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Abstract

The Sierpinski gasket K has three line segments constituting a regular triangle as its border.
This paper studies what will happen if one of them, which is called the bottom line and is
denoted by I, is removed from K. At a glance, “the Sierpinski gasket minus the bottom line”
K\ I has a structure of a tree of Sierpinski gaskets. This observation leads us to the results
showing that the boundary of K\ is not the line segment / but a Cantor set from viewpoints
of geometry and analysis. As a by-product, we have an explicit expression of the jump kernel
of the trace of the Brownian motion of K on the bottom line /.
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1 Introduction

This paper concerns a tree structure of “the Sierpinski gasket minus its bottom line” shown
in the left-hand side of Fig. 2 and its consequences from the viewpoints of both geometry and
analysis.

The Sierpinski gasket is defined as the unique non-empty compact set satisfying

K = Fo(K) U Fi(K) U F2(K),
where F; : R?> — R? is given by
1
Fi(x) = E(X —pi)+pi
for x € R? with po = (0,0), p1 = (1,0) and py = (%, ?). The bottom line I of the

Sierpinski gasket K is I = pop1 = [0, 1] x {0}, which is naturally identified with the unit
interval [0, 1]. See Fig. 1.
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The Sierpinski gasket K The bottom line |

Fig. 1 The Sierpinski gasket and its bottom line

Once the bottom line / is removed from the Sierpinski gasket K, the resulting set has
infinitely many cuts at every dyadic rational point in / and one can observe a tree structure
illustrated in the left-hand side of Fig. 2, where the horizontal scale is modified to visualize
the cuts. In other words, K\ has infinitely many “loose ends” towards /. More precisely,
for example, let p;; be the midpoint of p; and p;. Originally, the line segments pyopo; and
P21 por have the same end po; but they will not meet without po; € I. See the right-hand
side of Fig. 2. The same phenomena happen at every dyadic rationals.

Geometrically, the tree structure of K\ I becomes clearer by introducing the shortest path
metric D on K\ defined as follows: for x, y € K\/,

5(x, y) = inf{L(y)]|y is a rectifiable curve between x and y in K\/},

where L(y) is the length of a rectifiable curve y with respect to the Euclidean metric d. Let
yi « [0, %] — P2i po1 be acurve starting from pj; and converging to po; ast — % fori =0, 1.
See Fig. 2 for a graphic representation of y and y». Then lim,_, 1 5()/0 @), y1(t)) = %, while
lim,_, 1 di(yo(t), y1(t)) = 0. This shows that the geometry of K\ / under D and that under

d, are essentially different because the shortest path metric D captures the tree structure of
K\ but the Euclidean metric does not. Indeed, Theorem 2.15 shows that the “boundary”
of K\ under D is not I but a Cantor set Yr = {0, 1}N, where T is an infinite binary tree
illustrated in Fig. 5. This corresponds to the well-known fact that the hyperbolic boundary of
T is the Cantor set 7.

Analytically, the tree structure is reflected in the resistance metric R associated with a
resistance form (5 R F ) on K\ defined in Sect.4. In fact, it will be shown in Sect.5 that the
resistance form (5 , F ) is a suitable extension of the standard resistance form (£, F) on K,
which corresponds to the Brownian motion on K.

Analysis on the Sierpinski gasket was initiated by Goldstein [3], Kusuoka [13], and
Barlow-Perkins [1]. They have constructed and studied the Brownian motion of the Sier-
pinski gasket. Later the associated Dirichlet form (£, F), which is now called the standard
resistance form, was constructed in [8].

After the removal of I, the paths of the Brownian motion exhibit a similar nature as the
paths yp and y; above. Namely, consider two paths approaching to pg; € I, one from inside
Fo(K) and the other from inside Fj(K). They will not meet after the removal of 7. The
extended resistance form (£, F) on K\ reflects such phenomena of the limits of paths. In
fact, Theorem 4.5 shows that the resistance metric R is biLipschitz equivalent to a power of
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the tree structure of K\I “loose ends”

Fig.2 Tree structure of K'\/ and loose ends

the shortest path metric D, i.e. there exist ¢1, ¢ > 0 such that

ca1D(x, y)* < R(x,y) < caD(x, y)* (1.1)
for any x,y € K\I, where o = %. Consequently, the resistance form (£, F) is

naturally regarded as a resistance form on (K\7) U X7.
As a by-product of the above results, we will show an exact expression of the jump kernel
J, of the trace (€|, F|;) of (€, F) on the bottom line I, which is defined as

Fr=A{flilfeF} and El;(Y, V) = EMnW), h(P))

for Y € Fy, where h(y) € F is the harmonic function on K with the boundary value ¥ on
I. See Appendix 1 for the exact definitions. The map & : F|; — F gives the solution of the
Dirichlet problem of the Poisson equation on K with the boundary /, which is

Af =0 onK\I,
fli=1.

From the probabilistic point of view, the trace (£];, F|;) corresponds to the jump process
on [ that only sees the hits of the Brownian motion on /, i.e. let {X;};>( be the Brownian
motion. Define {#;};>0 inductively as tp = 0 and t,41 = inf{¢|t > 1,, X; € I}. Roughly
speaking, the trace on [/ is the process given by {Y;};~0 defined as ¥; = X;, forany €
(10, th+1)-

The first study on the trace (£|7, F|;) was due to A. Jonsson who identified F|; with
a Besov space Bé’z(l ) where § = %(a + 1) in [6]. Also, R. Stricharz obtained an exact
expression of the harmonic map % in [16]. Moreover, one can find detailed study of boundary
values problems of harmonic functions on certain domains of the Sierpinski gasket in [15]
and [5].

In this paper, we obtain an expression of the jump kernel J, (x, y) of (€7, Fr) as follows:

Theorem 1.1 [Corollary 6.2] For x, y € I, if the binary expressions of x and y are 0.i1i3 . ..
and 0.1 ja ... respectively, where iyiy ... and jijy ... are infinite sequences of 0 and 1,

define

n«(x,y) =min{nln > 1, iy # ju} —1
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and

35 14 20 1y (x,y) 3

Then
Flr = {f‘f c C(I’d*)’/l @) = F)dxdy < oo},

where d, is the Euclidean metric on I and C (1, d..) is the collection of real-valued continuous
functions on I, and

LS. f) = [[ L) = ) dxdy

forany f € F|.

Moreover, using this exact expression, we will obtain an upper and a near-diagonal lower
estimates of the transition density of the associated jump process in Corollary 6.2.

The exact expression of J, above is made possible by three ingredients. First, we will
show that the resistance form (5 , .7?) on (K\/) U X7 can be reduced to that on T U X7
associated with a random walk on 7. Second, applying the results in [11], we will obtain an
exact expression of the jump kernel of the trace of the random walk on its “boundary” 7.
Third, using the fact that (5 , F ) is an extension of (£, F), we identify the jump kernel J,
with what is obtained in the second step.

The organization of this paper is as follows. In Sect.2, we give the exact definition and
the fundamental properties of the Sierpinski gasket. Also, later in Sect.2, we identify the
“boundary” of K\7 with respect to the shortest path metric D with the Cantor set Yr.In
Sect. 3, we introduce the definition and the basic properties of the standard resistance form
(€, F) on the Sierpinski gasket K. In Sect.4, we introduce the resistance form (g F ) on
K\I and show (1.1). In Sect.5, we characterize the standard resistance form (£, ) on the
Sierpinski gasket by means of the resistance form (E F ) on K\ /. As a consequence, (5 F )
is shown to be an extension of (£, 7). Finally in Sect.6, we show an explicit expression
of the jump kernel of the trace (8 > F |s;). Then through the results in Sect. 5, we show
results on the trace (£|7, F|r) including Theorem 1.1. Finally, in Appendix A, we review
the definitions and the fundamental facts about resistance forms, their traces, and weighted
graphs.

Remark 1In this paper, we often define a quadratic form Q, which would be a resistance form

or a Dirichlet form, on a vector space V only on the diagonal values, i.e. Q(f, f) for f € V.
As a quadratic form, Q(f, g) is always given by the following polarizing identity

1
Q(f,g) = Z(Q(f+g,f+g) -Q(f—g f—8).

2 Geometry of the Sierpinski gasket
In this section, we study the geometries of the Sierpinski gasket and “the Sierpinski gasket

minus the bottom line”. As mentioned in the introduction, they are the same under the
Euclidean metric but become quite different under the shortest path metrics.
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First, we give an explicit definition of the Sierpinski gasket. The points pg, p1, and p;
and the maps Fy, F1, and F, are those given in the introduction. By [9, Theorem 1.1.4], we
have the following theorem.

Theorem 2.1 There exists a unique non-empty compact set satisfying
K = Fo(K) U F|(K) U F»(K). 2.1)

The non-empty compact set K is called the Sierpinski gasket. Let d, be the restriction of the

Euclidean metric on K. Then the Hausdorff dimension of (K, dy) is %.

Other than the (restriction of) the Euclidean metric d,, we often use the shortest path
metric D on the Sierpinski gasket.

Definition 2.2 Define the shortest path metric D(-, -) on K as
D(x,y) = inf{L(y)|y is arectifiable curve in K between x and y}

for x, y € K, where L(y) is the length of a rectifiable curve. A rectifiable curve between x
and y attaining the above infimum is called a shortest path between x and y.

It is easy to see that the Euclidean metric and the shortest path metric are biLipschitz
equivalent.

Proposition 2.3 There exists a constant ¢ > 0 such that
di(x,y) = D(x, y) < cdx(x, y)
forany x,y € K. Moreover, a shortest path between x and y exists for any x,y € K.
The followings are standard notations regarding word and shift spaces.
Definition 2.4 (1) Let S = {0, 1, 2}. For any m > 0, define
Wy = 8" ={wy...wylwy, ..., w, €S},

where Wy = {¢}, and

W*:UWm

m=>0
Fori e Sandn > l,set (i), =i...i € W,.
n-times
(2) Define

2(8) = SN = {wwy...|w; € S foranyi € N}.

For simplicity, we use ¥ in place of X(S). Fori € S, set (i)oo = ii ... € X, which is also
denoted by i in Fig.3. Forw = wjw; --- € X andi € S, define o (w) and o; (w) by

o(w) =ww3... and o;(w) =iw.

The map o is called the shift map.
(3) Forw € Wy and v € W, U X(S), the concatenation of w and v is denoted by wv. For
we W, UX,

w the unique m satisfying w € W, if w € W,,
w| =
if w e X(S).
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p2 = 7(2)

po = 7(0) p1 = (1) w(01) = =(10)

Vo Vi Va

Fig.3 Graph approximation of the Sierpinski gasket

Forw € W, U ¥ and n < |w|, we define [w], as the unique u € W, satisfying w = uv for
some v € W, U X. Forw,v € W, UX with w # v, define

n(w,v) = min{i|1 <i < min{lw], [v]}, [w]; # [v];} -1
and
WAV = [W]iw,v)»
which is called the confluence of w and v. If w = v, we define w A v = w.

Note that {o; };<5 is the collection of branches of the inverse of o.
Using n(w, ), we define a family of metrics on X.

Proposition 2.5 [9, Theorem 1.2.2] For w, T € X and r € (0, 1), define

POn ifw 1,

8r(a),r):{0 ifo=rt

Then §, is a metric on ¥ and the metric space (X, 68,) is a Cantor set, i.e. it is compact,
totally disconnected and perfect. Moreover o and o; are continuous maps. In particular,
8r(0i(®), 0i(1)) < rér(w, 1)
forany w,t € X.
Definition 2.6 For w = w; ... w, € W,, define
Fy = Fy 0...0F, and K, = F,(K).
Furthermore, define Vo = {po, p1, p2},
V= Fu(Vo) and Vi=[]J Va

weW, m=>0

The followings are the basic properties of the Sierpinski gasket. See [9, Chapter 1] ([9,
Examples 1.2.8 and 1.3.15] in particular) for details.

Proposition 2.7 (1) For any m > 0, V,, € Vy,41. Moreover, V. is a dense subset of K.
(2) Let 14y be the normalized %—dimensional Hausdorff measure on (K, d,). Then

pa(Ky) = (%)‘w|
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Sfor any w € W,. In particular, |1y is the self-similar measure with weights (%, _%, %).
(3) Forany w € X andm > 0, K{),, 2 Ko, and

ﬂ K[w]m

m=>0
is a single point. Let w(w) be the single point. Then w : ¥ — K is a continuous surjection
satisfying

7 (0i(w)) = Fi(m(w))
forany w € £ and i € S. In particular, 7 ((i)o0) = pi for anyi € S and
(i (J)oo) = Fj(pi) = Fi(pj) = 7(j()oo) (22)

ifi,j € Sandi # j. Moreover, w~'(x) is not a single point if and only if x = Fyj(pi) for

somew € Wy andi # j € S when 7l x) = {wi(j)oo, wj(i)oo)-

See Fig. 3 for an illustration of (2.2), where (i) is denoted by i.

Hereafter in this section, we consider the geometry of K\ where [ is the line segment
Popi- One of the notable properties of K\ is that it has the structure of a binary tree. To
give further explanations, we need to introduce several notions.

Definition 2.8 (1) For n > 0, define

n
T, = [Jo, 13",

m=1
where T; = {¢}. Furthermore, define

T = UT,, and ET={O,1}N={i1i2...|ij € {0, 1} for any j € N}

n>1

(2) Define I = [0, 1] x {0}.

See Fig.5 for an illustration of 73.
We naturally identify / with the unit interval [0, 1]. Under this identification,

i
w(iyip...) = 2%
n>1
for any ijip ... € ¥7. This is exactly the binary expansion of x = 7 (iji2...) € [0, 1]. In
particular, 7 (27) = 1.

The next proposition states that K\ / can be regarded as a tree of Sierpinski gaskets.
Proposition 2.9

K\I = | J Kuo.
weT
Moreover, for w,v € T, define E = {(w,v)|lw,v € T,w # v, Ky2 N Kyy # @B}. Then
(T, E) is a binary tree with the root ¢.

Note that X7 equipped with the metric 8, |5, x5, is a Cantor set, which is the “boundary”
of the binary tree (7', E).
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Proof Note that (w,v) € FE if and only if there exists u € T such that (w,v) €
{(u, ui), (ui,u)} for some i € {0, 1}. So, every w € T has two children w0 and w1. So
(T, E) is exactly the infinite binary tree as defined. O

Geometrically, the shortest path metric on K\/ introduced below reflects this structure
of the binary tree (7', E). As we will see in Theorem 2.15, the Cantor set X7 appears as the
boundary of K\ under the shortest path metric.

Definition 2.10 (1) Define D as the shortest path metric on K\, i.e. forx,y € K\I,
[~)(x, y) = inf{L(y)|y is a rectifiable curve between x and y in K\/},

where the rectifiability and the length of a curve are with respect to the Euclidean metric.
2)Forw € T and w € X7, define p(w) = Fy,(p2) and p,, (w) = p((wln).

Topologically, there is no difference between D and D.

Proposition 2.11 The identity map ¢ : K\I — K\I is a homeomorphism between (K\I, D)
and (K\1, D).

To show this proposition, we need several lemmas.
Lemma 2.12 diam(K, D) = 1.

Proof Claim: D(p;,x) < 1foranyx € K andi € S.

Proof of Claim: Without loss of generality, we may assume that i = 0. Choose w € X
such that x = m(w). Define {g;,}m>0 inductively as follows: let go = po and let g,,+1
be the unique element in Fi,y,,, (Vo) which attains min{d,(gn. ¢)1q € Fiw),,, (Vo)}. Then
Um0 Gmqm-1 U {x} is a rectifiable curve between po and x and its length is no greater than

Y LPupmin) = 27" <1
m=0 m=>0

Thus we have obtained the claim.

Let x,y € K with x # y. Then there exist n > 1 and w,v € W, such that w # v,
KyNKy, # 0, x € K, and y € K,. Let {g} = K, N K,. Then by the above claim,
D(x, p) <27"and D(y, p) <27". Hence D(x,y) < D(x, p) + D(y, p) < 1. o

Lemma 2.13 Forany w € Wy and x,y € Ky, there exists a rectifiable curve yy, between x
and y included in K, such that

L(ny) = D(x,y).

Proof Let yx, be a shortest path between x and y. Then yy, does not have any loop. So,
once it get out from K, at some point in Fy, (Vp), it returns to K,, at a different point in
Fy(Vp). So, if yyy is not included in K, then it must pass two distinct points of F,(Vp) and
L(yxy) > 271wl On the other hand, Lemma 2.12 yields that diam(K,,, D) = 271!, so that
L(yxy) < 2~1wl Therefore, Yxy is included in K. O

Lemma2.14 Foranyw € T and x,y € Ky,
D(x,y) = D(x, ).
Proof By Lemma 2.13, there exists a rectifiable curve yy, between x and y included in K,

such that L(yxy) = D(x, y). Hence 5(x, ) = D(x,y) = L(yxy). ]
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Proof of Proposition 2.11 Since D(x, y) < Di(x, y) for any x, y € K\I, the identity map
from (K\1, 5) to (K\1, D) is continuous. Conversely, suppose that {x,},>1 € K\I,x €
K\I and D(x,,x) = Oasn — oo. If x € Kyn\Fy2(Vp) for some w € T, then x,, € Ky
for sufficiently large n. Hence by Lemma 2.14, we see that 5(x,,, x) = D(x,,x) — 0 as
n — 00. Otherwise, x = Ko N Ky,;» for some w € T and i € {0, 1}. Then it follows that
{xn, x} € Ky or {x,, x} C Ky;>. In either case, Lemma 2.14 shows 5(x,,, x) = D(x,, x)
and hence D(x,,x) — 0 as n — oo. Thus we have shown that the identity map from
(K\I, D) to (K\I, 5) is continuous as well. m]

Although D gives the same topology as the restriction of D to K\, they are not biLipshitz
equivalent. For example, D(p(0(1),), p(1(0),)) = 27" while 5(p(0(1),,), p(1(0),)) =
3/2 —27". This discrepancy is due to the lack of the point (%, 0) € I. The same phenomena
happens at a point (2%, 0) eI foranym > landi € {1,...,2" — 1}, so that we have the
following fact.

'[heorem 2.15 The completion of (K\1, 5) is (homeomorphic to) (K\1)UZX7. In particular,
D|ET><ET = %8% |ET><ET-

Proof The shortest path between p,,(w) and p,+,(w) is the union of line segments
U0 Pinti (@) pmti+1(@) and s0 D(pp (@), pmsn(@)) = 27" (1 — 27"). This shows that
{pm(w)}m>11s a Cauchy sequence with respect to D. Through the correspondence between
the equivalence class of {p,(w)}n>0 and @ € X7, we identify X7 as a subset of the
completion. At the same time, the shortest path between p,,(w) and @ € X7 is the com-
bination of infinite line segments {p;(w)pi+1(®)}i>m, Which is denoted by p, (@), and
5(pm (w), w) = 27™. Moreover, let w, 7 € Xr. Then the shortest path between @ and
T consists of px+1(w), the line segment py1(w) pr+1(T), and pr+1(t), where k = n(w, 7).
Hence we see that 5(0), 7) =3.27n@n-1 - %él (w, 7). The rest of arguments are entirely
the same as in Sect.4, where we will show that the completion of K\ with respect to the

resistance metric R equals (K\7) U X7, if we replace the exponent (%) o by (%) " n fact,
some of the arguments become even simpler because it is easier to handle the shortest path
metric rather than the resistance metric. O

3 Standard resistance form on the Sierpinski gasket

From this section on, we study the difference between K and K\/ from the viewpoint of
analysis, in particular, resistance forms, whose very basics are given in Appendix A. First of
all, in this section, we introduce the standard resistance form (£, F) on the Sierpinski gasket,
which is the local regular Dirichlet form on L2(K, u) associated with the Brownian motion
on the Sierpinski gasket.

The standard resistance form (&, F) is defined as the limit of a compatible sequence of
weighted graphs, {(V,,, C;;)}m>1, defined below. See Appendix A for the definitions and the
basic facts on weighted graphs.

Definition 3.1 For m > 0, define C,, : V,, x V,, — [0, 00) by

S5\m
ey = L(5) ) € e, Fulpp)lw € Wai. j € 5.1 # )

0 otherwise.
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Notation For a set A, we define
LAy ={fIf:A—>R}L

The pair (V,,, C) is a connected weighted graph defined in Definition A.5. For simplicity,
we denote the energy £c, associated with (V,,,, Cp,) by &,. Then we have

5
Ent1(fs ) =3 En(foF;, foF))
3«
ieS
for any f € €(Vjy41). A straightforward calculation shows
Em ([, f) =min{&ny1(g. &)Ig € L(Vit1). glv,, = [}

for any m > 0 and f € €(V,). See [9, Example 3.1.5] for details. This shows that
{(Vin, Cim)}m=0 is a compatible sequence, so that Theorems A.9 and A.2 yield the following
theorem.

Notation Let (X, d) be a metric space. Define C(X, d). as the collection of real-valued
continuous functions on (X, d). Moreover, define B;(x,r) = {yly € X,d(x,y) < r} for

x € Xandr > 0.

Theorem 3.2 Define

F= {f ‘ fetV, im Eu(flv,. flv,) < OO}

and
ES, )= lim & (flv,, flv,)
m—0o0

for f e F.
(1) F is naturally identified as a subset of C(K, dy) and (€, F) is a resistance form on K.
Let R be the resistance metric on K associated with (€, F). Set a = %. Then there
exist ¢, ¢ca > 0 such that

c1ds(x, y)* < R(x, y) < cadi(x, y)* (3.1

forany x,y € K.
(2) Foranyi € Sand f € F, fo F; € F and

5
Ef ) =3 D EfoFi, foF).
ieS

(3) For any Radon measure on K satisfying v(O) > 0 for any non-empty open subset of K,
(&, F) is a local regular Dirichlet form on L*>(K , v).

(€, F) is called the standard resistance form on the Sierpinski gasket. The diffusion process
associated with the local regular Dirichlet form (€, F) on L2(K, jiy) is called the Brownian
motion on the Sierpinski gasket, which was originally introduced and studied by [1, 3, 13].
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4 Resistance form on “the Sierpinski gasket minus the bottom line”

As is observed in the latter half of Sect.2, once we remove the bottom line / from the
Sierpinski gasket K, then the limits of the paths towards the bottom line / form the Cantor
set X7 instead of the line segment /. In association with this phenomenon, we can extend
the standard resistance form (£, F) on K to a resistance form on K\/ whose associated
resistance metric reflects the geometry of (K\/, 5). To construct such an extension, we
replace the original compatible sequence {(V,,, C;)}m>1 by a new one {(\7,,1, 5,,,)},,121,
which is illustrated in Fig. 4, as follows.

Definition 4.1 Define Vm = Viu\(Vix N 1) and V* = Um>0Vm Define Cm = Cnly, 7,
and let R be the resistance metric on V associated with (Vm, Cm) Moreover, define
Pm - Vm — V), as the natural inclusion map.

The following lemma is straightforward.
Lemma 4.2 {(Vm, 5m)}m20 is a compatible sequence.

By the above lemma and Theorem A.9, we have the following counterpart of Theorem 3.2.

Theorem 4.3 Define
= {f‘f e eV, lim En(fl7,. flg,) < oo}
and
Ef. = lim E(fly,. f17,)

for f € F. Then (€, ]-') is a resistance form on V.. Furthermore, let R be the associated
resistance metric on Vy, and let (K R) be the completlon of (V*, R) Then f € Fis naturally
extended to a continuous function on K, and (8 F ) is regarded as a resistance form on K
whose associated resistance metric is R.

The resistance form (5 s F ) will be shown to be an extension of (£, F) in the next sec-
tion. More precisely, the inequality (4.2) in the next lemma is upgraded to an equality in
Theorem 5.4.

Lemma 4.4 There exists a continuous map p : K — K such that p|y; = pm foranym > 0,

R(p(x), p(») < R(x,y) 4.1

Fig.4 Graph approximation of K\ 7
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forany x,y € K and, forany f € F, fop € F and
E(fop. fop) <Eu). 4.2)
Proof By the definition of C .

En(f 0 pms f 0 pm) < Emlu,u) (4.3)

forany m > O and f € ELVm). Define p : V* — Vi as ply, = pm. Forany x,y € \7*,
choose m such that x, y € V,,,. Then by (4.1), for any f € F,

| (om@)) = fm GNP _ 1f (om()) = f (omO)I?
S(f’ f) - g(fopm’fopm)

This shows that

R (pm (), pm (»)) < R(x, y).

forany x, y € Vm. Hence we see that (4.1) is satisfied for any x, y € \7* This showsjhat P
can be naturally extended to a map from K to K and it satisfies (4.1) for any x, y € K.
Finally, by (4.3), if f € F, then

lim & (f © o, f o pm) < lim En(f, ).
m— 00 m— 00
Hence fop e Fand (4.2) holds. O

The next theorem is one of the main results of this paper. It concerns the geometry of K\ /
under the resistance metric R.

Theorem 4.5 (1) K is homeomorphic to (K\I) U Xr. Furthermore, there exists c1,ca > 0
such that

c1D(x, »)* < R(x,y) < c2D(x, y)* (4.4)

forany x,y € I?,lvhere o is the exponent appearing in Theorem 3.2.
(2) The map p : K — K is surjective and

by ifx € K\I,

PO=N ) ifxe Ty

The rest of this section is filled with a proof of Theorem 4.5. The arguments seem lengthy
but are indispensable as we have to deal with the equivalence classes of the collection of
Cauchy sequences. Nevertheless, the essence is the tree structure of K\ / illustrated in Fig. 5.

Definition 4.6 Define
G = | Fin(Vo)

weT

and

U U Fu2(Vo)

0,1}

forn > 1.
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00 01 10 11
G G3UT; T
Fig.5 Tree structures behind K\ /

Remark By (2.2) and Definition 2.10

Fua(Vo) = {Fu2(p2), Fu2(po), Fu2(pD)} = {Fu(p2), Fuwo(p2), Fyi1(p2)}
= {p(w), p(w0), p(wl)}.

Hence
G={pw|weT} and G, = {pw)lw € U;_y{0, 1}"}.
The next lemma is a collection of immediate observations concerning G, and G.

Lemma4.7 (1) Foranym > 1, Gy C Vp.
(2) For any x € V,\G, there exists a unique w € T such that x € Kyy.

First, we are going to show that R and R are uniformly biLipschitz equivalent on K, for
anyw e T.

Lemma 4.8 There exists ¢, > 0 such that, forany w € T and x,y € Kyp NV,
R(x,y) < R(x,y) < cxR(x,y)
Remark Foranyw € T andm > 0, KypNV,, = szm“im and hence K,,n NV, = szm’?*.

Proof Let x,y € Ky» NV,,. Then

5

[w|+1 ~
(3) w1 (f 0 Fua. £ 0 Fun) < Eu(f. )

forany f € 6(\7,,1). Hence

If ) = fODIP _ <§ )lwm | foFua((Fu2) ™' (x)) = foFua((Fu2) ™ (1)I?
En(f ) —\3 Em—twl—1(foFua, foFy2) ‘

This implies

~ 5\ lwl+1 -1 1
Ry =(3) Ruciwion(Fud) ™ @) (Fu) ™ 0.

Letting m — oo, we obtain

~ 5\ lwl+1 1 1
Ren=(3) R @ (F)™ o).

Finally, we have the desired inequality by [10, Theorem A.1]. O
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Lemma 4~.9 Letw € T. Set I?wz be the closure of Ky NV, with respect to the metric R.
Then p(Ky2) = Kyp» and

R(p(x), p(») < R(x,y) < cxR(p(x), p()) 4.5)

forany x,y € Ky, where ¢, is the same constant as in Lemma 4.8. In particular, p|g
Kyo — Ky is a biLipschitz homeomorphism.

This lemma is a counterpart of Lemma 2.14 where we study shortest path metrics D and
Din place of R and R.

Proof Letx € K. Thenthereexists {x,},>1 € Ky2NVy = szﬂv* suchthat R(x, x,) —
0asn — oo. By Lemma 4.8,

ﬁ(xn7 Xm) < CR(xn, Xim)

forany n, m > 1. This shows that {x,},>1 is a Cauchy sequence in (K, N Vi, ﬁ). Therefore
there exists y € I?wz such that p(y) = x. Thus we have shown p(sz) D Kyn.

Next let y € I?w. Then there exists {y,}n>1 € Ky2 N \7* such that E(y,,, y) — 0 as
n — oo. This implies that R(y,, p(y)) — 0asn — oo and hence p(y) € K,,. Thus we see
that p(Ky) = Ky

Now by Lemma 4.8, we have (4.5) for any x, y € K w2. The rest of the statements are
straightforward from (4.5). O

Next, we are going to estlmate R(x y) when x and y belongs distinct K w2’s. In the
following lemmas, if we replace R and the exponent 3 2 by D and the exponent ! respectively,
the statements and the proofs still hold with minor modifications of constants. Consequently,
they constitute parts of the proof of Theorem 2.15 as mentioned in its proof.

Lemma4.10 Let w, v € T. Assume that K,y N K, = (. Then for any x € I?wz andy € fvz,

%(%)‘w”'“ < R, y) (4.6)

5\5
Proof Suppose that |w| < |v|. First, assume that x € Ky N \7* andy € K;p N V* Then
there exists m > 0 such that x € K,» N \7,,, andy € Kyp N Vm.
Case 1; |lw A v| = |w|.
In this case, w Av =w and v = wiy ...i; forsome k > 2 and iy, ..., i, € {0 1}. Without
loss of generahty, we may assume thatn = ip = 0. Now if we remove (K wozﬂV N\ Fwo2 (Vo)
from V,,,, then the connected graph (Vi Ey) is divided into three connected components.
Uy, U1 and U,, where Fy02(p;) € U; foreachi = 0, 1, 2. Define

U= {f|f € t(V,), there exist aj, a», a3 € R
such that f|y, = a; foreachi =1,2,3.}

Then

wp M@ f@P @ —up)P
fEZ(Kw()zﬂVm) gm,Ku,ozﬂVm (f’ f) feu 5‘m(u» M)
|f) = fFOIP

< sup S = R(x, y)
ret@, fofn  Em(ff)
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On the other hand, for f € £(Ky02 N Vm),

5\ lwl+2
En, Kooy (> ) = (g) Em—tw—2(foFuo2, foFuo2)

Hence
|f(a2) = flao)l* (3)|w‘+2 |/ (po) — f(p2)I?
sup - =\ = sup B ———
fEZ(KwUzﬂ‘A/‘,”) gm,Kw()QﬁVm (f’ f) 5 felVim—jw-2), f(po)# f(p2) gm_|w|_2(f’ f)

() =20

Thus we have obtained the desired inequality in this case.

Case 2; |lw Av| < |w]|

Let u = w A v. In this case, without loss of generality, we may assume that w = uQiy . ..
andv = ulj ... j;. Then, exchanging w02 and a; for #2 and a; respectively in the arguments

of Case 1, we obtain
2 /3\lul  ~
g(g) < R(x,y),

so that (4.6) has been shown in this case as well.
Finally, taking the completion, we have (4.6) for any x € K,, and y € K. O

Lemma 4.11 There exists cy > O such that

wp Ry =eo(3)

X€Ky2, Y€K

foranyw,v eT.
Proof Without loss of generality, we may assume that [w| < |v|. By (4.5),
~ ~ 3\ lul
diam (K2, R) < cxdiam (Ko, R) < c*<§) diam(K, R)

foranyu € T.
Case 1: |w Av| = |w]|.
In this case, w A v = w and v = wi; ... . Thus

k

~ ~ ~ 5 /3wl
sup  R(x,y) <Y diam(Koi,.i0 B) < c*f(f) diam(K, R).
XE[?w,yEI?U j=0 2 5
Case 2: |lw A v| < |w|.
In this case, let u = w A v. Then w = uiy ...ix and v = uj ... j;. This shows
sup  R(x,y)
xek,,yek,
k I
< > diam (K yi,..i,,. B) + diam (K. B) + > diam (K .., B)
m=1 m=1

< 4c*(§)|u|diam(K, R).

So, combining the above two cases, we obtain the desired inequality with cp =
4c.diam(K, R). O
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Finally, we start to deal with Cauchy sequences converging to the “boundary” of K\ /.

Definition 4.12 (1) For x € XZ define £(x) as the unique w € T satisfying x € (Ky2 N

VO Fuw2(po), Fu2(p1)}. o

(2) Let C be the totality of Cauchy sequences of (Vi, R). Define an equivalence relation ~
on C in the following way: {x,}y>1 ~ {yn}n>1 if lim,— ﬁ(xn, yn) = 0. For {x,},>1 € C,
we denote the equivalence class of {x,},>1 with respect to ~ by [{x,},>1]. Set

Cr = {{xntn=1H{xnlnz=1 €C,
there exists w € T such that {i|i > 1, w = &(x;)} is an infinite set.}

and C, = C\(;.

Note that the completion of K=c /~.
In the followings, we are going to show that C; is the collection of Cauchy sequences
converging to a point in K\ 7 and that C; is the collection of those converging to Xr.

Lemma4.13 Let {x,},>1 € C. Set x = [{xy}u=1] If p(x) € K\I, then {x,},>1 € Ci. In
particular, p_l(K\I) CCy/~.

Proof There exist w,v € T sugh that Ko N Ky» # @ and Ky U Ky is a neighborhood
of p(x). Since R(x,, p(x)) < R(x,,x) — 0asn — oo, if follows that £(x,) € {w, v} for
sufficiently large n. Thus {x,},>1 € C;. m]

Lemma4.14
ci/~ = Kue
weT

Moreover, let El = sz Then ,o(Kl) = K\I and p|K : 1 — K\I is a homeo-

morphism.

weT

Proof Let {x,},>1 € C; andlet x = [{x,},>1]. Then there exists w € T such that {i|§(x;) =
w} is an infinite set. So, there exists a subsequence {x,,j }j>1 such that & (xp;) =w for any
J = L. Since lim_, o x,; = x, we see that x € K2 and hence C; /~ C K.

Ifz e Ewg for some w € T, then there exists {z,},>1 € C such that {z,},>1 € Ky2 N \7*
and z = [{z,}n>1]. Obviously, {z,},>1 € C; andhenceC; /~ = El. Now Lemma 4.9 suffices
to show p(K1) = K\1.

Suppose that p(x) = p(y) for x,y € k:l. Then there exist w,v € T and
{xn}n=1, {yn}n=1 € C such that {x,},>1 € Ky2 N Vi, {Yutn=1 € Kv2 N K2, x = [{xp}n>1]
and y = [{yn}n>1]. If w = v, then Lemma 4.9 shows that x = y. Assume that w # v. Let
z = p(x) = p(y). Then lim, oo R(xp, 2) = lim,— o R(yn,z) = 0. Hence Z € Kyo N
K2 = Fu2 (Vo) N Fy2 (Vo). By (4.5), we see that lim,,, oo R(xn» 7) =lim, R(yn’ 7)=0
and hence x = y = z. Thus ,0|K1 is injective.

Suppose that {z,},>1 € K\I and lim, . R(z, z,) = 0 for some z € K\I. Then there
exist w, v € T such that z, € Ky U K, for sufficiently large n, and hence z € Ky N Ky.
Applying (4.5) for both w and v, we see that R(,o Lz, p~4z) < CR(zy,2) — 0 as
n — 00. Thus it follows that (,0|K )L K\l — K1 is continuous. ]

Lemma4.15 Let {x,},>1 € Cp and set w, = &(x,). Then there exists a unique w =
w\wy ... € X7 such that | A w,| — 00 as n — o00. Moreover, if we define a map
@ : Co — X7 by this correspondence, then §({xn}n>1) = ¢({ynin=1) if and only if
{Xntn=1 ~ {ntn=1-
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Proof Since {x,},>1 € Ca, it follows that |w,| — oo as n — oo. Therefore, for any N > 1,
there exists My > 1 such that |w,| > N and R(x,, xpm) < %(%)NH whenever n, m > My.
Suppose n > My. If KwMNZ N Ky,2 = ¥, then (4.6) implies that |[wag, A w,| > N.If
KwMN2 N Ky,2 # 9, the fact that |w,| > N and |wpy,, | > N shows that [wy, A w,| > N.
So, we see that [wps, Aw,| > N foranyn > My.Setw®™) = [wyy Inv. Then[w,]n = w®™
for any n > My. It follows that if Ny > N, then [w(N')]N2 = w™)_ Thus there exists
w € Tr such that [wly = w™. Since [wy]y = [w]y for any n > My, we see that
|w A wy| — 00 as n — oo. The uniqueness of such an w is obvious.

Let {X;}n=1, {¥nln=1 € Co. Set = G({xy}u>1) and 7 = G({ys}n=1). Assume that
o # t. Then for sufficiently large n, £(x,) A E(yn) = o A T, |E(yn)| > |o A 7| and
)| > |o A 7). By (4.6), we see that 2(2)" ™! < R(x,, y,) for sufficiently large n.
This implies [{x;}n>1] # [{Ynln>1]- Thus if {x,},>1 ~ {yn}n>1, then @ = 7. Conversely,
assume that w = 7. Since lim,,, o |0 A E(x,)| = lim,— 00 [T A E(yy)| = 00, it follows that
lim,,— o |E(x) A E(yy)| = co. By Lemma 4.11, we see that ﬁ(x,,, yp) —> 0asn — oco. O

By Lemma 4.15, the map ¢ induces a natural bijection ¢ : C3/~ — Z7.

Lemma4.16 The map ¢ : (C2/~, E) — (27, 8%) is a biLipschitz homeomorphism.

Proof Let {x,}n>1, {yuln=1 € C2. Setx = [{xp}u=1], ¥y = {Yn}n=1], @ = a({xn}nzl) and
7 = @({yu}n>1)- Then for sufficiently large n, we see that £(x,) A §(y,) = @ A t. Thus
Lemma 4.11 yields

~ 3\ loAT]
Romom =eo(3) =cody(@.7).
5 5

Taking n — oo, we see that
R(x.y) = 083 (0(x). 9(»)

Assume that w # 7. Then I?E(xn)Z N EE(y,,)Z = ¢ for sufficiently large n. Hence by (4.6)

=< §(xn» Yn)-

2<:5§)|w/\r|+l

6
58%((1), T) = g
Thus we have

6 -
58%@()6), () < R(x, y).
Through ¢, we identify Cp /~ with X7.
Lemma4.17 p|s, = 7|s,. In particular, p(E1) = 1.

Proof Letw € r.Foreachn > 1, choose x,, € E[w]nz.Then {xn}n=1 € Coand [{xp}n>1] =
. Now x, € K|y),, it follows that

R(x,, m(w)) < diam(K{y,, R) = 0
as n — o0. Hence p(w) = 7 (w). O

Lemma4.18 (I’(V, ﬁ) is compact.
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Proof Since (K, R) is complete, it is enough to show that (K R) is totally bounded. Let
v € W,. Define K as the closure of K, N V* with respect to R. Note that

forany n > 1. If v ¢ T, then there exists w € T such that K, C K,,» and hence Ev C Ew.
By (3.1) and (4.5), there exists a constant ¢’ which is independent of v such that

. 3\ Il
diam(K,., R) < c,diam(K,. R) < c’(g) diam(K., R).

Next assume thatv € T. Forany x, y € K, N ‘7*, it follows that &£ (x) A &(y) = viy ... for
some iy, ..., i € {0, 1}. Thus by Lemma 4.11,

~ 3\ vl
R(x,y) < co(f) )
5
so that diam(fv, ﬁ) <co ( ) Consequently, for any € > 0, {K Jvew, is an e-covering of
K for sufficiently large n. This shows that (K R) is totally bounded. O

Now we are ready to give a proof of Theorem 4.5.

Proof of Theorem 4.5 (1) By Lemmas 4.14 and 4.16, it follows that K=cC /~ is homeomor-
phic to (K\7) U Xr. To show (4.4), we consider the following three cases:

Case A: x,y € X7.

In this case,Theorem 2.15 and Lemma 4.16 suffice.

CaseB: x,y € K\I and K¢(x)2 N Kg(yy2 = 0.

Lemmas 4.10 and 4.11 show that

2 3\E@AEWIHT ~ 3\ [E@AEMI
53 < K.y <o) -

On the other hand, modifying the proofs of Lemmas 4.10 and 4.11, we see that there exist
c1, ¢ > 0, which are independent of x and y, such that

1\ [EC)AED)I ~ 1\ [EC)AEW)I
C](z) < D(x,y) 502<§> .

Thus we have (4.4).
Case C: There exists w € T such that x, y € K.
In this case, using Lemma 2.14, we have

D(x,y) = D(x, y).

This equality with Proposition 2.3, (3.1) and (4.5) shows (4.4) in this case.

CaseD: x, y € K\I and K¢(x)2o N Ky # 0.

Without loss of generality, we may assume that £(x) = w and £(y) = w0 for some w € T.
Then K» N Koz = {p(w0)}. If we remove p(w0), then K\ I breaks up into two connected
components. Therefore,

D(x,y) = D(x, p(w0)) + D(p(w0), y) and R(x,y) = R(x, p(w0)) + R(p(w0), y).

Now by Case C, we obtain (4.4) in this case.

CaseE: x € ¥rand y € K\[I.

Choose w € X7 such that x = m(w). Applying Case B for p([w],,) and y and taking
m — 00, we have (4.4) in this case.
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Thus we have (4.4) for any x, y € (K\I) U Zr.
(2) Since K and K are compact and ,o(V*) is dense in K, we see that ,o(K) K. The rest
follows from Lemmas 4.14 and 4.17. O

5 Relation between two resistance forms

In this section, we give an alternative expression of the domain F of the resistance form
(5 , F ) on (K\7) U X7. Through the expression, we obtain a characterization of the domain
F of the resistance form (£, F) on (K\I) U I = K in terms of F.

T(L start with, the following lemma shows a relation between continuous functions on K
and K.

Lemma 5.1
CK,R)={flf:K >R, fopeCK,R)

Proof Obviously C(K, R) C{f|f: K —> R, fope C(K, R)}. Conversely, let f : K —
R satisfying fop € C(K R) Assume that {x,},>1 € K and R(x,,x) — Oasn — oo for
some x € K. Since p~!(x) consists of two points at most, let o1 (x) = {z1, z2}. Choose
Yn € p‘l(xn) for each n > 1. Suppose

lim supmin{ﬁ(yn, 21), R(yn, 22)}) > 0.

n—oo

Then there exists a subsequence {y,,;} and z ¢ p~1(x) such that ﬁ(yn[, 7) > 0asi — oo.
This contradicts the fact that p(y,,) = x»; — x # p(2) asi — oo. Hence

lim min{R(y,, 21), R(yn, 22)} =0
n—00
Since K is compact and f o p is uniformly continuous, this implies
Jim min{[f 0 p(yn) — fopEDl [f 0 p(yn) = fop)l} =

This immediately yields that lim,_ | f(x,) — f(x)| = 0. Hence we have shown f €
C(K,R). O

The following notions are used in an alternative expression of &, F).
Definition 5.2 Let
A={fIf :K\I > R, foFy e Fforanyw € T}.
For f € A, define

=2 (3)" X efoku fokn.

m=1 wE{O,]}”‘*l
Theorem 5.3
F= {f‘f € A, 1in;oﬁm(f,f) < oo}
n—
and

Ef. )= lim EM(F. f) 5.1)
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forany f € F. Moreover, for any fe Fandw €T, foFy,e€ F and

Er =t n+(3) X EforfoR (5:2)

wef0,1}"

Remark The above theorem shows that if f € Aandlim,, o 5(”)( f, f) < oo, then f can
be extended to a continuous function on K.

Proof For f € £(V,,), it follows that

5 0=Y() X &nsfokufokn). 53

k=1 wef0, 1)k-1

Since &,,(g, g) < £(g, g) for any g € F, the above equality implies

En(f ) <EM™(f, 1) (5.4)

for any f € Aand m > 1. Assume that f € A and lim,_, é’\(”)(f, f) < oo. Taking
m — o0 in (5.4), we see that

E(f. f)= lim EM(f, f) < oo.
m-—0Q0
Thus it follows that f € F. Again by (5.3), for a fixed n,

Y)Y enstro R fo R <8 D,

k=1 wel0, 1341
This implies
5Nk ~
Y(5) X EUoFufoFu) =&
3
k=1 we(0,1}k~!

Therefore, we have (5.1).
Conversely, assume that f € F. Then by (5.3),

limsup &,(f o Fua, f o Fua) < E(f, )

n—0o0o

forany w € T. Hence f € A. The deduction of (5.1) is entirely the same as above.
Note that if w € {0,1}" ! and m > n + 1, then w = uv for some u € {0, 1}* and
v € {0, 1}*~! with n + k = m. Hence

Ef n=8"¢n+ > ( )" Y EfoFun foFu)
m>n+1 we{0,1}n-1
5\ n+k

=80+ Y Y (3) X E(feFun foFu)

uel0,1)" k>1 vel0,1}41

:g(")(f,f)‘f' (g) Z g(foFu,foFu).

ue{0,1}"
Hence we have (5.2). ]
The next characterization of (£, F) in terms of (5 F ) is one of the main results of this

paper.
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Theorem 5.4
F={/If :K—>R. fopeF)
and
Ef. )= lim EVf. f)=E(fop. fop)
forany f € F.

Since p(x) = x on K\, which is dense in (K, D) and in (E, 5), the above theorem says
that (£, F) is an extension of (E, ]N-'), ie. FCFand € = §|]:X_7:.

To give a proof of the above theorem, we need the notion of energy measures associated
with a local regular Dirichlet form. For a moment, let (£, F) be a local regular Dirichlet
form on L2(X, ). For simplicity, we assume that a metric space (X, d) is compact and
u(X) < oo. Then for any f € F, it is known that there exists a Radon measure vy on X
such that

/X gdvy = 26(fg. ) — E(f2. g)

for any g € F. The measure vy is called the energy measure of f. See [2, Sect. 3.2] for
details and the general theory. In our case, the energy measures associated with the standard
resistance form (&, F) were thoroughly studied initially by Kusuoka in [14]. It is known that
there exists a Radon measure v,, which is now called the Kusuoka measure, on K such that
vy is absolutely continuous with respect to v, for any f € F.

Lemma 5.5 Define vy as the energy measure of f € F. Thenvy(I) =0 for any f € F.

Proof Asis mentioned above, forany f € F, the energy measure v s is absolutely continuous
with respect to vy. So, it is enough to show that v,(I) = 0. Furthermore, vy, = v;, +
vy, for some harmonic functions 41 and h;. See [7, (3.2) and Proposition 5.4] for details.
Consequently, if v, (I) = 0 for any harmonic function /4, then the lemma is shown. Note that
the space of harmonic functions H is three-dimensional. Let ¥; be the harmonic function of
K with ¥; (p;) = 8;j, where §;; = 1ifi = j and 6;; = 01if i # j. Then

H = {a1y + axy2 + azy3lay, az, a3 € R}.
Now for any h € H with E(h, h) # 0,

5
E(h,h) = g(g(h o Fy,hoFy)+&hoFi,hoF)+E&MhoFy hoF))
5
> g(5(hoFo,hoFo) +E(ho Fi,hoFy))
Let Hy = {hlh € H,E(h,h) = 1,h(p;) = 0}. Then H; is compact. Replacing i by

(h — h(p1))/~/E(h, h) in the above inequality and taking the supremum of the right hand
side over & € H1, we see that there exists ¢ € (0, 1) such that

5
g(‘s(h o Fo,ho Fo)+E(ho Fi, hoFy)) < cEh, h).

Iterating this, we obtain

@)m Y E(foFu.foFy) <c"Eh )

wel0,1jm
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Set I, = Uye(o,1ym K. Then the left-hand side of the above inequality coincides with vy, (1, ).
Thus

vp(Iy) < " vp(K).
Letting m — oo, we see that v, (1) = 0. O

One of the ingredients of our proof of Theorem 5.4 is the use of the energies associated
with G and G U T, which are illustrated in Fig. 5. In particular, G U T is a tree and hence the
calculation of effective resistances between points is straightforward.

Definition 5.6 (1) Define

n

sé;">(f,f>=2(§)k > &(f o Fun. f o Fun)

k=1 wel0, 1}k

for f € L(Gp).
(2) Define

e n=3 (3)"s ¥ - s

weT, i=0,1,2
for f € (G, UT,).

Lemma5.7 (1) Ifm > n, then &,|G, = EX.

(2) For anyn > 1, S;nU)G|Gn =&,

G

(3) Set qn,i = F(iy,_2(pi). Let G, = {p2, 4n,0, qn,1}. Define

Tn :%— (g)n,Rn:rn—i-%,

and S, = 5r, R,,.
Then
6o (f )
= 2 (D) = F@0) + (D) = F@n)?) + 5 (@) = F@u)(55)

Proof (1) Note that £, |y, = & for any m > 1. Therefore, (5.3) suffices.
(2) Applying A-Y transform ([9, Lemma 2.1.15]), we obtain the desired result.
(3) By (2), it follows that £ g‘ ) lgp = S%G |G- Note that the weighted graph associated with

e is atree. Let G2 = G2 U {¢). Then
Er061a(f+ f)
=5(f(p2) = f@)* + i((fw) — F(@n0)? + (@) = f(gn1)?).
where o, = % + %(% 4+ (%)"71) = ry. Applying the A-Y transform, we verify (5.5). 0
Lemma5.8 For f : K—>RandweT, define

Qu(f. f)
5 = - 5 _ -
= ¢ (f(Fu(p2) — FW0)? + (f(Fu(p2)) — fF(wD)*) + 72 (f w0) — fwD)?.
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Then for any f € 7

g n+ (3 X e n &G .

wel{0,1}"

In particular, for any f € F,

g n+(3) X ewr Nz, (5.6)

wel0, 1)
Proof By Lemma 5.7, gn|Gf; = 5((;1)|G£;- Hence by (5.5),

Ealf, f)

1
> R—((ﬂpz) — F@no)* + (f(p2) — fgn1)?) + 5 (f@no) = Flgn ).

Letting n — oo, we see that E(f, f) > Qu(f, f) for any f € F. Combining this with
(5.2), we have the desired inequality. O

Proof of Theorem 5.4 1f f € F, then by (5.3),

m

Eron fomn="(3) Y Ens(foFunfoFu) = nlf f)

k=1 we{0,1}k—!

Taking m — oo, we see that
E(fop. fop)= lim EM(f, ) <&, f)

and hence fop € F. Define

n

k"=J U &Ko

m>11)50]'"1

Then
EM(F, f)=/ V7 (dx).
K@
Lemma 5.5 implies

ES N =vE)=v | [JK® | = lim E(f. 1),

n>0

Next assume f : K — Rand fop € F. Then Lemma 5.1 implies that f € C(K, R).
Define

5 5
Qo(f, /)= 2((f(p2) - Po)* + (f(p2) — F(p)D) + 23/ o) = Fp)?,
Then forany w € T,

Qu(fop, fop)=Qo(fokFy, foly).

@ Springer



28 Page 24 of 32 J. Kigami, K. Takahashi

By (5.6)
Sentr. =B D) Y 0o Fu foF) <Efop. fom.
wel0,1)m

Thus lim;;, 00 En (f, f) < 00, so that f € F. O

6 Traces of two resistance forms on the boundaries

The main purpose of this section is to determine the jump kernel J,(x, y) of the trace of
(€, F) on I. Due to Theorem A4, (£|7, F|;) and (€|2T, ]—'lzr) are resistance forms on
I and X7 respectively. So by Theorem A.2, both resistance forms induce Hunt processes,
which are jump processes in fact, on / and X7 respectively. In light of Theorem 5.4, we see
that

Fli={fIf : I - R, fop e Fls,)

and

Eli(f. ) =Elg,(fop, fop).
Hence to know (glzT, ]?IET) is to know (&|7, F|;), and we do know (8~IET, sz) rather

well as follows.

Theorem 6.1 For w, T € T with w # t, define
J(o.7) = 35 (14(20)’1(601) n 3 >
=16 17/

and let v be the self-similar measure on X with weight (%, %) Then

Flg, = {f‘f e L*(Zr, p), J(@, D)(f (@) — f)*vdw)v(dr) < oo}

ETXET

and
Elx, (f, f)=/2 . J(@,7)(f (@) — f(@)*v(d)r(dr).

Moreover, let ps,. : (0, 00) x X x X — [0, 00) be the jointly continuous transition density
associated with the Dirichlet form (€|s,, Fls,) on L2(Z7, v). Then there exist c1, ¢z > 0
such that

t 1 . ! "
cymin{ ———— ¢t et ¢ < py. (t,w,T) <cpmin{ ————— ¢t a+l
{agw, 0y } P 5, (, )2

log5—log3
forany (t,w, t) € (0,00) X X7 X X7, where ¢ = glofgzg

(3.1).

is the exponent appearing in

The existence of the transition density py, is included in Theorem A.2.

Remark The same expression of J(w, T) was obtained in [17].
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Note that there exist ¢3, ¢4 > 0 such that

1 1
- < J s < -
a 5% (w, 'L')O’+2 =J(, 1) = 643%(607 f)ot+2

for any w, T € X7. Moreover,

t
— ifr <81 (w, T)*H,
. t L 81 (w, 7)2+2 = %( )
min 72,t atl § = 7
81 (w, T)ot S . atl
2 tatt 1ft28%(a),1:) .

A proof of the above theorem will be given later in this section. Meanwhile, we present
an expression of (£]7, F|y) as an immediate corollary of Theorems 5.4 and 6.1.

Corollary 6.2 Define J, : I x I — [0, c0) by

J*(-xsy): max J(CU,T)

wer~!(x),rer~1(y)

forx,y € I. Then

Flp = {f‘f e L, m/{ 1 T, )(F ) = FON valdx)va(dy) < oo}
and

ELCf, f) =f

Ix

1 T, M) = £ va(dx)va(dy).

for any f € F|j. Moreover, let p; : (0,00) x I x I — [0, 00) be the jointly continuous
transition density associated with the Dirichlet form (€|, F|r) on L? (1, vy). Then there exist
cs, c6 > 0 such that

. t _ 1
prt,x,y) < CSmlﬂ{mJ atl } (6.1)

forany (t,x,y) € (0,00) x I x I and
cot " < pr(t.x.y) (6.2)
ift = |x =yt
Set B = {%,,ln > 0,0 <i < 2"}. If both x and y do not belong to B, then n’l(x)

and 7w~ (y) consist of a single point and we do not need to take the minimus in the above
definition of J,. Note that v, (B) = 0. So, even if we define

Je(x,y) = J(@ @), 77 (),

J, makes sense as an element of L2(I X I, vy X Vy).

Proof of Corollary 6.2 The expressions of F|; and £|; are immediate from Theorems 5.3 and
6.1. The existence and the continuity of py (¢, x, y) is due to Theorem A.2. Since there exists
¢ > 0 such that

Ju(x,y) < m

forany x, y € I, we obtain (6.1) by using [4, Theorem 6.13]. The lower estimate (6.2) follows
from [12, Theorems 15.6 and 15.13]. O
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The rest of this section is devoted to a proof of Theorem 6.1. The main idea is to identify
the trace of (£, F) on X7 as that of a weighted tree and to use the results of [11].

Definition 6.3 Define

]—'G:{f’f:GaR,nlirr;osg)(f,f)<w}

and
E6(f. )= lim E(f. f)
for f € Fg.
Note that
00 5k
G N=Y(3) X &(foFu foFu.
k=1 wel0,1}k—1

Lemma 6.4 The closure of (G, ﬁ) is GUXr. In particular, if f|lc = glg for f, g € F, then
f|ET = glE'p

Proof For any w € X7, let x, = Fy),2(p2). Then ﬁ(xn, w) — 0asn — o0. Hence
G 2 G U 7. Assume that there exists x € G\G U 7. Since x € (K\I)\G, x belongs to
K2 \G for some w € T. So, Ky2\G is an open neighborhood of x and this contradicts the
fact that x is an accumulating point of G. Hence we have G = G U Zr. O

Lemma 6.5 Forany f : G — R, define hg(f) : K\I — Ras
hG(f)oFur =Y f(Fua(p))¥i
i€(0,1,2)

foreach w € T. Then the following conditions (1), (2), and (3) are equivalent to each other:
() feFa _

Qha(f)eF

(3) There exists g € F such that glg = f.

Furthermore, if f = g|c for some g € F, then

E6(f. ) =Ehc(f). ha(f) =min{E(g, 9)Ig € F. glc = f}. (6.3)
Proof (1) < (2); By the definitions of S(G" ) and M we have

EPS ) =EMha (). he (). (6.4)
This immediately shows the equivalence of (1) and (2).
(2) = (3): Since hg(f)|c = f, this is obvious.
(3) = (2): Since Ey(g o Fyn, g o Fyp) < E(g o Fyn, g o Fyp) forany w € T, we see that
EP N =EM g9
for any n > 1. Letting n — 00, we obtain
Ec(f. f) < &(g.8) < 0. (6.5)

Hence f € Fg.
Finally, (6.4) and (6.5) suffice (6.3). ]
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By Lemmas 6.5, f = hg (f)|g forany f € Fg. Since hg(f) € F, ha(f) € C(K, R).
Hence f can be naturally regarde(L as an element of C(G U X7, R). In this manner, we think
Fq as a subspace of C(G U X7, R) hereafter.

Lemma6.6 (Elgux;. Flouz,) = (€6. Fo)-
Definition 6.7 Define
Four = {f ‘ f:GUT >R, lim £G0r(f. f) < oo}
and
Eour = lim X0 (f, ).

The structure of the graph G U T is illustrated in Fig.5.

Lemma 6.8 (Egur, Four) is a resistance formon GU T U X7 and
(Eeurlgusy. Feurlousy) = (€6, F6)-

Proof Ttis straightforward to see that (Egur, FGur) is aresistance form on GUT . Moreover,
by the A-Y transform, it follows that (Egur|c, Feurlc) = (€6, F)- Hence let Ry be the
resistance metric on G U T associated with (Egur, Fgur). Then Rylgxg = §|Gxg. Since
G=GUXr.weseethat GUT € GUT U Zr. Assume that {xn}n>11s a Cauchy sequence
of (GUT, Ry) and thatlim,_, o, x, ¢ GUT U X7. Then there exists a subsequence {x,, };>1
such that x,, € T forany i > I and [x,,| - oo asi — oco. Sety;, = Fxn[z(pg). Then

Ro(xn;, yi) < 7( )Ixn, *1 Therefore lim; 00 Xn, = limy—0 y; and the limit belongs to
G U X7 because {y;}i>1 € G and G = G U Y7. This contradiction shows that G UT =
G UT U Zr. Therefore, (Egur, Fgur) is aresistance formon GU T U Xr.

O

Definition 6.9 For f : T — R, define

25 /5wl
er(f =2 3(3) (P = F@o)+(Fw) - fFwn)?).

weT

whose value can be co. Moreover, define
Fr={fIf:T =R, &r(f, f) < oo}
The structure of the tree 7 is illustrated in Fig. 5.

Lemma 6.10 (Egurlr, Fourlrt) = (€, Fr). Moreover,(Er, Fr) is a resistance form on
T U Xr and (EcurlTusy, Feurlrusy) = (€, Fr).

Proof Note that Fyo(p;) = Fyi2(p2) forany w € T and i € {0, 1}. So, we have
Ecur(f. f) =5(f(p2) — f (@)
[w| 5
52 ) ( ) ((f(w) = FFun(p))* + S Fun(pi) = f(w,-))z>

weT i€{0,1}

=5 Y ()" 20w - iy =g ),

weT ie{0,1}
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where the equality holds when f(p2) = f(¢) and f(Fyu2(pi)) = 3 f(w) + 3 f (wi) for any
w e T and i € {0, 1}. This yields that (gurl|T, Feurlr) = (€7, Fr). Since the closure of
G U T with respect to Ry is G U T U X, it follows that T C GUTUXyp, where T is the
closure of 7" with respect to the metric Ry. Let {w(n)},>1 be a Cauchy sequence in (T, Ro).
If liminf, o |w(n)| < oo, then there exists wy € T such that w(n) = w, for infinitely
many 7. Therefore lim,,_, oc w(n) = w, € T.Incase |w(n)| — coasn — oo, the limit does
not belong to G U T' and hence it must belong to X 7. Thus we have shown that T = T U Xr.
This implies that (7, Fr) is a resistance formon 7 U 7. ]

Proof of Theorem 6.1 By Lemmas 6.6, 6.8 and 6.10, we see that (glg,,, }N'Iz,.) = (&1, Fr).
Note that (€7, Fr) is a resistance form associated with a weighted tree (T, C), where C :
T x T — [0, c0) given by

Clx,y) = %<%>‘W| if (x, y) € {(w, wi), (wi, w)|w € T and i € {0, 1},

0 otherwise.

This weighted tree coincides with a constant multiple of a self-similar binary tree Cs with
(ri,m) = (%, %) studied in [11, Sect. 9]. More precisely, C = %Cs. Set ry = (%)le
forw € 7. Then ), riw], < oo for any w € 7. Therefore, by [11, Corollary 8.2],
we see that Cap({w}) > 0 for any w € Y. Hence by [11, Theorem 8.3], it follows that
Y7 is identified as the Martin boundary of the random walk on T associated with the
weighted tree (T, C). Moreover, let (s, , Fx,)the natural quadartic form on the Martin
boundary associated with the random walk. Then (£x,, Fx,) is a resistance jorm on T
and (€x,, Fx;) = (Erls;, Frls,). Consequently we have (£x,, Fx,) = (Elsy, Flsp)-
Using [11, Theorem 5.6], we may obtain an explicit expression of the jump kernel J(w, 7)
associated with (£x,, Fx,) as follows:

n(w,t)—1

1 A
J@o =2t 3 [
=0

oAttt ~ MoAtl,

V(Z[watl,)

where ingredients A,, and v(%,,) can be obtained from the results in [11, Sect. 9]. In fact, we

have
R — 8 (3>Iw\ (= )_<1>\wl
w—35 3 , Vziy) = 2 ,

V(SR = ﬁ(i)m', and A,y = 1/D,, = E(1—0)'1”'.

D
v 35\10 8 \3

As aresult, we obtain the expression of J (w, 7). The results on pyx, (¢, , T) are due to [11,
Theorems 7.3, 7.6 and 9.5]. O
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Appendix: Resistance forms and weighted graphs

This section presents some of the basics of resistance forms and weighted graphs used in this
paper. First, we give the definition of resistance forms.

Definition A.1 Let X be a set. A pair (£, F) is called a resistance form on X if the following
conditions (RF1) through (RF5) are satisfied:

(RF1) Fis alinear subspace of £(X) containing constants and £ is a non-negative symmetric
quadratic form on F. £(f, f) = 0 if and only if f is a constant function on X.

(RF2) Let ~ be an equivalence relation on F defined by f ~ g ifand only if f — gisa
constant function on X. Then (F/~, £) is a real Hilbert space.

(RF3) If x # y € X, then there exists f € F such that f(x) # f(y).

(RF4) For any x, y € X,

If(x) = fFI?
sup - <
reF.ef pzo  EULS)

(RF5) Forany f € F, f € Fand E(f, f) < E(f, f), where f is given by

1 if f(x) > 1,
fx)=10 if f(x) <0,
fx) if0< f(x) <1.

For a resistance form (€, F) on X, we denote the supremum in (RF4) by R(x, y) and call it
the resistance metric associated with (&, F).

The resistance metric R associated with a resistance form (£, F) on X is indeed a metric
on X. See [9, Chapter 2] for details. The following theorem is a collection of important facts
on resistance forms and associated Dirichlet forms given in [12, Part 1].

Theorem A.2 Let (€, F) be aresistance formon a set X, and let R be the associated resistance
metric. Assume that (X, R) is compact. Let 1 be a Borel regular measure on (X, R) satisfying
W(Br(x,r)) > 0 forany x € X and r > 0. Then (£, F) is a regular Dirichlet form
on L*(X, w). Moreover, let ({X;}i~0, {Px}xex) be the Hunt process associated with the
Dirichlet form (£, F). Then there exists a jointly continuous transition density p(t,x,y),
ie.

EF0) = [ plexn 0@
X
Sfor any bounded measurable function f on X, x € X, andt > 0. Furthermore, if (£, F) has

the local property, i.e. E(f, g) = 0 whenever supp(f) N supp(g) = ¥ for f,g € F, then
(€, F) is a local regular Dirichlet form on L2(X, ).
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One of the notions playing an important role in this paper is a trace of a resistance form.

LemmaA.3 [12,Lemma8.2] Let (£, F) be a resistance form on X and let R be the associated
resistance metric. For a non-empty subset Y C X, define

Fly ={fly|f € F}.

Then for any f € Fly, there exists a unique f, € F such that fi|ly = f and
E(fs, fx) =min{&(g, g)lg € F. gly = [}
Moreover, if we define hy : Fly — F be hy(f) = fx, then hy is linear.

Theorem A.4 [12, Theorem 8.4] Let (£, F) be resistance form on X and let R be the asso-
ciated resistance metric. Define

Ely(f.8) =EMy(f), hy(g)

Then, (Ely, Fly) is a resistance form on Y and the associated resistance metric is the
restriction of Rto Y x Y. (Ely, Fly) is called the trace of the resistance form (£, F) on Y.

The rest of this appendix is devoted to a brief review of weighted graphs, which correspond
to resistance forms on finite sets.

Definition A.5 Let V be a countable setandlet C : V x V — [0, 00). (V, C) is said to be a
weighted graph if C(x, y) = C(y, x) forany x, y € V and C(x, x) = 0 for any x € V. For
a weighted graph (V, C), define

Fe=1{fIf €t(V), Y Clx, (&) = fy)* < oo},
x,yeV
and
1
Ecf =3 ;V Clx, Y)(f(x) = f()?

for f € Fc. (Ec, Fc) is called the Dirichlet form associated with (V, C). A weighted graph
(V, C) is called connected if for any x, y € V, there exist x1, ..., x, € V such that x; = x,
xp = yand C(xj, xj+1) > Oforanyi =1,...,n — 1. Moreover, (V, C) is locally finite if
{yly € V,C(x,y) > 0} is a finite set for any x € V.

Weighted graphs appearing in this paper are all connected and locally finite.
Verifying the conditions (RF1) through (RF5) in Definition A.1, we immediately obtain
the following proposition.

Proposition A.6 Let (V, C) be a connected and locally finite weighted graph. Then
If () = fFO)I?
sup L7 LS o
reFeéci.nro Eclfs f)

foranyx,y € V.If Rc(x, y) is the above supremum, then Rc is a metric on'V. In particular,
(Ec, Fc) is a resistance form on K and R is the associated resistance metric.

For the time being, we only deal with the case where V is a finite set. In such a case,
Fc =4£(V)and (V, C) is always locally finite.
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Remark Assume that V is a finite set. For a weighted graph (V,C), define Hcr =
(Hc (x, y))x,yev as the non-negative matrix satisfying

Ec(f. )= (f.Hc v

for any f € £(V), where (-, )y is the standard inner-product defined by (f,g) =
Y ey f(¥)g(x). In[9], Hc is called a Laplacian on V and the pair (V, Hc) is called a resis-
tance network on V. See [9, Definition 2.1.2]. In fact, the correspondence C <> Ec <> Hc¢
gives a natural one-to-one correspondence between weighted graphs, Dirichlet forms, and
Laplacians on a finite set. See [9, Sect. 2.1] for precise statements on the correspondence
between Laplacians and Dirichlet forms.

Definition A.7 (1) Let (U;, C1) and (Ua, C7) be connected weighted graphs on finite sets.
We write (U1, C1) < (Up, Cp) it Uy € U, and

Ecy(f, ) =min{Ec, (g, 8)Ig € £L(U2). glu, = [}

forany f € £(Uy).

(2) Let {(Un, Cn)}Im=0 be a sequence of connected weighted graphs on finite sets. The
sequence {(Uy;, Cp)}m>0 1s said to be compatible if (U, Cp) < (Up+1, Cut1) for any
m > 0.

Proposition A.8 Let (U, Cy) and (Ua, C) be connected weighted graphs on finite sets. If
(U1, C1) = (U, Ca), then

Rc (x,y) = Re, (x, y)

forany x,y € Uj.

Combining [9, Theorem 2.2.6] and [9, Theorem 2.3.10], we have the following theorem,
which is a principal tool to construct a resistance form out of a sequence of weighted graphs.

Theorem A9 Let {(U,, Cin)}m=0 be a compatible sequence of connected weighted graphs
on finite sets. Set Uy, = Up>0Uy. Define

F= {f ‘ f e W, lim g, (flu,. flu,) < oo}
and
E(f, 1) = Tim £c,(f, /)

for f € F. Furthermore, for x,y € U,, define R(x,y) = R, (x,y), where we choose m
such that x,y € Uy. Then R is a metric on Uy and if (X, R) be the completion of (U, R),
then any f € F is extended to a continuous function on (X, R), (€, F) is a resistance form
on X, and the resistance metric associated with (€, F) is R.
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