and J3, L JY,, it follows that

1
Ro(ar» Jo, Yy, SY,) = Z(g(ar, S$Y)g(Jo,, Yy) — g(9r, Yy)g(Jo,, SYy)

+ g0y, JSY)g(Joy, JYy) — g(8y, JYy)g(JO,, JSY,)
+ 283, J23,)8(SYu, JY))

1
= Z(2g(ar7 —0,)8(8Yy, JYy))
1
= —Eg(SYu, JY,).
Similarly,

1
Ro(arv Yy, SYy, Joy) = Z(g(ar, Jo)g(Yy, SYy) — g(9y, SYu)g(Yy, JO,)

+ 8By, J?8,)8(Yy, JSY,) — g(3y, JSY)g(Yy, J*3,)
+2g(8y, JYy)g(J3r, SY.))

1
= Z(_g(yvs JSY,))
1
= *g(SY”, JYy).
4
In addition, since J is skew-symmetric,
1
Ro(ara VYL, Yua ara Jar) = Z(g(ar» Jar)g(VYv Yu7 8r) - g(arv 8r)g(vY,, YMa Jal)

+ g(0r, Jzar)g(va Y. Jo,) — g(o, ]ar)g(VYv Yy, Jo,)
+ Zg(ars JVYU Yu)g(Jars Jar))

1
= 7 (= &(Vx,Yu, J0) = g(Vy, Y, J) = 28(Vy, Y, J0p)
= —g(Vy, Yy, Jo,).

Finally, since J is skew-symmetric and parallel, it holds that

1
R%(3,, Yy, 0y, Vy, Jo,) = Z(g(a,, Vy, J9,)g(Yy, 0r) — g(0r, 0,)g(Yy, Vy, JO,)

+ 8, JVy, Jor)g(Yy, JO;) — g(0r, JO,)g(Yy, Vy, JO;)
+2g(0, JYy)g(Vy, Jo,, Jar))

1 1
= _Zg(v)/u‘lar’ YU) + Eg(arv JYv)g(VYM Jarv Jar)
To conclude, note that since || Jo, ||§, = 1 is constant, then g(Vy, Jo,, Jo,) = 0.

Lemma A.2 In the context of Proposition 5.9:
1 1
RO, Ej, Yo, SYu) = 28(SYu, JOE(Yo, JEj) = 28(SYu, JE (Yo, Jop),
1 1
R, Yy, SY,. Ej) = Zg(SYu, Jo,)g(Yy, JEj) + Eg(SYu, JEj)g(Yy, Jo,),

1
RO, Vy,Yu, 8, Ej) = —18(Vn Yo, Ej), and
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1 3
RO, Yy, 8, Vy, Ej) = —Zg(Yv, Vy, Ej) — Zlg(SYu, JE)g(Yy, J3).
Proof Since o, L SY,,d, L Y, and 9, L JE;, it holds that

1
Ro(arv E; Yy, SY,) = Z(g(arv SYu)g(Ejv Yy) — g(or, Yv)g(Ejv SYu)
+ (9, JSYu)g(Eja JYy) — g (9, JYv)g(Ejs JSY,)
+2g(0r, JEj)g(SYu, JYU))

1
= 2@ JSY)g(Ej, JYy) = (0, Yo)g(Ej, JSY)
1 1
= Zg(SYu’ Jo,) — Zg(SYu, JEJ)
Similarly, it holds that

1
Ro(ar, Yy, SYy, Ej) = Z(g(arv Ej)g(Yva SYy) — g0y, SY,)g(Yy, Ej)
+ 80y, JEj)g(Yy, JSYy) — (8, JSY,)g(Yy, JE;)
+2¢(8,, JYy)g(Ej, JSY,))
1 1
= —Zg((‘)r, JSY gy, JEj) + ig(a,, JY,)g(E;, JSYy,)
1 1
= Zg(SYu, Jo,)g(Yy, JE;) + Eg(SYL“ JEj)g(Yy, JEj).
Since in addition 9, L Jo,, it follows that
1
Ro(ar’ VYvYL“ Or, EJ) = Z(g(ah Ej)g(VYl,Yua or) — g(ar, ar)g(VYUYu, E])
+ g(ars JEj)g(VYqua Joy) — g(ars Jar)g(vaYu» JE])
+2g(9y, JVy, Yu)g(E;, Jar))

1
= _Zg(VYUYm Ej).
Finally, since J is parallel and g(Vy, JE;, 0,) = —g(SY,, JE}), it holds that
1
Ro(ara Yy, oy, VY,,Ej) = Z(g(arv VYI,Ej)g(Yva 0r) — g(arv ar)g(Yv; VY,,Ej)

+ 80, JVy, Ej)g(Yy, JOr) — g(8y, JO,)g(Yy, JVy, Ej)
+2g(9,, JYy)g(Vy, Ej, Jar))

_ _%g(yv, Vy,Ej) + %g(a,, Iy, Epg(Yy, Jo,)
+ %g(ar, JY)g(Vy, Ej, Joy)

_ _%g(yv, Vi E)) + %g(vyu JE;},0)8(Y,, JO,)
= 80 Vi, Ep) = Sg(SYa, JER(, T,

[}

@ Springer



8

Page 44 of 44 A. Pinoy

References

20.

21.

22.
23.

24.

26.

217.

28.

Anderson, M.T., Schoen, R.: Positive harmonic functions on complete manifolds of negative curvature.
Ann. Math. 121(2), 429-461 (1985)

Bahuaud, E.: Intrinsic characterization for Lipschitz asymptotically hyperbolic metrics. Pac. J. Math. 239,
231-249 (2008)

Bahuaud, E., Gicquaud, R.: Conformal compactification of asymptotically locally hyperbolic metrics. J.
Geom. Anal. 21, 1085-1118 (2011)

Bahuaud, E., Marsh, T.: Holder compactification for some manifolds with pinched negative curvature
near infinity. Can. J. Math. 60, 1201-1218 (2008)

Besse, A.L.: Einstein Manifolds. Springer Science & Business Media, Berlin (2007)

Biquard, O.: Métriques d’Einstein asymptotiquement symétriques. Astérisque tome 265 (2000)
Biquard, O., Herzlich, M.: A Burns—Epstein invariant for ACHE 4-manifolds. Duke Math. J. 126(1),
53-100 (2005)

Blair, D.E.: Riemannian Geometry of Contact and Symplectic Manifolds. Birkhauser, Boston (2010)
Bland, J.S.: On the existence of bounded holomorphic functions on complete Kihler manifolds. Invent.
Math. 81, 555-566 (1985)

Bland, J.S.: Bounded imbeddings of open Kihler manifolds in CN . Duke Math. J. 58(1), 173-203 (1989)

. Bracci, F.,, Gaussier, H., Zimmer, A.M.: The geometry of domains with negatively pinched Kéhler metrics.

arXiv:1810.11389 (2018)

Cheeger, J., Ebin, D.G.: Comparison Theorems in Riemannian Geometry. AMS Chelsea Publishing, New
York (2008)

do Carmo MPP: Riemannian Geometry. Birkhduser, Boston (1992)

Fefferman, C.L.: The Bergman kernel and biholomorphic mappings of pseudoconvex domains. Invent.
Math. 26(1), 1-65 (1974)

Fefferman, C.L.: Monge—Ampere equations, the Bergman Kernel, and Geometry of Pseudoconvex
domains. Ann. Math. 103(3), 395-416 (1976)

Fornass, J., Forness Wold, E.: A non-strictly pseudoconvex domain for which the squeezing function
tends to 1 towards the boundary. Pac. J. Math. 297, 79-86 (2018)

Gallot, S., Hulin, D., Lafontaine, J.: Riemannian Geometry, 3rd edn. Springer Science & Business Media,
Berlin (2004)

Gicquaud, R.: Conformal compactification of asymptotically locally hyperbolic metrics II: weakly ALH
metrics. Commun. Partial Differ. Equ. 38(8), 1313-1367 (2013)

Graham, C.R., Lee, J.M.: Einstein metrics with prescribed conformal infinity on the ball. Adv. Math.
87(2), 186-225 (1991)

Heintze, E., Karcher, H.: A general comparison theorem with applications to volume estimates for sub-
manifolds. Ann. Sci. de I'Ecole Norm. Supérieure 11(4), 451470 (1978)

Hirachi, K.: Construction of boundary invariants and the logarithmic singularity of the Bergman kernel.
Ann. Math. 151(1), 151-191 (2000)

Kobayashi, S., Nomizu, K.: Foundations of Differential Geometry, vol. 2. Wiley, New York (1996)

Lee, J.M.: Fredholm Operators and Einstein Metrics on Conformally Compact Manifolds, vol. 183.
American Mathematical Society, Providence (2006)

Lee, J.M.: Introduction to Riemannian Manifolds. Springer International Publishing, Berlin (2019)

. Roth, J.C.: Perturbation of Kihler—Einstein metrics. Ph.D. thesis, University of Washington (1999)

Sasaki, S.: On differentiable manifolds with certain structures which are closely related to almost contact
structure I. Tohoku Math. J. Second Ser. 12(3), 459-476 (1960)

Sasaki, S., Hatakeyama, Y.: On differentiable manifolds with certain structures which are closely related
to almost contact structure. II. Tohoku Math J Second Ser 13(2), 281-294 (1961)

Zimmer, A.M.: A gap theorem for the complex geometry of convex domains. Trans. Am. Math. Soc.
370(10), 7489-7509 (2018)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://arxiv.org/abs/1810.11389

	Asymptotic strictly pseudoconvex CR structure for asymptotically locally complex hyperbolic manifolds
	Abstract
	1 Introduction
	Structure of the paper

	2 Preliminaries
	2.1 Notations
	2.2 Contact and CR manifolds
	2.3 Some analysis results

	3 Asymptotically locally complex hyperbolic manifolds
	3.1 The ALCH and ALS conditions
	3.2 First consequences
	3.3 A volume growth lower bound

	4 Normal Jacobi fields estimates
	4.1 Radially parallel orthonormal frame
	4.2 The Jacobi system
	4.3 The local 1-forms
	4.4 Normal Jacobi estimates
	4.5 A volume growth upper bound
	4.6 The local coframe
	4.7 Asymptotic development of the metric

	5 The contact structure
	5.1 Order one estimates
	5.2 The contact form
	5.3 Regularity of the Carnot–Carathéodory metric

	6 The almost complex structure
	6.1 Notations
	6.2 Shape operator estimates
	6.3 Convergence
	6.4 Integrability

	Acknowledgements
	Appendix A: Curvature computations
	References


