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Abstract

We study the Cauchy problem for the half wave Schrodinger equation introduced by Xu [9].
There are some well-posedness results for the equation, however there is no ill-posedness
result. We focus on the scale critical space and obtain the ill-posedness in the super-critical
or at the critical space under certain condition. The proofs in the super-critical space are
based on the argument established by Christ, Colliander and Tao [4]. More precisely, we
analyze dispersionless equation with smooth initial data, namely the Schwartz function and
it is locally well-posed in some weighted Sobolev space. We construct the solution for the
half wave Schrodinger equation by using the solution for the dispersionless equation and we
can exploit the norm inflation or the decoherence properties. For the critical space, we use
the standing wave solution, which was proved the existence by Bahri, Ibrahim and Kikuchi

[1].

Keywords Cauchy problem - Ill-posedness - Schrodinger equation - Critical space -
Standing wave
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1 Introduction

We consider the Cauchy problem for the following equation:

1.1
u(0, x, y) = up(x, v), (4.

{iatu+8§u—|D),|u:pL|u|”lu, (t,x,y) € R3,
where |Dy| = (—85)%, n==xl,p>1(1.1)with u = 1, p = 3 is firstly considered by Xu
[9] on the cylinder (x, y) € R x T. In [9], large time behavior for (1.1), namely the modified
scattering for small regular solution is derived. For the case © = —1 and 1 < p < 5, Bahri,
Ibrahim and Kikuchi [1] proved existence and the stability of the ground states Q,,(x, y)
with w > 0 which satisfy
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—320 +IDy|Q +w0 — QP10 =0

They also found the traveling wave solutions et Quwy(x,y —vt),w > 0,v € Rexist and
derived the behavior of O, , in H LO(R2) or L%(R?) as the velocity v tends to 1. See the
definition of H*1"*2(R?) in the following section. Here Q,, , is a solution to the following
equation:

—020 4+ |Dy|Q +ivd, 0 + w0 — QP10 = 0.

Concerning the Cauchy problem, [1] showed the local well-posedness in the scale sub-
critical space, namely H%*(R?) with % < s < land 1 < p < 5 by the standard fixed
point argument (see section 2 for the definition of scale sub-critical space)!. The following
Strichartz estimate is a key role to show local well-posedness: For S(¢) := e'’ @2=1DyD) and
s > %, there exists C > 0 such that

ISO flls 1o, < Cllflgos,  f € HO R,

t
H/ S(t —s)F(s)ds <CIFlyy s FeLpH™®).
0

4 700
L7 LY,

So far there is no result for lower regularity space, for instance the energy space E :=
H'YOY®RHNH 0.3 (R?) equipped with the norm

1

. 2 L) 2 )2
g = (10cul2 + 11Dy 2ul2, + i)

In Theorem 1.1 below, we find that for p > 5 the ill-posedness (norm inflation) holds in E
since E is the super-critical space in this case. However for 1 < p < 5 (resp. p = 5), E is
the sub-critical (resp. scale-critical) space and we do not obtain any result yet. We explain
some difficulties to show well-posedness in E for 1 < p < 5. The first one is the restriction
of regularity with respect to y variable, namely s > % for the above Strichartz estimate. We
do not know whether the Strichartz estimate hold or not for s = % If we neglect the term
d2u and x variable, (1.1) is nothing but the half wave equation and it is ill-posed in H*(R)
fors < % and p = 3 (see e.g. Theorem 1.3 [3]). For the delicate case s = %, one may apply
the argument in the cubic Szeg6 equation [6] or the half wave equation [8]. However, for
instance (1.1) with p = 3, the Yudovich argument, which was applied to show uniqueness of
the solution for Szegd equation [6] or the half wave equation [8], is difficult to apply. In fact,
we cannot replace the right-hand side of the following inequality X by the energy space E.

Forg € [2,00),u € X = H22(R?) or H'(R?), there exists C > 0 such that the following
holds:

lull par2y < CV/q llullx.
R)

This is the second difficulty. Moreover, the Gagliardo-Nirenberg inequality (Lemma 2.1 [1]):

||u||L‘i+1(R2) < CoN|0y u”Lz(Rz) |||D |2u”L2(R2)”u“L2(R2)’ Con >0

holds only for 1 < g < 5. However, we need ¢ — oo to show the uniqueness. These are the
main reasons why we cannot apply the standard technique. Thus the Cauchy problem (1.1)
in E for 1 < p <5 is an interesting open problem.

1" We can also obtain the local well-posedness in Hl’O(RZ) N HO’S(]RZ) s > 2 for (1.1), u = £1, p = 3.
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The aim of this paper is to investigate the ill-posedness for (1.1) in the super-critical (resp.
at the critical) space H*""%2 for u = %1 (resp. u = —1) since there is no ill-posedness result.
The first statement is the norm inflation in the super-critical space.

Theorem 1.1 Let p > 1 be an odd integer and u = 1. Suppose that either s1, sy > 0 except
forsy =52 =0ands; + 253 < % — % or sy, so < —%. Then for any € > 0 there exist a

solution u for (1.1) and t > 0 such that u(0) € S(R?),
1
luO)gsin <e, O0<t<e  |u@®|gnn > o

If p > 1 is not an odd integer, then the same conclusion holds provided that there exists
an integer k > 1 such that p > k + 1 and either s1, sy > 0 except for s; = s = 0 and
s1+ 280 < % — % or sy, s < —%.

The second result is the decoherence in H*!»%2 with non-positive sy, s5. Here, the decoherence
means that the flow map is not uniformly continuous at time 0 in H*1-%2.

Theorem 1.2 Let p > 1 be an odd integer and ;@ = *1. For any sy, so < 0, there exist the
constants C > 0 such that the following estimates (1.2)—(1.4) hold. For any 0 < §,¢ < 1
and t > 0 there exist solutions for (1.1) with initial data u1(0), u2(0) € S(R?) such that

1 @) |15z, u2(0) || gsi2 < Ce, (1.2)
lu1(0) — u2(0) || gs12 < C, (1.3)
lui(t) — u2() || gsrs2 = Ce. (1.4)

If p > 1 is not an odd integer, then the same conclusion holds provided that there exists an
integer k > % such that p > k + 1 and sy, s5 < 0.

The proofs for Theorems 1.1 and 1.2 are based on the work of Christ, Colliander and Tao
[4] (Theorems 2, 1). In [4], they proved the norm inflation and the decoherence for the
Schrodinger equation and the wave equation with power type nonlinearity z|u|?'u, u =
+1, by regarding the nonlinearity as the main term and the linear dispersive part as the
perturbation. To show the decoherence for the Schrodinger equation, the Galilean invariance
parameter plays a crucial role. Using this idea with suitable modification (since (1.1) has
different dispersion in x and y variable), we can obtain the ill-posedness for (1.1). We remark
that we consider the ill-posedness in the super-critical space in Theorems 1.1 and 1.2 and in
Theorem 1.2 more regularity (or weight) k is needed than in Theorem 1 [4].

The third main result is also the decoherence, and we consider at the scale critical space
with non-negative si, 2.

Theorem1.3 Let 1 < p < 5and p = —1. Forany s1,s2 > 0,51 + 25 = % — %,O <
8,& < landt > O there exist solutions for (1.1) with initial data u1(0), u»(0) € H*-2(R?)

such that (1.3) and (1.4) hold in Theorem 1.2.

We note that in Theorem 1.3, we only consider the focusing nonlinearity © = —1 and
1 < p < 5 since we use the standing wave solutions for (1.1) with © = —1 obtained by [1].

Let us introduce an organization of this paper. In section 2, we give some notations and
lemmas (Lemmas 2.1, 2.2). By the usual energy method, we obtain Lemma 2.1, namely
local well-posedness for (2.2) (the equation with small dispersion parameter v) with regular
initial data. In section 3, we prove the norm inflation in the super-critical space. In section
4, we prove the decoherence. We apply Lemma 2.2 together with the scaling to show the
decoherence occurs in a very short time. Finally in section 5, we prove the decoherence at
the critical space for the focusing case.
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2 Preliminaries

f denotes the Fourier transform of f with respect to the spatial variable x and y. We define
the anisotropic Sobolev spaces H*!"%2 (R?) = (1— 83)’7] 1- 83)’72L2(R2) and H*1-%2 =
(=01~ (—92)~ 7 L2(R?) with norms
1
2510252 F 2 : 2
I/ N srs2 2= - ETME mITdEdn ), () i=VIEH] ]
1

2s 250 7 2 2
1N srsz = (/]RZ [E17 |72 f (&, )|~ d& dn) .
(1.1) is scale-invariant under the transformation

. r x y
u(t,x,y) =Ar rlu -, =

for all A > 0. If 51, 57 satisfy

3
S1+280 = — —

— 2.1
2 oo 2.1

then we have [luy (0)[| gs;.s, = l|uoll gsi.s, - We call H*+52 scale critical? if sy, s, satisfy (2.1)
and super-critical if sy, 57 satisfy

2
2 -
ST+ 250 > > b1
H*K denotes the weighted Sobolev space endowed with the norm
k
leellpges ==Y N+ x| + YD T 0% ull 2 g2
i=0

Let ¢9 = aw,a € [%, 1] and the Schwartz function w € S(R?) be given and let ¢ =
¢@V) (1, x, y) satisfies

) (2.2)
#(0,x,y) = ¢o(x, y) € S(R),
where 0 < v <« 1, u = 1. By letting v — 0, (2.2) approaches
i = nlgl”~'o,
$(0,x,y) = do(x, y) € S(R?).

{ia@ +v202¢ — 2D, | = plg|P g,

(2.3)

The solution ¢ = ¢@ for (2.3) can be expressed as

O = poeimtldol’ " (24)

2 pace F1:0(R2 0.3 (R2) is scale critics -
The energy space H 'V (R°) N H 2 (R”) is scale critical when p = 5.
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For%§a§1,0<k<<l,veRweset

T TR L T TR PR (LN @5)
WO, x, y) = e e M 5. e+, 5y ). :
Y 2200 Pekd

Then u = u'®V*" satisfies
idu 4 02u — |Dylu = plulP .
The following lemma will be applied in the proof of Theorems 1.1, 1.2.

Lemma 2.1 (Lemma 2.1 [4]) Let p > 1,k > 1 and let O (1) satisfies (2.4). If p is not an
odd integer, then we also assume p > k + 1. Then there exist C,c > 0 depending on p, k
such that the following holds: For sufficiently small 0 < v < c and T = c|logv|°, there
exists a solution ¢ (t) € CY[-T, T1; H*¥) of (2.2) satisfying

(1) — ¢ (@)l gpx < Cv 2.6)

Sforall |t] < c|logvl°.
Proof Let ¢ = ¢© +  where ¢, 9@ satisfy (2.2), (2.4) respectively. Then v satisfies

09 +v2029 — v Dyl = =129 + 12Dy |9 + 1u|¢©@
1P @O +9) — i@ PO,
¥v(0,x,y)=0.

To show (2.6) we need to prove

sup [ (@) |lpgrk < Cv 2.7
[t|<T

for0 < T < c|logv|®. For simplicity, let # > 0. The energy inequality gives
Al llggr = ClIl =207 = 1Dy DO @) + (16 +v17 @ + y)
—1p @17~ P) (@)l

+ CllY @) [l pgrk - (2.8)
From (2.4), ¢p € S(R?) and
¢ @ O llgges + 6P Ollee < CA+ 0, (2.9)
we obtain
137 = 1Dy D@ D) llggex < C(1+ 1) (2.10)
We show
IF @ + ) (@) = F@O) (@) lypa < CA+ DY @) 130 (1 + ||w(r)||Hk,k)1"(1é 0

where F : C — C, F(z) := pu|z|?"'z.For j =0, 1, ..., k, we see
IFD ()] < C + |z)P,
IFP+2) = FY@| =< ClZl (A + |zl + 12D/
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Thus the chain rule, the Leibnitz rule and (2.9) imply

IFD @0 +9)(t,x,y) = FP @), x, y)l
<CA+0 Y [ x, - 1Y @, IA + 1Y, x, )17

foreachO < j < k, where «, ..., &, range over all finite collections of non-negative integers
withl <r <k +1land o) + ... + o < k. Thus (2.11) follows from the Holder inequality
and the Sobolev inequality. Collecting (2.8), (2.10) and (2.11),

WY D llper < CV A+ +CUA+DC NP @) lgges + CUA+D NP O s

where C > 0 depends on k. Under the a priori assumption ||/ (¢) [k« < 1, the above
inequality becomes

A Y ()l < CV2(L+0)C +CU+ DY)l gk

By the Gronwall inequality and ¥ (0) = 0, we have
19 @)l < Cv2eCTH0°,

when 0 < ¢ < c|logv|® for suitably chosen ¢ and sufficiently small v > 0. Then (2.7)
follows and the a priori assumption [|v (¢)[lxx < 11is attained. Hence we obtain the desired
result. m]

We prepare the following lemma for the proof of Theorem 1.2.

Lemma 2.2 (Lemma 3.1 [4]) Let0 # w € S(]Rz) and s1, sp < 0. Suppose that p, k, p =
¢>(”’“), ¢)(0) be given in Lemma 2.1. Also assume that |v| > 1, % <a,a <2and0 < v <
L & 1. Then for u@"*V) given by (2.5) there exist C, ¢ > 0 such that the followings hold:

3

__2 A
@D )| s 52 < CA 7T o] (—) , 2.12)
Vv

, 2 A
222 (0) — @I A O) | oy < CAT T ] (7) ol 21
V

N O A O P2

A : @v (L _ j@wm (L
() (= (=) o= )

whenever |t| < ¢|log v|°A2.

A —k
— C|logv|€ <7> |v|‘”k> (2.14)
HO-52 v

Proof From (2.5), we have

3 2
(a,v,\,v) A _ —p% & (a,v) A & E L
(@2 )11 (€, ) = 2 (U) [0 0)] (U(€+2),V2n>-
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By Lemma 2.1, for 0 < v < ¢ there exists the solution ¢ (¢, x,y) = ¢(“*")(t,x, y) to
(2.2) with initial data ¢@")(0, x, y) = aw(x,y), 0 # w € S(R?). From § < a < 2 and
s1, 52 < 0 we have

3
@20 (0) 2, = Ca2a" 7T (X
H51:52 v
v v\ 251
/Rz (1+]3e-3)) (”

gl 3 281 2 2
<Cx 7 [I“ [ Fx[wl(E, DI 2 A + L P wIE, )72 d§
v |§|< [v Y [E1= 45 1v] Y

Fiy

3 -N 3
4 A A __4 (A
CAr 1 <7> (|v|251 +Cy <*|v|> ) <Cix »1 (*) o]
Y v v

forall N < oo since w € S(R?). In the last step we use v < . Hence (2.12) follows. (2.13)
is clear from u@ "4V (0) — y@ V2 (0) = (a — a’)u"*"»¥(0) and (2.12).
Finally we prove (2.14) below. From (2.5),

p2

250
A2n> [w(E, ))? dg dn

IA

P40 1) u<“””~k*“><r>||%,y.,sz

2
Vv
=ATP T |e” (qﬁ(“ v <x2’ —(x 4 v1), Fy>
t v? :
—gp@V (—, —(x +v1), y))
22 22 Ho1
Here
2 2 2
i tr v v
e 2 <¢<“v”> (—, SO, o5 ) P ( , (x + v1), y))
ERN A2 22 H51.52

2
dé dn.

v v [\ 251 v? s ~aw [t ~d'\v)
(1+ 56 = 2)) " (1+|53m]) o (55.60) -8 (5560

Hence from v < X and s, < 0 we have

@222 ) = @ (0 g

3
> C)\ pT <&) / |U|2S1
v A
T A } 251 (a,v) (a',v) 4
7 () we (e () o ()
@y ! :
- i Fx[cb“’“](f,éw) ‘
/\swzﬁm (H Az

2
’ t
+ || Felp <—2, £, ) ) dg>, (2.15)
A H
By Lemma 2.1, (2.9) and s, < 0, we have

¢l s < Clipllger < Clip ) — ¢ @) lpgx + Cllg@ (1) ek
<Cv+CU+thk < Cllogv|€ (2.16)

2

IS

dg

H%

Falp @] (;—2 £, ) — Flo“"] (% £, )

2

IS

>Crr

HO«SZ

H*2
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for |¢] < ¢|logv|¢. On the other hand,

¢ @)l s = (/ X
l&|=

RM

2
)N F (D1, &, )3y ds)

1

A k 2
= ¢ () (fm N |||fx[¢](r,s,-)||%,szds) SENCRT)
§1= 5 1v

Collecting (2.16) and (2.17), we see

t
Felgp @V (—, £, )
fs|>4'g|v| (H A

5\ 2%
c
= Cllogv| <*|U|>
Vv

< c|logv|¢. Then

’ @t
+H‘7:x[¢a'v](ﬁ7%‘!'>

H*2

2
)«
H*2

1
when iz

(RHS of (2.15))
-4 A ’ 2s (a,v) ! (a’,v) !
=0 (3) w (H"’ () -+ (%)

Hence from s; < 0 and |v| > 1, we obtain (2.14).

2 2 —2k
C
— Cllogv]| <f|v|> )
HO,SQ v

3 Norm inflation

In this section, we prove Theorem 1.1. We consider either (i) s1, so > Oexceptfors; = s, =0
and 51 + 257 < % — % or (i) 51, 52 < —%. In addition we assume that 0 < A < v < 1.

Q

Proof of Theorem 1.1 We see from ¢@V)(0, x, y) = aw(x, y), 0 # w € S(R?) that
2 2
(@,v.1.,0) DR L N I Uy

u O, x,y)y=x rl¢ (O,Ax,kzy =ak »Tw )Lx,kzy ,

3 2
@O O)1 &, ) = ax” 71 (5) » (55, %n) :
v v v
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Hence if A < v, then

(AR (O [

B zk_ﬁ A 3 | v 2\ | v
= <*) /R( +’x5\> g ek

4 A 3—4sy v 251 2
<o (;> ( /lm (3181) ™" 17w, Il d
+ /m IFLIE dé)

4 /A 3—2s1—4so ) )
_ i (7) ( /R &P I Tw](E, ) dE

v

)» 251
—fm ) <|s|2“ —(;) )nfx[w](é, M dg). G.1)

2

2\ 52
) [W(E, n)|*dE dy

—v

Thus if A < v, then

3 1
o A 5—s1—252 A s1+3
@ H D ) gy < €A77 (—) (1 +0 (()
Vv v

2 3=S1=252 32
<Cx T (ﬁ) = CAITET TRy
V

. 3 _51—25248
Taking A = v, 0 := 52 Sizntd 1 and 8§ > 0 be such that v® = ¢, then we have

2
i | —2s52

@20 0) || o152 < Ce.

2 -,
Similarly from [u@"*O(\20)|(&, n) = A7 T (%)3 PV <t, AE, i‘—;n), 51,82 > 0 except
for sy =sp =0and A < v, we see

@0 G20 s
3 2 257
4 (A v 251 v
=Ch = 1 ‘* ’ 1+ |— 2@t £ mP2
o (V> /Rz( * ﬁ) < + Az”D 6" (1, &, m)|" dE
3 2 257
_4 A v 251 v N
>CA 1| — v v @) e 2 4 g
- <V) /\s|zl,|n|zl <A|S|) </\2|n|> (9. &, )7 dg dn

4 /A 3—-2s51—4s2 5 5
S onm <;> U1 ()12 — 16D (O)]12,).

We estimate || @) (¢) || o152 below. If we can show
10Ol ~ 172 1> 32
then we apply Lemma 2.1 and obtain lp @) (1) || o1 ~ £51152 This leads to

351 =25,

2 (A2
lu 0020 e = €A77 (E) 16 Ol o1 ~ er1 2,
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whenv < land 1 <t < c|logv|¢. (3.2) is confirmed by the same manner as in the proof
of Theorem 2 (page 17 [4]). Indeed, from

¢, x, y) = aw(x, y)elre” eI (33)
and

. . . o _ _ . s o p—1 p—1
03 92O, x, y) = aw(e, IR pa? IV yw(x, y)[PTHR e D

+ 0@/t

for all integers ji, j» > 0if p is an odd integer, and all j, j» satisfying0 < j1+jo < p—1
otherwise, we have

@Ol iy ~ 111772,

Under the assumptions of s1, 52, k, p in Theorem 1.1, we have (3.2).
Next, we prove the case 51, 52 < —%. From (3.1) and if | F [w](&, )lgs2 ~ O(&]F) as
& — 0 for some k > —s1 — %, then from A < v,

e & 2s1 B 2 i <c & 2k+2s1+1
I F[wlE, s €] § < < o0.
5<% v v

This yields [lu@"*9©0)||gsis2 < Ce. We will show that for any ¢ > 0, it holds
@20 02y | oy > é for sufficiently small 0 < A < v. We check the case s1, 5 < —%
at first.

‘/Rz"’(“’o)“’x’”dxdy‘ >C

isequivalentto 16@9(1,0,0)| > C.Here @O (1)is rapidly decreasing, hence by continuity
we see for |£], |n] < ¢ with 0 < ¢ « 1 that

@1, &, ) > C. (3.4)

By |€], |n] < ¢ <« 1, the Cauchy-Schwarz inequality and Lemma 2.1, we obtain

16 (1,8, m) — 6“0 (1, &, ) < / @V (1, &, ) — ¢V, & 0| dE dy
|&],Inl<ex1
< Cllp“ (1) — O (1)l ek < Cv. 3.5)
Collecting (3.4) and (3.5), we have
1@ (1, & )| > C (3.6)

for |€], |n| < ¢ and sufficiently small v > 0. From (2.5), we compute
2 A\ - L2

ﬂ(a,v,A,O)(}g’ £,1) = AT (2 ¢(a,v) 1, =& =n).
v v 2
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2
v2 =

If || < ¢, Inl < ¢, then by (3.6), we have [@“V*0 (32, &, )| = CA” 7T (%)3. From
this and s1, 52 < —%, we see

RO 2
N (7) / (L ED> (1 + [n)*? dE dy
lEl<cl,vl<c s

1% il
22

A\ 21722 2 312 5\ 2 Ts1H20
B ) e ) o
v v v

— oo as v — 0since 51 + 250 < —%. Thus the claim follows

‘ ()

:C)\_ p=

3 61425
If A < v, then (%)7+A1+2A2
by taking v sufficiently small depending on e. We consider the case s; = 5o = — % secondly.
From (3.7), . < v and

— _ Vv
/ 1D+ Inh " dg dn = Clog (1)),
jgl<c ¥ vl <e Y

we obtain
(@v.0) 2 2 ) v v
[a @29 2 o > €77 (2 log (7) — Cslog (7)
v A A
Thus the desired result follows. It remains to show the claim when s; = —%, sy < —% or
s < —%, sy = —%. These cases are handled in a similar way, hence we omit the detail.
O
4 Decoherence
In this section, we prove Theorem 1.2.
2 3
Proof of Theorem 1.2 Firstly, we consider the case s1,s2 < 0. Set A~ »—T (%)2 [v|t = &,

A =% such that 0 < ¢,0 < 1 and o will be fixed later. This condition is equivalent to

La-o+2y) L .
|v| = v \2 p=1) . ¢51 namely |v| grows negative power of v. From (2.12) and (2.13)

we obtain

@2 ) | s + @20 || go1s < Ce,

@+ ) = u "+ )| g < Cela —dl.

Taking § = ¢|a — a’| then we obtain (1.2) and (1.3). There exists some T = T (a,a’) > 0
such that

,0) (@,0) _ inTal ' w|P~! 1o ipTa' P~ w| P!
lp@(T) — @O (Tl o, = llawe —a'we | yosr = C.
“4.1)

Here C > 0 is independent of a, a’ and fix this 7. By Lemma 2.1, forall 0 < T < ¢|logv|®

lp“(T) — @O (T) || gt g2y < Cv, (4.2)
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where ¢@9 (¢) is defined in (3.3). From (4.1) and (4.2), we have

@V (T) — ¢V (T) | o
> ¢@O(T) — ¢ @O (T) | yos, — 19C(T) — @O (T o,

— 16 O(T) = ¢ (T oy
>C-2Cv>C

provided 52 < 0 and v > 0 is sufficiently small. From (2.14),if 0 < T < c¢|log v|¢, then we
have

”u(a,v,)\,v)(sz) _ M(a/’v’l’v)(A.zT)||Hxl‘x2
’ A’ _k
= Ce (II¢><“’“><T) — 8D = Cliogvl® (5 '”'M)
A —k
> Ce—Ce <7> |U|_sl_k|10g\)|c~ (43)
1%

We set A = v? with sufficiently small ¢ > 0 such that

—k )
A k_3(J1+k) siHk (3 2 —k stk
(7) w1 K logv|© =" 2 +< 51 (2 ”"1) )Ullogv|cs ST 0
v

3(s1+k) 9

as v — 0. Indeed, if s; < O and k > % we see k — % > 181> 0. Therefore

(RHS of (4.3)) > Ce.

As v — 0, we have A = v” — 0, hence A2T — 0. Therefore we conclude (1.4). Secondly
we check the case s; = 5o = 0. We see

gV () — ¢ VD)2 > C >0

whent > Cla —da/|"L.Ifv > Ois sufficiently small and Cla — a’|~! <t < ¢|logv|¢, then
(2.6) gives

g (0) — o)) 12 = 1640 1) — @O W) 112 — 19 (1) — 9O 1)l 12

— 16O @) — ¢ 1) 12
>C—-2Cv>_C.

We see

3
’ _2 A\?2 /
@0 (12g) — @20 G20y = 277 <7) I (1) = D)l 2 = Ce.
1%

Of course it holds that
@ > OO < Ce. a0 0) —u@ OO 2 < Cela —dl.

Therefore the claim follows for the case s; = sp = 0. The cases sy =0ands» <Oors; <0
and s = 0 would be similar, hence we omit the proof.
O
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5 Decoherence at the critical regularity for focusing case
In this section, we consider (1.1) with © = —1 (focusing case):
idu 4 2u — |Dylu = —|ulP"u. (5.1)

Fpr 1 < p < 5, there exists the standing wave for (5.1), namely u(t,x,y) =
e’ﬁ’Qﬂ(x, ¥), B > 0. Here Qg satisfies the following equation (see (1.5) [1]):

—3;0+|Dy|Q+BQO 101" 'Q=0.
‘We note that
0p(x,y) = B7T 01(V/Bx, B). (52)
Proof of Theorem 1.3 We set two solutions u1, uy for (5.1) as
ujt,x,y) =ePi'Qp (x, ), (5.3)

where 8; > 0, j = 1, 2. From (5.2), (5.3), change of variables and 51 + 25, = 5 — —=; we
see

41 (0) = u2(0) I35, 5, = 11 = Qs 1770102

1 3 1 3

21022 |72 NP = s & l)

/ &% nl 01 (7731, ;‘31) B 01 (—E, 5
2

251 |,1252 ded < > 25111252 | ) Bi ﬂ
/ €17 101*2101 (&, ) d& dn + / €17 n] (,lﬂ £, 5"

,32>]1; 25111282 1) ﬁ ded

2(2) e o n)Q1<,/ﬁ 6.5 ) £

as % — 1. Hence (1.3) follows. Finally, we check (1.4).

de dn

— 0

1 (@) = w2 ()3 = 11O Fysy55 + N2 350, — 2001 (0), u2()), -

Similar to the above argument, we see [|u; ()| gs;.50 = Q1 ggs1.sp fori =1, 2.

(1 (1), w20y, 5, = / EP PR P O ) Oy 6. m) i dy

J

— P /32)1('31’32) -1 %

25111252 ) i l) < )d dn
[ o (=) 8 () o

— ei(ﬁl—ﬂz)t (Iglﬂz)ﬁ ,B] 2524-5

251029 5 = ([, B
! 2 , — dé dn.
[ ierinr 0iee n)Q1<‘/ﬂ 65 ) dn
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If we take B1 = n2 +n, fo = n?,t = % for n € N, then we obtain

1 3
n2 P12 s N = n2~|—n n2+}’l
(ur (@), ua(t))s, s, :_(n2~|—n) /]RZ |S|2AI|77|2‘2Q1(§’77)Q1 2 &, 2 n | d&dn

2
= —Q1llGs., n—> 00

since s + 259 = % — %. Therefore

1 (@) = w2 ()3, = 41Q1 150, 17— 00
Hence (1.4) follows. O
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